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Synopsis

The multipole expansion of the retarded dispersion energy of two atoms in non-
degenerate ground states is derived. The result shows that multipoles of different order
may give rise to dispersion energies varying in the same way for large interatomic
separations.

1. Introduction. The retarded dispersion energy of two atoms hasbeen
evaluated by Casimir and Polder?) in the framework of quantum electro-
dynamics. As a result they found an expression that contains the electro-
static London-van der Waals interaction energy as a special case valid for
small interatomic separations R; the latter varies as an inverse sixth power
of R. At large separations, however, the interaction energy turns out to fall
off as an inverse seventh power, due to retardation effects. These effects
become significant at distances of the order of the wavelength 4 corre-
sponding to the lowest excited atomic level.

In order to arrive at their results the authors quoted above employed
the electric-dipole approximation. Terms of higher order in the multipole
expansion lead, in the electrostatic limit, to a dispersion energy that falls
off more rapidly with increasing R. Due to the occurrence of the parameter
4, however, retardation effects may change the dependence on R in such a
way that terms of different multipole order vary in the same way. Whether
this is true may be established when the complete multipole expansion of
the retarded dispersion energy has been found. This expansion will be de-
rived in the present paper.

2. The hamiitowian. Perturbation theory wp to fourth order and its dia-
grammatic representation. The hamiltonian for a system consisting of two
neutral atoms interacting with the electromagnetic field may be split up
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into four parts:
H = H(a) + H(b) + Hyaq + Hig. (1)

The first two terms represent the hamiltonians of the free atoms, labelled
a and b. If these atoms are described non-relativistically and the nuclei are
held fixed one has for the hamiltonian of atom a:
2062 1 e2
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where the sums are extended over the z, electrons § with masses #, charges
—e, coordinates rq; (with respect to the nucleus) and momenta py;. The
third term of (1) stands for the hamiltonian of the free radiation field. It
can be expanded in terms of the annihilation and creation operators, a(k, 1)
and at(k, ), respectively, of photons with wave vector k and polarization
vector e(k, 1) (A =1, 2):

H.q= X at(k, A) a(k, 1) fick. (3)
Rk,A
The radiation field is enclosed in a box (with volume V') so that the wave

spectrum is discrete. The operators a(k, 1) and at(k, 1) appear in the Fourier
decomposition of the vector potential:

AR) =X ( Z;f: )é (a(ke,3) e(k, ) ¥ ® + at(k, 2) e*(k, ) e ™R}, (4)

It is chosen to satisfy the Coulomb gauge condition J'-A = 0, which im-
plies the orthogonality relations

k.e(k, 1) =0 A=1,2). (5)

The interaction hamiltonian in the expression (1) is the sum of electrostatic
terms and terms which couple the atoms with the radiation field:

' zazbez zbez . zaez
Hint= — -3
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+ = 2 > e s A(Ra+ 7o
7.7 |Ra - Tag— Rp— oy T me aj a aj
5 AR )+ 2 e A2(Rg + 14)
+ ; W Dose ( b+ L 47) 2 e a af
e2
+ 3 ——— A2(Rp+ ryy), ©)
i 2mc?

where R, and Rj are the positions of the nuclei of the atoms a and &.
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To calculate the dispersion energy of the two atoms we shall treat Hint
as a perturbation on the hamiltonian of the system of free atoms and radi-
ation field and retain only those energy corrections that depend on the
interatomic separation |Rp — Rg|. This separation is taken sufficiently
large for the overlap of the atomic wave functions to be negligible. The un-
perturbed states will be denoted as |n> = |a; §; Ry, 41; ... ; km, Am>, where
a, B and k1, A1; ...; Ry, Am are the quantum numbers that label the states of
the atoms 4 and & and of the photons present in the radiation field; the
ground state, which is assumed to be nondegenerate, is written as |0) =
= |ag; Bo>. If one wants to obtain the energy shifts up to terms proportional
to ¢4, perturbation theory up to fourth order must be applied, as (6) shows.
In particular, the ground-state energy shifts in the various orders have the
form:

E® = (0| Hint |0,

E®O=_3 <O| Hint |n><n| Hint |0>

n(=0) AE® ’
E®_ S <O| Hint |n><n| Hing |#'><n'| Higt |0)
n, 0/ (#0) AEPAEY
<O| Hint |#><n| Hint |0>
—E® ,, , 7
n(§0) AE® @)
<O| Hint |n><n| Hint |0’ ><n’| Hint [n"><{n"| Hint |0)
EO—_ 3
n,n’,n"(£0) AE,ﬁ?)AE;Q)AE;Q)
<O| Hint |m><{n| Hint |0
—E® I L ,
n(#0) AEY

where AE{) is the energy difference E{¥ — E{® of the unperturbed states
In> and |0).

On substituting (6) into (7) several terms vanish as a consequence of the
rotation symmetry of the nondegenerate ground states |ag> and |Bo)> of the
atoms. In fact, the electrostatic interaction in (6) may be written, with a
double Taylor expansion, as

Za 2b 32

—~ras ¥ _ 1 rose oV 1) —
R )e )

(8)
with R = Ry — R,; if this operator is written between <ap| and |agd> (or
{Bol and |fo>) only the invariant part of the atomic operators in the first
(or second) factor contributes, with a vanishing result, however, since
AR-1 = 0 if R # 0. A similar argument shows that the matrix element of
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the operator

7

Za e
§1 e Paj* A(Ry + rag) 9

between <ap| and |ap> vanishes, as a result of (4) and (5).

