LECTURE NOTES ON KOORNWINDER POLYNOMIALS

JASPER V. STOKMAN

PREFACE

The present contribution to the Proceedings of the STAG OP-SF summer school
2000 on Orthogonal Polynomials and Special Functions gives a detailed account of
my lectures at the summer school. It treats a very general family of classical, basic
hypergeometric orthogonal polynomials in several variables, known as the Koorn-
winder polynomials. The basic properties of the Koornwinder polynomials are
derived using recent powerful techniques of Cherednik, Macdonald, Koornwinder,
Noumi, Sahi and others, in which the affine Hecke algebra plays an important role.

These lecture notes are accompagnied by a second, independent article in this
volume which is written jointly with Masatoshi Noumi. In this second contribution
we discuss the Hecke algebra techniques for the Askey-Wilson polynomials, which
are the Koornwinder polynomials in one variable. The one variable set-up allows
us to go beyond the derivation of the basic properties of the associated orthogo-
nal polynomials, without putting to much effort in the necessary preparations; we
are therefore able to derive more properties of the orthogonal polynomials than is
achieved in the lecture notes for the multivariable set-up. Especially the readers
who are not familiar to the affine Hecke algebra techniques, or who are well ac-
quinted with the classical theory on basic hypergeometric orthogonal polynomials
in one variable, are advised to read the second contribution first. The technicalities
are less involved, and the connection with the familiar notations and results from
basic hypergeometric series theory is made explicit.

1. INTRODUCTION

1.1. Classical hypergeometric orthogonal polynomials. If p is a positive

Borel measure on R with finite moments, then the corresponding orthogonal poly-

nomials {p,(-)}nez, satisfy a three term recurrence relation of the form
zp (%) = arpr1(2) + brpr(2) + ckpr—1(z),  k=>1,
zpo(w) = agp1(x) + bopo ()

with ai,bi,ci € R and a;Ciy1 > 0.

In many applications of orthogonal polynomials in mathematics and physics, the
orthogonal polynomials are in addition joint eigenfunctions of a second order dif-
ferential operator. For instance, in one-dimensional quantum physical systems, the
Hamiltonian is an (essentially self-adjoint) linear operator with respect to a positive
Borel measure p which is usually given explicitly by a second order differential oper-
ator. Its eigenvalues describe the discrete energy spectrum of the physical system,
while the eigenfunctions represent the corresponding physical states. Sometimes
the discrete states (which are automatically pair-wise orthogonal with respect to
1) can be represented by the corresponding orthogonal polynomials.
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In this way, the Laguerre polynomials enter in the description of the energy
spectrum of the hydrogen atom, the Hermite polynomials enter in the description
of the energy spectrum of the harmonic oscillator, and the Jacobi polynomials enter
in the description of the energy spectrum of the physical system of two particles on
a closed wire with respect to certain square inverse potentials.

Mathematically, orthogonal polynomials which are in addition eigenfunctions of
a second order differential operator occur for instance in representation theory and
harmonic analysis. The basic example is Fourier analysis on the unit sphere (the
theory of spherical harmonics), which is described in terms of a degenerate family
of Jacobi polynomials (the so called Legendre polynomials). The corresponding
second order differential operator then relates to the Laplace-Beltrami operator on
the unit sphere.

Altogether, orthogonal polynomials which are joint eigenfunctions of a second
order differential operator form an important sub-class of orthogonal polynomials,
which nowadays are considered to be classical, see [1]. A classification of these
families of orthogonal polynomials follows from Bochner’s [3] paper: it consists
(up to an affine linear transformation of the geometric variable) of the Hermite,
Laguerre and Jacobi polynomials. These families are all expressible in terms of
hypergeometric series.

1.2. Classical orthogonal polynomials. A richer class of orthogonal polynomi-
als is obtained by requiring the orthogonal polynomials {p, }ez, to satisfy a three
term recurrence relation of the form

(Lpn)(x) = TnPn, neZy,
(Lf)(@) = a(@)(f(qzx) = f(x)) + b(z)(f(z/q) — f(2)),

where 7, € C, and ¢ € C\ {0} is an additional deformation parameter which we will
assume to be generic. Orthogonal polynomials which in addition satisfy a second
order g¢-difference equation of the form (1.2), can be expressed in terms of basic
hypergeometric series.

In the terminology of Andrews and Askey [1], families of orthogonal polynomials
satisfying a second order g-difference operator of the form (1.2) are also consid-
ered to be classical. The most general family of such classical basic hypergeomet-
ric orthogonal polynomials is the celebrated family of Askey-Wilson polynomials,
which were introduced by Askey and Wilson in the famous memoir [2] in 1985.
All other families of classical basic hypergeometric orthogonal polynomials are ob-
tained from the Askey-Wilson polynomials by limit transitions or specializations.
The corresponding hierarchy of classical basic hypergeometric orthogonal polyno-
mials (known as the ¢-Askey scheme) is of a considerable size, see [18]. The classical
hypergeometric orthogonal polynomials are obtained from the basic hypergeometric
ones by sending the base ¢ to one.

Classical basic hypergeometric orthogonal polynomials have been used exten-
sively in mathematical physics and in representation theory. The physical back-
ground of the setting usually provides natural interpretations of the deformation
parameter ¢, as well as of the “canonical” limit ¢ — 1. For instance, in problems
related to quantization (i.e. the transition from classical to quantum mechanics),
q is related to e”, where % is the Planck constant, so that ¢ — 1 corresponds with
h — 0. In the transition from non-relativistic to relativistic models, ¢ is related to
e'/¢ where ¢ is the speed of light, so that ¢ — 1 corresponds with ¢ — .

(1.2)



LECTURE NOTES ON KOORNWINDER POLYNOMIALS 3

1.3. Self-dual orthogonal polynomials. The Askey-Wilson polynomials p,, (n €
Z.), which are the most general classical basic hypergeometric orthogonal polyno-
mials, see [12], satisfy a remarkable symmetry property, which is usually referred
to as “duality”. It roughly states that the spectral and geometric parameter of the
Askey-Wilson polynomial are interchangeable. To be a little bit more precise at
this stage: we take the Askey-Wilson polynomial p,(z) to be a Laurent polynomial
in x, invariant under z < 2=, so that p,(z) (n € Z,) is actually a set of orthog-
onal polynomials with respect to the variable x + 2~ (With this convention one
has to replace multiplication by x in (1.1) by multiplication by = + x~!). Then
for a suitable normalization of the Askey-Wilson polynomials, there exist complex
numbers z,v € C\ {0} such that p,(x¢™) = pm(vq™) for all m,n € Z, where p,
is the Askey-Wilson polynomial of degree m with respect to a different (“dual”)
choice of parameters.

Observe that a family of orthogonal polynomials satisfying such a duality prop-
erty is classical and of basic hypergeometric type, since application of duality to its
three term recurrence relation (1.1) yields a second order g-difference equation of
the form (1.2) for the “dual” orthogonal polynomials {py, }mez. ! Hence families of
“self-dual” orthogonal polynomials form a distinguished sub-class of the classical
basic hypergeometric orthogonal polynomials.

1.4. Macdonald polynomials. Due to work of Cherednik and Macdonald, the
class of self-dual orthogonal polynomials can be extended in a natural way to fami-
lies of multivariable self-dual orthogonal polynomials (known nowadays as the Mac-
donald polynomials). The rich symmetry structure of the polynomials, which can
be incorporated in an algebraic object called the double affine Hecke algebra, is a
crucial tool for understanding the basic properties of these families of multivari-
able orthogonal polynomials. In fact, the existence of a large class of mutually
commuting difference operators for which the Macdonald polynomials are joint
eigenfunctions is the reason that the symmetry techniques are very powerful tools
in unraveling the structure of the Macdonald polynomials.

The theory of Macdonald polynomials plays a fundamental role in several differ-
ent branches of mathematics and mathematical physics, such as algebraic combina-
torics, representation theory of quantum groups and affine Hecke algebras, quantum
Khnizhnik-Zamolodohikov equations, conformal field theory, relativistic quantum
integrable systems (Calogero-Moser systems), etc.

As an example, I will be a little bit more concrete here on the connection
with Calogero-Moser systems. The Macdonald polynomials are g-analogs of the
Heckman-Opdam polynomials, which are families of multivariable “classical” or-
thogonal polynomials generalizing the Jacobi polynomials. The Heckman-Opdam
polynomials solve the (completely integrable) quantum physical system of a bosonic
gas on a closed wire with pair-wise inverse quadratic potentials (the so-called quan-
tum Calogero-Moser system); the second order differential operator for which the
Heckman-Opdam polynomials are joint eigenfunctions is (up to a conjugation with
the ground state) the Hamiltonian of the system. The Macdonald polynomials then
have a similar interpretation, now in terms of a relativistic version of the quantum
Calogero-Moser system, see e.g. Ruijsenaars & Schneider [28]. As in §1.2, the de-
formation parameter ¢ is related to the speed of light ¢, in such a way that the
classical limit ¢ — 1 corresponds with the non-relativistic limit ¢ — oo.
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1.5. Koornwinder polynomials. The main goal of these lectures is to explain
Cherednik’s and Macdonald’s theory for Koornwinder’s [17] multivariable gener-
alization of the Askey-Wilson polynomials, known nowadays as the Koornwinder
polynomials. Just as in the one-variable case, the family of Koornwinder polyno-
mials may be seen as the “grand-father” who provided a considerable off-spring
of degenerate families of multivariable analogs of classical (basic) hypergeometric
orthogonal polynomials, see e.g. [33] and [11] (these form part of a multivariable
generalization of the (¢-)Askey scheme). In particular, most families of the Mac-
donald polynomials are special cases or limit cases of the family of Koornwinder
polynomials.

So restricting our attention to the special class of Koornwinder polynomials
does not provide a major loss of generality. On the other hand, it simplifies certain
technical aspects of the theory, which hopefully helps the reader to get quicker
acquainted with the theory.

1.6. Literature. The material treated in these lecture notes follow closely the
papers of Noumi [26], Sahi [29], [30] and Stokman [32] (see also Noumi & Stokman
[27] for the Askey-Wilson polynomials). The precise references of the material in
the main body of the text will be postponed to the end of the lecture notes, see
§10.

The only prerequisites for these lecture notes are some basic facts on Coxeter
groups and Hecke algebras, which I will recall as soon as they are needed. I give
precise reference to the literature for the further details on these results (I will
mainly use Humphreys’ book [14] as reference).

After a detailed introduction in §2 of the root data related to the theory of
Koornwinder polynomials, I have added a long section §3 in which I give the main
definitions, and state the main theorems. In order to justify definitions, some
elementary proofs are already given at this stage. I hope that this section helps
the reader to get acquainted with the main aims of the lecture notes, without
being distracted by detailed proofs. The subsequent sections §4-89 then provide
the necessary details for a full understanding of the proofs.

Finally I would like to remark already at this point that various techniques in
these lecture notes are similar to Cherednik’s [5]-[9] and Macdonald’s [22] treatment
of Macdonald polynomials and affine Hecke algebras. Several excellent surveys on
this theory are available now, see for instance Macdonald [23] and Kirillov Jr. [16].
Again, for further precise references to the literature, see §10.

Acknowledgements: These lecture notes are based on a mini-course which I gave
at the STAG OP-SF summer school 2000 on orthogonal polymomials and special
functions, organized by R. Alvarez-Nodarse, F. Marcelldn, W. Van Assche and R.
Yénez. I thank the organizers for inviting me to give the lectures and for their kind
hospitality. The author is supported by a fellowship from the Royal Netherlands
Academy of Arts and Sciences (KNAW).

2. THE ROOT DATA

In this section we introduce the root systems and the corresponding Weyl groups
which naturally arise in the theory of Koornwinder polynomials. Some relevant
basic results about these root systems are discussed briefly and in a rather ad hoc
fashion. As a basic reference for more details on root systems we use the book [14]
of Humphreys.
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2.1. The root system Y. Let (V = R", (,)) be Euclidean n-space with fixed
orthonormal basis {¢; }?'_; with respect to the scalar product (-, ) on V. We assume

that n > 2 throughout the lecture notes. We write |v| = (v,v) for the norm of
veV.
Consider the following finite sub-set ¥ C V,
Y= {26} U{xe e |1<i<j<nl} (2.1)

where all sign combinations occur. For any v € %, let H, = {w € V| (v,w) = 0} be
the hyperplane in V' orthogonal to v, and denote s, € GLg(V) for the orthogonal
reflection in H,. Then

sv(w) = w — (w,v")v, weV (2.2

~

where vV = 2v/|v|? is the co-root of v. Observe that s, is an involution, i.e. s2 =
(v € ¥), and that s, is orthogonal with respect to (-,-), i.e. (sy(w), sy (w’))
(w,w’) for all w,w’ € V.

Let W = W(X) C GLg(V) be the sub-group generated by the orthogonal reflec-
tions s, (v € ¥). The following lemma can be checked by direct computations.

=

Lemma 2.1. X CV is a so called root system, i.e.

— X is a finite set which spans V,
— (a,8Y) €Z foralla,B €%,
—wX) =X forallweW.

Elements a € ¥ are called roots, and the group W = W (X) is called the Weyl
group of X. In the standard terminology on root systems (see for instance [14]), &
is the root system of type C,.

Let Iy = {a1,...,a,} C X be the sub-set of roots

a;:=¢€ —€41 (i=1,...,n—1), an = 2€,. (2.3)

Lemma 2.2. (i) Any o € ¥ can be uniquely written as a Z -linear or a Z_-linear
combination of the roots a; €y (i=1,...,n).

(ii) The Weyl group W is generated (as a group) by the reflections s; := $Sq,
(i=1,...,n).

Proof. (i) Direct verification.

(ii) This is a standard property of root systems, see [14, Thm. 1.5]. We sketch
here an ad hoc proof for the root system 3.

Observe that the simple reflection s; (i = 1,...,n—1) acts on V by interchanging
e; and €11 and keeping €; (j # 4,7 + 1) fixed. In particular, the sub-group of W
generated by the simple reflections s1,...,s,_1 act as the permutation group S, in
n letters on the standard basis {¢;}? ;. On the other hand, s,, maps €, to —e¢, and
keeps €; fixed (j = 1,...,n —1). Hence the sub-group W’ C W generated by the
reflections s; (i = 1,...,n) is naturally isomorphic to S, x (£1)"”, where S,, acts
on (£1)™ by permuting its entries.

From this description of W’ it is now easy to check that s, € W’ for all a € ¥,
hence W C W’. The other inclusion being obvious, we obtain the desired result. [

The set IIg C X is called a basis of the root system X, and the elements a; €
Iy are called the simple roots of ¥. The choice of basis IIy induces a natural
decomposition of ¥ in positive roots X1 and negative roots ¥~ := —X T, where X T
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is the set of roots aw € ¥ which can be written as a Z,-linear combination of the
simple roots. The reflections s; (i = 1,...,n) are called the simple reflections in W
with respect to Ilp.

Lemma 2.3. ¥ decomposes into two W -orbits, namely ¥ = ¥; UX,,, where
Y, =Wa, ={£2¢|i=1,...,n},
Y =Wap ={%e; £ ¢ |1 <i<j<n}, (ke {1,...,n— 1} arbitrary),

where all sign combinations occur.

Proof. An ad hoc proof can be easily given using the description of W as the semi-
direct product S,, X (£1)", see the proof of lemma 2.2.

The lemma is also a direct consequence of a general fact from the theory of irre-
ducible root systems, which says that the decomposition of 3 in W-orbits coincides
with the decomposition of ¥ according to the norm of the roots, see [15, Lem.
10.4C]. The lemma follows from this, since X; (respectively 3,,) is the set of roots
in ¥ of squared length 4 (respectively 2). O

2.2. The reduced affine root system R. Let V be the set of affine linear map-
pings from V' to R. As a vector-space over R, V is isomorphic to V @ R, where
0 : V. — R is the affine linear function defined by é(v) := 1 for all v € V. This

follows from the fact that any affine linear transformation f € V' can be written as
fw) = (v,w) + Ad(w), weV

for some v € V and some A € R.
We extend the scalar product (-, ) on V to a positive semi-definite bilinear form

on V by setting
(v+)\5,w+u5):(v,w), v,weV, ApuéeR. (2.4)

In particular, the norm |f| = (f, f) of f e V is zero if and only if f is a constant
function. R R

Fix a non-constant function f € ¥V \ R§. We define an involution s; € GLg(V)
by

sig)=9— (9. 1), g€V, (2.5)

where fV = 2f/|f|? is the co-root of f. It can be easily checked that sf(g) = go3y,
where 5 : V — V is the orthogonal reflection in the affine hyperplane f~*({0}) C

V. Let R C V be the sub-set
R =%+ 76, (2.6)

~

and let W = W(R) C GLgr(V) be the sub-group generated by the reflections
sy (f € R). Alternatively, we may think of W as the sub-group of affine linear
transformations of V' generated by the orthogonal affine reflections s; (f € R).
Observe that W C W is a sub-group in a natural way: it acts on V as in the
previous subsection, and it fixes the constant functions.

~

For v € V, we let 7(v) € GLr(V') be given by

) f =f+(fv)s,  feV.
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Observe that 7(v)f = f o 7(v), where T(v) : V — V is the affine linear mapping
given by 7(v)(w) = w — v for all w € V. We write

AO:éZeiCV,

i=1
which is a W-stable Z-lattice in V.

Lemma 2.4. W~ W x 7(Ay).

Proof. Observe that wr(\) = 7(wA\)w for w € W and A € Ap, and that W has
trivial intersection with 7(Ag) since W fixes the constant functions. Hence the
sub-group of GLg(V) generated by W and 7(Ao) is naturally isomorphic to the
semi-direct product W x 7(Ay).

Let f=a+cd € R\ RS with o € ¥ and ¢ € Z. Then

si9) =9 (9. /)" =g (9.0)a” —c(g,a")d = sa(r(-ca’)(g)).  (2.7)
Since oV € Ag for all @ € 3, we see that W C Wr(Ag).

On the other hand, for any « € 3 it follows from (2.7) that 7(—a") = $aSa+s €
W. Since the co-roots ¥ (o € X) span Ag (indeed, ¢; = (2¢;)¥ for j =1,...,n
already span Ag), we conclude that 7(Ag) C W. Since also W C W, we conclude
that Wr(Ao) CW. Hence W ~ W x 7(Ag), as desired. O

Remark 2.5. We have used in the proof of lemma 2.4 that Ag is the so-called co-root
lattice of 3, i.e.
Ao =7 — span{a” |a € X}.
It is also easily verified that Ag is the so-called weight lattice of X, i.e.
A ={NeV|\aY)€eZ, VaeX}.

Lemma 2.6. R C V is an affine root system, i.e.

— R does not contain constant functions and spans ‘A/,

— (f.9") €Z for all f,g € R,

w(R) = R for allw e W,

— W acts properly on V. In other words, for oll K1, Ko CV compact, there
are only finitely many w € W for which w(K1) has non-empty intersection

Proof. Only the third property requires proof (the second property is a direct con-
sequence of lemma 2.1). By lemma 2.1, w(X) = X for all w € W. Since W fixes
constant functions, we obtain w(R) = R for all w € W. Let now X\ € Ag. Then
T7(A)(R) = R if (\,8) € Z for all 8 € £. This again follows from lemma 2.1, since
any A € A can be written as a Z-linear combination of the co-roots a¥ (a € %),
cf. remark 2.5. The structure of W as described in lemma 2.4 now shows that
w(R) = R for all w € W, as desired. O

~

The sub-group W = W(R) C GLg(V) is called the affine Weyl group associated
with the affine root system R.
Let II = {ag,a1,...,an} = {ag} UIlyg C R, where

ag = 6 —2¢1 € R. (28)

We have now the following analogue of lemma 2.2.
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Lemma 2.7. (i) Any f € R can be uniquely written as a Z -linear or a Z_ -linear
combination of the roots a; € I (i =0,...,n).

(ii) The affine Weyl group W is generated (as a group) by the reflections s; := Sq,
(1=0,...,n).

Proof. (i) Let f € R. If f(0) = 0, then f € X, and we can use lemma 2.2. If
f(0) =m € Z<o, then f = a+md for some o € ¥. But then f = (a+2me;)+mayg,
and « + 2me; is a Z,-linear combination of the simple roots IIy of ¥*. Hence if
f(0) > 0, then f can be written as a Z.-linear combination of the roots a; € II
(¢ =0,...,n). Finally if f(0) < 0, then —f € R satisfies (—f)(0) > 0, so we can
use the previous result to show that f can be written as a Z_-linear combination
of the roots a; € II (1 =0,...,n).

(ii) This is again a general fact on affine root systems, see [14, Prop. 4.3]. For
convenience, we give here another, ad hoc proof in case of the affine root system R.

Let W' C W be the sub-group generated by the reflections s; (¢ = 0,...,n).
Then W contains W by lemma 2.2. By (2.7), 7(e1) = s, S0 € W', and consequently

T(€j) = 8j_1---52817(€1)8182 - 551 EW' (2.9)

for all j =1,...,n. By lemma 2.4, we conclude that W C W’. Hence W' = W, as
desired. 0

In analogy with finite root systems, we call the set II C R a basis of the affine
root system R, and the elements a; € R the simple roots of R. The choice of basis I1
induces a decomposition of R in positive roots RT and negative roots R~ = —RT,
where R is the set of roots f € R which can be written as a Z-linear combination
of the simple roots a; € II (i = 0,...,n). Observe that by the proof of lemma 2.7(1),

Rt =27 U{f e R|f(0) >0} (2.10)

Remark 2.8. The connected components of the complement V\U{f~({0})| f € R}
of the hyperplane configuration U{f~1({0})| f € R} are called chambers. For a
fixed chamber C, we let II(C) C R be the set of roots f € R for which the affine
hyperplane f~1({0}) is a wall of C, and which takes positive values in the chamber
C'. Then II(C) is called a basis of the affine root system R. The fixed basis II which
we have chosen in this section corresponds to the chamber

n
C:{v:Zviei|O<vn<vn,1<-~-<vl<1/2}.
i=1

It is known that any two choices of basis of R are conjugate to each other under
W, see [14, Chapter 4] for more details.

