Appendix A: Malliavin Calculus on the Wiener
Space

In this book we have, for several reasons, chosen to present the Malliavin
calculus via chaos expansions. In the Brownian motion case this approach is
basically equivalent to the construction given in the setting of the Hida white
noise probability space (£2,F,P), where 2 = S’(R) is the Schwartz space of
tempered distributions. In the Brownian case there is an alternative setting,
namely the Wiener space 2 = Cy[0,T] of continuous functions w : [0,7] — R
with w(0) = 0. We now present this approach.

Malliavin calculus was originally introduced to study the regularity of the
law of functionals of the Brownian motion, in particular, of the solution of
stochastic differential equations driven by the Brownian noise [158].

Shortly, the idea is as follows. Let f be a smooth function on R%. The
crucial idea for proving the regularity of the law of an R%valued functional
X of the Wiener process is to express the partial derivative of f at X as
a derivative of the functional f(X) with respect to a new derivation on the
Wiener space. Based on some integration by parts formula, this derivation
should exhibit the property of fulfilling the following relation:

5 [alalf

T ()] = B0 (0.

where L, (X) is a functional of the Wiener process not depending on f and

where % is the partial derivative of order |a| = a3 +... + g, a = (a1, ..., @q).

Provided L, (X) is sufficiently integrable, the law of X should be smooth.
Hereafter we outline the classical presentation of the Malliavin derivative on

the Wiener space. For further reading, we refer to, for example, [53, 169, 212].

A.1 Preliminary Basic Concepts

Let us first recall some basic concepts from classical analysis, see, for example,
[79].
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354 Appendix A: Malliavin Calculus on the Wiener Space

Definition A.1. Let U be an open subset of R"™ and let f : U — R™.

(1) We say that f has a directional derivative at the point x € U in the
direction y € R™ if

D,f) = lig TEXD IO Ly

exists. If this is the case we call the vector Dy f(x) € R™ the directional
derivative at x in the direction y. In particular, if we choose y to be the
jth unit vector e; = (0,...,1,...,0), with 1 on jth place, we get

0
D, f(x) = a—jj(oc),

the jth partial derivative of f.
(2) We say that f is differentiable at @ € U if there exists a matrix A € R™*"

such that h m
i L)) =

heR™

0. (A.2)

If this is the case we call A the derivative of [ at x and we write

A= f'(z).
Proposition A.2. The following relations between the two concepts hold true.

(1)If f is differentiable at x € U, then f has a directional derivative in all
directions y € R™ and

Dyf(x) = f'(x)y = Ay. (A.3)

(2) Conversely, if [ has a directional derivative at all x € U in all the direc-
tions y =e;, j = 1,...,n, and all the partial derivatives

D, f(x) = %(m)

are continuous functions of x, then f is differentiable at all x € U and

ra=|gi@]  —aerme (A4)

where f; is component number i of f, that is, f = (f1,..., fm)T.

We define similar operations in a more general context. First let us recall
some basic concepts from functional analysis.
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Definition A.3. Let X be a Banach space, that is, a complete, normed vector
space over R, and let ||x|| denote the norm of the element x € X. A linear
functional on X is a linear map

T: X —R.

Recall that T is called linear if T(ax +y) = aT(x) + T(y) for all a € R,
z,y € X. A linear functional T is called bounded (or continuous) if

IITIl:= sup |T'(x)] < o0
llzf| <1

Sometimes we write (T, x) or Tx instead of T'(x) and call (T,x) “the action of
T on x”.The set of all bounded linear functionals is called the dual of X and
is denoted by X*. Equipped with the norm ||| - |||, the space X* is a Banach
space.

Ezample A.4. X = R" with the Euclidean norm |z| = /2% + - 4+ 22 is a
Banach space. In this case it is easy to see that we can identify X* with R™.

Ezample A.5. Let X = Cy([0,T]) be the space of continuous real functions w
on [0,7] such that w(0) = 0. Then

[wlloo := sup w(t)|
te[0,T

is a norm on X called the uniform norm. With this norm, X is a Banach
space and its dual X* can be identified with the space M ([0, T]) of all signed
measures v on [0, 7], with norm
T
|l = sup [ f(t)dv(t) = |v|([0,T7]).
[fI<1 0

T
Ezample A.6. Let X = LP([0,T]) = {f : [0,T] — R; [|f(¢)[Pdt < oo} be
0
equipped with the norm

T
1o = [ [lr@pa) ™ @ <p<so.

0
Then X is a Banach space and its dual can be identified with L%([0,T]), where

11
S4-=1.
P g

In particular, if p = 2, then ¢ = 2, so L?([0,T]) is its own dual.



356 Appendix A: Malliavin Calculus on the Wiener Space

We now extend the definitions of derivative and differentiability we had
for R™ to arbitrary Banach spaces.

Definition A.7. Let U be an open subset of a Banach space X and let f be
a function from U into R™.

(1) We say that f has a directional derivative (or Gateaux derivative) D, f(z)
at x € U in the direction y € X if

d
Dyf(z) := —[f(z +ey)le=o € R™ (A.5)
exists.
(2) We say that f is Fréchet-differentiable at x € U, if there exists a bounded
linear map
A: X - R™,

that is, A = (Ay, ..., Apn)T, with A; € X* fori=1,...,m, such that

o 0 = f(@) — Ah)

=0. A.
i [l ’ (4.6)
We write
[
Pay=| i =4 ex)n (A7)
' (@)m

for the Fréchet derivative of [ at x.

Similar to the Euclidean case (see Proposition A.2) we have the following
result.

Proposition A.8.

(1) If f is Fréchet-differentiable at © € U C X, then [ has a directional
derwative at x in all directions y € X and

Dy f(x) = (f'(z),y) € R™, (A.8)
where
(f'(@),9) = (f' @) 1,9)5 5 (' (@) y)”

is the m-vector whose ith component is the action of the ith component
f'(@)i of f'(x) on y.

(2) Conversely, if [ has a directional derivative at all x € U in all directions
y € X and the linear map

y— Dyf(x), ye X
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is continuous for all x € U, then there exists an element V f(z) € (X*)™
such that

Dy f(z) = (Vf(z),y).
If this map © — Vf(x) € (X*)™ is continuous on U, then f is Fréchet
differentiable and
f(@)=Vf(z). (A.9)

A.2 Wiener Space, Cameron—Martin Space,
and Stochastic Derivative

We now apply these operations to the Banach space 2 = Cy([0,T]) considered
in Example A.5 above. This space is called the Wiener space, because we can
regard each path

t— W(t,w)

of the Wiener process starting at 0 as an element w of Cy([0,T']). Thus we may
identify W (t,w) with the value w(t) at time ¢ of an element w € Cy([0,T]):

W (t,w) = w(t).

The space 2 = Cy([0,T]) is naturally equipped with the Borel o-algebra
generated by the topology of the uniform norm. One can prove that this o-
algebra coincides with the o-algebra generated by the cylinder sets (see, e.g.,
[36]). This measurable space is equipped with the probability measure P,
which is given by the probability law of the Wiener process:

P{W(tl) S Fl, - ,W(tk) S Fk}
= / p(t,z,x1)p(tas — t1,x,22) - - p(ty — tg—1, Tp—1, g )dx1, - - - dzg,
F‘1><---><F‘)c

where F; CR, 0<t; <ty <--- <t <T, and
1
plt,ay) = 2rt) ™ Pexp(=gle —yl),  t€[0,T], zyeR

The measure P is called the Wiener measure on 2.
Just as for Banach spaces, we now give the following definition.

Definition A.9. Let F : 2 — R be a random variable, choose g € L*([0,T]),
and consider

~(%) :/g(s)ds € . (A.10)

Then we define the directional derivative of F' at the point w € §2 in direction
v e by
d
DyF(w) = - [F(w +e7)lje=0, (A.11)

if the derivative exists in some sense (to be made precise later).
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Note that we consider the derivative only in special directions, namely in
the directions of elements ~ of the form (A.10). The set of v € {2, which can
be written on the form (A.10) for some g € L*([0,T)), is called the Cameron—
Martin space and it is hearafter denoted by H. It turns out that it is difficult
to obtain a tractable theory involving derivatives in all directions. However,
the derivatives in the directions v € H are sufficient for our purposes.