The various contributions to the energy corrections (7) may be repre-
sented by diagrams?). In the present case of the interaction hamiltonian
(6) the contributions depending on the interatomic distance are given by a
set of connected diagrams that consist of two vertical lines for the atoms
and internal lines between them. The latter are of two types: horizontal
dotted lines corresponding to electrostatic interactions and wavy lines for
photons. A vertex with a dotted line stands for a matrix element con-
taining the electrostatic interaction (8), a vertex with one photon line for a
matrix element of one of the operators in (6) that are linear in the vector
potential A, while a vertex with two photon lines represents a matrix ele-
ment of one of the operators in (6) that are quadratic with respect to A.
Retaining only terms up to order e4 and using the properties derived in the
preceding section one finds the diagrams drawn in fig. 1, and moreover

b b
A, DA, LA
Al ais!

Fig. 1. Connected diagrams for the energy shifts up to order e%.
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the diagrams obtained from the asymmetric ones by reflection with respect
to a vertical line.

3. Evaluation of the diagrams. In fig. 1 five different groups of diagrams
occur, which will now be evaluated in succession.

The first, electrostatic diagram leads, upon double Taylor expansion, to a
second-order energy correction of the form:

el
— 3 -
o, B(# aw, Bo) ﬁc(ka + kﬂ)

x {<ao| 2 (7 = > Bol T (7 = 11> %}

Vi(R) =

X {<a1 3 (e — 1) lao><| T ("7 — 1) |Bo> 715} (10)

The subsidiary condition («, 8) 7% (xo, o) on the summation may be re-
placed by the two independent conditions « #% «p and f # fp since all
contributions with « = ap (or # = fo) vanish as has been shown in the
preceding section. Choosing these conditions one may omit the terms —1
in the matrix elements. Furthermore two factors R-! occur, both acted
upon by functions of the nabla operator F. Accordingly, it will be con-
venient to introduce instead of R two vectors Ry and Ry and corresponding
nabla operators F/; and V. After performing all differentiations both Ry
and R; should be replaced by R. If we introduce moreover the notation
f(ra, pa) for the sum 3; f(rqy, Poj) we may write (10) as
4

€
V R [E—— e"a'yl —ta*Va
1( ) oz(#ao;ﬁ(#ﬂo) hc(kzx + kﬁ) <0‘0| |04><°‘| ¢ ]0‘0>

X <Bol €™ 1B><Bl €™ """ |Bo>

R (11)

In the second type of diagrams a summation over intermediate states
with two photons present occurs; it may be written as

1 X kAR, M<Kk AR,

kAR, A

The energy correction for this group of diagrams reads thus:

Va(R) = — ao| A2%(Rq - 1a) |oo; k, A5 K/, 47>

ke, 8fm2cd

X <Po; k, A; k', 2’| A%(Rp + 1) |fo>

1
T @xobh, (12)

where the last symbol stands for the preceding term with (a, ) and (3, B)
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interchanged. The summation over the polarization indices 4 and A’ may be
performed if one uses the identity

. kk
ok, H) e (k, ) = U — —. (13)

Y

2

Furthermore, if the volume V7 of the box enclosing the system tends to
infinity, the summations V-1 3}, may be replaced by integrations (2x)~3 | dk.
Then (12) gets the form:

edfi dk dk’ .
VolR) = — i(k+k’') ra
2(R) 2n2m?2c3 _[ (4m)2 kR (ol 0>
. kk k'R
X (Po| e LE+ED T |ﬁ0>( — ) : (U ~ e )
1
—i(k+k)-R -
X e Py + (a, x = b, B). (14)

The consequences of Bose-Einstein statistics of the photons for the case
(k, A) = (k’, A') are disregarded, since that case corresponds to an inte-
gration region of vanishing measure. Introducing again R; and Rz by
writing exp{—i(k + k) R} as exp(—ik+ R;) exp(—ik’- Rz) we find for (14):

et

— ___2 s <0‘0l e"n'(l’l—l—l’a) [a0><ﬂ0l erb'(Vx-l—l’z) 'ﬂ0>
TEMAC

Va(R) =

dk dk’

X (P1V1— UAy) : (P22 — UAy) jm

1

—ik-Ri __ [)(p— 1K "Ra _ |
X (e )e o

+ (@, « & b, f), (15)
where we extracted factors k and k’, replacing them by if'1 and iF2, re-
spectively. To assure the convergence of the integrals at the origin we
added terms —1 to the exponential factors in the integrand; this does not
change the expression as a whole. The angular integrations may be carried
out by employing the relation

[+ o]

[ ey = [ ka(k)(S“;;R 1) (16)
0

for an arbitrary function f(%). Then the integral in (15) becomes

™
Fo(Ry, Rs), 17
2RiRs o(R1, Ra) (17)
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with the abbreviation:

oo

2R1Rs [ dk dk’ [ sin kR,
— —1
FolRa, Re) x J kR ( kR,
0
sin E'Rs 1
T 18
X ( k’Rz ) k + kl ( )

This integral is evaluated in appendix A. There it is shown that it differs
from the function

F(R1, Rg) = }(R1+ R2)3log(Ry + Rg) — 3R3log R, — 3R31log R2  (19)
by terms that drop out when inserted into (15). As a result we find for
Va(R):

eth —ra (P14 ¥3) ro+ (P14 ¥2)
Va(R) = — ———= <aol ™™ "7 [agy (ol €™ 7472 | 8o

- 41em2c3
F(Ry, R
X (P11 — UAy) : (FaF2 — UAy) —(-RLRL)
1412

+ (@, aebp). (20
We now turn to the third group of diagrams, which contain both electro-
static and photon interactions. The electrostatic part is treated as in (10)
and (11). In the photon part we carry out the summation over the polar-
ization directions and replace k by iF. Then we get (introducing again R;
and Ry) for the first diagram of this group:
4

e
V3a(R) = p) Ty {agl e " [y
al o), B(#Bo) THMEC

X <af pae™"™ " [ao><Pol €”" [B><B| pp e™ " |Bo>

. ! de  _ik.r, I

a2 — U8 - [ e ) e ()
Just as in (15) the convergence of the integral at the origin is guaranteed
by adding the term —1 in the integrand. The expressions that are ob-
tained from the other diagrams have the same form, apart from the oc-
currence of different energy denominators and a different ordering of the
matrix elements. For instance, the product of matrix elements of atom a in
the expression corresponding to diagram 3b is:

