A TOPOS FOR A NONSTANDARD FUNCTIONAL INTERPRETATION

BENNO VAN DEN BERG

ABSTRACT. We introduce a new topos in order to give a semantic account of the nonstandard
functional interpretation introduced by Eyvind Briseid, Pavol Safarik and the author.

1. INTRODUCTION

The aim of this short note is to give a semantic, topos-theoretic account of the nonstandard
functional interpretation that the author, together with Eyvind Briseid and Pavol Safarik,
introduced in [2], answering a question the author left open in [1]. In this way this note
is similar to the author’s paper on the Herbrand topos [1], which did the same for Herbrand
realizability, a realizability interpretation we also introduced in [2]. Indeed, a good way to think
about the topos to be introduced here is as a Herbrandized version of the modified Diller-Nahm
topos (for which see [4, 3]).

2. NOTATION

Let us first establish some notation. We assume that we have fixed some pairing function,
coding pairs of natural numbers as natural numbers. We will not distinguish notationally
between pairs and codes of pairs and write (n,m) for both the pair consisting of n and m
and its code. Also, Kleene application will be written as ordinary application, so the result of
applying the nth recursion to the argument m is written as n(m), whenever it is defined.

For X,Y € Pow(N), we will write

XxY = {(z,y) e N:xeNyeN}
X+Y = {(02):reX}U{(Ly):yev},
X —>Y = {aeN: (Vxe€ X)a(z) is defined and a(z) € Y},

as usual. In addition, we will write
X" ={a € N: a codes a finite set all whose elements belong to X }.

Note that the empty set always belongs to X*. We will use common set-theoretic notation
when manipulating elements of X*.

We will always regard X* as a (pre)order, ordered by inclusion. Also note that we have an
“exponential isomorphism” (X + Y)* = X* x Y*, which is not just a bijection, but also an
order-isomorphism (if we order X* x Y* in the standard way). In what follows, we will often
implicitly use this isomorphism and regard elements of (X + Y)* as pairs (a,b) with a € X*
and b € Y*.
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It will also be convenient to introduce the following piece of notation: if z € (S — T*)* and
y € S, then we will write

lyl:=J 2(y) € T".

Another thing which we often implicitly use is that  C 2’ implies z[y] C 2/[y] for all y.

3. DEFINITION OF THE TRIPOS

We define an preorder indexed over the category of sets and then show it is a tripos. First
of all, we put

Yo = {(X,Y,R)€Pow(N)? x Pow(NxN): RC X* xY
and (Vz,2' € X",y € Y)(x,y) € R,x Ca’ — (2',y) € R}.
For p = (X,Y, R) € ¥4 we will write

pt = X,
p-‘r-‘r — X*,

p- =Y,
p(z,y) = R(z,y),

respectively.

Definition 3.1. For any set I the preorder above I consists of functions I — Y. We write
- for its preorder structure and we will have ¢ - v iff there exist

et e (et —uft
iel
em € (et xy = (97)
iel
such that
Viel,a€ pfT,be; [Veee (a,b)pi(a,c) — (et (a),b)].
Reindexing is simply given by precomposition.

Lemma 3.2. This defines an indezed preorder.
Proof. p+ pis realized by et (z) = z,e” (z,y) = {y}. In addition, if (e*,e™) realizes p - ¢ and

(ft, f7) realizes g I r, then p & 7 is realized by (g%, ¢7) with g% (z) = fT (et (2)),9 (x,2) =
Uyes-(e+(2),2) € (@,9). The preorder structure is obviously stable along reindexing. O

Theorem 3.3. The indexed preorder defined above is a tripos.
We will call the associated topos the Dg;-topos and denote it by Dst. The following sequence

of lemmas will prove Theorem 3.3.
Lemma 3.4. Truth is given by (0,0,0) and falsity by (0,{0},0).
Lemma 3.5. The conjunction p A q is given by

pAg)* p+qt,

(pAha)” = p +q,

(pAq@)((n,m), (i,k)) < (i=0Ap(n,k)) or (i=1Aq(m,k)).