Definition A.10. Assume that F : 2 — R has a directional derivative in all
directions v of the form ~v € H in the strong sense, that is,

D, F(w) := lim Flwtey) = Flw)

lim L (A.12)

exists in L2(P). Assume in addition that there exists 1 (t,w) € L*(P x \) such
that

T
D, F(w) = /¢(t,w)g(t)dt, forally e H. (A.13)
0

Then we say that F' is differentiable and we set
D, F(w) :=9(t,w). (A.14)

We call D.F € L*(P x \) the stochastic derivative of F. The set of all
differentiable random variables is denoted by D 5.

T T

Ezample A.11. Suppose F = [ f(s)dW(s) = [ f(s)dw(s), where f(s) €
0 0

L?([0,T7)). Then if v € H, we have

Flw+ey) =

and hence

for all € > 0. Comparing with (A.13), we see that F' € D; o and
D.F(w) = f(t), te[0,T], we Q. (A.15)

In particular, choosing
f(t) = X[O,tl](t)
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we get
T
F= /X[07t1](s)dW(s) =W(t)
0
and hence
D (W (t1)) = Xjo,+,1(1)- (A.16)
Let P denote the family of all random variables F': {2 — R of the form
F = @(91, .. .,Hn),
where o(x1,...,2,) = D agx®, with 2% = 27 ... 2% and a = (a1, ..., an),
T
is a polynomial and 6; = [ f;(¢t)dW(t) for some f; € L*([0,T]), i = 1,...,n.
0

Such random variables are called Wiener polynomials. Note that P is dense in
L?(P).

Lemma A.12. Chain rule. Let F = ¢(01,...,0,) € P. Then F € D15 and

Proof Let 1(t) denote the right-hand side of (A.17). Since

sup E[|[W(s)|N] < o0 for all N € N,
s€[0,T)

we see that

é[F(erfv) - F(w)] = é[w(ﬁl +e(f1,9), 00 +e(fn,9) —0(01,...,0,)

in L?(P). Hence F has a directional derivative in direction « in the strong
sense and by (A.15) we have

T
D.F = [ut(oyi
0
By this we end the proof. O
We now introduce the norm || - ||1 2, on Dy o:
IFI 2 = [FZ2(p) + IDeFlZ2(pury,  F €Dia. (A.18)

Unfortunately, it is not clear if D; 2 is closed under this norm. To avoid this
difficulty we work with the following family.
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Definition A.13. We define Dy 2 to be the closure of the family P with respect
to the norm || - ||1 2.

Thus Dy 2 consists of all F' € L*(P) such that there exists F,, € P with the
property that
F, —F in L?(P) as n — oo (A.19)
and
{DF,}o2, is convergent in L*(P x \).
If this is the case, it is tempting to define

DtF = lim Dan

However, for this to work we need to know that this defines Dy F  uniquely.
In other words, if there is another sequence G,, € IP such that
G, —F in L?(P) as n — oo (A.20)
and
{D\G,}0, is convergent in L2(P x \), (A.21)
does it follow that lim,,_,. D:F,, = lim,,_. . D;G,?
By considering the difference H,, = F,, — G, we see that the answer to
this question is positive, in view of the following theorem.

Theorem A.14. Closability of the derivative. The operator Dy is clos-
able, that is, if the sequence {H,}32; C P is such that

H, —0 in L*(P) asn — oo (A.22)
and
{D.H,}o2, converges in L*(P x \) as n — oo,
then
lim D,H, = 0. (A.23)

The proof is based on the following useful result.
Lemma A.15. Integration by parts formula. Suppose F,¢ € Dy 2 and
v € H with g € L*([0,T]). Then
T
E[D,F-¢] = E{F.gp./g(t)dW(t)} ~ E[F-D,g|. (A.24)
0
Proof By the Cameron-Martin theorem (see, e.g., [159]) we have
| Fo+en - plPla) = [ Fl)p - Q).
where
1
2

T T
Q(dw) = ex (t)dW (t) — =€* 2(t)dt ¢ P(dw),
p{go/g € 0/9 }
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being w(t) = W(t,w), t > 0, w € {2, a Wiener process on the Wiener space
2= Cy([0,T7]). This gives

BID,P-¢] = [ lim [Pl en) - Fw)] -otw)Plde)

—tim = [ P+ e1)p(w) - Flw)p(w)P(ds)

e—0 ¢ 0 w
T
= lim - [ P [plw—enen e / o(t)deo(t)
0

By this we end the proof. 0O
Proof of Theorem A.1j. By Lemma A.15 we get

E[D,YHnwp} :E[anp-/ngW} —E[Hn-DW] .0, oo
0

for all ¢ € P. Since {D., H,,}>, converges in L*(P) and P is dense in L?*(P),
we conclude that D,H, — 0 in L?(P) as n — oo. Since this holds for all
v € H, we obtain that DyH,, — 0 in L?(P x \). 0O

In view of Theorem A.14 and the discussion preceding it, we can now make
the following unambiguous definition.

Definition A.16. Let F' € Dy o, so that there exists {F,}52; C P such that
F, - F  in L*(P)
and {DF, }°°; is convergent in L?(P x X\). Then we define

D.F = lim DyF, in L*(P x \) (A.25)

n—oo
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and

T
D,F = /DtF-g(t)dt
0

t
for all v(t) = [g(s)ds € H, with g € L*([0,T]). We call D,F the Malliavin
0

derivative of F.

Remark A.17. Strictly speaking we now have two apparently different defini-
tions of the derivative of F:

1. The stochastic derivative D, F of F' € D; » given by Definition A.10.
2. The Malliavin derivative D;F' of F' € Dy 5 given by Definition A.16.

However, the next result shows that if F' € D; 2Ny 2, then the two derivatives
coincide.

Lemma A.18. Let F' € D15 N D19 and suppose that {F,}52, C P has the
properties

F, — F in L*(P) and {D/F,}>2, converges in L*(P x \).

(A.26)
Then
D;F = lim D:F, in L*(P x )\). (A.27)
Hence
DF =DF fOT F e DLQ N ]D)LQ. (A28)

Proof By (A.26) we get that {D.F,}>, converges in L?(P) for each v(t) =
t

J g(s)ds with g € L?([0,T]). By Lemma A.15 and (A.26) we get

0

E[(DWF,L —D,F). w} :E{(Fn - F)-cp-/gdW} - E[(Fn ~F). DW} — 0
0

for all ¢ € P. Hence D, F,, — D, F in L?(P) and (A.27) follows. 0O

In view of Lemma A.18 we now use the same symbol D, I for the derivative
and D F for the directional derivative of all the elements F' € D; > N Dy 5.

Remark A.19. Note that from the definition of Dy o follows that, if {F},}22, €
Dy o with F,, — F in L?(P) and {D;F,,}5°, converges in L*(P x )), then

Fehys, and D= lim DF,.

n—oo
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A.3 Malliavin Derivative via Chaos Expansions

Since an arbitrary F' € L?(P) can be represented by its chaos expansion

oo

F =Y I(fn),

n=0

where f,, € EQ([O,T]”) for all n, it is natural to ask if we can express the
derivative of F' (if it exists) by means of this. See Chap. 1 for the definition and
properties of the Ito iterated integrals I, (f,, ). Hereafer, we consider derivation
according to Definition A.16 and Lemma A.18.

Let us first look at a special case.

Lemma A.20. Suppose F' = I,(f,) for some f, € L*([0,T]"). Then F €
Dy 2 and
DiF = nly 1 (fu(-1)), (A.29)

where the notation L,—1(fn(-,t)) means that the (n— 1)-iterated Ito integral is
taken with respect to the n—1 first variables t1, ... ,tn—1 of fu(t1,...,th_1,t),
that is, t is fized and kept outside the integration.

Proof First consider the special case when
fn = f®n

for some f € L?([0,T1]), that is, when

Faltiyootn) = f(t) .. f(ta),  (ti,....ta) € [0,T]".

