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Abstract

We define an equivalence relation on recursive specifications in process algebra that is model-independent and does no
involve an explicit notion of solution. Then we extend this equivalence to the specification langG&je 0 2001 Elsevier
Science B.V. All rights reserved.
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1. Introduction that such a system represents a particular process
o o in some intended model as thmigue solution for

__Inprocess algebra, infinite behavior is usually spec- one of its variables. As an example, the recursive

ample isX = a - x', mode;lmg a process that repeat- 5 solution, and the equation = X + a (where +

e%ly exe(:tes ?‘?t'?a'dlt IS o&‘tent convement to th,’n' models choice) has many solutions (in many models),

slder asystem of Inlerdependent recursive equations. -\ pereasx — a. x has no solution in models that

For instance, a communication protocol can be speci- .

) : represent only finite processes. In the case that a

fied such that each of its parallel components (sender, . ) . :

system of recursive equations has a unique solution

receiver, etc.) is modeled by one or more equations. ) i X
In the following we will use the terminology ‘system (P€r variable) in some intended model, we say that

of recursive equations’ to denote a set of one or more this System is a recursispecification: some intended
equations in the sense sketched above. process is specified by means of recursive equations.
Although the specification of processes by means Often, establishing the uniqueness of solutions is
of systems of recursive equations serves its purposeintertwined with verification purposes. If one can show
well, proof theory for this type of specification is that each solution for some distinguished variable in
not entirely trivial, and goes with various particular a system of recursive equations is also a solution for
ingredients. For instance, we often want to assert a smaller and simpler system (or vice versa), and
- both systems have unique solutions per variable, then
. Corresponding author. _ both systems specify the same process, one focusing
 E-mail address: alban.ponse@cwi.nl (A. Ponse). _ on ‘implementation details’, and the other abstracting
An alternative method of specification is the use of recursive . .
operations, such as the Kleene star [4], or the use of fixpoint TOM these and focusing on the external behavior of
operators [16]. the whole system. Comparing solutions of systems of

0020-0190/01/$ — see front mattér 2001 Elsevier Science B.V. All rights reserved.
PIl: S0020-0190(01)00218-6



60 A. Ponsg, Y.S. Usenko / Information Processing Letters 80 (2001) 59-65

recursive equations often plays a major role in process formations ofu CRL specifications, see, e.g., [10], can

verification. be proved to be correct using the equivalence relations
In this paper we introduce an equivalence on recur- presented in this paper.

sively specified processes that is based orptieser-

vation of solutions. This equivalence results from the Structure of the paper. In order to give a simple ex-

theory of equivalences for regular systems of equa- position, we start out from the well-known process

tions and applicative program schemes, as developed algebra system BPA (Basic Process Algebra) in Sec-

among others, by Courcelle in [5,6]. Systems of (re- tion 2. We characterize the equivalence mentioned,

cursive) equations are considered with respect to their and consider some examples. Then, in Section 3 we

full sets of solutions in all models. As noted in [3], generalize our equivalence to the setting . 0ZRL.

considering such a notion of equivalence avoids cer- The paper is ended with some conclusions.

tain drawbacks of other methods used in process alge-

bras, such as the restriction of the process domains to

the ordered ones and considering the least solutions of2- Equivalence of BPA systems

recursive systems, or the restriction to systems that are ) )

guarded, and considering only the domains where all Recall that the axioms of BPA (Basic Process

such systems have unique solutions (see [2]). In many Algebra, see, e.g., [2,7]) are the following:

cases, especially when data parameters are involved,

such restrictions can be difficult to handle. We use (A1) Tty =y+x

the specification languageCRL [13,12] to describe  (A2) x4+ (y+2z) = (x+y)+z

our approach. This language comprises an extension(As) dx=x

of process algebra with features that involve data for -

the specification of processes: actions, recursive speci-(A4) (x+y)-z =x-z+y-2

fication, communication, summation, and conditionals A5 SN

can all be data-parametric. For instance, it is not pos- (AS) -y-z=x-(-2)

sible to justify transformations of recursive systems in where+ models alternative composition ansequen-

value passing process algebras IlkERL using the tial composition. We further omit brackets in repeated

method of restricting to syntactically guarded systems. applications of+ and-.