The W-orbit structure of the affine root system R can now be given explicitly
as follows.

Lemma 2.9. There are three W-orbits in R, namely
Ry, = Way, = X, + Z6, (ke {1,...,n—1} arbitrary)
R} =Wag = % + (1 + 2Z)9,
R? = Wa,, = %, + 27Z6.
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Proof. We fix an arbitrary k € {1,...,n — 1}. Then 7(meg)ar = ar + md for all
m € Z, hence 7(Ag)ar = ap + Z4. By lemma 2.3 and lemma 2.4, it then follows
that

Way, = Way, + 726 = X, + Z4.

For ag = § — 2¢1, we have 7(Ag)ag = ag + (1 + 2Z)4, hence by lemma 2.3 and by
lemma 2.4,

Wag = W2e1 + (14 22)6 = 5, + (1 4+ 27)4.
In a similar fashion one can show that Wa,, = ¥; + 2Z§. The lemma now follows

since the three orbits Wag, Wa and Wa,, are pair-wise different and they exhaust
the affine root system R. O

Proposition 2.10. The simple reflections s; (i = 0,...,n) satisfy the braid rela-
tions

8iSi4+15iSi4+1 = Si4+15i5i+15i, 1=0,n—1,
8i8i4+18; = Si+18iSi+1, i=1,...,n—2
885 = 8;58i, |Z —j‘ > 1.
In fact, the braid relations together with the quadratic relations s? =1 (i = 0,...,n)

give a presentation of the affine Weyl group W.

Proof. The braid relations for the s; (i =0,...,n) are easily checked by hand.

If W’ is the abstract group with generators s; (i = 0,...,n) satisfying the braid
relations and the quadratic relations s? =1 (i = 0,...,n), then W’ is an example
of a Cozeter group. The canonical, surjective group homomorphism W' — W C
GLR(‘A/) is called the geometric representation of the Coxeter group W’ on V. Itisa
fundamental result in the theory of Coxeter groups that its geometric representation
is faithful (see for instance [14, Cor 5.4]), which implies the second statement of
the proposition.

O

Remark 2.11. The information of the affine Weyl group W can be depicted by a
so-called extended Dynkin diagram. The vertices are labeled by the simple roots
IT = {ag,...,an}. We draw 0, 1 and 2 edges between the vertices a; and a; if the
braid relation of the corresponding simple roots s; and s; are of the form

8isjs; -+ (m(i,j) terms) = s58;5; -+ (m(4,j) terms)

with m(i,j) = 2,3 and 4, respectively. Thus the extended Dynkin diagram of W
looks like

o o O — e o o
ag a1 az Gp—1 Gnp,

2.3. The non-reduced affine root system R,,. The present choice of affine

root system R is still not sufficient for our purposes. In order to arrive at the

Koornwinder level, we need to add two more W-orbits to R in the following way.
We set Ri = %R} fori=1,2, so

1
Rg:WaO/Q:{iej+(§+Z)5|j:1,...,n},
R?2 =Wa, /2 = {+e; +Z5|j=1,...,n}.

(2.11)
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The union of R with these two W-orbits is denoted by R, so

RW:R;uRzuRz{iei+%5,ﬂei+m5|mez,i=1,...,n} .12)
U{teite,+md|meZ, 1<i<j<n} '

We now have the following extension of lemma 2.6.
Lemma 2.12. The set R, C V is an affine root system.

Proof. By the previous observations, we only need to check that ( 7 gv) € 7Z for
f,9 € R,,,-. But this is an immediate consequence of the fact that

1
EnTZEElUEmUEzCV

is a (finite) root system in V. In fact, since the lattice Ag is the co-root lattice of
the root system ¥ (see remark 2.5) and (Ag,a,) = 27Z, we immediately have that
(a, BY) € Z for all o, 3 € 2y, O

Remark 2.13. The (finite) root system ¥ and the affine root system R are reduced,
in the sense that for any o € 3 (respectively f € R),

RanNX¥ = +a, (Rf N R ==+f, respectively).

The (finite) root system X, and the affine root system R,, do not satisfy this
property, and are therefore called non-reduced. Observe that 3 is the set of unmul-
tiplyable roots in 3, (ie. ¥ = {a € X, |2a € X,,}). Similarly, R is the set of
unmultiplyable roots in R,,;.

3. STATEMENT OF THE MAIN THEOREMS

3.1. The fundamental action of W. Let z1,...,x, be n independent indeter-
minates and write

A=ClzE,. .. 2T

for the corresponding algebra of Laurent polynomials. We occasionally use the
notations p = p(z) = p(z1,...,x,) for a Laurent polynomial p € A.
Associated with the lattice element A = Y. A\je; € Ag (A\; € Z) we have the
monomial
= xi‘le‘Q - -x;\l".
The set of monomials {z* |\ € Ag} form a linear basis of A.
Let A C V be the lattice

1 N
A=No+ 525 C V. (3.1)

Observe that the lattice A C V is stable under the action of W C GLR(X//\'), and
that R,, C A.

We fix now a generic parameter ¢ € C\ {0}, and we write q% for its square root
with respect to the branch of /- which is positive on R~g. We now define

MEI = ¢t e A, A€ Ay, meZ.
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Lemma 3.1. The map w(z?) = 2% for w € W and A € Ay extends by linearity
to a well defined left action of W on A (so (ww’)p = w(w'p) for all w,w" € W and
allp € A). For any Laurent polynomial p € A, we have

(Sop)(x) :p(ql'l_l,l'g, B axn)a
(sip) () =p(T1, .y i1, Tip1, Ty Tty -« L), (i=1,....,n—1),

(snp) (z) = p(z1,..., Tn_1,2,").

Furthermore, the elements T(A) € W (A € Ag) act as g-difference operators:
T(A) (M) = ¢qMMat for all p € Ao.

Proof. We observe that w(A +mé) = wA+mé for allw € W, A € Ag and m € 3Z.
In particular, the endomorphism ¢,, € Endc(A) (w € W) defined by ¢, (z*) = 2%*
for all A € Ag actually satisfies ¢, (z#) = «** for all u € A. Hence for all A € Ay
and all w,w’ € W we have

¢w (st/(x)\)) _ d)w(xw’)\) _ xw(w'k) _ x(ww’))\ = bwuw (ZC)\),

i.e. Pudu = Puwr Tor all w,w’ € W. This proves the first statement of the lemma.

The remaining formulas are now direct consequences of the explicit formulas for
the action of W on A C V. In particular, for 7(e;), we have by (2.7) that 7(ey) =
5S¢, 50, 50 that 7(e)2? = ¢MUzr. Now by (2.9), this leads to 7(e;)2* = ¢Me)z?
for all j. O

Remark 3.2. Observe that the action of W on A which we defined in the previous
lemma, depends on the deformation parameter g. Since the action of the finite Weyl
group W on A is independent of the deformation parameter ¢, we may think of the
parameter g as an extra degree of freedom which is associated to the translation
part 7(Ag) of the affine Weyl group W.

Remark 3.3. Observe that W acts on A by algebra automorphisms. This implies
that the action of W uniquely extends to an action by automorphisms on the
quotient field @ of A. Here the quotient field Q@ consists of the rational functions
in the n indeterminates x1,...,x,.

3.2. Noumi’s difference-reflection operators. We call a complex valued func-
tion t = {t7|f € R,r} on Ry, a multiplicity function if t,,y = t; for all w € W
and all f € R,,,. By the W-orbit structure of R, (see lemma 2.9 and §2.3), we see
that t is completely determined by the five values

to :=tqy, ty == 1q,
L=ty :=tq, (ke {l,...,n—1} arbitrary), (3.2)
b = tag /2, ty = ta, j2-

On the other hand, it is obvious that any choice of parameters (to, t,,t,ty,ty) € C®
uniquely extends to a multiplicity function t = {t¢ | f € R,,}. We assume through-
out the lecture notes that the values ¢t (f € R,,) of the multiplicity function t are
generically complex.
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We define now rational functions ¢y = ¢f(-;t|g) € Q for f € R by
1—tptppal /)1 + tyt; ol /2
b0/ 1)(f ) if £/2 € Ry,
(1—a’) (3.3)
if f/2 & Ry

or (@) = (1- tfc:cf)
1-af)’
It is convenient to have a uniform formula for cy. For this purpose we extend the
multiplicity function t to a complex valued function on 1% by declaring ty := 1 if
fev \ Ry,r. Then we can formally write
(1 —tptyomf/?) (14 tpt; ,2f/?)

cr(z) = =) f/2 ) Vf €R. (3.4)

In order to give a completely rigorous meaning to the right hand side of (3.4) for
f € R with f/2 € R,,, one should consider it as element in the algebra Qz of
1

rational functions in z? (i = 1,...,n), where x? is the formal square root of the
indeterminate x; (which contains Q as a sub-field in a natural way).

As we shall see in §4 and §5, the rational functions ¢y (f € R) naturally appear
in the description of the algebra of symmetries associated with the Koornwinder
polynomials. This interpretation of the rational functions ¢y (f € R) will imply
various special identities in Q, some of which can also be easily verified directly.
We give here two examples of such identities.

Lemma 3.4. (i) For all f € R and w € W, we have wcy = .
(ii) For all f € R, we have cy +c_y = t?c +1in Q.

Proof. (i) This follows from the definition of the action of W on A (see lemma 3.1),
and from the fact that ¢ty = ¢, 5 for all f € R and w € W.

(ii) This follows by a direct computation, using that t; = t,,; = t_y for all
feR. O

For f € R, Noumi’s difference-reflection operator Ty = Ty (t|g) € Endc(Q) is
defined by

(Trp) (2) = typ(x) + t7 cp (@) ((s4p) (@) — pla)),  pEQ. (3.5)

We observe at this stage the following three elementary properties for the diffe-
rence-reflection operators T’.

Lemma 3.5. Let f € R.
(i) The restriction of Ty to A maps into A (i.e. Tf| 4 € Endc(A) ).
(ii) The difference-reflection operator Ty satisfies the quadratic relation

(Ty —t5)(Ty + ;1) =0.

In particular, Ty is invertible, with inverse Tf_1 =Tr—1ty+ t;l.
(iii) For allw € W and f € R, we have wTsw™" =T, in Endc(Q).

Proof. (i) Let f € R. We define a linear operator D; € Endc(Q) by

(Dfp)(x):]%z{))@’

In order to show that T4 € Endc(A), it suffices to prove that Ds|4 € Endc(A).

pEQ. (3.6)
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Fix an arbitrary A € Ag. Then sp(A) = A —m f with m = (X, f¥) € Z, hence
2 —sp(zt) =2 (1 - zfmf).

Dividing the right hand side by 1 — 2/ then shows that

S NN WP W0 Y if m=(\f")>0,
D) =40 it m=(\f")=0, (37
P I s (L) <0

In particular, Ds|4 € Endc(A), as desired.
(ii) This follows from a direct computation using lemma 3.4.
(iii) Use that t,f =ty and wspw ™ = s, for all w € W and f € R. O

Observe that the quadratic relations (Ty — t7)(Tf + t;l) =0 for f € R can
be seen as deformations of s7 = 1 for the reflection sy € W since T¢(1lq) = sy,
where 1 = {1;}ser,, is the multiplicity function identically equal to one. The
other crucial property of the difference-reflection operators to which we return to
at a later stage (see §4.4), is that T; := T,, (i = 0,...,n) satisfy the same braid
relations as the simple reflections s; (i = 0,...,n), see proposition 2.10. The

powerful implications of these relations for the T;’s will become apparent in §4 and
85.

3.3. Cherednik-Dunkl type Y-operators. The quadratic relations and braid

relations for Noumi’s difference reflection operators T; (i = 0,...,n) imply that
they behave in a similar way as the simple reflections s; (i =0,...,n).
For instance the simple reflections s; (i = 0,...,n) generate the affine Weyl

group W, which contains the large abelian sub-group 7(Ag) of translations over
the Z-lattice Ay generated by the standard basis {¢;}? ;. In a similar fashion,
the operators T; (i = 0,...,n) give rise to n algebraically independent, invertible,
pair-wise commuting operators Y; € Endc(A) (i = 1,...,n) in the following way.

For i =1,...,n, we can express the translation operator 7(¢;) in terms of simple
reflections s; (7 =0,...,n) by

T(€) = 8i Sp_1SpSn—1- - S$15051 " Si—1. (3.8)

We will see in §4 that this is in fact a reduced ezpression, which means that 7(e;)
cannot be written as a product of simple reflections s; (j = 0,...,n) in less than
2n terms.
The Cherednik-Dunkl type Y-operator Y; (i = 1,...,n) is now defined in terms
of difference-reflection operators T; (j =0,...,n) by the expression
Y, =T TnaTnToor - TToTy Ty T (3.9)

(observe the close resemblance with the reduced expression for 7(e;) as given in
(3.8)!). The result to which we were already referring to, is the following theorem.

Theorem 3.6. The operators Y; € Endc(A) (i =1,...,n) pair-wise commute.
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3.4. Non-symmetric Koornwinder polynomials. The non-symmetric Koorn-
winder polynomials can be defined as the common eigenfunctions of the commuting
Cherednik-Dunkl Y-operators Y; (i = 1,...,n) in the following way. Let . (re-
spectively Zf) be the positive roots in ¥ of squared length 2 (respectively 4). For
any A € Ag, we define p,,,(A\), p1(N) € Ag by

pPm(A) = Z sgn((\, a))a, (N = Z sgn((A, «))a, (3.10)

a€Sh aes;t

where sgn : Z — {£1} maps a positive integer to 1 and a strictly negative integer
to —1. Let yx = ya(t]g) € C™ (A € Ag) be the vector with ith coordinate given by

Yag = (totn)(PL()\),Ei)t(p,,n(/\),ei)q()\,ei)’ i = ]_7 . (311)

Theorem 3.7. There exists a unique basis {Px = Px(:;t|lq) |\ € Ao} of A for
which the basis element Py (A € Ag) satisfies the following two properties:
— YiPx=7; P\ foralli=1,...,n.
— The coefficient of the monomial z* in the expansion of Py as linear combi-
nation of monomials = (u € No), is equal to one.

Definition 3.8. The Laurent polynomial Py = Px(-;t|q) is called the monic, non-
symmetric Koornwinder polynomial of degree A € Ag.

Remark 3.9. The Koornwinder polynomial Py is a deformation of the monomial *
(A € Ap). Indeed, recall that for the multiplicity function t = 1 identically equal
to one, we have T;(1|q) = s; for i =0,...,n, and hence Y; = 7(¢;) for i = 1,...,n.
Furthermore, v ;(1]g) = ¢*). By lemma 3.1, we conclude that Py(x;1|q) = 2
for all A € Ag.

3.5. Duality. We associate a dual multiplicity function t to the multiplicity func-
tion t by interchanging the value of t at the W-orbit Wao with its value at the
We-orbit Wa,,. In other words, t is the unique multiplicity function such that

to=tY, ty =ty, t=t, tY = to, tn = tn. (3.12)
We use the short-hand notation z) = 7 (t|g) € C" (A € Ag) for the spectrum of
the Y-operators with respect to dual parameters. Since Py(-;t|q) depends mero-
morphically on the parameters t, and Py(vo(1|q)~1;1|q) # 0 in view of remark 3.9,
we see that Py(zy ') = Py(zy';t|q) # 0 for generic parameters t. This justifies the
following definition.

Definition 3.10. Let A € Ag. The renormalized non-symmetric Koornwinder
polynomial E(vx;-) = E(ya; -5t q) € A of degree X is defined by

Py (z)

E(yx;z) = m~ (3.13)

In other words, E(vy;-) is the constant multiple of the monic, non-symmetric
Koornwinder polynomial Py(-) which takes the value one at 2 = x5 .

We use the short-hand notation E(zy;-) for the renormalized non-symmetric
Koornwinder polynomial E(’yA (tlq); 5t q) = E(I)\; -+t| ¢) with respect to dual pa-
rameters.

The renormalized non-symmetric Koornwinder polynomials satisfy the following

crucial symmetry property.



LECTURE NOTES ON KOORNWINDER POLYNOMIALS 15

Theorem 3.11 (Duality). The renormalized non-symmetric Koornwinder polyno-
mials satisfy

E('yk;x;l) :E(xu;’y/\_l), YA, 1 € Ag.

As we shall see in §6, the duality for non-symmetric Koornwinder polynomials
stems from an important algebraic property of the so-called double affine Hecke
algebra 'H, which is the sub-algebra of End¢(A) generated by Noumi’s difference-
reflection operators T} (j = 0,...,n) and A itself, considered as multiplication op-
erators in Endc(A). The relevant algebraic property is encoded by an isomorphism
of H to the double affine Hecke algebra H with respect to dual parameters which
interchanges the Y-operators with the multiplication operators A C Endc(A).

3.6. Bi-orthogonality relations. The bi-orthogonality relations for the non-sym-
metric Koornwinder polynomials are defined with respect to an explicit complex
valued weight function A(:) = A(+;t| ¢) on a compact n-torus. This weight function
can be naturally expressed in terms of an infinite product of the coefficients cy
occurring in Noumi’s difference-reflection operators Ty (f € R). In order to ensure
convergence of this infinite product, we need to restrict our attention to the case
that the deformation parameter ¢ has modulus strictly less than one. The weight
function A(-) = A(+;t| ¢) is then defined as

Alr) = Alestlg) = []

fERT

1
—cf(x; g (3.14)

Using the fact that
R*=%"U{feR[f(0)>0}={f € R[f(0)=0}\2,
we can decompose the weight function A(:) accordingly as
Ax) = C(z)Ay (), (3.15)
where the function C(z) = C(z; t|q) and Ay (x) = A4 (z;t|g) are given by
Clz) = H Col(x), Ay (z) = H ﬁ (3.16)
aEY— fER: f(0)>0 Y

The upshot of this decomposition of A(z) is that the factor Ay (x) is W-invariant
in a natural way. To be more precise, if we extend the action of W on Q (see lemma
3.1) to an action on sufficiently nice functions h in the n variables z1, ..., z, by the
formulas

(soh)(x) = h(gz1 " 22, ..., x0),
(Szh)(l') :h’(gjlw"7Ii—1axi+1axiaxi+2a"'7xn)7 i:17"'5n71a (317)
(sph)(2) = h(w1,. .. 20 1,20,
then it follows from the W-invariance of the set {f € R| f(0) > 0} and from lemma
3.4(i) that the weight Ay is invariant under the action of W.
To get a better understanding of the explicit form of A(z) and A (), and to

convince ourselves that they are well defined, we rewrite A4 (z) now in terms of
g-shifted factorials, which are defined by

(a;q)k:(1_a)(1_GQ)"'(1_aqk_l), ke Zy U{oc},

where we use the convention that empty products are equal to one. Observe here
that the infinite product (a; q)oo =12 (1 —aq") is well defined by the assumption
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that |¢| < 1. We also use the following short-hand notations for product of g-shifted
factorials:
(a1, ... ar;q), = (a159), (a2;q), -~ (ar; @), Kk € Zy U{o0}.

Furthermore, it will be convenient to use the following reparametrization of the
multiplicity function t,

{a,b,e,d} = {totya"/?, —toty ~ "%, tuty), —tut; '}, (3.18)
which allows us to rewrite the coefficient ¢y of Noumi’s difference-reflection operator
T¢ (f € R) in the following explicit way:

(1 _ axa/qu)(l _ bIa/qu)
(1 _xaq2m+1) ?

if f=a+ 2m+1)d € Wa,,

) (1= tag™) e
Cf(x)— W’ lff—a+m5€wak,
1— /2. m 1—d a/2, . m
( cz?7q")( T d )7 if f=a+2mé € Wa,,
(1 7:Eo¢q2m)
(3.19)
where k € {1,...,n—1} is arbitrary, m € Z and « € ¥ (to be more precise: o € ¥,

in case that f € Wag and f € Wa,,, and a € ¥, in case that f € Way).

Lemma 3.12. The W-invariant part Ay (x) of the function A(x) can be rewritten
as

n x2 x;%
A =] (et S 1)

= -1 -1 -1
(axi,amil,bxi,bxi ,CTi,cx; , dx;, d; ;q)

=1 0o
-1 -1 -1,.—1.
(,Til'j7.’)3i$(,'- sy Xy Ty, Xy T ,q)
X J J 0
II 20 420 L 42— 42 —1 . —1, :
1<i<j<n (t Tixj,t T Jtrry Txg, ttr z; ,q)oo

Proof. By (3.19) and by the explicit W-orbit structure of R, see lemma 2.9, we
have for arbitrary k € {1,...,n — 1}

I (. 1—1 (¢27, 2% ¢%)

-1 ; -1, -1.
fEWa0: £(0)>0 cf (@) i=1 (axiv‘mi sy, b aLI)OO

-1 -1 1 -1,
H 1 H (.inl‘j,l‘ixj YTy Ty Ty X ,q)oo

20 420 oL 32,71 42 =11,
(t Tixj,t Ty sty Txg, ttr z; ,q)oo

b

fewan: @20 T 1<idien
(23,27% %)

cr(x) Py (cmi7cx;1,dx;1,dx;1;q)

—
I
=

fEWa,: f(0)>0 oo

The lemma now follows from the obvious identity (y; q2)oo (qy; q2)oo = (y; q)oo for
g-shifted factorials. O
Remark 3.13. The function

(v v %4q)
ay,ay=t, by, by, cy, cy=t, dy, dy=1;q)

which occurs as a factor of the W-invariant weight function A (z) for every co-
ordinate y = z; (i = 1,...,n) is exactly the weight function of the one variable
Askey-Wilson polynomials. In particular, it is the ¢-dependent factor of Ay (x)
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which provides the non-trivial multivariable extension of the one variable Askey-
Wilson weight function (for ¢ = 1, we are simply left with the coordinate-wise
product of the Askey-Wilson weight function).