Then exploiting the definition and properties of Hermite polynomials h,, (see

(1.15)), we have

L(fa) = ||f||"hn(ﬁ), (A.30)

T
where § = [ f(t)dW (t). Moreover, by the chain rule (A.17) we have
0

Dl (fn) = ||f||”h%(ﬁ) ' %

Recall that a basic property of the Hermite polynomials is that
hl (z) = nh,_1(x). (A.31)
This gives (A.29) in this case:

DiIn(fn) = nIIfII"lhn—l(ﬁ)f(t) =1 (fEU ) () = nlpor (fal-1).
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Next, suppose f,, has the form

where ® denotes symmetrized tensor product and {¢ ;1721 1s an orthonormal
basis for
L2([0,T]). Then by an extension of (1.15) we have (see [120])

In(fn) = ha,(01) - - ha, (0k) (A.33)

T
0, = [ &;B)aw )
/

and again (A.29) follows by the chain rule (A.17). Since any f,, € L2([0,7]™)
can be approximated in L2([0,T]") by linear combinations of functions of the
form given by (A.32), the general result follows. O

with

Lemma A.21. Let Py C P denote the set of Wiener polynomials of the form

T T
w( [ea@awi..... [amav
0 0

where pi(x1, ..., xx) is an arbitrary polynomial in k variables and {&1,&,, ...}
is a given orthonormal basis for L?([0,T]). Then Py is dense in P in the norm
-1l

Proof Let q := p(jjfl(t)dW(t), e ,ffk(t)dW(t)) € P. We approximate ¢
0 0

by

m Tm
(/Z £ &) 020 & OV, [ 3 ()20, (W (1)
—0 3 5=0

Then ¢™ — ¢ in L?*(P) and

qu(m) = Z oz Z fzv )LQ( 0,77)

HM;T

in L2(P x \) asm —oo. O
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Theorem A.22. Let F = Y I,,(f,) € L*(P). Then F € Dy 2 if and only if
n=0

Z""!anﬂiz([o,ﬂn) < oo (A.34)
n=1
and if this is the case we have

DiF = nly 1 (fa(-1)). (A.35)

Proof Define F,, = Z I,(fn). Then F,, € D15 and F,,, — F in L?(P).

Moreover, if m > k we have

|D:F, — DtFkHiz(Px)\) = Z nI"—l(f"("t))||2L2(Px,\)
n=k+1
/E > (o) i
n=k+1
:/ Z Tl—l 'an(a )||%2([O’T]n—l)dt
n=k+1

= S wnll B (A.36)

n=k+1

by Lemma A.20 and the orthogonality of the iterated It6 integrals (see (1.12)).
Hence if (A.34) holds then {D.F},}>° ; is convergent in L?(P x \) and hence
F €Dy and

DtF— hm Df m—ZnIn 1 fn(7 ))

m— oo
n=0

Conversely, if F' € D then, thanks to Lemma A.21, there exist polyno-
n
mials pg(z1,..,Tn) = X0 @myyeymn, [ Pms (@) of degree k for some
my:y m;<k i=1
Amy,..cmn, € R, such that if we put Fy = pr(01,...,0,,) then F; € P and
Fy, — F in L?*(P) and

D F), — DF in L*(P x \) as k — 0.

By applying (A.33) we see that there exist f;k) € EQ([O,T]j), 1 <j <k, such

that
k

Fe =" L(f").

Jj=0
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Since Fy, — F in L?(P) we have

k
(K
SN = filiaqomyy < I1Fe = Flliagry =0 as k= oo,
7=0
Therefore, ||f;k) — fille2(o,msy — 0 as k — oo, for all j. This implies that

Hfj(k)”LQ([O’T]j) — ||fj||L2([O,T]-7) as k — o0, for all ] (A.37)

Similarly, since D;Fy, — D;F in L*(P x )\), we get by the Fatou lemma
combined with the calculation, leading to (A.36) that

.. . .. k
> i 3oy = Zklgfolo(.] 'J!Hfj( )||2L2([0,T].7‘))
iz i=0

IN

. .. k
tim > U113 0.99)

k—oo =0

= kli_m ||DtFk||%2(P><>\)

= | DeF||72(pxxy < 00,

where we have put f;k) =0 for j > k. Hence (A.34) holds and the proof is
complete. 0O



Solutions

In this chapter we present a solution to the exercises marked with (*) in the
book. The level of the exposition varies from fully detailed to just sketched.

Problems of Chap. 1

1.1 Solution
(a) Consider the following equalities:

exp{tx—%}zexp{le}eXp{—l(x—t)Q}
= exp {32 2}Zn, e P{—%(ﬂf—t)Q)}h:o
:exp{ xQ}Z{
2 " 2
=exp{= x}z n! s Xp{——x}
n=0

with the substitution v =z — 1.
(b) Set u = tv/A. Using the result in (a), we get

nogn 1,
e T

22 2

exp {tw— T} = exp {u% _ u_
- Z _hn

Z tn)\n/Q

i

367
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(c) If we choose z = 0, A = ||g||?, and t = 1 in (b), we get

T

exp { [ gaiw = 3ll*} = f}

0

||9H
(d) In particular, if we choose g(s) = x[o,4(5), s € [0, T], we get

tn/Q )

exp{W( ——t} Z

O

1.3 Solution

T
(a) =W (t) = [ x(0,4(s)dW (s), s0 fo =0, f1 = X[g 4, and fr, = 0 for n > 2.

(=)

(b)¢ = fg(s)dW(s), so fo =0, f1 =g, and f, =0 for n > 2.
0

(¢) Since
t ot ¢
//1th1 VAW (t2) Z/Wtz VAW (ta) = %WQ(t)—%t,
0 0
we get that

W2(t) :t+2//1dW(t1)dW(t2)
0

T to

—t 42 / / X0.1(E1)X 0. (E2)AW (82)AW (£2) = £ + To[fo].
0

[}

Thus fy =t,
Fa(tist2) = Xj0,0(t1)X 0,4 (f2) = X{o 1)
and f, =0 for n # 2.
(d) By Problem 1.1 (c) and (1.15), we have

T

= { [ g(s)dW<s>}

0

— exp {5 oI }Z ol (£

||9H

o0

= exp {5 lgl1>} ZjJn[gm] - Zniexp{—ngn Haly

n=0
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Hence . 1
fo = —exp(zlalDg®, n=0.12....,

where

9" (@1, wn) = g(21)g(x2) -+~ glan).

(e) We have the following equalities:

f=/0T9<s>Ws s
=/Tg(s>/51dw<>d
/ / s)dsdW (t

=Ti(f1),

where f1(t) ft s)ds, t € [0,T]. O

1.4 Solution

T
(a) Since [ W (t)dW (t) = $W?(T) — 3T, we have
0

T
F=W?T T+2/W t)dW (t
0

Hence E[F| =T and ¢(t) = 2W (t), t € [0,T].

(b) Define M (t) = exp {W(t) — £t}, t € [0,T]. Then by the It5 formula

dM(t) = M(t)dW(t)
and therefore

T
:1+/M t)dW (t
0

Moreover,

T
F = exp{W(T)} = exp {g} + exp {%} /exp {wit) - %t}dW(t)
0

Hence

E[F]:exp{%} and - g(t) = exp {W(1) + =

—1}, tel0,T].

369
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(c) Integration by parts (application of the It6 formula) gives

F =

St~

T
W(t)dt = TW(T) — /tdW / —t)dW(t
0
Hence, E[F] =0 and ¢(t) =T —t, t € [0,T].
(d) By the It6 formula
dW3(t) = 3W2(t)dW () + 3W (t)dt
Hence

T T
F=W3T)=3 | W*t)dw(t) +3 [ W(t)dt
/ /

Therefore, by (¢) we get
E[F]=0 and o(t) =3W?3(t)+3T(1—t), te][0,T].

(e) Put X(t) = e2!, Y (t) = cosW(t), N(t) = X(t)Y(t), t € [0,T]. Then we
have

dN(t) = X (t)dY (t) + Y (t)dX (t) + dX (t)dY (t)
= e[ sin W(t)dW (t) — %cos W (t)dt] + cos W (t) e2* %dt
= —e2'sin W (t)dW (¢).

Hence
T

1

3T cos W(T) = 1 — /e%tsinW(t)dW(t)
0
and also
F=cosW(T) = e 3T - ef%T/ 2t gin W (t)dW (t).

Hence E[F] = e 27 and ¢(t) = —e2=DsinW(t), t € [0,7]. O

1.5 Solution

(a) By It6 formula and Kolmogorov backward equation we have
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av () = 926, X(0)dt + 52 (6, X()aX (1) + 5 95 (¢, X ()X (1)?
0

=5 [Pr—if(O]je=x@ydt + o(X (t))FE[PT_tf( Nie=xdW (t)

2

HOOX ) G [P F©O) e+ 50 (XO) 53PS () e-xco
= 2 IPref©lie=xodt + o(X(0) S [Pr-sf(E)) e d (0

+8%[Puf(€)] le=x ) dt

= o(X (1) o

é_[PTftf(g)]\-S:X(t)dW(t)'

Hence
T
+/ PT tf |€ X(t)dW(t).
0

Since Y(T') = g(T, X(T)) = [Pof(§)je=x(r) = f(X(T)) and Y (0) =
g(0,X(0)) = Prf (X) (1.29) follows.

