THE HEISENBERG GROUP AND CONFORMAL FIELD THEORY

HESSEL POSTHUMA

ABSTRACT. A mathematical construction of the conformal field theory (CFT) as-
sociated to a compact torus, also called the “nonlinear Sigma-model” or “lattice-
CFT”, is given. Underlying this approach to CFT is a unitary modular functor, the
construction of which follows from a “Quantization commutes with reduction”-
type of theorem for unitary quantizations of the moduli spaces of holomorphic
torus-bundles and actions of loop groups. This theorem in turn is a consequence
of general constructions in the category of affine symplectic manifolds and their
associated generalized Heisenberg groups.
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2 HESSEL POSTHUMA

INTRODUCTION

The aim of this paper is to give a construction of certain conformal field theories
associated to a compact abelian Lie group T using the representation theory of the
associated loop group. In physics terminology this conformal field theory is called
the abelian WZW-model and is related to the o-model on T, in the vertex algebra
literature its chiral parts are usually referred to as the lattice-model associated to
711(T). It is an abelian version of the WZW-model which describes strings moving
on an arbitrary compact Lie group. Although in physics terminology this theory
is almost “free”, no complete mathematical account exists in the literature. This
paper fills that gap.

For this we use the mathematical axiomatisation of conformal field theory given
by Graeme Segal in [S3]. This approach to conformal field theory can be para-
phrased by the statement that a conformal field theory is nothing but a projective
representation of the two-dimensional complex cobordism category. Despite the
beauty and transparency of this definition, so far not many examples of this struc-
ture have been rigorously constructed. To the author’s knowledge, two classes of
examples are known to exist: first the chiral case of fermions on Riemann surfaces
and its spin versions, see [S3, K], and secondly the so-called “o-model” of a torus,
cf. [S3]. In both examples the partition function associated to a Riemann surface is
defined in terms of elementary properties of either fermions, resp. bosons, using
the fact that “fields” (i.e., bosons or fermions) that extend holomorphically to the
surface form a maximal commutative subalgebra. The o-model of a torus is briefly
discussed in §3.5 of this paper.

Although arguably much simpler than the non-abelian WZW-model, the abe-
lian case is interesting enough in the sense that it is an example of a rational, but
non-chiral conformal field theory based on a higher dimensional modular functor.
To wit, the above mentioned chiral conformal field theory of fermions is given
by a one-dimensional modular functor. On the other hand, the case of a torus
stands out -in comparison with the non-abelian case- due to the presence of an
important extra symmetry structure given by the Heisenberg group, and it is ex-
actly this feature that we exploit in this paper. Indeed the moduli space of flat
T-bundles over a closed surface is an abelian variety, and therefore its geometric
quantization carries an irreducible representation of a Heisenberg extension of a
finite group, a fact which goes back to the fundamental papers [Mul]. Since we
need to address gluing of surfaces, we shall introduce surfaces with boundaries.
On the level of moduli spaces, this leads to an infinite dimensional version of the
theory of Abelian varieties, coined “affine symplectic manifolds”, whose quan-
tization corresponds to representations of certain associated infinite dimensional
Heisenberg groups. In the infinite dimensional case, the concept of a polarization
of such a variety plays a crucial role.

In this approach to conformal field theory, unitarity is of the utmost importance.
Indeed its construction follows from proving that a certain well-known modular
functor is unitary. Although this result is probably “known to experts”, no written
account is available and the precise statement and proof is quite subtle due to the
presence of the conformal anomaly. The proof of this paper starts from a new con-
struction of this modular functor as multiplicity spaces of certain positive energy
representations of loop groups associated to Riemann surfaces. Factorization, in a
unitary fashion, then follows from “gluing laws” for these representation, which
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in turn can be interpreted as a “quantization commutes with reduction”-type of
theorem.

As remarked above, our approach differs quite a bit from the ones in literature:
geometric quantization of the finite dimensional Abelian moduli space and its con-
nection with the theory of Theta-functions is briefly discussed in [At]. In partic-
ular, here it is mentioned that the projective flatness of the resulting quantization
can be derived as a “cohomological rigidity” using the representation theory of
the associated finite Heisenberg group, see also [R]. This idea plays a central role
in the present paper. From the point of view of conformal field theory, the abe-
lian, or lattice, case is briefly discussed in [S3]-see also the “new” introduction to
this paper—, and [HK]. Remark that the construction of the modular functor in the
present paper, namely via the moduli spaces of flat connections, is quite different;
the connection is given in §3.2. Finally, in [An], the relation between geometric and
deformation quantization of the abelian moduli spaces is discussed.

Outline of the paper. This paper is organized in the following way: the first sec-
tion is devoted to affine symplectic manifolds, their quantization and reduction. In
section 2 it is proved that the moduli space of flat T-bundles fits into this scheme,
which allows us to quantize them to positive energy representations of LT, and
use reduction to provide “gluing laws” under sewing of surfaces. This leads in
section 3 to the construction of a unitary modular functor, which in turn is used
to construct the conformal field theory. Finally, we give a proof of the fact, stated
in the introduction to [S3], that the conformal thus constructed is the same as the
o-model for a rational torus.

Acknowledgement. The author is deeply indebted to Graeme Segal for generously
sharing his ideas on the subject with him. He thanks Keith Hannabuss for discus-
sions about O-functions and pointing out reference [Ma] to him, as well as Andre
Henriques for a careful reading and suggesting several improvements. This re-
search is financially supported by NWO.

1. QUANTIZATION OF AFFINE SYMPLECTIC MANIFOLDS

1.1. Affine symplectic manifolds. In this section we describe a certain category
of symplectic manifolds, possibly infinite dimensional, which can be quantized in
a rather straightforward way. This defines the appropriate framework from which
we approach the moduli space of flat Abelian connections in Section 2. Let us
remark from the outset that all infinite dimensional manifolds in this paper will
be modelled on complete nuclear topological vector spaces.

Definition 1.1. An affine symplectic manifold (X, w) is a weakly symplectic man-
ifold modelled on V which carries a symplectic V-action whose isotropy groups
Vx, x € X are finitely generated lattices.

Thus TxX can be identified with V for each x € X, and Vy = 71(X, x). Itis easy to
see that the symplectic action of V on X furnishes V with a weak linear symplectic
form, also denoted w. Remark that, after choosing a basepoint xo € X, an affine
symplectic manifold is just an (infinite dimensional) abelian group. Acting with V
on the basepoint, an affine symplectic manifold fits into an exact sequence

(1.1) 0 — 711 (X,xg) — V 75 X — 115(X, x0) — 0.
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In the following, we will freely choose a basepoint x( although all constructions
are actually (up to isomorphism) independent of such a choice. Notice that in
the main examples of this paper, moduli spaces of flat bundles, there is in fact a
canonical basepoint, viz. the class of the trivial bundle.

If the symplectic form w represents an integral class in H*(X), i.e., if w|Vx0 X Vi
is integral, then we can find hermitian line bundles (L, h) on X with unitary con-
nections V which have curvature —/—Tw. In the language of geometric quanti-
zation, such a line bundle is called a prequantum line bundle. The set of isomor-
phism classes of prequantum line bundles forms a torsor for the finite dimensional
torus H' (X, T) of flat line bundles.

Given such an L, we have a homomorphism V — H'(X, T) given by

v [LF@viLl.
Let Vx be its kernel. (Note that 7tp(Vx) = H'(X,Z) = Hom(Vx,, Z).) Define

Vs connection-preserving bundle automorphisms of (L, V, h)
X7 1 which cover the action of an element of Vy on X ’

Proposition 1.2. The group Vi is a central extension
0— HO(X,T) — \7X — Vx — 0.

When X is connected, this is the (degenerate) Heisenberg group of (Vx, wlvy x v, ) with
center Vy,.

The proof of this proposition is obvious. With hindsight notice the following;:
Proposition 1.3. For X connected, there is an equivalence of categories:

Prequantum line bundles | _ Splittings of the extension Vy
over (X, w). ~ | induced from the Heisenberg group V.

Remark that Vy, is an isotropic lattice in (V, w). The functor establishing the
equivalence above sends a splitting x, viewed as a character x : Vy, — T, to the
line bundle

LX = \7 ><\7 CX‘
X0

Conversely, the fiber over x( of a prequantum line bundle carries a unitary repre-
sentation of VXO, i.e., determines a character ¥ : \7,(0 — T. Also notice that the set
of splittings of on forms a torsor over the Pontryagin dual on = Hom(Vy,, T),
which corresponds to the action of the torus of flat line bundles using the isomor-
phism Hom(Vy,, T) = H'(X, T).

Definition 1.4. A polarization of an affine symplectic manifold X modelled on V
means a polarization of V.

A polarization of a symplectic vector space is a positive compatible complex
structure, as explained in the appendix, cf. Definition A.2. A polarized affine sym-
plectic manifold is simply an affine symplectic manifold together with the choice
of a polarization. Notice that when the manifold is a finite dimensional symplectic
torus, this notion coincides with that of a polarized Abelian variety.
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1.2. Quantization. In this section we shall construct quantizations of affine sym-
plectic manifolds. Since this construction works for each connected component
separately, we will assume that our affine symplectic manifold X is connected.
Assume for a moment that it is finite dimensional. The way to proceed in geomet-
ric quantization is to define, for each polarization, the Hilbert space H(ﬁz (X;L) =

L%LOL(X, L) of holomorphic sections of a prequantum line bundle (L, h) with inner
product given by

n

w
7 :: h 7 7
(s1,52) Jx (s1,82)—

where dim X = 2n. Going over to the infinite dimensional case, one immediately
realizes that the Liouville measure doesn’t exist as there are no nontrivial invari-
ant measures on an infinite dimensional vector space. However, below we will
show that for affine symplectic manifolds, the combination “h(—, —)w™/n!” does
make sense as a line bundle valued measure (cf. [Pi], and see below). The ratio-
nale behind this is that for an infinite dimensional vector space, this combination
formally combines into a Gaussian measure which can be rigorously constructed
in infinite dimensions.

Let (X, L) be a polarized affine symplectic manifold modelled on V. First of all,
a thickening of X is a smooth manifold X* modelled on V*, the dual, equipped
with a continuous dense embedding X — X*. More precisely, the polarization
J puts V and V* in a triple V C Hj C V¥, where Hj is an intermediate Hilbert
space, the completion of V in the inner product defined by w and J, cf. Appendix
A. Therefore, we aim for a “rigged manifold”

X = Xy = X%,

where the intermediate space Xy is a Hilbert manifold modelled on Hj. We will
prove below that there exists a canonical thickening of any affine symplectic man-
ifold and that the line bundle L extends to X*. Then, a measure p- on X* with
values in L consists of a continuous map

uh: M(X*, L) x T(X*, L) — {complex Borel measures on X*},

written (s1,s2) — uls-] s, OF h(s1, s2)dy, satisfying the following properties:
e forall f1,fy € C(X) we have

L o
uﬁ s1, 280 — f1f2u51 ,S27

i.e., the map is sesquilinear as as a map of C(X)-modules,
o the measure is positive in the sense that

L
Bes =0,

for all sections s € I'(X*, L), with strict inequality for s # 0,

e fors; € I'(X*, 1), 1=1,...,4, the measure u;,sz, restricted to to the set
{x € X*, hy(s3(x),s4(x)) # 0}, is absolutely continuous with respect to
;ﬂs-3, s, with Radon-Nikodym derivative equal to

d}’LIS_],Sz _ h(S],SZ)

duk, i,  h(s3 s4)
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Proposition 1.5. An affine symplectic manifold X has a canonical thickening X* such that
any prequantum line bundle L extends to X*, and a polarization ] of X defines a unique

Vx-invariant measure u]L on X* with values in L.

Proof. First consider the statement for a symplectic vector space (V, w). The, up
to isomorphism, unique prequantum line bundle may be realized as the trivial
bundle L =V x C equipped with the Hermitian metric

(vv)/25

h((v,z1),(v,z2)) = e~ 212,

where (, ) is the metric defined by the polarization J, cf. (A.2). Indeed one com-
putes —90 log h = —/—1w. Therefore, the action of V by translations lifts to con-
nection preserving transformations of V x C by the formula

(1.2) v-(w,z) = (v+w, e(v,v>/4+<v,w>/2Z)'

This defines an action of the Heisenberg group V associated to the symplectic vec-
tor space (V, w); this gives an explicit realization of Proposition 1.2 above.

As described in Appendix A.2, a compatible positive complex structure | on
(V, w) defines a family of Gaussian measures u}, t > 0, on V¥, the dual of V,

together with a dense embedding V — V*. Put puj := u}, extend the trivial bundle
L to V*, and define, for a continuous function F: V* — C;

du%] B = f:] deu].

It is obvious that when F is nonzero, this defines a positive Borel measure. Acting
by V as induced from (1.2), this measure is invariant since the exponential factors
in FF cancel against the contribution of the Cameron-Martin formula (A.3). We
thus observe that in the linear case, the Proposition is merely a reformulation of
the existence and properties of the Gaussian measure, which indeed is uniquely
determined by the polarization J.