For many models of processes (resembling different  For termst, u over the signature of BPA we write

equivalences, see, e.g., [8,9]) guardedness becomes %PA!— f—u

more involved notion. Therefore it is useful to consider -

a model-independent equivalence of recursive systemsif + = u can be proved from BPA in equational logic.

in process algebra, and to use model specific equiva- Furthermore, let¥ = x1,...,x, be a sequence of

lences only in cases where the former one is not suffi- variables. Then we write (¥) if all free variables

ciently strong. of ¢+ are inXx. In this section we consider systems
Typical for our approach is that we separate the of (recursive) equations over the signature of BPA.

question to unique solutions from the question how so- As a convention for this section we shall use capital

lutions of systems of recursive equations can be com- letters for the variables in such systems, in order

pared. This splitting of notions is worthwhile: prop- to distinguish these from the variables in the BPA

erties of solutions are interesting for verification pur- axioms.

poses, whereas comparison of systems of recursive Let n fresh variablesxy, ..., X, = X and terms

equations is a fundamental notion that in itself can #1(X), ..., #,(X) over BPA be fixed. Then we call

be applied in a model-independent way, only adher- O

ing to the axioms of process algebra. The comparison G={X=u0li=1....n)

of systems of recursive equations plays a major role in a system of process eguations over BPA. A simple

the tool support fope CRL because such systems are example igX1 =a- X2, X2 =b-X1}. Furthermore, we

transformed into linear form while preserving all their call (X;, G) for a particular a process definition (this

solutions [14]. Several kinds of optimizational trans- terminology is syntax-oriented; the question whether
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(X;, G) really ‘defines’ a process is a model dependent M"(M = G(m) = In € MK(M = H{@) A my =

one). n1)). Thus, a characterization 6X1, G) < (Y1, H) in
Let M be a model of BPA with domaiM. Then first order logic is the following:

(m1,...,my) € M" is asolution of G in M if for all -, = - - _

i =1,...,n and interpretation functior® satisfying BPAEYX(G(X) — 3Y(H(Y) AX1=Y1)). @)

(X)) =m;, We proceed to show thak is characterized by

M. T X =50X). 1 =, i.e, t_o d.erive' from .(2) necessary and sufficient
=X =1(X) @ proof obligations inequational logic. Let the symbol

We further abbreviate (statements like) (1) to o refer to derivability in first order logic. By the

M =m; =1,(m). completeness of first order logic, (2) is equivalent with

In this case we say that; is a solution of(X;, G) in BPA ol YX(G(X) — 3Y(H (V) A X1= Y1),

M. Finally, givenG as above, i.e., and thus with

G={Xi=tX)1i=1....n}, BPA 1o YX3Y(G(X) — H(Y) A Xy = Y1).

we define for term sequende= vy, ..., v, Because the variableg,, .. ., X, do not occur in the

n axioms of BPA, the latter statement is equivalent with:

- A -

G@) = [\ v =t(). L -
I BPA o 3Y(G(X) > H(Y) A X1=Y1).

We now turn to the preservation of solutions. Let ~ The above statement is in turn equivalent with:
H={Yj=uj(]j=1...k} There existtermsy, ..., wy = w
be ajxstem of procezs equat;]ons over BPA E:JChTtrf]]at with w; = w; (X) such that
X andY =Yi,..., Yt do not share any variable. The = . _
preservation of solutions refers to designated processBPA Fol G(X) > H(w) AXq = wy,
deflnltlo_ns ofG and H, usually(X1, G) and(Y1, H), and finally also equivalent with:
respectively.

o _ _ There existtermsy, ..., wy = w
Deﬁmyon 1. Let G refer to the setting whergy, .. ., ith w: — - hth
X, = X are regarded as constants and the equations inWit wi__ wi(X) such that
G as additional axioms. We say th@t;, G) implies BPAU G o H(Ww) A X1 = wy.