(b.1) If F = W?2(T), we apply (a) to the case when f(¢) = ¢ and X (t) =
x + W(t) (assuming W (0) = 0 as before). This gives

P, f(€§) = E*[f(X(x))] = BS[X?(s)] = € + 5

and hence
E[F) = Prf(z)=2*+T
and

p(t) = [ 85(5 +8)lie=arw ) = 2W(2) + 2z.
(b.2) If F = W?3(T), we choose f(&) = &% and X (t) = = + W (t) and get
Pof(8) = ES[X?(s)] = € + 3s¢.
Hence
E[F) = Prf(z) =2 + 3Tz
and
o(t) = [ 5(5 +3(T = ) je=arw(n) = 3(z + W (1) +3(T — 1)
(b.3) In this case f(£) =&, so
Pof(€) = E*[X(s)] = £

and so
E[F] = Prf(z) = ze’T



372 Solutions

and

o(0) = [ 3 (66" ie=xco
— aX (t) exp(p(T — 1))
= azexp {pT — %a% + aW (t)}.
(c) We proceed as in (a) and put
Y(t)=g( X)), te]l0,T], with  g(t,z) = Ppr_.f(x)
and
dX(t) = b(X (t))dt + (X ()dW(t);  X(0) =2z € R™,
where
b:R" 5 R", o:R" S R™™  and W(t) = (Wi(t),..., Wn(t))

is the m-dimensional Wiener process. Then by It6 formula and (1.31), we
have

dY (t) = ‘;t(tx dt+za (t, X (t))dX;(t)

1 & 529
+§i,j:1 0z;0x; (t, X(1))dX;(t)dX;(t)
- %[PT tf(©)]je=x@dt + [0 (f)VS(PT—tf(f))]|€:X(t)dW(t)

HLe(Pr—1 f(§))]je=x (1) dt,

where ,
0
Z bil Z O oe.06

is the generator of the Ito diffusion X (t), t > 0. So by the Kolmogorov
backward equation we get

dY (t) = [07(&)Ve(Pr_i f(€)]je=x (1) dW (t)

and hence, as in (a),

T
Y(T) = F(X(T)) = Prf(z) + / T (Ve (Pr_e /() e—x (0 W (1),
0

which gives, with F' = f(X(T)),
E[F]=Prf(z) and cp(t):[JT(S)Vg(PT—tf(g))]IEIX(t)7 tel0,T]. O



Solutions 373

Problems of Chap. 2

2.4 Solution
(a) Since W (t), t € [0,T], is F-adapted, we have

T T
/W(t)&W(t) = /W(t)dW(t) = %WQ(T) - %T.
0 0

T

/T(/g )YAW (s 5W =/T L[f1(-, 0)]6W (t) = L[f1], where fi(t1,t) =

0o 0
g(t1), t € [0, T]. This gives

l9(t) +9(t)], 0,77,

N =

J?l(tht) =

and hence

T ta

fi :2//f1 t1, ta)dW (t1)dW (t2)

0 0
T to T ty

//gtlthlthQ +//gt2th1th2 (S].)
0 0 0 0

T to

://g(tl)dW(tl)dW(tg)—i—/O W (t2)g(ts)dW (£2).
00

Using integration by parts (i.e., the Itd formula), we see that

T T to

/g AW (1)) W(T) ://g(tl)dW(tl)dW(tg)

0 00
. (S.2)
+/g W (te)dW (t3) —l—/g(t)dt.
0

0

Combining (S.1) and (S.2), we get

T T T T
/ /g )dW (s 5W = /g /g(t)dt.
0 0 0 0
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(¢) By Problem 1.3 (c) we have
T

/ (t0)dW (¢) /Tto+12fz £)])oW (t),
0

0
where

F2(t1,t2, 1) = X040 (1) X (0,01 (B2), ¢ € [0,T7.
Now

fo(ti,ta,t)= [f2(t1,t2,t) + fo(t, b, t1) + folte,t,t2)]

el i

[X(0,t0] (F1)X[0,70] (£2) F X[0,10] (1) X [0,10) (E2) +X[0,20] (£1) X [0,0) ()]

= g [X{t17t2<t0} + X{t,ta<to} + X{t17t<t0}}

1 1

1
= X{t,t1,ta<to} +§X{t1,t2<t0<t} +§X{t,t2<t0<t1} + §X{t ti<to<ta}
and hence, using (1.15),
T T
[wHewaw o = ww(@) + [ Bifl.olew
0 0
= tOW(T) + I3 [fg] = toW(T) + 6J3[f2]
=toW(T)
T ts tao
46 [ [ [ 00 (000001 E2) 00 ()W (02) W (22)a0 (1)
000
T ts tao

1
46 [ [ [ Xt iactac W )aW ()i (e)
00 0

= toW(T) + 3/th(W(tO))

Vio
T to to
—|—2///dW tl dW tQ dW(tg)
to O

0 3/2 -3

:1t0VV(T)+t3/2(V[jt (to) W\/(:_;)))
0

T
+2/ (%WQ(tO) - %to)dW(tg)
= toW(T) +W3(to) — 3toW (to)

+ (W3(to) — to) (W(T) — W(to))
= W3(to)W(T) — 2toW (to).
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(d) By Problem 1.3 (d) and (1.15) we get
T T )
/ exp(W(T))sW (t) = / ZHeT/QIn[l] SW(t)
0
_ Z _eT/QIn_H

= eT/2Z T”ilhnﬂ(W T)).
n= O

Elf\

(e) Using Problem 1.3 (e) we have that
T
F:/ FoW () = Ii(f1),
0
with f1(t) j; s)ds, t € [0,T]. Hence

T ~
/0 FSW (1) = L(f).

where
_ 1 T T
fi(t,t2) = 5(/ g(s)ds—i—/ g(s)ds).
t1 to
This gives
T
:/ FoWw (t)
0

_JQ(/T (s)ds) +J2(/:g(s)ds)
/ / : /t S)ds ) dW (t1)dW ()
¥ / ([ 1aw)( /T (s)ds)dW (12

:/OT (/0t2g(s)W(s)ds)dW(t2)+/oT2W(t2)(/:g(s)ds)dvv(t2). 0

Problems of Chap. 3

3.2 Solution
(8) DaW(T) = xpo.ry(t) = 1, ¢ € [0,T], by (3.8).
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(b) By (3.8) we get
T

Dt/s2dW(s) =%
0
(¢) By (3.2) we have

T t
Dy O/O/cos(t1 + t2)dW (t1)dW (t2) = Dt(%lg[cos(tl +t2)))

2 I [cos(- + t)]

DN | =

T

_ / cos(ty + B)dW (ty).

0
(d) By the chain rule, we get

2W(80)
H_TQ(SO)} X[0,50] ()
+ 6W (s0)W (to)X[0,,] (t)-

Dy (3W (so)W?(to)+log(1 + W?(s))) :[3W2(t0) -

(e) By Problem 2.4 (b) we have

T

Dt/W(to)(WV(t) = Dy (W (to)W(T) — to)
0

= W (t0) Xjo.17(8) + W(T)x[0.1) 1)
W) + WD)y g®. O

3.3 Solution
(a) By Problem 1.3 (d) and (3.2), we have

T oo
Drexp{ [ g(s)aw(s)} =D ZI o] = 3 nlaclfol )
J 2

Zn—exp{ Igl*} =1 [g(t1) - g(tn-1)g(t)]

90> ‘<n—i oxp {3117} s 2]
n=1
T

Sy -

0
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(b) The suggested chain rule and (3.8) give

T T T
Drexp{ [ a(s)aw(s)} =exp { [ g(eaw ()} 0 [ ats)aw e
0 0 0
T
—stexp{ [ o)},

0

(c¢) The points above together with Corollary 3.13 give
Dyexp{W(to} = exp{W (t0)} X[0,1,) (1) O

Problems of Chap. 4

4.1 Solution
(a) If s > t we have

Eq[W(s)|F] =

Applying It6 formula to Y (t) :== Z (t)W(t), we get
)

dY (t) = +dW (t)dZ(t)
O(t)dt + dW( ) 4+ W (t)[—0(t)Z(t)dW (t)] — 6(t) Z(t)dt
);

L — 0(6) W (£)]dW (¢

Z(t)dW (t) + W (t)dZ(t
= Z(t)
(

[
Z(t)]

and hence Y(¢) is an Fy-martingale (with respect to P). Therefore, by
(S.3),

EQ[W(s)|F:] = 27 WE[Y (s)|Fi] = 27 ()Y (1) = W (D).