In order to keep the exposition as simple as possible, we now assume that all
parameters a, b, ¢, d and t have moduli less than one. More flexible conditions can
be allowed here, which causes though additional technical complications. Under
these conditions on the parameters, we can check without difficulty that Ay (z)
and A(z) depend analytically on x € T™, where T = {y € C||y| = 1} is the unit
circle in the complex plane.

We can thus define a bilinear form (-,-) = (-, )¢, on A by

(p1,p2) = ﬁ//m(x)]?z(x_l)A(ﬂ«")d%? p1,p2 €A, (3.20)

IE’E’!L
where 271 = (z7,... 2 h), & = % e ”%j and T is positively oriented.
In the following theorem we use the short-hand notation
E’(v;l; ) = E(v;l; St q_l)7 A€ Ay (3.21)

for the renormalized non-symmetric Koornwinder polynomials with respect to in-
verse parameters, where t=! = {t}?1 | f € Ry} (observe that (3.21) makes sense

since A (t 71 g7!) =75 ' for all X € Ay).
Theorem 3.14 (Bi-orthogonality). For A, u € Ay with X\ # p, we have
(E(yx;), E'(7,,55)) = 0.

The main ingredient of the proof is to show that the Y-operators are (in a suit-
able sense) self-adjoint with respect to the bilinear form (-, ). The bi-orthogonality
relations follow then from the fact that the non-symmetric Koornwinder polyno-
mials diagonalize the Y-operators, and that the spectrum of the Y-operators is
simple.

3.7. Diagonal terms. In view of the bi-orthogonality relations for the non-sym-
metric Koornwinder polynomials (see theorem 3.14), it is natural to study the
diagonal terms (E(vy;-), E'(vy ;) for all X\ € Ag. These diagonal terms can be
expressed in terms of multiple residues of the weight function A(-) in the following
way.

Recall that the lattice Ag can be interpreted as the weight lattice of the root
system X, see remark 2.5. From this interpretation of the lattice Ag, we can define
the cone AJ of dominant weight by

Ay ={reN|(NaY)eZy Yo € ¥} (3.22)

The cone A exactly corresponds with the partitions of length < n, i.e.
n
AJZ{Z)\Z‘Q‘ EAo‘)\l > Ay > 2)\7120}
i=1
Since W ~ S, x (£1)™ via the restriction of the canonical action of W on V (see
the proof of lemma 2.2), we have that the W-orbit of any A € Ay intersects the
cone of dominant weights AJ in exactly one element A\* € AJ:

A NWA={\T}, A € Ag. (3.23)
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This fact holds true for general finite root systems, see [14, Thm. 1.12]. The
element v, € C™ (see (3.11)) of the spectrum of the Y-operators simplify for A € A&
dominant since then sgn((A,«)) = 1 for all @ € £F. In particular, p,,(A) and p; ()
respectively are equal to p,, and p; for all dominant weights A € ASL, where p,,, and
p1 are given by

n

pm =2 (n—i)e, p=) 6 (3.24)
=1

i=1
‘We obtain
Y = (tot 2V ot 2Dt L ot g™, AeAf, (3.25)
where we write \; = ()\, ei) € Zy foralli =1,...,n. Going over to dual parameters,
we get
zy = (>N 1, 2D g, e A (3.26)

We can now define the multiple residue w (x5 ') = wy (x5t ¢) for X € AJ by

A
wi (o5 = R( Res | ( Res (ﬂ))) (3:27)

where z ; is the ith coordinate of z € (C\ {0})”

Lemma 3.15. The discrete weights wi(zy') (A € A{) are non-zero for generic
values of the multiplicity function t.

Proof. We fix \ € Aar. Recall that this implies that the coefficients \; € Z of

A satisfy Ay > Ay > .-+ > A, > 0. We define now n distinct positive roots
fl,...,fn S Rt by
fi=a; + ()\z — >\i+1)6 (’L =1,...,n— 1), fn = an + 2X,0. (328)

The new variables

Yi = xfi = iniAH—lxixz‘_jl (7' = 1a cee, = 1)7 Yn = xfn/Q = (1)\"1‘n
generate the Laurent algebra A, i.e. A = C[yfﬂ, ..,yF]. We translate now the
definition of w, (z}') in terms of these new variables y = (y1,...,y,). Observe

that the residue point x = x;l corresponds with
272 72 e e (C\ o))"

in the y-coordinates under the above change of variables. Combined with the
definition of ¢y (see (3.3)), we see that c;(zy') =0 for f € R* iff f = f; for some
i=1,...,n. Furthermore,

(1 —t2y,) — oy i — n—
T i (yi) (i=1,..., 1),

(1= tatyyn) (1 +taty yn)
Cfn (z) = (1 — yg) =: ¢n(Yn),

cr(x) =
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so that c;(y;) has a simple zero at y; = t=2 for i = 1,...,n — 1 and ¢, (y,) has a
simple zero at y,, =ty ~'t, 1. Hence

- 1
Res Res .-+ Res - ... —
wi=y} (za—m ( o=y, (1:[1 Cfi (@m) ) )

1 n—1 1
= Res <—) Res ( ) =
va=ty) 1t \Cn(Un)yn ) - vi=t=2 \ (i)

(t'r\i_2t;2_1) — n—
~ ey U

so that w (') can be written as

t\/—2t—2 -1
w(yh) = ("1#(” -0t I e (329)
( +in ) FER>0\{f1,--sfn}

where R>o = {f € R|f(0) > 0}. In particular, w, (') is non-zero for generic
values of the multiplicity function t. O

We have dealt now with the multiple residue of the W-invariant part Ay (z) of
A(z) at the residue point x = x;l for A € AJ. We use this to define the multiple
residue w(zy ') = w(zy ';t|q) of A(z) at # = 2, ' (A € Ag) by

w(zy') = C(zy Hwy(z3l), A € Ao. (3.30)

This formula should be compared with the analogous decomposition (3.15) of the
complex weight function A(x) into its W-invariant part A (z) and the correction
term C(z). Observe that w(zy') is non-zero by the previous lemma, since C(z) is
regular and non-zero at x = x;l for generic values of the multiplicity function t.

Let w(vy') = w(v; ';t|q) be the discrete weight (3.30) with respect to the
dual multiplicity function t. The diagonal terms (E(vy;-), E/('ygl; -)) can now be
expressed in the following way.

Theorem 3.16 (Diagonal terms). For all A € Ay, we have

(E(va;), E'(59) @y )

(1,1) ()

There are two essentially different ways to proceed with the proof of this theorem.
The first way is by relating the diagonal terms to the quadratic norms of the
symmetric Koornwinder polynomials (see the next subsection for the definition of
the symmetric Koornwinder polynomials), and then using so-called shift operators
to shift the parameters to the trivial case t = 1. This approach has the advantage
that it also leads to an evaluation of (1,1) (which is essentially Gustafson’s [13]
multivariable g-analogue of the beta-integral). This method does not lead though
to the expression of the diagonal terms in terms of residues of the weight function
in a natural way.

The second method, which we follow in these lecture notes, makes use of the
double affine Hecke algebra H and the duality of the non-symmetric Koornwinder
polynomials. The proof is based on the following observation. Let A € Ay and
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p € A. Then the Laurent polynomial p(z)E’(y,;27!) € A can again be written
as linear combination of the non-symmetric Koornwinder polynomials:

p)E'(vy a7 ) = dy(wE (v, s27h),  dy(w) € C.

The upshot of duality is that multiplication of E/(v; ';27!) by p(z) can be rewritten
in terms of a linear operator acting on the spectral parameter 'y;l of the Koorn-
winder polynomial. In particular, the coefficients d?](u) can be realized as coef-
ficients of explicit difference-reflection operators acting on functions with support
on the discrete spectrum {v, Y € Ao}, which make them computable in certain
specific cases. We will show that this line of argument naturally leads to the explicit
expressions

~ 1
dA ;e (O) = 1:’;)(’}/0_ )7 A€ AO)
E(vx50) w(,y)\l)

which is equivalent to the expression of the diagonal term (E(yx;-), E'(vy ') as
given in theorem 3.16.

3.8. Symmetric Koornwinder polynomials. We now discuss the symmetric
Koornwinder polynomials, which satisfy orthogonality relations with respect to the
symmetric part Ay (x) of the weight function A(z). We emphasize in this prelimi-
nary introduction the close connections with the non-symmetric theory, as well as
with the classical orthogonal polynomial theory (as discussed in the introduction
of these lecture notes).

Let A" be the subalgebra of A consisting of Laurent polynomials p € A satisfy-
ing wp = p for all w € W. In view of (3.23), we have a linear basis m(z) (A € AJ)
of AW, where m,, is the orbit sum defined by

m(z) = Z x, AeAS.
nEWX
For any A € Ag, say A = >, A\ie; with \; € Z, we set
v = 3/'1)\1}/'2)\2 . er\n

which is well defined since the Y-operators Y; (i = 1,...,n) pair-wise commute and
are invertible. We can extend this construction linearly, by setting

p(Y) =) dyY?, (p(x) =D drz* € A).
A A

Theorem 3.17. For any p € AW, we have that p(Y)| 4w € Endc(AWY). Further-
more, for generic values of the multiplicity function t, there exists a unique basis
{pP} = P;'(~;t| q) | A € A} of AW satisfying the two properties
— p(Y)P{ = p(v2) Py for allp € AV,
— The coefficient of my in the expansion of Pj as linear combination of orbit
sums my, (u € AF), is equal to one.

Definition 3.18. The W -invariant Laurent polynomial Py (A € AZ) is called the
monic (symmetric) Koornwinder polynomial of degree A.

Any p(Y) with p € A can be realized as a difference-reflection operator with
rational coefficients, i.e. p(Y') is a finite O-linear combination of operators 7(\)w
with A € Ag and w € W. Restricted to A", we thus see that p(Y)| 4w can be
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realized as a g-difference operator with coefficients in the field Q. In particular,
{p(Y)|aw |p € AW} is a commutative sub-algebra of Endc(A") consisting of ¢-
difference operators with coefficients in @, which is diagonalized by the symmetric
Koornwinder polynomials.

As an example, we give in the following theorem the explicit form of the g¢-
difference operator

L:= (m61 (Y) — Mg,y (’YO>) |.AW'
The term m,, (7o) is added so that L(1) = 0, where 1 € A" is the Laurent polyno-

mial identically equal to one (indeed, observe that Y;(1) =~ for ¢ = 1,...,n by
(3.9) and (3.25) since T;(1) =t; for all j =0,...,n).

Theorem 3.19. The g-difference operator L is explicitly given by
L= §:¢] 7(e)) = 1)+ (e )(r(~¢) — 1)),

with the rational coeﬁciczem‘ ¢j(z) given by
b;(x) =tg it 1420 (1 —az;)(1 = bx;)(1 — cx;)(1 — da)
' (=) (1 —qz))
xH l_t i) 1—t_$1i Ij)_
—zz)(1 — z; x5)

i#]

Remark 3.20. In remark 3.13 we saw that the explicit form of the weight function
A, (x) indicated a connection with the theory of one-variable Askey-Wilson poly-
nomials. The same is the case for the g-difference operator L: for n = 1 (which
we have excluded, but can in fact be treated in a similar fashion) it reduces to a
multiple of the Askey-Wilson second order g¢-difference operator

(I —ay)(d —by )1 —cy)(L —dy) ..
6;1 (1 —y2)(1 — qy2) (Ty; = 1),

for which the Askey-Wilson polynomials are joint eigenfunctions (here (T;p)(y) =
p(¢fy) are the multiplicative ¢°-shift in the one variable y). In particular, the
symmetric Koornwinder polynomials form a multivariable generalization of the one-
variable Askey-Wilson polynomials, with one extra degree of freedom ¢.

We can renormalize the symmetric Koornwinder polynomials now in a similar
manner as their non-symmetric counterparts. Following the same reasoning as
in remark 3.9, we see that Py (2;1|q) = my(z) for all A € AJ. In particular,
P (v0(1]g);1|q) # 0. Since P;' depends meromorphically on the multiplicity
function t, we thus see that Py (z¢) = Py (z0;t|q) # 0 for generic values of the
multiplicity function t.

Definition 3.21. The renormalized symmetric Koornwinder polynomial E™(vy;-)
= E*(7x;+;t| q) of degree A € Al is defined by
Py (x)

, Ae Al
P+(Z‘0) 0

E* () =

In other words, E*(vy; ) is the constant multiple of the symmetric Koornwinder

polynomial Py (z) which takes the value one at z = z*.
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Let ET(xx;-) = Et(xx;;t/q) for A\ € AT be the renormalized Koornwinder
polynomial of degree A with respect to dual parameters. The duality of the non-
symmetric Koornwinder polynomials has the following counterpart for symmetric
Koornwinder polynomials.

Theorem 3.22. For all A\, € A{, we have
E+(’}/)\;I“) :E+(x,u;7/\)'

The second order g-difference equation which is satisfied by the symmetric Koorn-
winder polynomials (see theorem 3.17 and theorem 3.19) can be converted into a
recurrence relation for the symmetric Koornwinder polynomials using duality. For-
mulated in terms of the symmetric Koornwinder polynomials with dual parameters,
this can be stated as follows.

Corollary 3.23. The symmetric Koornwinder polynomials E*(xy;-) (A € AY)
satisfy the recurrence relation
> (6@ (B (@rress) = EH(ani) + dy(ay ) (EF (wrees) = BH(anio)) ) =

= (mel(') - mq(%))EJ’(l‘A; )

for all X € AJ, where the contribution of the term (/)j(a:fl)(ﬁ“‘(x)\iej ) —ET (xa; )
in the left hand side is taken to be zero if At e; & AS‘.

Proof. Let A € AJ. We will rewrite the eigenvalue equation

(LET (yu1)) (@2) = (me, (vu) = me, (00)) B (yui22), p € Ag (3.31)

(see theorem 3.17) using theorem 3.19 and the duality of the symmetric Koorn-
winder polynomials. It follows from the explicit form (3.26) of x that A+ ¢; & Al
implies ¢, (l’;\tl) = 0. On the other hand, if A £¢; € AJ, then

(T(£6)ET (7)) (@2) = BN (3 2axe,) = BT (@rte;170)

by the duality of the symmetric Koornwinder polynomials. So substitution of the
explicit expression of L in (3.31) as given in theorem 3.19 combined with the above
remarks and duality, imply the desired recurrence relation when both sides are
evaluated at v, for arbitrary p € Ag‘. Since both sides of the desired identity are
in AW, we conclude that the identity must also be true in A" . a

Remark 3.24. In the one variable case, corollary 3.23 gives the three term recurrence
relation for the Askey-Wilson polynomials.

For the orthogonality relations of the symmetric Koornwinder polynomials, we
define the bilinear form (-, >+ = (-, )+.t,q by

(P1,p2)+ 27” //Pl x)pa(x A+() ) p1,p2 € A,

zeTn

see (3.16) for the definition of Ay (z).
The orthogonality relations and diagonal terms for the symmetric Koornwinder
polynomials are now given as follows.
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Theorem 3.25. For all A\, u € A we have

(B ) EX i)+ _ 5 @+()
(L, 1)+ Py

where 9y, s the Kronecker delta.

Remark 3.26. Observe that the eigenvalue me, (va) — me, (70) of the symmetric
Koornwinder polynomial ET(vy;-) with respect to the second order g-difference
operator L (A € A{) are pair-wise different. Hence E¥(7y;-) is, up to a constant,
the unique W-invariant Laurent polynomial which is an eigenfunction of L with
eigenvalue me, (ya) — me, (70). From the explicit form of L, see theorem 3.19, we
then easily derive that

EJF(%\;ac;t|q):EJF(’)/Xl;nc;t_Hq_l)7 )\EAJ.

This fact already indicates that the bi-orthogonality relations for the non-symmetric
Koornwinder polynomials (see theorem 3.14) become orthogonality relations for the
symmetric Koornwinder polynomials.

The advantage of working with (-, )4 is that the weight function A, (z) is posi-
tive on T™ when the parameters g, t are furthermore assumed to be real (in contrast
with A(z)). In particular, the orthogonality relations for the symmetric Koorn-
winder polynomials are then formulated with respect to a positive orthogonality
measure, and hence we can really speak of multivariable orthogonal polynomials in
the sense of “classical” orthogonal polynomial theory.

We will see in §8.4, that the restriction of the bilinear form (-,-) to the sub-
space AW coincides with (-,-). up to a constant multiple. This is caused by the
fact that the correction term C(z) of A(x) with respect to its W-invariant part
A (z) symmetrizes to a constant, i.e. Y, - (wC)(z) lies in the base field C of
Q. The fact that C symmetrizes to a constant is a consequence of an identity of
Macdonald, who introduced it as a generalization of the Poincaré series of the Weyl
group W. This fact is crucial for establishing the precise connections between the
symmetric and the non-symmetric theory. In particular, it leads to the following
explicit expansion of the symmetric Koornwinder polynomial as linear combination
of the non-symmetric Koornwinder polynomials.

Theorem 3.27. We have

ET(maiz)=Clyp )™ Y. CORHEMma),  A€A
pnEWX

where C(x) = C(xz; t|q).

4. THE AFFINE HECKE ALGEBRA AND NOUMI'S REPRESENTATION

We discuss the affine Hecke algebra of type C~‘n, which turns out to describe the
algebra of symmetries for the Koornwinder polynomials. For this we need to recall
some basic results from the theory of Coxeter groups and Hecke algebras, for which
we give precise references to the literature (we refer to Humphreys’ book [14] as
much as possible).
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4.1. The length function. In this subsection we recall some of the basic proper-
ties of the length function [ : W — C on the affine Weyl group W, which is defined
by

l(w)=#R " Nw™'R7), weW. (4.1)

We start by recalling the following two well known facts, which are valid for an
arbitrary Coxeter group.

Proposition 4.1. (i) The length l(w) of w € W is equal to the minimal possible
length of an expression w = s;,8;, -+ S;, of w as a product of simple reflections
(such an expression is called a reduced expression of w).

(ii) Forw € W in the finite Weyl group W, there exists a reduced expression w =
Siy ++ 8i, with all indices ij in {1,...,n}. In particular, l(w) = #(ST Nw™1E7)
for w € W (so the length function of W, restricted to the finite Weyl group W,
coincides with the length function of W).

Proof. For (i), see for instance [14, §5.6]. For (ii) one observes that W C W is
a parabolic sub-group, which means that W is a sub-group of W generated by
a subset I of the simple reflections s; (i = 0,...,n). In our present setting we
have I = {1,...,n}. For the compatibility of the length functions with respect to
parabolic sub-groups one can for instance consult [14, thm. 5.5]. O

The length of an affine Weyl group element w € W can be explicitly computed
in the following manner.

Proposition 4.2. For A € Ay and w € W, we have

Z(T()\)'LU) = Z | - ()‘awa) + X(U)Ot)|,

aext
where x(a) =1 ifa € X™ and =0 ifa € 7.

Proof. We use that R* = X* U {f € R| f(0) = 0}, that [(u) = #(R~ NuR*) for
all u € W, and that

(T(Nw) (e + kd) = wa + (k + (A, wa))d, a€eX kel (4.2)

for all w € W and A € Ag. We distinguish now between four cases, while making
use of (4.2): If « € ¥T and (A, wa) <0, then

#{k € Zy | (t(Nw) (o + ké) € R™} = x(wa) — (A, wa).
If o € % and (A, wa) > 0, then
#HkeZy|(t(N)w)(a+kd) e R} =0.
If o € ¥~ and (/\,wa) < 0, then
#{k € Zy | (t(Nw)(a+ (k+1)8) € R} =1— x(—wa) — (A, wa) — 1
= —x(w(-a)) + (A, w(~a)).
If « € ¥~ and (/\,woz) > 0, then
#keZi|(t(Nw)(a+(k+1)0) e R} =0.
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Now adding these contributions, we obtain
lr(Nw) = #{f € R* [ (t(\w)(f) € R™}
- Z | — (A, wa) + x(wa)],

aeXt
as desired. 0

The following corollary of this length identity will play a crucial role in estab-
lishing the commutativity of the Y-operators Yi,...,Y,, see (3.9).

Corollary 4.3. We have
TN+ ) = Ur(N)7 () = Ur(N) + UT(R), YA p€Aq.
Proof. Recall that A € Ag is a dominant weight iff ()\, a) > 0 for all & € ¥T. Hence

the previous proposition shows that I(T(X)) = 3 st (A, @) for all A € A, which
immediately implies the desired result. O

Finally, we give here another consequence of proposition 4.2 which is needed in
§4.3.

Corollary 4.4. For allw € W and A € A, we have l[(T(A\)w) = I(T(\)) + (w).

Proof. We fix w € W and A € AJ. Observe that if y(wa) = 1 for @ € £+, then
(A, wa) <0, and if x(wa) = 0 for a € £, then (A, wa) > 0. Hence proposition
4.1(ii) and proposition 4.2 yield

IrNw) = Y (1-(wa)+ DY (Awa)

acXtnw—1¥- aextnuw-1E+
=I(w) + Z [(w™'\ a)| = l(w) + {(T(w™'N)).
aext

So it remains to prove that I(r(wp)) = I(7(p)) for any p € Ag and w € W. Tt
suffices to take w = s; (i = 1,...,n) a simple reflection. Then s; permutes the set
¥+ \ {a;} and maps a; to —a; € ¥~. Hence

W) = Y. o)l +[(msia)l = > (1 a)| =1Ur(w),

aeXt\{a;} aext
as desired. O

4.2. The affine Hecke algebra of type én The Hecke algebra of type C~'n is a
deformation of the group algebra C[W] of the affine Weyl group W. As a vector
space over C, the group algebra C[W)] has the affine Weyl group elements as a
linear basis, and the multiplication is defined by extending the group multiplication
linearly. By the presentation of the affine Weyl group W in terms of the involutions
s; (1=0,...,n), see proposition 2.10, we see that C[)V] is isomorphic to the unital
algebra over C generated by V; (i = 0,...,n) satisfying V> =1 (i = 0,...,n)
and satisfying the same braid relations as the simple reflections s; (see proposition
2.10).