When V is finite dimensional, the Gaussian measure thus defined can of course
be written as the product

vy 2w"

duj(v) =e” o

4

where w™/n! is the Liouville measure, i.e., a Haar measure on V. In fact this is
the expression for any finite dimensional affine symplectic manifold: the L-valued

measure is defined as
n

L. w
us1,52 = h—(S], SZ)F/

where h is the Hermitian metric on L. Finally, in the general case, notice we can
choose a decomposition X = W x Y, with W a symplectic vector space and Y a
finite dimensional affine symplectic manifold. This reduces the general statement
to the two special cases considered above, and the resulting measure is indepen-
dent of the decomposition. By construction, this line bundle valued measure is
invariant. O

With the help of this measure one can define the quantization of X to be the L*-
space of holomorphic sections of L on X* with the inner-product given by

(1.3) (sr,52) 1= | hlsysaldu
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We denote this Hilbert space by Hx := LZ,(X,L). When we want to stress the
dependence on the line bundle L in the notation, we write Hx 1 instead of Hx.

Theorem 1.6. Hx 1 carries an irreducible unitary representation of Vx, with the center
acting by the character corresponding to L.

Proof. Since the measure u}- is Vx—invariant, Hx carries a representation of VX
which is unitary for the inner product defined by (1.3). The statement about the
action of the center follows immediately from the definitions. We need to show
that the representation is irreducible. Bu this follows easily from the decomposi-
tion X = W x Y as in the proof of Proposition 1.5: this reduces the statement to the
Examples 1.9 i) and ii) below. O

Corollary 1.7. The quantization Hyx is, up to isomorphism, independent of the specific
complex structure in the polarization class.

Proof. This follows immediately from Theorem A.5, which states that, for a given
polarization class, the Heisenberg extension of Vi has only one irreducible repre-
sentation for a fixed character of the center. g

Proposition 1.8. For X connected, there is an isomorphism of V-representations
Indgx (Hx) = Hy.

Proof. Let us first recall the construction of the induced representation in this case.
Consider the inclusion Vx — V and notice that there is an exact sequence

0 Vx—oVoXdso,

where X4 = Hom(Vy,, T) is a finite dimensional torus. Therefore we have
v 12 (xd
Indy, (Hx) =L (x ,Hx)

with the inner product defined with respect to the Haar measure on X9. But since
X4 is Pontryagin dual to Vy,, the Hilbert space above is exactly the spectral de-
composition of Hy with respect to the abelian subgroup Vy, C V. O

Since the representation of V on Hy is irreducible, this gives another proof of
irreducibility of the representation of Vx on Hx by Mackey’s theorem. Of course,
a similar result holds for non-connected X.

Example 1.9. Let us give some examples of this quantization:

i) When X = V is a symplectic vector space, the quantization H+, is simply
the standard irreducible representation of the Heisenberg group V asso-
ciated to the given polarization [BSZ]. Instead of the construction above
with the Gaussian measure, one can construct the representation directly
on the symmetric Hilbert space Sym(W), where V¢ = W & W is the de-
composition into ++/—T and —/—1 eigenspaces of J, cf. [S1].

i) In case of a finite dimensional polarized abelian variety (X,L), the pre-
scription above produces the Hilbert space HO(X, L) equipped with the Li-
ouville inner product. Of course, this is just the space of Theta-functions,
which, by the Riemann—Roch theorem, has dimension equal to the sym-
plectic volume of X. In this case, Vx is a finite Heisenberg group. That
HO(X, L) is the unique irreducible representation of this group is well known,



8 HESSEL POSTHUMA

see e.g. [Mu2, Po, §1.3]. The torus H'(X, T) parameterising inequivalent
quantizations of X is in this context usually referred to as the dual torus X9.

1.3. The universal family. Next, we will introduce, for each complex structure
in the polarization class, a canonical rigging of the Hilbert space Hx. Since this
Hilbert space consists of square integrable sections of an extension of the line bun-
dle L to X*, one obtains, by restriction to X, a canonical map Hx — ﬁX, where
Ex = Thot(X,L). This map is injective by the fact that the inclusion X — X*
is dense, i.e., holomorphic sections of L on X* are uniquely determined by their
restriction to X. When equipped with the topology of uniform convergence on
compact subsets, Ex is a complete, locally convex topological vector space, and
the map Hx — Ex is a dense continuous inclusion. Let Ex be the continuous anti-
dual of £y, i.e., the complex conjugate space of all linear continuous functionals
on Ex. Restricting such a functional to Hx defines, by Riesz’ theorem, a vector in
Hx. This defines a dense embedding of Ex into Hyx and gives a rigging of this
Hilbert space;

(1.4) EX — HX — ﬁx,

where each of the inclusions is dense and continuous. For 1 € [\{0}, evaluation
at 1 defines an element evy € [I'x, because the sections are holomorphic. By the
inclusions above, this gives maps as in the following diagram:

L\{0} —— Hx\{0}

X

PHx

Notice that the right hand side is just the universal holomorphic line bundle over
the projective Hilbert space. The inner-product in Hx induces a natural hermit-
ian metric on this bundle whose curvature is given by the Fubini-Study form on
P(Hx). Now we have:

Proposition 1.10. The map X — P(Hx) is an embedding of Kihler manifolds, i.e.,
the pull-back of the Fubini-Study form on P(Hx) equals w. Consequently, the pull-
back of the universal bundle to X is isomorphic, via the upper map in the diagram, to the
prequantum line bundle L.

Proof. Itis easy to check that the map X — IP(Hx) is a holomorphic embedding. To
see that it is in fact Kéhler, consider IP(Hx) as a Kdhler manifold with symplectic
form given by the Fubini-Study metric. As stated above, the dual of the universal
bundle given by Hx\{0} gives a pre-quantization of IP(Hx). Because Vx, by its
embedding in PU(Hx), acts on IP(Hx) by Kahler isometries, this prequantum line
bundle determines a central extension of Vx uniquely determined by the Fubini-
Study form. But this central extension must be equal to the Heisenberg extension
of Vx defined by the symplectic form w on X since this is the group that actually
acts by unitary transformations on Hx.

Next consider the pull-back of the universal bundle to X. By the argument
above, its curvature equals w. Since the projective representation of Vx on Hx
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corresponds to the same character of Vy, as the one that determines the line bundle
L over X, cf. Proposition 1.6, the two line bundles are isomorphic. O

This proposition gives a complete characterization of the Hilbert space Hx 1
quantizing an affine symplectic manifold (X, L) with a prequantum line bundle
for a given polarization as in the theorem below. In the following, let 7 (X) be the
space of polarizations of X as in Definition 1.4. Recall that this is just the Siegel
upper half space J (V) of the symplectic vector space V modelling X, cf. §A.2.1.

Theorem 1.11. For a fixed pair (X, L) consisting of an affine symplectic manifold X with
a prequantum line bundle L, there exists, for each polarization ] € J(X), a unique Hilbert
space Hx 1 satisfying:
o Hx | carries an irreducible representation of the Heisenberg group Vx with cen-
tral character determined by L,
o Hx 1 comes equipped with an Vx-equivariant isometric map L — Hx 1.
When ] varies, Hx 1 forms a projectively flat bundle of Hilbert spaces over J (X).

Proof. The construction of the previous section, together with Proposition 1.10,
prove existence of the Hilbert space. By Corollary 1.7, Hx | is unique up to iso-
morphism, and by Schur’s lemma, this isomorphism is canonical up to a scalar.
However, this scalar is precisely fixed by requirement that the map L — Hx
is an isometry. This proves uniqueness of the Hilbert space. As the polarization
varies, again Corollary 1.7 in combination with Schur’s lemma show that the bun-
dle PHx 1 is canonically flat. O

Remark 1.12. When X is compact, i.e., an abelian variety, the quantization is finite
dimensional and the theorem above implies that the connection associated to the
holomorphic hermitian vector bundle H is projectively flat. This is the connec-
tion described in [W] leading to the heat equation satisfied by @-functions.

Let Aut(X) C Sp(V) be defined as
Aut(X) := {Symplectic automorphisms of (Vy,, w)}.

When X, and therefore V, is polarized, define Autyes(X) = Aut(X) N Sp,..(V),
where Sp_...(V) is the restricted symplectic group, cf. §A.2.1. Since elements of
Aut(X) need not preserve the complex structure, this group a priori does not act
on the quantization Hx. However, elements of Autyes(X) map one point of J (V)
to another and therefore Proposition 1.11 gives:

Corollary 1.13. Hx carries a projective unitary representation of Autres(X). It extends
the unitary representation of Vx to the semi-direct product Autres(X) X Vx

1.4. Symplectic reduction. In this section we will study the reduction theory of
affine symplectic manifolds with respect to (part of) its affine symmetries. Let X be
an affine symplectic manifold modelled on V, which is assumed to be connected.
By definition, the vector space V acts symplectically on X. Restricted to Vy, this
action is even Hamiltonian with moment map J : X — Lie(V5) given by

(1.5) J(x) = —w(vx, =)lLie(vg)/

where vy € V is a pre-image of x under 7, cf. the exact sequence (1.1). This may
be seen to be independent of the choice of the lift, i.e., up to the action of Vy,,
by realizing that Vx C V is the projection of the commutant of Vy, in V. Notice
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that the moment map is only affine-equivariant, with respect to the cocycle defined
by the symplectic form w. This is exactly the cocycle that defines the Heisenberg
extension of Vx C V. A closed abelian subgroup A C Vx is said to be isotropic if
the induced central extension A is abelian. As such, the extension must be trivial,
but not canonically, i.e., depends on the choice of a splitting x : A — T satisfying

x(ajaz) =x(a; )X(az)e‘/j”w(al a2

Additively, this is given by a map 1\ : A — RR satisfying P (aj + ap) = P(ag) +
P(ay) + w(ay, az). Therefore, Jo := ]+ defines a moment map which is A-
equivariant and one can consider the symplectically reduced space

Xrea = X/A =T, (0)/A.

Proposition 1.14. Let (A,x) be an isotropic subgroup of Vx with a choice of splitting.
When A acts freely on X, Xyeq is an affine symplectic manifold modelled on

Vrea = Lie(A)?/Lie(A),

where Lie(A)° denotes the symplectic complement of Lie(A) C V with respect to w. A
polarization of X induces a polarization of Xyeq, and a prequantum line bundle L on X
induces a prequantum line bundle Ly on X,.¢q.

Proof. First notice that since A is assumed to act freely, one has in fact A C Vx, and
A fits into a short exact sequence of abelian groups

0 — Lie(A) 5 A — my(A) — 0.
It is easy to see that the splitting {» must be zero on Lie(A), i.e., Lie(A) C Vis
an isotropic subspace in the sense that wli;e(a) = 0. Consider the zero locus of
the moment map, ];1 (0) € X. It follows at once from the formula (1.5) for the
moment map that the symplectic complement Lie(A)° is the maximal subspace of

V acting transitively on IR] (0). It therefore follows that X,.q carries a transitive
affine action of V,.q. Since m1(X) and 7p(A) are assumed to be finitely generated
lattices, the isotropy groups of this action will be finitely generated as well. This
proves that X/ A is an affine symplectic manifold modelled on V,..4 in the sense of
Definition 1.1. Let L be a prequantum line bundle over X. It is easy to check that

defines a prequantum line bundle over X/A. Finally, the fact that a polarization
J of V induces a polarization of Lie(A)°/Lie(A), follows from the canonical iso-
morphism V /Lie(A) = V/Lie(A)¢; the right hand side has a canonical complex
structure compatible with the symplectic form. O

Remark 1.15. Notice that the first two homotopy groups of X4 fit into an exact
sequence of abelian groups

(1.6) 0 = m1(X) = m1(Xred) = mo(A) = 70(X) = 70(Xrea) — 0.
Of course, the higher homotopy groups are trivial.

Proposition 1.16. The Heisenberg groups associated to affine symplectic manifolds are
related under reduction by

VX.oa /751/02;(1) = ;\L/A,
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where the commutant A~ is taken in the Heisenberg group Vx / m1(X)
Proof. The proof is straightforward, we omit the details. O

1.5. Induced representations. In this section we discuss the quantized version of
the reduction procedure of the previous section, so that we can have that “quan-
tization commutes with reduction”. The upshot will be that such a procedure
is best given in terms of induced representations. This is best motivated by the
classical example of Theta-functions. Let us start by the following remark: sup-
pose that H is a unitary representation of a group G which is discretely reducible,
with H;, i € I being the irreducible representations that can occur in its decom-
position. Then the space Homg(H;; H) of intertwiners carries a canonical inner
product given by

(W1,¥2) ==V € Homg(Hy; Hy) =C,
for Y1,V € Homg(Hy; H). With this inner product, the canonical map
(1.7) P Homg(HyH) ® H; = H
icl

defined by Py ® vi = Uy(vi) € H, forp; € Homg(Hji; H) and vi € Hj, is a unitary
isomorphism providing the decomposition of H into irreducibles.