<ow| Pae™ ™" |ad<a) €77 ). (22)

Since the remaining factors in that expression depend on o« only through
the energy #icks, the sum of (22) over all states with the same energy may
be performed. This sum then contains the projection operator

T |, (23)

afka const.)
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which is a real operator in the coordinate representation since H(a), given

in (2), is real in this representation. For the same reason the eigenfunction

of the nondegenerate ground-state level may be chosen to be real. As ry;

and pg; are purely real and imaginary, respectively, one finds the relation
T Lol pae" " a<al e [ap)

a(ke const.)
=— ¥ <agle ™" |ad<a|e ™" pg o). (24)
alk« const.)
With the help of this identity (and a similar one for atom &) we obtain from
the diagrams of the third type:
2et
Va(R) = > ———<{agl e o)

al# o), B(£Bo) THAMECS

X <o pae” " lao><Bol €7 [B><B| pyre™ T |Bo>

1 dk )
. (Vsz — UAz) }TJ‘ e (e—lk-Rz . 1)

1 1 1
X — + .
{ (ko + ko)(ks+ k) (Rat+R)(kg+ k)~ (ka+ k)(Ra + k) }
(25)
(The order of the momentum and the exponential operator in the matrix

elements is irrelevant due to the contractions with the factor Fofs — UAs.)
The second term within the curly brackets may be split in the following way :

1 1 1 1
= — — . 26

Then the integral in (25) becomes the sum of four parts of similar structure.

Carrying out the angular integration with the help of (16) one finds for the

integral:
2Go(kaR2)

m + (a e ﬁ): (27)

with the abbreviation:

oodk in kR 1
GolkaR) = szJ—( AT 1) (28)
0

k kR ko+ k-

In appendix A we show that in the expression (25) with (27) for V3(R) the
function Gy may be replaced by

G(kaR) = P(ksR) — kaRl0g kxR — im. (29)
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Here P is the function defined as

o0

P(x) = jdt sin ¢ ; (30)

x4+t

it is related to the sine and cosine integrals3). As a result we have found
now for V3(R):

4ed
V R — —7a'F1
3(K) a(mo?ﬂ(saﬁo) mhim2c3k (k2 — k) Caol e >

X <ol pae” " " |ag><Bo| €™ T IB><Bl Py e™ T |Bo>

G(kaR2)
RiRs

. (VaV s — UAs) + (@, & oD, f). (31)

Along similar lines as above one obtains for the contributions of the fourth
group of diagrams:
64
VaR)= X anl pae™" " o>+ (F1V1— UAy)

a(Eo0) T2mBch

«(F2Va — UAg)-<a| pa e ™% |ag><Bo| €™ "7 B>

dk dk’ —ik'R, —ik’*R»
XI@EE@H@ T e

1
”{ww+@w+ﬁ>

1 1
+ (ka+k)(koc+kl) + (k+k')(ka+k')}+ (a,aHb, [3) (32)

Using (16) one gets for the integral:

WHO(kaRl, kocRZ)

HRRs )
with the abbreviation:
H (k(le) kuRZ
k WR1Ro J‘ dk d&’ / sin kR, | sin ' Ry 1
kR kR, ERy

% { n 1 n 1 }

(ko + k) (k+ &) (B + E) (Bo -+ &) (k+ &) (ka+ k) §
(34)

In the first appendix it is proved that instead of Hy one may insert into V4
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the function
H(kaR1, kaRo) = G(kaR1 + kaR2) — G(RaR1) — G(RaRy2)
+ F(kaR1, kaRo), (35)
so that one arrives at the result:

4

€
Va(R) = _ —tarP1 . — UA
4( ) oz(#zow) nm3c4k§ <0l0l Pac IOC> (VIVI 1)

«(P2V32 — Ulg)+<a| pae™ ™" |ag><Bol €™ 777" |Bo>

H(kaRl, k:xRZ)

RiR + (@, @ = b, ). (36)

Finally, the diagrams of the fifth type yield the expression:

4

e —_ .
V5(R) = — 2 __2___ <a0’ Pae tarF1 |Ot>
af# o), B(#fo) TC2HMACS

X <Bol Pre™ " |B> : (W1V1 — UA1)<a| pae™ """ |ao>
X Bl Pve™ " Bo> 1 (F2F2— UAy)

J‘ dk dk’

—ik-Ry —1ik’ - Rz
Trs @ e

1 1
X { Ca F RN E T R) g £ F) T (hat B) s + F) s + )
1 1

¥ (ko + B) (ks + kg) (ko + &) + (ko + &) (k + ') (kg - F)

1
(ku+ k)(ka+ kﬂ+ k + k’)(kﬁ+ k)

1

o B)r. 37
AT TP v S 1 MG S ’3)} 7
Since the part of the expression in front of the curly brackets is symmetric
with respect to an interchange of (a, ) and (b, ) we could bring the symbol
(x «» p) inside these brackets. Furthermore, because V1 and F2 appear in
a symmetric way, one may interchange % and %’ in each of the terms with
energy denominators. The sum of the first three of these (arising from dia-

grams with non-crossing photon lines) may be rewritten as

ho 4 kg + k + E N 1
(ko—+R)(k+F) (kg + &) (ka+kg) (ko + E) (ks + B') (R + Rp)