Let now t = {t;| f € Ry} be a multiplicity function of R,,. Its restriction to
the reduced root system R is denoted by tgr, so tr = {t;| f € R}. It is isomorphic

to a (generic) element in (C\ {O})3, since tg is completely determined by its values
to = tag, t = tp = ta, (k € {1,...,n — 1} arbitrary), and ¢, = t,,. The Hecke
algebra H is now defined as the following deformation of the group algebra C[W].
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Definition 4.5. The affine Hecke algebra H = H(W;tRr) of type C,, is the unital
algebra over C generated by Vy, ..., V, and satisfying the quadratic relations

(Vi—t)(Vi+t7) =0, i=0,....m,

and the CN'n—bmid relations
ViVig1ViVigr = Vi ViVia Vi, i=0,n-1,
Vvi‘/;i-‘rl‘/;l:‘/i-&-lvg‘/i-‘rh i:17"'7n_25
ViV = V;Vi, i —j[ > 1.
Observe that the quadratic relation for V; implies that Vj; is invertible in H, with
inverse given by V,; ' =V; —t; +¢; L.
An important property of the affine Hecke algebra H is the existence of a canon-

ical basis {V,, |w € W} of H, in analogy with the canonical basis W of the group
algebra C[W]. It is constructed as follows.

Proposition 4.6. Let w € W, and let w = s;,5;, ...5;, be a reduced expression.
Then

Vw:‘/ll‘/;z‘/;, EH

is well defined (i.e. independent of the choice of reduced expression w = $;,8;, **+ S;
forweW).

r

Proof. This is known as Iwahori-Matsumoto’s theorem: for any set of elements
(ag, .- .,ay) in an algebra A which satisfy the C,,-braid relations, we have that

Aoy 1= Qg Ajy * ** Ay, € A

is independent of the choice of reduced expression w = s;,8i,---8;, of w € W.
Intuitively, two reduced expressions for the same affine Weyl group element w € W
can be obtained from each-other by using the braid relations only (and not the
quadratic relations s? = 1). For a proof, see for instance [24, Thm. 2]. O

Theorem 4.7. The elements Vi, (w € W) form a C-linear basis of H.
Proof. See for instance [14, Chapter 7). O

4.3. The commutative sub-algebra Az of H. We are now in a position to
generalize the structure W = W x 7(Ag) of W as a semi-direct product of the finite
Weyl group W and the abelian sub-group 7(Ag) to the level of the affine Hecke
algebra H.

Let ty = {to | € X} be the restriction of the multiplicity function tg to the
finite root system 3 C R. Then ty is a multiplicity function of 3, in the sense that
it is constant on W-orbits in ¥. In particular, tx is uniquely determined by its two
values (t,tn) = (tay,ta,) (k € {1,...,n — 1} arbitrary).

Since the Weyl group W is the sub-group of W generated by the simple reflections
s;i (i=1,...,n), we define Hy = Hy(XZ;tx) C H(W;tr) = H to be the unital sub-
algebra generated by V; (i = 1,...,n). It follows from theorem 4.7 that Hy is finite
dimensional with linear basis {V,, |w € W}, and that Hy (as algebra) only depends
on the values of the multiplicity function tr at ¥ (i.e. on ty).

Next we define the analogue of the commutative sub-group 7(Ag) in H. We
write

Z* =V, € H, AeEAT.
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Lemma 4.8. For all A\, € A(J{, we have
2270 = 7N = Zr 7
in H. Furthermore, Z° =1 € H is the identity element.

Proof. If w,w’ € W are two elements such that l[(ww’) = l(w) + {(w’), then Vi, =
Vi Vi . Indeed, this follows from the definition of the basis elements V,, (u € W) and
the observation that ww’ = s;, --- s, sj, - - s, is a reduced expression of ww’ € W
ifw=s;---s;, and w' = sj, ---s;, are reduced expressions of w and w’ in W,
respectively.

Now apply this observation to w = 7(u), w' = 7(\) with \,u € A, using
corollary 4.3 and the fact that the translation operators 7(\) and 7(x) commute in
W. O

For A € Ag, we define
A A VA A=pu—veEANy, prelf.

This is independent of the decomposition of A = p — v as a difference of two
dominant weights p,v € A(J{ by the previous lemma. Indeed, if A = p/ — v/ is
another such decomposition, then u+ v’ =y +v € A(J{, hence by the previous
lemma

T t

ZM(ZV)—I _ Zu+y/(Zu+V')—1 _ ZM/+V(ZU+V/)—1 — ZM/(ZV/)_l.

Observe that Z*Z# = Z A = ZH+X now holds for all A\, . € Ag. We write Ay C H
for the commutative sub-algebra generated by the Z* (A € Ag). For any p € A,
say p = Y., daz?, we set p(Z) = 3, dyZ*. Furthermore, we write Z; = Z¢ for
1=1,...,n. Observe that Zl-jEl (i=1,...,n) generate Az as an algebra.

The following step is to describe the commutation relations between the Z-
operators and the elements of the finite Hecke algebra Hy. We start with the
following observation.

Lemma 4.9. Let A € Ag and i € {1,...,n}.
i) If (/\,al-) =0, then V;Z*» = Z V; in H.
(if) If (N, a;) = 1, then Z* =V, Z%*V; in H.

Proof. (i) Observe that

AO = éZu}j, Aar = éZerj
j=1 j=1

with w; the fundamental weight
Wj:€1+€2+"'+6j, jil,...,’n

(or equivalently: w; is the unique element in A( satisfying (wj,aiv ) = 0;,; for all
i=1,...,n). The weights A € Aq (respectively dominant weights A\ € AJ) which
are orthogonal to a; are then given by the Z-span (respectively Z.-span) of w;
(j # ). In particular, if (X, a;) = 0, then there exist pu1, uo € A with A = pq — o
and (uj,a;) =0 for j = 1,2, and Z* = Zm(ZH2)~ 1,

So it suffices to prove (i) for A € AJ orthogonal to a;. We then have s;A = A, so
that s;7(A) = 7(N\)s;, and I(s;7(N)) = 1(7(N)s;) = U(7(\)) + 1 by corollary 4.4. We
conclude that

ViZz* =ViVein) = Vairoy = Veonss = Voo Vi = 27V,
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as desired.

(ii) If ()\,ai) =1, then we can write A = y — v with p,v € AJ and (u,ai) =1,
(1/, ai) = 0. By (i), we may thus assume without loss of generality that v = 0, i.e.
that A = u € A{.

If e Ag and ()\,ai) =1, then A\ + ;)\ € A(J{. Indeed,

()\ + 83 A, ai) = ()\, S;a; + Cli) =0 (43)
since s;a; = —a;, and for j € {1,...,n} \ {i} we have

()\ —+ 87;)\, aj) = ()\, sl-aj + aj) Z 0
since s;a; € X1, We now set

w="TA~+ 8;A) =T7(A)7(8:A) = 7(N)8;7(N)s; € W.
We claim that we have the length identity
lw) =lws;) = 1=1U1(N) +1(s;7(A) =1 =2I(7(N)) — 2. (4.4)
First we observe that (4.4) implies
Z)\+Si>\ =V, = szi‘/i71 _ V‘r()\)‘/si'r()\)‘/iil — Z)\‘/iflz)\‘/iflj

which leads to the desired identity. So it remains to prove (4.4).

The first equality of (4.4) is immediate from corollary 4.4 using the fact that
A+ s A€ AS_

We now use the fact that A € Al and the fact that s; permutes ¥ \ {a;} and
maps a; to —a;, to derive from proposition 4.2 that

I(siT(N) = U7 (siN)si) = Z | — (A a) + x(sia)]

aext

> (ha) =1z -1,

aext\{a;}

where we used ()\,ai) = 1 for the third and fourth equality. This gives the third
identity of (4.4). Finally, for the second equality of (4.4), it now suffices to show
that I(w) = 2I(7()\)) — 2. But proposition 4.2, (4.3), A+ s;A € A{ and the fact that
si(XF7\ {a;}) =\ {a;} imply

lw)=1r(A+sA) = > (A+sida)=2 > (\a).

aeXt\{a;} aext\{a;}

Since ()\, ai) =1land )\ € Aar, proposition 4.2 now implies that

lw)=2 > (\a)—2=2(r()) -2,

aext
which completes the proof of (4.4). O
Corollary 4.10. Fori=1,...,n we have
Zi=Vioo VaaVaVar - VoV W v
i H.
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Proof. By proposition 4.2 we have I(7(e1)) = 2n, so
T(€1) = 81"+ Sp—1SnSn—1 """ S$150
is a reduced expression of 7(e1) in W. Hence
7y = Ve = Vi Vo ViV 1 ViTh.

Now assume that the desired expression for Z; is valid for j = 1,...,¢ — 1, with
2 < i < n fixed. Observe that 7(¢;) = 7(si—1€6,-1) = si—17(€i—1)si—1, and that
(ei_l,ai_l) = 1. Tt follows from lemma 4.9(ii) that Z;_; = V;_1Z;V;_1, which
proves the induction step. 0

Let Ty = Ty (t| ¢) € Endc(A) (f € R) be Noumi’s difference-reflection operators

with respect to dual parameters, see (3.5). Observe that T, (a € X) only depends
on the multiplicity function tg.

Proposition 4.11. For alli=1,...,n and p € A, we have

Vip(Z) = (T-a,p)(2) = (sip) (2)(Vi — t:)
in H.

Proof. For the moment, we exclude the case i = n, so we fix i € {1,...,n — 1}.
Using the explicit expression for Noumi’s difference-reflection operators (see (3.5)),
we see that the desired commutation relation is equivalent to

) 2) - 220

4.
1— Za (45)

Vinl2) - ()i = (- )2
The left hand side and the right hand side of (4.5) depend linearly on p, so it suffices
to prove it for monomials p(z) = 2> (A € Ag). Furthermore, it is easy to check that
if (4.5) is valid for p(x) = ¥ with v = A\, u € Ao, then it is also valid for p(x) = a¥
with v = —X and v = A 4 p. Hence it suffices to prove (4.5) for p(x) = 27, where
wj=¢€+e+---+¢ (j =1,...,n) are the fundamental weights. For j # i, we
have (wj,ai) = 0 and s,w; = wj, so (4.5) is then equivalent to V;Z% = Z¥Vj,
which is valid by lemma 4.9(i). If p(z) = z*¢, then (wi, a,;) =1 and s;w; = w; — a;.
Then (4.5) is equivalent to

ViZwi — Z59iV; = (t =t 1) 2%,

ie. V,1Z% = Z%wiVj;. This is indeed valid by lemma 4.9(ii).
Now we consider the case ¢ = n. The desired identity is now equivalent to

snp)(Z) —p(Z)>
122 '

Vnp(Z) - (Snp) (Z)V, = ((tn - t;l)Zz + (tO - t(;l)Zn) <(

By a similar argument as before, it suffices to prove the identity for p(Z) = Z;
(i=1,...,n). Fori=1,...,n— 1, the identity holds true for p(Z) = Z; by lemma
4.9(i). So it suffices to prove the identity for p(Z) = Z,,, in which case we have to
show that

ViZn — Z7 WV = (ty =t Z0 + (to — t5 ).
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By corollary 4.10 and the identities V.2 = (t,, —t;; 1)V, +1and Vg ' = Vo —to+1t5 ",
we have
VaZo = Va(VaVaor - ViVoVy Wyt V)

=(tn —tn )2+ Voor - VoVi (Vg ' o — o )V V5 e VY
= (tn =t Zn + Z; WV + (to — t51),

as desired. 0

Corollary 4.12. The set {Z*V,, |w € W, X\ € Ao} and the set {V,,Z* |w € W, \ €
Ao} are linear bases of H. In particular, Az @ Hy ~ H ~ Hy® Az as vector spaces
by multiplication.

Proof. We first consider the set {Z*V,, |\ € Ag, w € W}. By proposition 4.10,
Vo can be written as a product of Z; and V;’s (i = 1,...,n). Furthermore, in any
product with factors from Z* (A € Ag) and V,, (w € W), we can pull the Z* factors
to the left of the V,, factors in view of the previous proposition. Hence the elements
Z V. (X € Ag, w € W) span H. For the linear independence, we let

Y d\wZ Wy =0,  dy,€C (4.6)
Aw

be a finite, vanishing sum in H. There exists a u € AJ such that p+ XA € A
for all those A € Ay for which dy ,, # 0 for some w € W (since there exists only
finitely many such X). Multiplying the element (4.6) with Z# from the left and
using corollary 4.4, we see that

Z d)\,wv'r(/t—i-)\)w =0.
Aw

By theorem 4.7, we conclude that all coefficients d ,, are zero.

Let now H’ be the affine Hecke algebra of type (~7n with respect to the inverse
multiplicity function tz* = (t;*, 71, 1), and write V/ (i = 0,...,n), VI, (w € W)
and Z'* (X € Ag) for the elements V;, V,, and Z* in H'. Then there exists a unique
anti-algebra homomorphism ¢ : H — H’ mapping V; to V/~! for i = 0,...,n
(indeed, observe that all the defining relations of H are preserved if one formally
extends the map ¢(V;) = V/~1 (i =0,...,n) anti-multiplicatively).

Observe that ¢(V,,) = V,, ! for all w € W, hence in particular ¢(Z*) = 2’ for
all A € Ag. We conclude now from the first part of this proposition that the elements
H(ZA V) = V. 717/~ (w € W and X € Ag) form a linear basis of H’. Multiplying
from the left by the invertible element V!, with 0 = —1 € W the longest Weyl
group element (which maps v to —v for all v € V), and using that V.V/ =1 =V
for all w € W since l(ow) = (o) — l(w) for all w € W, we conclude that the
elements V! Z'* (w € W and X € Ag) form a linear basis of H'. Now inverting the
multiplicity function again, gives the second statement of the corollary. O

It follows from this corollary that the commutative sub-algebra A, of H is
naturally isomorphic to the algebra A of Laurent polynomials in the indeterminates
T1,...,T, by identifying Z; with x; for alli =1,... n.
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4.4. The Noumi representation. The algebraic structure of the affine Hecke
algebra H in terms of the commutative sub-algebra Az and the finite Hecke algebra
Hy allows us to define a crucial representation of H on A, which is known as the
Noumi representation. We start with the following observation.

Lemma 4.13. Noumi’s difference-reflection operators T; = T;(t|q) € Endc(A)
(i =1,...,n) defined by (3.5) satisfy the quadratic relations (T; —t;)(T; +t;') = 0
(t=1...,n) and the Cy,-braid relations
TiTipa Ty = T T, 1=1,...,n—2
T AT T AT, =TT AT,
T, =TT, |i—j|>1, i,j€{l,....n}.

Proof. Let x : Ho(W;ty) — C be the character (i.e. one-dimensional algebra
homomorphism) defined by x(V;) =t; for i = 1,...,n. Consider the corresponding
induced left H-module

Indg0 (x) =H ®u, C.

By corollary 4.12, we may identify Indg0 (x) as C-vector space with A. In view
of proposition 4.11, we then see that the restriction of the H-action on A to the
sub-algebra Ho(W;ty) is given by

Vip=T ap, peA i=1,..n,

where f_ai is Noumi’s difference-reflection operator T_,, (t| ¢) with respect to dual
parameters. In particular, T_,, (i = 1,...,n) satisfy the quadratic relations

(Tog, —t:))(T_q, +t;) =0, i=1,...,n

in Endc(A), and they satisfy the C,-braid relations in End¢(A). The same con-
clusion is true for the 7} (i=1,...,n), since f—a,; = oTjo for all i = 1,...,n by
lemma 3.5(iii), where 0 = —1 € W is the finite Weyl group element which maps
veVito—vforallveV.

We want to think of T; as an operator associated with the ith vertex in the
extended Dynkin diagram of type C, for i = 1,...,n. Recalling the definition
of the multiplicity function t and its dual © (see (3.12)), we see that T, = T}
(i = 1,...,n — 1) is completely given in terms of the simple root a;. This is
though not the case for Tn (which depends on the parameters ty and t,,), since the
parameter ¢y is associated with the zeroth vertex of the extended Dynkin diagram.
This can be remedied by the following observation. The T; (i = 1,...,n) depend on
to,t, tn, while Hy only depends on ¢ and ¢,,. So when we regard the T (i=1,...,n)
as operators defining an action of Hy on A, the parameter ¢y occurs as a “dummy
parameter”, i.e. an extra degree of freedom. In particular, replacing to by ¢ in
the operator Tn does not change the quadratic relations and braid relations. But
interchanging the value to by ¢ results in replacing the dual multiplicity function
t by the multiplicity function t itself. Hence we conclude that T; = Ti(t|q) €
Endc(A) (i = 1,...,n) satisfy the quadratic relations (T; — ;)(T; + t; ') = 0
(t=1,...,n), as well as the C,,-braid relations. O

We are now in a position to define the Noumi representation of the affine Hecke
algebra H.
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Theorem 4.14. There exists a unique algebra homomorphism my 4 : HOW;tg) —
Endc(A) satisfying
Teq(Vi) = Ti(t]q) = ti + t; "ca, (-5 t]q) (55 — 1)
fori=0,...,n.

Proof. For the proof we need to consider the extended affine Weyl group W€, which
is the sub-group of End(V) generated by W and the involution

w=ur((e1+e+ - +e€,)/2),

where u € W is the Weyl group element which maps the vector v = (vy,...,v,) to
(=vp,...,—vp) for all v € V. Tt is easy to check that
w(a;) = an—g, i=0,...,n

hence the extended affine Weyl group W€ stabilizes the affine root system R. Fur-
thermore, w stabilizes the lattice A = Ag + %Z(S, so that the canonical action of
W on A (see lemma 3.1) extends to an action of W¢ on A by the assignment
w(xh) = z* for w € W€ and pu € Ag. In particular,

(@p)(@) =plg?z,",. . q?ar"),  peA
Furthermore, the analogue of lemma 3.5(iii) for w € W¢ becomes wT;(t|q)w™! =
T, —;(t¥]q) fori = 0,...,n, where t* is the multiplicity function t* = {t,s | f € R}.
Combined with lemma 4.13, we see that the operators S¢ = T,,_;(t*|q) (¢ =
1,...,n) satisfy the quadratic and braid relations of Hyo(W;tyx), hence the operators
Si = TL—i(t‘Q)7 (Zzl7an)
satisfy the quadratic and braid relations of Ho(W; (t¥)x).
Again using lemma 4.13, we conclude that (T; —t;)(T;+t; ') =0 fori =0,...,n,
and that the following braid relations are valid in End¢(A) for 4,5 € {0,...,n}:
LT 1T =15, T T4 T3, 1=0,n—1,
TTi Ty = T 1 TiT 4, i=1,...,n—2,

LTy =17, li—jl>1, (i,) €{(0,n),(n,0)}
So it remains to prove that TyT,, = T,,Tp. But this is a direct consequence of the
fact that (ao,a,) = 0 (in particular, so(a,) = a, and sy (ag) = ag). O

Remark 4.15. Observe that the representation 7y 4 depends on three extra param-
eters compared with the affine Hecke algebra H = H(W;tg), namely g,ty and
t). The parameter ¢ already entered in the description of the underlying W-action
on A: it determines the “shift-length” for the action of the translation part 7(Ag).
The extra parameters t, ¢, are associated with the extension R C R, of the affine
root system R to the non-reduced root system R, in which two extra W-orbits are
attached to R, one at the zeroth vertex, and one at the nth vertex of the extended
Dynkin diagram.

For t§ =ty = 1, we are in the setting of Macdonald polynomials. In Cherednik’s
study of Macdonald polynomials via affine Hecke algebras the associated multiplic-
ity function tg is also assumed to be invariant under the action of the extended
affine Weyl group W€ (see the proof of theorem 4.14 for the definition of W¢). In
the present setting this would amount to yet another elimination of a degree of
freedom since the We-invariance of tg forces the extra condition ty = t,,.
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In view of corollary 4.10 and (3.9) we can realize the Y-operators V; € Endc(A)
as the image under the Noumi representation 7 4 of Z; € Az C H:

Y; = me4(Z;) € Endc(A), i=1,...,n. (4.7)
Since the Z; (i = 1,...,n) mutually commute in H, we conclude that the Y;
(i = 1,...,n) mutually commute in Endc(A). This is precisely the content of

theorem 3.6.

5. THE NON-SYMMETRIC KOORNWINDER POLYNOMIALS

5.1. Triangularity of the Y-operators. The lattice Ag contains, besides the cone
AS‘ of dominant weights, also the cone A7 consisting of Z -linear combinations of
the co-roots oV with a € ¥T:

n
A =Z; —span{a’ |a € BT} = @Z+a;/.
i=1
We use Aj to define two partial orders on Ag, which both will play an important

role in the analysis of the Y-operators. Recall that for arbitrary A € Ay, we denote
At € Af for the unique dominant weight within the W-orbit WA.

Definition 5.1. Let A\, € Ay.

(i) Wewrite \<p if u—A€A; (and X < p if XN < p and X\ # p).

(i) Wewrite N S pif AT < pu™, orif AT =pt and A < p (and X < pif A S p
and A # ).

Lemma 5.2. We have p < u™ for all p € Ag.

Proof. Let i1 € Ao\ Ag. We have to show that u < pu*. Recall that the element p+
is the unique element in Wy satisfying (1™, @) € Z; for all @ € £T. Since p # p,
there thus exists an o € £ with (u, ) € Z<o, so that

Sap = p— (p, )’ > p.
If sou = pt, then we are ready. Otherwise, there exists an 3 € X such that

53Sath > Sapt > p. Continuing this procedure inductively leads to the desired result
(indeed, observe that it ends after a finite number of steps since #Wpu < c0). O

We have now the following technical lemma.