(b) We apply the Girsanov theorem to the case with 0(t) = a. Then X is a
Wiener process with respect to the measure ) defined by

Q(dw) = Z(T,w)P(dw) on Fr,

where

1
Z(t) = eXP{ —aW(t) - §a2t}7 0<t<T.
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(c) In this case we have
Bt) =bY(1), alt)=aY(t), ~(t)=cY()

and hence we put

and .
Z(t)=exp{ —OW(t) — 502t}, 0<t<T.

Then .
W(t):=0t+W(t), 0<t<T,

is a Wiener process with respect to the measure @ defined by Q(dw) =
Z(T,w)P(dw) on Fr and

dY () = bY (t)dt + Y (1)[dW (t) — 0dt] = aY (t)dt + cY (£)dW (¢). O
4.2 Solution
(a) F' = W(T) implies DiF" = xo r1(t) = 1, for t € [0, T, and hence

T T
F] + O/E D,F|F)dW (t) = 0/1dW(t) —W(T)=F.

T T T T
b) F = [ W(s)ds implies D,F = [ D;W (s)ds = [ xjo (t)ds = [ds =T —t,
0 0 0 t

which gives

T
+/EDtF|J-"f aw(t) = [ (T tdw)
0

W(s)dW (s) = F,

Oty T

using integration by parts.
(c) F = W?(T) implies D,F = 2W (T) D,W (T) = 2W (T). Hence

T
+ / E[D,FIFJdW () =T + / E[2W (T)|F)dW (¢)
0

T2 / W (t)dW (1)

0
=T+WXT)-T=W?*T)=F.
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(d) F = W3(T) implies D;F = 3W?(T). Hence, by 1t6 formula,

T T
E[F) +/EDtF|]-'t JdW (¢ /E3W2 )| FeldW (t)
0 0

= 3/TE[(W(T) —W(1)? +2W (H)W(T) — W2(1)|F]dW ()
7 f o

=3 — ) dW (t) +6 [ W2(t) W2(t)dWw (t)
Y p

_ 2

—3 / w2( 3 / Wit

(e) F = exp{W

—~

T)} implies D, F = exp{W(T')}. Hence

RHS = E[F] + /E[DtF|}'t]dW(t)

;qo

=el/2 4 / Elexp{W (T)}| F]dW (t)

[}

T
=eT/2 4 /E[exp {w(T) - %T} T2\ Fdw (t)

(=)

T
=el/2 4 exp{%T}/exp {wit) - %t}dW(t). (S.5)
0

Here we have used that

M(t) := exp {W(t) - %t}

is a martingale. In fact, by It6 formula we have dM(t) = M (t)dW (t).
Combined with (S.5) this gives

RHS = exp {%T} + exp {%T}(M(T) — M(0)) = expW(T) = F.

(f) F = (W(T)+T)exp{ — W(T) — 3T} implies D;F = exp{ — W(T) —
iT}[1 — W(T) — T]. Note that

Y(t) = (W(t) + )N(@),  with N(t):exp{—W(t)—%t}
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is a martingale, since

dY (t) =(W(t) + )N (£)(—dW (£)) + N ()(dW (t) + dt) — N (t)dt
—N(#)[L =t — W(t)]dW (t).

Therefore,

+ / EIDFIF]dW(t) =

(W(T) + T)exp { - W(T) %T} _F D
4.3 Solution

T N
(a) p(t) = Eq[DyF — F [ Dy0(s)dW (s)|F]. If 6(s), t € [0,T], is deterministic,
t
then D;6 = 0 and hence

o(t) = EqQ[DiF|Fi] = EQ[2W (T)|F]
T

= Eo[2W(T) — 2/9(s)ds|ft]
0

T
—2!0(s)ds

T
=2W(t) — 2/0(5)(15

(b) By application of the generalized Clark—Ocone formula, we have

p(t) = Eq[D:F|Fi]

—EQ exp /)\ YW (s )} ()|ff:|

EQ exp /T)\ //\ (5)8 (s)ds}m}
0
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A(s

O\H

T
= A(t) exp { /(%)\2(5) — A(s)d ds EQ exp
0

0 0

— A(t) exp //\ //\ }
0

(S.6)
(¢) By application of the generalized Clark—Ocone formula, we have
P(t) = Eq[DyF — F/Dte(s)dW(sﬂ}'t]
T (S.7)

— BoMOFIF] ~ Eol [ diW(5)7)

AW (t) + W (t)dt = dW (t).

We solve this equation for W (t) by multiplying by the “integrating factor”
et and get .
d(e'W(t)) = e'dW (t).

Hence
u

W) = e / e*dTi () (S.8)
0

AW (1) = —e™ / AT (s)du + dTV (u). (S.9)
0
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Using (S.9) we may rewrite F' as follows:

F= exp{ A(s )dW(s)}

u

[ / iV (s))du )

St —

T
/
T
= exp{/)\(s)dW(s) .
OT T T
0//\ 0/0//\ “udu)e*dW( )}

where

E(s)=A(s)—¢€® / AMu)e “du (5.10)

K(t):exp{/f(s)dW(s)—%/EQ(S)CZS}, 0<t<T. (S11)
0 0

Hence
A= Eg[A ()F|-7:t] (S.12)
t) exp /§ ds T)|F]
— (D) exp{%/fQ (s)ds} K (L). (S.13)

0

Moreover, if we put

T
H = exp{%/ﬁ(s)ds}, (S.14)
0

we get
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&(s) W (1)
£2(s) o)

K )E[exp{/g(s)dvv(s)—%/52(s)ds}(W(T)—W(t))] (S.15)

This last expectation can be evaluated by using the It6 formula. Put

(t) = exp { / E(s)dW (s) — % / £2(s)ds }

and
Y (t) = X (&) (W(t) — W(to))
Then
dY (t) = X(t)dW (t) + (W (t) — W (t0))dX (t) + dX (¢t)dW (¢)
= X(t)[1+ (W(t) = W(to))&(t)]dW (t) + £(t) X (t)dt
and hence

T

_ / £(s)B[X (5)|ds (S.16)
th

= /f(s)ds. (5.17)

Combining (S.7) and (S.10)—(S.16), we conclude that

B(1) = \OHK () — HK(1) / £(s)ds

= e {3 /T € (s)ds} exp / £(s)dVV (5)
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4.4 Solution
(a) Since u = £=£ is constant we get using (4.27)
01(t) = e”'o ™ ST (t) Eqle T DW (T)|F) = e?" Do 1971 (1).

(b)Here 1 = 0, o(s) = ¢S~(s) and hence

Hence

T
/Dtu(s)dVNV(s) = p[W(t) - W(T))].

Therefore,

T
B = Eq|F / Dyu(s)dW (s)|F2] = pEqle™"" W (T)(W (t) - W (T)| 7.

(S.18)
To proceed further, we need to express W in terms of W: since
t t
W) = W) + /u(s)ds — W) — pS(0)t — p/W(s)ds,
0 0
we have .
dW (t) = dW (t) — pW (t)dt — pS(0)dt
or o
e P AW (t) — e P pW (t)dt = e P (dW () + pS(0)dt)
or .
d(e P'W(t)) = e "L dW (t) + pe "' S(0)dLt.
Hence
t
W(t) = SO)fe” — 1] + et / =P T (5). (S.19)

0
Substituting this in (S.18) we get

T
B = pEo| / e~ P (s) (W () — W/(T)|F)

0
t

= pEol / e=PsdW(s) (W (t) — W(T))| 7
0
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T

+pEql / P (s) (W(t) - W/(T)|F)

Hence

01(t) = e”'c™ (Eg[Di(e™""W(T))| 7] - B)
—_ eptc—l(e pT —pT +€—pt) _ C_l,

as expected.
(c) Here o = ¢ S~1(t) and hence

u(s) = L—Lg(s) = L2 [e“SS(O) +c/e“(s’r)dW(r) .
0

So
Dyu(s) = (n — p)e""Dxg 4 (b).
Hence

01(t) = eP'c  Eg[(Di(e T W(T)) — e PTW(T) / Dyu(s)dW (s)| Fi]

T
= P11 — (u — p)Eg[W /e“ STOAW (s)| 7). (S.20)
t

Again we try to express W in terms of W: since

AW (t) = dW (t) + u(t)dt
= dW(t) + %[e“fsm) +c / =T AW (1)) dt
0

we have

e AW (t) = e PHAW (t) + [N—ZPS(O) +(u—p) / e M AW (r)]dt. (S.21)
0
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If we put

e M dW (r),

X(t) :/t
0

(S.21) can be written as
dX (t) = dX (t)

or

X(t) = / AT (1),
0

+ ?S(O)dt + (- p)X(t)dt

APt X () = e=PtaX (1) — E—Lg(0)e—Pat

or
t

X(t) = el / P dTT (s) —

0
t

_ e(p—/t)t/e—psdﬁ?(s) _

0

From this we get

e MW (t) = eP~MePLAW () +

or
t

AW () = dW () + (p— p)eP'( / e~ P T (s))dt +

0
In particular,

T s

c

t

K= pS(O)e(”_")t/e(“_p)Sds

c

0

S(O) [1 _ e(p—/t)t].

t

(9= el ([ iV (5

0

(p — p)elr=tdt

@(ﬂ — p)eltdt.

