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These are lecture notes that I have developed in the course of several years for the
first year master course " Quivers” at the University of Amsterdam. The goal of the
master course is to give first-year master students a first taste of various core topics
in algebra and geometry within the concrete setting of quiver representations.
These topics include representation theory, category theory, homological algebra,
Lie theory and algebraic geometry. In these lecture notes I assume the following
foreknowledge:

(1) Basics on linear algebra, rings and fields (typically the material covered in
undergraduate courses on these topics).

(2) Some basic facts on category theory. We will give precise references, mainly
to the lecture notes [7] of the undergraduate course "Modules and Cate-
gories” developed by Lenny Taelman.

(3) In the last section of the lecture notes (Section 11), when discussing the
proof of Gabriel’s Theorem, some results from algebraic geometry are
needed, for which we refer to the classical text book [5]. The key ideas
and steps in the proof of Gabriel’s Theorem will though be clear without
foreknowledge of algebraic geometry.

Initially the notes started as supplements to parts of the books by Schiffler [4]
and Assem, Simson and Skowronski [1], but gradually grew out to become lecture
notes covering the material of the whole master course. I tried to make the lecture
notes as self-contained as possible, with references restricted mainly to the original
sources [4, 1, 7] for the master course. If a proof is not given in detail, then a precise
reference is given and these proofs can be understood without further additional
foreknowledge unless explicitly stated otherwise.

The main topics of the lecture notes are: (projective) quiver representations,
Krull-Schmidt Theorem, (standard) projective resolutions, Jacobson’s Theorem
for finite dimensional algebras, the presentation of basic finite dimensional algebras
as bounded quiver algebras, induction and restriction, and Gabriel’s Theorem on
the classification of quivers of finite representation type.

These lecture notes are updated on a regular basis. Comments on the text are
welcome.
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4 LECTURE NOTES ON QUIVER REPRESENTATIONS

1. INTRODUCTION

A central problem in the course ”Quivers” is how to unravel the structure of
modules over finite dimensional algebras. Important tools come from rather ab-
stract homological algebraic techniques, as we shall see later, but substantial parts
of the theory become very concrete by reinterpreting modules as representations of
quivers (oriented graphs). In this first section I will explain the basic idea how to
relate modules to quivers. It corresponds to Section 1.1, Section 4.1 (up to Prop.
4.4), Section 4.3 (up to Lemma 4.9) and Section 5.2 (special case of Theorem 5.4)
in [4].

1.1. Basic definitions. Let £ be a field.

Definition 1.1. An (associative k-)algebra A is a unital ring as well as a k-vector
space, such that the ring addition is the same as the vector space addition and the
ring multiplication map A x A — A (a,b) — ab is k-bilinear.

We write 1 for the unit element of A. We often will omit the adjective ”associa-
tive”, since all algebras that we encounter will be associative.

Example 1.2. a. The field k itself is an associative k-algebra.

b. The ring klzy,...,x,| of polynomials in x1, ...z, with coefficients in k is a
commutative associative k-algebra with the natural scalar multiplication of polyno-
maals.

c. Let'V be a k-vector space. The k-vector space Endy (V') of linear endomor-
phisms of V' is an associative k-algebra with ring multiplication the composition of
maps. The unit element is Idy .

d. Let G be a group and k|G| the k-vector space with linear basis the group ele-
ments. It becomes an associative k-algebra with multiplication the k-bilinear ez-
tension of the group multiplication. The unit element is the neutral element of

G.

Path algebras of quivers form a class of associative k-algebras which are of
central importance in this course. We start with the definition of a quiver.

Definition 1.3. A quiver Q = (Qo, Q1, s,t) consists of a set Qy of vertices, a set
Q1 of arrows, and a pair of maps s,t : Q1 — Qo called the source and target maps.

Quivers are synonymous to oriented graphs, with the source and target maps
indicating the starting and ending vertex of the oriented arrows, respectively. For
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instance, the oriented graph

«

2

(1.1) 1 /B>£< 3
[
4

5
)

corresponds to Qy = {1,2,3,4,5}, Q1 = {«a, 5,7,0} and source and target maps
s(a) = 2, s(B) =1, s(y) =3, s(6) =4

and t(a) = t(B) = t(y) = t(0) = 5. We will always assume that quivers are finite,
meaning that the number of vertices and arrows are finite.

Definition 1.4. Let QQ be a quiver and i,7 € Qo. A path ¢ of length r > 1 with
starting point i and endpoint 7 is a r-tuple ayas - - -, of vertices oy, € Q1 such
that s(ay) =14, t(ag) = s(agy1) (1 <k <7) and t(a,) = .

We write s(c) and t(c) for the starting point and endpoint of the path ¢. For
1 € Qo we write e; for the path of length zero starting and ending in .
Let P = Pg be the set of paths of ). For example, for the quiver (1.1) we have

P == {617 €2, €3, €4, €5, (, 67 7, 6}
Here are two examples with paths of lengths > 1.

Example 1.5. a. For the quiver

o

we have P = {e,a,a?,...}.
b. For the quiver

1] My 22, Ml
we have P = {c;; | 1 <i < j<n} with ¢;; :==e; and for 1 <i < j<nmn,
Cij = QjQq1 - Q1.

A cycle is a path ¢ of length > 1 with s(c) = t(c).

Exercise 1.6. () has no cycles <& #Pg < 00.
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1.2. The path algebra. Let k() be the k-vector space with basis the set Pg of
paths of Q).

Proposition 1.7. The k-vector space kQ) is an associative k-algebra with multi-
plication the k-bilinear extension of the multiplication rule

, cc (concatenation of paths) if t(c) = s(d)
c-cd =
0 otherwise

for paths ¢, € P. The unit element is 1 =3, €.
k() is called the path algebra of the quiver Q).

Proof. Associativity of the product rule is obvious. The element ), e; serves
as the unit element since

i = 0; 5(¢)Cs ce; = 04 1(¢)C

for ¢ € Qo and ¢ € P with 9, ; the Kronecker delta function, which is 1 if 7 = j and
0 otherwise. 0

Example 1.8. Consider ezample 1.5b. For 1 <i<j<nandl <k </l <n we
have

CijCre = 5j,k:ci€-

Exercise 1.9. Let Mat,, ,(k) be the associative k-algebra of n x n matrices with
coefficients in k and matriz multiplication as ring structure. Write b for the k-
subalgebra of upper-triangular matrices in Mat,, (k).

Let @ be the quiver from Example 1.5b. Show that the path algebra kQ is
isomorphic to b as algebras.

The set {e; }icq, is a so-called complete set of orthogonal idempotents of £Q). The
definition of a complete set of orthogonal idempotents for an arbitrary k-algebra
A is as follows.

Definition 1.10. Let A be a finite dimensional associative k-algebra. A set
{e1,...,en} of elements e; € A is called a complete set of orthogonal idempotents

of A if:

a. e? = e; (idempotent property),

b. e;e; =0 if i # j (orthogonality),
c. 1=>"" e (completeness).

The set {1} is the trivial complete set of orthogonal idempotents of A.

Lemma 1.11. Let A be a finite dimensional associative k-algebra and {eq,. .., e,}
a complete set of orthogonal idempotents of A.

a. A=D;,_, eide; as k-vector spaces.

b. e;Ae; C A is a k-subalgebra with unit element e;.
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Proof. a. Let a € A. Then

n
a=1-a-1= g €;ae;,

ij=1
showing that A =", e;Ae;. Suppose a;; € ¢;Ae; (1 <1i,5 <n) and

ij=1
n
E Qi = 0.

ij=1
Then for 1 < k,¢ < n we have
n n
0= ek( E aij)eg = g €rCi0;j€5€1 = Ujy
1,7 i,5=1

since a;; = e;a;;e; and ege; = 0; pex, eje; = 9, e,. This proves a.
b. This is clear since e; is an idempotent. 0

Example 1.12. For the path algebra kQ of a quiver Q and i,j € Qo,
e;(kQ)e; = span,{c | c € P}
with P;; the set of paths starting at i and ending at j.
1.3. The category of right £(Q)-modules. Let R be a unital ring. A right R-
module is a an abelian group M together with a map M x R — M, (m,r) — m-r
satisfying
(ml—l—mg)-r:ml-r—i-mz'?“;
m-(ry+7re) =m-ri+m-rg,
m - (rirg) = (m-ry) - ro,
m-1=m
for m,mi,my € M and r,ry,79 € R. In a similar fashion one defines left R-
modules. See [7, Chapter 1] for some basic properties and examples of R-modules.
Note that if R is a k-algebra A and M is a right A-module, then the abelian

group M becomes a k-vector space with scalar product Am :=m - (A1) for A € k
and m € M, and the action map M x A — M is k-bilinear.

Example 1.13. Recall that a k-representation (m,V') of a group G is a k-vector
space V' together with a group homomorphism 7w : G — GL(V'). It endows V with
the structure of a left k[G]-module by

(Z Agg, V) = Z)\gﬂ(g)v, Ag € k.
9eG geqG

Conversely, restricting the k[G]-action of a left k|G]|-module M to G turns M in a
k-representation of the group G. This is a bijective correspondence. In fact, with
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the obvious notions of morphisms, it extends to an equivalence of categories between
the category Repg of k-representations of G and the category of left k|G]-modules.

The interpretation of modules over kG as representations of the group G provides
elementary and powerful (group theoretic) tools to understand the structure of
k[G]-modules (think of the undergraduate course on representation theory of finite
groups). For right kQ-modules it turns out to be fruitful to interpret them as so-
called quiver representations. The construction is as follows.

Let @ be a quiver and M a right kQ)-module. Consider the subspaces M; := M -¢;
of M (i € Qp). As in the proof of Lemma 1.11 one shows that

M =P M
i€Qo
as k-vector spaces. For a € (); define a k-linear map ¢, € Homk(MS(a), Mya)) by
(1.2) Ga(m) :=m - a, m € M.

Note that the image of ¢, is indeed contained in M;,) since a = ey in kQ.
Hence the right kQ-module structure on M gives rise to the data (Mi, ¢a)i€ Q0:0€0;
consisting of k-vector spaces M; (i € (y) naturally attached to the vertices of Q
and corresponding k-linear maps ¢o : M) = My (o € Q1), naturally attached
to the edges of Q.

Definition 1.14. A representation M = (Mi,gzﬁa)ier 0cQ:

of a collection of k-vector spaces M; (i € Qy) together with a collection of k-linear
maps ¢ : Ms)y = Moy (o € Qo). We say that M is finite dimensional if
dim(M;) < oo for alli € Q. We call

dim(M) := (dim(M;))

of a quiver ) consists

1€Qo

the dimension vector of M.

We will assume quiver representations to be finite dimensional unless explicitly
stated otherwise.

We picture quiver representations as decorated oriented graphs by attaching the
k-vector space M; to the vertex i € (Jy and attaching the k-linear maps ¢, to the
edge o € Q1. For instance, let M = ({Mi}g’zl, {a, O3, D+, ¢5}) be a representation
of the quiver (1.1). Then we depict it as

M,
s
5 M

¢§T

M,

(13) My ¢ < M3

by
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Definition 1.15. Let M := (]\/[i,<boé)i€QO’a€Q1 and N := (Ni,¢a)¢ego,ate be two
representations of the quiver Q. A morphism f : M — N of quiver representations
is a collection f = (fi)ier of linear maps f; - M; — N; (i € Qo) such that for all
a € QQq, the diagram

Ms (o) ¢—> Mt(a

lfs(a) lft(a)

s (a) —> Nt
commutes.

We write Hom(M, N) for the class of morphisms M — N and End(M) =
Hom(M, M) for the endomorphisms of M. Note that

Hom(M, N) C | [ Homy(M;, Ny),
i€Qo
from which Hom(M, N) inherits the structure of a k-vector space. Concretely,
it is given by componentwise addition and scalar multiplication. We define a
composition map

Hom (M, N) x Hom(N, P) — Hom(M, P), (f,g)—gof

with (go f); := g;o f; componentwise composition of linear maps (convince yourself
that g o f indeed is a morphism M — P of representations). We write 1), =
(Id M, ) icoo € End(M), which serves as the identity morphism with respect to the
composition rule. We obtain in this way a category Repg,, the category Repg of
finite dimensional representations of @) over k (see [7, Chapter 4 & 5] for the basics
on categories).

Note that a morphism f : M — N is an isomorphism if f; : M; — N; are k-linear
isomorphisms for all i € )g. The isoclass of the quiver representation M is the
collection of representations N for which Hom(M, N) contains an isomorphism.
In this case we write M ~ N (it is clearly an equivalence relation).

Example 1.16. a. Consider the quiver representations M and N given by

5 £
k2 k2

respectively, with matrices B,C € Matos(k). In this case a morphism M — N is
a 2 X 2-matriz D such that DB = CD. Hence M ~ N iff B and C are in the
same conjugation class.

b. Consider now the quiver representations M and N given by

N Y S Qi
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respectively, with B,C' € Mata s (k). In this case a morphism f € Hom(M, N) is a
a pair f = (D, E) of matrices D, E € Matyo(k) such that EB = CD. In this case
M ~ N iff the matrices B and C have the same rank.

Write Modyq for the category of finite dimensional right kQ)-modules.

Proposition 1.17. The categories Repg and Modyg are equivalent.

Proof. We define a functor F : Modrg — Repg as follows. For M a right kQ-
module we define F(M) = (Mi’¢a)ier,aeQ1 with M; = M - e; and ¢, given
by (1.2). For a morphism f : M — N of right kQ-modules we define Ff €
Hom(FM, FN) by

We first verify that Ff is a well defined morphism. For m € M; we have f(m) =
f(m-e;) = f(m) - e;, hence (Ff). € Homy(M;, N;); furthermore, for a € Q1 and
m € My, writing FN = (N;, ¥a)icqo,ac0: »

(wa o (‘Ff)s(a)> (m) = wa(f<m))
= f(?ba(m)) = ((Jrf)t(a) o gba) (m)v
completing the proof that F f is well defined. Clearly F is a (covariant) functor.

A quasi-inverse G of F is constructed as follows. It maps a representation
(M;, $a)icgoac, Of Q to the external direct sum

(1.4) M =P M,

i€Qo
regarded as right k@Q-module as follows: e; acts on M as projection onto M; along
the direct sum decomposition (1.4), while a path ¢ = ajas - - -, of length r > 1
acts on m € My by

M- ¢:= o, (- Gay (P (M) -+ -)

while ¢ acts as zero on M; with i # s(c). We leave the straightforward verifications
that this turns the k-vector space M into a right k@Q-module as an exercise.

If f:= (fi)ieq, is @ morphism from (M;, ¢o) to (N;, 1) then Gf is f, regarded
as linear map Gaier M; — ®ier N;. Note that G f is a morphism of kQ-modules,
and G is a well defined functor G : Repg — Modyq. It is easy to check that G is a
quasi-inverse of F. 0



LECTURE NOTES ON QUIVER REPRESENTATIONS 11

2. Repgp AS AN ABELIAN CATEGORY

In the previous section we introduced the category Rep, of representations of a
quiver (), and showed that it is equivalent to the category Modyq of right modules
over the path algebra k(). In this section we show that the category Rep is an
example of an abelian category. We furthermore give some basic facts on general
abelian categories.

2.1. Additive categories. A category C is called preadditive if the hom-sets are
abelian groups and the composition is bilinear with respect to the group addition.
A preadditive category C is called k-linear category (or simply a k-category) if
the hom-sets are k-vector spaces and the composition is k-bilinear. From Section
1 it is clear that Repg, is k-linear.

A preadditive category C is called additive if there exists an object 0 such that
End(0) is the trivial group and if finite direct sums exist. The existence of finite
direct sums means the following: for a finite set {X;};c; of objects in C there
exists an object @,.; X; and morphisms j; : X — @,.; X; (k € I) satisfying the
following universal property: if Y € Ob(C) and f; € Hom(Xy,Y) (k € I) then

there exists a unique f € Hom(@p,.; X;,Y’) such that f o j, = fi for all k € I.

Exercise 2.1. Let C be an additive category and {X;}icr a finite set of objects.
Suppose that Z € Ob(O) and i, € Hom(Xy,Z) (k € I) also solve the above
universal property. In other words, if Y € Ob(C) and gr € Hom(X,Y) (k € 1)
then there exists a unique g € Hom(Z,Y') such that goiy = gy for all k € I. Show

that there exists an isomorphism ¢ : @, ; X; — Z such that ¢ o jy =iy, (k € I).

The representation category Repg, is an additive category. The zero element is
the zero representation, (M;, ¢a) with M; = {0} (i € Qo) and ¢ = 0 (o € Q1).
The direct sum is defined as follows (we only explain the construction for two
quiver representations, the extension to a finite number of quiver representations
is analogous).

Let M = (M;, ¢,) and N = (N;,1)4) be two representations of Q). Then M & N
is the quiver representation (M; & N;, o @ V,), with M; & N; the vector space
direct sum of M; and N; for ¢ € )y and

(¢a ) ¢a)(ms(a)a ns(a)) = (gba(ms(a))u ¢a (ns(a)))

for « € ;. The corresponding morphisms ;¥ = (M), € Hom(M, M & N) and
jN = (j¥); € Hom(N, M @& N) are

3t (mi) = (m;, 0), 3; (ni) = (0,n;)
for m; € M; and n; € N; (check the details!).

Lemma 2.2. Let C be an additive category and 0 € Ob(C) a zero object.
a. For all M € Ob(C), the hom-set Hom(0, M) is the trivial group.
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b. For all M € Ob(C), the hom-set Hom (M, 0) is the trivial group.
c. If 0’ is another zero object, then 0 ~ (/.

Proof. a. By assumption, End(0) is the trivial abelian group, but it also contains
the identity morphism 1y. Hence 1 is also the neutral element of the abelian group
End(0), and End(0) = {1o}. Write 0y for the neutral element of Hom(0, M) and
fix f € Hom(0, M). Let ¢ : End(0) — Hom(0, M) be the group homomorphism
ls(g) == fogfor g € End(0). Then

[ =folyg=1{s(1y) = Op,

where we use for the third equality that 1j is the neutral element of End(0).
b. Similar to a.
c. By part a the hom-sets Hom(0,0") = {0y} and Hom(0/,0) = {0} are trivial
abelian groups. Then
0y © 0y € End(0) = {10}

hence 0 o 0y = 1y, and similarly Oy o 0 = 1. O

Additive categories have finite direct products. We give the construction for two
objects.

Lemma 2.3. Let C be an additive category and M, N € Ob(C).

a. There exist unique myy € Hom(M @& N, M) and 7y € Hom(M & N,N) such
that mar 0 jar = 1y, 1y oy =0, iy o jyr = 0 and my o jy = 1y, where 0 stands
for the neutral element in the appropriate hom-set.

b. (M @® N,my,7n) has the following universal property: for Y € Ob(C) and
fur € Hom(Y, M), fx € Hom(Y,N) there exists a unique f € Hom(Y, M & N)
such that myyo f = far and iy o f = fn.

Proof. a. Consider the morphisms 1, : M — M and 0 : N — M. By the
existence of direct sums there exists a unique morphism 7y, : M & N — M such
that myy 0 iy = 1p and mpy 0 jy = 0. In a similar way one shows the existence
and uniqueness of my.
b. Set f:=jyo fu+jnvo fy € Hom(Y,M & N). Then clearly my o f = fu
and my o f = fy. It remains to prove uniqueness. It suffices to prove: if g €
Hom(Y, M & N) such that my; 0o g =0 and 7wy 0 g = 0, then g = 0.

Note that the equalities h o j3; = jy and h o jy = jn are satisfied for both
h=juyomy+jnony € End(M & N) and h = lygny € End(M & N). By the
uniqueness of the direct sum we thus have

JmMomy +inoTN = lyen
in End(M & N). Hence

g=1lyenog=juo(mmog)+jno(nyog)=0.
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Exercise 2.4. Prove that in an additive category C we have
0BOM~M

for all M € Ob(C).

2.2. Abelian categories.

Definition 2.5. Let C be a preadditive category and h € Hom(M, N).

a. A kernel of h is a pair (ker(h),t) with ker(h) € Ob(C) and ¢ a morphism
¢ :ker(h) — M such that h ot =0 and such that the following universal property
s satisfied: if f:Y — M is a morphism such that ho f = 0, then there exists a
unique v € Hom(Y, ker(h)) such that f = 10w, i.e.

Y

|
El!ui \

ker(h) —— M —— N

with the triangle commuting.

b. A cokernel of h is a pair (coker(h), ) with coker(h) € Ob(C) and m a morphism
7 : N — coker(h) such that moh = 0 and such that the following universal property
holds true: if ¢ : N — Y is a morphism such that q o h = 0, then there exists a
unique v € Hom(coker(h),Y') such that g =vom, i.e.

M —— N —Z coker(h)

|
\ :3!1)

Y

with the triangle commuting.

One easily shows that if the kernel of h exists, then it is unique up to isomorphism
(cf. Exercise 2.1). We will denote the kernel of h often with ker(h) (suppressing
the morphism ¢ from the notations, which usually is obvious from the context).

Similar remarks and conventions apply to the cokernel of h.

Definition 2.6. An additive category C is called preabelian if every morphism has
a kernel and a cokernel.

Proposition 2.7. The category Repg, is preabelian. Concretely, a kernel and
cokernel of a morphism h = (h;)ieq, € Hom(M, N) of quiver reprentations M =
(M;, ¢o) and N = (N;,1,,) is given as follows.
a. The kernel of h is

ker(h) = (Ker(hi)7¢a|Ker(h5(a>))
with Ker(h;) the kernel of the linear map h; : M; — N; and with the associated
morphism v = (;); : ker(h) — M the natural inclusion maps

Li - Ker(hz) — Mz
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b. The cokernel of h is
coker(h) := (Ni/Im(hi),Ea)

with Tm(h;) = h;(M;) C N; the image of the linear map h; : M; — N;, with the
connecting maps ¥, : Nya)/Im(hs@)) = Niga)/Im(hya)) defined by

Vo(n+1Im(hyq))) == Ya(n) + Im(hya)),  n € Ny,

and with the associated morphism m = (m;); : N — coker(h) the natural projection
maps

Proof. a. We first need to show that ker(h) is a representation of Q). It suffices to
show that ¢Q(Ker(h ) € Ker( o). Let m € Ker(hyq)). Then

( ) ¢a( )) %( )_O

showing that ¢, (m ) € Ker(ht(a)).