Lemma 5.3. Let u € Ag and o € .
If (n,0) > 2, then p—ra” < p forr=1,..., (p,a) — 1.
If (p0) < =2, then p+ra¥ <p forr=1,...,—(p, o) — 1.

Proof. We write mqy = (,u,a) € Z. Suppose that m, > 2 and write p,. = p — ra
with r € {1,...,m, — 1}. We show that pt < u*.

Let w € W such that p," = wp,. Then wa¥ € Aj or wa" € —A7. Iffwa¥ € Ag,
then pf = wp — rwa¥ < wp < p*, where we have used lemma 5.2 for the last
equality. On the other hand, if wa¥ € —Ag, then pf = wp — rwa" < wp —
meowa’ = (wsy ) < pt. This proves the assertion for my > 2. The case mg < —2
can be obtained by applying the previous case to sq - (Il

For f € R we define
R(f) thSf-l-t;le(-)(l—Sf), (5.1)
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where cy(-) is given by (3.3). Observe that R(f) = Tysy for all f € R, where
Ty =Ts(t|q) (f € R) are Noumi’s difference-reflection operators defined by (3.5).
In particular, it follows that R(f) € Endc(A).

Recall that sgn : Z — {41} is the function which maps a non-negative integer
to 1 and a strictly negative integer to —1.

Lemma 5.4. Let A € Ag. For f = a+md € RT with o € ¥ we have

R(f)(ac’\) _ t?gn((/\,f))x/\ + Z C)\,HLL‘H
H=A

for certain constants cy , € C.

Proof. Let f = a+md € Rt with a € ©*. Then necessarily m € Z,. The lemma
is clear when ()\,f) = 0, since then s;(z*) = 2*. So we assume that ()\,f) # 0.
We can write

R(f) (@) = gt (1= tptpon?2) (14 tpt 72! 2) Dy (a?), (5.2)

where D; € Endc(A) is the linear operator defined by (3.6). We distinguish be-
tween the two cases (/\, f) > 0 and (/\, f) < 0.
If (X, f) >0, then (5.2) and (3.7) show that

(A1)
R(f)(l’/\) _ tfili)\ + Z drl,)\frav

r=1

for certain constants d,.. Now by lemma 5.3, and by the fact that soA = A —
(A, f)aY < A, we arrive at R(f)(z) = tyz*+ lower order terms w.r.t. <.

If (/\, f) < 0, then the z°¢* term in the expansion of R(f)(z*) as linear com-
bination of monomials is zero. Indeed, by (3.7) the contribution to x*** in the
expansion of

t7 (1= tytp ol 2) (L4 b5t )yl ) Dy ()

m(\,a)

in monomials is given by —1 ;¢ 2% which cancels with the first factor ¢ fxsz

in (5.2).
It follows then from (5.2) and (3.7) that

_(Avf)_l v
RN =7l + 3 duare
r=1

for certain constants d,., where the sum is empty if (/\, f) = —1. By lemma 5.3, we
thus see that R(f)(z*) = t;le-l- lower order terms w.r.t. <, as desired. O

Observe that R(wf) = wR(f)w™! for all w € W and all f € R. Combined with
(3.8) and (3.9), we obtain
Y =R(€; — €i11)R(€i — €i12) - R(e; — €)R(2€;)
X R(e; +€n) - R(ei + €i11)R(€; + €i—1) - R(e; + €1) (5.3)
x R(2¢; + 6)T(e;)Rer — €)™t Rleio1 —e) "

for i =1,...,n. This leads to the following result.
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Proposition 5.5. Foralli=1,...,n and A € Ay we have

Yi(x’\) = 7A7ixA + Z ey pxt
[N

for certain constants cy ,, € C, where vy = (Ya1,---,7an) € (C\ {0})" is given by
(3.11).

Proof. The triangularity of the factors R(-) in (5.3) (see lemma 5.4) implies the
triangularity of Y; for 4 = 1,...,n. Now it can be shown that the diagonal term
is given by <y,; by carefully collecting the leading terms coming from repeated
application of lemma 5.4 to the factors R(-) in (5.3) acting on z*, and using
rle) (@) = ¢, O

5.2. The definition of the non-symmetric Koornwinder polynomials. Our
first objective of this subsection is to prove that the diagonal terms {yx |\ € Ag}
(see (3.11)) are pair-wise different for generic parameters t and ¢. For this we need
some standard facts on parabolic sub-groups of W. These facts hold in greater
generality, see [14, §1.10, §1.12] for more details.

Let I C {s1,...,8n} be any subset of the simple reflections of W, and W; C W
the sub-group generated by I (which is called a parabolic sub-group of W). Then
in any coset wW; € W/Wi, there exists a unique element u of minimal length.
The corresponding set of reprentatives W of the coset space W/W; are called
the minimal coset representatives. Hence any w € W can be uniquely written as
w = wv with v € W and v € W;. Furthermore, the minimality of the length of u
forces the additivity of lengths in this decomposition:

Hwv) =1(u) +1(v), weW!, veWwr. (5.4)

There is an alternative description of W/ in terms of root systems as follows. The
root sub-system ¥; C X defined by

Yy =R-—span{a;|i € {l,...,n}: s, eW;}NE

has {a; | s; € Wr} as a basis, with corresponding positive roots given by X7 = ¥; N
¥ F. Its Weyl group can be naturally identified with the parabolic sub-group W C
W. Then the minimal coset representatives W/ can alternatively be described by

W!={weW|wx)cxt} (5.5)

Stabilizer sub-groups of dominant weights \ € Aar are examples of parabolic sub-
groups, since the stabilizer sub-group Wy = {w € W |w\ = A} is generated by the
simple reflections s; (i = 1,...,n) in Wy, see [14, §1.12]. The coset space W/W} is
then in one-to-one correspondence with the W-orbit WA, the coset wWy (w € W)
corresponding to the element wA in the orbit WA. In other words, for A € Aa'
the minimal coset representatives W* of W/W, are exactly the elements w, € W
(€ W) with w, € W the unique element of minimal length such that w,A = p.

Lemma 5.6. For A € Ag and p € A we have p('yfl) = (w;lp)(’y/\if), In particular,
if N € Ao and i € {1,...,n} are such that s;\ # X, then (s;p)(vy') = p(fy:}\)

Proof. For the first statement of the lemma, it suffices to prove that

wxpm(AY) = pim(N),  wap(AT) = pi(N), VA€ Ay,
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see (3.11). We prove the first identity, the second is proved in a similar manner.
We rewrite p,, () as follows:

Pm(A) = wy Z sgn(()\Jr,w;loz))(w;la)v

aesh

Comparing with the expression p,, (A1) = 3 ot @¥ = py, (see (3.24)), it suffices
to prove that (A*,w}'a) < 0 for @ € B}, with wi'a € ¥~

We fix an o € 57, so that wy 'a € ¥7. Let I be the sub-set of simple reflections
in W which stabilize AT, so that W; = Wy+. Then w,\(E}") C ¥+, and since wy
preserves lengths of roots, we have wy(X; NY;.) € %;.. It follows that wy 'a €
2\ (£, NE)), hence (AT, wi'a) <0, as desired.

For the second statement of the lemma it suffices to show that s;wy = wg;
for i € {1,...,n} and A € Ay with s;A # A. To show this, we remark that
I(s;wy) = l(wy) £ 1iff w;lai € Y% by the definition of the length function, since s;
permutes X7 \ {a;} and maps a; to —a;. Since s;A # A by assumption, we obtain
()\,ai) = ()\+7w;1ai) Z 0 iff w;lai € X7F iff I(s;wy) = [(wy) £ 1. In particular, it
suffices to prove s;wy = ws,» when s;\ # X and I(s;wy) = l(wy) — 1, since the case
l(s;wy) = I(wy) + 1 then follows by replacing A by s;\.

Now suppose that I(s;wy) = I(wy) — 1 and s;A # A\. We have s;wy € w,,\W, so
if s;wx # ws,x, then [(wg,x) < I(s;wa) = l(wy) — 1, hence I(s;ws;x) < Il(wy). But
siws,x € waWy, so we arrive at a contradiction with the minimality of the length
of wy within the coset wxW). Hence s;wy = ws,, as desired. O

Now from the explicit expressions (3.25) for the diagonal elements 7, € ((C\{O})n
with A € A, it is immediate that the elements

(7§fw(1)v~-~77§7w(n)) € (C\{0})", AeEA{, weS,, & e {1}

are pair-wise different for generic values of t and g. By the (proof of the) previous
lemma, this implies that the diagonal elements 75 € (C\ {0})" (A € Ag) are
pair-wise different for generic values of t and q.

Theorem 5.7. There exists a unique basis { Py = Px(-;t|¢)}ren, of A such that

— Py(z) =2 + 2= O for certain constants cx .,
— p(Y)Py = p(yA) Py for allp € A.

Proof. Let o be a total order on Ag such that A < p implies A o p.

We fix A € Ag. Let Ay be the finite dimensional sub-space of A spanned by the
monomials z# with g < A. Then for all p € A, p(Y') preserves A, by proposition
5.5. In fact, with respect to the basis 2 (u =< A), ordered along the total ordering
o, p(Y) is represented by a triangular matrix with diagonal terms given by p(v,)
(1 = X). We choose now p € A such that p(vy,) # p(y») for all 1 < A, then it follows
that p(Y)|4, has a non-zero eigenfunction py € Ay with eigenvalue p(yy), which is
unique up to a non-zero multiplicative constant. Furthermore, the coefficient of z*
in the expansion of such an eigenfunction py(x) in terms of monomials z# (u < A)
is non-zero. Hence p(Y)| 4, has exactly one eigenfunction Py € A, with eigenvalue
p(7x) and with the coefficient of 2* in the expansion of Py (z) in terms of monomials
xz# (1 = \) being equal to one.
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For any other g € A, we now have g(Y)Py = g(y\)z + D= Ot € Ay for
certain constants cy , by proposition 5.5, and

p(Y)(9(Y)Py) = g(¥) (p(Y)Px) = p(1) (9(Y) P),
hence g(Y)Px = g(yA)P». This concludes the proof of the theorem. O

The Laurent polynomial Py € A is exactly the monic non-symmetric Koorn-
winder polynomial of degree A € Ag as defined in definition 3.8. Indeed, theorem
5.7 implies theorem 3.7 since the diagonal terms vy (A € Ag) are pair-wise different.

6. THE DOUBLE AFFINE HECKE ALGEBRA AND DUALITY

6.1. The double affine Hecke algebra. The double affine Hecke algebra plays
an indispensable role in the understanding of duality for the non-symmetric Koorn-
winder polynomials. It is defined as follows.

Definition 6.1. The double affine Hecke algebra H = H(t|q) is the sub-algebra
of Endc(A) generated by the image my o(H(W;tgr)) of the affine Hecke algebra
H(W;tg) under the Noumi representation, and by A (regarded here as multiplica-
tion operators in Endc(A)).

In other words, H is generated by Noumi’s difference-reflection operators T; €
Endc(A) (i =0,...,n) and A (considered as multiplication operators). In order to
avoid confusion later on, we write p(z) € Endc(A) for the element p € A considered
as multiplication operator, and z; for the multiplication operator z¢ (1 =1,...,n).

In order to understand the algebraic structure of H, we need to construct an
explicit basis of H first. For this we need a preliminary proposition on the action of
the affine Weyl group W on the field Q of rational functions in the n indeterminates
T1,...,Ty, see proposition 3.1 for the definition of this action.

Proposition 6.2. The affine Weyl group elements w € W, considered as endo-
morphism of Q wvia the action defined in lemma 3.1, are Q-linearly independent
(where we regard Endc(Q) as a Q-module in the obvious manner, i.e. Q acts as
multiplication operators).

Proof. Suppose that 3°,, | cwx(2)wr(A) = 0 in Endc(Q) (w € W, X € Ap), with
cw,x € Q not all zero (but only finitely many being non-zero). We show that this
leads to a contradiction.

Multiplying out the denominators of ¢, x, we may assume without loss of gen-
erality that c,, » € A. Hence there exist coefficients ¢, € C, not all zero (but
non zero for only a finite number of triples (w, A, ) € W x AF?), so that

Z CwptHwr(X) =0
WA

in Endc(Q). In other words, there exist Laurent polynomials p,, ,, € A, not all zero
(but non zero for only finitely many (w, u) € W x Ag), so that

quwpw#(T(El)? e 7T(€n)) =0

in End¢(Q). Applying this to ¥ with v € Ay arbitrary, we get

> e py (g g) =0

w,p
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in A for all v € Ag, where v; = (1/, ei). Fix now w € W and p € Ag with py, , # 0. It
then follows that py, ,(¢"*, ..., ¢"") = 0 for those v € A satisfying pu+wv # p'+w'v
for all pairs (u/,w") # (1, w) with py ,» # 0. But there are only finitely many pairs
(¢, w") with py,r # 0, and g is assumed to be generic, hence we conclude that
DPw,u = 0, which is a contradiction. Hence the automorphisms w € W of Q are
Q-linear independent, as desired. O

This leads directly to the following result.

Theorem 6.3. The sets {2z T\, | A € Ag, w € W} and {2 T, Y* |\, € Ay, w €
W} are linear bases of the double affine Hecke algebra H.

Proof. Tt suffices to prove the theorem for {2*T,, |\ € Ag, w € W} by (the proof of)
corollary 4.12. We need the Bruhat decomposition < on W, which can be defined
as follows: let u,w € W, and let w = s;,8;, - - - 8;,. be a fixed reduced expression of
w. Then u < w if there exists a sequence 1 < j; < ja < ...j, < r such that

U= Sijl Sij2 o Sijp :

This defines a partial order on W (which is not obvious with the present definition,
but see [14, §5,9, §5.10] for more details). From the explicit form of Noumi’s

difference-reflection operators T; (i =0, ...,n), it is now obvious that
Ty = awu(r)u € Endc(A)  (weW) (6.1)
u<w

for certain uniquely defined a,,, € Q. Furthermore, a,, ., 7 0. Suppose now that
Y aw cA,wz)‘Tw = 0 on H, with only finitely many constants cy ,, # 0 (but not all
zero). Then by (6.1),

ZCMU Z Ay u(z)u=0 in Ende(A).
Aw u<w
Let now w be a maximal element of the finite, non-empty set
{ueW/|ean #0 for some X € Ag}

with respect to the Bruhat-order. Then the previous proposition implies

Ay () Z C)\’wSL')\ =0 in Q.
by

But not all ¢y, are zero, and a,, ., € Q is non-zero, hence this leads to the desired
contradiction. O

We can now give a characterizing set of commutation relations within the double
affine Hecke algebra H, as follows.

Proposition 6.4. Let F = F(t|q) be the unital C-algebra generated by H; (i =
0,...,n) and uE' (i =1,...,n), with relations
— u;l is the inverse of u;, and the w;’s pair-wise commute for i = 1,....n
(we define p(u) € F for p € A now in the usual manner);
— The quadratic relations (H; — t;)(H; + t;l) =0 and the C,,-braid relations
for (Ho,...,Hy,) ;
— Hip(u) — (T;(t| q)p) (w) = (sip) (u)(H; — t;) fori=0,...,n and p € A.
Then F(t|q) ~ H(t|q) as algebra by identifying p(u) € F with p(z) € H (p € A)
and Hj € F with Tj(t|q) e H (j =0,...,n).
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Proof. We first prove the existence of a surjective algebra homomorphism ¢ : F —
'H mapping H; to T for j =0,...,n and mapping p(u) to p(z) for p € A. In other
words, we have to verify that the defining relations of F are also valid in H when
the H;’s are replaced by the T;’s and the u;’s are replaced by the z;’s. Only the last
of the defining relations of F then requires proof. But this follows by substituting
the explicit expression for Noumi’s difference-reflection operator T; (see (3.5)): we
then have for any p € A and i € {0,...,n} that

T;p(2) — (Tip)(2) =t ca,(2)(s:p(2) — (500)(2))
= (8:p)(2)t; "a; (2) (s: — 1d) = (sip)(2)(T; — t;)
in H C End¢(A). Hence the surjective algebra homomorphism ¢ : F — H exists.
In order to prove that ¢ is injective, it suffices to prove that F is spanned by

{v*H, |X € Ay, w € W} where H,, = H; H;,...H; for a reduced expression
W = 84,84, -+ 8;,. This is though immediate from the defining relations of 7. [

Sometimes it is convenient to have a presentation of H which is entirely formu-
lated in terms of the generators T; (i =0,...,n) and z; (j = 1,...,n). We give the
characterizing commutation relations in the following proposition.

Proposition 6.5. The characterizing commutation relations of H in terms of the
algebraic generators T; (i =0,...,n) and z;—Ll (j=1,...,n) are given by

- z;l is the inverse of z;, and the z;’s pair-wise commute (i =1,...,n);

— The Cy-braid relations for (To, ..., Ty);

— The quadratic relations (T; — t;)(T; +t;') =0 fori =0,...,n;

— Tizj = z;T; fori=0,...,n and j=1,...,n with |i — j| > 1;

- Tizi,1 = ZiflTi fO’I“ = 2, ey

- lelrfz = Zi4+1 fori = 1,...,71,— 1,‘

= (T =) (' T + 1Y) =0

= (¢ PTG e — ) (7 AT a1 ) = 0.
Proof. 1t is easily verified that the generators T; and z; of H satisfy the commutation
relations as stated in the proposition (use proposition 6.4). As an example, we give

the details on the quadratic relation for 2,17, 1. Making use of the commutation
relation between z, and T, (see proposition 6.4), we compute

(tn —ta) + (ty = t)zn 1
1 — 22 (Zn — Zn )

n

= ZnTn + (tn - tgl)zgl + (t'r\i - t’r\iil)'

Combined with 7,;* = T}, +t,;* —t,, we conclude that T, 1z 1 = 2, T}, +tY — V=1,
hence

Tnzg1 =z, T, +

(2 ' T 1) = 2 (T + by, — £ DT =1+ () — by 1)z, ' T

This is equivalent to the quadratic relation for z, 7T, !. The checks of the other
commutation relations are left for the reader.

The list of commutation relations as stated in this proposition is sufficient to be
able to commute T; with an arbitrary Laurent polynomial p(z) in H. Hence, by a
similar argument as in the proof of proposition 6.4 and by making use of the basis
for H given in theorem 6.3, it follows that the given list of commutation relations
between the T;’s and the z;’s characterize the algebraic structure of H. O
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6.2. Isomorphisms between double affine Hecke algebras. Observe that the
commutation relations between T; and p(Y') are very similar to the commutation
relations between the T; and p(Z) for i = 1,...,n and p € A. In fact, they can be
written as

T 'p(Y) = (Tip) (V) = (sip) Y)(T7 ' = t71),
Tip(z) — (Tip) (2) = (sip) (2)(T; — )
fori =1,...,n and p € A, where T} := T,(t"!|¢~1) = T_q,(E|q)~* (for the first

equality in (6.2), we have used that Ti_1 -t ' = Ty — ;). The last equality of
(6.2) also holds true for i = 0. Now if we write Y/, 2z} (i = 1,...,n) etc. for the

1%

(6.2)

generators of H' = H(t~ ¢~ 1), then (6.2) suggests the existence of an algebra
homomorphism € : H — H mapping 7; to fi’_l, mapping z; to }71-’ and mapping Y;
to z, (i=1,...,n). Such a map € indeed respects the commutation relations (6.2).
There is though more to check, since the relations (6.2), together with the quadratic
and Cp-braid relations for T; (i = 1,...,n) are not sufficient to characterize the
algebraic structure of H.

In other words, we have to convince ourselves that e preserves the (defining)
commutation relations between the z; and Y;. These relation are hard to make
explicit, so instead we use the presentation of H in terms of T; (i = 0,...,n) and
zj (j = 1,...,n) as given in proposition 6.4. To formulate € in terms of these
generators, we first observe that T can be written as

To=T'Ty - T, N T Y, Ty - To T,
see (3.9). We write
Up=T1Ty-Tpor2, " T, T - Ty T € H, (6.3)

and U} € H' for the element Uy with the parameters (t, q) replaced by (871,¢71).
Then, provided the existence of the algebra homomorphism ¢, the image of T}
under € would be ﬁo_l. Since T} satisfies the second commutation relation in (6.2)
for i = 0, the existence of the algebra homomorphism e amounts to checking the
following commutation relations.

Proposition 6.6. The element Uy € H satisfies the following commutation rela-
tions:

= (Uo —t;)(Uo + 1,7 1) = 0;

- UOT1UOT1 = ZonTon and U()’Tl = TlUO fOTi = 2, s,y

— Uy'p(Y) — (Tgp) (V) = (sh p)(YV)(Ug ' — 2 =1) for all p € A, where sy acts

on A by (shp)(x) = plqg a7t w2, ..., ).

Proof. The proof of the proposition is rather tedious, and is therefore postponed
to §9. O

This proposition, combined with proposition 6.4, implies that the algebra homo-
morphism e exists. More precisely, it leads to the following theorem.

Theorem 6.7. There exists a unique algebra isomorphism € = e q : H — H
mapping Y; to Z., mapping z; to Y] and mapping T; to T!~' for i = 1,

f ceey T

rrr—1 . . . ~ .
Furthermore, € maps Ty to Uy™". The inverse of € is given by € := €z ;1.
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Proof. We define e(Tp) = U™, e(T;) = T/7Y, e(z) = Y/ for i = 1,...,n. By
proposition 6.6 and (6.2), it is easy to check that e preserves the characterizing
commutation relations of H as given in proposition 6.4, hence € extends uniquely
to an algebra homomorphism e : H — H’.

We show now that e(Y;) = Z] for ¢ = 1,...,n. By proposition 6.5 we have
ziv1 = Tz, T; for i =1,...,n — 1. Furthermore,

2y =T Ty T U W Ty - Ty
by the definition of Uy, so that
_ p—1p—1 —1 p—1p—1 —1p—1y7—1 -

5= TV - TN T T Ty T U T - Toy, i= 1,0,

Combined with (3.9) and the definition of €, we conclude that €(Y;) = Z] for i =

1,...,n.