+
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1 1 1
:kw+%{@w+ﬂﬁ+ﬁ)+(%+kﬂk+m

1
*‘mw+awa+kw} (28)

Adding the terms with « and 8 interchanged one may bring this in the form:

1 1 1
m+wﬁ{wf+mw+y>+(m+ka+ﬁ>
1

+<m+www+w}+*”Hm' @

The remaining energy denominator terms in (37) (due to diagrams with
crossed photon lines) may be transformed, with the help of (26), into:

1 1 1 1
ka—ks k+k \kut+k  Est+Ek

— : 1 (40)
kat+k \katk  kstk }

Combining this with the expression found by interchanging « and f, and
symmetrizing then with respect to £ and 2’ one gets a result similar to (39):

1 1 1
" ka— kg {(ka+k)(k+k’) T (ka + K (& + )
1

+(m+mww+w}**““m' (41)

The curly bracket expression in the integral of (37) is given now by the sum
of (39) and (41). After integration over the angles with the help of (16) one
finds for this integral:

. znkﬁHo(kszl; kach)
ki(k2 — E2) RiR

+ (« - B), (42)

where Hyo has been given in (34). Just as in V4(R) one may replace Hy by
the function A defined in (35). Then the contribution V5(R) becomes:
> 2e4k;
ala0), Bpa) THMACSKS(RE — RE)
X <ao| pa e [ad<Bol ppe™ T B> : (F1F1 — UAy)
X <ol pae™"" [ao><B| ppe™ T [Bod : (V22 — UAy)
« H(kaR1, kaRs)
RiR,

Vs(R) =

+ (@, a e b, p). (43)
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Collecting the results we have found now for the retarded interatomic po-
tential energy V(R) of two nondegenerate ground-state atoms at a sepa-
ration R:

5
V(R) = Vs(R). (44)
s=1

The various contributions V4(R) have been written in formulae (11), (20),
(31), (36) and (42) with auxiliary functions (19), (29) and (35).

4. Transformation of the matvix elements. Dispersion energy to all multipole
orders. In the previous section we obtained the interatomic potential energy
as a sum of five contributions containing different products of matrix ele-
ments. In the electric-dipole approximation!) these products may be brought
into the same form by transforming the matrix elements. Then it appears
that some terms cancel so that a considerable simplification can be achieved.
In the following we want to show that a similar situation exists in the
general case of arbitrary multipoles.

Let us start by introducing the following notations:

Py, i = <ol H{Pa, e ™"} o,
Pg i = <Bol H{Pv, ™"} B>,

with 7z = 1, 2; the curly brackets indicate an anti-commutator. From a
similar reasoning as given in (22)-(25) it follows that the sum

PP,

a(ks const.,)

(45)

is real.

The fifth contribution, displayed in (43), is already expressed in terms of
the matrix elements (45) since the order of the momentum and exponential
operators is irrelevant in Vs(R). Thus one has:

(_e_>4 2% p p
a0 B2p\ mc | whicky(kRE — k3) w161
: (VW1 — UAL) P} oP; 5 2 (F2V 2 — UAy)
H(kaR1, kaR3)
RiRs

Vs(R) =

+ (@ & B). (46)

The remaining contributions contain different matrix elements as well,
of the type <ol exp(—r4:Vi) |> (¢ =1,2) in V1 and V3 and of the type
<ol exp{—ra- (V1 -+ F2)} lao> in V3 and Vs

The matrix element <op| exp(—rg-Vi) |a> may be written, for o # ap, as
<ol [H(a), e™"™"] o, ‘ (47)

ficky
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where the commutator with the hamiltonian given in (2) appears. Inserting
this expression we get the relation

V'l i sz, (2 (48)

—ta-Fi N\ —
(ol o imcky
with 7 = 1, 2. An analogous equality follows when (4, «) is replaced by
(6, B) and V; by —F;. Employing these relations we may cast the electro-
static interaction V1(R) into the form:

Vi(R) = ) ° ) : P, 1P
= M#m,wo)(mc 2hckZ (ko + kg) 0T

: (PiV1—UAL) P}, ,P; - (P22 — UAy) + (@< B), (49)

RiRg

where we used the vanishing of AR-! to introduce the same combinations
of nabla operators as in (46).

In the mixed contribution V3(R) the electrostatic part is dealt with as
in V1(R) and the photon part as in V5(R). If the result is symmetrized in
R; and Ry we get:

s (=Y
a(ﬂo),ﬂ(#ﬂn)( me ) whickaka(kE — k3)

Va(R) = Py, 1Pg,1

G(kyR G(k.R
s (V1P1— UAy) P; oP; 5t (PP 2 — UAs) ( 1;3;;2 —

+ (@ = 8). (50)

The matrix element <og| exp{—rqs+(F1 + F2)} |x0>, that occurs in Vg
and V4, will be transformed with the use of a sum rule. In fact, we may
write:

i
V. 2 e far(FitVe) __ % [2 e_"’"h, 2 %{Paj,, e_r‘”“h}]. (51)
7 7

7
Taking the ground-state expectation value and inserting a sum over inter-

mediate states we get for the right-hand side:

i
A Fan) i (<ol €77 |a><al 3{ Pa, €77} o)

— <o H{Pa, €77} ad <o €777 )] (52)

With the notation (45) and the relations (24) and (48) we arrive at the sum
rule

V1<a0I e—fa'(71+72) |a0> —

<Py 1P} . 53
o) ﬁmcka Vl a, 18 5,2 ( )
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Similar relations are obtained if F'; and F are interchanged and if (a, «)
and J; are replaced by (b, f) and —F;.