Theorem 1.17. Let (X, Ly) be a polarized abelian variety with X = V /A where A\ is a
full isotropic lattice in a finite dimensional complex symplectic vector space (V, w), with
a choice of splitting x. Then the associated space of Theta-functions is given by

HO(X, Ly) = Homy (Ind (Cx), Hy )

Proof. By Proposition 1.6, the left hand side carries an irreducible representation
of the Heisenberg group A°, with the center A acting via x. Choose a Lagrangian
lattice L intermediate between A and A° together with an extension i of x; we
have A C L C A°, and L is isotropic and maximal. Functoriality of induction then
gives a natural isomorphism

IndX = Ind{/ o Ind;L\.
Applied to the representation Cy, we first compute

dk (Cy) = L2(L/ ALy,

but this representation of L has a canonical extension to /~\%p, viz. the “Schrodinger
representation” associated to L. This is the irreducible representation of the Heisen-
berg extension Ag,, with the center acting via x, i.e., precisely isomorphic to H} | .

With this we compute
v A o
md¥(Cy) = IndY (HX,X)
= L2(V/LV x; Hiy)
= LA(V/LiLy ) ® H s
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where in the last line we have used the splitting xp to trivialize the bundle of
Hilbert spaces formed by H5 , . Now, the first factor in the tensor product is sim-

ply the representation of V induced from Cy, , which is irreducible by Mackey’s
theorem and therefore killed by taking Homy,(—, Hy/). The result now follows. [

Remark 1.18. The subspace A-invariants in Hy is trivial, i.e., equal to {0}. This
can be seen as follows: by a similar line of reasoning, this time using the chain of
inclusions L C A° C V, one finds

Hy =TndY, o Ind} (Cy)
=1ndY, (Ha )
=12 (X% Hxy ) -

This is, of course, nothing but the spectral decomposition of Hy under the repre-
sentation of the abelian subgroup A, acting via the splitting x. It clearly show that
the “reduced space” Hx is not a closed subspace of invariants of any kind of Hy,.
The fact that the Hilbert space has no nontrivial invariants, is usually circum-
vented, cf. [Mu2], by taking invariants under A in a certain distributional comple-
tion of Hy. The main advantage of the point of view expressed in the theorem is
its manifest unitarity: it only refers to the Hilbert spaces involved in the quantiza-
tion. As such, one easily shows that the isomorphism is completely natural, i.e., as
projectively flat Hilbert bundles over [J (V). This point of view on Theta-functions,
i.e., as intertwiners between certain induced representations, originated in [Mal].

The general idea should now be clear: for an isotropic subgroup A acting on
an affine symplectic manifold X, instead of considering the (empty) subspace of
A-invariants in Hx, we induce the trivial representation given by a splitting up to
a Heisenberg subgroup of Vx that contains A, and consider the space of intertwin-
ers. Instead of developing this in full generality, let us consider the following case:
let X7 and X; be two polarized affine symplectic manifolds modelled on V; and
V5, and suppose A C Vx, is such that the restriction of Vx, defines a generalized
Heisenberg extension A of A. In this case A acts as an isotropic subgroup on the
product X; x X, with a canonical splitting. Assume furthermore that the center
Z(A) of A is finite and that the two inclusions Lie(A) — V;, i = 1,2 induce the
same polarization class on A. Let Ly and L, be prequantum line bundles on X;
and X».

Theorem 1.19. In this case, there is an isomorphism of Vx__-representations

~ * *
HX,eaLyea = @ Hom 3 (HX’ Hx, L ) ® Homfkop (HX’ HXzJ—z)
XEZ(A)
Proof. Clearly, the right hand side carries a unitary representation of the general-
ized Heisenberg group A7 xz(a)Az, where A{, 1 =1,2is the commutant of A in
Vx,, by composition with intertwiners. Decomposing the representations Hx, r,
under the action of A as

Hx,L = €@ Homy (M Hx, L)@ Hy
XEZ(A)



THE HEISENBERG GROUP AND CONFORMAL FIELD THEORY 13

cf. (1.7), it follows that this representation is irreducible. But it follows from Propo-
sition 1.16 that this Heisenberg group is exactly Vx__,. O

Remark 1.20. The connection with Theorem 1.17 is given by the fact that
Indy P (C) = @ Hy® M,
X€ 2/\

2. QUANTIZATION OF THE MODULI SPACE OF HOLOMORPHIC TORUS-BUNDLES

2.1. Notation. Let us briefly introduce some notation in relation to abelian gauge
theory. Let T be a compact abelian Lie group with Lie algebra t. For any compact
manifold M, possibly with boundary, let A(M) be the space of smooth connections
on the trivial principal T-bundle over M. This is an infinite dimensional affine
Fréchet space modelled on Ql(M,t), the space of 1-forms with values in t. The
gauge group T(M) := C*® (M, T) is defined to be the Fréchet Lie group of smooth
maps from M into T, with Lie algebra given by t(M) := Q%(M, t). Writing T = t/A,
where A := Hom(T, T) is the integral lattice, we have a short exact sequence
0-oA—>t—>T-50,
of sheaves of smooth functions. The long exact sequence in cohomology then gives
0— HOM,A) = t(M) = T(M) - H'(M,A) — 0,
from which we read off that
Mo(T(M) =HI (M, A), - m(T(M) = HO(M, A).
The gauge group T(M) naturally acts on .A(M) by the affine transformations
.1) @-A=A—deo |,
where A € A(M) and ¢ € T(M). This action is generated by the fundamental

vector fields —d§, where & € QO(M, t). Below, we will use these objects only in
the cases that dim(M) =1 or 2.

2.2. Positive energy representations of LT. In this section we will discuss the no-
tion of a positive energy representation of the gauge group T(S) associated to a
compact oriented 1-manifold S. When S is connected, it is of course diffeomor-
phic to ', and the group T(S"), called the loop group of T, is denoted by LT. Let
Rot(S') be the group of rotations of the circle, i.e., the group S' acting on itself.
Recall the definition of a positive energy representation [PS, §9]:

Definition 2.1. A positive energy representation of LT is a projective unitary rep-
resentation on a Hilbert space H, given by a strongly continuous homomorphism
m: LT — PU(H), which has an extension to the semi-direct product Rot(S1) x LT
such that the action of Rot(S') = T can be lifted to an action by non-negative
characters.

By the positive energy condition, the projective representations above are actu-
ally true representations of a smooth central extension

(2.2) 15T LT >LT—1.

These extensions are classified as follows: since LT is abelian, any such extension is
topologically trivial and, up to isomorphism, determined by the commutator map
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s: LT x LT — T, cf. §A.1. Taking the fundamental group, this defines a quadratic
form q: A x A — Z on 7t1(T), which classifies the extension up to isomorphism.

We will now assume, cf. Remark 2.2 below, that this quadratic form q turns the
lattice into an even one. Then the corresponding central extension can be described
as follows: extend ¢ to a an inner product (, ) : t x t — R on the Lie algebra t.
There is a canonical decomposition of the loop group

(2.3) LT=AX V(S xT,

where V(S) = Lt/t, and the commutator pairing is given on the first and the third
factor by the map A — T defined by (, ). The pairing on the middle factor is
defined by means of the symplectic form induced by w : Lt x Lt — R

(2.4) w(Em) = L] (€,dn), &melLt

This commutator pairing defines a a generalized Heisenberg group as defined in
§A.1 with center given by A x T, where A is the finite group A := A°/A and

AN ={uet (WA) € Z, VA € A} =Hom(T,T)

is the dual lattice. To write down an explicit cocycle and thereby an explicit central
extension, we choose an integral bilinear form B on A such that

(2.5) B(A1,A2) +B(A2, A1) = (A1, A2),

for all A7,A; € A. This is possible because the lattice is even. With this, the cen-
tral extension of LT is canonically a product of the Heisenberg extension of the
symplectic vector space V(S') and the extension of T x A given by the cocycle

¥ ((t1, M), (t2,A2)) 1= (1) B2,

There is a canonical polarization V¢ (s = Vi (SHhaov_(sh by the decomposition
into positive and negative Fourier modes, or, equivalently, the Hilbert transform.
This defines a polarization class on LT in the sense of Definition A.4 which is in-
variant under the action of Diff " (S'). As shown in [PS, §9.5], it is exactly this
class that leads to positive energy representations in the sense of Definition 2.1.
By Theorem A.5, the irreducible representations at level g now correspond to the
characters @ € A. To give an explicit construction, consider the unique Heisenberg
representation Hy, 1, of the Heisenberg extension of V(S') defined by the polar-
ization. Choose A € A°, and let T act on Hy/(g1) via A. This yields an irreducible

representation H,, of the unit component LT, and with this we define
. TndLT
He:= Indﬁo (HA)

TISVAN

This clearly defines an irreducible representation of LT which only depends on [A],
the image of A in A. (From now we shall omit the brackets and just write A €
A.) Notice that only when the level turns A into a unimodular lattice, the central
extension of LT is a Heisenberg group, i.e., has a unique irreducible representation.
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Remark 2.2. In the above we have assumed that the level, i.e., the quadratic form
q on 7t1(T), turns A into an even lattice. This condition has a topological origin: it
is actually better to view the quadratic form as a class q € HY(T;Z2) @ HY(T; Z).
Since H'(T;Z) = H2(BT;Z), and BLT ~ T x BT, we have q € H3(BLT;Z). It is
this cohomology class that classifies, also for nonabelian compact Lie groups, the
central extensions that arise from positive energy representations.

Because of the homotopy equivalence BLT ~ LBT, there is a transgression map

H*(BT;Z) — H3(BLT; Z2).

The cohomology H*(BT;Z) is generated by the first Chern class ¢; € H2(BT;Z),
and H*(BT; Z) equals the space of integral even bilinear forms on 7t;(T). We there-
fore see that our condition on the quadratic form q means that the corresponding
class in H3(BLT;Z) is transgressed from H*(BT;Z). It is this class in H*(BT, Z)
that is called the level of the theory. For example, for T = T, both cohomology
groups are isomorphic to Z, but the map turns out to be multiplication by 2.

The Conformal Field Theory (CFT) that we are about to describe comes from a
Topological Quantum Field Theory (TQFT) in dimension 3, called abelian Chern-
Simons theory, classified by H*(BT;Z). From the point of view of loop groups,
the structure defined by this theory, e.g., the modular tensor structure on the rep-
resentation category, is therefore only defined for even levels, i.e., corresponding
to inner products for which the lattice A is even. To treat the odd level, corre-
sponding to half-integer Chern-Simons theory, one needs to refine to a spin-TQFT,
in which manifolds are assumed to be equipped with a spin-structure. This TQFT
is described in [BM]. In this paper we will mainly deal with the case of an even
level, but will remark where the spin structure comes in when treating the odd-
level case. With this, the construction of the corresponding spin-CFT presents no
difficulty.

2.3. The moduli space of holomorphic Tc-bundles. In this section we will de-
scribe how the theory of affine symplectic manifolds can be used to quantize
certain moduli spaces T-bundles over surfaces with boundaries. Before turning
to quantization, let us first describe this moduli space in some more detail, cf.
[AB, Do, MW]. There are essentially two approaches: the symplecto-geometric ap-
proach as the moduli space of flat T-bundles, and the complex analytic approach
as the moduli space of holomorphic Tc-bundles. The equivalence between the two
provides the full Kahler structure on these moduli spaces.
Let X be a compact Riemann surface, possibly with smooth boundaries. Define
the moduli space 9iy(X) as follows:
Mr(Z) m { Isomorphism classes of holomorphic Tc-bundles E }
ner- with a smooth trivialization E|3y = 0X X T¢.

This space turns out to have a natural complex manifold structure, that can be
described as follows: when 90X # @, and X contains no closed components, the
interior is a Stein manifold, and consequently any holomorphic bundle is trivial.
Trivializing all bundles over the interior therefore defines an isomorphism

(2.6) M1(Z) = Te(35)/TE,



16 HESSEL POSTHUMA

where Té: C T¢(0X) is the closed subgroup of loops that admit a holomorphic ex-
tension to the surface L. The Kahler structure of Mi1(X) is slightly more involved,
and follows from the following;:

Proposition 2.3. 9i1(X) is an affine symplectic manifold whose structure is independent
of the complex structure on L.

Proof. This follows from the symplecto-geometric description of 91t (X). First re-
mark that, although 9+ (X) is not connected, it has an abelian group structure by
taking tensor products of bundles, and it therefore suffices to prove the statement
of the unit component 93”(%( ) of My (X).

Consider A(X), the space of connections on the trivial T-bundle over X. In two
dimensions, this space carries a symplectic form

2.7) w(o, B) = L (o, B),

for &, f € TAA(Z) = Q'(Z, 1), so that the pair (A(Z), w) is an affine symplectic
manifold. The action of the gauge group T(Z) on A(Z), cf. equation (2.1), preserves
this symplectic form and is Hamiltonian with associated moment map given by

(W(A), &) = JZ (Fa, &) — inzz (AE),

for & € Q°(L,t), where a5 : 0L < I is the canonical inclusion and Fo = dA de-
notes the curvature of a connection. Let Ty(Z) be the subgroup of T(X) consisting
of gauge transformations which are trivial at the boundary. This gauge group fits
into an exact sequence of the form

(2.8) 15 TH(Z) = T(Z) = T(3Z) — HA(Z,05;A) — 0.

