
EXERCISE SHEET I: NOETHER’S THEOREM

Noether’s theorem describes the principle that (infinitesimal) symmetries lead to
conservation laws. Here we shall proves two versions of the theorem, one in Hamil-
tonian mechanics, the other in the Lagrangian approach. We begin with the Lagrangian
approach.

Exercise 1. Let L : TM→ R be a Lagrangian function. Let x = (x1, . . . , xn) be local coor-
dinates on M. We denote the induced local coordinates on TM by (x1, . . . , xn, ξ1, . . . , ξn)

a) Show that the function EL and 1-form αL locally given by

EL := ∑
i

ξ i ∂L
∂ξ i − L, αL := ∑

i

∂L
∂ξ i dxi

are globally well-defined, i.e., independent of the choice of local coordinates.
b) Show that with these definitions, the Euler–Lagrange equations for L can be

written as

ιγ̈dαL = −dEl(γ̇)

c) A diffeomorphism Φ : M → M is said to be a symmetry if its tangent map
TΦ : TM→ TM preserves L: L ◦ TΦ = L. Show that TΦ preserves EL and ωL:

(TΦ)∗EL = EL, (TΦ)∗αL = αL.

d) A vector field X on M is said to be an infinitesimal symmetry if its local flow is
a symmetry. Denote by X′ its tangent lift, i.e., the infinitesimal generator of the
tangent lift of the local flow. Show that ιX′αL is a first integral, i.e., constant along
solutions to the Euler–Lagrange equations. This is Noether’s theorem.

Exercise 2. Recall that the basic set-up of Hamiltonian mechanics is given by a sym-
plectic manifold (M, ω) together with a smooth function H, the Hamiltonian. A diffeo-
morphism Φ : M → M is said to be a symmetry if it preserves the symplectic form and
the Hamiltonian:

Φ∗ω = ω, Φ∗H = H.

A vector field X is called an infinitesimal symmetry if its local flow ΦX
t is a symmetry.

a) Let X be an infinitesimal symmetry. Show that when H1(M, R) = 0, X is the
Hamiltonian vector field of a function f ∈ C∞(M) which Poisson-commutes
with H:

{H, f } = 0.

Date: February 22, 2016.
1



2 EXERCISE SHEET I: NOETHER’S THEOREM

b) Show that f is constant along the flow lines given by solutions to the Hamilton
equations: f is a first integral (conserved quantity).

c) Suppose that M is a cotangent bundle: M = T∗N and that Φ : M → M is the
cotangent lift Φ := T∗ϕ of a diffeomorphism ϕ : N → N. Show that Φ preserves
the Liouville form Φ∗θ = θ, and therefore also the symplectic form.

d) Now let Y be a vector field on N whose cotangent lift of the local flow is a
symmetry. Write down a first integral for Y.


