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e up to now, we were handling function f : R — R which maps a real number to another real
number

e in this second part of the course, we consider functions with multiple variables, that is
functions of the form f:R" - R

such a function maps a tuple (z1,...,2,) to a real number

e it is more difficult to represent the graphs of such functions, but it is still possible when
n=2

Example:

(12 ) expl{x®+ y3H(2))
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Hore, f(2,9) = e
So each pair (z,y) of the 2D plane is mapped to f(z,y), which is the “height” of the “hill”
at the point of coordinate (z,y)

e partial derivative of a function f(x,y) with respect to z: we “understand” y as a constant
and we derive “normally” with respect to x

e example: partial derivative of cos(zy):

—ysin(y)
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70053(;37’) = —ysin(zy)

We use 9 instead of a d to differientiate with the case of a function with one variable
f

Notation:

e Similarly, we can define

e we also use the notation f,(x,y) for 2 % and fy(x,y) for g

e the calculation rules are the same as in the case of derivation of a function with one variable
(rule for sum, chain rule, etc)



e definition and notation for derivation of higher order
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We can see that the order in which we derive does not make a difference, more precisely
’f _ 9*f
dxdy ~— Oydx

e the gradient V f(x,y) of a function with 2 variables is defined as the vector
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Interpretation: the vector [fy(a,b), f,(a,b), —1]T is the normal vector of the tangeant plane
at the point (a,b, f(a,b))

Tangent plane at P
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z=f(x,y)

The gradient V f(a, b) is also the normal vector to the contour line! going through the point
(a,b, f(a,b)), at the point (a,b, f(a,b))
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e cquation of the tangeant plane at the point (a,b, f(a,b)):
z = f(a‘ab) + (Jf - a)fx(Cl:b) + (y - b)fy(Cl,b)

Note: since we know that [f,(a,b), fy(a,b),1]7 is a normal vector for that tangeant plane,
this equation should be known from the Linear Algebra course

Parametric equation of the tangeant plane at the point (a,b, f(a,b)):

T a 1 0
yl| = b + A 0 +p 1
z f(a,b) fx(a,b) fy(a,b)

IThis is the line that contains all the points of the form (z,y, f(z,y)) with f(z,y) = f(a,b). So if we look at
the 3D plot of the function, we select all of the points of that surface that have “height” f(a,b).




e Taylor serie of first order for a function f(x,y) (with 2 variables) at the point (a,b):
f((l, b) + (‘T - a)f:z:(aa b) + (y - b)fy(aab)
e Taylor series of second order for a function f(z,y) (with 2 variables) at the point (a,b):

f(aab)+ (x_a’)fx(avb)+(y_b)fy(aab)+
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