By construction h ot = 0. Suppose that f = (f;) € Hom(Y, M) is a morphism
with quiver representation Y = (Y}, ¢, ) such that ho f = 0. Then the image f;(Y;)
of the k-linear map f; : Y; — M; is contained in Ker(h;) for all i € Q. Hence
restricting the codomain of f; we may view f; as k-linear map Y; — Ker(h;), in
which case we denote it by u;. By construction ¢;ou; = f; for i € Qg so it remains
to show that v = (u;); defines a morphism ¥ — M. Let a € Q; and y € Yy,
then we have

Ut (o) (Soa(y» = ft(a) (@a(y)) = ¢o¢ (fs(a)(y))
= balUs(@) () = (DalKer(hyay)) (fs(a) (¥)),

as desired. Clearly u is unique.
b. The proof is similar and is left as an exercise. U

Let C be an arbitrary category and Y, M, N € Ob(C). We call f € Hom(M, N)
a monomorphism if fo g, = f o g, for morphisms gy, g2 € Hom(Y, M) implies that
g1 = g2 (we write f : M — N). We call f a epimorphism if hy o f = hy o f for
hi,he : N — Y implies hy = hy (we write h: M — N).

Exercise 2.8. Let h = (h;); € Hom(M, N) be a morphism in the category Repg.
a. Show that h is a monomorphism iff h; is injective for all i € Q.
b. Show that h is an epimorphism iff h; is surjective for all i € Q.

From the exercise it is clear that ¢ : ker(h) < M and 7 : N — coker(h) for a
morphism h € Hom(M, N) in Repg. This is a general fact in preabelian categories:

Exercise 2.9. Let C be a preabelian category and f € Hom(X,Y) a morphism.
a. Show that v : ker(f) — X is a monomorphism and m : Y — coker(f) is an
epimorphism.

b. Prove: f is a monomorphism < ker(f) ~ 0.

c. Prove: f is an epimorphism < coker(f) ~ 0.
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We now define the parallel of a morphism A € Hom(M, N) in a preabelian
category C. By the existence of a kernel and cokernel of h we have the diagram of
morphisms

ker(h) < M AENS coker(h)
in C. But the monomorphism ¢ : ker(h) < M has a cokernel coker(:), and the
epimorphism 7 : N — coker(h) has a kernel ker(w). For the moment we write
p: M — coker(:) and j : ker(m) < N for the corresponding morphisms. We thus
obtain the diagram

ker(h) ——— M h

1]

coker(¢) ker(m)

» coker(h)

Proposition 2.10. Let C be a preabelian category and h : M — N a morphism.
There exists a unique morphism h € Hom (coker(L), ker(ﬂ)) such that johop = h,
i.e., such that the square in the diagram

ker(h) «——— M h s N —T % coker(h)

commutes.

Proof. This is by applying the universal property of the kernel and cokernel. In-
deed, since m o h = 0 it follows from the universal property of ker(m) that there

exists a unique morphism & : M — ker(r) such that

ker(h) ——— M s N —" % coker(h)

coker(1) ker(7)

with the triangle commuting. Next we have h ot = 0, hence j o hot=0. Since
J is a monomorphism, this implies that h o+ = 0. By the universal property of
coker(¢) there exists a unique morphism h: coker(L) — ker(m) such that

ker(h) - ~— coker(h)

l\]

coker(t) -- 3 - ker(m

with the lower triangle commuting. This proves the existence of h. The proof that
h is unique is left as an exercise. 0
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Definition 2.11. Let C be a preabelian category and h € Hom(M, N).

a. The kernel j : ker(m) < N of the cokernel m : N — coker(h) of h is called the
image of h. We denote it by im(h).

b. The cokernel p : M — coker(t) of the kernel v : ker(h) < M of h is called the
coimage of h. We denote it by coim(h).

We usually suppress the morphisms j and p and write im(h) and coim(h) for
the associated objects ker(m) and coker(¢). So given a morphism h € Hom (M, N)
in a preabelian category C, we have the extended diagram

ker(h) < > M N » coker(h)

l I

with the square commuting.
In Repg, with o = (h;); € Hom(M, N) and M = (M;, ¢o), N = (N, v,), the

image and cokernel of h is explicitly given by

im(R) = (Tm(hs), Yaltm(h, o))
coim(h) = (Mi/Ker(hi)aaa)

with @, (M) + Ker(hgw))) = Ga(Mya)) + Ker(hyq)). The morphism j = (j;) of
im(h) consists of the natural inclusion maps j; : Im(h;) < N;, and the morphism
p = (p;) of coim(h) consists of the natural projection maps p; : M; — M, /Ker(h;).

Definition 2.12. A preabelian category C is an abelian category if for all mor-
phisms h of C, its parallel h : coim(h) — im(h) is an isomorphism.

Informally a preabelian category is abelian if the first isomorphism theorem holds
true for all morphisms. The relation to the first isomorphism theorem becomes
clear from the example Repg,.

Theorem 2.13. Repy, is an abelian category.
Proof. Let M = (M;,¢,) and N = (N;,1,) be two representations of () and

given by h;(m + Ker(h;)) = hi(m) for m € M;. By the first isomorphism theorem

for linear maps between vector spaces, h; is a linear isomorphism for all i € Q.
Hence h is an isomorphism. O

Remark 2.14. The category Modpg of right R-modules over a ring R is an abelian
category, with the obvious constructions of direct sums, kernels and cokernels. In
particular, Modyq is an abelian category. The equivalence F : Repg — Modyq of
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categories from Section 1 is in fact an equivalence of abelian categories (it respects
the additive structures). In particular, it respects (co)kernels.
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3. INDECOMPOSABLE REPRESENTATIONS

In this section we start with the detailed study of quivers representations. We
discuss two useful results in this context: the splitting lemma and the Krull-
Schmidt Theorem. We construct the simple quiver representations and give ex-
amples of indecomposable representations.

Since we focus on Repg, we fix some objects which we defined earlier up to
isomorphism. Concretely, if M = (M;,¢,) and N = (N;,1,) are representations
of Q and f = (f;); € Hom(M, N) is a morphism, then we set

ker(f) = (Ker(fi)7¢0£’Ker(fs(a))>’

coker(f) := (N;/Im(fi), ¥,),
coim(f) := (Mi/Ker(fi)m_ﬁa),
im f) = (Im(fi)7¢a|lm(fs(a)))

with 1, (n+Im(fsq))) := Ya(n)+1Im( fyq)) for n € Ny and ¢, (m+Ker(foq))) :=
da(m) + Ker(fya)) for m € M. In addition we fix the direct sum of two quiver
representations as in Section 2.

Recall that quivers are assumed to be finite without cycles, and that quiver
representations are finite dimensional unless specified otherwise.

3.1. Simple and indecomposable modules.

Definition 3.1. Let M be a representation of the quiver Q).

(i) M is called indecomposable if M % 0 and M ~ N @ L as quiver representations
implies N ~ 0 or L ~ 0.

(ii) The quiver representation L is said to be a subrepresentation of M if there
exists a monomorphism L — M.

(iii) M is simple if M %0 and L — M implies L ~ 0 or L ~ M.

A simple representation is indecomposable. A representation which is not inde-
composable is said to be decomposable.

A sink (resp. source) of the quiver @) is a vertex i without outgoing (resp.
incoming) arrows. Since () is a finite quiver without cycles, @) has at least one sink
(check this!).

For i € () define the representation S(i) = (5(i);, ¢o) of Q by

. k if § =3
S . = ’
(0) {0 if j #i
and ¢, = 0 for a € Q4.

Proposition 3.2. S(i) (i € Qo) is a complete set of representatives of the iso-
classes of simple representations of Q.
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Proof. Looking at the dimension vectors of S(i) it is clear that the S(i) (i € Qo)
are inequivalent simple representations of Q).
Let M = (M;,pa) # 0 be a quiver representation and define the subquiver

M= (QM,QM, s,t) by Q) :=={i € Qo | M; #{0}},
QY ={a € Q| s(a),t(a) € Q'},

and source and target maps the restrictions of the source and target maps of the
quiver Q to QY. Note that Q) # 0 since M #£ 0. Let i € Q) be a sink. Let
fi : S(i); = k — M, be some nonzero linear map (which exists since M; # {0})
and take f; : S(i); = 0 — M; to be the zero map for j # i. We claim that
f=1(f;); : S(i) = M is a morphism.

The only nontrivial commutative diagrams are the ones involving a € )y with
s(a) =i or t(a) =i. If s(a) =i then t(a) = j with j # i and j € Q) since i is a
sink of QM. Hence M; = {0} and

S(i)i = k =% S(i); = {0}

Js [

M, —%=0 M; = {0}

commutes. If t(a)) =i then s(a) = j with j # i and the diagram
: $a=0_ o/
S(i); = {0} —— S5(9)

?: p—
lfj =0 lfi
Pa

M; — 2 M,

k

commutes. Hence f is a monomorphism f : S(i) — M.
If M in addition is a simple representation, then f : S(i) < M necessarily is an
isomorphism. This completes the proof of the proposition. O

We have the direct sum of right kQ-modules
kQ = @D eikQ
i€Qo
with
e;k@Q = span, {c | c€ P : s(c) =i}.
Recall the equivalence F : Modyg — Repg of categories from Section 1. We write

P(Z) = (P<i>j7¢a)j€Qo,a€Q1 = F(ele)

Note that P(i); = e;(kQ)e; = spang{c|c € P : s(c) = i & t(c) = j} with
connecting map ¢q : P(i)sa) = P(i)yq) the linear map satisfying ¢o(c) := ca for
paths ¢ € P with s(c¢) = ¢ and t(c) = s(«).
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Example 3.3. (i) Consider the quiver

N
-
o
Ju—
2\
T
[
~
ol

where 1 stands for the identity map.
(ii) Consider the quiver

1 —=2

(o)
I —
()

Exercise 3.4. Show that P(i) ~ S(i) < i € Qg is a sink.

In this case P(1) is isomorphic to

Proposition 3.5. P(i) is indecomposable.

Proof. Suppose M and N are subrepresentations of P(i) such that P(i) = M & N.
Since P(i); = ke; is one-dimensional, we have e; € M; or e; € N;. Without loss of
generality we assume that e; € M.

Let ¢ = ay---a, € P be a path starting at the vertex i. Then

c= Qbar(' Doy (¢a1(ei)) ’ )

by the definition of the connecting maps ¢, of the representation P(7). Since
M C P(i) is a subrepresentation, i.e. gba(Ms(a)) C My for all a € @y, we
conclude that ¢ € M,y. This shows that P(i); € M; for all j € Qp, hence
M = P(i) and N = 0. O

We have the following dual version of the representation P(7). Let i € )y, then
I(i) = (I<i>j’ (’Oa)jEQmaEQl
is defined by
I1(i); == ej(kQ)e; =span,{c | c € P: s(c) =j & t(c) =i}



LECTURE NOTES ON QUIVER REPRESENTATIONS 21

with @q 1 1(i)s(a) = 1(7)i(a) the linear map defined by

(© Qg if aq =a,
al\C) (= .
v 0 otherwise

for paths ¢ = ayas - - - o € P starting at s(a) and ending at i (if the edge « starts
at 4, then the connecting map ¢, : 1(7); = ke; = 1(i)y(q) is defined by ¢4 (e;) := 0).

Exercise 3.6. Show that 1(7) is an indecomposable representation of Q.

3.2. Splitting lemma. Exact sequences and the splitting lemma have been dis-
cussed in [7, Chpt. 2] for the abelian category of modules over a ring R. In
this section we give the definitions and results for Repg, which are obtainable
from the constructions and results for module categories through the equivalence
F : Modyg — Repg, of categories from Section 1. In fact, this is a general fact
for any abelian category by a well-known theorem of Freyd and Mitchell stating
that an abelian category is equivalent to a module category over some ring.
With the equivalence to Modg in mind, let us introduce some convenient no-
tations for quiver representations. Let M = (M;, ¢,) and N = (N;,1,) be two
quiver representations and f = (f;); € Hom(M, N) a morphism. Then we call

m = (M;)ieq, € @ M,
1€Qo
an element of the representation M, and we write m € M. We write f(m) :=

(filmi))i € Djco, Ni and call it the evaluation of f at m. In this way we can
verify identities between morphisms of quiver representations ”pointwise”.

Definition 3.7. Let L, M, N be quiver representations and fix two morphisms
f € Hom(L, M) and g € Hom(M, N).

(i) L Ly M %5 N s said to be ezact at M if im(f) = ker(g).
(ii) An arbitrary (finite or (semi-)infinite) sequence

"'—>Mi—1 —>Mi—>Mi+1 —_—
of morphisms is called exact if it is exact at all M;’s in the bulk of the sequence.

(iii) An ezact sequence of the form 0 — L L M %5 N = 0 is called short
exact. Concretely, this means that it is exact at L (f is a monomorphism), at M
(im(f) = ker(g)) and at N (g is an epimorphism). We then call M the extension
of N by L.

For g € Hom(M, N) we have the exact sequence
0 — ker(g) — M —%5 N — coker(g) — 0
and short exact sequences
0 — ker(g) < M — coim(g) — 0,
0 — im(g) < N — coker(g) — 0.
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The direct sum construction of representations provides another important ex-
ample of short exact sequences. Let M = (M;,¢,), N = (N;,1,) be represen-
tations of @ and let (M @ N, iy, ty) be its direct sum. Recall that M & N :=
(M; & N;, oo, @ o) and 1y € Hom(M, M & N), tx € Hom(N, M & N) are given
by

tari(m) = (m,0), ey i(n) = (0,n)
for m € M; and n € N;. Let mpy € Hom(M & N, M) and 7y € Hom(M & N, N)

be the corresponding canonical epimorphisms, characterized by 7y, o tpr = 1y,
Ty oiy =0and my oy =0, Ty oy = 1y (see Section 2). Then

(3.1) 0—MHBMaNZN—0
is a short exact sequence.

Note that in this short exact sequence the morphism ¢y, € Hom(M, M & N)
has a left inverse and 7y € Hom(M @ N, N) has a right inverse. Indeed, my, €
Hom(M & N, M) and «y € Hom(N,M & N) are the left-inverse of ¢y, and the
right-inverse of my, respectively (mp 0ty = 1y and w1y oty = 1y). In other
words, ¢y is a so-called section and my a retraction:

Definition 3.8. Let M, N be quiver representations and f € Hom(M, N).

(i) f is called a section if there exists a p € Hom(N, M) such that po f = 1 (i.e.,
if f has a left inverse).

(ii) f is called a retraction if there exists a « € Hom(N, M) such that for =1y
(i.e., if f has a right inverse).

Note that a section (resp. retraction) is necessarily a monomorphism (resp.
epimorphism). The splitting lemma gives criteria for short exact sequences to be
of the form of (3.1).

Theorem 3.9 (Splitting lemma). Suppose that

0—LLME NS0

is a short eract sequence in Repg. The following statements are equivalent.

a. f is a section.
b. g is a retraction.
c. There exists an isomorphism 3 : M — L ® N such that

0 s L < s M —2 % N s 0

e |

0 s Lty LN -2y N s 0

with the two squares commuting.
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Proof. For each implication we give the construction of the desired map leaving the
remaining details to the reader (which are analogous to [7, Proof of Thm. 2.3]).
(iii)=(i): p:=mL o8 € Hom(M, L) is a left-inverse of f.

(iii)=-(ii): ¢ := 87! o1y € Hom(NN, M) is a right-inverse of g.

(i)=(iii): f € Hom(M, L & N) is defined by (m) := (p(m), g(m)) for m € M,
with p € Hom(M, L) a left-inverse of f.

(ii)=-(i): let « € Hom(N, M) be a right-inverse of ¢g. Define p € Hom(M, L) by
p(m) = ¢ with £ € L such that f({) = m — ¢(g(m)). Convince yourself that f is
well defined and a morphism. Then it immediately follows that p is a left-inverse

of f. O

If the equivalent conditions of the theorem holds true then we say that the short
exact sequence splits.

Exercise 3.10. Consider the quiver Q =1 — 2 and its representation M given
by
k— k.
Show that
0— S(2) L M %5 S(1) — 0
with f = (f1, f2) = (0,1) and g = (g1,92) = (1,0) is a well defined short exact
sequence. Determine whether the short exact sequence splits.

Exercise 3.11. Let M be a quiver representation and e € End(M) an idempotent.
Show that the short exact sequence

0 — ker(e) < M — coim(e) — 0
splits.

3.3. The Krull-Schmidt Theorem. An endomorphism f € End (V) is said to
be nilpotent if f™ = 0 for some n € N.

Lemma 3.12 (Fitting lemma). Let N be an indecomposable quiver representation
and f € End(N). Then f is an isomorphism or f is nilpotent.

Proof. We have inclusions of subrepresentations
ker(f) C ker(f*) C--- C N,
N 2im(f) 2 im(f?) 2 ---

Considering the dimensions of the subrepresentations in these sequences, only
finitely many inclusions can be strict. Hence there exists an n € N such that
ker(f™) = ker(f"™!) = ... and im(f") = im(f"*) = ...

Let x € N and choose y € N such that f"(x) = f?"(y) (which is possible since
im(f") = im(f?")). Then

r=(z—f"(v)+ ")
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is a decomposition of z as a sum of an element in ker(f™) and im(f™). Hence
Ker(f{") +Im(f{") = Ni Vi€ Qo.

Let x; € Ker(f) NIm(f"). Let y; € N; such that x; = f"(y;). Then 0 = f/'(z;) =
2" (y;), hence y; € Ker(f?") = Ker(f"). Consequently z; = f"(y;) = 0. It follows
that

Since ker(f™) and im(f™) are subrepresentations of N, it follows that
N = ker(f") @ im(f")

as quiver representations. N is indecomposable, hence ker(f™) = 0 or im(f™) = 0.
If im(f™) = 0 then f™ =0 and f is nilpotent.

If ker(f™) = 0 then ker(f) = 0, i.e. f: N < N is a monomorphism. In this
case we also have im(f™) = N, hence f is an isomorphism. O

Remark 3.13. Fitting’s lemma is valid in a module category Modg over a ring R if
the indecomposable module N is noetherian and artinian. Noetherian means that
any increasing sequence N; C Ny C --- C N of subrepresentations of N eventually
stabilizes, and artinian means that any decreasing sequence N O Ny O Ny O ---
of subrepresentations eventually stabilizes.

For a ring R we write R* for its group of units.

Definition 3.14. A ring R is a local ring if 0 # 1 and if a,b € R and a+b € R*
imply that a € R* orb € R*.

Corollary 3.15. If N is an indecomposable quiver representation then End(N) is
a local ring.

Proof. Let f,g € End(N) with f 4+ g € End(N)* (i.e., f + ¢ is an isomorphism).
Let h € End(V)* be the inverse of f + g. Suppose that g is not an isomorphism.
Then g o h is not an isomorphism, hence (g o h)™ = 0 for some n € N by Fitting’s
lemma. Since foh = 1y — (goh) we conclude that foh € End(N)* with inverse

In+(goh)+ -+ (goh)" 1.
Hence f € End(N)*. O

Exercise 3.16. Prove the converse statement: if N is a quiver representation and
End(N) is a local ring, then N is indecomposable.

Lemma 3.17. Let Vi, Vo, Wi, Wy be quiver representations and ¢ : Vi & Vo —
Wi & Wy an isomorphism. Write v; - V; < Vi & Vo, m; : Vi & Vo — V; for the
canonical inclusion and projection morphisms, and similarly for i) : W; — W1 &W,
and i : Wy @ Wy — W;. If miopou : Vi — Wy is an isomorphism, then Vo >~ Wj.
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Proof. Write ¢;; :==m ogoi;: V; = W;, and view ¢ as a 2 x 2-matrix with entries
Gijs

(o P12 .
¢‘(¢m m)“mﬁm@%

(the composition of morphisms becomes matrix multiplication). By assumption
¢11 is an isomorphism. Consider the morphism

1 0
v (_¢2V1V<21_11 L. ) WL e W, —» Wy @ Wa.

Clearly 1 is an isomorphism, with inverse
1 0
-1._ Wi
v <¢21¢1_11 1W2)

_ (%1 h12
¢ e} ¢ — ( 0 ¢22 . ¢22¢111¢12) € End(Vl ) ‘/27 Wl P W2)

is an isomorphism. Write

Hence

:G”%ﬁﬁ%®%ﬁ%@%
Qo1 (92

for the inverse of 1) o ¢. Then ¢y — G201 d12 € End(Va, W5) is an isomorphism

with inverse ogs. O
Theorem 3.18 (Krull-Schmidt). Let M = (M;, ¢,) be a quiver representation.
There exists indecomposable quiver representations Ny, ..., N, such that

M>~N & --®N,.

The decomposition is unique up to order and isomorphism. We call v the number
of indecomposable factors of M.

Proof. The existence of a decomposition as a direct sum of indecomposable sub-
representations follows by induction to ;o Dimy(M;). Suppose that

NM& - @&N=N& &N,
are two decompositions of M as direct sums of indecomposable subrepresentations.
Let ; € Hom(N;, M) (resp. «; € Hom(Nj, M)) be the inclusion of N; (resp. N7)
in M along the first (resp. second) decomposition. Similarly, let m; € Hom (M, N;)
(resp. m; € Hom(M, N})) be the projection on N; (resp. N;) along the first (resp.
second) decomposition. Write
v; := m o1, € Hom(N], Ny), w; := 7; 013 € Hom(Ny, N).

Then v; o w; € End(N;) and

S S
g Uz-owz-:mo(g L;oﬁ)oq:molMoq:lNl

i=1 i=1
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in End(Ny). Since End(V;) is a local ring, v; o w; € End(N7)* for at least one i.
We may assume that ¢ = 1 without loss of generality.

From v;ow; € End(N7)* it follows that v; is an epimorphism and w; a monomor-
phism. We will show now first that v; is in fact an isomorphism.