Any connection defines a holomorphic structure on the trivial Tc-bundle by the as-
sociated Cauchy-Riemann operator 0 5, and it was proved in [Do] that this defines
an isomorphism

(29) MY(L) = AF(D)/To(5),

where Ap(X) C A(X) is the subset of flat connections. The right hand side is a
symplectic quotient, and this defines the weakly symplectic structure on My (X).
Let

(2.10) V(Z) = {cx e Q'(L,1), da= o}/ d{B € Q%L 0, Blox = 0} :
This vector space carries a symplectic form given by the formula (2.7), and V(X)
acts on EDI%(Z), induced from the affine action A — A + xof Q1(Z,t) on A(Z). No-
tice that the gauge group T3(Z) acts on A(X) via the embedding T3(X) — QYL b
given by @ — —de@ . Since the Lie algebra of Ty(X) is exactly given by
{£€0°%%,1), Elox =0},

it follows from the definition (2.9) of 9)?%(2) that the isotropy groups V(Z)(4), for
[A] € sm?r(Z), of the action of V(X) on EDT%(Z) are given by

V(Z)) = mo(To(2)) = H(Z,0L; A).

This is a finitely generated lattice, proving that the moduli space M1(X) is affine
symplectic in the sense of Definition 1.1. O
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Remark 2.4. This description of Mi1(X) remains true if 0L = @. In this case, the
moduli space M(X) is a disjoint union of finite dimensional symplectic tori [AB];

M(L) = Hom(m;(X), T) x HA(Z; A).

For T =T, the one-dimensional unitary group, this is nothing but the Jacobian of
L consisting of isomorphism classes of line bundles.

Corollary 2.5. The homotopy groups of M+ (X) are given by
Mo (Mr(2)) = HAL,05A), 7y (Mr(L)) = HI(L,05A),
and Tn (M1(Z)) =0 form > 2.

The above description of M+ (X) as a symplectic quotient shows that the natural
action of the boundary gauge group T(0X) by changing the boundary framing,
preserves the symplectic form and is Hamiltonian with moment map py given by

(2.11) [A]l = —Alas,

for [A] € M(Z). Acting on the unit element in M(X), i.e., the trivial Tc-bundle,
we have:

Lemma 2.6. The moduli space and the gauge group fit into an exact sequence of groups
1= HOZ,T) = T(AL) —» My(Z) = HI(Z,T) = 1.

Proof. The proof of this lemma is easy once one realizes that H'(Z, T) is the moduli
space of flat T-bundles on I and the map M(Z) — H'(Z, T) forgets the boundary
framing. O

Proposition 2.7. The complex structure on X defines a polarization of M+ (). In fact,
any other complex structure defines a polarization in the same class.

Proof. A complex structure on X turns A(Z) into a complex Kdhler manifold by
the Hodge *-operator * : Ql (L,t) — Q (%, t) satisfying x2 = —1, with associated
Kéhler metric given by

Q(O(, l?’) = JZ <0(/*B> ’

which clearly shows that the complex structure is compatible with the symplectic
form. Since M (Z) is the symplectic quotient of A(XZ) with respect to the action of
To(Z), cf. equation (2.9), this induces a compatible complex structure on Mi(Z) by
Proposition 1.14, which is the same as that induced by the isomorphism (2.6).

On the other hand, M1 (X) carries a canonical polarization class induced from
the one on T(0X) by Lemma 2.6. As in [PS, §8.11], it follows that the polarization
induced by a complex structure lies exactly in this same polarization class. This
completes the proof. O

2.3.1. The prequantum line bundle. So far, we have constructed the moduli spaces
M(X) as a polarized affine symplectic manifold. However, we want to consider
them additionally as being equipped with a Hamiltonian T(0X)-action. This con-
tains slightly more data, since, contrary to the components V(dZ) x H®(3Z, A) in
the decomposition (2.3), the subgroup H°(dZ,T) C T(dX) does not quite act in
an affine way. Any prequantum line bundle L defines a central extension of the
loop group T(9X). Indeed, since T(9X) acts in a Hamiltonian fashion, its action
preserves the isomorphism class of L, and the covering automorphisms define a
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central extension of T(0X). The Lie algebra cocycle of this central extension is
given by the symplectic form, and it follows from Stokes” theorem that

w(ve,v)) = L (dE, dn) = Jaz (€, dn)

for &,m € QO(L,t) = Lie(T(Z)) with generating vector fields v, vy,. Since the right
hand side is exactly the fundamental cocycle (2.4), the induced central extension
must be isomorphic to the central extension of §2.2 associated to the inner product
(, ) on t. Next, consider the set Preq(Z) of isomorphism classes of of prequantum
line bundles on M7 (X), considered as equivariant line bundles.

Proposition 2.8. There is a short exact sequence
0 — Ho(Z;A) — Preq(Z) — Hy(Z,05;A) — 0.

Proof. The third arrows is given by the forgetful map where one forgets about the
T(0X)-action and considers M1(X) solely as an affine symplectic manifold: remark
that the Pontryagin dual of 71 (91(X)) = H(Z,0%;A) is given by H(Z, 0%, A).

The second map is given by the following construction, following [MW], of a
prequantum line bundle L(X) — Miy(X). On A(Z), consider the trivial line bundle
L := A(X) x C with its canonical metric and connection

Vals)(A) = ds(A) - EL (o, A),

for o € TAA(Z) = QY (L, 1), and s : A(X) — C a smooth section. One easily finds
that Fy = —v/—1w, ie., (L, V) defines a prequantum line bundle on A(X). The
group cocycle c : T(X) x T(X) — T defined by

(2.12) c(@1,02) =exp (—ﬁnjz<<p1‘d<m,d<pz<pz1>>

—

defines a central extension T(X) of T(X) which naturally acts on L by

(p,z)- (A, w) = (@ A, exp (ﬁﬂJ'Z <(p_]d(p,A>) zZw).

Next, observe that the central extension of T(X) can be trivialized over the sub-
group Ty(Z): by Stokes” theorem the cocycle (2.12) is canonically trivial over the
identity component of T3(X). The induced central extension of the group of com-
ponents 7p(Ty(Z)) = H'(Z,d%; A) is defined by the cocycle exp(\/j] mZ) where
Z is the antisymmetric bilinear form Z(q,V;) = (Y Uy, [Z]), for P,y €
H'(Z,d%; A) and the cup-product also includes the inner product on A. Since the
lattice is assumed to be even, this cocycle is trivial. With this trivialization, we
define the line bundle L°(X) over the unit component sm%u:) as

LO(Z) = L4 (5)/To(Z).
Clearly, this line bundle carries an action of the extension
1 HO(E, T) — T(5)/To(£) — T(25).

In fact, this is a central extension of the kernel of the map T(0X) — H2(Z,0%; A)
given by (2.8). It remains to extend the line bundle to the other connected compo-
nents of M7(X). As an abelian group, all components are isomorphic to zm?r(Z), SO
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the line bundle L(X) is uniquely defined by requiring the quotient group T(0X)/
T(Z) = Ho(LA) = mp(IM7(X)) to act by isomorphisms. Finally, since HO(Z, T)
acts trivially on 9i1(Z) by the restriction HO(Z, T) — HO(QZL,T), an element A €
HO(xX, A°) defines a character of H(Z, T) and thereby a lift of the trivial action on
M7(Z) to L(Z): it acts by the character A + x over the connected component la-
beled by x € Hp(X;A). This construction defines a map Hp(X;A°) — Preq(X),
which clearly factors over the quotient by Ho(Z; A). This defines the second map.
Clearly, the sequence is exact. g

From now on, we shall restrict our attention to the prequantum line bundle
obtained from the unit element 0 € Hy(Z; A), and write L(Z) for this line bundle.
This is the line bundle on which HO(Z; T) acts by the trivial representation on the
unit component of M1(X). There are other constructions of this line bundle than
the one we have given above: one is to use the C*-bundle of the central extension
of Tc(9X) together with fact that by Cauchy’s theorem, this central extension is
canonically trivial over T%, and the isomorphism (2.6). Another construction is to
use the determinant line bundle of the Cauchy—Riemann operator 0 5 associated to
a connection A € A(Z). This last description shows how the line bundle extends
when the complex structure is allowed to vary: the fiber of the unit element in
Mit(X) forms a line bundle that is isomorphic to det%c, where ¢ = dim(T), and
dety denotes the determinant line bundle of the ordinary 0-operator.

Remark 2.9. In the proof above we used the fact that the lattice A is assumed to
be even to define a splitting of a central extension over T3(Z). When the level is
odd, one can only define a splitting after choosing a cobounding spin structure on
Z and in this case the exact sequence is given by

0 — Ho(Z;A) x Hy(Z,0%;Z/2Z) — Preq(Z) — Hq(Z,05;A) — 0,

where the factor H{(Z, 0X; Z/2Z) labels isomorphism classes of spin structures on
L. This is clear from the complex point of view in equation (2.6) as follows: as a
C*-bundle, a prequantum line bundle is induced by the complex central extension
of Tc(0X), as proved in [S3, Prop. 12.4] a spin structure on X defines a splitting of
the central extension restricted to TCZ for odd levels.

2.4. Quantization. Now that we have defined a line bundle L(X) over My(X), we
pick a complex structure on X and define H 5 to be the quantization as defined in
Section 1.2 associated to these data. Explicitly, one has

Hr= @ Huwxsy
XEHy (L A)

where the direct sum is taken in the [ 2-sense. When 0L = @, we denote by Hy the
quantization of the unit component, which corresponds to the H(Z, T)-invariants
of a Hilbert space sum as above. (This is due to the fact that the moduli stack of
Te-bundles contains a factor BT¢ when X is closed, a fact that will not be pursued
further in this paper.) From §1 we know that each Hopx (5 carries an irreducible

representation of a generalized Heisenberg group associated to 9¥(Z). Let us an-
alyze this group in some more detail. First notice that the linearization of Lemma
2.6 yields an exact sequence

0— HO(Z,t) - Q%L t) — V() - HY (L, ¢) — 0,
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where the fourth map is induced by taking the de Rham cohomology class of a
closed differential form, cf. definition (2.10). By definition, Vsm.or (5) = H(g, LA
in the Heisenberg group associated to V(Z), and therefore we have the exact se-
quence

(2.13) 1 HOYLT) = T(0Z)o = Vo 5 S HY A = 1.
In this exact sequence, the third map pulls back the cocycle on Vm$ (x) to the co-

cycleon T(0X)g = V(0X) X HO(d%,T) defining the generalized Heisenberg exten-
sions. This describes the structure of each of the summands HSWT((Z). We can

extend the representation of the Heisenberg group of th% (x) on each of these

summands to an irreducible representation of a generalized Heisenberg group on
the whole ‘H 5 by defining

G(T) = Vino 5 X (HO(Z,T) x Ho(z,/\)) .

As before, the inner product on t defines a map A — T and thereby a cocycle on
the second component of this abelian group. Together with the restriction of the
symplectic form (2.7) on the fist component, this defines a generalized Heisenberg

—

group G(X) that acts irreducibly on H 5. Clearly, we have
Z(G(x)) = HY(Z,d5;A) x HO(Z;A),

which naturally fits with the computation of the Picard group in Proposition 2.8. If
we take the quotient by this center to define G(X)eq := G(X)/Z (G(X)), it follows
from (2.13) that this group fits into an exact sequence

(2.14) 1 HOZ;A) = T(Z) — G(Z)req — HN (D A) — 1.

The crucial point, and the connection to the representation theory of loop groups,
is the following:

Proposition 2.10. The Hilbert space H s carries a positive energy representation of T(0X).

Proof. As we have seen, the line bundle L(X) — 9i1(X) carries a natural action
of the central extension of T(0X) defined by the inner product (, ) by automor-
phisms. This central extension therefore acts projectively on the associated space
of holomorphic sections. The affine part of T(9X), i.e., V(0X), acts via the mor-
phism in the exact sequence (2.13), and will therefore be implemented by a pro-
jective unitary representation on Hy. The extension to T(9ZX) is projective unitary
as well, because the geometric action of the Heisenberg extension of HO(QL, T) x
Ho(0X, A) preserves the L(X)-valued measure determined by the complex struc-
ture.

Finally let us prove that this representation has positive energy. As observed in
the proof of Proposition 2.3, the standard polarization V(0X) = V(9X) & V_(0X)
of V(9X) induces a polarization class of M (X) by Lemma 2.6, which equals the
class defined by any complex structure on X. But, as in §2.1, this standard po-
larization yields a positive energy representation, and therefore, it follows from
Theorem A.5 that H s is of positive energy. O

Let £(X) be the moduli space of Riemann surfaces with parameterized bound-
aries that are topologically equivalent to . Each point in £(Z) defines a polar-
ization of Mi1(X) and thereby a quantization Hy: this is the unique irreducible
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representation Hy of the generalized Heisenberg group of G(X) equipped with a
holomorphic, C*-linear isometric map L(Z) — Hy. The associated bundle of pro-
jective spaces is canonically trivial over £(Z) and restricted to the trivial bundle in
MWi1(X), one finds a map £(X) — P(Hyx).

