EXERCISE SHEET 3 NONCOMMUTATIVE GEOMETRY

Exercise 1. In this exercise we consider the Weyl algebra A1: This is the associa-
tive algebra generated by two elements p and g subject to the relations

9.9/ =0=1[p,pl, [pql=1

a) Show that A; is isomorphic to the algebra of differential operators with
polynomial coefficients acting on the polynomial algebra C|x].

b) Show that assigning to an element its degree as a differential operator,
turns A; into a filtered algebra: A; = Uy Fr(A1) with

Fg(Al) C Fl(Al) C...
and F - F; C Fi4;. Show that the associated graded algebra

Gr(A1) = P Fe1(A1)/F(Aq),
k>0
is a commutative algebra isomorphic to C|g, p].
c) Let ) := A’ C2. Show that the chain

0 A 2 oA 25 A0 0) "™ A — 0,

with m the multiplication, and

a-g@b—a®q-b i=1

di(e;®@a®b) = .
a-pRb—ax@p-b i=2.

herNeya®b)=® @ qb—a®q-b)—e1®@(a-pRb—a®p-b),

forms a chain complex in the category of A; bimodules. Show that this
complex is filtered, and that the associated graded complex is the Koszul
complex of C[g, p]. (This observation can be used to prove that the com-
plex above is a projective resolution in the category of A; bimodules.
Can you find an argument?)

d) Take the tensor product ® 4cA; and write down the resulting complex
computing the Hochschild homology. Prove that this complex is isomor-
phic to the algebraic de Rham complex of C[g, p].

e) Determine the cyclic and periodic cyclic homology of A;.
1
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Exercise 2. Let A be a unital algebra and g a Lie algebra acting on A by deriva-
tions. Suppose that there exists a trace T : A — K which is invariant in the sense
that

T(X(a)) =0, forallae A, X €g.

a) Consider the Lie algebra homology chain complex CL¢(g, K) of the triv-
ial g-module K equipped with the differential dyj.. Show that the map
CLie(g,K) — C¥(A) defined by

pc(ao, ..., ax) == Y (=1)7 (a0 X1y (a1) - - Xor) (ax))

oESk

commutes b with the zero operator and B with dij.. Conclude that there
exists a map

HYe(g; K) — HC®(A).
b) What happens if g is abelian?
c) Show, with a) and b), that the map

O(for o) fr) = /]Rnfodfl ANy
defines a cyclic cocycle on C°(R").

Exercise 3. We consider (again) the noncomtative torus Ajg: this is the algebra
of Laurent polynomials of the form
Y UV
mmneZ

with generators U and V satisfying the relation
uv =evu.
Show that the Lie algebra IR? acts on .4y by
X(U)=U, Xi(V)=0
Xo(U) =0, Xo(V)=V.
Show that this defines an action by derivations and that the trace 7 is invariant.

Write down a maximal set of cyclic cocycles in degree 0, 1 and 2. (It can be
shown that these cocycles generate the whole periodic cyclic cohomology:.)

Exercise 4. The algebra of formal pseudodifferential operators on the circle ¥

is given by elements
N

a(x,0y) := Z a;(x)oy,

n=—oo
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with a,,(x) a Laurent polynomial in x and d, := d/dx. The algebra structure is
defined by the relation [0y, x] = 1.

i) Write out the product between two elements 4,b € ¥;. Show that there
is an inclusion A; — ¥;.
ii) ¥ is formally obtained from A; by inverting d,. Construct (x + d,) ! €
Y.
iii) Show that the functional

T(a) := % /51 a_q(x)dx,

defines a trace on ¥;. (This trace is called the Adler—-Manin trace.)
iv) The formal series

0 _ o\
logd := — Z (1-9)
n=1 n

is not an element of ¥,. However, show that

logd,a] = i #8’;61(%8)3_’(,

n=1

so that a — [log 0, a] defines a derivation on ¥;.
v) Show that

¢(a,b) := 7 (alloga,b]),

defines a cyclic 1-cocycle. Compute the pairing ([(x + 9x)], ¢), where
[(x+0y)] € K?lg (Y1) is the class of the invertible element (x + d,) € ¥;.

Exercise 5. We start by recalling the following: for a group G and a representa-
tion V, its group homology He(G; V) is the homology of the chain complex

Co(G; V) ¢2 C1(G; V) <2 C(G; V) <2 ...,

where C¢(G; V) = V@ C[G*¥ and 9 : Cx(G; V) — Ci_1(G; V) is given by

k—1 ,
(v, 81,---,8) =(810,82, -, &+ Y_ (1) (v, 81, - -, 8igi+1, - - -, 8k)
i=1

+ (—1)k(v,g1,...,gn_1).

Now we can start with the exercise: let I' be a discrete group and consider its
group algebra CT.
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i) We can identify the Hochschild chains Cy(CT) = C[G*(*+1)], the space of
functions on I'***1) with finite support. Let C C T be a conjugacy class.
Show that the subspaces B (T, C) given by the C-linear span of elements

(Y0, - -, 7k) satisfying

Yoyr- vk € C,

forms a sub complex of the Hochschild complex, so that we have
Co(CT) = €P B.(T, C).
C

Finally show that each B, (I, C) is in fact a mixed sub complex. What is
B?

ii) Let C = e. Show that there exists an isomorphism Ci(I’; C)congBi(T,e)
leading to an inclusion

H.(T;C) C HH,(CT).

iii) Next, we consider an arbitrary conjugacy class C passing through € C.
Let Z(7y be the centralizer of 9. Define an inclusion of the Hochschild
complex

Ce(Z(7);C) — Bo(T,C).

Can you find a chain homotopy to prove that this inclusion is a quasi-
isomorphism? (May be tricky!) This shows that

HH.(CT) 2 B Ha(Z(7);C).
Cy

The dual theory of group homology is group cohomology. It is constructed as
the cohomology of the complex

2SR Gv) S i Gv) S L,

where CK(G; V) := Map(G*K, V), and

k

(6f) (81 -+ 8k+1) =81 (82, - - 8kt1) + Z(—l)if(gl,. s 8iit1s 1 8k+1)
i=1

+ (=D f (g1, 80)-

In fact, we can assume that our cochains are normalized in the sense that f (g1, ..., g) =
Olfgl =e, i: 1"“k0rg1."gk:1'
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iv) Consider now cyclic cohomology. Find a map
ck(T;C) — ck(cr),
inducing a map H*(T;C) — HC*(CT).
v) Let I now be a finite group, and V a representation of I'. Show that the
element

_ dim(V)
ev(y) = T Trace(7y)

defines an idempotent in CT’, hence a class in Ko(CT'). Compute the pair-
ing ([ev], T)-

vi) Can you construct more traces associated with conjugacy classes in I'"?
Evaluate the pairing with [ey] € Ko(CT).

Exercise 6. Consider the spectral triple given by A = C*(S!), H = L*(S)
and D = —i/df where we have identified S! with R/27Z and 6 € R is the
natural coordinate. Show that the arc length between two points on S! is given

by Connes’ formula

d(p,q) = sup{|f(p) = f(9)l, f € A |ID, fI| <1}.