Write o := (v; ow;)~!. Then vy o (w; o @) = 1y, hence vy is a retraction. By
the splitting lemma the short exact sequence

0 — ker(v)) = N 5 Ny — 0
splits. Hence Nj =~ ker(vy) & N;. But Nj is indecomposable and N; % 0, so
ker(vy) = 0. Hence vy : N| — Nj is an isomorphism.
By Lemma 3.17 we then have
Ny@--®N, =Ny --- D N,.
By induction to min(r,s) we conclude that r = s and that N; ~ N/, for some
permutation o of {2,...,r}. This concludes the proof. O

Exercise 3.19. (i) Show that the quiver representation

o) 0
M=k — ki+—k

18 decomposable.
(ii) What is the number of indecomposable factors of M ?
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4. PROJECTIVE REPRESENTATIONS

Understanding how arbitrary quiver representations decompose in indecompos-
able representations is a difficult task. As a first step we analyze the problem for a
subcategory of representations, the so-called projective representations. The text
is based on [4, §1.4, §2.1].

4.1. Definition of projective quiver representations. Let Vect, be the abelian
category of finite dimensional vector spaces over k (i.e. the objects are finite di-
mensional k-vector spaces, and morphisms are k-linear maps). We recall from e.g.
[7, Example 5.4] the definition of the covariant hom-functor in our present context.

Definition 4.1. Let P € Ob(Repg) be a finite dimensional representation of the
quiver Q. The associated (covariant) hom-functor Hom(P, —) : Repg — Vecty, is
defined by:

M s Hom(P, M)
for objects M € Ob(Repg) and

f=

for morphisms f € Hom(M, N), where f. : Hom(P, M) — Hom(P, N) is defined
by f«(g) := fog (f« is called the push-forward of f).

Note that Hom(P, —) : Repy — Vect; is well defined since Repg, is a k-linear
category.

Definition 4.2. A quiver representation P is projective if the following property
is true: if f is epimorphism in Repg then f. is an epimorphism in Vecty.

In other words, P is projective if the following lifting property holds true: if
h: P — N is a morphism and f : M — N is an epimorphism, then there exists a
morphism ¢ : P — M such that f.(g) = fog = h (i.e. the codomain of A is lifted
to M through the epimorphism f). In a diagram,

M

dg /7( lf

with the triangle commuting. Note that the zero representation 0 is projective.
We will next show that the indecomposable representations P(i) (i € () are
projective. It is a consequence of the following description of the hom-spaces
Hom(P(i), M).

Theorem 4.3. Let i € Qo and M = (M;, po) a quiver representation. The map

1 a k-linear isomorphism.
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Proof. Write P(i) = (P(i);, ¢o) and denote ¢;(f) := fi(e;) (f € Hom(P(z), M))
for the linear map (4.1). If ¢ = o - - -, € P(); is a path from i to j then

(42) fi(e) = fi((Pa, +~ Pa)(€) = (Pa + @ar) (filer)) = (a, @) (Wil £))-

Hence ¢;(f) = 0 implies that f = 0. Formula (4.2) also shows how to construct
the pre-image of m; € M; under v;: it is given by the linear extension of the
assignment

fi(e) = (pa, =+ ay) (M)
for paths ¢ € P(7); from ¢ to j. O

Corollary 4.4. Leti € Qo. Then P(i) is projective.

Proof. Let M = (Mj, pa), N = (Nj,¢,) € Ob(Repy) and f = (f;); : M — N an
epimorphism. Suppose that h = (h;); € Hom(P(i), N). We need to show that h
can be lifted to a morphism g = (g;); : P(¢) — M such that fog=h.

Let m; € M; such that f;(m;) = h;(e;). Note that m; exists since f; : M; — Nj is
surjective. Take g = (g;); € Hom(P(i), M) such that g;(e;) = m;, which exists by
Theorem 4.3. Then f;(gi(e;)) = h;(e;). Hence, by Theorem 4.3 again, fog = h. O

Exercise 4.5. Show that P(i) ~ P(j) < i =j.

4.2. Direct sums and decompositions of projective representations. We
next study how projective quiver representations behave with respect to direct
sums. First we show that projective quiver representations only have trivial ex-
tensions.

Proposition 4.6. Let P be a projective representation and g : M — P an epi-
morphism. Then g is a retraction and M ~ ker(g) & P.

Proof. Since P is projective, g, : Hom(P, M) — End(P) is surjective. In particular
there exists a morphism f : P — M such that ¢.(f) = 1p. Hence g is a retraction.
The second statement now follows from the splitting lemma applied to the short
exact sequence

O—>ker(g)<—>M—g»P—>0.
UJ

The next proposition show that the full subcategory of projective quiver repre-
sentations is an additive subcategory of Repg,.

Proposition 4.7. Let P and P’ be two quiver representations. The following two
statements are equivalent.

a. P& P is projective.
b. P and P’ are projective.
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Proof. a = b. We show that P is projective (the argument for P’ is the same).
Fix a morphism h : P — N and an epimorphism f : M — N.

Let H : PP — N be the unique morphism such that Hotp = h and Howtp = 0
(with ¢p : P — P @® P' and tpr : P' — P @& P’ the canonical monomorphisms).
Since P& P’ is projective by assumption, there exists a morphism G : P& P’ — M
such that f o G = H. In other words, we have the diagram

P~ PaP

N

N «——M

with the two triangles commuting. then g := G o tp € Hom(P, M) provides the
lift of h along f,

filg)=fog=foGoip=h.
b = a. Fix a morphism H : P& P’ — N and an epimorphism f: M — N.

Let h: P — N and b/ : P" — N be the morphisms h := Hotp and b/ := Houp:.
Since P and P’ are projective by assumption, there exist morphisms g : P — M
and ¢’ : P" — M such that f.(g) = h and f.(¢') = ’. In other words, we have the
diagram

Pty pap s p

g 1 g

with the four triangles commuting. Let G : P @ P’ — M be the unique morphism
such that Gotp =g and G oitpr = ¢g'. Then

f(G)=foG:P®P — N

satisfies
f«(G)owp=fog=h=Houp,
fo(G)oipr=fog =h =Houp.

By the universal property of the direct sum, this implies that f.(G) = H. O

The proposition not only shows that direct sums of projective representations are
projective, but also direct summands of projective representations are projective
(we say that M is a direct summand of P if there exists a quiver representation N

such that P ~ M @ N).
Define the quiver representation A by

A= P P(i).

1€Q0
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Note that, under the equivalence G : Repy — Modyq of categories from Section 1,
G(A) = kQ

viewed as right kQ)-module by right multiplication in the path algebra.

Definition 4.8. A quiver representation M 1is called free if M ~ A& --- @ A.

By convention we consider the zero representation 0 to be free (isomorphic to
the empty direct sum of A’s).

Proposition 4.9. A free quiver representation is projective.

Proof. This follows from Proposition 4.7 and the fact that the P(i)’s are projective
by Corollary 4.4. 0

Next we derive a convenient characterization of projective quiver representations
in terms of free modules. For its proof we need the following exercise.

Exercise 4.10. Let F : C — D be an equivalence of categories and f : M — N
an epimorphism in C. Show that Ff : FM — FN is an epimorphism in D.

Theorem 4.11. Let P be a quiver representation. The following two statements
are equivalent:

a. P s projective.
b. P is a direct summand of a free quiver representation.

The quiver representation N such that P® N is a free quiver representation is also
projective.

Proof. b = a. By assumption P ¢ N is free, hence projective by the previous
proposition. By Proposition 4.4 we conclude that both P and N are projective.
a = b. By Proposition 4.6 it suffices to show that there exists an epimorphism
g : A¥" — P for some r € Zsq (then P @ ker(g) ~ A%®").

By Exercise 4.10, applied to the equivalence G : Repy — Modyq of categories
from Section 1, it suffices to show that for each finite dimensional right £Q-module
M there exists an epimorphism

G kQ¥ — M

of right kQ)-modules for some r € Z>.
Take 7 := Dim (M) and choose a k-linear basis {m,},_; of M. Then
G:kQ¥ - M
defined by G((ay,...,a,)) = >, m;-a; for a; € kQ is such an epimorphism of
right kQ)-modules. O

Corollary 4.12. a. {P(i) }icq, i a complete set of representatives of the isoclasses
of the indecomposable projective quiver representations.
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b. If P is a projective quiver representation then there exist unique m(i) € Zsg

(1 € Qo) such that
P~ P Pi)*m@.
i€Qo

Proof. Let P be a projective quiver representation. By Theorem 4.11 there exists
a quiver representation P’ such that

P@ P ~ A ~ P P>i)*
1€Qo
for some r € Z~q, where the second isomorphism is by the definition of A. On the
other hand, by_the Krull-Schmidt theorem, both P and P’ decomposes as a finite
direct sum of indecomposable quiver representations P; and P,

(4.3) P~P & @ P, P~P & - -&P.

Hence we have now two decompositions of P@ P’ as direct sums of indecomposable
quiver representations,

Prio~rPoP~Po---oP,oP@---0F

i€Qo
By the Krull-Schmidt theorem again (uniqueness of the indecomposable decompo-
sition factors up to isomorphism and permutation), each P; is isomorphic to some
P(i) (i € Qp). The proof of the corollary can now be completed as follows.
b. Since each indecomposable summand P; of P in (4.3) is isomorphic to some
P(i) (1 € Qy), we have a decomposition in indecomposable quiver representations

of the form
P~ P P(i)®m®
1€Qo
for some m(i) € Z>(. The uniqueness of the m(i)’s follows from the Krull-Schmidt
theorem and Exercise 4.5.

a. Assume that P is projective and indecomposable. Then s = 1 in (4.3), hence
P ~ P(1) for some i € (Qg. Furthermore, P(i) 2 P(j) if i # j by Exercise 4.5. O
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5. PROJECTIVE RESOLUTIONS

In this section we introduce the notion of a projective resolution. The idea of
projective resolutions is to "resolve” a quiver representation M in projective ones
by constructing an exact sequence of the form

o — P —P —F — M —0

with the P;’s being projective. It allows to study M in terms of the projective
quiver representations occurring in the resolution. We also construct the so called
standard projective resolution of a quiver representation and we show that Rep, is
hereditary, meaning that sub-representations of projective quiver representations
are projective again (not only direct summands!).

5.1. The hom-functor. We first make a short digression and discuss properties
of the hom-functor.

Let M be a finite dimensional quiver representation. Recall the hom-functor
Hom(M, —) : Repgy — Vecty mapping a finite dimensional quiver representation
N to the vector space Hom(M, N) and a morphism f € Hom(N, L) to its push-
forward f, : Hom(M, N) — Hom(M, L), defined by g — fog.

A functor F : C — D between abelian categories is called left-exact if

0— F(x) 2 Fovy 29 7z
is exact in D when
0—X-Ly-2z
is exact in C.

Proposition 5.1. The hom-functor Hom(M, —) : Repg — Vecty, is left ezact.
Proof. Let

(5.1) 0—L-5N-4R

be an exact sequence.

1. f. : Hom(M,L) — Hom(M, N) is injective: suppose h € Hom(M, L) and
f«(h) = foh =0. Since f is a monomorphism, this implies that h = 0. Hence f,
is injective.

2. Im(f,) C Ker(g,): this follows from the fact that ¢g. o f. = (g o f)« = 0 since
go f=0.

3. Ker(g.) € Im(f.): let h € Hom(M, N) such that g.(h) = go h = 0.

Write ¢ @ ker(g) = im(f) < N for the monomorphism associated to ker(g) =
im(f). Since goh = 0 there exists a morphism ¢ : M — ker(g) such that h = cogq.
Furthermore, since f is a monomorphism, the first isomorphism theorem for f
shows that f = ¢o f with f : L — im(f) the parallel of f. Hence we have the
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diagram

> R

> L ! » N 2
T
im(f) = ker(g) «—5— M
with commuting triangles. Now set r := ffl oq € Hom(M, L). Then f.(r) =

for=h, hence Ker(g.) C Im(f.). O

Exercise 5.2. Let C and D be abelian categories and F : C — D a left-exact
functor. Show that F(ker(f)) ~ ker(F(f)).

A functor F : C — D between abelian categories is called exact if
0— F(X) W Fv) 29 £(2) — 0
is short exact in D when
0—xLy-LHz—0
is short exact in C.

Corollary 5.3. If P is a finite dimensional projective quiver representation then
Hom(P, —) : Repgy — Vecty, is evact.

Proof. Let

0—LLNLR 0
be a short exact sequence in Repg. By the previous proposition
0 — Hom(P, L) -& Hom(P, N) -% Hom(P, R) —» 0

will be a short exact sequence if g, : Hom(P, N) — Hom(P, R) is surjective. But
this is the case since P is projective and ¢ is an epimorphism. O

The hom-functor can also be used to verify that a sequence in Repg, is exact:
Proposition 5.4. Let
(5.2) 0—L-LN-LR
be a sequence in Repg such that
0 — Hom(M, L) -2 Hom(M, N) -+ Hom(M, R)

is an exact sequence in Vecty for all finite dimensional quiver representations M.
Then (5.2) is evact in Repg,.

Proof. See the proof of [4, Thm. 1.10]. O
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5.2. Resolutions.

Definition 5.5. Let M be a quiver representation of the quiver Q).
A projective resolution of M is an exact sequence

(5.3) i —Ph— P — P — M —0
with the P;’s being projective quiver representations.

A projective resolution of the form
(5.4) 0O—P,— - —P—F—M-—70

with P, # 0 is said to have length n.
Every quiver representation M has projective resolutions. In fact, M admits
free resolutions, i.e. exact sequences

oo —= By — By — Fy— M —0

with the F;’s being free (hence projective) quiver representations. Indeed, write
0 1= D ico, Dimg(M;) for the total dimension of M, then there exists an epimor-
phism
f() . FO = A@To —- M

by the proof of Theorem 4.11. Write ¢ : ker(fy) < Fp for the canonical monomor-
phism associated to the kernel of fy and set r; for the total dimension of ker(fy).
By the same argument there exists an epimorphism fl D By o= A = ker(f),
and we set

f1 = LoOﬁZFl %Fg.
By construction im(f;) = ker(fy), hence we have built the second step of the free
resolution of M,

Fy = A% Dy = A0 oy
Continuing inductively, we obtain a free resolution of M.

The minimal length of a projective resolution of M is called the projective di-
mension pd(M) of M.

Exercise 5.6. Let M be a quiver representation.
Prove: M is projective < pd(M) = 0.

We will see later that pd(M) < 1 for all quiver representations M.

5.3. The standard projective resolution. We construct an explicit projective
resolution for any quiver representation M (the so-called standard projective res-
olution). Denote ® for the standard tensor product of vector spaces and k-linear
maps. For a quiver representation M = (M;, ¢,) and a finite dimensional k-vector
space we define a new quiver representation MV by

MY = (M; ®V, ¢ ®Idy).
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Note that MY ~ M®P™x(V) (the advantage of M" is that its construction does
not depend on a choice of a linear basis of V).
For j € )y, define a linear map

i€Qo
as follows: for ¢ = ayq - - -, € P a path from i to j in (Q and m; € M; we set
gj<C ® ml) = (¢ar T ¢a1)(mi)-
Furthermore, for j € ()y we construct a linear map
fi @ Pt(a)); @ Myy = @ Pi); © M,
aEQ@ 1€Qo
as follows. For o € q,
£ = Filpway,en., : PH@); © Mya — @ Pi); @ M;
1€Qo

is the linear map satisfying

f;‘l(c ® ms(a)) =ac Ms(a) — C & ¢a(ms(o¢)>
for c = ay - - - o, € P a path from t(a) to j and my) € M) (note that the image
of f§* is contained in (P(s(a)); ® My@)) @ (P(t()); @ Mya)))-

Theorem 5.7 (Standard projective resolution). We keep the notations and setup
as above. Consider the projective quiver representations

Py=EPPi)", =D Pta) M.
1€Qo ac@n
Then
a. f=(f;);: Po— P and g = (g;); : Po — M define morphisms of quiver
representations.
b. The sequence

0— P L P-4 M —0
15 ezact.
Proof. a. Let v € Q1, let ¢ = a3 -+« be a path from i to s(7), and let m; € M,;.
Then
Oy (QS(V)(C ® mz)) = (¢v¢ar e ¢a1) (mi) = Gi(y) (C'V ® mi)?

which proves that g = (g;); is a morphism.
Fix a,v € Q1. Let ¢ = oy - - - o, be a path from (o) to s(7y) and M) € M)
Then

(va ® Id) (f;E'y)(C ® mS(a))) = acy @ Mga) — Y & ¢a(m8(a))
= fto(é'y) <07 ® Ms(a) — CY ® ms(a))a
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which shows that f = (f;); is a morphism.
b. This splits up in several steps.
Step 1: f is a monomorphism. Suppose that 7; € @, cq, P(t(a)); ® My and

fi(n;) = 0. Write n; = 3° .o, 05 with g € P(t(a)); ® M), and write

with Py),; the set of paths starting at ¢(«) and ending at j and with m¢ € M.
Then

0=Ffilm)=Y_ £

(5.5) e
= Z Z ac@me —c® ¢o(m @ P(i
ac@ CG'Pt(Q) j 1€Qo

Hence, for each i € Q,

(5.6) Z Z ac®@mg = Z Z c® Po(m

a€Qr:s(a)=i c€Pyq),j a€Qr:t(a)=i c€Pa),;

in P(i); ® M;. Consider the set S consisting of paths ¢ € P for which there exists
an a € @y such that ¢ € Py ; and mg # 0. If S # 0 then choose an ¢ € S of
maximal length. Let o/ € @ such that ¢’ € Pyq,,; and m¢ # 0. Suppose that
s(a’) = i. Picking out on both sides of (5.6) the term with the basis element o'¢’
in the first tensor component we get mg“,/ = 0, which is a contradiction. Hence
S=0,ie,n =0.

Step 2: g is an epimorphism. For m; € M; we have g;(e; ® m;) = m;, hence each
g; 1s surjective.

Step 3: go f =0. Let @ € @1, let ¢ = a1 -+~ . € P a path from ¢(«) to j and
Ms(a) € Ms(a). Then

(gj © ff)(c ® ms(a)) = Gy (OéC & Ms(a) — C & ¢a(ms(a)))
= (Pa, a1 0a) (Ms(a)) = (Do -+ b ) (Pa(Ms())) = 0.

Step 4: im(f) = ker(g). We have Im(f;) C Ker(g;) by step 3. Let n; € Ker(g;) C
Dico, P(i); ® M; and write 1; = >, ¢ ® m, with the sum over paths ¢ ending at
j and m. € My). Let deg(n;) be the length of the longest path ¢ with m. # 0
(it is set to be zero if n; = 0). If deg(n;) = 0 then n; = e¢; ® m with m € M; and
0 = g;(n;) = m, hence n; = 0. If r := deg(n;) > 0 and ¢ = ;- - - o, is a path of
length r ending at j with m. # 0. Then

c®@me— (a2 ar) @ do, (me) = fﬁl(O‘Z"'O‘T ®me) € Im(f;),

hence the term ¢ ® m, can be removed in 7; modulo Im(f;) by a term involv-
ing a path of smaller length in the first tensor component. It follows from this
observation that n; € Im(f;), using induction to deg(n;). O
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Remark 5.8. Pushing the results to Modyq through the equivalence Rep, =~
Modyq, the maps are given by

Q(ZC®HC):ZHC'C, nCGMS(C)7
ceP ceP
and for a € @y,

fle® ms(a)) = QC® Mg(p) —CRD (ms(a) ), c € P(t(a)), Ms(a) € My(a)-

Remark 5.9. Note that the standard projective resolution for M = P(j) is not the
trivial resolution

0— Py=P(j) — P(j) — 0.
But for quiver representations M that are not projective, the standard projective
resolution does give a projective resolution of minimal length.

Example 5.10. In this example we consider the standard projective resolution of

M = S(i). Since S(i); =k and S(i); = {0} for j # i we have
P=P(), P= & Pa).
a€Qq:s(a)=i

The morphisms f = (f;); and g = (g;); in the standard projective resolution

0— @ Plia) S P() > S(i) — 0
a€Qq:s(a)=t
are as follows: g = (g;); : P(i) — S(i) is the epimorphism satisfying g;(e;) = 1 and
g; =0 forj #i, and f = (f;); : Pacoi:s(a)=iP(t(c)) = P(i) is the monomorphism
satisfying
f]a(c) = ac
for a € Q1 with s(o)) =1 and ¢ = oy - - o, € P(t()); a path from t(«) to j.
5.4. Repy, is hereditary.
Definition 5.11. Let
f=)i P(t(a)) — P(i)
a€Q:s(a)=1

the monomorphism occurring in the standard projective resolution of S(i) (see
Example 5.10). The subrepresentation im(f) of P(i) is called the radical of P(1).
We denote it by rad(P(z)).

We have the following explicit description of rad(P(¢)). Write P(i) = (P();, ¢a),
then
0 if j =i,

red(P(2)); = {P(v:)j if j A i
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(and the connecting maps of rad(P(7)) are the restrictions of the connecting maps
¢o to rad(P(i))sa)). Indeed, if j # i and ¢ = ac is a path from i to j starting
with the edge o € @y, then s(a) =7 and ¢ = f§(c).

Note that rad(P(i)) = 0 < i € Q is a sink < P(i) = S(3).

Lemma 5.12. Any proper subrepresentation of P(i) is also a subrepresentation

of rad(P(1)).

Proof. Let M = (M;j,v,) be a representation and h = (h;); : M — P(i) be a
monomorphism. Then h; : M; < P(i); = ke;, hence Dimy(M;) = 0 or Dimy(M;) =
1. If Dimy(M;) = 0 then Im(h;) = {0} hence im(h) C rad(P(4)). If Dimy(M;) =1
then h; is a linear isomorphism. In particular, there exists an m; € M; such that
hi(m;) = e;. If c =y -+, is a path from i to j in the quiver ) then

hj(Ya, =+ ey (i) = G, -+ Gay (hi(my)) = i1 - = ¢,

so h; is surjective for all j € Qo. Hence h : M — P(i) is an isomorphism if
Dimy(M;) = 1. This concludes the proof. O

Recall that every direct summand of a projective quiver representation is pro-
jective again (this holds in the general context of module categories). In Repg, the
following stronger property holds true.

Theorem 5.13. The abelian category Repg, of finite dimensional quiver represen-
tation is hereditary, meaning that a subrepresentation of a projective representation
18 projective again.