Theorem 2.11. The projective unitary representation of T(0L) on Hy extends to the
semi-direct product Ky x T(JL), where Ky is an extension of Diff * (0L) by the mapping
class group I'(Z, 0%);

1 —T(L,05) = Ky — Diff(32) — 1.

In particular, Hy carries a projective unitary representation of I'(Z, 0X) commuting with
LT.

Proof. The natural action of the group Diff" (X) of orientation-preserving diffeo-
morphisms of £ on M1(X) factors over Diffg(Z, 0X), the identity component of
the subgroup of diffeomorphism which leave the boundary point-wise fixed, as
one easily sees from Lemma 2.6. In view of the definition (2.9) of My(X), this
induces an action of

Ky = Diff" (2)/Diff§ (£, 95).

Clearly, the action of Diff* (X) preserves the symplectic form (2.7), and one finds a
natural map Ky — Autres(M7(X)). The desired representation now follows from
Prop. 1.13. The exact sequence in statement of the proposition follows immedi-
ately from the definition I'(%,9%) := Diff" (£, 9%)/Diff{ (£, 0L) and the fact that
Difft (£)/Difft(£,9%) = Diff " (9%). O

Example 2.12. Well known positive energy representations of LT are special cases
of the quantization procedure described above:

i) Let £ = D be a disk. Then we have Mi1(D) = LT/T, and the quantization
yields Hp = Hy, the basic representation at the given level. In this case,
Proposition 2.8 gives Preq(D) = A, and if we use the line bundle L, la-
beled by ¢ € ﬂ, we obtain all other irreducible representations of LT as in
§2.2. Theorem 2.11 now gives the well known fact that these representation
extend to the semi-direct product Diff(S1) x LT.

ii) For £ = A an annulus, we easily see from the exact sequence (2.14) that
there is an isomorphism

(2.15) Ha= P Ha®H;
AcA

of projective LT x LT°P-representations. This isomorphism is even canoni-
cal: the moduli space £(A) forms a semigroup under gluing of annuli and
the line given by the fiber of the prequantum line bundle over the triv-
ial bundle in M(A) defines a central extension of it. It is well-known,
cf. [S3] that this central extension acts on each Hj by trace class oper-
ators. This defines a vector () 4 in the Hilbert space on the right hand
side and, by Theorem 1.11 fixes a canonical isomorphism. In the case of
Aq={z€C, q <zl <1}for q € (0,1), the operator is simply given
by qP, where D is the generator of the T-representation that defines the
energy grading on H.
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2.5. Gluing and reduction. Let £; and X, be two Riemann surfaces with para-
metrized boundaries. We can use the parametrization to glue 7 and X, over a
compact 1-manifold S, of course diffeomorphic to a disjoint union of copies of S'.
We denote the resulting smooth surface by £ = L1 Ug £,. Its boundary, which may
be empty, inherits a canonical parametrization from X and X ;.

Proposition 2.13. (cf. [MW, Thm. 3.5]) In the situation above, the moduli space M+ (X)
is obtained from the moduli spaces associated to X1 and L, by symplectic reduction;

Mr(L) = (Mr(Zq) x My(Z)) /T(S).
The same holds true for the prequantum line bundle;

L(Z) = (L(Zq) x L(Z2)) JT(S).

Proof. Consider first the connected component of the unit T(S)( acting on Dﬁg()ﬁ ) X
93?%(22). Since the moment map of the action of T(S) on ﬂﬁ%()ﬁ) and ’JJT%(ZZ) is
given by restriction of connections to the boundary, cf. (2.11), the zero locus of the
moment map on SJTQF(Z] ) X DJTQF(Z 2) corresponding to the diagonal T(S)o-action is
given by the set ([A1],[A3]) € E)JT%(Z]) X 9)?%(22) satisfying

Adlag, = Azlas,-

As in [MW, Thm 3.5], one shows that this defines, up to the T(S)p-action, a unique
gauge equivalence class of a smooth flat connection [A] on L. This defines a smooth
symplectomorphism

(mY(z1) % MYU()) J/T(S)o = MHT).
Extending the action to the other connected component gives isomorphisms

(X (Z4) x MY (L)) JT(S)o — MX X2 (5),

where the map (x1,Xx2) — X1 —X2 € Ho(X;A) is the natural morphism appear-
ing in the Mayer—Vietoris sequence, cf. Remark 2.14 below. By exactness of this
sequence, this morphism is surjective with kernel given by Hy(S; A) = mo(T(S)).
Acting by the full loop group T(S) instead of the unit component therefore pre-
cisely gives the isomorphism of the theorem. This proves the statement for the
moduli spaces. The gluing of the prequantum line bundle is proved in similar
fashion; we omit the details. O

Remark 2.14. As affine symplectic manifolds, the modelling spaces of the mani-
folds in this proposition are related by symplectic reduction of vector spaces:

(2.16) V(Z) = (V(Zq) x V(Z2)) /V(S).

Using Corollary 2.5 and applying Poincaré-Lefschetz duality, the exact sequence
(1.6) of fundamental groups amounts to the Mayer—Vietoris sequence in homol-
ogy:

0= Hi(SA) = Hi(Z;A) @ Hi(Z5A) = Hi(SA) —

2.17
( ) — Ho(s;/\) — Ho(Z];/\) D Ho(Zz;/\) — Ho(z;/\) — 0.

(In comparison to (1.6), there is an extra term corresponding to 71 (T(S)) = HO(S, A)
since the loop group T(S) is not quite affine; it contains a factor HO(S, T).)
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Remark 2.15. As explained in [S3], a complex structure on £1 and X, determines
one on X. In fact, this defines a holomorphic map

E(X7) x E(X3) — E(T)

which induces the polarization of M1(X) as an affine symplectic manifold implied
by Proposition 1.14. Identifying the prequantum line bundle L(X) as a determinant
line bundle, the isomorphism of line bundles reduces to the isomorphism

(2.18) Det;;] ® Detzz = Dets
proved in [S3, §6].

We now turn to the quantum version of this theorem. Remarkably, this involves
the following version of the gluing of surfaces in which the one-manifold S is
“thickened up” to a complex annulus A with parameterized boundaries. We shall
write 1 UA X, for the gluing of 1 and X, along such an annulus.

Theorem 2.16. Let X1 and X be two Riemann surfaces with parameterized boundaries.
There exists a canonical isometry

HZ] Ua s = @ HomTﬂ(g) (H)\, Hz]) & I—IOI’ILI_Tg]Op (H;\,HZZ) .
A€HO (S,A)

Proof. The strategy of the proof is straightforward: we first show that the right
hand side carries an irreducible representation of the Heisenberg extension G(X)
with the right character, and secondly that there exists a canonical isometric em-
bedding of the prequantum line bundle L(X7 UA X;). Theorem 1.11 then gives the
desired isomorphism.

Next, using (2.15), let us rewrite the right hand side as

HomTﬁ)xTTg)op (HA/HL ® HZz) .

— e~ e~

The commutant of T(S) x T(S)Op in A(Z7) X A(X,) clearly acts unitarily on this
Hilbert space by composition with intertwiners. Let us now consider, for nota-
tional simplicity only, the case that S = S, and remark that we can decompose

Ha=HyOH,@LAT x A),

using the decomposition (2.3) of LT, where L%(T x A) is the “regular representa-
tion” of the generalized Heisenberg extension of T x A. Indeed this Hilbert space
decomposes as
LXTxA) =P Ve V),
AcA

where V, is the irreducible representation of T x A in which the center A acts via
the character A € A. Before proceeding with the proof, consider the following:

—_—

Lemma 2.17. Let H carry a representation of (A X T) x (A x T) op* There is a canonical
isomorphism

Hom

2 =TT
(AXT) % (AxT),, (L (AXT)’H) —HT
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Proof. Let fy € L2(A x T) be the function which is 1 on {0} x T and zero else. This
defines a map

Hom ——
(/\><T)><(/\><T)0p

(ZAXT), Hy@Hy) = Hy @ Ha

by 1 — P (fp). This map is clearly an isometry because

b (Fo)lI* = (W(fo), V(o))
= (W (o), fo)
=" (fo, fo)
= [wl%,

where we have used Schur’s lemma. Since fj is invariant under the diagonal T x
T-action, it maps into "> T. It is easy to see that it is surjective onto this space, it
therefore induces the unitary isomorphism of the lemma. O

Consider now first the intertwiner space

*
Hom\//(xs/)x\//(\s/)op (HV(S) ®HV(S)’HZUZ9|—(Z1) ®Hm9r(zz)> .

By Theorem 1.19, this Hilbert space is isomorphic to the quantization of the “par-
tial reduction”

METEO(5) 1= (MY(5) x ML) ) FVIS),

an affine symplectic manifold modelled on V(X), by Proposition 1.14 and (2.16).
Indeed, observe that 714 (im?‘”fo(zn = H1(Z1;A) @ Hi(Z2;A) and that the in-
tertwiner space above carries a representation of the commutant of H{(Z1;A) @
H;(X2; A) in the Heisenberg group of V(Z). To see that this representation is ir-
reducible one uses induction, cf. Proposition 1.8, together with the fact that (2.16)
gives Hv(z] ) @ Hys,) = Hys) @ Hi/(S) ® Hy/(z): this shows that the induced
representation is irreducible.

In view of the Lemma above, it remains to take the invariant with respect to the
action of HO(SUU'S, T). Let us first consider the “diagonal” action since this action
comes from the geometric action on 931%( ) % Dﬁg(l 5). Since HO(S, T) is compact,
the invariant subspace carries an irreducible representation of the commutant of
Hi(Z1;A) @ Hy(ZxA) and HO(S, T) in the Heisenberg group of V(Z). But this is
exactly the commutant of Hq(Z; A) by the Mayer—Vietoris sequence (2.17). Finally,
the anti-diagonal copy of HO(S, T) is dual to the group of components Ho(S;A)
and therefore taking the invariants amounts to modding out the lattice Hy(S; A)
in Ho(X1;A) @ Hp(X2;A): again by (2.17) this gives Ho(Z;A). This shows that
the intertwiner space of the theorem carries an irreducible representation of the
generalized Heisenberg group G (%) associated to M1 (X).

Finally, consider the embedding of L(Z7UA Z5). First recall, cf. Proposition 1.11,
that there are embeddings L(X;)\{0} — Hy, described dually by ly, + evy, €

*Zi' i =1, 2. By Proposition 2.13, we have

L(Z1UAZ) = (L(Zq) x L(A) x L(Z2)) /(T(S) x T(S)).
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With this, represent an element in [l] € L(Z; Up Z5) by a triple 1 = (15,,1a,15,),
unique up to the LT x LT-action. Consider the following linear functional

evy: Homf(\g)xfﬁ)op (Ha Hy, ®Hy,) = C,

defined by

(2.19) evi(V) := (lg, @15,,W(1A)),

where 1o € L(A) C Ha. Clearly, since { is an intertwiner, this functional only
depends on the equivalence class [I] € L(XUa Z;). It is easy to check, using
the fact that the canonical map (1.7) is an isometry, that this defines an isometric
embedding of L(Z7 U Z,). This completes the proof. O

Next, consider a “partial labeling” of the boundary of a Riemann surface £ with
parameterized boundaries: we write 0~ = 0X¢J 90X, where 0X is the “free” part
of the boundary, and we choose ¢ € Ho(af_l; A). Associated with this choice is the
affine symplectic manifold

Mr(Z Ups, D) = (M(Z) x My(D)) /T(OLy),

where D is a union of unit disks in the complex plane that are glued along the
labeled boundaries and we have used Proposition 2.13. We equip this manifold
with the prequantum line bundle

LI @) = ((LE) X LD, &)1 any () ) / TOZD.

As in the free case, a complex structure on X determines a polarization of the
affine symplectic manifold (X Uay, D) -remark that 91(D) has a canonical
polarization-, and we write H 5 ) for its quantization determined by these data.
This Hilbert space carries a positive energy representation of the loop group T(0X¢)
associated to the “free” boundary components. Next, observe that ¢ € HO(d%(, A)
labels an irreducible representation of T(9X1). In this situation we have:

Theorem 2.18. There is a canonical isomorphism

H(Z,X) = HomTﬁ:) (Hx,Hz) .
Proof. The proof proceeds in the same way as that of Theorem 2.16: first one shows
in precisely the same way that the Hilbert spaces on both sides carry an irreducible
unitary representation of the same generalized Heisenberg group with equal cen-
tral character. Next, the right hand side comes equipped with an embedding of the
prequantum line bundle L(Z, @): write 1 = (15, lp), unique up to the T(3L)-action
for an element [l] € L(Z, @), where Iy € L(X) and lp € L(D, ¢). The embedding
is then given by

(2.20) evi(P) == (1, b(lp)),

with{ € Homﬁg] (Hg, Hx) By the same reasoning as above, this is an isometry

and independent of the choice of representatives for [l] € L(X, ¢). Again Theorem
1.11 now gives the desired result. O

Remark 2.19. With these results, it is interesting to consider the gluing using the
1-parameter family Aq, g € (0,1) of annuli. For two Riemann surfaces X and
I, as in Theorem 2.16, this results in the family of surfaces Lq := L;Ua, Z2.