(Y1, H), notation . . .
(This last equivalence follows from the Deduction

(X1, G) = (Y1, H), Theorem on open formulae, see, e.g., [17, pp. 33, 34].)
if there exist termsus, . .., wy = i with w; = w; (X) Now we have transformed our logical characteriza-
such that tion of the preservation of solutions into the setting of

. equational logic:
BPAUG X1 =w1, and
BPAUEI—wj =uj(w) forallj=1,... k. Theorem 2. Let (X1,G) and (Y1, H) be process
definitions over BPA. Then (X1, G) < (Y1, H) iff
In the case of BPA= characterizes the preserva- (X1, G) = (Y1, H).
tion of solutions. This can be seen as follows: we say

that (X1, G) is preserved by (Y1, H), notation Proof. (X1,G) = (Y1, H) iff (2) holds. As argued
above, this is the case iff there exist terms, ...,

(X1, G) = (Y1, H), we = i With w; = w; (X) such thatG o H (i) A

if in each model of BPA, each solution X1, G) is X1 = w1 is derivable from BPAJG in first order logic,

also a solution ofY1, H). So,(X1, G) < (Y1, H) ifin which in turn is the case iff each conjunctis derivable,

each modelM of BPA, say with domainV, Vm € or in other words, iff(X1, G) = (Y1, H). (By the
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completeness of first order logic and of equational
logic, for any setl” of equations” ¢ = u iff I" kg
t=u.) O

Implication between process definitions induces the
following equivalence between process definitions:
(X1,G) = (Y1, H)

if X1,G) = (Y1, H) and (Y1, H) = (X1, G). EvVi-
dently, this is an equivalence. (We do not treat its pos-
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specification. Other data types, like natural numbers,
integers, lists, queues, stacks, and domain specific data
types can be defined by algebraic specifications.

Let f = f1,..., fn be a sequence of typed function
symbols fl:D_f1 — Proc,..., fu W — Proc for
given data typesfo:, andd be a sequence of (typed)
data variables. Then we Writef, d) for a termr over
the signature oftCRL extended withf, if all its free
data variables are .

Let n fresh typed function symbolxy, ..., X, be

sible congruence property: we do not have any use for fixed. Then we call

that.)

Some examples. If G ={X=X+a+b}andH =
{Y =Y +a}, then(X, G) = (Y, H) but not vice versa.

If G={X1=a X2, Xo=b-Xj}and H ={Y =
a-b-Y}, then(X1, G) = (Y, H), the proof of which
we leave to the reader.

The system& ={X=a-X}andH ={Y=a-Y b}
are incomparable: in the model with domain and
with + interpreted as maximumas addition, and as
the value—1 andb as the value 1, there is no solution
for X and many fory. The converse holds in casds
interpreted as 0 andas 1.

If G={X1=a+X1-a, Xo=a-Xo}and H =
{Y=a+Y-a},then(X1, G) = (Y, H), but the reverse
implication does not hold. Consider the model where
processes are trees with finite paths, but possibly in-
finite branching, taken modulo bisimulation equiva-
lence In this mode{Y, H) has a solution which is the
class of trees representing the proc{s&,\,ata"*l.
But G has no solutions in this model because of its sec-
ond equation, which requires an infinite path. See [2,
p. 33] and [1, p. 153] for more information about this
counterexample.

3. UptouCRL

The languageuCRL [13,12] is an extension of
ACP-style process algebra with data-parametric ac-
tions, alternative composition over data domain, value-
passing communication, and conditions. Furthermore,
recursion inuCRL allows to specify data-parametric

processes by means of systems of data-parametric

process equations.
The axioms ofuCRL define two sorts, Booleans
Bool and processdaroc, which are part of anpuCRL

G ={Xi(dx :Dx)=t;(X,dx) |i=1,...,n}

a system of process equations over uCRL. Each
function symbolX; is called aprocess name of G.
Furthermore, we call each pa(ixi(ﬁf), G), for some

. —>
appropriately typed sequence of data termlls a
process definition. As an example,

G = {X(b: Bool) = a(b) - X(=b)}

is a system of process equations, aidt), G) and
(X(b), G) wheret stands for “true” and is a Boolean
variable, both are process definitions.