Proof. Let P be a projective quiver representation and v = (u;); : M — P a
subrepresentation. Write M = (M;, ¢,) and P = (P, ¢,). We show that M is
projective by induction to the total dimension Zjer Dimy(P;) of P. If the total
dimension of P is zero then there is nothing to prove. For the induction step,
suppose that the total dimension of P is r > 0. Write P = P(i) & P’ using
the Krull-Schmidt theorem and the fact that a direct summand of a projective
representation is projective again (hence, P’ is also projective). Let m: P — P(i)
be the canonical projection on the first component and 7’ : P — P’ the canonical
projection on the second component.
If Tou: M — P(i) is an epimorphism then

M ~ P(i) @ ker(m o u)

since projective representations only have nontrivial extensions (i.e. 7o wu is a
retraction). But ker(m o u) < P’ via the restriction of 7’ o u to ker(mw o u). By the
induction hypothesis we conclude that ker(m o u) is projective, hence M as direct
sum of projectives, is projective.

If Tou: M — P(i) is not an epimorphism, then its image lies in rad(P(7)),
which is projective since it is isomorphism to €D ,cq,.s(a)=i £(t(a)). Hence M is a
subrepresentation of the projective quiver representation rad(P(:)) & P’, which is
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of strict smaller total dimension than P. By the induction hypothesis it follows
that M is projective. 0
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6. SEMISIMPLE ALGEBRAS

Good alternative sources for the material in this section are Chapters 4 and 5
of Schiffler’s book [4], the book of Lang [3] (concerning semisimple modules) and
the book of Assem, Simson and Skowronski [1].

In this section k is a field and A is a finite dimensional associative k-algebra
with unit 1 # 0. If I do not specify whether the ideal is a left, right or two-sided
ideal, then the statement holds true for all three types of ideals. A right A-module
M is finite dimensional as vector space over k unless explicitly specified otherwise.

6.1. The radical. For ideals I, J C A, we write I + J C A for the smallest ideal
containing the elements a + b (a € I, b € J). Clearly

I+J={a+b]|acl, beJ}.

An ideal I of A is said to be a maximal ideal if I # A and if J C A is an ideal
containing I, then J =1 or J = A.

Definition 6.1. Jacobson’s radical rad(A) is
rad(A) := m{] | I C A maximal right ideal}.

Since A has at least one maximal right ideal (Zorn’s lemma), rad(A) C A is a
proper right ideal of A. In this section we show that rad(A) tells something about
the complete reducibility of right A-modules (Jacobson’s theorem).

In the following lemma we show that 1+rad(A) is a "neighborhood” of 1 in the
subgroup A* of units.

Lemma 6.2. Let a € A. The following statements are equivalent.

a. a € rad(A).
b. Vb€ A: 1 — ab has a right inverse.
c. Vbe A: 1 — ab has a two-sided inverse.

Proof. a = b: let a € rad(A) and suppose that 1 — ab does not have a right
inverse for b € A. Then the right ideal (1 — ab)A generated by 1 — ab does not
contain 1 € A, hence there exists (by Zorn’s lemma) a maximal right ideal I C A
containing (1 — ab)A. It follows that 1 —ab € I and also a € rad(A) C I. Since [
is a right ideal, this implies that 1 € I. But this contradicts that I # A.

b = c: Fix b € A and write ¢ € A for a right inverse of 1 — ab. Then

c=1+abc=1—a(—bc).
Hence ¢ is of the form 1 — ab’ with ¥’ € A, so it also has a right inverse d € A.
Then
1 =cd= (14 abc)d =d+ ab(cd) = d + ab,
hence d =1 — ab. Then 1 = c¢d = ¢(1 — ab), so c is also a left inverse of 1 — ab.

c = a: Suppose 1 — ab has a two-sided inverse for all b € A. Suppose that
a ¢ rad(A). Then there exists a maximal right ideal I of A such that a ¢ I. So
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I + aA is a right ideal of A properly containing I. By the maximality of I, we
conclude that I +aA = A. Hence there exists an z € I and an b € A such that
x4+ ab =1, i.e., such that z = 1 — ab. By assumption, 1 — ab has a right inverse,
so vA = A. This contradicts the fact that x lies in the maximal right ideal . [

Lemma 6.3. The radical rad(A) is equal to the intersection of all maximal left
ideals in A. In particular, rad(A) is a two-sided ideal.

Proof. Write rady(A) for the intersection of all maximal left ideals in A. Interchang-
ing the role of left /right in (the proof of) the previous lemma, we have a € rad,(A)
< 1 — ba has a two-sided inverse for all b € A. Hence it suffices to show that

Claim: If a,b € A and 1 — ab has a two-sided inverse, then 1 — ba has a two-sided
inverse.

It suffices to prove =. Suppose that 1 — ab has a two-sided inverse ¢ € A. We
claim that d := 1 + bca is the two-sided inverse of 1 — ba. Indeed,

(1 —ba)d = (1 — ba)(1 + bea)
=1 —ba + bca — babca
=1—ba+b(1—ab)ca
=1—ba+ba=1,

and

d(1 —ba) = (1 + bca)(1 — ba)
= 1+ bca — ba — beaba
=14 be(l —ab)a — ba
=1+4+ba—ba = 1.

0

Since rad(A) is a two-sided ideal of A by the previous lemma, we can form the
quotient algebra A/rad(A).

Corollary 6.4. rad(A4/rad(A)) = {0}.

Proof. Let m: A — A/rad(A) be the canonical map and write @ := 7(a) for a € A.
Suppose that @ € rad(A/rad(A)). We show that a € rad(A).

Fix b € A. By Lemma 6.2 applied to @ € rad(A/rad(A4)) in A/rad(A), there
exists an ¢ € A/rad(A) such that

(1 —ab)c=1.
Let z € rad(A) such that (1 —ab)c =1+ z. Then 1+ z has a right inverse d € A
by Lemma 6.2 applied to x € rad(A) in A, hence

(1 —ab)ed = 1.
We conclude that 1—ab has a right inverse in A. Since b € A was chosen arbitrarily,
it follows that a € rad(A) by yet another application of Lemma 6.2. O
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An ideal I of A is said to be nilpotent if I = {0} for some n > 1, where I"™ is
the smallest ideal containing the elements a; ... a, with a; € I. Note that

LI C I C - CTC A,

and I™ is the set of elements in A that can be written as a finite sum of elements
of the form a; ...a, with a; € I.

Lemma 6.5. If I is a nilpotent two-sided ideal in A, then I C rad(A).

Proof. Let n € N such that ™ = {0}. Let a € I and fix b € A. Then
(1—ab)(1+ab+---+ (ab)" ') =1— (ab)" =1

since (ab)™ € I"™ = {0}. Hence 1—ab has a right inverse for all b € A. Consequently
a € rad(A) by Lemma 6.2. O

Lemma 6.6. A has a unique largest two-sided nilpotent ideal with respect to in-
clusion.

Proof. Let I C A be a nilpotent two-sided ideal of maximal dimension as vector
space over k. If J C A is another nilpotent two-sided ideal then I + J is nilpotent.
Indeed, I - J,J-1 C INJ, hence if I =0 and J" = 0, then (I + J)™™™ = 0. So
I + J is a nilpotent two-sided ideal containing I, hence I 4+ J = I by maximality
of the dimension of I, and so J C I. Thus every nilpotent two-sided ideal J is
contained in I, proving that I is the unique largest nilpotent two-sided ideal of

A. O

We will see in a moment that rad(A) is the unique maximal two-sided nilpotent
ideal of A (as part of Jacobson’s theorem).

6.2. Semisimple modules.

Definition 6.7. Let M be a right A-module.

(a) M is called simple if M # 0 and if the only A-submodules of M are {0}
and M.

(b) M is said to be semisimple if M is the direct sum of simple right A-modules.

(c) The algebra A is said to be semisimple if every right A-module M is
semisimple.

Remark. We regard M = {0} as semisimple module (being the empty direct sum
of simple modules).

Lemma 6.8. Let M be a right A-module. The following statements are equivalent.
(a) M is semisimple.
(b) If N C M is an A-submodule then there exists an A-submodule L C M
such that M = N & L.
(c) M is a sum of simple right A-modules (here the sum is not required to be
direct!).
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Proof. (b) = (a): by induction to Dimy(M). If M = 0 then there is nothing to
prove. Otherwise, let 0 # .5 C M be a nontrivial submodule of minimal dimension.
Then S is simple, and by the assumption there exists a right A-submodule P C M
such that M = S @ P. It remains to show that the right A-submodule P satisfies
property (b).

Let N C P be a right A-submodule. Since N is also a right A-submodule of M,
there exists a right A-submodule T'C M such that M = N @& T. Set L :=T N P.
Then L C P is a right A-submodule and N L C P. If p € P and p = n+t with
neNandteT thent=p—neT NP =1L, hence P=N¢® L.

(a) = (c): trivial.

(c) = (b): Let N C M be a right A-submodule. Let L C M be a right A-
submodule of largest possible dimension such that LN N = {0}. Then L + N =
L & N is a right A-submodule of M. Suppose that L & N is strictly contained in
M. Then the assumption (c¢) implies that there exists a simple right A-submodule
S of M such that L & N is strictly contained in L& N +.S. Hence (L& N)N S is
a right A-module strictly contained in S. But S is simple, so (L & N) NS = {0}.
Then (L @ S) N N = {0}, contradicting the choice of L. Hence M = N & L,
completing the proof. O

Corollary 6.9. Let M be a semisimple right A-module.

(a) Submodules and quotients of M are semisimple.
(b) The associative k-algebra A is semisimple < A, viewed as right A-module,
18 semistmple.

Proof. (a) Let L C M be a submodule and write 7 : M — M /L for the canonical
morphism, 7(m) := m + L.

We first show that M/L is a semisimple right A-module. Let M = S; & Sy @
-+ @ Sy be a decomposition in simple modules. Then

M/L =m(S1)+---+m(S)

with 7(S;) € M/L right A-submodules. It suffices to show that 7 (S;) is {0} or
simple. Suppose that 0 C V; C 7(S5;) is a submodule. Then

Ui = 71'_1(‘/;) N Sz

is a submodule of S;, hence U; = {0} or U; = S;. If U; = {0} then V; = 7(U;) = {0},
Next we show that L is a semisimple right A-module. Since M is semisimple,

there exists a right A-submodule N C M such that M = L& N. Then L ~ M/N,

hence L is semisimple by the first part of the proof of (a).

(b) = is trivial.

«: Let M be a right A-module. Fix a k-basis {m1,...,m,} of M. We then have
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a surjective right A-module morphism ¢ : A®™ — M, defined by

o((ag,...,a,)) := Z m;a;,

hence M ~ A®" /ker(¢). As quotient of the semisimple right A-module A®™ M is
semisimple by (a). O

6.3. Jacobson’s Theorem. We need a preliminary lemma and exercise before
we can formulate and prove Jacobson’s Theorem.

Lemma 6.10. rad(A) is the intersection of a finite number of maximal right A-
ideals.

Proof. Let S be the (nonempty) set
S={LNLN---NI | I; C Amaximal right ideal, r € N}

and let L:=1;N---NI; €S be an element from S of minimal dimension. Clearly
rad(A) € L. On the other hand, if I is an arbitrary maximal right ideal, then
L NI e S must have the same dimension as L, hence LNI = L, ie., L C 1. It
follows that L C rad(A). Hence rad(A) = L, i.e., rad(A) is the intersection of a
finite number of maximal ideals. 0

Exercise 6.11. Let M be a right A-module. Show that there exists a series
{O}ZM()CMlCMQC"’CMn:M

of right A-submodules such that M;/M;_ is simple for i = 1,...,n (such a series
is called a composition series of M).

Theorem 6.12 (Jacobson). The following statements hold true.
(a) rad(A) ={a € A| Ma = {0} if M is a simple right A — module}.
(b) rad(A) is the largest two-sided nilpotent ideal of A.
(c) rad(A) is the smallest two-sided ideal such that A/rad(A) is semisimple.

Proof. (a) Write
J:={a€A| Ma={0} if M is a simple right A — module},

which is a right ideal in A.

We first prove that J C rad(A). Let a € J and I C A a maximal right ideal. It
suffices to show that a € I. Note that A/I is a simple right A-module since I is
maximal, hence (A/I)a = {0} since a € J. In particular, (1 + [)a =a+ 1 = I,
ie,ae€l.

Next we prove that rad(A) C J. Suppose not. Then there exists a simple right
A-module M and 0 # m € M such that mrad(A) # {0}. But mrad(A) is a right
A-submodule of M, since rad(A) is a right ideal. Since M is simple, we have
mrad(A) = M. Hence there exists an element x € rad(A) such that maz = m.
Write K := {a € A | ma = 0} for the annihilator of m. Then K C A is a right
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ideal not containing 1, and 1 —z € K. By Zorn’s Lemma there exists a maximal
right ideal I containing K, so in particular 1 —x € I. But also z € rad(A) C I,
which would imply 1 € I. This is a contradiction. Hence rad(A4) C J.

(b) We know that rad(A) contains all two-sided nilpotent ideals of A, so it
suffices to show that rad(A) is nilpotent. Take a composition series

{O}ZA()CAlC"‘CAn_lCAn:A
of A, viewed as right A-module. By (a) we have for all a € rad(A) and for
1 <1 <n,
(AifAir)a = {0}

since A;/A;_; is simple. Hence A,rad(A4)" C Ay = {0}. In particular, since
1€ A, = A, we have rad(A)" = {0}.

(c) We first show that A/rad(A) is semisimple. Write rad(A) = L1NIN---N1,
with I; C A maximal right ideals. Then the morphism of right A-modules

¢:Afrad(A) - A/ & --- DA/, DAL

defined by ¢(a+rad(A)) ;= (a+11,a+1,...,a+1,) is injective. Hence A/rad(A),
as right A-module, is isomorphic to a submodule of the semisimple right A-module
A/l @ --- @ A/l hence it is semisimple. It follows that A/rad(A) is semisimple
as right A/rad(A)-module, hence A/rad(A) is semisimple as k-algebra.

Let X C A be a two-sided ideal such that the quotient algebra A/X is semisim-
ple. It remains to show that rad(A) C X. Let 7 : A — A/X be the canonical
map 7(a) := a+ X, which we view here as epimorphism of right A-modules. Since
A/X is semisimple, we have a decomposition

A/ X =835 @ &S

with S; € A/X simple right A-submodules. Consider the right ideals L; :=
7 1(Si) CAand X C M; =3, Ly C Afor 1 <i <t Note that

(6.1) (M) =M;/X=51® - DS, 1DS1 D DS,
Then by the third isomorphism theorem,
AM; ~ (A/X)[(M;/X)
~ (51D DS)/(S1B - BSi 1D i1 B DS) S,
hence M; C A is a maximal ideal for each i = 1,...,¢. In particular,
rad(A) C MyNMyN---N M.
Now note that (M; N ---NM,;)/X = {0} by (6.1), i.e.
Myn---NM, =X,
hence rad(A4) C X. O
Corollary 6.13. The algebra A is semisimple if and only if rad(A) = {0}.

Proof. This is by part (c) of Jacobson’s theorem. O
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Corollary 6.14. Let () be a finite quiver without oriented cycles. Let Ry C k@)
be the two-sided ideal generated by the edges Q1 of Q. Then rad(kQ) = Rg, and

kQ/rad(kQ) ~ €D S(i)

1€Qo
as right kQ-modules.

Proof. Since () has no oriented cycles and R is spanned by paths of length > m,
we have R = {0} for sufficiently large m. Hence Rqg C k@ is a two-sided
nilpotent ideal, implying that Ry C rad(k()) (another way of proving this is by
noting that S(i)Rg = {0} for all i € @)y and using that the S(i)’s (i € Q) are, up
to isomorphism, the only simple right £Q-modules).

View S(i) as right kQ-module. It is one-dimensional. Write m; € S(i) for a
nonzero vector. Then we have a morphism ¢ : kQ/Rq — @,cq, S(7) of right
k@Q-modules, defined by

¢(a+ Rq) := (mia)ieq,-
Note that ¢ is an isomorphism, with inverse given by (A\;m;)icq, — Zz’er Niei+Ro
for \i € k. Hence kQ/Rq ~ @,cq, S(i) as right kQ-modules, hence also as right
kQ/Rg-modules. It follows that kQ/R¢ is semisimple as right kQ)/Rg-module,
hence kQ)/ R is semisimple as k-algebra. Consequently, rad(kQ) C Rg,. O

6.4. The radical of a module.

Definition 6.15. Let M be a right A-module.

1. N C M 1is called mazximal if N # M and the only submodules L. C M
containing N are M and N.

2. The (Jacobson) radical rad(M) of M is the intersection of all maximal
submodules of M.

Remark 6.16. Let M be a right A-module. The following holds true:

i. N C M is a maximal submodule < M/N is simple.
ii. For M = A, viewed as right A-module in the canonical way, rad(M) is
equal to the radical rad(A) of the algebra A.

Exercise 6.17. Let M, N be right A-modules. Prove the following statements.

a. rad(S) = {0} if S is a simple right A-module.

b. m € M belongs to rad(M) if and only if f(m) = 0 for all morphisms
f € Homa(M,S) with S simple.

c. If f € Homu (M, N) is a morphism of A-modules then f(rad(M)) C rad(N).

d. rad(M & N) =rad(M) @& rad(N).
Hint: apply c to the canonical embeddings tpy € Homy (M, M & N) and
iy € Homa (N, M @ N) and to the canonical projections wy € Homa(M @
N, M) and 7y € Homy(M @ N, N).
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e. M/Mrad(A) is a semisimple right A-module, where Mrad(A) C M is the
right A-submodule
Mrad(A) := spang,{ma | m € M, a € rad(A)}.
f. rad(M/Mrad(A)) = {0}.
g. Mrad(A) = rad(M).
Hint: To prove Mrad(A) C rad(M), consider for m € M the map f,, :
A — M defined by fn(a) :== ma.

Definition 6.18. Let M be a right A-module. The quotient module
top(M) := M /rad(M)
1s called the top of M.
In view of parts e and g of the exercise, top(M) is a semisimple right A-module.

Definition 6.19. Let M be a right A-module. A right A-submodule L C M s
called superfluous if the following property holds true: if N C M is a right A-
submodule such that L + N = M, then N = M.

Lemma 6.20. If M is a right A-submodule and L C M is a submodule that is
contained in rad(M), then L is superfluous.

Proof. Suppose N is a right A-submodule of M such that N # M and L+ N = M.
By Zorn’s Lemma, there exists a maximal right A-submodule X C M containing
N. But then L C rad(M) € X and N C X, hence L + N C X. This is a
contradiction. OJ
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7. IDEMPOTENTS

The next goal is to associate to a finite dimensional k-algebra A a quiver Q) 4
and an appropriate quotient kQ 4 /Z of its path algebra (a so-called bounded
quiver algebra) such that A and kQ 4 /Z are Morita equivalent, meaning that the
associated categories of finite dimensional right modules are equivalent.

The approach will be as follows. We consider an appropriate subalgebra A®
of A whose decomposition in indecomposable right A-modules only contains the
mutually inequivalent summands from the decomposition of A in indecomposables.
The subalgebra A’ is called the basic subalgebra of A. We associate to A a quiver
Q4 such that A’ is isomorphic to a quotient of k@ 4». We furthermore show that
A® and A are Morita equivalent via the so-called induction functor.

In this section we prepare the construction of the quiver () 4» by considering com-
plete sets of primitive orthogonal idempotents. Primitive orthogonal idempotents
will label the vertices of the quiver.

We use the following conventions: k is a field and A is a finite dimensional
associative k-algebra with unit 1 # 0. If I do not specify whether the ideal is a
left, right or two-sided ideal, then the statement holds true for all three types of
ideals. A right A-module M is finite dimensional as vector space over k unless
explicitly specified otherwise.

Other sources for this section are Chapters 4 and 5 of Ralf Schiffler’s book [4]
and the book of Assem, Simson and Skowronski [1].

Remark: In this section we use the Krull-Schmidt theorem, the splitting lemma
and basic facts on projective representations in the context of the category Mod 4
of finite dimensional right A-modules. Earlier we formulated and proved these
results for the category Repg of quiver representations, but obvious adjustments
to the proofs give the analogous statements for Mod 4.

7.1. Primitive orthogonal idempotents. Recall from Section 1 the definition
of orthogonal idempotents. If e; and ey are two idempotents that are orthogonal
to each-other, ejes = 0 = eseq, then ey + ey is again an idempotent.

We first show that a decomposition of an idempotent e € A as sum of orthogonal
idempotents produces a direct sum decomposition of the right ideal eA in right
A-submodules.

Proposition 7.1. Let e € A be an idempotent and e = e+ey with ey, ex orthogonal
idempotents. Then eA = e A ® exA.

Proof. For a € eA we have a = ea = eja + esa, hence eA C e A+ e A. If a; € ;A
then a; = e;a; = ee;a; € eA, where we use that ey, e5 are orthogonal for the second
equality. Hence e;A + esA C eA. If a € eyANeyA then eja = a = esa, hence
a = eja = ey(esa) = 0. Consequently eA = e; A @ e A. O

Conversely, we have
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Proposition 7.2. Let e € A be an idempotent. Suppose eA = 11 B I, with I; C eA
right A-submodules. Let e; € I; (i = 1,2) such that e = e; + ey. Then

(a) e1,eq are orthogonal idempotents.

(b) I, = ¢;A fori=1,2.

Proof. Clearly ;A C I;. Let a; € I;. Then a; = ea; = eja; + esa;. Since
ay,era; € Iy and esa; € I, we have esa; = 0 and eja; = a;. Similarly ejay = 0
and esas = ao. In particular a; € e; A, hence I; = e; A for i = 1,2. Taking a; = ¢;
in the above computation shows that eq, e5 are orthogonal idempotents. 0

We call an idempotent e € A primitive if e # 0 and if the only possible decom-
positions e = e; + ey as sum of two mutually orthogonal idempotents ey, e5 € A
are the trivial ones: 0 +e=e¢ =¢ +0.

Corollary 7.3. Let e € A be an idempotent. Then e is primitive if and only if eA
is an indecomposable right A-module.

Proof. =: if eA = I, ® I, is a decomposition in right A-submodules I; C eA then,
with the notations as in Proposition 7.2, either e; = 0 or e; = 0. Hence I; = 0 or
I, = 0.