The sum rules just obtained will be applied now to V3 and V4 successively.
If in (20) the product (V1F1— UA;) : (F2oFs — UAy) is written out, Vy
becomes the sum of four terms. The first three of these are transformed with
the help of the sum rules, while the last term is left unchanged for the present.
The result may be written as

Va(R) = » ey !
2 ol #a0), (=) \ € | ThCREp

X {Pa,1Pg,1: (V1V1— UAy) P, oP; 5 1 (F2F2— UAg)

F(R;, Ry)

— Py, 1:Pg 1P}, - P; 5A1 A0} RiRs

3edti

—_ . V
— __4nm203 <OLO| e~ e (P14Fz2) |(!()>

F(Ry, Ry)

Rgs T @acb ). (54)

X <Bo €™ "1V 80> AjAg

One of the terms appearing here has the structure of the expressions (46),
(49) and (50). The remaining terms both contain explicit factors A; and As,
due to which only the part of F(R;, Rz) with double argument R; 4 Rs
contributes. If we now transform in V' the last term as well, with the help
of (53), we obtain:

4 1
Vo(R) = — X (—e—> Py 1Py (V1V1— UAy)
(% ao), B(#Bo)

mc | whckaks

F(R,, Rg)

X P, Ps, — UAg) ——~
w2Pp 2t (Vol2 2) RiRs

e \* 1
—— ) ——— P4, 1- P31 P}, o+ P} yA1As
a(seao),m;ep.)(rnC) nhckakﬁ{ BRI w2t R

— 3Py, 1-V1Ps,1-V1PL 3+ P} sA2 — 3Py 1+ Pp 1AL P}, o V2P 2V 2}

(R1+ Rg)3 log(R1 + Ry)

6RiRs + (x < B). (55)

In a similar way the contribution V4, given in (26), may be dealt with. As
a result a sum of two terms is found, the first of which has a structure
analogous to that of (46), (49) and (50), while the second contains in the
numerator again a function of the double argument R; + Rz only:
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e & 2
Va(R) = — ) ——5— P4, 1Ps,1: — UA
4(R) a(#ao)z.:ﬁ(#ﬂo)(mc> chckiky VPt ab 1

H(koR), kR
X PLoPiy (o — Ubg) 2o b

e V¥ 2

— ) ——5—{Px,1+Ps,1P} - P;
a(#an),ﬂ(#ﬂn)("’t()) nhckékﬁ{ %1081 a2t 0 h2
X A1z — 3Py, 1P 3Pp, 1V 1P} 5+ V142
-‘%Pa,I’P;,2PB,1'72P§,2°’72A1}

G(ksR1+ kxRs)  k3(Ry+ Rs)3log(Ry + Ro)
Rle 6R1R2

} + (@ = f).
(56)
Adding the various contributions and using their symmetry with respect
to « and B one finds indeed that several terms from different diagrams
cancel, in such a way that only functions of the double argument R; + Rj
appear in the numerators. As a result the retarded interatomic potential

energy of two nondegenerate ground-state atoms may be brought into the
form:

VIR)= = VdR), (57)

¢=1,ILIII

2ol e
al#ao B#p) \ MC ) Thickika(RE — k)
t (VW1 —UAy) P, o P55 : (F2F 2 — UAg)
P(kyR1 4+ kaR2)

Vi(R) =

P, 1Ps, 1

RiRs + (@B 1 62), (58)
Vu(R) = — z (——e—)4~——1—{1’a 1+Pg,1P; 5-Pp 5
a(#a0) (£ \ mC ) Thckiks © e
X A1Ag — Py, 1+ P} oPg 1-V 1P} 4+ V1A2}
GlkaRs + kaRa) | (o B 1 2), (59)
RiR,

4 1
Vim(R) = — —e-) — {Ps1Ps1

a(aeao),ﬂ(s&ﬂo)( mc 2ntickakp
X Py g+ Pj 50189 + 3Py, 1-V1Ps,1: V1P 2+ Pj 500
— 2P4,1+ P, 3Pp,1+-V1P; 5+ V1A2}

. (Ri+ Ro)? log(Ry + Ry)
6R1R2

+ (e f;1 2). (60)
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The symbol (x <> ;1 < 2) stands for the three terms that arise by inter-
changing both «, 8 and 1, 2 independently in the preceding term.

The expression for V(R) may be written in a form that contains the
matrix elements of the electric and magnetic multipole operators?)

&n): _g<o¢0 szrgj a>, (61)
e n
n) _ ___ n—1
VO( - 2mC <(X0 (n + 1)| ;‘{rai b4 raj A PGJ} OC>, (62)
with # = 1, 2, .... In fact from the definition (45) one finds the relation
6 o0
e Pt = E (=P i fikan? 5 A Vi, (63)
n=1

with 7 = 1, 2.

In the formulae (59) (with (29)) and (60) logarithmic functions occur.
However, in (59) the function {(Ry 4 Rg)/R1Rs}log(R1 + Rg) is acted
upon by at least one Laplace operator. If (60) is rewritten with the help
of (53), two of these Laplace operators appear, which are acting on the
radial function {(Ry 4+ R2)3/R1R2} log(R1 + Rs). As a result neither V11 nor
V1im contains any logarithmic function when the differentiations have been
performed.

The short-distance behaviour of (58) and (59) may be obtained from the
series expansions for the sine and cosine integrals3). From these one gets:

Px)y=4jr+xlogx+ (y —1)x — a2 4 ... (64)

Comparison of terms with the same multipole matrix elements in V1, Vi
and Vi shows that V1 becomes dominant for small R. Inserting the value
in for P(RaR1 + kaR3) and using (48) one recovers the electrostatic po-
tential energy (11).