Process definitions iZCRL comprise a restricted
form of recursive applicative program schemes as
defined in [5,6]. The restrictions are that all unknowns
(process names) have the same raRg® and that
there are no functions frorRroc to other sorts. On
the other hand, process definitions extend recursive
applicative program schemes with binders (because
the sum operators @fCRL are binders), and therefore
require a more refined approach for a formal treatment,
such as generalized equational logic [11].

Let M be a model ofuCRL and the data types
used inG andr, with domainsP for processesB for
Booleans andyx, for Dx,. A solution of G in M is a
tuple (fi. ..., f,) of functions f; : Dx, — P such that
foralli=1,...,n

M £:@) =t (f.d%).

In this casef; (m’) is a solution of(X;(7), G) in M.
GivenG as above, let

H={Y;@, :Dyv)=u;(Y.dy)|j=1,... k]

be a fresh system of process equations Qv€RL.
We say that(X1(7), G) is preserved by (Y1(i), H),
notation

(X1(0), G) = (Y1i), H),
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if in each modelM of ©CRL and the data we have

VA((Yi M= fi@x) =1:(f,dx))
=

35 (Vi M= gj(dy) = ui(@.dv) A
M = fi(D) = g1(d))),

wheref; : Dx, — P andg;: DY — P.

We now define implication between process defini-
tions in the setting oftCRL. Let the symbol- stand
for derivability in generalized equational logic. We say
that (Xl(ﬁ), G) conditionally implies (Yl(ﬁ’), H),
notation

—
(X1(dh), G) = (Yo(dt), H),
if there exist termsv; (dv,) = w; (X, d,) such that

WCRLUDATAU G F X1(dt) = w1 (dt),

andforallj =1,...,k,

UCRLUDATAUG F w;(dy,) = u; (i, dy,).

Here DATA represents the specification of the data

types involved in both systems anddh and&)/. Fur-
thermore,G refers to the setting where the equations
in G are considered to define additional axioms.

We continue with an example. As before, @t=
{X(b : Bool) = a(b) - X(—b)} and, withNat a specifi-
cation of the naturalsi = {Y(n : Nat) = a(even(n)) -
Y(S(n))}. We show that

(X(t), G) = (Y(0), H)

by choosingw(n) = X(even(n)). In this case we need
to show thaiX(t) = w(0) (this follows fromeven(0) =

t, which we assume to be derivable frddd\TA) and
that X(even(n)) = a(even(n)) - X(even(S(n))). This
latter identity follows fromX(b) = a(b) - X(—b) and
the necessarily derivable data identayen(S(n)) =
—even(n). If we assume the existence of a function
f:Bool — Nat, defined by f(t) =0 and f(f) =1
(wheref stands for “false”), we can also prove that

(X(b), G) = (Y(f (b)), H)

using the same termw(n) and the data identities
even(f (b)) = b and even(S(f(b))) = —b, both of
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sequential composition a$. Then Y(0) has many
solutions, whereax(t) has none.

Theorem 3. Let (x1(df). G) and (Y1(df). H) be
procees definitions over uCRL. If (xl(ﬁ) G) =
(Yl(dt) H), then (x1(dt), G) < (Yl(dt) H).

Proof. Let M be a model foruCRL W|th data
theories for the data types used @h, H, dt and

_
dt’, and let w,(d]) be such that(xl(ﬁ) G) =,

(Yl(dt) H). Now assume tha¥ has a solution in\1.
So fori =1,...,n there aref; (?) such thatM =
fl(Z) = f E)) where f; is the mterpretatlon of
Xi. lt)wen, by M_L: fl(?) = wl(dt) and M &
w;(dy;) = u;(w,dy;) the theorem follows. O

The question whether our definition gf. is com-
plete in the sense thatcharacterizesthe preservation
of solutions (in all models) is hard to answer. In gen-
eral, proof principles such as induction are intertwined
with such a question (cf. the example below).

We defineconditional equivalence, notation

(Xa(T), G) = (Ya(dD), H),

by requiring conditional implications in both direc-
tions. Indeed, conditional equivalence is an equiva-
lence relation.