«<: if e = e; + ey with eq, e orthogonal idempotents then eA = e; A @ es A by
Proposition 7.1. Hence e;A = 0 or e A = 0, i.e. either e; = 0 or ey = 0. O

Definition 7.4. We call {e1,...,e,} a complete set of primitive orthogonal idem-
potents of A if
(1) The e;’s are primitive idempotents.
(ii) eie; =0 if 1 <i # j < n (orthogonality).
(iii) 1 =e; +es+ -+ e, (completeness).

The existence of a complete set of primitive orthogonal idempotents is guaran-
teed by the following theorem.

Theorem 7.5. There exists a complete set {e1,...,e,} of primitive orthogonal
idempotents of A. If {e},...,e.} is another complete set of primitive orthogonal
idempotents of A, then n = r and, after renumbering the e;’s,

e, A~ A

as right A-modules for all i.
Proof. Existence: By the Krull-Schmidt theorem we have a decomposition
A=L& ---& 1,

of A as right A-module in indecomposable submodules I; C A. Let e; € I; such
that

1:€1+"'+€n.
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By Proposition 7.2 and Corollary 7.3 it follows that {ey,...,e,} is a complete set
of primitive orthogonal idempotents of A and I; = ;A (1 <i < n), in particular

A= AD - -De,A.

Uniqueness: Suppose that {€],...,e.} is another complete set of primitive or-
thogonal idempotents of A. By Proposition 7.1 and Corollary 7.3 we get another
decomposition

A=eAd @A
of A as right A-module in indecomposable submodules. By the uniqueness part of
the Krull-Schmidt theorem it follows that » = n and that there exists a permuta-
tion o of {1,...,n} such that e;A ~ € ;A as right A-modules (i =1,...,n). O

As remarked already at the start of this section, we are using now notions and
results defined for the category Rep, for the category Mod 4 of finite dimensional
right A-modules. Projective modules in Mod 4 are the topic of the following exer-
cise.

Exercise 7.6. A right A-module P is called projective if for all epimorphism g :
M — N of right A-modules, the push-forward g, : Homa(P, M) — Hom (P, N),
defined by g.(f) := go f, is surjective. In case A = kQ with Q a quiver without
oriented cycles, this definition coincides with the definition of a projective repre-
sentation of Q.

a. Prove that A®", viewed as right A-module by (a1, ..., a.)-a = (aa,...,a.a),

18 projective.

If P and P’ are right A-modules, then P® P’ is projective if and only if both P and

P’ are projective. The proof is the same as the proof for quiver representations,
see Proposition 4.7. In particular, direct summands of A®" are projective.

b. Let e € A be an idempotent. Show that eA is a projective right A-module.
c. Let e € A be a primitive idempotent. Show that there exists a complete set
of primitive orthogonal idempotents containing e.

The splitting lemma holds true in any abelian category, in particular in the abelian
category of right A-modules, see [3]. In particular, if

0%N<—>M—f»L—>O

is a short exact sequence of right A-modules and f a retraction, then L is a direct
summand of M.

d. Let P be a projective right A-module. Show that there exists a right A-
module P’ such that P @& P’ ~ A®" for some r > 1 (then P’ is necessarily
also projective).

e. Let {ey,...,e,} be a complete set of primitive orthogonal idempotents. Let
P be an indecomposable projective right A-module. Show that P ~ e;A for
some 1.
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7.2. Lifting idempotents. For a € A we write @ := a+rad(A) for its correspond-
ing class in the semisimple quotient A/rad(A) of A. We are now going to study
how idempotents of A behave when projected down to A/rad(A). First note that
if 0 # e € A is a nonzero idempotent then e ¢ rad(A) (since rad(A) is nilpotent),
hence 0 # € € A/rad(A) is a nonzero idempotent. Preservation of primitivity is
more subtle, we need a couple of initial lemmas for that.

Lemma 7.7. Let e € A be an idempotent. As right A-module we have
top(eA) ~e(A/rad(A)),
with the right hand side viewed as right A-module by @-b := ab for a € eA and
be A
Proof. Using Exercise 6.17,
top(eA) = eA/rad(eA) = eA/eArad(A) = eA/erad(A).

Let 7. : eA — €(A/rad(A)) be the epimorphism 7. (a) := @ of right A-modules. Its
kernel is Ker(m,) = eANrad(A) = erad(A). Hence eA/erad(A) ~ €(A/rad(A))
as right A-modules by the first isomorphism theorem. O

The following exercise is an addendum to Exercise 6.17.

Exercise 7.8. Let M be a right A-module.

(a) Show that rad(M) = {0} if M is semisimple.

(b) Suppose that N C M is a right A-submodule such that M /N is semisimple.
Show that rad(M) C N (in particular, rad(M) is the smallest submodule
of M such that M /rad(M) is semisimple).

An idempotent of the semisimple quotient A/rad(A) can be lifted to A as follows.

Lemma 7.9 (Lift lemma). Let e € A and assume that € € A/rad(A) is an idem-
potent. Then there exists an € € eA such that € =€ and € = € in A.

Proof. Let m > 1 such that rad(A)™ = {0}. Since € is an idempotent, e — e* €
rad(A), but e — e? is not necessarily zero. Its mth power is, since rad(A)™ = 0.
Hence

with
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we get €™ = ™t in A, and clearly et = te. Now set ¢ := (et)™ € A. Then
el = emtlf = ¢™ = ¢, where we use the fact that e is an idempotent for the first
and third equality. Hence

e=(et)"=¢" =¢.

m+1

Furthermore, using et = te and e™"'r = €™ in A repeatedly, we compute in A,

62 — (et)Qm _ e2thm

— eQm—thm—l — ...
= (et)" =e.

O

Now we are ready to show that a primitive orthogonal idempotent of A projects
down to a primitive orthogonal idempotent of A/rad(A).

Proposition 7.10. Let e € A be a primitive idempotent. Then e € A/rad(A) is
a primitive idempotent.

Proof. Suppose that
E(A/rad(A)) = Ml @D M2

is a decomposition with nonzero right A/rad(A)-submodules M; and with M,
nonzero. Choose f; € A such that e = f, + f, and f, € M;. Then M; =
zi(A/rad(A)), ?12 = f.and f,f, = 0 = fof, by Proposition 7.1. In particular,
fi # 0 and

J— _2 _ J— p— —_—

fi=fi=E—-f)fi=el:
We now apply the lift lemma to ef;. This gives us an element €; € efiA C eA
such that & = ef,(= f;) and €} = ¢;. We now first show that eA = ¢; A.

Note that A = ;A ® (1 — €1) A since €1, 1 — €, are orthogonal idempotents, and
e1A C eA. Hence

eA=e AD{((1—¢€)A)NeA}.

But eA is indecomposable and €, A is nonzero, so this forces eA = ¢, A.
By Lemma 7.7 we now have

e(A/rad(A)) ~ top(eA) = top(e; A) ~ & (A/rad(A)) = f,(A/rad(A)) = M.
Hence M, = 0, as desired. O

Corollary 7.11. Let e € A be a primitive idempotent. Then eA has a unique
mazimal right A-submodule, namely rad(eA) = erad(A). The quotient module
top(eA) is simple.
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Proof. Lemma 7.7 and Proposition 7.10 show that

top(eA) ~ e(A/rad(A))
is an indecomposable right A-module. So top(eA) is indecomposable and semisim-
ple, hence simple. Consequently rad(eA) C eA is a maximal right A-submodule.

But rad(eA) is the intersection of all maximal right A-submodules of eA, hence
rad(eA) is the unique maximal right A-submodule of eA. O

Exercise 7.12. Let Q be a finite quiver without oriented cycles, and P(i) the
indecomposable right kQ)-module associated to i € Qq.

a. Determine rad(P(i)).

b. Describe top(P(i)).

A second immediate consequence of Proposition 7.10 is

Corollary 7.13. Let {e1,...,e,} a complete set of primitive orthogonal idempo-
tents. Then {€1,...,€,} is a complete set of primitive orthogonal idempotents of

A/rad(A).

Proof. Since e; € A is a nonzero idempotent and rad(A) is nilpotent, we have e; &
rad(A), hence ¢; # 0. Consequently {€;,...,€,} is a set of orthogonal idempotents
of A/rad(A) with 1 =7¢, +---+¢€,. It remains to show that ¢; is primitive, which
follows from Proposition 7.10. O

The following proposition shows that equivalences between indecomposable pro-
jective right A-modules are determined by equivalences of their tops.

Proposition 7.14. Let e, f € A be two idempotents. Then

eA~fA <& top(eA) ~top(fA).
Proof. <: suppose that eA ~ fA with isomorphism ¢ : eA — fA. Then

o(rad(eA)) =rad(fA)
by Exercise 6.17, hence we obtain an isomorphism ¢ : top(eA) — top(fA) defined
by
&(a+rad(eA)) = ¢(a) +rad(fA).

= suppose that top(eA) ~ top(fA) with isomorphism & : top(eA) — top(fA).
Let p. : eA — top(eA) and p; : fA — top(fA) be the canonical epimorphisms.

Since €A, as direct summand of A as right A-module, is projective, we have that
the push-forward

(pf)« : Homa(eA, fA) — Homy(eA, top(fA))
of py is surjective. Hence there exists an ¢ € Homy(eA, fA) such that (ps).(¢) =
£ope, i.e. ppop =Eop.. Now both ps: fA — top(fA) and pro¢ : eA — top(fA)
are epimorphisms, hence Im(¢) + Ker(ps) = fA. But Ker(py) = rad(fA) C fA
is superfluous (see Lemma 6.20), so we conclude that Im(¢) = fA, hence ¢ is an
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epimorphism. Consequently dimy(eA) > dimy(fA). Replacing the role of eA and
fA we also have dimg(fA) > dimg(eA), hence dimy(eA) = dimy(fA) and ¢ is an
isomorphism. O

Exercise 7.15. Let {e1,...,e,} be a complete set of primitive orthogonal idem-
potents, and let

{1,y CA{L,...,n}
such that e;; A % e;,A if i # { and each e;A is isomorphic to some ej,A. Prove

that {top(e;, A)}i_; is a complete set of representatives of the equivalence classes
of the simple right A-modules.

Let e € A be an idempotent and M a right A-module. Recall that e is the unit
element of the idempotent subalgebra eAe of A. The subspace Me C M inherits
from M a right eAe-module structure. On the other hand, eA is a (ede, A)-
bimodule, with eAe acting from the left and A from the right on A in the natural
way (the left and right actions are compatible, in the sense that (ba)a’ = b(aa’) for
b€ eAe, aceAanda € A). Consequently, the space Hom4(eA, M) of A-module
morphisms eA — M is a right eAe-module by

(¢-b)(a) = ¢(ba), ¢ € Homa(eA, M), b € eAe, a € eA.
Lemma 7.16. Let e € A be an idempotent, and M a right A-module. Then
Onr : Homa(eA, M) — Me,

defined by 0r () := ¢(e), is an isomorphism of right eAe-modules. If M = eA
then 6.4 : Enda(eA) — eAe is an isomorphism of algebras.

Proof. For ¢ € Homu(eA, M) we have ¢(e) = ¢(e?) = ¢(e)e € Me, hence 0y is a
well-defined k-linear map. For b € eAe and ¢ € Homy(eA, M) we have

00 (0 - b) = (¢ - b)(e) = d(be) = d(eb) = p(e)b = Or(d)b

since e is the unit of the subalgebra eAe. Hence ), is a morphisms of right eAe-

modules. Define 0, : Me — Homyu(eA, M) by 0),(m)(a) := ma for m € Me and
a € eA. Then for m € Me, b € eAe and a € eA we have

Ohr(mb)(a) = (mb)a = m(ba) = b, (m)(ba) = (0 (m) - b)(a)

where we have used that ba € eA, hence 6}, is a morphism of right eAe-modules.
For ¢ € Homa(eA, M) and a € eA we have

00 (001(9))(a) = Orr(d)a = d(e)a = ¢(ea) = ¢(a),
and for m € Me we have
Ori (0, (m)) = 0}, (m)(e) = me = m.

Hence 6, is an isomorphism with inverse 6},.
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For the second statement, note that 0.4(Id.a) = e and if ¢1, ¢ € Endy(eA)
then

Oca(d10 d2) = d1(¢2(e)) = dieda(e)) = dr(e)Pa(e) = Oea(r)bea(P2).
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8. BOUNDED QUIVER ALGEBRAS

In this section we introduce and study basic, connected and bounded quiver
algebras. We show that any finite dimensional basic associative k-algebra A is
isomorphic to a bounded quiver algebra when k is algebraically closed.

We use the usual conventions: k is a field and A is a finite dimensional associative
k-algebra with unit 1 # 0. Modules over A are always finite dimensional as vector
space over k. If I do not specify whether the ideal is a left, right or two-sided ideal,
then the statement holds true for all three types of ideals.

Other sources for this section is the book of Assem, Simson and Skowronski [1].

8.1. Connected algebras.

Definition 8.1. A is called connected if the following property holds true: if A’
and A" are k-algebras and A ~ A" ® A” as algebras, then A" = {0} or A” = {0}.

Recall that the center Z(A) of A is the commutative subalgebra
Z(A):={a€ A|lab=ba Vbe A}.

Lemma 8.2. A is connected if and only if 0 and 1 are the only central idempotents
in A.

Proof. =: let e € Z(A) be a central idempotent. Since e,1 — e are orthogonal
idempotents we have

(8.1) A=eA@®(1-e)A

as right ideals. But e and 1 — e are central, so eA, (1 —e)A C A are subalgebras.
Furthermore, if a € eA and b € (1 —¢e)A, then a = ea and b = (1 — e)b hence
ab = e(1 — e)ab = 0. Similarly ba = 0. Hence (8.1) is a decomposition as direct
sum of subalgebras. Since A is connected, this implies eA = {0} or (1—e)A = {0}.
But A has a unit, so this shows that e =0 or e = 1.

«: suppose that A has only 0 and 1 as central idempotents. Let A = A'@& A” be
a decomposition of A as direct sum of two subalgebras A’, A” C A. In particular,
ab=0="ba forae A" and b € A”.

Write 1 =e+ (1 —¢) withee€ A'and 1 —e € A”. Thene(l—e) =0=(1—e)e
and consequently

2

e=1l-e=e*+(1—-e)e=¢
so e € A is an idempotent. If a € A’ then
a=1l-a=ea+(1—e)a=ea

In a similar way, a = ae for a € A’, hence ea = ae for all a € A’. Note also that
ea = 0 = ae for a € A”, hence e € Z(A). So e € A is a central idempotent,
implying that e = 0 or e = 1. If e = 0 then A’ = eA’ = {0}. If e = 1 then
A" = (1—e)A” ={0}. Hence A is connected. O
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Let {eq,...,e,} be a complete set of primitive orthogonal idempotents of A. Let
I C A be a two-sided ideal. Then I =1-1-1 = szzl eile; and the sum is direct
by orthogonality of the idempotents. Hence

I = éeifej

ij=1
as k-vector spaces. This is in particular the case for I = A and I = rad(A). Note
that

(eilej)(epAe)) = {0} = (e;Ae;)(erle)
if 7 # k and

(eilej)(ejAer), (e;Aej)(ejle;) C eley.

Lemma 8.3. Let{ey,...,e,} be a complete set of primitive orthogonal idempotents
of A. The following statements are equivalent.

a. A is connected.
b. If{1,...,n} = J1 U Jy is a disjoint union such that e;Ae; = 0 = e;Ae; for
1€ Jy and j € Jy, then J, =0 or Jo = 0.

Proof. Let {1,...,n} = J; U Jy be a nontrivial disjoint union (i.e., J; # 0 # J3)
such that e;Ae; = 0 =e;Ae; for i € J; and j € J,. Write

A= @ erAey, i=1,2.

ks

Then A; C A is a nontrivial subalgebra with unit element 1; := Zle 7, €l and
e € A;if 1 € J;. Since A =P e;Aej, the assumptions imply that

A=A D Ay

as algebras, hence A is not connected.

For the converse statement, suppose that the only disjoint union {1,...,n} =
J1 U Jy satistying e;Ae; = 0 = e; Ae; for i € J; and j € Js is the trivial one, J; = ()
or Jy =0. Let A= A;® A, be a decomposition of A as direct sum of subalgebras.
Write 1 = f1 + fo with f; € A;. Then {f1, fo} are central orthogonal idempotents
in A and f; € A; is the unit element of the algebra A;. Define the disjoint subsets
Ji:={i| e;fie; = e;} and Jy := {i | e;f1e; = 0} of {1,...,n}. Alternatively we
can write J; = {i | ¢;foe; = 0} and Jo = {i | e;foe; = ¢;}. Since the A; C A are
two-sided ideals, we have e; € Ay if i € J; and e; € Ay if i € Js.

We claim that J; UJy = {1,...,n}. Indeed, note that e; fie; and e;(1 — f)e; are
mutually orthogonal idempotents in A such that e; = e; fie; + e;(1 — f1)e;, hence
the primitivity of e; implies that e; fie; = e; or e; fie; = 0.

Note furthermore that for i € J; and j € J, we have e;Ae; C A3 N Ay = {0}
and e;Ae; C Ay N Ay = {0}. But the only such decomposition {1,...,n} = J;UJ;
is the trivial one by assumption, hence J; = () or Jo = (). If J, = () then 1 =
ZieJl e; € Ay, hence Ay = A. If J; = () then Ay = A. Hence A is connected. [

n
ij=1
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8.2. Basic algebras.

Definition 8.4. A is called basic if A, as right A-module, has a decomposition
in indecomposable right A-modules I; with I; % I; if © # j.

Remark 8.5. By the Krull-Schmidt theorem the definition makes sense. Note that
the I, € A in (8.2) are projective. Recall from Section 7 that if we decompose
1 =e + - +e, with ¢; € I;, then {ey,...,e,} is a complete set of primitive
orthogonal idempotents of A and I; = e;A. Conversely, any choice of a complete
set {e1,...,e,} of primitive orthogonal idempotents gives rise to a decomposition
of A as right A-module in indecomposable projective submodules I; = ¢;A. In

particular, if {e1,...,e,} is a complete set of primitive orthogonal idempotents of
A, then A is basic if and only if e;A % e;A as right A-modules when 7 # j.

Example 8.6. Let QQ be a finite quiver without oriented cycles. Then {e;}icq, 1S
a complete set of primitive orthogonal polynomials, and e;kQ) corresponds to the
indecomposable projective quiver representation P(i) of Q. Since P(i) ~ P(j) iff
1 =7, the path algebra k(@) is basic.

Proposition 8.7. A is basic if and only if A/rad(A) is basic.

Proof. Let {e1,...,e,} be a complete set of primitive orthogonal idempotents of
A. Since as right A-modules, €;(A/rad(A)) ~ e;A/rad(e;A) = top(e;A), we have
to show that e;A ~ e;A iff top(e;A) ~ top(e;A). This is Proposition 7.14. O

Lemma 8.8 (Schur’s lemma). Suppose that k is algebraically closed. Let M and
N be inequivalent simple right A-modules. Then

Homu (M, N) = {0}
and Ends (M) = kldyy.
Proof. If ¢ € Homu(M,N) then ker(¢p) € M and im(¢) C N are right A-

submodules. Since M 2 N it is not possible that both l;er(gzﬁ) = {0} and
im(¢) = N. Hence ker(¢) = M or im(¢) = {0}, i.e., ¢ = 0.
For ¢ € Enda(M) choose A\ € k an eigenvalue of ¢ (this is possible since k is

algebraically closed). Let

[0} # My == {m € M | g(m) = Am} € M
be the corresponding eigenspace. Then {0} # M, is a right A-submodule of M,
hence M, = M and ¢ = Ald,,. O

Proposition 8.9. Suppose that k is algebraically closed. Let A be a basic and
semisimple finite dimensional k-algebra. Let{ey, ..., e,} be a complete set of prim-
itive orthogonal idempotents of A. Then

A=kei Dkey®---Dke,.
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In particular, A ~ k®" as algebras, A is commutative, and all simple A-modules
are one-dimensional over k.

Proof. We have A = 1 A® -+ @ e, A with ;A C A simple right A-modules (since
A is semisimple) and e;A % e;A if i # j (since A is basic). By Lemma 7.16 and
Lemma 8.8 we have for ¢ # j,

e;jAe; >~ Homy(e; A, e;A) = {0},

while
e;Ae; ~ Enda(e;A) = kld,, 4,

hence e; Ae; = ke;. Consequently

A= é eiAej = é kei.
=1

ij=1

In particular, A is commutative. The simple right A-modules are e;A (i =
1,...,n). Since A is commutative and e; is an idempotent, we have e;A = e; Ae; =
ke;, hence the simple right A-modules are one-dimensional. O

Remark 8.10. Let k be algebraically closed and A semisimple. In this case the
algebraic structure of A is fully described by the Wedderburn-Artin Theorem:

as algebras. Here the n;’s are the dimensions of the simple right A-modules (up
to isomorphism).

Exercise 8.11. Suppose that A is basic and k algebraically closed. Let M be
an indecomposable projective right A-module. Show that rad(M) C M has co-
dimension one over k.

Example 8.12. Let G be a finite group. Let C[G] be the group algebra of G over
C. By Maschke’s Theorem we know that C[G] is a finite dimensional semisimple
C-algebra with unit, hence the Wedderburn-Artin Theorem applies to C[G] (see,
e.g., [6, Thm. 5.5.6] for a formulation in this context, where C[G] is identified with
the convolution algebra L(G) of C-valued functions on G by the map g — 9, for
g € G, where §, € L(G) is the delta-function at g € G).

A formulation directly in terms of C[G] is as follows. Let G be the dual of G
(the equivalence classes of the irreducible representations of G). An irreducible

representation m € G is represented by an algebra map w : C[G] — Endc(Vy) such

that V., viewed as left C[G]-module via 7, is simple. For m € G write x(g) =
Try. (w(g)) for the trace of ™ and set

dlm
C Zxﬂ )g € C[G]

geG
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form € G. The py’s (x € G) form a C-linear basis of Z(C[G]). Then {Pr}rca
is a set of central orthogonal idempotents in C[G| satisfying 1 = Y _apx, and
{Pr}req s a C-linear basis of Z(C|G]). Hence p,C[G] C C[G] is a subalgebra with
unit p, and
ClG] = P r-Cla]
TeG

as algebras. Finally, p,C[G] ~ Endc(Vy) as algebras by the map a — w(a) for
a € pClG].