W(T)=W(T)+ (p— u)/eps(/e—f”"div’(r))ds + %(,{) — )(e’T —1).

0 0

Substituted in (S.20) this gives

0,(t) =P~ 11 —

T s

(1~ p)EQ[W

(S.22)

T
/d$twwwnﬂ]

+(u—p)2EQ[/6pS(/e T AW (r))ds /Te”s VAW (s)| 7]}

0 0
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T
e =T) =1y (- p)/emsft)ds
t

T T

(i p)? / ¢ B / P AW (r)) ( / 04V (1)) | FJds)

I

387

T
_ ep(t—T)C—l{l_ B p(e,u(T—t) o 1)+(M o p)Q/epr(/e—pr e,u(r—t)d,r)ds}
t

t

= P11 - BP0 1)1 g
P

Problems of Chap. 5

5.5 Solution

(a) We have the following equations:

T T
/W(T)(SW(t) - /W(T)oﬁv(t)dt
0 0

by (5.65).
(b) We have the following equations:

O/T(O/ngw) o W(t)dt = (

by (5.62).
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(¢) We have the following equations:

T

T
/W2 (to)SW (t) = /(W<>2 (to) + to)SW (2)
0 0
= W*(to) o W(T) + toW(T)
= W*(to) o (W(T) — W (to))
+W2(to) o W (to) + toW(T)
=W (to) (W(T) — W (to)) + W(to) + toW(T)
= (W?(to) — to) (W(T) = W(to)) + W?(to)
—3tW (to) + toW(T)
= W2(to)W(T) — 2toW (to),

where we have used (5.40) and (5.65).
(d) We have the following equations:

T

T
/ exp(W (T))W (1) = exp(W (T)) o /
0 0
w

= exp(W(T) o W(T)
= exp® (W(T) 4+ 37) o W(T)
:eXP inl o(n+1)

e S L

Problems of Chap. 6

6.4 Solution .
Since W(s) = Y 2, ei(s)H.c, the expansion (6.8) for D,W (s) is

DiW(s) = Y ei(s)er(t) Hewo e X (i)
k=

which is not convergent. Hence, for all s € R, we have W (s) ¢ Dom(Dy).
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Problems of Chap. 7

7.2 Solution
By Proposition 7.2 we have

y 1
g(e) = / o) =

Substituting e¥ = z in the integral, we obtain

expo{ - W}dy

g(Z)=g<eY)=/0mg(z>ﬁexpo{_M}d_a

Hence the Donsker delta function of Z is

z

11 (log z — log Z)*?
5 = — < J—
z(2 V2 2 P { 2v }X(O’Oo)(z)’

as claimed. 0O

Problems of Chap. 8

8.2 Solution
a) [ W(T)d-W(t) = W(T) J; dW () = W2(T)

( ) Conmder the following equations:

T
/0 W () [W(T) - W(t)]d W (1)

T T
:/ W(t)W(T)d‘W(t)—/ W2(t)d~ W (t)

—W(T /W (AW (1) — /W t)d]
:W(T)[—WQ(T)—%T] = —W3(T)—/O W (t)dt]
1

:EW3( ——TW /W

(¢c) Consider the following equations:
[ ([ stsaws)aw
T T
- /0 g(s)dW (5) /0 W)

T
:W(T)/O g(s)dW(s). DO
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Problems of Chap. 9

9.1 Solution
(a) By Theorem 9.4 we have

dY (t) =2Y (t) [a(t)dt + B(t)dW ()] + B>(t)dt

+ /]R [(X(t) +7(t,2))? — X2(t) — 2X (t)(t, z)}u|(dz)dt
+ /R [(X(t7) +(t,2))* — X2(t7) ] N(dt, dz)

=(2a(t)Y (t) + B*(t) + / V2 (t, z)v(dz))dt + 2B(t)Y (t)dW (t)

Ro
+ / [2X (t7)v(t, 2) +~2(t, 2)| N (dt, d2).
Ro
(b) By Theorem 9.4 we have
dY (t) =Y (t)[a(t)dt + B()dW (t)] + %Y(t)ﬁQ (t)dt
+ [ [exp{X(0)+9(t )} = exp{X (0}~ exp{X (D¢, 2)] i)

+ / [exp{X(tf) +(t2)}— exp{X(t*)} J\~/(dt, dz)
Ro

()| (at)+ 5520+ [

[exp{’y(t, 2)}—1—~(t, z)}u(dz))dt]
Ro

+ B(t)dW (t) +/ [exp{’y(t, z) — I]N(dt, dz).

Ro
(¢) By Theorem 9.4 we have
dY (t) = — sin X (t) [a(t)dt + B(t)dW (t)] — %cos X (t) 32 (t)dt
+ /RO [cos (X () +7(t, 2)) — cos X (t) +sin X (t) y(t, z)|v(dz)dt
+ /]R [cos (X (t7) +(t,2)) — cos X (t7)] N(dt, dz)
—[ - a(t) sin X(t) - %g%) cos X (1)]

+ cos X(t)/]R [cosy(t,z) — 1]v(dz)

+ sin X (%) /]R [(t, 2) — sinvy(t, z)|v(dz)dt — B(t)sin X (t)dW (t)

—|—/ [cosX(t*)(cos'y(t,z)—l)—sinX(t*)sin'y(t,z)}ﬁ(dt, dz). 0O
Ro
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9.2 Solution
Applying Problem 9.1 (b) to the case

aft) = — /R "7 _ 1 h(t)2]u(dz),

we obtain

dY(t):Y(t){(— /R "2 —1—h(t)2]w(dz) + /R [eh<t>z—1—h(t)z}u(dz))dt

0 0
—|—/ [eh(t)z - 1big]ﬁ(dt,dz)}
Ro
=Y (t) / [e"D2 —1big]N(dt,dz). O
Ro

9.6 Solution
(a) Since d(tn(t)) = tdn(t) + n(t)dt, we have

T
Fe /O 0 ()t
T

—Ti(T) - / tdn(t)

T _ T _
:T/ / ZN(dt, dz) —/ t/ ZN(dt,dz)
0 ]Ro 0 RO

:/OT /RO(T—t)z]V(dt,dz).

Hence F is replicable, with replicating portfolio ¢(t) =T — ¢, ¢t € [0,T].
(c) Define

t
v =ep{n0 - [ [ (-1-2plaas).
0 JRo
Then, by Problem 9.2 we have

Ay () = Y (1) /R (" — 1) N(dt, dz).