An example. Let NAT be a specification of the nat-
urals comprising induction schemes (see, e.g., [15]),
and letG and H be the following systems of equa-
tions:

X1(n : Nat) = (a~X2(n -1+
G— Xl(n—l))<1n>0>a,
Xo(n:Nat) =a-Xo(n — 1)
<n>0ra
Y1(n : Nat) = (a+Y1(n — 1)-a)
He <n>0pa,
Yo(n:Nat) =a-Yo(n — 1)
<n>0ra

which seem reasonable. We do not have any of We show that(X; (n), G) =, (Y;(n), H) fori =1, 2.

the reverse implications: consider the model with
carrier setNat, in which a(b) is interpreted as 1, and

For both implications=,. and <, we choose the
terms w1 and wz to be trivial, namely, in the first
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casew1(n) = X1(n), wa2(n) = X2(n), and in the second
casew1(n) = Y1(n), w2(n) = Y2(n). The proofs then
reduce to showing that

LCRLUNAT UG F X1 (n)
=(a+Xi(n—1)-a)<n>0ra

and

wCRLUNATUH F Y1(n)
=(a-Yo(n —1) +Yi(n—1))<n>0ra

__ Firstwe show by induction omthatu CRLUNAT U
GFa-Xy(n)=Xy(n)-a. The caser =0 is trivial. In
the other case we get:

a-Xon+1) = a-a-Xz(n)

1S

a-Xo(n)-a=Xo(n+1)-a

Similarly, tCRLUNATU H Fa- Ya(n) = Ya(n) - a.

Next, we show by induction om that xCRL U
NAT UG a- Xa(n) 4+ X1(n) = a + X1(n) - a. Again,
for n = 0 we geta - a + a in both sides. In the other
case we get:

a-Xom+1)+X1(n+1)
=a-a-Xz(n)+a-Xan)+ X1(n)

and

a+Xin+1)-a

=a+ (a-Xa2(n) +X1(n)) -a

=a+a-Xz(n)-a+X1(n)-a

= (a+ X1(n)-a) +a-a- Xa(n)

Ha. Xo(n) + X1(n) +a-a- Xa(n)

=a-a-Xz(n)+a-Xan)+ X1(n)

Next, we show that a similar identity is derivable
from H, namely uCRLUNAT U H - a - Ya(n) +
Y1(n) =a+ Y1(n) - a. Again, the case = 0 is trivial,
and in the other case we have:
a-Yon+1)+Yi(n+1)

=a-a-Yn)+a+Yi(n)-a

=a+a-a-Ya(n)+VYi(n)-a

and

a+Yin+1)-a
=a+(a+Yi(n)-a)-a

ﬁa+(a-Y2(n)+Y1(n))-a
=a+a-Ya(n)-a+Yi(n)-a
=a+a-a-Yo(n)+Yi(n)-a

The last two identities imply the conditional equality
we are proving.

It is important to note that the equation fgp is
not needed for the preservation of solutions.Hf
is the systemH with only the first equation, then
(Y1(n), H) < (Y1(n), H). This is due to the fact that
the equation foryz has a solution in each model of
#CRL and NAT, namely the functionf :Nat — P
such thatf(0) =a and f(n + 1) = a- f(n). This
differs with the necessity of the equation fog in the
last example of Section 2.

4. Conclusions

We have defined equivalence between (recursive)
process definitions over BPA, and showed that this
equivalence emerges from a logical characterization
of the preservation of solutions. Furthermore, we
have presented a straightforward generalization of
this equivalence to the data-parametric setting of
#CRL. The main motivation to write this paper is to
show that reasoning about equality (or implication)
between solutions of systems of equations can be
separated from considerations about unique solutions.
As a consequence, transformation algorithms (e.g., for
tools as now are available farCRL) can be easily
proved correct (cf. [14]).

We note that our counter examples concern models
that do not satisfy thisft cancellation property, i.e.,

a-x=b.-y—>a=bAx=y,

where a and b are actions. The left cancellation
property holds in common process semantics.

Future work could focus on defining transforma-
tions of recursive systems in process algebras and
uCRL that preserve the equivalence or the implica-
tion defined in this paper. Such transformations were
studied in [5] in a general setting, but applying them
to process algebras may be useful for optimization and
verification purposes.
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