8.3. Admissible ideals. Let @) be a finite quiver, possibly with oriented cycles.
Let Pg be the set of paths in (). We write @),,, € Pg for the paths of length m in
Q. In particular Qg is the set of constant paths, which we identify with the set of
vertices of Q).

Recall that Rg C k(@ denotes the two-sided ideal of k() generated by the arrows
@1 of the quiver (). For m > 1, the mth power Rp of Rq is the two-sided ideal
of k() generated by the paths of length m. Note that R7 has a k-linear basis
consisting of the paths in @) of length > m. In particular,

- CRyM CRE C .- C R C Rg CkQ.

Let Z C kQ be a two-sided ideal such that Rg‘ C T for some m > 1. Then the
(nontrivial) quotient algebra k@ /Z is finite dimensional as vector space over k
since its dimension is bounded by the number of paths in ) of length < m.

Proposition 8.13. Let Z C k() be a two-sided ideal such that Ry €1 C Rq for
some m > 1. Fora € kQ write @ :== a+ T for its class in kQ/IZ. Then {€;}icq, s
a complete set of primitive orthogonal idempotents of kQ /L.

Proof. Clearly {€;}icq, is a complete set of orthogonal idempotents in kQ/Z. It
remains to show that the idempotent &; € kQ/Z is primitive. Suppose that &; =
€+ ¢ with {€,@} orthogonal idempotents in k()/Z. Representatives e and e’ of €
and € in k(@ have unique expressions of the form

e = Z)\Cc+f,

c€Qo
¢ = Z Ne+ ff
c€Qo
with A\., A, € k and f, f’ € Rg. Since Z C R, the fact that {€,€'} are orthogonal
idempotents in kQ)/Z implies

M=X, (A)2P=X, AA.=0

for all ¢ € Q)y. Hence
(A, Ae) € {(0,0),(0,1),(1,0)}
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for all ¢ € Q. Furthermore, the identity & =€+ ¢ in kQ/Z yields
Ae + AL, =1, A+A =0

for ¢ € Qo \ {e:}, where we again used that Z C Rg. Hence (A, \.) = (0,0) if
c € Qo\{e} and (A, A,,) € {(1,0),(0,1)}. Without loss of generality we may

and will assume that (A, AL ) = (0, 1), so that \. = 0 for all ¢ € Q.

€ir e,

We conclude that € = f with f € Rg. Then
e=e¢"=f"=0
in kQ/Z, since f™ € Ry C Z. Hence €; is primitive. O
Remark 8.14. Note that RZ} = 0 for some m > 1 is equivalent to ) not having
no oriented cycles. In particular, if () does not have oriented cycles then the
condition Ry C Z for some m > 1 is void. Furthermore, if () does not have

oriented cycles then rad(kQ) = Rg (see Corollary 6.14), hence Proposition 8.13
applied to Z = rad(kQ) = Ry reestablishes Corollary 7.13 for A = kQ.

Proposition 8.15. Let T C kQ be a two-sided ideal such that Ry €T C Rq for
some m > 1. The radical of the finite dimensional k-algebra kQ /T is Ro/T.

Proof. We have Ry C 7 C Rq for some m > 1, hence (RQ/I)m = {0}. It
follows that Rgy/Z C rad(kQ/I), since rad(kQ)/Z) is the unique largest nontrivial
two-sided nilpotent ideal of kQ/Z by Jacobson’s Theorem.

On the other hand, note that

(kQ/T)/(Rq/T) ~ kQ/Rq =~ k¥#
as algebras, with the isomorphism k®#%0 — kQ/Rq given by

EP#90 5 (A\icgo — > Ailei + Ro).

1€Qo
Clearly k®#@0 is a semisimple algebra, hence (kQ/Z)/(Rq/Z) is semisimple. Again
by Jacobson’s Theorem, it follows that rad(kQ/Z) C Rq/T. O

Remark 8.16. If () does not have oriented cycles then we established the semisim-
plicity of kQ/R¢ before, see Corollary 6.14.

Remark 8.17. Let Z C k() be a two-sided ideal such that RZ} C 7 C Rgq for some
m > 1. By Proposition 8.15 we have
rad(kQ/Z)/rad(kQ/I)* ~ Ro/Rp,

and the latter space has {& + Rg}acq, as a k-linear basis. Since rad(kQ/Z)
and rad(kQ/Z)?* are two-sided ideals in kQ/Z, we have a canonical left and right
action of kQ/Z on rad(kQ/Z)/rad(kQ/T)*. The same holds true for Rg/R. It
now follows that for i, 7 € )y, the k-vector space

ei(rad(kQ/Z) /rad(kQ/T)*)e; ~ e;(Rq/RY)e;
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has dimension equal to the number of arrows in ), with source ¢ and target j.

Corollary 8.18. Let T C kQ be a two-sided ideal such that Ry € I C Rq for
some m > 1. Then kQ/Z is a basic algebra.

Proof. Write A = kQ/Z. Tt suffices to show that A/rad(A) is basic by Proposition
7.14. By Proposition 8.15 we have A/rad(A) ~ kQ/Ry, so it suffices to show that
kQ/Rq is basic. Write @ = a + Rg € kQ/Rg for a € kQ. Since {&;}icq, is a
complete set of primitive orthogonal idempotents of kQ/Rg by Proposition 8.13,
it suffices to show that €;(kQ)/Rq) % €;(kQ/Rq) if i # j.

Note that &;(kQ/Rq) = ke;, hence for i # j,

Homyg,r, (€(kQ/Rq),e;(kQ/Rq)) ~ &;(kQ/Rq)e; = {0},
where we used Lemma 7.16 for the first step, which gives the desired result. [

Definition 8.19. A two-sided ideal T C kQ) is called admissible of Ry €71 C RQQ
for some m > 2. The associated quotient algebra

kQ/T
is called a bounded quiver algebra.

The condition Rg C 7 is to ensure finite dimensionality of the bounded quiver
algebra kQ)/I as vector space over k. Although Z C Ry, is sufficient to preserve
primitivity of idempotents when projecting to the bounded quiver algebra (see
Proposition 8.13), we need the more restrictive condition Z C Ré to ensure that
projecting to kQ/Z behaves well with respect to connectivity.

Lemma 8.20. Let 7 C k() be an admissible two-sided ideal. Let Qo = J1 U Jy be
a decomposition of Qo as a disjoint union of subsets Jy and Jo. Equivalent:

a. The decomposition of QQy is in fact a decomposition of the quiver Q) as
disjoint union of sub-quivers. In other words, if a € Q1 is an edge then
either s(a), t(a) € Jy or s(a),t(a) € Ja.

Proof. a = b: Let (i,j) € (J; x Jo) U (Jo x Ji). Then € (kQ/T)e; = {0} since
éi(kQ/I)Ej is spanned by the classes of the paths in ) from i to j.

b = a: Let (i,7) € (J1 x Jo) U (J2 X J1) and suppose there exists an edge o € @4
from i to j. Then @ = g;ae; = 0, hence a € Z. But Z C Ry, hence Z does not
contain edges. This contradiction establishes the desired result. 0

Proposition 8.21. The bounded quiver algebra kQ/Z is connected < @ is con-
nected.

Proof. Combine Lemma 8.3 and Lemma 8.20. O
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8.4. Presentations of basic algebras as bounded quiver algebras. Recall
that the radical rad(A) of A is a two-sided ideal. We will write rad™(A) := rad(A)™
for its mth power (m > 1). Since rad(A) C A is a two-sided ideal, it can be
thought of as an (A, A)-bimodule having rad®(A) as a sub (A, A)-bimodule. For
idempotents e, f € A write

e(rad(A)/rad*(A))f :=={e-T- f | T € rad(A)/rad*(4)},

which is a k-linear subspace of the quotient (A, A)-bimodule rad(A)/rad*(A4). On
the other hand, erad(A)f is a k-vector space with subspace erad?(A)f, hence we
can form the quotient vector space erad(A)f/erad*(A)f. As k-linear spaces we
have

(8.3) erad(A)f/erad*(A) f — e(rad(A)/rad’*(A))f
with isomorphism z 4 erad®(A) f — x +rad?(A) for = € erad(A)f. We will freely

use (8.3) to identify the two spaces in the remainder of the text.

Definition 8.22. Let A be a basic finite dimensional associative k-algebra and

{e1,...,en} a complete set of primitive orthogonal idempotents. Define the quiver
Qa of A as follows:

a. (QA)O = {17 s ,n}.
b. Fori,j € (Qa)o,
dimy, (e;(rad(A) /rad®(A))e;)
1s the number of arrows i — j in Q4.

Lemma 8.23. Up to isomorphism, the quiver Q4 of the basic algebra A does not
depend on the choice of compete set of primitive orthogonal idempotents.

Proof. If {€},--- ,e.} is another complete set of primitive orthogonal idempotents
then r = n and after renumber of the indices (which does not effect the isomor-
phism class of the quiver), we have e;A ~ e/ A as right A-modules fori =1,... n.
Lemma 7.16 gives
e;(rad(A)/rad®(A))e; ~ Homy(e; A, e;(rad(A) /rad*(A)))
as vector spaces. Hence
dimy, (e;(rad(A) /rad®(A))e;) = dimy (e} (rad(A)/rad’(A))e))

j
if
ei(rad(A)/rad®(A)) ~ ¢} (rad(A) /rad’(A))
as right A-modules. Recall that e;rad(A) = rad(e;A), then we have as right A-
modules,
ei(rad(A)/rad®(A)) ~ e;rad(A) /e;rad®(A)
(8.4) = rad(e;A)/rad(e;A)rad(A)

~ rad(e;A) /rad(e;A)rad(A) ~ ¢} (rad(A) /rad’(A)).
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This completes the proof. O

Remark 8.24. If kQ/Z be a bounded quiver algebra then Qrg/z ~ @ in view of
Remark 8.17.

We fix for each @ € (Q4)1 with s(a)) =i and t(a) = j an element z,, € e;rad(A)e;

such that
{24 +erad®(A)e; | a € (Qa)1 with s(a) =i & t(a) = j}
is a k-linear basis of e; (rad(A)/rad*(A))e;. Let ¢ = ajas -+ oy be a path in Q4 of
length ¢ > 1 with source ¢ and target j. We sometimes denote such as path as
¢ = (i|lagag - - - aylg).
Set
Te =Ty Tay *** Tay € e,-radg(A)ej.

Note that z.zo = 0 if t(c) # s(¢') and z.x0 = x00 if t(c) = s(¢).
Lemma 8.25. Let A be a basic algebra and i,j € (Qa)o. Then e;rad(A)e; is
spanned by the x.’s with ¢ running over the paths in Q4 from i to j of length > 1.

Proof. Since the z,’s with a € (Q4); having s(a) =i and t(a) = j form a basis of
eirad(A)e; modulo e;rad®(A)e;, it follows by induction to the length of the path
and the fact that
eirad ™ (A)e; = Z(e@-rad(A)ek)(ekradf(A)ej)
k

that the elements z. with ¢ a path in Q)4 of length ¢ with source ¢ and target j
span e;rad’(A)e; modulo e;rad”™ (A)e;. The lemma now follows from the fact that
rad(A) is a nilpotent ideal. O

Exercise 8.26. Let A be a basic algebra. Let {e1,...,e,} be a complete set of
primaitive orthogonal idempotents.

a. Let ¢ # j. Show that there does not exist an epimorphism e;A — e;A of
right A-modules and conclude that Hom4(e; A, e;A) = Homa(e; A, e;rad(A)).

b. Let i # j. Show that e;Ae; = e;rad(A)e;.

c. Suppose that A is connected. Prove that ()4 is connected.

Theorem 8.27. Let A be a basic algebra. Suppose that k is algebraically closed.
There exists an admissible ideal T C kQ 5 such that

as algebras (we call kQ4/Z a presentation of A as bounded quiver algebra).

Proof. Let {ey,...,e,} be a complete set of primitive orthogonal idempotents of
A. Write ¢; for the constant path at i € (Qa)o. Let ¢ : kQ4 — A be the k-linear
map satisfying

(€)= e, o(c) == x,
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for i € (Qa)o and ¢ a path in Q4 of length > 1. By the multiplication rules

Es(c)Le = Le = Leli(c)s Tl = 6t(C)VS(C’)xcd

in A for paths ¢ and ¢ in Q4 of length > 1, it follows that ¢ is a morphism of
algebras.

We first show that ¢ is surjective. Write 7 : A — A/rad(A) for the canonical
projection and denote 7 := 7(y) = y +rad(A) for y € A. Let x € A. By Corollary
7.13 and Proposition 8.9 we have

(8.5) Afrad(A) = @ ke,

Hence there exists unique \; € k (i = 1,...,n) such that
T — Z Aie; € ker(m) =rad(A).

Now rad(A) is spanned by the z, for paths ¢ in Q)4 of length > 1 in view of Lemma
8.25 and the fact that rad(A) = ;) e;rad(A)e;. This shows that = lies in the
image of .

Write Z := ker(p) C kQ4. It remains to show that Z is an admissible ideal.

Let Rg, C kQ4 be the arrow ideal, generated by the arrows ((4); of Q4. Then
©(Rg,) C Ais the ideal generated by the x,’s (av € (Q4)1). Since z, € rad(A) for
a € (Qa)1, we conclude that p(Rg,) C rad(A). Let m > 1 such that rad™(A) =
{0} (which exists since rad(A) is nilpotent), then Rfy, C ker(p) = T.

It remains to show that 7 C Ré . Choose x € T C kQ) 4. Write

x_z/\ez"’ Z Maa+y

a€(Qa)
with y € RQQA' Then in A,

(8.6) Z/\eﬂr > tata+ ey

ac(Qa)1

But z, € rad(A) and p(y) € rad®(A), hence

SR
i=1
in A/rad(A). By (8.5) we conclude that \; =0 for i =1,...,n, hence

= ) peaty

a€(Qa
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lies in Rg,. Returning to (8.6) we then have

a€(Qa1
modulo rad®(A), hence 1, = 0 for all @ € (Q4);. This shows that z =y € RS,

hence Z C R%A' O

Exercise 8.28. Let k be an algebraically closed field and Mats(k) the algebra of
3 x 3-matrices over k. Consider the subalgebra

a;; O 0
A= as1 a9 O a;; € k
azi 0 as
of Mats (k).
a. Show that A is a basic algebra.
b. Give the presentation of A as bounded quiver algebra.

c. Change in the presentation of A the orientation of one of the arrows. Which
subalgebra of Mats(k) does this describe?
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9. INDUCTION AND RESTRICTION

In this section we associate to a finite dimensional associative k-algebra A a basic
algebra A® such that A and A® are Morita equivalent, meaning that the associated
categories of finite dimensional right modules are equivalent. In view of Theorem
8.27 this will imply that a finite dimensional k-algebra A is Morita equivalent to
a bounded quiver algebra if the ground field k is algebraically closed.

In this section the conventions and notations of Section 8 are in place. Other
sources for this section are Chapters 4 and 5 of Ralf Schiffler’s book [4] and the
book of Assem, Simson and Skowronski [1].

9.1. The functors. If C and D are pre-additive categories, then a covariant func-
tor F': C — D is said to be additive if for all M, N € Ob(C), the map

(9.1) F : Hom¢(M, N) — Homp(F (M), F(N))

is a group homomorphism. If C and D are k-linear categories then a covariant

functor F': C — D is called k-linear if the maps (9.1) are k-linear for all M, N €
Ob(C).

Exercise 9.1. Let F': C — D be an additive functor between additive categories C
and D. For M, N € Ob(C) letEyn : F(M)®F(N) — F(M@N) be the morphism
in D satisfying
Emn © Loy = Fun), Evn o tpny = Fuy).

Show that & = (fM:N)M,NGOb(C) . Fy =5 F, is a natural isomorphism with the
functors Fy, Fy : C x C — D defined by Fi(-,—) := F(-) ® F(—) and Fy(-,—) :=
F(-®—-).

For a given finite dimensional k-algebra B with unit, we write Modp for the
category of finite dimensional right B-modules.

Definition 9.2. Let e € A be an idempotent and eAe C A the corresponding
idempotent subalgebra of A. We define two k-linear covariant functors

Ind, : Mod 4. — Mod 4,
Res, : Mod 4 — Mod, 4,
as follows. On objects
Ind.(M) := M ®cac €A, M € Mod, 4,
Rese(X) := Xe, X € Mody
where M @40 €A is viewed as right A-module via the right action of A on eA (note

that the subspace Xe C X is invariant under the right action of eAe, giving Xe
the structure of a right e Ae-module). On morphisms we set

Inde(¢) (m ReAe CL) = ¢(m) Rese @, ¢ € HomeAe(Ma N),
Res.(?) := Y| xe, Y € Homa(X,Y),
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where m € M and a € eA.

We call Ind, and Res,. the induction and restriction functor associated to the
idempotent e, respectively.

Exercise 9.3. Show that Ind, and Res. are well defined k-linear functors.

We now first establish a number of properties of the induction and restriction
functor for an arbitrary idempotent subalgebra.

Lemma 9.4. Let e € A be an idempotent.
(i) Ind. is left adjoint to Resk.

(ii) Res.Ind, ~ 1y, . -

(iii) Ind. is fully faithful.

Proof. (i) Let M € Ob(Mod,4.) and X € Ob(Mod,). By [7, Example 7.4], Ind,
is left adjoint to Homy4(eA, —), with the functorial isomorphism
Hom 4 (Ind.(M), X) — Hom,a.(M, Hom(eA, X))
mapping ¢ € Homy (Ind.(M), X) to the map
m— {a — ¢(m Reae a)}

for m € M and a € eA. The inverse sends ¢ € Hom, (M, Homa(eA, X)) to the
map m ®eae @ — (m)(a) for m € M and a € eA. Combined with the functorial
isomorphism

Ox : Homa(eA, X) — Res.(X)
from Lemma 7.16 we get the result.
(ii) For M € Ob (ModeAe) we have

Res.Ind (M) = Res.(M ®cae €A) >~ M Rcpe eAe ~ M

as right eAe-modules.
(iii) For M, N € Ob(Mod,4.) we have

Home (M, N) ~ Homga.(M, RescInd.(N)) ~ Hom 4 (Ind. (M), Ind.(N)).

Considering the explicit maps in this chain of isomorphisms, we see that the re-
sulting isomorphism

Hom,a.(M, N) — Hom 4 (Ind. (M), Ind.(N))
is Ind, (check this!). Hence Ind, is fully faithful. O

Exercise 9.5. Let e € A be an idempotent. Let M € Ob(Modese) and X €
Ob(Moda). Show that the natural isomorphism

nar.x : Homa(Ind. (M), X) — Homea. (M, Res (X))
constructed in the proof of Lemma 9.4 is given explicitly by

Mux(9)(m) = p(m Reac €)
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for ¢ € Homy(Ind.(M), X) and m € M. Show that its inverse is given by

77]741,)( (V) (M Reae a) = P(m)a
fory e HomeAE(Mv Rese(X)), m €€ M and a € eA.

Exercise 9.6. Let e € A be an idempotent. Let X € Ob(ModA) and suppose
that there exists a module M € Ob(ModeAe) such that Ind.(M) ~ X as right
A-modules. Show that M ~ Res.(X) as right e Ae-modules.

9.2. Morita equivalence. Let e € A be an idempotent and decompose
eA=P®---d P,

as direct sum of indecomposable right A-modules. Write e = e; +---+e¢, with e; €
P;. Then {ey,...,e.} is a set of primitive orthogonal idempotents. Fix a subset
I. € {1,...,r} such that P; ~ P; for a unique i; € I for each j € {1,...,7}.

Definition 9.7. Let P be a finite dimensional right A-module. With the notations

as above we say that P is supported by e if P ~ @iele PE™ for certain n; € Zso.

Note that if P is supported by e, then P is projective.

Lemma 9.8. Let ¢ € A be an idempotent and P a finite dimensional right A-
module supported by e. Then Ind.(Res.(P)) ~ P.

Proof. We use the notations introduced above. By the k-linearity of the functors
and Exercise 9.1 it suffices to prove the lemma for P = ¢; A with ¢ € I.. Note that
1 € I, implies that e;e = e; = ee;.

For P = e;A we have Ind.(Res.(e;A)) = e;Ae ®c4e €A, hence it suffices to
show that the morphism p; : e;Ae ®c4. €A — €; A of right A-modules, defined by
i@ ®cae b) := ab for a € e;Ae and b € €A, is an isomorphism.

Note that e; € e;Ae and p;(e; ®eae b)) = b (b € eA) since e;e = e;. Hence p; is
an epimorphism.

Since eAe = ¢;Ae @ (e — ¢;) Ae as right e Ae-modules, the additivity of Ind, and
Exercise 9.1 give

eiAe Repe €A —(ejAe Repe €A) @ ((6 — €;) Ae Repe €A)
~ (e;Ae @ (e — €;) Ae) Repe €A = eAe Repe A ~ €A,

where the last isomorphism is given by the multiplication map. The resulting map
e;Ae ®cpe €A — €A is p;, hence it is a monomorphism. O

Let X € Mody. Since X has a projective resolution there always exists an exact
sequence

(9.2) Pptx—o0

with P, P’ projective modules. In the following lemma we give conditions on P
and P’ that guarantee that X is isomorphic to Ind.(M) for some M € Mod, 4.
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Lemma 9.9. Let e € A be an idempotent. If X € Ob(Mod,) admits an ezact
sequence (9.2) with the projective modules P and P’ being supported by e, then
Ind. (M) ~ X with
M = coker(Res.h).

In particular, Ind, (ReseX) ~ X.
Proof. The last statement is due to Exercise 9.6. By (the proof of) Lemma 9.8 the
multiplication maps

fp : Ind.(Res.(P)) — P, fp: Ind.(Res.(P')) — P/,

defined by fp(p ®cae a) := pa and fp/(p’ @cac a) := p'a for p € Pe, p' € P'e and
a € eA, are isomorphisms of right A-modules. Applying the induction function
Ind,, which is right exact (see [7, Prop. 6.16]), to the exact sequence

Res.(P") fesely Res,.(P) — coker(Res.h) — 0

with 7 the canonical map, we get an exact sequence
Ind.(Res.(P")) — Ind.(Res.(P)) — Ind.(coker(Res.h)) — 0.