Hence

T ~
Y(T) =1+/0 i Y (t7)(e* — 1) N(dt, dz).
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Therefore,
") =y (T\M

M+ /T MY () (e — 1) N(dt, d=),
0 Ro

where

M = exp {T/]R (e —1— z)y(dz)}

0

Hence F' = exp{n(T')} is not replicable unless v(dz) = \J,,(dz) is a point
mass at some point zg # 0. In this case, the process 7(t), t € [0,T],
corresponds to the compensated Poisson process with jump size zp and
intensity A > 0. O

Problems of Chap. 10

10.1 Solution
(a) By the Itd formula we have

/ / 0 — 7 (8) — 3n2() ] v(d=)dt
¥ / / [0t0) 42— @) N, d2)
_ /O ! /R 310 + e
+ /0 ! /R [z a2+ S N(dt, dz)
:/T /R z3u(dz)dt+/T /R S(t)=2v(d=)dt
//R N(dz,dt) + //Roz)m )22 N (dt, dz)
+ /O /R PN )
:/T /RO z3y(dz)dt+/T /Rog /t /RO AN (ds, d=n) ) v (d=)de
//R N(dt,dz)+ //R //RO?,le (dt, dzl)) 2N (dt, dz)
+ /0 /R 0 302 (t)zN (dt, dz).
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Now we also have

/ /RO 3n%(t)zN(dt, dz) = / /RO RO( v(d() 2N (dt, dz)
+/0 /}R 3 /0 /R ZlN(dt7d21))zﬁ(dt,dz)
v R0 : 0
+/0T,/Ro 6(/;/}{0/;2 /RD 2122 N (dtr, dea) N (dba, dz) ) =N (dt, d2)

=1 (3t121 / <2u(dC)) + Ja (32?22) =+ J3(6212223).
JRrg

Summing up we get
773(T) =Tms+ 11 (3Tm221 + Zio’) + J2 (32125 + 32%22) + J3 (6212223)

3
=Tms+ I (3Tm2z1 + zio’) + IQ(§(z1z§ + zfzg)) + I3 (z1z223),

where m; = fRo Cu(de), i =2,3,....
(b) By Example 10.4 we have that

Fy = eXp{/OT /RO zﬁ(dt,dz)—/: /RO (ez—l—z)u(dz)dt}

has chaos expansion Fy =Y. I,,(fn) given by (10.7):

1 n
o= ) b2,

It follows that F' has the expansion

F= i[n(Kfn) where K :=exp {T/]R (e —1-— z)u(dz)}
n=0

0

(¢) We have the following equalities:

F= / " glepdn(e) = / ' / 9(s)zN(ds,dz) = 1 (1),

where f1(s,z) = g(s)z, s € [0,T], z € Ro.
(d) We have the following equalities:

P " g(en(s) = / " 4(s) / s / =N (ds, )
/ /R / $)ds) 2N (dt, dz) = (1)

w1thf1(tz—zj; s)ds, t €1[0,T], z € Rg. O
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Problems of Chap. 11

11.2 Solution

(a) Since
T T
| swans = [ [ 0(s):N(d,d2) = h(g(t)2),
we get

/OT(/OT (s)dn(s) / /Roh (t1)z1) f(t2) 22N (dta, dzs)

=Iz(1(g<t1>f<t2) T g(t2) (1)) 2172)

// mto/ )f(t2)+9(752)f(751))Z1Z2N(dt1,d21))f\~7(dt2,d22)
Ro 0

- / / [ (t2) / ” glt)dn(ts) + g(ta) [ F(t)dn(t)) 22N (dts, dza)
0 Ro 0 0

_ /OT( /0t29(t1)dn(t1)) F(t2)dn(t:) +/0T ( /otQ sl 9(t2)d"g22)$)

(b) Using the computation in (S.23), but with f and g interchanged, we get

T T 1
| ([ 10a@)ans) = 15 (r0a(e) + aa)g(0)) 2122).

which is the same as we obtained in (a).
(c) This is a direct consequence of (a) and (b). O
Problems of Chap. 12

12.1 Solution

(a) By Problem 10.1 we have the expansion

| wo

773(T) Tms+ I, (3Tm221 + zl) + Ig( (2122 + 2122)) + I3 (212223),

where m; = fRo C'w(d¢), i=1,2,.... This gives

Dy .n*(T) =3Tmaz + 2° + 311 (212° + 212) + 312(21222)
=3Tmoz + 2% + 32°n(T) + 3211 (2}) + 321x(2122).
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If we use that
UQ(T) =Tmsg + Il(ZQ) + 12(212’2)

(see Example 12.9), we can see that the above expression can be written
Dyi.n(T) = 30*(T)z + 3n(T)2% + 2°.

(b) By Problem 10.1 we have the expansion

(™) — an(gn%
n=0

where
gn=Kfu with fo= (1), n=12,.
and K =exp {T/]R (e —1— z)y(dz)}
0
This gives

DLZ@”(T) = Z nl,—1(gn(-,t.2))
n=1

:an—nil(g(ez _ 1)®n71)(ez _ 1)

=S b (G @ - DS - )
="M (e* —1). O

12.2 Solution
The direct application of Theorem 12.8 yields

(a) Dy’ (T) = ((T) + 2)° — *(T) = 3P°(T)z + 3(T)2* + 2°.
(b) Dy ™) = en(M+z _ en(T) — en(T) (e — 1),

Compare with the solution of Problem 12.1. O

Problems of Chap. 13

13.1 Solution
Recall that

o0 ¢
n(t) = mo Z (/ ei(s)ds) K. iy, teR,
i=1 70

and
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oo

7.7(t) = My Z ei(t)KE(i,l), teR,

i=1

where £(69) = ¢(#(i.9))  Hence

- . 0o t+h

By (13.11) we have
i1
k(i 1) =1+ %
Therefore, if we put

1

t+h
=3 [ [ - elb)]ds
we have

— . 2 i1
Hn(t—i_h}z 77(t) _ H 22|a |2€(z 1)| 2N) ge®

22|al 2(2k(i,1))7¢
22|a1 22+i(i—1))7

by (13.25). Since
sup [ex(t)| = O(k™'/?)
teR

(see [105]), we see that
sup {|a;(h)| h € [0,1],i=1,2,...} < cc.

Moreover, since
ai(h) — 0, h—0 (i=1,2,..),

we can conclude that

‘ w _;7@)‘

2
—0, h—0,
—q

for all ¢ > 1, by bounded convergence. This implies that

Do) =) (@) o
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Problems of Chap. 15

15.1 Solution

(a) By Lemma 15.5 we have

/ / zN 0s,dz)
Ro
:// T)z+ Dy+ (T 55 dz) // ds dz)
]Ro RD
// szsdz //zz/dzds—// dsdz
Ro Ro Ro
// N(ds,dz), te][0,T].
Ro

Dyt .n(t) = D+ Z / / N (ds, dz =0,
Ro

by applications of the chain rule we get that Dt+’zX( ) =n(t)z.
(¢) By (15.8), we have that

0(t,z) := St .y(t, z) = 2S¢ .n(T) = z(n(T) — 2).

(d) First note that by the above we have

(b) Since

A(t, 2) =Dy . (2X(17)2(n(T) - - 2%
=2X(£7)2% + 2(n(T) - 2)2 < >z+2n< -2

+22(n*(T) = (n(T) — 2)?)
=2X (t7)2% 4+ 2n(t 7 )n(T) 2% + 2n(T) 2> — 2*.

Therefore, the It6 formula for Skorohod integrals gives
SX2(t) :/ [(X(t’) +0(t,2))2 — X2(t7) + A(t, 2) | N(t, dz)
R
[(X(0) + 0t 2))? = X2(t) = 2X(8)6(2, 2) — A(t, 2)

— FX() Dy 0t 2) | w(d2)dt

2X(7)2(0(T) = 2) + 22(n(T) - 2)° + A(t, 2)| N (8¢, dz)

2(0)(T) — 2)? + A(t, 2) — 2X(t)22} v(dz)dt. O
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Problems of Chap. 16

16.1 Solution

(a) By the chain rule and (16.5) we have

1 1 1

and
D;  F(T) = ! L
e = DT XD
1 1
T X DA+ 700 2) XA (T)

_ —m(t)0(t, z)
XA(T)A+7(t)0(t, 2))

(b) The equation for the optimal deterministic portfolio 7 is obtained by
choosing & = Fy for all t € [0,T] in (16.12). This gives

p(s) — p(s) — 20°(s)m(s) — / m(5)0° (s, 2) (2 + m(s)0(s, 2))

Ro (1+7(s)0(s, 2))? v(dz)=0. O
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Notation and Symbols

Numbers

Measures
P

PW

pN

A=dt

v

p

Operations
feg

f®g
Wen+1)

(w, d)
XoY

The natural numbers
The integer numbers
The rational numbers
The real numbers

p. 162

The complex numbers
The set of all sequences of complex numbers
p.- 7

p. 66

p- 68

p. 74

p- 75

p. 217

pp- 7, 64, 215, 238
pp. 197, 238

pp- 197, 238
Lebesgue measure
p. 162

p. 217

p- 11
p- 11
p- 13
p. 64
pp. 70, 221
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412 Notation and Symbols

Spaces and Norms

(2,F,P)

pp. 7, 64, 161, 197, 215, 238

p- 8

p. 178

pp. 27, 355
8

8

178

8

178

177

177

9

168

22

188

. 210

pp- 20, 183
pp. 28, 187, 360
. 89

63

63

64

69

. 69

pp. 69, 219
p- 69

p- 69

pp- 69, 219
pp. 77, 229
pp- 78, 229
pp- 78, 229
140

190

207

240

268

268

341

341

343

343

358

359
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Notation and Symbols

Filtrations and o-Algebras
F
Fi
Fa
A
Fr
G
Gt
E
&
H
He

Functions, Random Variables, and Transforms
f
hy
€L

Processes and Fields
W =W(t)=W(t,w)
w(o,w) = we(w)