A TOPOS FOR A NONSTANDARD FUNCTIONAL INTERPRETATION 3
Proof. Note that we have used the exponential isomorphism (X +Y)* = X* x Y* in order to
identify (p A ¢)*" with p*+ x ¢™ . We will keep on making this identification.

The projection pAq b p is realized by e*(a,b) = a and e~ ((a,b), c) = ({c},0), while pAq + ¢
is realized by et (a,b) = b and e~ ((a,b),c) = (0, {c}).

Now suppose r F p is realized by ( "’,e‘)7 while r F ¢ is realized by (f,f~). Then
r b pAqis realized by g*(z) = (e*(2), f(2)) and g~ (2, (0,y)) = e~ (z,y) and g~ (z, (1,y)) =

[ (@,y). O
Lemma 3.6. The disjunction pV q is given by

(pva)t = pt+qt,

(pVa)” pTXq,

(pVva)((n,m), (k1)) < pn,k) orq(m,l).

Proof. Again, we identify (p V ¢)*+ with pt+ x ¢*+.

First, the inclusions. p - pV q is realized by e™(x) = (z,0) and e~ (z, (y,2)) = {y}, while
qF pVqisrealized by et (z) = (0,z) and e (z, (y,2)) = {z}.

Now suppose p + r is realized by (e™,e7), i.e.,
Va € ptt,ber [Ve € e (a,b)pla,c) — r(e(a),b)],
while ¢ F 7 is realized by (f, f7), i.e.,
Va € ¢t ber™ [Vee f(a,b)qa,c) — r(fT(a),b)].

Then, we claim, pV q I r is realized by g7 (z,y) = eT(x)U fT(z) and g~ ((z,y), 2) = {(s,1): s €
e (z,2),t € f~(y,2)}. Because we have for all z € p™,y € g7+, 2 € r~ that:

V(s,t) € 97 ((2,9),2) (p(z,5) Valy,t)) —

Vsee (z,2),t € f(y,2) (p(z,s) Va(y,t)) — (intuitionistic logic)
Vsee (z,2)p(z,s) VVE € [~ (y,2)q(y,t) —
riet(x),2) Vr(fT(y),z) — (upwards closure in first component)
(gt (z,y), 2).
(|
Lemma 3.7. The implication p — q is given by
p—a" = @)+ < = (7))
P—a)” = pxqg,

(P— (e e7),(ab) & (Veee [(ab)plac)) — q(e’al,b).

Proof. Suppose (e™,e™) realizes r Apt g. Then r - (p — q) is realized by
fr@) = (et (@yh Dy, zmee ((2,y),2)}),
f_(l‘, (yuz)) = Wle—((xﬂy)7z)'
Conversely, if (e*,e™) realizes 7 = (p — q), then r A p - ¢ is realized by:
fflay) = (met(2)y],
f(@y),2) = (e (2, (y,2), (mee™ (2))[(y, 2)))-
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Lemma 3.8. Foru:1 — J and ¢: I — X4 universal quantification is given by:

Vul@)f = ([u(@) =41 — ¢
el

Val@)j = U er
icu=1(j)

Yulp)j(a,b) & (Vieu (7)) (b€ w; — ¢i(al0],)).
Here [i = j] ={0: i =j}. Also the Beck-Chevalley condition holds.

Proof. Suppose p: I — ¥4 and ¥: J — Y. We have to show the equivalence of the following
two statements:

(a) ¥ by Vu(p), ie., there exist

et e (VT =Vul@)ft and e e[ )¢ xVulo); — ()"
jeJ jed

such that

Vi€ Jae T, beVu(p); (Ve e e (a,b)¥(a,c)) — Vulp)(e™(a),b).

(b) u*y 1, i.e., there exist
fFre(old —el™  and  fT eVl <o = ()"
il iel

such that

Vi € I,CL € w:(j_)yb € @:(vc € f_(aab)wu(i)(aac)) - @l(f-i_(a)vb)

(a) = (b): Take f™(x) = et (2)[0] and f~ (z,y) = e (z,y). Nowleti € I,a € %T(Jir)’b € ¢; and
suppose for all ¢ € f~(a,b) we have 1),¢;y(a,c). Then Yy (¢)ui) (et (a),b) and ¢;(et(a)[0],b),
hence o;(f*(a),b), as desired.