For separations that are large compared to the maximal k;! we may
employ the expansion of P(x) in powers of x~1, which starts with the terms3):

P(x) = %% — 243 4 2455 — ... . (65)

If again contributions with the same multipole matrix elements in V1, Vix
and Vi are compared one finds that the order of magnitude of their
leading terms are in the proportion of 1 to (kxR)2 to (kxR)4, respectively,
so that now Vi is dominant. In drawing this conclusion we did not take
into account the way of contraction of the nabla operators and the matrix
elements, due to which certain multipole contributions vanish. This be-
comes clear when the electric-dipole approximation is studied.

The electric-dipole approximation is obtained by retaining only the first
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term in the Taylor expansion of the exponential operator in P, ; which
then becomes <ag| Pg |a) or —imcky {ag| rq |p. Due to the rotational in-
variance of the nondegenerate ground state [ag> we may write now:

. 1 /me\2 ,

E P"‘s 'tPoc,'i =S\ kaU E (”0‘(2! (66)
alka const.) 3\ e a(ka const.)

where u, stands for the dipole matrix element —e<{ap| rg |o>. On substi-

tuting this expression into (57) with (58)—(60) the contributions Vi and Vi

drop out due to the vectorial contractions, so that we get:

2kakﬁ
V R = —_— 2 2 — UA
&) a(;&uo)E,Jﬁ(aeBo) Intic(kz — k) [#sl? 4al? (P23 1
P(kaRi+ kaR3)  P(EsRy+ EsR3)
: —U — 67
(Paba—Udy) { kaR1Rs keR1Rs (©7)
If we now employ the ancillary relation for an arbitrary function f:
R1+ R
(V191 — UAy) : (Fal’s — Ung) ﬂ—}—%—”“
1412 Ri=Rz=R
2 2 5
= —<{fd E——— )] — @
a|19@R) ~ 2[R + 2 oK)
6 (2R 3 R
— 5 [VER) +— CR), (¢8)

(where f(® denotes the n~fold derivative of f) and the differentiation formulae
PO(z) = —Q(x), P@(z) = —P(s) + »~1 (69)

that follow from the definition (30) for P(x) and the analogous one for

Qx):

0

mw=fm

0

cost

x4+t

(70)

we get in the dipole approximation:

4kakﬂ

V(R) = £ _ k%) RS {pal? “‘3[2

al# o), B(#p0) Inhic(
X [{(RxR)® — 5(kxR) + 3(kaR)~1} P(2k4R)
+ {—2(ksR)? + 6} Q(2kaR) — }(kaR)? — (x & f)]. (71)
An alternative form may be obtained by employing for P(x) in (67) the
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integral representation 3)

o0

e—xt

0

then one finds with (68):

4k(xkﬁ
V R —— 2 _hvalvg 9 5
) al#a), B(£0) ITACRS [pal? | M5l

=]

J , €T+ 28 52 4 61+ 3)
{(kaR)? + e2}{(ksR)? + 12} °

(73)

which is the result of Casimir and Polder1).

The long-range expansion (65) for P(x) and the ensuing one for Q(x) =
= —dP/dx lead to the well-known asymptotic form of (71) containing an
inverse seventh power of the interatomic separation R.

Closer inspection of the argument that led to the expression (67) shows
that Virr vanishes if the matrix elements of at least one of the atoms are
considered in the electric-dipole approximation, while Vi disappears if in
the matrix elements of both atoms this approximation is used. On the basis
of these arguments one may infer that Vi and Vi will fall off, for large
separations, as R—¢ and R-5, respectively. However, in the general ex-
pressions for Vy, Vir and Vi some products of the electric and magnetic
multipole matrix elements p™ and v{™, defined in (61) and (62), drop out
due to the symmetry properties of the atoms.

Using the rotation invariance of the hamiltonian H(a) given in (2), which
implies the invariance of the nondegenerate ground state |ap>, one may
prove:

pd D =0 (1 — ng 0dd). (74)
a(ka const.)
Moreover, spatial inversion symmetry of H(a) (and hence of |xo)) results in
the relations
T v - g (1 — ng 0dd), (75)

a(ka const.)

poymar — o (n1 — ng even). (76)
alkas const.)

Since the hamiltonian H(a) commutes with the total angular-momentum
operator L(a) of atom a, another consequence of the assumed nondegeneracy
of |ag> is the vanishing of L(a) |xp>. In the approximation of fixed nuclei one
may write L(a) as T #4; A Pas. Upon comparing this with (62) one finds:

v =0, (77)



MULTIPOLE EXPANSION OF DISPERSION ENERGY. I 627

so that the magnetic-dipole moments do not contribute. (Relations analo-
gous to (74)-(77) hold for atom &.)

If the results obtained above are applied to (59) and (60) one is led to
the conclusion that not only V1 but also Vi1 and Vi will have asymptotic
expressions varying as R~7. The asymptotic expression of V1 is due to pure
dipole~dipole interaction, while in that for V1 and Vyi1 higher-order multi-
pole moments of at least one of the atoms play a role. Thus multipoles of
different order may give rise to dispersion energies varying in the same way
for large separations.

APPENDIX A

The auxiliary functions F, G and H. In this appendix we shall evaluate
the integrals given in (18), (28) and (34), and show that they may be re-
placed, in V(R), by the auxiliary functions (19), (29) and (35), respectively.