Consider now the algebra homomorphism ¢ o€ : H — H. This algebra homo-
morphism acts as the identity on the generators T3,Y; and z; (i = 1,...,n) of H,
hence € o € = Idy. Similarly, we see that e o€ = Idg,. Hence € is an algebra
isomorphism with inverse ¢, as desired. O

Using theorem 6.7 and proposition 6.4, we obtain the following stronger version
of proposition 6.6. It can be seen as the the counterpart of proposition 6.4, in which
the role of the z-operators are replaced by the role of the Y-operators.

Proposition 6.8. The elements Uy, T; andY; (i = 1,...,n) generate H as an alge-
bra. The characterizing commutation relations of H with respect to these generators
are given by

(Uo =t (U +t, 1) =0 and (T; — t;)(T; + ;1) =0 fori=1,...,n;

— The C,,-braid relations for (Uo, T, ..., Ty);

— Y[l is the inverse of Y; and the Y; pair-wise commute (i =1,...,n);

The Lusztig-type commutation relations

Uy 'p(Y) = (Tgp) (V) = (sop) (V) (U =ty 7Y,
T7'p(Y) = (Tip) (V) = (s:ip) (V)T " = 71)
fori=1,...,n and p € A.

The so-called duality (anti-)isomorphism, is the composition of € with the fol-
lowing elementary (anti-)isomorphism.

Lemma 6.9. There exists a unique algebra isomorphism T = f¢ 4 : H — H' (re-
spectively anti-algebra isomorphism I = i¢, : H — H') satisfying T; — T/7!

7
(1=0,...,n) and z; — 2,7 (j=1,...,n).

Proof. This follows by verifying that the characterizing algebraic relations of H in
terms of the generators z; (i = 1,...,n) and T} (j = 0,...,n) are respected by
(respectively 1) when 1 (respectively 1) is formally extended as algebra homomor-
phism (respectively anti-algebra homomorphism). The actual verification is easy
and is left to the reader. O

We use the notation X* and X' for the image of X € H under { and t, respec-

~1 ~
tively. Furthermore, we write T (respectively 1) for | (respectively 1) with respect
to the parameters (t71,¢71).
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Definition 6.10. (i) We call the algebra isomorphism & = @y , = ? oe:H—H
the duality isomorphism of H.

(ii) We call the anti-algebra isomorphism ¥ = Wy , = ? oe:H — H the duality
anti-isomorphism of 'H.

Observe that @ (respectively W) is uniquely characterized as the (anti-)algebra
homomorphism H — H which maps Uy to TO, T; to T and Y; to z; “lfori=1,...,n,
where we denote Tl, z; etc. for the generators T;, z; etc. in the double affine Hecke
algebra H = H(t| ¢) with respect to dual parameters.

Corollary 6.11. ¥ maps z; to }N/fl fori=1,...,n. In particular, the inverse of
the duality anti-isomorphism W = Wy 4 is given by ¥ := Vg

Proof. We compute (Y*)¥ (A € Ag), i.e. the image of the Y-operator Y* € H under
the anti-isomorphism {. We first assume that A € AJ. Let 7(\) = s;, 54, -5, be
a reduced expression of 7(\) in W. Then by the definition of {, we see that

YN = (T o)) = (T, Ty - T ) = (T T, - T ) =Y~

11712
It follows that (Y*)F = Y’=* for all A € Ao, hence Y;¥ = Y/~ fori =1,. . So

—ioemapszltoY fori=1,...,n.

It follows now that the algebra homomorphism U o U acts as the identity on
the algebraic generators z;,T; and Y; (i = 1,...,n) of H, hence Vol = Idy.
In a similar fashion, we see that ¥ o U = Idy. This completes the proof of the
corollary. 0

6.3. Duality of the non-symmetric Koornwinder polynomials. We define
evaluation mappings Ev: H — C and Ev: H — C by

Ev(X) = (X(1))(zg"),  Ev(X)=(X(1))(%")

for X € H and X € 7-[, where 1 € A is the Laurent polynomial identically equal
to one. Observe that the renormalized non-symmetric Koornwinder polynomial
E(7x;-) (see definition 3.10) is exactly the constant multiple of the monic Koorn-
winder polynomial Py for which the associated multiplication operator E(vyy;z) in
H is mapped to one under the evaluation map Ev.

The evaluation mappings Ev and Ev are compatible with respect to the duality
anti-isomorphism ¥ : H — H in the following sense.

Lemma 6.12. For all X € H, we have E;(\I/(X)) = Ev(X).

Proof. By linearity, it suffices to prove the equality for X = 2*T,,Y*, where \, 1 €
Ao and w € W. Observe that
U(X) =7 F T, Y .
Now Y#(1) =~41 and YM1) = 25 1 since 1 € A is the non-symmetric Koorn-
winder polynomial of degree zero, so that
Ev(X) = 20 P EV(Ty),  Ev(¥(X)) = Afag  Ev(Ty-1).

Now T;(1) = ¢;1 and Ti( ) =t;1 = t;1 for i = 1,...,n by the definition of
Noumi’s difference-reflection operators T; (see (3.5)), hence Ev(T,,) = t,,, where
ty = tiytiy, -4, if w = s;,8;,---5;, is a reduced expression of w € W. Similarly,

Tr
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E\\//(Tw—l) = ty-1 = t,-1 = t, for all w € W. This now immediately yields the
desired identity Ev(¥(X)) = Ev(X). O

We define now two pairings B : H X H—Cand B: HxH—C by B(X,)?) =
Ev(¥(X)X) and B(X,X) = Ev(¥(X)X) for X € H and X € H. Then lemma
6.12 shows that

B(X,X)=B(X,X), XeH, XeH. (6.4)

In the following lemma we collect some elementary identities for these bilinear
forms.

Lemma 6.13. Let pe A. Let X, X1,X5 € H and )N(,)?l,)?g €H.

(i) B(X1X2, X) = B(X2,¥(X1)X) and B(X, X1 Xs) = B(¥(X)X, Xo).

(i) B(XT;, X) = t,B(X,X) fori=0,...,n.

(i) B(X(@)(),X) = BOXp(=), %) and B(X,(X0)(®) = B(X, %p(3)),
where (X (p))(z) is the multiplication operator in H corresponding to the Laurent
polynomial X (p) € A, and Xp(2) is the product of the elements X and p(z) in H.

Proof. (i) Recall that ¥ is an anti-algebra isomorphism with inverse ¥. Hence

B(X1X2, X) = Ev(¥(X)X1X2) = Ev(¥(¥(X1)X)X3) = B(X2, ¥(X1)X).

Similarly one proves the second identity.

(ii) By the definition of Noumi’s difference-reflection operators T; € H (see
(3.5)) we have T;(1) =t; 1 for i = 0,...,n, where 1 € A is the Laurent polynomial
identically equal to one. Hence

B(XT;, X) = (U(X)XT;(1)) (g ") = t:(¥(X)X (1)) (25 ") = £ B(X, X),

as desired.

The first equality of (iii) is a direct consequence of the identity (X (p))(z)(1) =
X(p) = (Xp(2))(1) in A. The second equality of (iii) follows from the first by
applying (6.4). O

By lemma 6.13 we have for all p € A and all A € Ag,
B(p(2), E(vx; 2)) = B(L, (0(Y ") E(x;)(2))
=p(DB(L, B 2) = p(33 ")
where we used for the last equality that
B(1,E(yx;2)) = B(E(x;2),1) = E(yap ') =1

by (6.4). In a similar manner, one shows that

p(z,") = B(p(2), E(z,;%)), pEA peA,. (6.6)
Taking p = E(x#; -) in (6.5) and p = E(vy;-) in (6.6) and using the duality (6.4)
for the pairing, we arrive at
E(yx; o, ') = B(E(y:2), Bz, 2))
:E(E(xu;z),E(w\;z)) :E(xu;'y)fl), YA u€ Ao

which is the duality of the renormalized non-symmetric Koornwinder polynomials,
see theorem 3.11.

(6.7)
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6.4. Spectral difference-reflection operators. In this subsection we apply the
duality of the non-symmetric Koornwinder polynomials to rewrite the action of
the difference-reflection operators Uy and T; (i = 1,...,n) on the non-symme-
tric Koornwinder polynomials E(v,;+) in terms of operators acting on the spectral
parameter A € Ag. For this, we need to extend the W-action on Ag to an action of
the affine Weyl group W on Ay in the following way.

Lemma 6.14. Define so- A = (=1 — A, Aoy ..., A,) for A = (A1,..., ) € Ap.
This uniquely extends to an action of W on Ay (denoted by w - A for w € W and
A € Ag) such that the restriction to W gives the action of W ~ S, x (£1)™ on Ag

by permutations and sign changes of the basis elements ¢; (i =1,...,n).
Proof. In terms of the simple generators s; (¢ = 0,...,n), the action of W on Ag
reads as

SorA=(=1=XA1,Na,..., ),
Si A =8 A= (A1, Aic1, i1, Aiy iz, oo An )y
Sn A =8, A= (A1, s A1, —An)
fori =1,...,n—1and A € Ag. It is clear that these operators on A¢ satisfy

s? =1fori=0,...,n and that they satisfy the C,-braid relations. Hence these
operations on Ay induce an unique action of W on Ag. O

We call the action defined in lemma 6.14 the dot-action of W on Ag. The
following property of the dot-action is very useful.

Lemma 6.15. For \ € Ag and p € A, we have (sop)(7y ") = p(fy;ﬁ)\).

Proof. By the definition of the action of W on A (see lemma 3.1), and the definition
of the diagonal terms 7, (see (3.11)), we have for all u, A € Ay that

(s0(a")) (251) = (tat) (P11 = om s g hs,

where p; = (u,el). On the other hand, by the definition of the dot-action (see
lemma 6.14),

(’Y_l,\)“ — (totn)’(m(‘““"\)’”) t—(pm(s0-2),11) qm*(/\’selu).
S0

Comparing the two outcomes, and using the fact that p,,(v) = w,p., for all v € Ay
and similarly for p; (see (3.24) and §5.2 for the notations), we see that the lemma
will be a direct consequence of the identity

Weo-A = Se; Wi, A€ Ay (6.8)

in the finite Weyl group W. We give a proof of (6.8) using an explicit description
of w/(l in terms of its action on A € Ag. So fix A = (A1,...,\n) € Ap, where
p— ()\,ei). For j € {l,...,n—1} we set 0 = $p_1Sp—2--- S, and we set o, = e
the identity element in W. Let j € {1,...,n} be the largest such that A\; < 0. If
7 <n—1, then
SpOjA > OjN > 8p_28p_3- " S;A > -+ > 5;A > A

with respect to the dominance order < on Ag, and if j = n, then s,A > A. Now
recall that s;wy = ws,) for i € {1,...,n} and A € Ag such that s;\ # A by the
proof of lemma 5.6, hence s,0;w\ = ws,»;x- On the other hand, s,0;\ has now

one negative coefficient less than the original element A\. So we can iterate this
process to make all coefficients of A positive.
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To be precise, let 1 < j; < j2 < --- < j» < n be the indices j for which the
coefficient \; is strictly negative. Set u = 0j,05, ---0;.A € Ag. Then p is obtained
from A\ by moving the strictly negative coordinates to the far right, interchanging
their order, and then taking the absolute values of these coefficients (i.e. the last r
terms of p are given by = (---,|A;.|,. .., Al [N |)). Furthermore,

Wy = Sn0j;n0jy ** * Sp0j, WX = V\UNW)

€ (£1)" ¢ W and vy = 05,05, ---05, € S, C W.
The new element x does not have to be in Al yet. If 4 ¢ AJ, then there exists an
i€ {l,...,n—1} such that u; < pi4+1, so that s;u < p with respect to the dominance
order and wg,, = s;w,. Continuing this way, we conclude that wy = umr{l, where
Uy = qu € (£1)™ ¢ W with coefficient —1 iff the corresponding coefficient of A is
strictly negative, and wy € S,, C W defined as the composition m = vyvy with vy
as before, and vy the permutation which turns g = vyu)A into a partition in such
a way that the order between equal coefficients of u are preserved.

Let us now return to the proof of (6.8). We first observe that we may assume
A = ()\, 61) > 0 without loss of generality. Indeed, if (6.8) is true for such A, and
€ Ap satisfies uy1 < 0, then sg - u satisfies (sp - 1)1 > 0. Thus by the assumption
Wy = Wego50-pu = Se; Wsg-pr 1€ Weg.py = Se; Wy

So let A € Ag such that A; > 0, and write |A| = (|[A1], [ A2, .-, [An]) = ua X € Ap.
Let i € {1,...,n} such that 7, '(i) = 1. Since A\; > 0, we have by the explicit
combinatorial description of wy = u>\7r;1 that

M =1 A = (Ao A1)

where uy = Sej, Sejy 7 Sej,

with
|/\ﬂ;1(i_1)| > |/\7r;1(i)| =X, ifi>2 (6.9)
Combined with sg - A = (=1 — A1, A2,..., Ay ), we see that
(50 - A)T = ey allsga(S0 - A)
= (|)\ﬂ;1(1)|, e |)\7T;1(i_1)|, |)\7T;1(i)| +1, |)\ﬂ;1(i+1)|, ce |)\7r;1(n)|).

So we see that wg,.\ = uso.,\ﬂs_;/\ with us,.x = s, un, and by the combinatorial
rule for 75,5 € Sy, and (6.9), 7s,.2 = ma. Hence (6.8) is verified for A; > 0, which
completes the proof of the lemma.

O

We are now in the position to rewrite the action of Uy and T; (i = 1,...,n)
on the renormalized Koornwinder polynomials E(+;-) in terms of linear operators
acting on the spectral parameter v € Spec(Y) = {7, | A € Ap}. We define an action
of W on Spec(Y) by wyx = Ywa (A € Ag, w € W).

Proposition 6.16. (i) For vy € Spec(Y) we have
(UoE(v:)) (@) = b B(v:2) + 1y cag (711 £5.0) (E(s07; 2) — E(752)).
(ii) Fori=1,...,n and v € Spec(Y) we have

(TiE(v; ) (@) = GE(v; @) +1; ' ea, (v 586 0) (E(sivi ) — E(y;2)).
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Proof. By (6.6) and lemma 6.13 we have

B(Ey 9. T i) = { (E O Den) 20

for all A\, u € Ap. So it suffices to prove that

B(E(yx;2), Ti E(x,; 7)) = L E(ya2,")

- " B B (6.10)
e, (13 59 (B(ysias 2, ') — Bz )
forall A,y € Ag and all i =0,...,n.
By lemma 6.13(iii), (6.4) and (6.5) we have
B(E(7x; 2), TE(24; %)) = B(E(x; 2), (TiE(x,3)) (7)) (611)

= (iE(x;u ))(7;1)

Now we plug in the explicit expression for Noumi’s difference-reflection operator
ﬁ-. We have to consider two cases.

If s; - A = X (hence in particular i # 0), then we claim that 7§ = ~§' (= ¢* if
i < nand = t3t2 if i = n), so that cq, (75 ';t[¢) = 0. If the claim is valid, then
substitution of the explicit expression for Noumi’s difference-reflection operator ﬁ
in (6.11) shows that

B(E(yx;2), TiE(2,:2)) = LB (w0373 1) = LiE(y 2, )

by (6.7), which is in accordance with (6.10).

We prove the claim for ¢ € {1,...,n — 1} with s; - A = s;A = A, the case
i = n is proved in a similar manner. By the explicit expression (3.11) for ~,,
it then suffices to show that (pm(A),a;) = 2 and (p(\),a;) = 0. But, since
sid = A, si (B8 \ {ai}) = 5\ {a;} and (%) = 5, we have (p;(A),a;) =
% Zaezl* sgn((\, a))(a, a;) and

() ai) = Y sgu((ha))(@a) =2+ D sgu((Aa))(a,ai).

acxf, aesi\{a:}

The claim then follows from the fact that for I = £ and I = X}, \ {a;},

Z sgn((X, a)) (o, a;) = Z sgn((A, sia)) (s, a;)

acl acl

= ngn((si)\,a))(a, i)
ael

=— Z sgn((A, @) (o, a;) = 0.

acl

If s; - A # A, then (s;p)(7y ') = p(fys_i.l)\) for all p € A by lemma 5.6 and lemma
6.15. Hence substitution of the explicit expression for Noumi’s difference-reflection
operator T; in (6.11) and applying the duality (6.7) then immediately proves (6.10).
This completes the proof of the proposition. O
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7. BI-ORTHOGONALITY RELATIONS AND DIAGONAL TERMS

7.1. Bi-orthogonality. From now on, we assume that ¢ has modulus < 1 in order
to ensure convergence of the weight function. Furthermore, we assume that for
the reparametrization of the multiplicity function t in terms of the parameters
{a,b,c,d} and t (see (3.18)), we have that the moduli of a,b, ¢,d and ¢ are also < 1.
We use freely the notations as introduced in §3.6 and §3.7.

We start with the observation that the bilinear form (-,-) = ()4 is non-
degenerate for generic parameter values.

Lemma 7.1. The bilinear form (-,-) is non-degenerate in both factors. In other
words, {(p1,p2) = 0 for all p1 € A implies po = 0, and similarly for the other factor.

Proof. By analytic continuation, it suffices to show that (-,-) is non-degenerate
when a,b,¢,d,q and t are real. But then the weight function A(-) is of the form
A(z) =C(z)A4(x), with C € Q and A, (z) a positive weight function on the torus
T™. Let p € A so that p(z)C(x) is positive for x € T™ (which can be done since
C € Q). For 0 # pa(z) =Y, exx™ € A, we now set

x) ZGCH‘ c A,

then it follows from the definition of (-,-) that

dx
1) = o [[ Ima™ PrC@A @) >0
zeT™
which shows the non-degeneracy in the second factor of {-,-). The non-degeneracy
in the first factor is proved in a similar manner. O

We now show that the anti-algebra isomorphism { of H (see lemma 6.9) cor-
responds to taking the adjoint with respect to the non-degenerate bilinear form

<'7 >
Proposition 7.2. For X € H we have
(X(p1),p2) = (p1, X} (p2)),  prp2 €A (7.1)

Proof. Tt suffices to prove (7.1) for a set of algebraic generators for H, since 1 is
an anti-algebra homomorphism. Indeed, if the proposition is correct for X; € ‘H
(i = 1,2), then for all p1,ps € A,

(X1 X2)p1,p2) = <X2P17X%p2>
= (p1, X3 X1pa) = (p1, (X1 X2)¥pa),

o (7.1) is also valid for X1 Xy € H. We will now verify (7.1) for the algebraic
generators p(z) (p € A) and T; (i =0,...,n) of H.
For X = p(z) (p € A) we have

W) = s [ [ @@ 8@

Tn v
= <p17p(2'_1)p2> = (p1,p(2)" p2).

So it remains to prove (7.1) for X = T; (i = 0,...,n). Let p1,ps € A. We
write 0 = —1 € W for the Weyl group element which maps v to —v for all v € V.

1
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Observe that (o p)(z) = p(z~1) for all p € A. Tt follows by direct computations
using the explicit expression for Noumi’s difference-reflection operator T; that

(Tip1) (@) (op2) (2) = pr(@) (0 (T]"p2) ) () = 7 " ha()ca, (w3t50)  (7.2)

for i =0,...,n, with

hi(x) = (sip1) () (op2) (x) — p1(x) (si(op2)) (x)

and with the action of s; as defined in lemma 3.1. Now observe that h; is s;-
alternating, i.e. s;h; = —h; for i =0,...,n. On the other hand,

w@r@ = [ —— (7.3)

fert\fan @)

is invariant under the action of s; for ¢ = 0, ..., n, where the action of s; is extended
from A to (suitably nice) functions in the n variables x = (x1,...,z,) via the
formulas (3.17). The invariance of the function (7.3) under the action of s; is an
immediate consequence of the fact that s; permutes the roots R \ {a;}. Hence
(Tip1,p2) — (p1, T/ 'p2) can be rewritten as an integral over (T", ‘i—f’:) with s;-
alternating integrand for all 7 € {0,...,n}.

Now (Tip1,p2) — (p1, T} *p2) =0 for i = 1,...,n follows from the fact that the
measure (T, 42) is W-invariant: [y, g(z)dz/z = [, (wg)(z)dz/z for all w € W,
and for sufficiently nice functions g.

The case i = 0 is more subtle. The behaviour of the measure ("JI“”7 df’) under the
action of sq is given by

dx / // dyy dy
soh)(x)— = h(y1,y)——,
//ze’ﬂ‘"( 0 )( ) r y1€qT J JyeTrn—1 ( ' ) Y1y

which implies that

(Top1,p2) — (p1, T4 'p2) =
1 / / / . dyy dy  (7.4)
= to ho(y1,Y)Cao (Y1, ) AY1,y) — —.
2(27”)” y1ET—qT yET"‘l 0 O( ! ) 0( ! ) ( ! ) 1y

For fixed y € T"~!, the integrand in the right-hand side of (7.4) depends ana-
lytically on y1 € {c € C|q < |¢] < 1}. Indeed, by the expression of Ay (z) in
terms of g-shifted factorials (see lemma 3.12), we see that the y;-dependent factor
of Caq (y1,y)A(y1,y) is given by
(v3, v %a)
(ayy, byr, eyr, dyr, qays ', abyy " qeyy s qdyy Vs q)

ﬁ (v1y5, 195 L aur My aun ;)

’ 2

j=2 (t

vy, Py gty g gty s ta)

which has the desired analytic behaviour due to the conditions on the parame-
ters a,b,c,d,q and t. Thus by Cauchy’s theorem we conclude that (Typi,p2) —
{p1, T{"p2) = 0. This completes the proof of the proposition. O

Recall that E'(v;';+) (A € Ag) is the renormalized non-symmetric Koornwinder
polynomial of degree A with respect to inverse parameters (t=1,¢~!). Fix now
A p € Ag such that A # p, hence vy # 7., see §5.2. So there exists a Laurent
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polynomial p € A with p(y») # p(v,). Combined with proposition 7.2 and p(Y)* =
p(Y'~1) (see the proof of corollary 6.11), we obtain

P (E(1as ), E' (v, 15 )) = (0(V)E (), B (4,5 ))
= (E(vi),p(Y"HE (')
=p(y) (B(ya: ), E' (0 5)-

Since p(yx) # p(yu), we conclude that

(E(yai ), E'(4%)) = 0.