26 HESSEL POSTHUMA

As remarked in Example 2.12 ii), the vacuum vector Q4 4 € Ha 4 is given by

the trace class operator q°. We therefore see that whereas the left hand side of
Theorem 2.16 in the limit g — 1 is simply given by the “classical gluing” 21 Ug X,
as in Proposition 2.13, the right hand side diverges: in this limit, the operator qP
converges to the identity operator in each irreducible summand, which is clearly
not trace class. On the other hand, the limit g — 0 does not exist for the left hand
side, whereas for the right hand side

lim q® = Y 0,00,
qlgbq ZA RN
AEA

where O, € H is the canonical base vector. This follows by the fact that D is a
generator for the energy T-action on H ¢, which by definition is positively graded,
its only fixed points being the ray defined by the vacuum vector.

3. CONFORMAL FIELD THEORY

3.1. A finite Heisenberg group and its representations. In this section we will
construct a certain finite Heisenberg group whose representation theory controls
the structure of the conformal field theories of this paper. Its construction is com-
pletely topological: Let & be an oriented surface with compact oriented bound-
aries, and consider the homology group Hj(Z;A), which is finite. Denote by
¢ := [A° : Al the index of A inside A°, so that the inner product (, ), restricted
to A takes values in {Z. The induced bilinear form

(,Y:AXA—Z/Z,

together with the intersection form on homology determine a Z /{Z-valued anti-
symmetric form, denoted by S. Associated to S is a central extension
(3.1 0> Z/Z — Hi(X;A) - H{(L;A) — 0,

P

defined as Hy(X;A) = Hy(Z; A) x Z/{Z with product given by
X,m)-(Y,n)=(X+Y,m+n+S(XNY)).

This group is called the finite Heisenberg group associated to the pair (H{(Z; A), S).
The reason for this terminology becomes more clear when thinking of Z/{Z as
the group of {’th roots of unity. Notice that both H;(X;A) and its Heisenberg ex-
tension are finite groups. The following proposition classifies and constructs the
irreducible representations of this group in which the central Z/{Z acts by roots
of unity.

Proposition 3.1. Irreducible representations of Hy(X; A) in which the central Z./{Z acts
via the standard representation are classified and constructed as follows:

1) the irreducible representations are classified by cohomology classes A € H'(d%; A)

such that 8(X) = 0. They are finite dimensional.
i) Any representation H naturally decomposes as

H= EB He ® C;\/
XeH1(95;A)
5(X)=0
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where H¢ is a unitary representation of Hy (£;A), the Heisenberg group associ-
ated to the surface S, obtained by gluing disks to the boundaries of L, and & is the
connecting homomorphism in the long exact cohomology sequence associated to
the pair (Z,0X),

Proof. Consider the long exact homology sequence associated to the couple (£, 9X):

o Hi(0%A) 5 Hy (D A) — H (5,05 A) — ...

The image of H{(9Z;A) is exactly the kernel of the intersection product S and
therefore the center of the Heisenberg extension (3.1) equals Im(ix) x Z/{Z. The
Pontryagin dual of the first factor coming from H1(9Z; A) is naturally isomorphic
to the group of elements A eH! (0Z; A) such that 5(7\) = 0, where the last condition
accounts for the effect that the group acts via the homomorphism H{(0Z;A) —
H;(Z;A). In view of Theorem A.5, this gives 1). Furthermore, in any isotypical
summand of a representation H, we can mod out the center to obtain a unitary
representation of the nondegenerate Heisenberg group

—_~—

H1(Z;A)/Im(i) = H(£;A).

Decomposing the representation H under the action of the center, the result now
follows. O

Elements A € H'(9Z, A) correspond to a “full labeling” of the surface L. We
divide boundary components of X into “incoming” and “outgoing” according to
the induced orientation from X: if it agrees with the one of the parameterization
the component is called outgoing, and otherwise incoming. This splits the labeling
setas A = (Xin, Xout), and with this we write

R .
Mok = Hx, @ i
using the fact from §2.2 that the elements in H' (3%, A) also label the irreducible
positive energy representations of T(9X). With this notation, we define
(3.2) E (z,x) = Hom (H(azj\), H;) .

—_~—

Of course, these are just the multiplicity spaces of the representation of T(9Z) on
‘H s and with this definition there is a canonical decomposition

@ E(Zr (6) ®H(a};7\] _)HZ
AcH! (35:A)

Il

Let us now observe the following:

—_—~—

Proposition 3.2. E(Z,X) carries an irreducible representation of Hq(X; A) with center
H;(0Z, A) acting via the character X In particular, E(Z, X) is finite dimensional.

Proof. By Theorem 2.18, E(Z,A) is canonically isomorphic to the quantization of

E)JTT(i) equipped with the line bundle L( Z,X). The moduli space Miy( ) is finite
dimensional affine symplectic and modelled on

TaMr(£) = H' (£ ).
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Since zm%(i) =H'(E,T)is compact and therefore its quantization will be finite
dimensional. By Corollary 2.5,

(ML) = H'(E, A),

and thus the quantization will carry an irreducible representation of the Heisen-
berg extension of H'(£; A°), in which the center H'(£; A) acts trivially. Addition-
ally, as is clear from the construction of the line bundle L(Z, X), there is a residual
action of HO(9Z; A) labeled by the character AeH! (0Z; A). By Proposition 3.1, this
amounts to an irreducible representation of the Heisenberg extension of Hq(Z; A).
This completes the proof. O

Remark 3.3. The classification theorem 3.1 involves the condition 6(X) = 0. This
can be seen as follows: the argument above proves that

E(ZA) = (Hany 51050

This equals of course the quantization of the component of M1(£) over which
HO(E, T) acts on the restriction of the prequantum line bundle L(Z, X) by the trivial
character. Recall that 7to(9%7( ) = Ho( $:A). Let D be the union of disks used to
obtain £ from Z. The Mayer—Vietoris sequence gives

) HO(3,T)

... — Hp(0Z; A°) — Hg(D; A°) @ Ho(Z;A°) — Ho(E5A°) — ..,

which determines the character in Ho(i; A°) by which HO(Z, T) acts: over the con-
nected component determined by v € Hp(Z; A) and i € Ho(D;A), this is given
by the image of (\/,X + i) € Ho(D; A°) @ Ho(Z; A°) under the map above. Taking
HO(&, T)-invariants therefore amounts to considering the connected component
93?%(2) with the line bundle L(ZX, X) subject to the condition 6(7() =0.

3.2. A unitary modular functor. The aim of this section is to prove that the spaces
E(Z,A) form a unitary modular functor over the “category” of Riemann surfaces
&: this is the category whose objects are the natural numbers IN and a morphism
in from m € NN ton € IN is an isomorphism class of a Riemann surface X
with m incoming and n outgoing, parameterized, boundaries. The space of mor-
phisms £(m, n) forms an infinite dimensional complex manifold with an action of
the group Diff*(9X) of orientation preserving diffeomorphisms. Composition of
morphisms is given by gluing surfaces, and this defines holomorphic maps

E(m,n) x &M, k) = E(m, k).

Remark that £ has no identity morphisms and therefore fails to be a category, but
other than that it is fine, so one can just work with it as if it were a true category.
A modular functor is in a way an extension of £. We have already seen one ex-
ample: the determinant line bundles Dets form holomorphic line bundles over &£,
with the crucial gluing isomorphisms (2.18). This is a one dimensional, or central,
extension of £. Now we shall use Theorem 2.16 to define an extension of £ by a
finite dimensional vector bundle, but we must take care of the fact that the map in
that Theorem becomes only canonical after slightly “thickening” the boundaries
over which one glues. We therefore proceed as follows:
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Lemma 3.4. There exists a canonical embedding

oo ®C o E x *
® y5 Deti O F (Z,)\) S H 3

Proof. As already remarked, the complex line bundle defined by the ray associated
to the unit element in M7(X) — P(Hx) is canonically isomorphic to the determi-

nant line bundle Det%C over £(X). Therefore x € Det%C determines a unique
vector QO € Hy in this ray. With this, we define the map

* X *
a@p =P (QF) € HE @Hy

where ) € E(Z, X ). Since this is obviously complex anti-linear, it defines @ LIt

(£X)
remains to prove that it is an embedding.
For this, we remark that the Hilbert space Hy is canonically rigged by

E s CHs C E 5,
where By = Thot (MT(X),L(X)), see (1.4). In particular, the subspace Es forms a
dense domain on which the unitary representation LT extends holomorphically to

ﬁc, and this action restricts on the image of L(X) — E(Z) to the defining action as
an equivariant line bundle over 9 (XZ). It therefore follows from (2.6) that Q% €
Es is a cyclic vector under the action of LTc. Since Hy is discretely reducible, one
easily sees that this implies that Q§ is also cyclic for the unitary part, LT. Suppose
now that *(Q§) = 0. In other words,

0= <v'¢*Q%>Haz,X = (W), Q%) s,

forallv € Haz,X‘ Forv=¢"'. Q5 € Haz,X this implies that

for all € LT. Because QO is cyclic, this implies that 1} = 0, and completes the
proof that the map is an embedding. g

In view of this result, we now define
(3.3) E (z, X) = Det?° @ E (z, X)

Proposition 3.5. Let X be a Riemann surface with parameterized boundaries obtained by
gluing two surfaces L1 and X over S. There exists a canonical isomorphism

(3.4) @D E(EiXiXs) ®E(IpAs,X2) = E(LA),

AseHT (S;A)
where the labeling X = (A1,X;) € HY(Z; A) is divided into a partial labeling of £ and
5, which is completed by the A € H1(S; A)

Proof. For notational simplicity, we shall not write out the labels X1 and X, in the
proof. Consider the one parameter family A4, q € (0, 1) of annuli, and denote by
I 4 the result of gluing 1 and X, along both ends of A. It is known, cf.[S3, K]
that the determinant line bundle forms a one-dimensional modular functor, and
there is therefore a canonical isomorphism

Dety, = Dety, ® Deta, ® Dety, = Dety, ® Detg,
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since Deta, is canonically trivial. We now claim that there is a commutative dia-
gram

I~ - F
Ds, E(Z1,As) @ E(X2,As) — E(Zq)

(03

H La

s, i @ My, %, Has

Here Fq is induced by the canonical isomorphism of Theorem 2.16 and the iso-
morphism of determinant bundles above, and the vertical maps are as in Lemma
3.4. Consulting the construction of the isomorphism of Theorem 2.16, cf. equation
(2.19) we therefore find

Fa (b1 @) (OF) =ty (95057 ©30572) qP),

forp; € E(Z,Ag),i=1,2and oy, € Dety,. This equation defines L 4 as try (---qP).

But since the expression in between the brackets above is a trace class operator on
Hs, the limit ¢ — 1 of Lq exists, and therefore also for Fq. By construction, Fq is an
intertwiner of representations of the Heisenberg extension of H'(Z, A). By conti-
nuity, the limit of Fy must be an intertwiner as well, and therefore an isomorphism.
This completes the proof. O

We summarize this discussion as follows:

Theorem 3.6. The assignment (I,\) — E(Z,A) is part of a unitary modular functor,
i.e., the vector spaces E(Z, X) form holomorphic vector bundles over the moduli space & ()
such that:
i) (Normalization) dim E(CPP') =1,
i) (Tensor property) E(Xq U X;) = E(Z1) ® E(Zy),
1) (Factorization) when £ = L1 Ug X, we have a canonical isomorphism

(3.5) P E(,X,Xs) @ E(Z2,As,A2) — E(L,X),
AseH! (S;A)

where the labeling A= (7\1,7\2) € H'(9%; A) is divided into a partial labeling of
21 and Ly, which is completed by the XS e H! (S;/?\),
iv) (Unitarity) There exists a canonical nondegenerate “inner product”

E (}:,X) ®F (Z,X) — Dets° @ Det2,
compatible with factorization.

Proof. First remark that by the fact that E(Z,A) carries an irreducible represen-
tation of the Heisenberg extension of H'(Z; A), it follows that it forms a finite
rank holomorphic vector bundle. Using the isomorphism between E and E, 1)
follows by cutting CIP! into two disks and using Schur’s Lemma. The fact that
Hs,us, = Hz, ® Hy,, implies ii). Of course iii) is the same as Proposition 3.5
Finally, iv) follows from the fact that E(Z, X) comes equipped with a canonical in-
ner product. By definition (3.3), we can interpret this as a morphism as stated
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in iv); Theorem 2.16 shows that this is compatible with factorization. defines an
intertwiner of g

Remark 3.7. The list of axioms of a unitary modular functor is the same as those
stated in [S3]. The proof shows that the relation between factorization and unitar-
ity is quite subtle, and is given by the relation between E and E: on the one hand, E
has good unitarity properties, but its factorization isomorphism can only be given
up to a scalar, cf. Remark 2.19. On the other hand, the spaces of conformal blocks E
have canonical factorization properties, however their unitarity can only be given
as an “inner product with values in the determinant line bundle”.