The integral (18) may be written in the form:

R ! i in 2R
Fo(Ry, Ra) = Ry Ry J’dk dk sin kR, 1 sin 2'Rg 1
' kE' kRy k'Rs
0
1
Ri o Ry —— .1
+( 1 2)} k+k' ’ (A )

where the symmetry in R; and Ry is made manifest. As a consequence a
symmetry of the integrand in %2 and %’ is obtained, which allows us to re-
place the lower limit of the 2" integration by —oo. The singularity that

arises for 2’ = —£ is avoided by taking the principal value of the integral.
Thus the &’ integral is of the form:
dk' /sin 2R , 1 (A2
R k'R E+k - 2)

Writing the sine function in terms of exponentials and closing the contour
in the complex plane one finds for this integral:

k1

k2R

{(cos kR — 1). (A.3)

Insertion into (A.1) yields the expression:
dé . . .
Fo(Ry, Rg) = g7y {sin (Ry + Rg) — sin kR; — sin ARy
0
~— kR; cos Ry — kRg cos kR1 + kRy + kRa}. (A.4)
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If we replace the lower limit by ¢ > 0, the integral may be split into inte-
grals of the type:

Inle) = J dx %’%‘ Tule) = j an 22 (A.5)

xﬂ"f‘l

For » = 0, 1, 2 and 3 one has (with y the Euler constant):

To(e) = 3, Jole) = —y —loge,

Iife) =1 —y —loge, Jule) =&t —3m,

Ip(e) = &7t — §m, Ja(e) =472 — §+ 4y + dloge,

Is(e) = 47 — f5 + 4y + $log e, (A.6)

where terms that vanish for ¢ = 0 have been omitted. Using these formulae
one gets (with ¢ — 0) for (A.4):

Fo(Ry, Rs) = F(Ry, Ry) — $R1R%(3log Ry + 1) — $R2Rs(3log Ry + 1),
(A7)

where F(R1, Rg) is the function given in (19). (The arguments of the loga-
rithms, including those in F(R;, Rs), may be made dimensionless without
altering the result by multiplying them with a constant of the dimension
of an inverse length.) In (20) the function Fo(R1, Ra) appears divided by
R1R; and acted upon by operators 1 and Fo. Therefore the last two terms
in (A.7) do not contribute in Va(R).

The integral (28) may be treated by the method of partial fractions,
which yields:

=]

Go(kaR)=kaRJdk[SlnkR{l 1 n 1 }
0

R & kek ' kalkatB)

1 1
_— . A8
T k] (A.8)
Taking again & as lower integration limit and using (A.5)-(A.6) we find
for this integral:

Go(kaR) = G(kxR) + (1 — ) kaR, (A.9)

with G(k«R) given in (29). For the same reason as mentioned above in con-
nexion with Fg the last term in (A.9) does not contribute to V(R).

Finally we consider the integral Ho written in (34). The second energy
denominator term can be split into partial fractions so that the curly
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bracket expression becomes:

1 1 1 1 1 1
— . .1
ka—{—k(k—l—k' k—k’)+ k,,—l—k’(k-{—k’ + k—k') (4.10)

Due to the symmetry of this result in 2 and %’ the integral H¢ may be cast
into the form:

Ho(kaR1, kaR2)

oo

_ EyR\Ry ( dk AR’ (( sin kRy | sin 'Ry |
R kE' kR, E'Ro

0

+(R1<—>R2)} : ( ! ) | (A11)

Ra+ER\E+F k—F

We may omit now the term 1/(k — %’), extending the &’ integration domain
to —oo. Then the integral over %’ is of the type (A.2), with result (A.3), so
that we find for Hy:

oo

Ho(kaRy, kaRs) = kiRlej

dk { sin k(R1 “+ Rz)

R2(ky + R) Ek2R1Rs
0
sin AR, sin RR» cos BR; cos kR 1 n 1
k2R 1R, R2R1R» kR, kR» kR, ERs |
(A.12)

If again the lower integration limit is replaced by & and the method of
partial fractions is employed, a sum of integrals appears. Some of these
are of the type (A.5); furthermore one encounters the function P(x) and
its counterpart Q(x), given in (30) and (70), respectively. Inserting the ex-
pressions (A.6) and taking the limit ¢ — 0 we get:

HO(kaRl, kaRZ) = H(kaRI; kaRZ) ‘l" kaRIQ(kaRz) + kaRzg(kaRl)
— 3R3RIR; log kaR1 — 3k3R1R? log kuRy — 3k3(R2Ry + R1RY)
— §nk2R\Rs + ka(R1+ Ra) y, (A.13)

where the function H has been defined in (35). Both in V4(R) and in V5(R)
only H contributes, since the remaining terms of Hy drop out due to the
occurrence of the factor (R1R2)~1 and the operators F; and Fs.
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APPENDIX B

Evaluation of the dispersion energy with the use of an alternative interaction
hamiltonian. The electromagnetic interaction between neutral atoms re-
sults from two different mechanisms, viz. electrostatic interaction and
photonic exchange. Power and Zienau2:5) showed that the electrostatic
terms may be eliminated from the interaction hamiltonian by a canonical
transformation; moreover, the resulting hamiltonian no longer contains the
electromagnetic vector potential A, but instead the (gauge-invariant) trans-
versal electric and magnetic fields E+ = —c18A/6t and B =} A A.
Their result, which included only the effects of the electric and magnetic
dipole moments and electric quadrupole moments, was recently extended
by Atkins and Woolley®:7) so as to include all multipole moments. The
hamiltonian found by these authors has the general form (1), with atomic
and field contributions again given by (2) and (3). The interaction term,
however, is no longer given by (6) but instead by an expression that, in the
case of atoms sufficiently far apart for contact terms to be neglected, may
be written as

Hing= — X Vo' :{ue”E~(Ra) + v+ B(Ra)}
n=1

2 {3 n . 2
gt T2, G r e e BURa)|
+2ndeP;2+(aHb), (B.1)

Here the electric and magnetic multipole moment operators4) (cf. (61) and
(62) for their matrix elements)

1
(n) = == — n» .
N ;rm, ®2
(n) __ _ e " Paiont B.3
va 2mC (n 1) ' ; { aj raj A pdj} ( )

have been introduced. Furthermore P} is the transversal part
(U -V V/ A) ‘P,
of the polarization density
Po(R) = 3 Vg~ ':ul"8(R— Rq) (B.4)
n=1

of atom a.
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The dispersion energy of two neutral atoms in nondegenerate ground
states may be calculated by employing again perturbation theory up to
fourth order and by considering only terms that depend on the interatomic
separation. Since the expectation values of the first two terms of (B.1) for
the ground state of atom a vanish (as may be proved from the rotation
invariance of that state) one finds that the various contributions to the
dispersion energy can be represented by diagrams which have the same
structure as those of the type 2, 4 and 5 in fig. 1. In the present case a
vertex with one photon line stands for a matrix element containing one of
the operators in (B.1) that are linear in the fields, while a vertex with two
photon lines represents a matrix element of an operator in (B.1) that is
quadratic in the field B. The remaining terms from (B.1)} do not contribute
to the dispersion energy up to fourth-order perturbation theory.