W (t)

n(t) =n(t,w)

N = N(dt,dz)
= N(dt,dz)

5()

k=l
e}
g
J

pp. 8, 20, 177

TETVVRT VYT

SRSl

)

w
(@)

197

197
144
144
200
200
302
305

10
66
15
66
74
76

—_
D
w

413

pp. 114, 122, 244
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162
197
217
217
217
217
218
250

64

70

161
162
163

220
220



414 Notation and Symbols

Integrals and Differentials

In(f) pp- 8, 178

I,(9) pp. 10, 178

5(u) pp- 20, 183

N(8t,dz) p. 183

on(t) pp. 20, 184

A=W (s) p. 134

N(d—t,dz) p. 267

Derivatives

0%, p. 64

DyF pp. 28, 88, 89, 360

D, F pp- 87, 357

D,F p. 358

D.F p. 358

D, . F pp. 188, 230

Dy+p(t) p. 140

D+ 0(t, 2) p- 268

D.F p- 240

Dl . p. 343

D,f pp. 354, 356

Admissible Controls

A p. 170

Ap pp. 131, 301,

Ag pp. 145, 132

Ag.o p- 150

Ag pp. 200, 278, 291, 296

Aw pp. 305, 311, 322

Notations

MT Transpose of a matrix M

P~Q Measure P is equivalent to measure ()
E[F] (generalized) Expectation w.r.t. measure P
Eq[F) Expectation w.r.t. measure @
E[F|F) (generalized) Conditional expectation
cadlag Right continuous with left limits
caglad Left continuous with right limits

a.a., a.e., a.s. Almost all, almost everywhere, almost surely
s.t. Such that

w.r.t. With respect to

SDE Stochastic differential equation

BSDE Backward stochastic differential equation
= Equal to by definition



Index

(S)*-integral, 80
T-claim, 171
A-hedging, 55
‘H-transform, 73
S—transform, 76

admissible consumption rates, 301
admissible consumption-portfolio pair,
308
admissible portfolios
inside information, 145, 150, 311, 322
partial information, 200, 278, 291,
296
admissible relative consumption rate,
305
Asian option, 265

backward stochastic differential
equation, 50

bankruptcy time, 308

Barndorff-Nielsen and Shephard model,
208

Bayes formula

generalized, 109

Bayes rule, 46

Black—Scholes equation, 56

Black—Scholes formula, 51

BNS model, 208

Bochner-Minlos—Sazonov theorem, 64,
215

cadlag paths, 161
Cameron—Martin space, 358
Cameron—Martin theorem, 360

chain rule, 29, 30, 77, 94, 102, 191, 240
chaos expansion, 11, 67, 68, 178, 218
characteristic exponent, 162
claim, 171

Markovian type, 113

replicable, 171, 257
Clark—Ocone formula, 43, 198

under change of measure, 46, 200
Clark—Ocone formula in G*, 108, 236
Clark-Ocone formula in L?(P), 105,

235, 239

under change of measure, 109, 200
combination of noises, 197, 237
complete market, 173
consumption rate, 301, 302
consumption-portfolio pair, 308
cumulant generating function, 208

default time, 302, 308
delayed noise effect, 294
delta, 54, 211, 258, 264
difference operator, 189
digital option, 108, 129, 206, 233, 264
Dirac delta function, 250
directional derivative, 239, 354
integration by parts, 360
strong sense, 358
discounting exponent process, 308
dividend rate, 302
Donsker delta function, 114, 122, 244
dual problem, 288
duality formula, 34, 44, 96, 192

enlargement of filtrations, 289, 317, 327
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European call option, 49, 192
exercise price, 49

feedback form, 301
filtration, 7, 163
full information, 276
inside information, 289, 302, 310
partial information, 276, 289, 302
first variation process, 57
Fock space, 193
forward integrable, 134
in the strong sense, 140
forward integral, 134, 267
forward process, 137, 270
Fourier inversion formula, 246
Fourier transform, 191
Fréchet derivative, 356
Fubini formula for Skorohod integrals,
186
fundamental theorem of calculus, 37,
194

gamma, 54, 211
Gateaux derivative, 356
generalized expectation, 69, 219

conditional, 97, 234
geometric Lévy process, 166
Girsanov theorem, 60, 199
greeks, 54, 209, 258

density method, 55

Malliavin weight, 57, 211
Gronwall inequality, 340

Hermite function, 66

Hermite polynomials, 10
generating formula, 80

Hermite transform, 73

Hida distribution space, 69

Hida test function space, 69

Hida—Malliavin derivative, 88

incomplete market, 173
independent increments, 161
indicator function, 15
inductive topology, 69
information

delayed, 276

full, 276, 300

inside, 275, 310

partial, 275, 302
partial observation, 276
informed trader, 132
insider, 132
integration by parts, 36, 92, 193
invariant distribution, 209
1t6 formula
for forward integrals, 138, 139, 270
for Lévy processes, 165, 166
for Skorohod integrals, 142, 272
1t6 representation theorem, 17, 169
[t6-Lévy process, 165
iterated integral, 178
iterated Ito integral, 8, 10, 198

knock-out option, 127

Lévy measure, 162
Lévy process, 161
in law, 162
jump, 162
jump measure, 162
compensated, 163
pure jump type, 164, 216
subordinator, 208
Lévy stochastic differential equation,
337
strong solution, 338
Lévy—Hermite transform, 228
Lévy—Hida stochastic distribution
space, 219
Lévy—Hida stochastic test function
space, 219
Lévy-1t6 decomposition theorem, 164
Lévy—Khintchine formula, 162
Legendre transform, 288
local time, 250
chaos expansion, 254

Malliavin derivative, 28, 88, 188, 198,
362
closability, 28, 93, 189
in probability, 240
Malliavin matrix, 347
Malliavin weight, 57, 211
market model, 48, 55, 111, 171, 256,
277, 289, 291, 296, 310
Bachelier-Lévy type, 175
maturity, 49



Meyer-Watanabe test function space,
343
minimal variance hedging, 201
partial information, 201

non-anticipating derivative, 44, 255
Novikov condition, 60, 199

occupation density formula, 251
Ornstein—Uhlenbeck process, 62
Lévy—, 174, 208
leverage effect, 208
mean reversion rate, 208

path dependent option, 127
Picard approximations, 339
Poisson process, 300
Poisson random measure, 162
compensated, 163
portfolio, 49
minimal variance hedging, 201
replicating (also hedging), 49, 112,
172
self-financing, 49
value process, 49
portfolios
buy-hold-sell, 279
predictable process, 165
product rule, 30, 190
projective topology, 69

quadratic covariation process, 167

random field, 183

reduced Malliavin covariance matrix,
351

relative consumption rate, 304

rho, 54

risk less asset, 48

risky asset, 48, 171

Schwartz space, 63

self-financing, 49

Skorohod integrable, 20

Skorohod integral, 20, 183, 184, 194
closability, 36, 193
generalized, 82

Skorohod integrals
isometry, 96

Skorohod process, 142
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space of generalized random variables,
229
space of smooth random variables, 229
stationary increments, 161
stochastic derivative, 358, 362
closability, 360
integration by parts, 360
stochastic differential equation, 341
stochastic gradient
see Malliavin derivative, 87
stochastically continuous, 161
symmetric function, 8, 177
symmetrization, 8, 20, 177

tempered distributions, 64, 215

tensor product, 11
symmetrized, 11, 218

terminal wealth, 287

theta, 54

topology of (S)*, 76

utility function
exponential utility, 283, 313
general, 144, 278, 311
logarithmic utility, 149, 283, 285, 291,
313, 322
power utility, 284, 286, 313

value process, 49
vega, H4

white noise
of the compensated Poisson random
measure, 220
of the Lévy process, 220
probability measure, 64
probability space, 64, 215
singular, 70
smoothed, 64
Wick chain rule, 77, 94, 232
Wick exponential, 72, 222
Wick power, 72, 222
Wick product, 70, 79, 221
Wick version, 76, 231
Wick/Doléans-Dade exponential, 168,
223
Wiener measure, 357
Wiener space, 357
Wiener—Poisson space, 197