It extends to a diagram

Ind.(Res.(P’")) —— Ind.(Res.(P)) Indem, Ind,(coker(Res.h)) —— 0

| |

P’ h s P ¢ s X s 0

with 7 := Ind.(Resch). The two rows are exact. We claim that the square is
commutative. Indeed, for p’ € P'e and a € €A,

(fpor)(p) @eac a) = fr((Resch)(p') @eac a)
= fp(M(p') @eac a) = h(p')a = h(p'a) = (ho fr)(p @eac a).
We show that there exists a unique isomorphism
g : Ind,(coker(Res.h)) — X

such that the resulting second square in the diagram is commutative. Since Ind.7
is surjective, uniqueness follows immediately from existence.
For the existence of such a morphism g it suffices to show that

Ker(Ind.w) C Ker(¢ o fp).
Let p € Ker(Ind.m). There exists a p’ € Ind.(Res.(P’)) such that r(p') = p since
Ker(Ind.m) = Im(r). Then
(Co fp)(p) = (Lo fror)(p)) = (Coho fp)(p) =0,

where the first equality follows from the commutativity of the square in the dia-
gram, and the second equality from the exactness of the second row in the diagram.
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In the same way one proves the existence of a unique morphism ¢ : X —
Ind,(coker(Res.h)) such that the resulting second square in the diagram is com-
mutative. Now

(gog)o(lofp)=golnder ="{lo fp
and /o fp is an epimorphism, hence gog" = Idx. Similarly, g'og = Idd, (coker(Resch))-
This completes the proof of the lemma. O

Lemma 9.10. Let {ey,...,e,} be a complete set of primitive orthogonal idempo-
tents. Let {j1,...,js} € {1,...,n} such that e;;A ~ e;,A as right A-module iff
i ={, and such that each e, A (1 <r < n)is isomorphic to some e;, A as right A-
module. Consider the idempotent e :=Y";_ e; € A and consider the idempotent
subalgebra

Ab = e, Aey
of A. Then

a. {e;,};_, is a complete set of primitive orthogonal idempotents of A°.
b. A® is a basic algebra.
c. Up to algebra isomorphism, A® is independent of the choices.

Proof. a. Note that esejea = e, hence e;, € A® for all i = 1,...,s. The result
now immediately follows since e, is the unit of A’ and {e;,...,e,} is a complete
set of primitive orthogonal idempotents of A.
b. Note that the indecomposable projective right A-module ej, A is supported by
ea. Hence by Lemma 9.8,
e; A~ Ind., (Res,, (e, A4)).

Note that Res.,(ej, A) = e, Aea = e;,eades = ej, A’ with the natural right A°-
module structure, hence

e; A~ Ind,, (ejkAb), 1<k<r

as right A-modules. Consequently, if e;, A* ~ e;, A® then e;, A ~ e;, A, hence i = k.
This shows that A® is a basic algebra.

c. Recall that by Lemma 7.16 we have A® ~ Ends(esA) as algebras. But as right
A-modules we have, by part a and b of the lemma,

eaAd = éejzfl: éPi
i=1 i=1

with {P;};_; a complete set of representatives of the equivalence classes of the
indecomposable projective right A-modules. Hence

AP~ Ends(P, @ - @ P,).
This shows that A° is independent of the choices up to algebra isomorphism. [

Theorem 9.11. The induction functor Ind., : Mod 4» — Mod 4 is an equivalence
of categories with quasi-inverse Res,, .
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Proof. We use the notations from Lemma 9.10. By [7, Thm. 5.24] the induction
functor Ind., : Mod s — Mody is an equivalence of categories if Ind., is fully
faithful and essentially surjective. We have already proven that Ind., is fully

faithful. Let X € Ob(ModA). Since
eAA:.PlEB"'EBPs

with {P,..., Ps} a complete set of isoclasses of indecomposable projective right
A-modules, Lemma 9.9 shows that X =~ Ind.(M) for some M € Ob(Mods)
(all projective right A-modules are supported by e4). Hence Ind., is essentially
surjective. The last statement is immediate. 0

We say that two finite dimensional unital k-algebras B and C are Morita equiv-
alent if there exists a k-linear equivalence Modp — Mod¢ of categories. Clearly
isomorphic algebras are Morita equivalent. The above theorem shows that A is
Morita equivalent to the basic algebra A®. Combined with Theorem 8.27 we con-
clude the following.

Corollary 9.12. Suppose that k is algebraically closed. Then A is Morita equiv-
alent to a bounded quiver algebra.

Exercise 9.13. Let n > 1. Show that there exists a k-linear equivalence of cate-
gories

Mod 4 ~ Modat, (4)
with Mat,,(A) the k-algebra of n x n-matrices with coefficients in A.
Hint: Consider the matriz units E; ; € Mat,(A) with 1 at the (i, j)th entry and
zeroes everywhere else. Then consider the idempotents e; :== E;; (1 <1i <n) and
the induction functor Inde, : Mode, Mat, (4)e, — Modniat,, (4)-
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10. DYNKIN QUIVERS

The last goal of the course is to describe the connected quivers without loops
whose representation category has finitely many isoclasses of indecomposable quiver
representations (Gabriel’s Theorem). For this we need various facts about Ext
groups and Tits forms (Tits forms are certain integral quadratic forms naturally
associated to quivers), which will be the topic of this section. We classify the
quivers whose Tits forms are positive definite (the so-called Dynkin quivers).

Other sources for this section are for instance [4, §2.4] (for Ext-groups) and [4,
§8.2] (for Tits forms). We will use without proofs some basic results on Ext-groups,
as discussed for instance in [7, Chpt. 11].

In this section we write n(@Q) for the number of vertices of a quiver ). We
identify the set of vertices Qg of @ with {1,...,n(Q)} by choosing an enumeration
of the vertices.

10.1. Ext-groups. In this subsection @) will be a connected quiver without cycles.
Let M € Ob(Repg) and choose a projective resolution of M,

fnfl .

(10.1) Y LNy B S T ALY NI /N )

For a second quiver representation N € Ob(Repg) apply the left-exact contrava-
riant Hom-functor Hom(—, N) to the projection resolution. We obtain the cochain
complex

(10.2) 0 —s Hom(M, N) 2% Hom(Py, N) 5 Hom(Py, N) 22 ...

in the category Vecty of finite dimensional vector spaces over k, where
fi + Hom(P;_1, N) — Hom(P;, N), Y=o f;
is the pull-back of f; (here P_; := M). Note that

(10.3) 0 —s Hom(M, N) % Hom(Py, N) 55 Hom(P;, N)

is exact by the left exactness of Hom(—, V), and hence im(f}) = ker(f;). So the
first cohomology group of (10.2) is always trivial. For cohomological purposes it
therefore suffices to look at the truncated cochain complex

(10.4) 0 —s Hom(Py, N) 5 Hom(Py, N) “% Hom (B, N) 22 ...
obtained from (10.2) by removing Hom(M, N) from the cochain. The i coho-
mology group of (10.4) is denoted by Ext'(M, N). It is called the i Ext group.
Concretely we have

Ext’(M,N) =ker(f{),  Ext'(M,N) = ker(ff)/im(f;)
fori > 1. Note that the k-linearity of Repg, implies that the abelian Ext groups are

vector spaces over k. The Ext groups are independent of the projective resolution
up to isomorphism, by a well-known theorem of Cartan and Eilenberg.
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Lemma 10.1. Ext’(M, N) ~ Hom(M, N) and Ext’'(M,N) =0 fori > 1.
Proof. By the exactness of (10.3) we have

Ext®(M, N) = ker(f;) = im(f;) ~ Hom(M, N)

(the last isomorphism is due to the fact that f; is mono).
Recall that the projective dimension of M is < 1, i.e., there exists a projective
resolution

(10.5) 30— 0— P S M0
of length one of M. In the notation of (10.1), we have for j > 2 that P; = 0, and
fi : Pj — P;_; is the zero map. Its truncated cochain complex (10.4) becomes

0 — Hom(Py, N) 25 Hom(P, N) -5 0 — -+ |

i.e., Hom(P;, N) = 0 and f; : Hom(P;_1, N) — Hom(P}, N) is the zero map when
j > 2. Hence for i > 1,

Ext'(M, N) = ker(f;,,)/im(f}) = Hom(P;, N) = 0.
0

Remark 10.2. Computing Ext' (M, N) with respect to a projective resolution (10.5)
of M of length one, we have

Ext'(M, N) = Hom(P;, N)/im(f;) = coker(f;).

Hence in this case (10.3) extends to an exact sequence

0 — Hom(M, N) 2% Hom(Py, N) 5 Hom(Py, N) — Ext'(M, N) —» 0,

with 7 the canonical map. It is important to realise that this only holds true for
projective resolutions of length onel!

Definition 10.3. (1) A short exact sequence
(10.6) 0 —N—=FE—->M-—70

in Repg is called an extension of M by N.
(2) Two extensions

0— N —FE—-» M — 0,
00— N—>FE - M-—0
of M by N are said to be equivalent if there exists a diagram
0 > N < > B
b b
0 > N < > E' » M > 0

in Repg with the squares commuting.
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Exercise 10.4. Show that the isomorphism & in Definition 10.3(2) is an isomor-
phism.

We write £(M, N) for the extensions of M by N up to equivalence. One should
think of £(M, N) as the possible ways to "glue” N onto M in order to form a
new representation E of the quiver (). The trivial extension of M by N is the
equivalence class of

(10.7) 0 NS MaNDI M —0

in £(M, N) (see Section 3 for the notations).
The extension (10.6) of M by N induces a long exact sequence

0 — Hom(M, N) —— Hom(E, N) —— End(N) j

f
L Ext'(M,N) ——— Ext'(E,N) —— ---

(see, e.g., [7, Thm. 11.5]). Set O(e) := f(1x) € Ext'(M,N), with e € £(M, N)
the equivalence class of the extension. This is well defined, and we have

Theorem 10.5. The map 0 : E(M,N) — Ext' (M, N) is a bijection.
Proof. See, e.g., [7, §11.3]. O

The abelian group structure on Ext'(M, N) can be transported to £(M, N)
through the bijection 6. The resulting group operation on £(M, N) is called the
Baer sum. It can be described intrinsically, see [4, §2.4]. The trivial extension
(10.7) of M by N is the neutral element.

10.2. The Tits form of a quiver. In the remainder of this section all quivers
will be without loops (i.e., there are no edges « satisfying s(a) = t(«)). The
quivers are allowed to have cycles, unless explicitly stated otherwise. We will use
the notations

Q" an arbitrary quiver without loops,
@: an Euclidean quiver,
@: a Dynkin quiver,

where Euclidean and Dynkin quivers are special types of quivers without loops
introduced below.

Definition 10.6. A map q : Z™ — 7 is called an integral quadratic form if there
exist bj; € Z (1 <1i,j <m) such that

q(z) = Z bij T Vo= (x1,...,0m) €Z™.

1,j=1
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An integral quadratic form ¢ gives rise to a symmetric Z-bilinear form (-,-) :
7™ x 7™ — 7 by the formula

(z,y) =g +y) —q(z) —qly)  (z,y € Z").
Concretely we have (r,y) = > ", ai;z;y; with a;; := by; + by, and hence (z,7) =
2q(x). We call the symmetric matrix A = (a;;);"%_, the matrix associated to g.
Definition 10.7. The Tits form qq is the integral quadratic form q¢ : 7" - 7

defined by
n(Q’)

G () ==Y 2] = > Taa)Tia).
i=1

acQ)
Its associated symmetric Z-bilinear form is denoted by (-, -)¢qr. It is called the Euler

form of Q.

For i,j € @ let n;; be the number of edges in Q" connecting 7 and j. Here
we count both the edges i — j and the edges 7 — ¢ in @’ (in particular, ng; =
n’;). Note that nj, = 0 by the assumption that Q" has no loops. The matrix
A= (aij)”(Q/) associated to gg is thus given by

i,j=1
p if i = j,
Qij = . .
! —ny; i # g

n(Q’)

g(x)=> 27— Y njma,
i=1

1<i<j<n(Q’)

n(Q’)
(z,y)g =2 Z Ty — Z Ty
i=1

1<i#j<n(Q’)

We furthermore have

(10.8)

Note that the Tits form and the Euler form only depend on the unoriented graph
underlying @'

The explicit form of the standard projective resolution of M of length one (see
Section 5) now gives the following result.

Proposition 10.8. Let M € Ob(Repg,) and write
dar = (dimy (M), .. ., dimg (M) € 2257
for its dimension vector. If M has no cycles, then

QQI(dM) = dlmk(End(M)) — dimk(Extl(M, M))
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Proof. Take the standard projective resolution of M of length one. The corre-
sponding two projective representations Py and P; in (10.5) are then given by

(10.9) Py = @ P(i)M:, P = @ P(t(c))Mst)

i€Q) Q]
(recall that P(i)V is the direct sum of dim (V') copies of P(i)). By Remark 10.2,
we obtain an exact sequence

(10.10)
0 — End(M) — Hom(Py, M) — Hom(Py, M) — Ext'(M, M) — 0

of vector spaces. Then
dim (End(M)) — dimy,(Ext* (M, M)) = dim,(Hom(Py, M)) — dimy(Hom(Py, M))
(here we used the well known fact that

dimg (V) = dimg(ker(7)) + dimy (im(7"))

for a linear operator T': V' — W between finite dimensional vector spaces V' and
W). So it suffices to show that the right hand side of this identity equals go/(dar).
For this recall that

dimy (Hom(P(i), M)) = dimy(M;) (i € Qp)
(see Theorem 4.3), so that

dimy (Hom( Py, M Z dimy (M;)dimy (Hom(P Z dimyg (M;)?,
dimy(Hom(Py, M Z dimy, (M (a))dimy (M) )-
a€eQ]
Hence the desired result follows from the definition of the Tits form. OJ

Exercise 10.9. Prove the following generalisation of Proposition 10.8:
(darys dasy) o, = dimy,(Hom(M,, Mp)) + dimy (Hom(Ms, M)
— dimy, (Ext* (M, My)) — dimy (Ext! (Ma, M)
for My, My € Ob(Repg).
10.3. Euclidean quivers.

Definition 10.10. An integral quadratic form q : Z"™ — 7 is called
(1) positive definite if q(x) > 0 for all xz € Z™ \ {0}.
(2) positive semi-definite if q(x) > 0 for all x € Z™.

Note that the previous proposition bounds the dimension of Extl(M , M) by
dimy(End(M)) when q¢ is positive (semi)definite. This will play an important
role in the proof of Gabriel’s Theorem (see Section 11).
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Example 10.11. (1) Consider the Kronecker quiver Q, given by
e —eo

Then qg(x) = o7 + 23 — 21129 = (11 — 22)°, s0 qg is positive semi-definite but not
positive definite.
(2) Consider the quiver Q, given by

oo
In this case
1 1 1 1 1 1
qq(z) = ﬁ + f% — T1x2 = §($1 + (—5 + 5\/5)%)2 + §($1 + (—5 - 5\/§)$2)27

and hence qq 1s positive definite.

The following proposition gives an easy criterium for positive semi-definiteness
of a Tits form.

Proposition 10.12. Let Q) be a connected quiver without loops. Suppose there
exists a nonzero vector d = (dy, ..., d,q) € Z;(OQ) such that

(d,x)g=0 Vzez"@.
Then
(1) qg is positive semi-definite.
(2) d; >0 fori=1,...,n(Q).
(3) gg(z) =0 & z € ZM9) N Qd.

Proof. Write ¢; € Z"@ for the i standard basis element of Z™@ (having a one
at the i'" entry and zeroes everywhere else). Then (d,¢;)g = 0 for 1 <4 < n(Q)
implies that

(10.11) d; = %Zﬁijdj (1<i<n(Q)
J#

by (10.8), with 72;; the number of edges in @ connecting i and j.

We now first show (2). Suppose that d; = 0 for some i € {1,...,n(Q)}. Then
(10.11) and di > 0 (1 < k < n(Q)) implies that d; = 0 if j is connected to i by an
edge. Repeating this argument and using that @ is connected, we conclude that
d; =0 for all j € {1,...,n(Q)}. This is a contradiction.

We now return to the proof of (1) and (3). It follows from (10.11) and the

previous paragraph that

1=

22, Zﬁz‘jdj (1<i<n(Q)).
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Hence
n(Q) n(@Q) o
2 Z; _
ZT; = o Tlijdj
i=1 i=1 T G4
_ ni;d; v}
(10.12) = 2 d

(here we used 7;; = T;; in the third equality). As a consequence

2
9
A

QQ(-I) = z B

1<i<j<n(Q) 1<i<j<n(Q)

- Y man- Y RS(hoaY
g J

-
Il
—

which immediately imply (1) and (3) (for (3) use once more that @ is connected).
U

Example 10.13. For the quiver Q from example 10.11(1) the vector d = (1,1)
satisfies (d, x)g = 0 for all v € 72,

Consider the following two infinite families of connected graphs with enumerated
vertices,

,_.
)
3

I
—
S

n—1

D, : (n>4)
2 3 n—3 n—2
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as well as the following three exceptional ones,

7
6
Eﬁ :
1 2 3 4 5
7
L E—J—4
Er
1 2 3 4 5 6
8
E V—J—g
Eg .
1 2 3 4 5 6 7

Here X, (X = A, D, E) is called the type of the graph. Note that a graph of type

)A(:n has n + 1 vertices.
We have denoted one of the vertices by a circle instead of a solid dot. This
vertex will play a special role later on. We call it the affine vertex.

Definition 10.14. A quiver@ is said to be Euclidean if the underlying unoriented
graph is of type A, (n > 1), D, (n > 4), Es, E7 or Es.

Note that an Euclidean quiver does not have loops. We will say that an Eu-
clidean quiver @ is of type X,, if the underlying unoriented graph is of type X,,.

We will see in a moment that Euclidean quivers are the connected quivers with-
out loops with positive semi-definite Tits forms. The following lemma is the first
step.

Lemma 10.15. Suppose Q is an Fuclidean quiver.

There exists a nonzero vector d € Zg(gQ) such that (d,x)g = 0 for all v € 7M@),
In particular, qg is positive semi-definite, but not positive definite.

Proof. The second part of the lemma follows from Proposition 10.12. For each of
the types we need to construct a vector d € ZZ(OQ) such that (10.11) holds true for
i=1,...,n(Q).

If the unoriented graph underlying @ is of type A; then d = (1,1) does the job
(see Example 10.11(1~) and Example 10.13). If the type of the unoriented graph

underlying @ is not A; then 7;; = 1 for all i # j, and (10.11) is the rule that for
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each vertex i,
(10.13) 2d; = > dj,
g
with j ~ ¢ meaning that the vertices ¢ and j are connected by an edge. One then
easily determines for each type X,, a vector d € Z%{' satisfying (10.13), using the
explicit shape of the graph. For instance, for Q of type Es the 9-vector
d=1(2,4,6,5,4,3,2,3,1)

does the job (here we have used the enumeration of the vertices as indicated in
the graph of type Eg above). O

Exercise 10.16. Write down a vector d € Z;l(o@ such that qg(d) = 0 for all
Euclidean quivers Q.

10.4. ADE classification of the Dynkin quivers.

Definition 10.17. The quivers obtained from the Fuclidean quivers by removing
the affine vertex and the edges connected to it, are called Dynkin quivers.

The unoriented graphs underlying the Dynkin quivers are called simply laced
Dynkin diagrams. There are two infinite families of simply laced Dynkin diagrams,

A, : . - . . > 1
" 1 2 n—1 n (n_ )

6
Eﬁj V—J—A

1 2 3 1 5
P—J'?—‘
E;
1 9 3 1 5 6
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We call X,, (X = A, D, E) the type of the Dynkin graph. We will furthermore say
that a Dynkin quiver @) is of type X, if the underlying unoriented graph is of type
X,. Note that n(Q) = n if @Q is of type X,,. Furthermore, a Dynkin quiver @ is
connected, and it does not have cycles.

The matrix (a;;);';—; € Mat, ,(Z) associated to the Tits form gq of a Dynkin
quiver @ of type X,, is called the Cartan matrix of type X,,. Note that it satisfies
a; = 2 and a;; = aj; <0 for i # j.

Exercise 10.18. Write down the Cartan matrices of the Dynkin quivers. Are they
invertible?

Remark 10.19. Dynkin diagrams also naturally appear as part of the Killing-
Cartan classification of the simple Lie algebras over an algebraically closed field
of characteristic zero. In fact, the simply laced Dynkin diagrams have the habit
of showing up unexpectedly in many apparently different contexts (representa-
tion theory, Lie theory, singularity theory, mathematical physics, string theory....).
This was already noticed by Arnold in the seventies (see, e.g., [2] for a discussion).

Lemma 10.20. The Tits form qq of a Dynkin quiver Q) is positive definite.

Proof. Suppose that @ is obtained from the Euclidean quiver Q of type )N(n by
deleting the affine vertex (which is labeled in the diagrams above by n + 1) and
deleting the edges connected to it. Comparing the Tits forms g5 and ¢ we have

(10.14) 1g(®) = go(@) + wp 4y — Zﬁi,n+1xixn+l (x € 2",
i=1
with 7;; the number of edges in @ connecting i to j.

Let d € Z%" such that (d,z)5 = 0 for all z € Z"™ (see Exercise 10.16).
Suppose that y € Z" with qo(y) < 0. By (10.14) we then have ¢5((y,0)) < 0, and
hence (y,0) € Qd N Z"** by Proposition 10.12(3). By Proposition 10.12(2) the
zero vector is the only vector in Qd N Z™"* with last entry equal to zero. Hence
y = 0, and consequently qq is positive definite. O

Lemma 10.21. Suppose that Q" has at least one vertex. Suppose furthermore that
Q' is neither a Dynkin quiver nor an Euclidean quiver. Then Q' contains a proper
Fuclidean subquiver (proper in the sense that it contains less vertices and/or less
edges).

Proof. We may assume without loss of generality that @' is connected. If the
unoriented graph underlying @) contains a cycle, then it contains an Euclidean
subquiver of type A,, for some m > 1. This subquiver will be proper, since @’ is
not Euclidean.