From the diagrams of type 2 one finds, after summation over photon
polarizations according to (13), integration over the angles with the help
of (16) and introduction of the function Fy given in (18), that may be re-
placed by F given in (19):

#ic ~ F(R, R
VAR) = — 25 M, - Mpagny TR0 R gy (B.5)
RiRs
Here the tensor matrix element My, is defined as
e2 =) me( — 1 n1+ne
Moc = <040| Z ! 2( ) (ra'Vl)m_l (ra'VZ)m—l

’ mc? nume=1 (#1 4 1)1 (n2 4+ 1)!
X (raraVi-Ve—rVira Vo —Vorarq Vi + Urg-Vir,- Vz) oo
(B.6)

(the expression for Mg, follows by replacing (a, «) by (b, 8) and V; by —V;

(t=1,2); ﬂﬂo denotes the transposed tensor). As a consequence of the
occurrence of the operators A; and Az only the first term of F (19), with
the double argument R; 4 Rj, contributes in (B.5).

In order to evaluate the contributions represented by the diagrams of
the fourth type in fig. I one must split them into their electric and mag-
netic multipole parts, since these parts contain different integrals. If one
employs the method of appendix A to calculate these integrals and uses
the reality of the sums Xy, const) B5 Ba™s 1 Stk const,) Ba Ve and

3 akn comst.y VI VE, containing the multipole matrix elements (61) and

(62), one finds:
V'(R) = Z > (_ 1)n1+nz an—l o, (M1)* M
2 - al(£ao) ni,ne=1 k2 ( 1 g )- 8,
s 2 -

GkaR1 + kaR) 21

. m—l; (na) AA
vz o) A1Ag RiR

(Vm— (m)*)
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G(kaRl + kaRz)
RiR;

1
+ 5T (P A V1) Mg, (31 iv0™ A P2)

[V /ma—1 . (ns) . ¥7 v A A
cTIg (V2 Yy CAY2) Q142

1

aR1 -+ kaRo)

+ $%3(R1 + Ro)3log(Ry + Rz)}:l + (x o f), (B.7)

with G the function given in (29). Due to the properties F1-Mg, = 0 and
Mg, V2 = 0 of the matrix element Mg, only the term with two laplaceans
in the product (F1V1 — UA;)+-Mg,- (Vng — UAz) contributed. As a conse-
queiice functions with smgle argumema 1\1 (8)9 1\2 could be suppressed
Finally the contributions due to the fifth type of diagrams in fig. | are
to be calculated. Again terms with electric and magnetic multipole moments
should be treated separately. Using the reality of the sums of products of
matrix elements given in the preceding section one obtains a sum of
seven terms, each with a different integral. If these integrals are evaluated

one recovers the terms contained in ¥y (58), with (63) inserted, together
with several extra contributions:

s sl g
Vi(R) = — AN Mol m)
3( ) a(#—oto)zﬁ(aéﬂo) ni, i, nzama=l nhckzkﬁ [(V )

.(V;nx— (7n1) A Vl)(Vm_ (nz)*) (Vma— (ma)* A Vz)

EaR1+ kaR o
% A1A2 ( fo? RIIRZ o 2) (Vm— (m)) (va v,g A Vl)
G(ksR kaR
-(Vé’"‘ Evgna)* A VZ),(nga—l sv},’”‘)* A Vz) AsAg ( al1 + Ra 2)
R1R2

(Vnw (n1) A Vl) (un 1 (mx) A Vl)(Vm_ Vgna)* A '72)

1
-(V;""1 ivg™* A P2) ArAg {G(kaR1 + kaR2)
RiR»

+ HRR -+ RS I0g(Ry + R} |+ (o) + TR (BY)

Again only functions with double arguments are present. The sum of (B.5),
(B.7) and (B.8) may be shown to be equal to the expression (57) with (58)-
(60), derived in the main text. To that end one has to rewrite the matrix
elements M, and Mg,. In fact, by inserting intermediate states in a suitable
commutator expression, one may prove the sum rule
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oo 2 1ynitna
Moo ¥ 3 Ay

a(#ap) ni,ne=1 hc
.(Vgn—l Ep.fxn“')*) + ('71111—1 Sl"fxm)*)(ygkl EVg‘nz) A VZ)
+ika(P )P )

22
mc2

(=t A py

+ U <0‘01 e—fu'(71+ F2) |0L()>. (B9)

The last matrix element can be written in terms of multipole matrix ele-
ments with the use of (53) and (63).

The outline of the evaluation of the dispersion energy given here shows
that the use of the interaction hamiltonian (B.1) for the general case of
arbitrary multipoles does not lead to a simplification in the calculations.
On the contrary, due to the necessity of splitting the contributions in
their electric and magnetic multipole parts the number of integrals that
are to be calculated here is larger than that in the main text. The situation
is different if one is interested in the lowest-order multipole contributions
only. Then, the method of the present appendix permits a short derivation
of the dispersion energy 5.8).
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