This proves the bi-orthogonality relations for the non-symmetric Koornwinder poly-
nomials with respect to (-,-), see theorem 3.14.

7.2. Diagonal terms. The main objective of this subsection is to evaluate the
diagonal terms (E(yx;+), E'(vy'5+)) (A € Ag) in terms of residues of the weight
function A(-), see theorem 3.16. Observe that by lemma 7.1 and theorem 3.14, we
know that the diagonal terms are non-zero for generic values of the parameters. We
again use freely the notation of §3.6 and §3.7.

Let

F = {g:Spec(Y’) — C|4tsupp(g) < oo},

where Spec(Y’) = {7y |\ € Ag} is the spectrum of the Y'-operators. Let F =
Fiq : A— F be the linear map defined by

Fp)(v) =, E'(7;),  peA veSpec(Y'). (7.5)

We call F the non-symmetric Koornwinder transform. Observe that F is injective
since (-, ) is non-degenerate, and that F is surjective by theorem 3.14.

Remark 7.3. Recall that for t = 1 the multiplicity function identically equal to
one, E(yx; ;1] q) is equal to the monomial z* for A € Ag, and the weight function
A(z;1|q) is identically equal to one. Hence Fi 4 relates to the classical Fourier
transform on the torus T".

In the next proposition we determine the intertwining properties of F with re-
spect to the action of the double affine Hecke algebra H on A. Recall the action of
W on Spec(Y’), defined at the end of §6.4: w*y;l = fy;_l)\ for A € Ag and w € W.
This induces an action of W on F' by

(wg)(x ) = g(v k), NeNy, weW, ge F.
Proposition 7.4. The maps
(Tig)(v) = tig() +F; ea, (v 6:0) ((s:9) (1) — 9(7)), i €{0,...,n},
(r(®9)(v) =p(n)9(v), peA

where g € F and v € Spec(Y'), uniquely extend to an action of the double affine
Hecke algebra H = H(t| q) on F. Furthermore,

F(X(p)) = @(X)F(p), XeH, peA, (7.7)

(7.6)

where @ is the duality isomorphism.
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Proof. We first prove the intertwining property (7.7) for the algebraic generators
Uy, T; and p(Y) (i = 1,...,n and p € A) of H. Now for any p,p; € A and v €
Spec(Y") we have by the definition of the non-symmetric Koornwinder polynomial
(see theorem 3.7) and by proposition 7.2,

Fp(Y)p1)(y) = p(YV)p1, E'(7:-)) = (o1, oY "HE (7;-)) = p(v™ ) F(p1)(7)
since p(Y)* = p(Y’~1) for p € A by the proof of corollary 6.11. Hence

F(p(Y)p1) = p(E)(F(p1)) = 2(p(Y) F(p1),
which proves (7.7) for X = p(Y) (p € A).
For X = Uy, we observe that Ul = Uj~' = U} + iy — iy ' € H'. Hence for p € A
and «y € Spec(Y”), we derive from proposition 6.16 and proposition 7.2 that

F(Uop)() = Uop, E'(7;)) = (p. Uy E'(:+))
=to(p, E'(7; ) +tocao (V58707 ) ({0, E (5075 0) — (0 E' (7))

= 10F(p)(7) + 1y " cap (73 8 @) (F () (507) = F()(7))

= (Lo F(p)) (),
where we used that cp(y~ 1t 1 ¢70) = t;ch(*y;t;q) for f € R in the fourth
equality. Since ®(Up) = T, we see that (7.7) is valid for X = Uy. The case X = T;
(i =1,...,n) of (7.7) is proved in exactly the same manner as for X = Uy. We
leave the verification to the reader.

Using these intertwining properties, we can immediately conclude that the for-
mulas (7.6) uniquely extend to an action of H on F and that (7.7) holds for all
X € 'H in view of the bijectivity of the non-symmetric Koornwinder transform F
and the fact that ® : H — H is an algebra isomorphism. g

Next we determine the inverse of the non-symmetric Koornwinder transform F.
We let G = G¢ 4 : F' — A be the linear endomorphism defined by

Go)(x) = D g NEMmizt)w(vy '),  g€EF, (7.8)
AEAG
where the non-zero discrete weight w(v; ') = w(yy ';t; ) is defined by (3.27) and
(3.30).
Proposition 7.5. We have
G(Xg)=07'(X)G(9), XeMH geF
Proof. Tt suffices to check the intertwining property for X = p(z) (p € A) and
X =T, (i=0,...,n), compare with the proof of proposition 7.4.
For X =p(Z) (p € A), we have for g € F,
G(p(2)9)(=) = D PR IR HE(m @)@ ()

AEAQ

> 9D (Y T EMx; ) () (y; )

AEAo
= (p(Y™1)G(9)(x) = (27 (n(2))G(9)) ().

So it remains to check the intertwining property for X = i (i=0,...,n). We
use the short-hand notation ¢f(y) = cs(v;t;q) for all f € R. Let g € F and
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i €{0,...,n}. Since @ (Ty) = Uy and ®~1(T;) = T} for i = 1,...,n, we have by
proposition 6.16,
(@ HT)(G9)) (=) =

=Y 9 EE( ) + 8 0 (3 ) (B(rsexs 2) — Bl 2)) )y (v; )
A€Ao

Combined with the definition of the action of H on F , see proposition 7.4, we obtain
G(Tig) = @71 (T)(Gg) =171 Y hilmi)ea, (3 ()
AEAg
with h;(7x;-) € A given by
hilyi ) = g(v; ) E (i 2) — g(73 ) E(7s,0: ).

Since h;(vs;-x;x) = —hi(ya; ) for i = 0,...,n and A € Ay, it thus suffices to prove
that

CHCISLICI ETHC I | (A Chey (7.9)
aexX~U{a;}
is invariant under replacement of A € Ag by s; - A for all ¢ € {0,...,n} and all

A € Ag. For i € {1,...,n} this is immediate by lemma 5.6.

As in the proof of proposition 7.2, the proof for ¢ = 0 is more subtle. We
begin by rewriting @(v; ') as a (kind of) multiple residue of A(x)df = A(z; t; q)df
at x = 'y/\_l. This can be done using the W-invariance of the weight function
Z+() = A (:;t;q), together with the combinatorial structure of the Weyl group
elements wy € W, see the proof of lemma 6.15. The result is as follows.

Write wy = uyvy with vy € S, and uy € (£1)™ with respect to the natural
identification W ~ S,, x (£1)", and let ny = #{i € {1,...,n}|A; < 0}. By the
precise combinatorial description of wy, see the proof of lemma 6.15, we have that
ny is also equal to the number of —1 components of uy € (+1)". Now we use the
W-invariance of A (-) and the fact that

re (%) = e (%)

for a one variable function g(y) having a simple pole at y = yo and satisfying
g(y) = g(y~'). Then we obtain from the original definition (3.30) of w(v;') (A €
Ap), together with lemma 5.6, that

B(33") = Res <ﬂ> (7.10)

for all A € Ay, where the multiple residue at x = ’y;l is defined by
Res = (=)™ Res Res e Res () - ))

r= _ T Cuz(n _ T a2 _ T Cfuy(n)
T Ty (1)=YA Ty (2)=Ya Ty (n) =T

In particular, we obtain

Cay(73 (73 ) = Res (M> (7.11)

fI::’y;l T Ty
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for all A € Ay. Now we consider (7.11) with A replaced by so - \. We first consider
the changes in the multiple residue. By (6.8), we have wg,.n = s, wy for all A € A,
ie. ng,.a =ny £ 1 and vg,.n = vy. Furthermore,

(’yil )Gi = q’yil lfz = 1’
so-X 7 ifi=2...,n

by lemma 6.15. We conclude that if we replace the residue at 1 = v, “* by the
residue at x; = ¢7{' in the definition of the multiple residue at = = 7;17 then we
obtain minus the multiple residue at z = 'y;Jl »- On the other hand, we know by the
proof of proposition 7.2 that ¢, (z)A(x) is invariant under the action of so. Hence
the invariance of (7.11) under replacement of A by sq - A follows from the simple

observation that
Res (g(y)) — _ Res (g(y)>
Y=Yo Yy y:qy()*l Yy

when g¢(y) is a function depending on a single variable y, having a simple pole at
Y = Yo, and satisfying the invariance condition g(qy—!) = g(y). |

In the following theorem we combine proposition 7.4 and proposition 7.5 to show
that G is, up to a constant, the inverse of the Koornwinder transform F..

Theorem 7.6. We have Go F = cldyg and F o G = cldp with ¢ = ¢4, =
w(vg 5t ) (1 Deg-
Proof. By proposition 7.4 and proposition 7.5 we have

G(F®) = GFR(N) = pIGFQ),  Wpe A (7.12)

where 1 € A is the Laurent polynomial identically equal to one. Furthermore, it
follows from theorem 3.14 that

G(F(EM:) = (B ), E'(v i Deqwiy™ s ti9) B(ys) (7.13)
for v € Spec(Y). Formula (7.13) reduces to G(F(1)) = ¢1 when v = 79, with

the constant ¢ as given in the statement of the theorem. Combined with (7.12) it
follows that GoF = cId 4. Since F is bijective, we then also have FoG = cIldp. 0O

Now we fix v = 75 € Spec(Y), A € Ag. Since G o F = ¢Id4 by the previous
theorem, we have G(F(E(y;-))) = c¢E(y;-). Comparing this outcome with the
right-hand side of (7.13), we obtain

(B(v; ) B'(v 5 Neqwr ht59) = cog = (1, Deqw(vg ' 5 9).

Hence we obtain the expressions for the diagonal terms (E(vy;-), E'(vy ;) in
terms of multiple residue @(7;1) as stated in theorem 3.16.

8. SYMMETRIC KOORNWINDER POLYNOMIALS

8.1. Symmetric Koornwinder polynomials. Recall that A" C A is the sub-
algebra consisting of Laurent polynomials p € A which are W-invariant (i.e. wp = p
for all w € W), where the action is as given in lemma 3.1.

Similarly we write A} for the sub-algebra of Ay consisting of W-invariant el-
ements, where the action is given by w(Y?) = Y%* for w € W and A € Ag. A
linear basis of AW and A}V is given by the monomials my(z) = > uewn o and

ma(Y) =3 cwn YH (A € A7), respectively.
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Lemma 8.1. Letpe A. Thenpe AW iff Tip=t;p (i=1,...,n).

Proof. Let p € A". By the explicit expression for Noumi’s difference-reflection
operator T;, see (3.5), we have T;p = t;p for all i = 1,...,n. On the other hand,
if p € A satisfies Typ = ¢;p for all i = 1,...,n, then again by (3.5), s;p = p for
i=1,...,n, hence pc AW. O

It follows from lemma 8.1 and the commutation relation (6.2) that (7, ' —
t;l)p(Y) = p(Y)(Ti_1 —ti_l) fori=1,...,nand p € A", hence Noumi’s difference-
reflection operators T; (i = 1,...,n) commute with any p(Y') € AY. This leads to
the following lemma.

Lemma 8.2. The action of AY on A preserves AW, i.e. p(Y)|aw € Endc(AWY).
Proof. Fix p; € AW and let p(Y) € AY. Then we have

Tip(Y)pr =p(Y)Tip=t;p(Y)p1, i=1...,n,
hence p(Y)p; € AW by lemma 8.1. O

Let QW] C Endc(Q) be the subalgebra generated by Q (acting as multiplication
operators) and by the automorphisms W (see lemma 3.1). Observe that H C QW)],

and that
oWl=P w= P or(\w
weW weW,NEAg
as a Q-submodule of Endc(Q) by proposition 6.2. Furthermore, Q[7(Ag)] =
Dica, Q7(A) is the subalgebra of Q[W] consisting of g-difference operators with
coefficients in Q.
With D € Q[W)], say

D= Z D(z, w)w, D(z,w) € Q[1(Aop)],
weW
we associate a g-difference operator by
Dsym = Z D(wi) € Q[T(AO)]
weW

Observe that Df = Dgy, f if f € Q is W-invariant. Now lemma 5.2, proposition
5.5 and lemma 5.6 imply

PV )symmr=ply)ma+ > expmu,  pe AV, Xe A
HEAT u<A
for certain constants ¢y, € C. Hence p(Y)sym|aw = p(Y)|aw is a triangular
endomorphism of A" with respect to the basis of monomials my (A € AJ) and
with respect to the partial order <, with diagonal terms given by p(yx) (A € AZ).
Since the W-orbits of the spectral points {yx|A € AJ} (where W = S, x (£1)"
acts by permutations and inversions on vy € (C\ {0})") are pair-wise different for
generic parameters, we arrive at the following symmetric analogue of theorem 5.7.

Theorem 8.3. There erists a unique basis {PI}AG,H of AW such that
— P (z) = my(z) + Dopentpar (@) for certain constants ey,
= (Y )sym Py = p(1) Py for all p(Y) € AV,

for all X € AJ.
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Theorem 8.3 implies theorem 3.17. In particular, the polynomial P;r (x) =
P;‘ (z;t| q) defined in theorem 8.3 is the monic, symmetric Koornwinder polynomial
of degree A € A as defined in definition 3.18.

8.2. The second order ¢-difference operator. In this subsection we show that
the g-difference operator

L= (me,(Y) —me,(10)),,, € Qr(Ao)] (8.1)

coincides with Koornwinder’s second order g-difference operator, see theorem 3.19.
We use the expression (5.3) for the Y-operator Y; as starting point for the compu-
tation of L, where R(f) =Tys; (f € R) is given by (5.1). Using (5.3) and the fact
that R(f)™' = R(—f) + (t;1 —tf)sy, we see that (Y;E!),,m, can be written as

(}/i)sym = tl_i (R(Q - 6i+1)R(€i — €i+2) s R(Ei - Gn)R(QGi)

XR(e;i+€n) - R(e; + €i41)R(e; + €i—1) - - - R(€; + €1)R(2¢; + 5)T(€i)) (82)

sym

and
(Y_l)sym = t1+i_2nﬁ;1 (R(Ei_l — 61‘) s R(Gl — Gi)T(—Gi)R(QGi + 5)_1)sym' (83)

K2

Since R(f) € 9 st C Q[W)] for f € R, and since the factor R(2¢; + §)7(e;)
and 7(—¢;)R(2¢; + §) " tin the expression (8.2) and (8.3) can be rewritten as

R(2¢; +0)7(e) = tose, + 1ty caers(-) (T(€i) = 5¢,),
T(—€)R(2e; +8) " =t se, + 15 cone—s () (T(—€i) — 5¢,)

since Sac,+5 = Se; T(—€;) = 7(€;)8e,, it immediately follows that L is of the form

(8.4)

+Z (¢ (2)7(€5) + 67 (2)7(—€;)) (8.5)
for (unique) coefficients ¢, gbj € Q. Since L(1) = 0, where 1 € A is the Laurent
polynomial identically equal to one, we have ¢(z) = — Z;L:l((bj(x) + ¢; (), so
that

L= Z (] ( — 1)+ ¢; (x)(1(—¢;) — 1)). (8.6)

We will reduce the computatlon of the coefficients ¢;.t to the computation of ¢,
using the following easy lemma.

Lemma 8.4. The coefficients QSJi € Q of a second order q-difference operator
L € Q[r(Ay)] of the form (8.6) are uniquely determined from the action of L on
the sub-algebra AW of W -invariant Laurent polynomials.

Proof. Suppose L| gqw = L'| gw with L’ of the form (8.6) with coefficients qb;-i € Q.
We have to show that (bj—t = (b}i for j = 1,...,n. Dividing out the common
denominators, we may assume that (b;t, ¢;i cAforj=1,...,n
We now take pi(x) = mye, (r) € AW with k € Z, then
n

(Lpe) (@) = (¢" = 1) > (¥ (6] (2) — ¢ %05 (2)) + 2" (¢] (x) — ¢ F¢] (x)))

Jj=1
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and similarly for L’. Since ¢ is generic (in particular, not a root of unity), L| 4w =
L'| 4w leads to

o7 () — ¢ *oF (x) = ¢ () — ¢ T (), k>0

by comparison of powers of xjil, and hence gzﬁji = gi);i for j =1,...,n, as desired.
O

It follows from this lemma and lemma, 8.2 that L is W-invariant, i.e. woLow ™! =

L in Endc(A) for all w € W. By the W-invariance of L, and since {+e¢;}7_, is
exactly the W-orbit We;, the explicit expressions for quF will immediately follow
from the explicit expression for the coefficient qﬁf of L.

In order to evaluate ¢}, we compute the 7(e;)-contribution of (V;!)g,, €
Q[r(Ag)] for i = 1,...,n. By (8.2), (8.4) and the fact that R(f) € Q ® Qsy,
the 7(e1) contribution of (Y;)sym can only be non-zero when there exists an ordered
sub-word w € W of the word

Wi = Sej—eiq1 """ Sei—enSeiSeiten " Seiteip1Seitei1 T Seiter € w (87)

which maps ¢; to €;. Similarly, by (8.3) and (8.4) we see that the 7(e1) contribution
of (Yfl)sym can only be non-zero when there exists an ordered sub-word v € W of
the word

Vi 1= S¢;_1—¢; " Sea—e;Ser—e; € w (88)

which maps —e¢; to €. The ordered sub-words which satisfy these properties are
easy to determine. The result is as follows.

Lemma 8.5. (i) Fori € {2,...,n}, there exists no ordered sub-word w of w; which
maps €; to €.
(ii) The unit element e € W is the only sub-word of wy which maps €, to itself.

(iii) Fori € {1,...,n}, there exists no ordered sub-word v of v; which maps —¢;
to €7.
Proof. The proof is left to the reader. O

So for the 7(e;) component of L, it suffices to pick up the 7(e;) contribution of
(Y1) sym associated with the sub-word e € W of w; in (8.2). This is given by

QS;F (z) = t_lc€17€2 (x)t_lcq,ég (z)--- t_lcelfen (x)t;16261 ()

XU ey e () ey e 1 (@) - T ey () 26, 5 (@)
n
= (tOtn)ith(lin)CQQ ()c2e,+5(2) H Cer—e; (T)Cey e, (@)
=2

Now substitution of the expressions (3.19) for the cs’s, and making use of the
W-invariance of L, we arrive at the explicit expression of L as given in theorem
3.19.

8.3. Duality of the symmetric Koornwinder polynomials. The duality of the
renormalized symmetric Koornwinder polynomials E*(vy;-) (A € AJ), see defini-
tion 3.21, can be established in a similar fashion as the duality of the renormalized
non-symmetric Koornwinder polynomials, see §6.3. We freely use the notations of
§6.3.
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Similar arguments as for the proof of (6.5) and (6.6), we have for all p € AW
and all \, u € AJ the identity

p(n) = B(p(E), EY(i2),  plau) = B(p(z), BT (2,:2)). (8.9)

Now we substitute p = E*(x#; -) in the first equality of (8.9) and p = ET(v,;-) in
the second equality of (8.9), and we use the duality (6.4) of the bilinear form B to
arrive at

E*(yiwa) = B (zuim),  Ap€A],
which proves the duality of the symmetric Koornwinder polynomials, see theorem
3.22.

8.4. Macdonald’s generalization of the Poincaré series. The correction term
of the W-invariant part A, (-) of the complex weight function A(-) is given by the
rational function C € Q, see (3.16). The relation between the non-symmetric theory
and the symmetric theory of the Koornwinder polynomials strongly depends on the
symmetrizing properties of C. These properties were investigated by Macdonald as
generalizations of Poincaré series of Weyl groups. In this subsection we discuss
these properties in detail for C.

We define A_ C A as the sub-space of A consisting of Laurent polynomial
p € A satisfying wp = o(w)p, where o : W — {£1} is the character of W given by
o(w) = (=1)"®) for all w € W (see lemma 3.1 for the action of W on A).

We denote p by the half-sum of positive roots, so

1 n
p=1 S amin = S A
aeXt =1
where (recall) w; = €1 +---+ ¢ (i =1,...,n) are the fundamental weights. Now
we set Agt = AJ + p, so

A8_+:{)\:()\1,...,)\n)€/\0|>\1>)\2>"'>>\n>0}~

The elements in AS’ T are called regular dominant weights, since AS’ T is exactly the
subset of dominant weights A\ € Aar for which the stabilizer sub-group W, C W
only consists of the identity element.

Since the intersection of WA with A consists of one point AT € AJ for all
A € Ay, we see that the “anti-symmetric” monomials

m, (z) = Z o(w)z" € A_, NeEAT
weWw
span A_. If A € Af \ AJ™, then there exists a simple reflection s; € W stabilizing

A, since the stabilizer sub-group W) is a parabolic sub-group of W. It follows that
my (x) =0iff A € AJ \ AT, and that {m} |\ € AJ T} is a linear basis of A_.

Lemma 8.6. We have
m, (z) = x” H (1—a%)
aES-
n A.
Proof. We write p(z) = 2 [ ey (1 —2%). Fori=1,...,n we have s;(p) = p — a;
since p = wy + -+ +w, and (w,», aJV) = ¢; j. Since s; permutes X1 \ {a;} and maps
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a; to —a;, we see that s;,p = —p =o(s;)pforalli =1,...,n. Hence p € A_. We
now use the dominance order < on Ag, see definition 5.1 and lemma 5.2. Then

my () — pla) = 3 exa®

for some constants c¢y. On the other hand, the left hand side of this identity lies
in A_. So if it is non-zero, then its expansion in monomials has a contribution for
the monomial z* for some \ € Af{f But there are no regular dominant weights
A € A§™ which are strictly smaller than p since Ay C A7, hence m, (z) = p(x), as
desired.