So we only need to consider the case that the unoriented graph underlying ¢’
has no cycles, i.e., Q" is an oriented tree. ()" is not a Dynkin diagram of type A,,
(m > 1), hence @' must have at least one branch point. If " has more than one
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branch point, then )’ contains a subquiver of type D,, for some m > 5, which will
be proper since @' is not Euclidean. If Q" has one branch point with valency > 4,
then @’ properly contains a subquiver of type Djy.

So it remains to consider the case that Q' has a single branch point of valency 3.
Denote by (k, ¢, m) the number of edges of its three branches with 1 <k < ¢ < m.
Since () is not a Dynkin quiver of type D,,, we have (k,¢) # (1,1). If £k > 2 then

Q' properly contains a subquiver of type Fg. If k =1 and ¢ > 2 then
(6,m) ¢ {(2,2),(2,3),(2,4),(2,5),(3,3)}

since Q' is not of type Eg, E;, Fs, Es and FEy, respectively. If (k,0) = (1,2)
and m > 6 then @’ properly contains an Euclidean subquiver of type Eg. If
(k,¢) = (1,3) and m > 4 then @ properly contains an Euclidean subquiver of
type E7. Finally, if £ =1 and 4 < ¢ < m then Q' properly contains an Euclidean

subquiver of type F;. This completes the proof of the lemma. 0

Theorem 10.22. If Q) is a nonempty connected quiver without loops, then

(1) @' is a Dynkin quiver < qg is positive definite.
(2) @' is an Euclidean quiver < qg is positive semi-definite, but not positive
definite.

Proof. Suppose that gq¢ is positive semi-definite. By Lemma 10.20 and Lemma
10.15 it suffices to show that @)’ is a Dynkin quiver or an Euclidean quiver.

Suppose that Q' is neither Dynkin nor Euclidean. Let @ be a proper Euclidean
subquiver, which exists due to Lemma 10.21. Write 72;; (resp. n;;) for the number
of edges connecting the vertices ¢ and j in Q (resp. in Q). Then n(Q) < n(Q’)
and my; < mj; for 1 < i # j < n(Q). Let d € ZZ(OQ) such that g5(d) = 0 (see
Proposition 10.12).

Suppose that n(Q) = n(Q’). Then there exist indices 1 < k < ¢ < n(Q) such
that gy < nj,, and hence

n(Q)
go(d)=>"di— > njdid;
=1

1<i<j<n(Q)
n(Q)
i=1

1<i<j<n(Q)

contradicting the assumption that g is positive semi-definite.
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Suppose that n(Q) < n(Q’'). Choose vertices k € Q, and £ € Q) \ @, such that
ny, > 1 (they exist since Q' is connected). Define 6 € Z;(DQ) by

2d, if i € Q,,
6 =<1 ifi =¢,
0 if i € Q5 \ (Qy U{e}).
Then _
n(Q)

g (6) < Agg(d) + 1 -2 " nlyd; <1 — 2njydy <0,
i=1
which again contradicts the assumption that ¢ is positive semi-definite. O
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11. GABRIEL’S THEOREM

In this last section of the lecture notes we discuss Gabriel’s Theorem, which
states that the category of representations of a connected quiver without loops has
finitely many isoclasses of indecomposable quiver representations if and only if the
quiver is a Dynkin quiver. This is also discussed in, e.g., [4, §8.3 & §8.4].

In this part of the syllabus Q" will be a connected quiver without cycles and at
least one vertex unless stated explicitly otherwise. We write n(Q’) for the number
of vertices of Q). We identify the set of vertices @ of Q" with {1,...,n(Q")} by
choosing some enumeration of the vertices.

11.1. Root systems. Note that the simple representations S(i) of Q' (i € Qp)
satisfy
End(S(z)) = k?lg(i).

The following notion of a brick thus generalises simple representations.
Definition 11.1. M € Ob(Rep,) is called a brick if M # 0 and End(M) = k1.
Remark 11.2. A brick M is indecomposable since End(M) = k1, is a local ring.
For a representation M = (M, da)icq) acq, of Q" we write
dyr = (dimy(M,), .. ., dimy,(My(on)) € 2247

for its dimension vector. Recall that q¢ is the Tits form of Q'
Lemma 11.3. Suppose that Q is a Dynkin quiver and M € Ob(Repg) is a brick.
Then

(1) Ext'(M, M) =0,

(2) ao(dm) =1.

Proof. Note that qg is positive definite since () is Dynkin, and dys # 0 since M is
a brick. Hence qq(dar) € Zso. On the other hand, by Proposition 10.8,

qo(dyr) = dimg(End(M)) — dimy (Ext’ (M, M)) = 1 — dimy,(Ext' (M, M)),
where we use that M is a brick for the second equality. These two conditions force
that go(da) = 1 and dimy(Ext' (M, M)) = 0. O
Definition 11.4. Let Q" be an Euclidean quiver or a Dynkin quiver.

(a) We call z € Z™9) a root if x # 0 and qq (x) € {0,1}.

We write ®g for the set of roots in ('
(b) A root x € ®¢ is called a real root if qo(x) = 1, and an imaginary root if
gy () = 0.
Remark 11.5. (1) For a Dynkin quiver @ all roots are real.
(2) Let Q be an Euclidean quiver. Let d € Zi(o@ be the unique vector with strictly
positive coordinates such that (d, r)g = 0 for all z € 7@ and ggd({di}?:(?)) =1
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(see Proposition 10.12 and Lemma 10.15). Then Z*d is the subset of imaginary
roots in ®@5. In particular, all the coordinates of an imaginary root are nonzero.

Write ¢; € Z™9) for the i standard basis vector in Z™®@), with its i*" coordinate
equal to one and the other coordinates zero.
Note that ¢; is the dimension vector of the simple representation S(7).

Definition 11.6. Let Q' be an Euclidean quiver or a Dynkin quiver.

1) The real roots €¢; € o (1 < i < n(Q")) are said to be simple. We write
Q p
Ag = {e1,...,enqn} for the set of simple real Toots.
2) A root a € P is said to be positive if a € 7.1:(@/) Z>o€;, and negative i
Q i=1 2
a € Z?:(Cf/) ZL<oe;. We write @5, and ®g, for the subset of positive and
negative roots, respectively.

Note that Ag: € @, and &5, NP, = (. The Tits form g¢ is a quadratic form,
80 qg/(—7) = qqg/(z). Hence —a € @¢ if a € Pgr. In particular, ¢, = —@5,.

Lemma 11.7. Let Q be an Euclidean quiver and d € ZZ(O@ as in Remark 11.5(2).
Then a — d € @ for all a € &5\ {d}.

Proof. For a € &z \ {d} we have a —d # 0 and
gl — d) = — (0 dig + 4gle) + ag(~d)
=0+ gg(a) +0€{0,1},
hence a — d € Pg. O

Proposition 11.8. Let Q' be an Euclidean quiver or a Dynkin quiver. Then
—_ &t -
@Q/ — @Q/ U @Q/'

Proof. Let o € ®¢ and write a = Z:L:(?,) a€e; with o € Z. Set I = {i | a; > 0}
and J = {j | a; < 0}, and write
a= [+
with 8:= 3", ;aie; and v := ), ; aje;. By (10.8) we conclude that
Bvg == D, njoa; > 0.
(4,9)eIxJ

Hence

{0,1} 3 go/(@) = 4o/ (B+7) = (B:7)e + 40 (B) + 4o (7)

> o' (B) + aor (7)-

On the other hand, g¢ ()
It follows that g (8) = 0
we may assume that gg (/5

> 0 and qg/(y) > 0 since g is positive semi-definite.
or qor(y) = 0 (or both). Without loss of generality
) = 0 (otherwise replace a by —«). If § = 0 then
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a =7 € &, and we are done. If § 7 0 then [ is an imaginary root of ®¢. This
forces I = {1,...,n(Q")} by Remark 11.5(2), hence y =0 and a = 8 € ®},. O

Corollary 11.9. If Q) is a Dynkin quiver then #®¢o < oo.

Proof. Let @ be an Euclidean quiver such that @ is its subquiver obtained by
removing the affine vertex and the edges connected to it. We take the enumeration
of the vertices as in Section 10, such that the affine vertex of () comes last. Let

de ZZ(O@ be as in Remark 11.5(2). For o € 7, we have
1g((,0)) = gq(a) = 1.
In particular («,0) € Q% is a real root, which is not equal to d. By Lemma 11.7

we have 8 := («,0) — d € ®5, which is a negative root by Proposition 11.8 and
the fact that 3, 5) = —d, g < 0. Hence §; <O forall 1 <j < n(Q), i.e.,

We conclude that
n(Q)

(11.1) @5Q{Zaiei [0S < d; (izl,---,n(Q))},
i=1

hence @5 is a finite set. Proposition 11.8 implies that ®¢ is also a finite set. [

Exercise 11.10. Let Q be the Dynkin quiver of type A,, whose underlying graph
s given by

> 1).
1 2 n—1 n (Tl_ )

Show that .
oh={> e | 1<s<t<n}

11.2. Formulation of the theorem. In this subsection we assume that k is alge-
braically closed. We write Zg for the isoclasses of indecomposable representations
of @'. We write [M] for the isoclass of the indecomposable representation M of
@'. In this subsection we classify the following class of quivers.

Definition 11.11. ' is said to be of finite representation type if #Lg < oo.
The main result is as follows.
Theorem 11.12 (Gabriel). We have
(1) Q' is of finite representation type iff Q' is a Dynkin quiver.
Suppose that Q) s a Dynkin quiver.

(2) A nonzero representation M of Q is indecomposable iff M is a brick.
(3) The assignment [M] — dy defines a bijection g — ®F.
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Part (2) and (3) of the theorem are very helpful in explicitly describing the
indecomposable representations of a Dynkin quiver (). First of all, the set of roots
can be determined using Exercise 10.16, (11.1) and the explicit expression of the
Tits form (see Exercise 11.10 for type A,). Next one constructs a M € Ob(Repg)
with dimension vector dy; € ®f; such that End(M) = k1.

Example 11.13. Consider the Dynkin quiver @ of type A,, given by

*r—>0—> —_—> ®

1 2 n—1 n

Number the edges from left to right. For1 <s <t <nlet M = (M;, \j)1<i<n;i<j<n
be the representation of Q) defined by

M — 0 if 1<i<s or t<i<n,
)k if s<i<t

with connecting maps \; € k (it is automatically the zero map for 1 < j < s and
fort < j < m). Then dy € ®F, and it is an easy check that End(M) = kly
iff AsAss1-+- M1 # 0 (this should be read as no condition if s = t). Writing
M*t for the representation with \y = A\gp1 = -+ = N_1 = 1, we conclude that
{Ms | 1 <s<t<n}isacomplete set of representatives of the isoclasses of the
indecomposable representations of Q.

11.3. The proof. We prove Gabriel’s Theorem in a number of steps.

Lemma 11.14. Theorem 11.12(2) is correct. In other words, if Q is a Dynkin
quiver then a nonzero M € Ob(RepQ) 1s indecomposable iff M is a brick.

Proof. We already noted < (see Remark 11.2). It thus suffices to show =. We
prove it by induction to the total dimension dim(M) := Z:‘:(Cf) dimyg(M;) of M.
If M is indecomposable and dim(M) = 1 then M =~ S(i) for some i, hence M
is a brick. Let M be indecomposable with dim(A) > 1, and suppose that L €
Ob(Repy,) is a brick if L is nonzero, indecomposable and dim(L) < dim ().

Suppose M is not a brick. Write Sy, for the set of nonzero endomorphisms
f € End(M) such that f2 = 0. We first show that Sy # 0.

Let g € End(M) \ k1y. Let A € k be an eigenvalue of g. Then
0#h:=g— Ay € End(M)

has a nontrivial kernel, hence h is a nilpotent endomorphism by Fitting’s lemma
(Lemma 3.12). Then A" € Sy with n € Z- the largest positive integer such that
h™ # 0.

We now choose a nonzero f € Sy with dim(im(f)) as small as possible. Consider
the corresponding inclusions of subrepresentations

0 # im(f) C ker(f) € M.
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By the Krull-Schmidt Theorem (Theorem 3.18) we can decompose
ker(f) =L ®---® L,

with L; nonzero indecomposable representations of (). By the induction hypothesis
all the direct summands L; are bricks. Let m; : ker(f) — L; be the canonical
projection. Then 7;(im(f)) # 0 for some j, and we write 0 # p; € Hom(im(f), L,)
for the restriction of 7; to im(f). Let r € End(M) be the composition of the
following sequence of maps,

(11.2) M L im(f) 2 L s ker(f) < M,

with the two unspecified morphisms the canonical embeddings. Then dim(im(r)) <
dim(im(f)). Furthermore, r # 0 since p; # 0 and r* = 0 since im(r) C ker(f),
hence r € Sy;. The choice of f thus forces dim(im(r)) = dim(im(f)), and hence
pj is a monomorphism.

Consider now the short exact sequence

0 — im(f) & L; — coker(p;) — 0.

Applying the contravariant hom-functor Hom(—, L;) ([7, Thm. 11.5]) we get the
long exact sequence

0 — Hom(coker(p;), L;) —— End(L;) ——— Hom(im(f), L;) j

t—) Extl(coker(pj),Lj) E Extl(Lj,Lj) — Extl(im(f),Lj) — 0,

where the zero at the far right hand side is due to the fact that Ext*(coker(p;), L;) =
0 (see Lemma 10.1). Since L; is a brick we have Ext'(L;, L;) = 0 by Lemma 11.3,
and hence we conclude that

(11.3) Ext'(im(f), L;) = 0.
The short exact sequence

0 — ker(f) < M 5 im(f) —» 0

extends to a diagram

LN im(f) —— 0

M
l“l llimm
x L

» im(f) —— 0

0 —— ker(f) «——
(11.4) lﬂj
0 y Lj ———

with exact rows and commuting squares (see [4, Exerc. 1.9] for the construction
of X, which is called the push-out of the morphisms ¢« € Hom(ker(f), M) and
7; € Hom(ker(f),L;), as well as for the definitions of the maps uy, us and f').
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By (11.3) the lower short exact sequence splits, hence uy is a section. We write
j2 € Hom(X, L;) for a morphism such that j, o uy = 1p,.
Let ¢ € Hom(L;, M) for the composition of the two canonical monomorphisms

L; < ker(f) < M.

By the commutativity of the left square in (11.4) we have uy = (ug0m;j)or; = uy09,
and hence

(Jeouy)op = jarouy =idg,.
Hence ¢ € Hom(L;, M) is a section. Applying the splitting lemma to the short
exact sequence

0—L; LM — coker(¢) — 0

we conclude that L; is a direct summand of M. But M is indecomposable, so this
implies that M = L; and hence M is a brick. This is the desired contradiction. [J

We can now make a first step in proving Theorem 11.12(3).

Corollary 11.15. If Q is a Dynkin quiver and M € Ob(Repy) is indecomposable
then dy; € @2}.

Proof. Combine Lemma 11.3 and Lemma 11.14. O

As a next step we show that the map Zo — @5, [M] + dyy, is injective for
Dynkin quivers @ (which is part of Theorem 11.12(3)). For this we need to use
some basic definitions and results on algebraic varieties and algebraic groups, which
we will not recall here in detail — see, e.g., the classic textbook [5] for a thorough
treatment of these topics. The main idea of the proof will be clear without prior
algebraic geometric knowledge since we are dealing with a context where the alge-
braic geometric concepts have a natural intuitive meaning.

Fix a vector § € Z"\
form (k‘si,gba)ie%,ae@& with connecting maps ¢, € Homy (k%@ k%@). Through
the canonical bijection

(11.5) [] Homy (@ k@) =5 Es, (¢a)a > (K, da)ia:

a€Q]

) and write Es for the set of representations of ) of the

Es inherits the structure of a vector space over k of dimension
(11.6) dimy(Es) = ) Gua)Oi(a)-
acQ]

The dimension dim(Ejs) of Ej as irreducible algebraic variety is equal to its dimen-
sion as a vector space. Consider the algebraic group

n(Q")

G5 = H GLgl(k’%

=1
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which is of dimension
n(Q")

(11.7) dim(Gy) = Y 67

i=1
From the definition of the Tits form we conclude that
(11.8) qo () = dim(Gs) — dim(Es).
It acts linearly and algebraically on Ej by

g 0= (9e)Pabs(e)) ncay

for g = (g1,..-,9n@)) € Gs and ¢ = (¢ )acq, € Es (here and below we use
the isomorphism (11.5) to identify an element M = (k% ¢,)io in Es with the
associated tuple (¢q)n of connecting maps).

Definition 11.16. Let M = (M;, Y0 )icqy.acq; € Ob(Repy) with dimension vector

dyr equal to 6 € Z’;(OQ/). We write

Oum C E;s
for the set of representations (k% Pa)icqyacq, of Q" isomorphic to M.

With the notations as in the definition, fix k-linear isomorphisms h; : M; — k%
for all i € Qfy and set M’ := (K%, ¢ )icqyacq, € s with connecting maps ¢, :=
ht(a)wahg(la) for « € Q]. Then M ~ M’ as representations of (), with isomorphism
Lemma 11.17. With the above notations, we have

(1) Ou is the Gs-orbit of Y within Es,

(11.9) Om =Gs - 9.
(2) For Mj € Ob(Repg/) (j = 1,2) with dimension vector 6,
(11.10) Om, = O, & M, ~ M.
Proof. This is straightforward. O

Exercise 11.18. Give the proof of Lemma 11.17.

Write Isog/(§) for the isoclasses of representations of ()’ with dimension vector

d e Z;(OQ,) , and Zgy (6) := Isog (d) N Zg for the subset of isoclasses of indecompos-
able representations. We then have the disjoint union

(11.11) Es= |J Ou

[M]€lsog (9)
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of Es in non-singular subvarieties Oy;. Fix, for M = (M;,14)ia € Ob(Repg) with
dimension vector , an element ¢" € Oy;. In view of (11.9) we have

(11.12) Own =~ Gs/Stab(y))
as Gg-set and as varieties, with Stab(y') C Gy the fixpoint subgroup of y.
Lemma 11.19. With the above notations we have
dim(Oy) = dim(FE;) — dimy(Ext' (M, M)),

with dim(QOyy) the dimension of Oy as subvariety of Es.
Proof. By (11.12) we have
(11.13) dim(O)) = dim(G5) — dim(Stab(1))).
Now note that Stab(y)) = GL(M') ~ GL(M), with GL(M) := End(M)* the
automorphism group of M. Hence

dim(Stab(¢")) = dim(GL(M)) = dimy(End(M)).

We conclude that
dim(Oyy) = dim(Gys) — dimg(End(M))

(Gs) —
(11.14) = dim(Ejs) + qor (6) — dimg(End (M)
= dim(Es) — dimy (Ext* (M, M)),
(

where the second equality is by (11.8) and the third equality is by Proposition
10.8. O

Corollary 11.20. Let Q be a Dynkin quiver.
The assignment Ly — @5, [M] — dyy is injective. In particular, Q is of finite
representation type.

Proof. The second part of the lemma follows from Corollary 11.9. Suppose that
M, My € Ob(Repg) are indecomposable representations of ¢ with the same di-
mension vector § € <I>Jr We have to show that M; ~ M.

Note that M; and MQ are bricks by Lemma 11.14, and hence Ext'(M;, M) =
0 = Ext'(My, My) by Lemma 11.3. It follows from Lemma 11.19 that the subvari-
eties Oy, , Ony, of Ej are of maximal dimension dim(Ejs). Hence Oy, and Oy, are

open and dense in FEj. Since Fj is irreducible, we conclude that Oy, N Oy, # 0.
Then (11.9) implies that Oy, = Oy, hence My ~ M, by (11.10). O

Lemma 11.21. Theorem 11.12(1) is correct. In other words, Q)" is of finite rep-
resentation type iff Q' is a Dynkin quiver.

Proof. In view of the previous corollary it suffices to show the following: if @)’ is
not a Dynkin quiver, then @’ is not of finite representation type.

Suppose @' is not a Dynkin quiver. Let @ be an Euclidean subquiver of @',
which exists by Lemma 10.21 (if @’ is Euclidean, then take Q = @'). By Lemma
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10.15 there exists a vector § € ZZ(O@ such that g5(5) = 0. Extend § by zeroes to

a vector 0 € ZZ(OQ/). Then qg/(6) = 0. For all [M] € Isog (6) we then have by
(11.14), -

dim(Oy) = dim(Ej) — dimg(End(M)) < dim(Ej).
Hence all representations M with dimension vector ¢, including the indecompos-
able ones, produce orbits Oy of dimension strictly smaller than dim(Ejs). Then
(11.11) implies that #Isog/(0) = oo (note here that #k = oo since k is algebraically
closed). The result now follows from the following exercise. U

Exercise 11.22. Suppose that #Isoq (§) = oo for some § € Z;(OQ/). Show that )’
1s not of finite representation type.

The following lemma completes the proof of Gabriel’s Theorem.

Lemma 11.23. Suppose that Q) is a Dynkin quiver. Then Ig < ®%, [M] — dy
1S surjective.

Proof. Fix a positive root d € @5. Choose M € Ob(Repg) with dimension vector
d such that dim(Q),) is as large as possible. Since
dim(Oyy) = dim(G,) — dimy(End(M))

by the first equality in (11.14), this corresponds to a choice of a representation
M € Ob(Repg) with dimension vector d such that dimy(End(M)) is as small as
possible. We show that M is indecomposable.
Suppose that M = M; & M, is a direct sum decomposition of M. It provides
the trivial extension
0— M > M —» My —0

of My by M;. Consider now an arbitrary extension
0— M = N —-» My, —0

of My by Mj. Then N has dimension vector d. Furthermore, dim(Oy) > dim(Oyy)
with equality iff N ~ M, see [4, Lem. 8.3]. By our choice of M this forces all
extensions of My by M; to be trivial, and hence Extl(Ml, Ms) = 0. Interchanging
the role of M; and M, we also have Ext'(M,, M;) = 0. By Exercise 10.9 we
conclude that

(dury, dagy )@ = dimg (Hom(My, Ms)) + dimg (Hom(Ms, My)) > 0.
Since d is a root of the Dynkin quiver ) we get
1 = qo(d) = qo(dar, + dar,)
= qo(dar) + 9o(dar,) + (dary, dary)g
> qq(dar,) + 9q(das)-

But qq is positive definite, so the inequality forces dy;, = 0 or dp, = 0. Hence M
is indecomposable. O
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