Finally, let us explain the relation between our construction of the modular
functor and its usual definition in terms of invariants. As before, each irreducible
representation H; carries a rigging that embeds it into E\ = Thot(M1(D), Ly).
This defines an embedding of H( o5 ) into £ (05.%) defined in the same way where
now D is a finite disjoint union of disks. Again, the projective representation of
T(0X) extends to a holomorphic action of T¢(0X). It follows from Stokes” theorem

that the cocycle (2.4) is trivial over the subgroup Té: C T (9X) which is therefore
isotropic, and there exists a canonical lift T% — Te(0X)
Proposition 3.8. The embedding ®© (£3) of Lemma 3.4 defines an isomorphism
N\ = ATE
E(xX) S e
0L A
Proof. First remark that since Qf is TCZ-invariant for all o« € Det§¢, the image of
the map is contained in the subspace of TZ-fixed vectors. By [S3, Prop12.4], TZ is

not only an isotropic subgroup of Tc(9Z), but also positive and compatible with
the polarization. Therefore the space of TZ-invariants carries an irreducible rep-
resentation of the commutant (TCZ)J- in T¢c(0X). To compute this commutant, first
remark that 7T0(TCZ) = H'(Z,A), and we can decompose Tg = HO(Z, T¢) x V% X
H'(Z, A) with Vé: = ’% JHO(Z,tc) C Ve (dX) as boundary values of holomorphic
maps. With respect to the symplectic form (2.4) we find by Cauchy’s theorem,
(V(Z:) = Q]-!LOI(ZI tC)/
and since the interior of X is a Stein manifold, we have
(VE) /VE = 0ha(T ) /A0 (E o) = H' (L, tc).
For the full subgroup TZ we have the exact sequence
0 — HOL, Te) = TE = Qli(Z) = HI(Z,Te) =0,

where the third map sends ¢ < Tg to the holomorphic one form ¢~ 'de, which
has periods in A. With this we now finally have

(T%)L/T% = HI(£A).

We can even make the action of this Heisenberg group more explicit: denote, as
above, by D the union of disks to close X to a closed Riemann surface £. By the
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Atiyah-Bott double coset construction cf. [AB],
My(£) = TE\Te(02) /T8,
so that

E}; = Mot (zm%(ﬁi),L(Z)) .

As in Remark 2.4, Sﬁg(f_) =~ HY(Z,T)asa symplectic manifold, and we see from
Proposition 2.7 that the complex structure is given by the isomorphism H' (£, t) =
HOY(E, t¢) given by Hodge theory. The space on the right hand side of course a
finite dimensional space of ©-functions, on which the Heisenberg group H' (£, A)
acts in a well-known fashion. It follows that the spaces have the same dimension,
and therefore the map must be an isomorphism. O

Remark 3.9. Theorem 2.18 defines a canonical embedding L(Z, @) into E(Z, @)
and one easily checks using (2.20), that the embedding ® 5% mapsl e L(£) to

the natural evaluation map on rhol(zmg(i), L(X)). It therefore follows that @ is an
intertwiner of representations of the Heisenberg group of H'(Z, A). However, it
is not an isometry. Therefore, although the preceding argument proves that the

space of TCZ—invariants in ﬁaz 5 lies in fact in the Hilbert space H( AN the repre-

sentation of the Heisenberg extension associated to H'(Z, A) is not unitary with
respect to the restriction of the inner product defining the Hilbert space structure.
See [BL] for a alternative derivation of this fact, using the associated projectively
flat connection rather than the factorization property.

3.3. The abelian WZW-model. As explained in [S3], the existence of a conformal
field theory follows from the unitarity of the associated modular functor. In this
case it is called the abelian WZW-model, which describes strings moving on the
Riemannian manifold T. It is an abelian version of the general WZW-model, which
describes strings moving on an arbitrary compact Lie group.

Definition 3.10 (cf. [S3]). A unitary conformal field theory is given by a smooth
projective monoidal *-functor ¥ from the complex cobordism category £ to the
category Hilb of complex Hilbert spaces and trace class maps.

Notice that the “category” of Hilbert spaces and trace class operators fails to
be a true category for the same reason as £: the identity mapping on an infinite
dimensional Hilbert space is not trace class. Below, we will explicitly spell out the
details of this definition.

To define a CFT, i.e., a functor ¥ : Jog Hilb, one needs the following data:

i) a Hilbert space Hg1, such that W(Cy) = HQSC]“, where Cy, is the n-fold dis-
joint union of S1. In other words, ¥ is monoidal,
1) atrace class operator ¥ (s «) : Has, — Hag,,  for each Riemann surface £

and

out”

x € L(Zp,q) = Det%—?p ®D7et(§q, p,qeC
which only depends on the conformal equivalence class of %,
subject to the conditions:
o The equality
Yizog =¥z 00 0 ¥(mm)
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whenever £ = I Uc, £, and « equals the image of o1 ® «; under the
factorization isomorphism

(p.q) (pa) =, 1(pa)
L21 ®Lzz — Ly
° W(f,&) = ‘P’(*Z,‘x), i.e., ¥is a x-functor.

A conformal field theory for which q = 0 is called chiral. The pair (p, q) is referred
to as the central charge. Below we will have p = q and we use this terminology for
this single element of C.

In our case, the nonlinear o-model, we use the theory of positive energy repre-
sentations of LT to define the basic Hilbert space. For a fixed level in H*(BT,Z)
define the Hilbert space

AcA

By the monoidal property, this defines the Hilbert space associated to C, for all
n € IN. Next, we construct a trace class operator ¥ (5 o) : Hin — Houw, Where
Hin, Houw are appropriate tensor products of Hg1 corresponding to 0%, and X is
a Riemann surface with incoming and outgoing boundaries and o € Lg’c) with
central charge given by ¢ = dim(t).

For a labeling A= (Xm, Xm) of the boundaries of X, we have the finite dimen-
sional Hilbert space E(Z, A), depending only on the conformal equivalence class of
Z, i.e., its image in &£. Since E(Z, M) is finite dimensional the inner product defines
a vector

() c By Xy o B(T X
£ € E(Z,A) ® E(Z,A).
By Proposition 3.4, for « € L;:C’C) we therefore find a vector

) € Det$ ® E(£,X) ® Dety ® E(L,X)

o (,

WZ,X =al® WZ,X
- (H* @ Hx )@ <H* ® He >
- Xin }\out Xir\ Aout

g Hom (H( azinrxin)/ H(azout/?\out) )
which is clearly trace-class. With this, we put
(3.7) Vi = P ‘*’f:‘,x :Hoz, — Hosyu

AeH! (05;A)

a trace class operator between tensor products of the Hilbert space (3.6). We now
arrive at the main conclusion:

Theorem 3.11 (“Abelian WZW-model”). The Hilbert space Hg1 and the operators
Y5 «) constitute a conformal field theory with central charge ¢ = dim(t).

Proof. Most importantly, we have to check the composition property, i.e., that ¥
indeed defines a functor from a central extension of £ to Hilb. By Theorem 3.6, the
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map (%, A) — E(Z,X) forms a unitary modular functor, and therefore the canonical
morphism

A « (zI,uzz,X,XS,XS) ®F (z],uzz,X,Xs,Xs) =i (Z,X) ®F (z,X)
AseHT (S,A)

induced by factorization will map the vector

wlo o
3 2 T nUn AR s © XTI
AseHI(SA)

to the vector ‘P;% Qay € E(Z, N) @ E(L,X), where oy € L%C is the image of xy, ®
oy, under the factorization isomorphism (2.18). This proves functoriality of V. It
is a *-functor, Wy =¥ 5 4 because of property ii1) in Theorem 3.6. O

A Riemannian metric g on X induces a hermitian metric (, ) , on Dety by means

= g
of the C-determinant of 9 as in [Q]. As for the conformal blocks, after taking the

c-fold tensor product, we view this as an element
xg € Dety¢® Dety ",

that we can use to define the partition function ¥y ; € Has using the previous
theorem. Itis in this sense that a metric on X is finally needed to define the partition
function of a CFT.

Remark 3.12. Again, for odd levels, the construction uses a choice of spin struc-
ture. One therefore finds a so-called spin-conformal field theory. In this case, it is
the 2-dimensional part of the theory described in [BM].

The preceding theorem does not a priori refer to the representation of the loop
LT on Hg1, although of course its construction depends heavily on this structure.
There is a way to “gauge” this symmetry, which leads to the following structure:
in Proposition 3.4, we used the basepoint of Mt7(X), i.e., the trivial bundle, and the
determinant line Det§ to construct the embedding which lead to the trace class
operator of Theorem 3.11. Instead, we can use any other point in M7(X), ie.,
any other holomorphic Te-bundle E, and the line Det§ ¢ associated to E via the
embedding of Proposition 3.4. This leads to the following:

Theorem 3.13 (“Gauged abelian WZW-model”). For any holomorphic Tc-bundle E
over X and o € Diet;,E ® Det§ ¢, there is a unique trace class operator

W%,E : Hazin - Hazout’

satisfying composition rules when composing complex cobordisms with holomorphic Tc-
bundles.

3.4. The category of Positive energy representations of LT. Recall the definition
2.1 of a positive energy representations of LT. In the following, we will restrict to
representations with the following property: when decomposed into irreducibles,
each of the multiplicity spaces is required to be finite dimensional. Let C denote
the category of such representations at a given level, with bounded intertwiners
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as morphisms. By the assumption above this category is abelian, and clearly semi-
simple. Consider the bifunctor (, ) : C°? x C — Hilb, defined by

(H1,H32) : @ Hom CTop @,,H*) ® Hom~ (H@,Hz)
(peA
where Hilb is the category of finite dimensional Hilbert spaces. Thinking of (, )
as an “inner product”, it furnishes the category C with the structure of a 2-Hilbert
space [Ba]. Most important for us, any additive functor between 2-Hilbert spaces
has an adjoint, unique up to natural isomorphism, determined by the usual for-
mula familiar from the adjoint of an operator on a Hilbert space.

For a compact 1-manifold S let Cg be the category of positive energy representa-
tions of T(S) with the above property of having finite multiplicity, so that Cq1 =C.
For a complex cobordism X, abbreviate Cays, ,Cas, . bY Cin, Cour- The fundamental
structure theorem for the category C is given as follows:

Theorem 3.14. Any cobordism L induces a functor
Us : Cin = Couts
satisfying the following properties:
1) when L = X1 Uc X, there is a natural transformation
Uy =Ug, oUyg,,
i) Ua = id¢ for any A with the topology of a cylinder,
iii) there is a natural isomorphism
Uy = Us,
iv) the group Diff " () acts on Uy by natural transformations, and this action factors
over the identity component of Diff* (Z,9X),

v) a complex structure on X, together with an element « € Det§, defines a map
V5 1 E— Usx(E), for all objects H of C;,, such that

11’2,0( = 11)22,062 ° 11')21,0(] 4
under the natural transformation in i).

Notice that the structure outlined in the theorem is close to what is called a
“category valued topological quantum field theory” in [S2]. In the theorem above,
we have ignored all structure coming from 3-dimensional topology. However, the
structure above suffices to prove, as outlined in [S2], the following:

Corollary 3.15. The category C of positive enerqy representation of LT at level £ with
finite dimensional multiplicity spaces is a modular tensor category.

3.5. The o-model for a rational torus. We close this paper with a proof of the
equivalence, as stated in the “new” introduction to [S3], between the abelian WZW-
model and the o-model of a rational torus. Let us first recall the construction of the
o-model of a Riemannian torus, cf. [S3, §10]: as before we denote by T a torus with
Lie algebra t, so that T = t/A, with A = 71(T). The Riemannian structure, i.e., the
inner product (, ) on t determines a dual torus T* := t/A°, with A° the dual lattice
(2.2). The loop groups LT and LT* are dual to each other, as one can see from the
decomposition (2.3) and the corresponding isomorphism LT* = A° X V(ST x T*:
both loop groups contain the factor V(S') for which the symplectic form (2.4) de-
fines a nondegenerate pairing, and T and A°, resp. T* and A are Pontryagin dual
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to one another. If we write this pairing as <, >: LT x LT* — T, there is a cocycle
on LT x LT* defined as

VP ((@1,01),92,02)) =< Q1,02 >,

where @; € LT and ¢; € LT* for i = 1,2. The associated Heisenberg group is
polarized by the fact that V(LT x LT*) = V(ST x V(S1) and V(S'") carries the
standard polarization. The unique irreducible representation of this Heisenberg
group defined by this polarization can therefore be realized on the Hilbert space

HS1 = LZ(/\ X T) ®HV(S1) ®Hi/($])‘

Now given a Riemann surface X with parametrized boundaries, consider the sub-
group Zy C Tc(9X) x TE(9Z) defined as

Zs = {(9,0) € Te(D) X TE(T), dpo™ " = xv/=Tdec )

As proved in [S3, Prop. 10.8], Zs is a compatible, positive, maximal isotropic
subgroup, and there is a canonical choice for a splitting x5 : Zy — C* of the
central extension over Zy. This determines a unique ray Ly C Has on which
Zy acts via 5. It is easy to check that this defines a conformal field theory as in
Definition 3.10. Its central charge is given by (c, c).