Proposition 8.7.
> wC(t;q) = Ceg (8.10)
weWw

lies in the base field C of Q. In particular,

C
(P1,P2)t,g = ﬁ@h;ﬂzh,t,q, Vp1,ps € AV (8.11)

where |W| = 2"n! is the cardinality of the finite Weyl group W.

Proof. The identity (8.11) follows directly from (8.10) using (3.15), the definitions
of (-,-y and (-,-)4, and the invariance of the measure (T", df) under the action of
W.

For (8.10), we observe that lemma 8.6 and the definition of C € Q (see (3.16))
implies that

m, (z) Y (wC)(x) =

wew

= Z o(w)w (azp H (1-— tata/gxa/Q)(l +tata/12xa/2)> ,

weW aEX—

(8.12)

which thus lies in A. On the other hand, }_ .y wC € Q is W-invariant, and
m, € A_, so that the expression (8.12) actually lies in .A_. We have to show that
(8.12) is a constant multiple of m (x). To show this, it is sufficient to prove that if
the monomial z* (1 € Ag) occurs in the expansion of (8.12) as linear combination
of monomials with non-zero coefficient, then p < p, cf. the proof of lemma 8.6. But
every monomial contribution within the large brackets of (8.12) is of the form z#
with 11 = 33 exs Lo, €a € {—1,0,1} and &, # 0 when o € X, Clearly, such
a p is smaller than (or equal to) p with respect to the dominance order. Since p
is a dominant weight, we then also have wy < p for all w € W and for any such
p. Hence (8.12) is a constant multiple of m, (), which completes the proof of the
proposition. O

A product form of the constant Cy , can be obtained by specializing the left hand
side of (8.10) at x5 *. In fact, we have the following more general result (see §5.2
for the notations concerning parabolic sub-groups).

Lemma 8.8. Let A € Af, then Cy,, = Y wewa C(:c;/l\;t;q). In particular, C¢.q =
C(zg 5 t59).
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Proof. Let A € A{. By the definition (8.10) of Cy,, we have

Cog= Y, (w0 (@} %0 (8.13)

ueEWX weWy

(indeed, observe that wC(z) € Q isregular at z = x ' for all w € W, so that we may
specialize 3, oy wC(z) € Q at z = z3"). We consider a term (w™lu~1C)(z}") in
the sum (8.13) with w # 1. Then there exists a simple root a; (i € {1,...,n}) which
is orthogonal to A (i.e. (\,a;) = 0), and such that o = (uw)(a;) € £~ (we have
used (5.5) here). Now the factor c,-1,-14(23 ") = ca, (z)") of (w™tu™1C) (") is

zero, since zy’ = zf' (= t* if i € {1,...,n — 1} and = t?t2 if i = n), see the proof
of proposition 6.16. Hence the contribution in the sum (8.13) is zero unless w = 1.
The lemma follows now from lemma 5.6. U

8.5. The link between the symmetric and non-symmetric theory. In this
subsection we expand the renormalized symmetric Koornwinder polynomials as
linear combinations of the non-symmetric Koornwinder polynomials. We first show
that E+(yx;+) (A € A{) can be obtained by letting the trivial idempotent of Hg
act on any non-symmetric Koornwinder polynomial E(v,;-) (1 € W) under the
Noumi representation 7 4.

So we first have to introduce the trivial idempotent of Hy and establish some of its
elementary properties. We work directly in the image of the Noumi representation
T, By Iwahori-Matsumoto’s theorem (cf. the proof of proposition 4.6), we may
write ¢, = t;,t;, - - - t;, for a reduced expression w = s;,5;, - - $;,. € W. We then set

1
O =5—0 > twTw €H, (8.14)
weW "w ey

which satisfies the following elementary properties.

Lemma 8.9. (i) (T; —t;,)Cy =0 fori=1,...,n.

(i) C2 = C.

(iii) €. € H C Endc(A) is a projection onto AW . In particular, we have
AV ={pe A|Cyp=p}.

(iv) (CH)t =C'*, where

1
Ct = Y t,' T, X

Z’WGW wowew

is the trivial idempotent with respect to inverse parameters, and I is the anti-
isomorphism of H defined in lemma 6.9.

Proof. (ii) is immediate from (i) and (iii) is a direct consequence of (i) and lemma
8.1. So it remains to prove (i) and (iv).

For (i), we fix i € {1,...,n} and decompose W = W;" U W, (disjoint union),
where W consists of the Weyl group elements w € W such that I(s;w) = (w) £ 1.
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Observe that W, = s; W,”. Then we compute

ﬂ( Z thw) = Z (thiTw +tsiwﬂTsiw)

weW wer'
= > tu(Ti+ tT7) Ty
wEWi+
wEWi+ weW

where we have used the quadratic relations (T; — ¢;)(T; + ¢; 1) = 0 for the third
equality.
For (iv), we observe that

1

(C)t = S tT, e

ZwGW to weW
Hence it suffices to show that C'; € H can also be written as
1
ZWEW tw weWw

We show this by changing the summation variable in (8.14) to u = ow, where
o = —1 € W is the longest Weyl group element (which maps v to —v for all v € V).
Then l(ow) = I(c) — l(w) for all w € W, so that ty,, = tyty, and Ty, = T,T,* for
all w € W. In particular,

o= >t S tuTw=tTy > t, T,

weW weW weW weW

Substituting these expressions into (8.14) and using (i) then shows
1 1
Cy =t Ty —— t Tyl = —— t Tt
ZwEW th w;/lf ZwGW tw2 w;[/
as desired. ]
Proposition 8.10. Let A € A and u € W, then
ET(yx;0) = CLE(yu30).

Proof. Fix A € A$ and u € WA. Let p(Y) € AY. Since the T;’s commute with
p(Y) for i =1,...,n, we have that p(Y)Cr = C1p(Y) in H. Hence

P(Y)(Cs E(yus ) = C (p(Y) E(1u3 ) = () C+E (Y5 ),

since p(7,) = p(y) by lemma 5.6 and by the W-invariance of p. Since p(Y) € AY
is arbitrary and C;E(v,;-) € A" by lemma 8.9(iii), it follows that CyE(v,;)
is a constant multiple of ET(v,;-). To show that the constant multiple is one, it
suffices to show that

(C+E(’)’;L;'))($61) =1
Now c,,(z5%t]q) = 0 for all i = 1,...,n, so that (Tip)(xg"') = tip(xy') for
i=1,...,n. In particular,

(TwE(vu;-))(xal) zth(’yM;xgl) = tw, Yw € W.
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Hence
_ 1 —
(C+E(yus ) (x5 1) = S Z tu (TwB (yu; ) (25 1) = 1,
weW "w yew
as desired. O

We are now in a position to derive the explicit expansion of the symmetric
Koornwinder polynomial in terms of non-symmetric Koornwinder polynomials, see
theorem 3.27. By proposition 6.16 and proposition 8.10 we have an expansion of
the form

Et(yyz) = Z cﬁE(wu;as)7 NeEAS
HEWA

for unique coefficients c € C. We first show that c =K, C (v, DY for all p € W,

with the constant K mdependent of u € WA. By theorem 3.14 and theorem 3.16,

we have

(L) a(y!

(BT (050 B' () = B ), B/ (7 50)) = =1
w 1% M 12 C('Y,u,l) w+('}/>\1)

for all A € AE)" and u € WA. On the other hand, by lemma 8.9, proposition 8.10,
proposition 7.2 and remark 3.26,

(EY (i), E' () = (CLEF (i), E' (0,15 )
= (EF (1), CLE (7,15 ))
= (E*(;), CLE (7,15 )
= (E*(ni), B (2 559) = (BT (), BT ()

for all A € A and p € W, where E’ +(’ygl; -) is the renormalized symmetric
Koornwinder polynomial of degree A with respect to inverse parameters. We con-
clude that the expression (8.15) is independent of u € WA, hence

=K\C(v,Y), pmeWA XeAd

(8.15)

(8.16)

for some constant K independent of p € W and

ET(ya;2) = Ky Z C( (v E (s ), NeAT.
nEWX

Now we evaluate this expression at z = xy ! and we use lemma 8.8, to see that
Ky = C(v ")~ (independent of A\ € Af). This completes the proof of theorem
3.27.

8.6. Orthogonality relations and quadratic norms. In this subsection we es-
tablish the orthogonality relations and quadratic norms of the renormalized sym-
metric Koornwinder polynomials with respect to the non-degenerate bilinear form
<'7 '>+ on AW,

Recall from proposition 8.7 that (-, ) is the restriction of the bilinear form (-, -)
to the sub-algebra A%, up to an explicit constant. Hence the bi-orthogonality
relations of the non-symmetric Koornwinder polynomials with respect to (-,-) (see
theorem 3.14), remark 3.26 and theorem 3.27, imply that

(ET(va:), EY(vus )+ =0, Ap €A, X#p,
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which are the orthogonality relations of the symmetric Koornwinder polynomials as
stated in theorem 3.25. For the diagonal terms, we observe that (8.15) and (8.16)
lead to o
(i) B e ) = m P ) ey )
Clvo w+(a)
since we have seen in the previous subsection that cf; = Cf (v /C| (v ). Now by
proposition 8.7 applied twice, we obtain from (8.17) that

(1,1 w(yg )
Et(ya; ), B (ya; )y = =22+ 0
W B ) Clvo D7y 1)

But @(y, ") = C(vg )@ (75 '), so that

(EF (i) EX (i D+ _ @4 (00) .
= ——7, AeA]
<1a ]->+ w4 (’Y)\ )
which establishes the evaluation of the diagonal terms for the symmetric Koorn-
winder polynomials, see theorem 3.25.

9. APPENDIX

In this section we prove the commutation relations stated in proposition 6.6. We
recall here that Uy and Y; are given by the expressions

U() = T1T2 .. -Tn_lz;nglTJ_ll e T1_17

N X (9.1
Yi=T, - Th 1Ty T "'TITOTl_ TQ_ TZ:1

For the actual verification of the Lusztig type commutation relation between Uy and
p(Y) (p € A) in proposition 6.6, we observe that it suffices to prove it for p(Y) =Y;
(i =1,...,n), cf. the proof of proposition 4.11. If we furthermore substitute the
explicit expression for the difference-reflection operator Ty, we see that it suffices
to prove the following commutation relations in H:
(a) (Uo — £)(Uo + Y1) = 0;
(b) UOT1UOT1 == TonTon;
(¢) UoT; =T;Up for i =2,...,m;
(d) U Vi = ¢ Y, 0+ (1 — )i+ q V2 — 1)
(e) UpY; =Y;Upfori=2,...,n.
We first check the easy commutation relations (a) and (c). The relation (a) is
immediate from the quadratic relation for z,!7T;! (see proposition 6.5) and (9.1),
which shows that Uj is conjugate to z, T, ! in H. For (c) we note that by the
commutation relations T;2;T; = 41 (i = 1,...,n — 1) (see proposition 6.5) and
(9.1), we have
Up =2 T T T Tt T = 20 oYt (9.2)
If we write [X1, Xo] = X1 X — XX for the commutator of two elements X1, X5 €
H, then by proposition 6.5, [T}, z; '] = 0 and [T}, Ty] = 0 for j = 2,...,n. Further-
more, by Lusztig’s commutation relation between the T;’s and p(Y')’s (see (6.2)),
we also have [T},Y; '] = 0 for j = 2,...,n. Combined with (9.2), this proves (c).
We next prove (e) by showing that Uo_le = Yon_l for j = 2,...,n. We fix
j € {2,...,n}. Using the commutativity of the Y;’s and using (9.2), we see that
Uy 'Y; = Y;Uy ! is equivalent to [T}, '21,Y;] = 0. Now using the expression (9.1)
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for Y;, together with the commutation relations between the T;’s and z;’s (see
proposition 6.5), we compute

2Y; =Ty Ty \TnTpy - To TV ToT - - Tj_gl
=T Ty 1T Ty - ToTy  Toz Tyt - T]-111

=Ty Tya Ty Ty - LTy T Ty - T 21

Applying the én—braid relations for the T;’s, we obtain

To'eY =T; - Ty T Toy -+ LTy " T TV Ty - T 2

=Ty Tpa Ty Ty ToTy T Ty T 2

=T Tpr T Do - YOI Ty T T 2 = YT
(here we have used that T, 0_1T T YT = TWIoT, T 0 1 which is a direct consequence
of the braid relations). This completes the proof of (e).

Next we consider the commutation relation (d). By (9.2) and proposition 6.5,

we have
q1/2U0Y1 = ql/QZ;ITO = q_l/QT(;lZl + tov_l - t(\)/ (9 3)
= Y |

Using the quadratic relation (a) for Uy (which we already proved), we immediately
see that (d) is implied by (9.3).
Instead of proving the commutation relation (b), we prove the following equiv-
alent commutation relation in H:
Uyt tug Tyt = 10Ut T U (9.4)

Weset =2=1T5---T, 1T,T,,_1---T5 € H. By proposition 6.5, we have Zz; = 21 =,
and Uyt = TY=T1 2 by (9.1) and (9.2). Combined with the commutation relation
Tiz1 = 2T (see proposition 6.5), we see that

T7'Ug 'y Uy ' = ENisETiz ©5)
= ETNEzTiz1 = ETIE 21 2,T; '

on the one hand, and
Uy T U T = TIET 1 2T Ty 06)
=TETE T Ty = IETET] 2 2T '

on the other hand. Now multiplying the expressions (9.5) and (9.6) on the right by
the invertible element T 27 122_ T e ‘H, we see that it suffices to prove that
EheT =TE=Th= (9.7)
inH. Set 2 =T;---Tp_1T,T,,_1---T; for i = 2,...,n, then we claim that the
following commutation relations are valid in H:
Eiﬂ_laiﬂ_l :ﬂ_laiﬂ_lai, 1= 2,...,Tl. (98)

Observe that (9.7) is the special case i = 2 of (9.8). We prove now (9.8) by
downward induction on i. For i = n, we have Z,, = T, hence (9.8) is valid by
the braid relation T,,T,,_ 11,11 = Ty,_11T,_1T, in H. For the induction step,
we assume that (9.8) is valid for i = k4 1, with k& € {2,...,n — 1}. The Cp-
braid relations for the T;’s imply Ti—1Z+1 = ZEx4+17%—1. Combined with the braid
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relation Ty T 1Ty = Ti—1TiT)—1 and the identity 2y = TpEg4+17), we see that the
expression in the left hand side of (9.8) with ¢ = & can be rewritten as

ExTy 12k Th—1 = ThBp 1 Tk T 1 ThZp 1 Tk Th 1
=ThEp 1T 1Tk Th 1 Zp 1T T
=TTy 1 Ep 1 ThZk 1T 1TrTh—1
=TT 1 Cr1TrEr1Th)Th—1 T,

while the expression in the right hand side of (9.8) with ¢ = k can be rewritten as

Te1Z46Tk 15k = Th 1 ThEp 1 T T 1 T B 1 T
=Ty 1 TeEp1Te 1 T T 15k 11Tk
=T 1Tk T 1Zk+1 Tk =g +1Tk—1Tk
=TT 1 (ThZr1 ThZrg 1) Th—1 T,

hence (9.8) is also valid for i = k by the induction hypothesis. This completes the
proof of (9.8), and hence also the proof of the commutation relation (b).
With these considerations, the proof of proposition 6.6 is now complete.

10. PRECISE REFERENCES TO THE LITERATURE

§2 Macdonald [20] derived the basic properties of affine root systems and
affine Weyl groups, and classified the irreducible root systems. In par-
ticular, in [20] the non-reduced affine root system CVC' was introduced.
The derivations in §2 are mainly ad hoc. For a more systematic treatment,
see Humphreys’ book [14].

§3.2-3.3 The difference-reflection operators associated with the non-reduced root
system of type CVC, as well as the associated Y-operators, were written
down by Noumi in [26]. They generalize the difference-reflection operators
and Y -operators for classical, reduced affine root systems of Cherednik, see
[5]-[9]. The commutativity of the Y-operators (theorem 3.6) was proven
by Noumi [26].

§3.4-3.5 The non-symmetric Koornwinder polynomials (definition 3.10) were defined
by Sahi [29]. The duality of the non-symmetric Koornwinder polynomials
(theorem 3.11) was also proven in [29].

§3.6 The bi-orthogonality of the non-symmetric Koornwinder polynomials (the-
orem 3.14) was proven by Sahi [30] for discrete values of the parameters,
and by Stokman [32] for continuous values of the parameters.

§3.7 The evaluation of the diagonal terms for the non-symmetric Koornwinder
polynomials (theorem 3.16) was derived in [32].

§3.8 Symmetric Koornwinder polynomials were defined by Koornwinder [17] as
a generalization of the symmetric Macdonald polynomials associated with
the root system BC (see [23]), as well as a multivariable generalization of
the Askey-Wilson polynomials (see [2]). Koornwinder [17] proved that they
are eigenfunctions of the second order g-difference operator L as defined in
theorem 3.19, and proved their orthogonality relations (see theorem 3.25).
Koornwinder and Macdonald conjectured further properties of these poly-
nomials in an unpublished note, such as the duality (theorem 3.22) and the
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explicit expression for the quadratic norms (theorem 3.25). These conjec-
tures were proven by Van Diejen [10] for a sub-family of the Koornwinder
polynomials.

Noumi [26] clarified the important role of affine Hecke algebras in the the-
ory of symmetric Koornwinder polynomials (in the same spirit as Chered-
nik’s affine Hecke algebra approach to Macdonald polynomials).This was
also announced by Macdonald [22]. The explicit relation between Koorn-
winder’s second order g-difference operator and the Y-operators (see theo-
rem 3.19) was proven in [26]. The proof of duality for the symmetric Koorn-
winder polynomials (see theorem 3.22) for the complete family of symmetric
Koornwinder polynomials was proven by Sahi [29], using the analogue of
Cherednik’s [6] double affine Hecke algebra in the Koornwinder setting. By
Van Diejen’s [10] results, this in turn implied the quadratic norm evalua-
tions for the symmetric Koornwinder polynomials (see theorem 3.25) for
all parameters values. A proof of the quadratic norm evaluations using
affine Hecke algebras, which in particular leads to the expressions in terms
of multiple residues in a natural way, was derived in [32]. The precise link
between the non-symmetric Koornwinder polynomials and the symmetric
Koornwinder polynomials (theorem 3.27) follows easily from results in [32].
The treatment of the affine Hecke algebra as given in these three sub-
sections follows the paper of Lusztig [19], who partly attributes the results
to Bernstein and Zelevinski. We focused our presentation to the case of
affine Hecke algebras of type én, which is exactly the awkward case in
Lusztig [19]. The awkwardness lies in the fact that (Ag,a,) = 2Z instead
of Z, so that lemma 4.9 does not suffice to prove proposition 4.11. The
computation of the commutation relation of proposition 4.11 for i = n was
derived in Lusztig from (quite elaborate) computations in the associated
extended braid group. The shortcut of this result as presented in the proof
of proposition 4.11 seems to be new. Observe that (Ag, a,) = 2Z (where
Ap should be considered here as the co-root lattice of X) is exactly the
crucial property of the reduced root system ¥ which allows one to squeeze
in two extra parameters into the theory (see §2.3 on the level of affine root
systems), leading eventually to the affine Hecke algebra interpretation of
the complete family of Koornwinder polynomials.

The Noumi representation was defined in [26], following the approach of
Cherednik [5] in case of reduced root systems.

The triangularity of the Y-operators (see proposition 5.4) was derived in
[32].

The definition of the non-symmetric Koornwinder polynomials was given
by Sahi [30]. The presentation given here, which makes essential use of the
triangularity of the Y-operators, follows [32]. The advantage is that the
triangularity of the Koornwinder polynomials is automatically incorporated
in their definition (see theorem 5.7). In Sahi’s approach this requires proof,
see [30].

The introduction of the double affine Hecke algebra, the derivation of its
basic algebraic structure and its application to the duality theorem of the
non-symmetric Koornwinder polynomial (theorem 3.11), follow closely the
paper of Sahi [29].
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§6.4 The application of the duality in obtaining spectral difference-reflection
operators is taken from [32].

§7.1 The results in this sub-section were derived in an algebraic manner in [30]
for a discrete set of parameter values. This sub-section follows the analytic
approach of [32] (which in particular leads to the results for continuous
parameter values).

§7.2 The derivation of the diagonal terms of the non-symmetric Koornwinder
polynomials in terms of multiple residues of the weight function follows
[32]. The approach is motivated by Cherednik’s paper [8], in which it be-
came apparent that (non-symmetric) Harish-Chandra transforms can be
well understood by computing their intertwining properties under the ac-
tion of the (degenerate) double affine Hecke algebra.

§8.1-8.2 The results in these sections linking symmetric Koornwinder polynomials
to the affine Hecke algebra follow Noumi [26].

§8.3 The proof of the duality for the symmetric Koornwinder polynomials follows
Sahi [29].

§8.4 The generalization of the Poincaré serie of type C, was derived by Mac-
donald [21].

§8.5 The precise expansion of the renormalized symmetric Koornwinder poly-
nomials as linear combination of the renormalized non-symmetric Koorn-
winder polynomials can be easily derived from [32]. In [32] the “monic
version”, i.e. the explicit expansion of the monic symmetric Koornwinder
polynomial P; (A € AJ) in terms of the monic non-symmetric Koorn-
winder polynomials P, (u € Ag) was proven, and explicit expressions for
P,(zg") and Pyt (zg) were derived (the so-called “evaluation formulas”).
Combined they lead to theorem 3.27. The proof of the expansion theorem
(theorem 3.27) as given in §8.5 is new.

§8.6 The derivation of the quadratic norms of the symmetric Koornwinder poly-
nomials in terms of residues of the weight function as given in §8.6 follows
[32].

§9 The proof of commutation relations between specific elements of the double
affine Hecke algebra, which is needed for the duality of the Koornwinder
polynomials in §6.2, follows Sahi [29].
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