(b) = (a): Take et (z) = {M\y.fT(2)} and e™(z,y) = f~(z,y). Then let j € J,a € w;r+,b €
V.(p); and suppose for every ¢ € e™ (a,b) we have 1;(a, c). We want to show ¥, (¢);(e* (a),b),
ie., (Vieu(j) (be¢; — ¢i(fT(a),b)). But this is immediate from (b).

Validity of the Beck-Chevalley condition is immediate. ]

Lemma 3.9. Foru:I — J and ¢: 1 — X4 existential quantification is given by:

Elu(‘ﬂ)j_ = U ‘p;H_
i€u=1(j)

Aule); = () &t - @)
i€u=1(4)

Julp)j(a,b) & (Jie u_l(j)) (3s € a) (s € gO;H' A (Ve € b(s)) pi(s,c) )
Also the Beck-Chevalley condition holds.

Proof. Suppose p: I — ¥4 and ¥: J — Xg5. We have to show the equivalence of the following
two statements:
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(a) Fu(p) by ¥, i.e., there exist
et e () 3ulp)ft — ot and e” € () ule)t xv; = Gule);)*
jed jed
such that
VjeJac Elu(go)j"",b € wj_(Vc € ef(a,b)ﬂu(go)j(a,c)) — 1p;(et(a),b).
(b) ¢ by u*y, ie., there exist
freel™—wly  and [T e(oMt xdy, = (90)
iel iel
such that
Vie Lac gt be v, (Vee f(ab)pia,c)) — b (fF(a),b).

(a) = (b): Take f*(z) = e*({z}) and [~ (2,y) = e~ ({z},9)[z] = U{2(2): z € e~ ({2}, 9)}.
Now let i € I,a € pfT,b € w;(i) and suppose for all ¢ € f~(a,b) we have ¢;(a,c). Hence

(Vd € e ({a},b)) (Ve € d(a)) pi(a,c).
Writing j = u(i), we have {a} € Hu(ap)j+ and b € ¢, and

(Vd € e”({a},0)) Fulp)i({a}, d).
Therefore ¢; (e ({a}),b), i.e., ¥y)(fT(a),b).
(b) = (a): Take et (z) = U,e, [T(2) and e (z,y) = {A2.f"(z,9)}. Thenlet j € J,a €
Elu(cp);r+,b € 1, and suppose for every d € e~ (a,b) we have 3,(p);(a,d). Concretely, this

means that there is an i € u~!(j) and an s € a such that s € ¢ T and ¢;(s,c) for all
c € f~(s,b). This implies ¥,;)(f*(s),b), whence 1;(e*(a),b), because v; is upwards closed in
the first component.

Validity of the Beck-Chevalley condition is immediate. O

Lemma 3.10. The generic predicate is given by the identity on Y.
Proof. Clear. 0O

This completes the proof of Theorem 3.3.

4. OPEN QUESTIONS

We have defined a new topos, but have not established any of its basic properties. Given
the state of the art, we would conjecture the following:

(1) Like the modified Diller-Nahm topos DN,,, the topos we have defined is not 2-valued
and its =—-sheaves do not coincide with the category of sets (see [4, 3]).

(2) First-order arithmetic in the topos we constructed is given by the Dy -interpretation of
[2] combined with using HRO as one’s models of Godel’s T'.

(3) As with the Herbrand topos, the functor V:Sets — Dst preserves and refllects (at
least) first-order logic, but not the natural numbers object. Hence VN is a model of
nonstandard arithmetic in the Dg-topos (see [1]).
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(4) As Jaap van Oosten has shown that the Herbrand topos Her is a subtopos of the
modified realizability topos Mod and it is known that there is a connected geometric
morphism from the modified Diller-Nahm topos DN,, to the modified realizability
topos Mod (see [3]), one would expect the Dg-topos to be a subtopos of DN, and
there to be a connected geometric morphism from it to the Herbrand topos. Indeed,
one would expect there to be a commuting square (pullback?) of toposes

Dst — DN,

| ]

Her —— Mod

in which the horizontal arrows are inclusions and the vertical ones are connected geo-
metric morphisms.
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