This works for any metric (, ), but let us now assume that it is rational on A C t.
This implies that the lattice A, := AN A® is of finite index in both A and A°, and
defines a torus T, := t/ /A, together with a choice of level q : A° x A° — Z. The
central extension of LTy defined by q has center

11,
A= (I ) /

The relation between the loop groups of the three tori is given by the exact se-
quence

(3.8) 0 2A=LT XLT, - LTXLT" - A —0,

where the first map is the diagonal inclusion of the center, the middle is given by
(@1, 92) — (914 @2, 91 — @) and the last map is the obvious map on the group
of components. One observes that the Heisenberg central extension pulls back
to the central extension LT, x LTy defined by g, and since the morphism above

clearly preserves the polarization class, the Hilbert space Hg1 decomposes as in
(3.6).

Theorem 3.16. Under this identification of the Hilbert spaces, the o-model associated to
a rational torus T identifies with that of the abelian WZW-model associated to To.

Proof. First observe that, after complexification, the exact sequence (3.8) restricts
to the sequence

0 = HOLA) = TEe x T2 = Zs —» H(5A) = 0,

which is also exact. It therefore follows that the ray determined by the o-model
satisfies

Isc P E (Z,X) ®F (Z,X) C Has.
AeHo (Z;A)
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As remarked before, A € Ho(Z; A) is equivalent to X € H'(3%,A), 8(X) = 0. This
condition on A comes from the kernel of the map TC?%C X TEC — Zy in the ex-
act sequence above. To further pin down the ray Ly, one considers its cokernel:
decomposing the Hilbert space under the action of TSC X TEC, each summand

E(Z,X) R E(X, X) carries a representation of the abelian group Zs/ (TO%C X TEC) =

H'(Z, A), which acts on Ly by the trivial character. One verifies that this represen-
tation is nothing but the one coming from the diagonal inclusion

HY(Z;A) = HI(5;A), x HI(Z;A).
and the irreducible representation of H!(Z; A) on E(Z, X) of Proposition 3.2. But for
this diagonal subgroup, the multiplicity of the trivial representation must be one,
and the (up to scalar) unique inner product making the representation unitary,
must lies in its isotypical summand. But this is exactly the definition (3.7) of the
partition function of the abelian WZW-model associated to To, so ¥ (5 o) € Ly. U

Remark 3.17. The o-model of a torus is in general a non-rational CFT. From this
point of view, the Theorem above explains that precisely for rational tori it be-
comes a rational theory admitting a factorization into left and right moving parts.

APPENDIX A. GENERALIZED HEISENBERG GROUPS

A.l. Definition. Following [FMS], we will define a certain class of infinite dimen-
sional groups called generalized Heisenberg groups. Let A be an infinite dimensional
abelian Lie group such that Lie(A) is a complete locally convex nuclear topological
vector space and 7ip(A) and 711(A) are finitely generated discrete abelian groups.
We assume that there is an exact sequence

(A.1) 0 = m(A) — Lie(A) 25 A — my(A) — 0,

which makes Lie(A) into a covering space of A, i.e., the exponential map is a local
diffeomorphism. It follows that any such group can be written (non-canonically)
as A =V x T x 7, where V is a vector space, T a torus and 7 a discrete group. Let
P be a bi-multiplicative map 1V : A x A — T. In particular, 1 is a group 2-cocycle
and defines central extension

15T —oA—SAS0,
in which A = A x T with multiplication

(a1,21) - (az,z2) = (ajaz,¥(ay, az)z1zy).
The isomorphism class of this extension is determined by the commutator map
s : AXA — T defined by s(aj,ap) := W(ay, az)(as, a)”!, which is skew-
multiplicative. We define Z(A) := ker(s), so that the center of A is given by the
induced central extension of Z(A). It was proved in [FMS] that any central exten-
sion of A is of this kind, i.e., topologically trivial and defined by a group cocycle .
The opposite of A, denoted /Z\Op, is the central extension associated to the cocycle

U
Definition A.1. The extension A is called a Heisenberg group when the commuta-

tor pairing is nondegenerate, i.e., Z(A) = {e}. It is called a generalized Heisenberg
group when its center Z(A) is a locally compact abelian group.



38 HESSEL POSTHUMA

A.2. The linear case: Gaussian measures. As a special case, consider a symplec-
tic vector space (V, w). The symplectic form w defines a cocycle p = exp v/— 17w
on the abelian group V and the associated central extension V as above is what is
traditionally called the Heisenberg group. Of course this case is well-known, cf.
[S1], but we review the theory for completeness. To construct irreducible represen-
tations of this Heisenberg group one needs an extra piece of structure on V, called
a polarization:

Definition A.2. A polarization of a symplectic vector space is a compatible positive
complex structure. Two complex structures J; and ], belong to the same polariza-
tion class if and only if J; —J; is a Hilbert-Schmidt operator.

Of course, a complex structure on V is given by an endomorphism J : V — V
such that ] = —1. Such a complex structure is called

o compatible with w if w(Jvy, Jvy) = w(vy,vy), forallvy, vy €V,
e positive if w(Jv,v) >0, forall v # 0.

A specific choice of complex structure | belonging to a polarization class induces
a hermitian pre-inner product

(A2) (v1,v2) = w(Jvy,v2) + V-Tw(vy,vy).

The first term defines a real metric on V that we denote by Q. Since, by assump-
tion, V is nuclear, Q determines a family u}, t > 0 of Gaussian measures on the
dual V*, uniquely determined by its Fourier transform

J e\m‘i(")du}(a) — e~ tRVW)/2
forall v € V, cf. [GV, chapter IV]. This measure is not V-invariant. Rather, its
quasi-invariance under the translation action of V is given by the Cameron-Martin
formula for the Radon-Nikodym derivative:

b +v) ()
—_— =

(A.3) 7QvW+QvE))/t
dpj(&)

forallv € V. Let Lfml(v*, dp) be the Hilbert space of square integrable holo-

morphic functions on V* with respect to the measure 1t := p!, with inner product
defined by

(1) = | RO (Elaute
Let Vactonf € leml(V*, du) by
(v-f)(&) := e*((v,£>/2+(w>/4)f(a+V)_

A direct computation using the Cameron-Martin formula (A.3) shows that this
action is unitary, i.e., (v-fy,v-fy) = (fy,f2) and defines a representation of the
Heisenberg group of V. This representation is irreducible and denoted by Hy,,
or perhaps Hy, if we want to stipulate the dependence on the chosen complex
structure J.
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A.2.1. Shale’s theorem. So far, the irreducible representation Hy of V depends on
the specific choice of a compatible, positive complex structure ] on V. However,
‘Hy turns out only to depend on the polarization class determined by J. Introduce
the infinite dimensional “Siegel upper half space”

J(V) = { Positive compatible

/ - . .
complex structures ]’ on (V, w) ‘ J=T'is Hllbert—Schmldt} ‘

There are other descriptions of this space: if we choose a ] € J (V) with decompo-
sition V¢ = W & W, we have

JV)= {Hilbert schmidt operators T: W — W

1) w(Tvy,v2) = w(Tvy,v1)
)1 —TT* > 0. :

Finally, introduce the restricted symplectic group Spres(V) of the polarized symplec-
tic vector space V by

Spres(V) :={A € Sp(V), [A,]] is Hilbert-Schmidt},

for any ] belonging to the polarization class. This group acts transitively on J (V)
and one has

T (V) = Spres(V)/U(Vy),

where Vj means the complex pre-Hilbert space formed by ] by means of the pre-
inner product (A.2). We now have:

Theorem A.3 (Shale [Sh]). Two representations HV]] and HVIZ are equivalent if and
only if J1 — ] is Hilbert—schmidt, i.e., if ]1 and ], belong to the same polarization class.

In terms of of Gaussian measures, this can be derived from the following: Let
JT € J(V) be another complex structure given in terms of a Hilbert-Schmidt map
T:A — A. The Gaussian measure (1, is absolutely continuous with respect to
with Radon-Nikodym derivative

dpy, (&)
dpy(&)

cf. [BSZ, Thm. 4.5]. In this formula, det(...) is the Fredholm determinant of an
operator of the form 1 + trace class.

By Schur’s lemma, the intertwiner establishing the equivalence of two repre-
sentations is unique up to a scalar. Consequently, the Hilbert space Hy, carries a
projective unitary representation of Spres(V) which extends the representation of
V to the semi-direct product Spres(V) x V. This is the infinite dimensional ana-
logue of the metaplectic representation.

(A4) = det(1—T*T)""2exp <—; (T¢, Ta>) ,

A.3. Polarizations and irreducible representations. Returning to the general case
of a generalized Heisenberg group A, notice that the commutator pairing induces
a skew symmetric bilinear form

S:Lie(A) x Lie(A) = R,
with finite dimensional kernel ker(S) C Lie(A). The quotient vector space

V(A) := Lie(A)/ ker(S)
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is therefore symplectic and in general infinite dimensional. To discuss the repre-
sentation theory, we need an appropriate generalization of the notion of polariza-
tion. Although there seem to be many variants of this, all more or less equivalent,
for us the following definition is very useful:

Definition A.4 (compare [S3, Def. 10.3]). A polarization of A means an operator
] : Lie(A) — Lie(A), satisfying

i) S(JE, Jn) =S(&,n) forall &,n € Lie(A),

ii) J induces a compatible positive complex structure on V(A).

Two polarizations define the same polarization class if they induce the same polar-
ization class for the symplectic vector space V(A).

Notice that to define the polarization class on A, it suffices to give the opera-
tor ] up to Hilbert-Schmidt operators. The classification theorem of irreducible
representations of polarized generalized Heisenberg groups is now as follows:

Theorem A.5. [FMS] Let (A, ) be a generalized Heisenberg group. A polarization class
and a splitting x : Z(A) — T of the induced central extension

1—>T—>Z(\/A)—>Z(A)—>1,
determine a unique irreducible representation of A in which the center acts according to
X. For a given polarization class, this defines a bijective correspondence between such
splittings and irreducible representations.

Notice that the theorem implies that up to isomorphism, the irreducible rep-
resentation H  y, for fixed character x, only depends on the polarization class,
not just the specific polarization. The theorem above unifies Shale’s theorem with
Mackey’s version of the Stone-von Neumann theorem for locally compact abe-
lian groups —satisfying the assumptions stated in §A.1- together with the Fourier
transform for abelian groups.

Example A.6. A good example is provided by the central extension of the loop
group LT at a given level. As shown in §2.2 this is a generalized Heisenberg group
with center T x A. In this case, there is a natural polarization determined by
the canonical action of the circle on itself: This induces an action on Lt and on
V(ST) = Lt/t it defines a decomposition V(S = Vi (Sh) & V_(S!) into complex
isotropic subspaces given by the positive, resp. negative Fourier modes. The thus
defined complex structure is given by the Hilbert transform. With this, the class
of representations for this polarization class of LT are exactly the positive energy
representations in the sense of Definition 2.1, and the irreducible representations
constructed in §2.2 give an explicit realization of the classification of Theorem A.5.

A.3.1. Isotropic subgroups and the spectral theorem. Let (A, ) be a generalized Heisen-
berg group and denote by A the dual group of continuous characters. By Defini-
tion A.1, a Heisenberg group comes equipped with a map

e:AHﬂ,

defined as e(aj)(ay) := s(aj, az), whose kernel equals Z(A). When Z(A) = {e},
i.e., (A, 1) is a Heisenberg group, its image is dense in A.

Let B C A be isotropic. This means that one of the following equivalent condi-
tions is satisfied:
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e the extension B induced by A is abelian,

* slgxp=1,

e BC B+, where B :={a €A, s(a,b) =1, forallb € B}
When B is isotropic and maximal with respect to any of the above properties, it
is said to be Lagrangian. Because the induced central extension B is abelian, it
must be trivial, however not necessarily in a canonical way. A trivialization is
determined by a splitting, i.e., a map x : B — T satisfying

x(b1+b2) =x(by)x(b2) (b, b3),

for all by, b, € B. As such it determines a lifting B < B by b — (b, x(b)). Alterna-
tively, such a splitting can be viewed as a one-dimensional unitary representation
of B. Via the splitting x over B, we can restrict unitary representations H of A to
B. The spectral theorem implies that there exists a disintegration

©®
sz%@ﬂ@

so that each B acts on H,, ¢ € B via ¢ € B. In this representation, U(a) acts on H
with respect to the disintegration as

where Uc(a) : He — Heyera)y, € € B is a measurable family of unitary opera-
tors. In the formula above, the expression in the brackets is the Radon-Nikodym
derivative of the e(a)-translate of the measure p with respect to itself. Restricted
to BL C A, this translation action on B-action is trivial, so we see that H; car-
ries a unitary representation of B for each & € B. When H is irreducible, this
representation must be irreducible almost everywhere on B.
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