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U’ Option pricing in the HHW model

European call option gives the holder the right to buy a given asset
at a prescribed maturity date T for a prescribed strike price K.

Let S, denote the price of the asset at time 7 > 0.
The payoff of the call option is ¢(S7) = max(0, St — K).
For the evolution of S, we consider the Heston—Hull-White model:

dS, = R, S, dr+V.S. dw],
vV, = k(n—V,)dr+o1V/V, dW?,
dR, = a(b(r)— R,)dr + oo dW?3
with real parameters &, 1, o1, a, o2 and deterministic function b.

W}, W2, W3 are Brownian motions having correlation factors
P12, p13, p23 € [—1,1].
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Let u(s, v, r,t) denote the fair value of the European call option if
S,=s,V,=v,R.=rwherer=T—-¢ 0<t<T.

Financial option valuation theory yields that u satisfies a parabolic
three-dimensional PDE,
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fors>0,v>0,-co<r<oo, 0<t<T. Thisis the HHW PDE.

Note: degenerate boundary v = 0.
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For feasibility of the numerical solution, the spatial domain is
restricted to bounded set [0, Smax] X [0, Vimax] X [— Rmax, Rmax]
with Smax, Vimax, Rmax taken sufficiently large.

The payoff gives the initial condition
u(s,v,r,0) = ¢(s).

Boundary conditions:

u(s,v,r,t) =0 whenever s=0,
ou
%(S, v,r,t) =1 whenever S = Spax,
u(s,v,r,t)=5s whenever V= Vqax,
ou
—(s,v,r,t) =0 whenever r = +Rmnax.

Note: no assumptions are made about the Feller condition.
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U’ Semi-discretization HHW problem

The HHW PDE is semi-discretized on a Cartesian grid by replacing
all spatial derivatives with suitable finite differences (FD).

Let f: R — R be any given function and x; = i - Ax (i € Z), Ax > 0.
Three FD formulas for the first derivative:
f(x) ~ [sfia—2fi1+31]/AxX
f(x) ~ [=5fii1i+3fi]/Dx,
f(x) ~ [=3fi+2fi1—3fia] /AX.
These formulas are applied for du/9s, du/dv, du/or.
For the second derivative:

'(x) ~ [fiy —2fi+ fiq] /(AX)2.

This FD formula is used for 9%u/ds?, 92u/ov?, 9%u/or?.
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Next suppose f: R? — R and y; =j- Ay (j € Z), Ay > 0.
For the mixed derivative:

02f

M(XM’/‘) ~

(3 fictjor — 3 fictjot — 3 fivrjo1 + 5 fier ] /(DxAYy).
This FD formula is used for 9?u/dsdv, 9%u/dsdr,d?u/ovor.

All FD formulas above have a second-order truncation error.




Next suppose f: R? — R and y; =j- Ay (j € Z), Ay > 0.
For the mixed derivative:

0°f (Xi, ) ~
oxdy By
[ fitjot — 2 fitjmr — 3 fierjot + 3 fivtjit] /(AxAY).
This FD formula is used for 9?u/dsdv, 9%u/dsdr,d?u/ovor.

All FD formulas above have a second-order truncation error.

Actual applications: non-uniform grid in the (s, v, r)-domain.
Both for numerical and financial reasons.
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Sample grid, cross-section with (s, v)-plane:
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U’ Time integration semi-discrete HHW problem

FD discretization of the HHW problem yields an initial value problem
for very large system of stiff ordinary differential equations (ODESs)

Ut =AU +g(f) (0<t<T), UQ)=Up

with given matrix A(t) and vectors g(t), Uo.

Standard implicit numerical methods such as the trapezoidal rule
(Crank—Nicolson) are often not effective.

For the numerical time integration of the ODE system we study
splitting schemes of the Alternating Direction Implicit (ADI) type.

Splitting:
A(t) = Ao+ A1 + Az + Ag(t)

where
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» Ay represents 92u/dsov, 92u/dsor, 0?u/ovor terms (!)
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Ay represents 02u/9sov, 02u/dsor, 9?u/dvar terms (1)
Ay represents du/ds, 0?u/0s? terms
A>  represents du/dv, 9?u/dv? terms
As(t) represents du/or, 9%u/dr? terms
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Assume g(t) = 0. Let At > 0 and grid points t, = n- At.
Four ADI schemes yielding U, = U(t,) (n=1,2,3,...):

Douglas (Do) scheme

YO = Un—1 + AtA(tn—1)Un—17
Vi = Y+ 0ALA (V= Up1) (1=1,2),

Yz = Yo+ 0 At (Ag(tn) Yz — Az (ta—1) Un—1),

Un - Y3

Classical orderis 1 for all 6. ‘



Craig—Sneyd (CS) scheme

Yo = Un_1+ AtA(th—1) Up—1,
Y =Y+ 08tA (Y, = Upa) (1=1,2),
Yz =Yz + 0 At (As(tn) Ya — As(ta_1) Un—1),
Yo= Yo+ L AtAg(Ys — Up_y),
Y, =Y £ 0AtA (Y, - Upa) (G=1.2),

?3 = ?2 + 6 At (A3 (tn) ?3 — A3 (tn_1) Un_1)7

Classical orderis 2 iff § = J.
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Modified Craig—Sneyd (MCS) scheme

Yo = Up—1 + At A(th—1) Up_1,

V= Y+ 0ALA (Y~ Unt) (=1.2)

Yz = Yo+ 0 At (As(tn) Y — As (ta—1) Un—1),

Yo = Yo+ 0 AtAg(Ys — Un—1),

Yo= Yo+ (3 —0) At (A(ta) Ys — A(tn—1) Un_1),
Y =Y + 0ALA (Y~ Unt) (1=1,2),

)

Ys = Yo+ 0 At (As () Ya — As (tr—1) Un—1),

Un = ?3

Classical order is 2 for all 6. —



Hundsdorfer—Verwer (HV) scheme

Yo = Up—1 + At A(ty—1) Up_1,

V= Y 0ALA (Y~ Unt) (=1.2)
Yz = Yo+ 0 At (As(tn) Y — As (ta—1) Un—1),
Yo = Yo+ 3 At (A(th) Ys — A(ta—1) Un—1),

Y=Y+ 0AtA(Y - Ya) (j=1,2),

Ya= Yo+ 0AtAs (1) (Ya — Ya),

Un - ?3

Classical order is 2 for all 6.
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LY stability analysis

Stability analysis based on linear scalar test equation
U(t)= Mo+ M+ 4+ X)U(F)
with complex constants \; (0 < j < k), integer k > 2.
Application any given ADI scheme leads to iteration
Un=M(2o,z1,...,2¢) Up_1
with multivariate rational function M and z; = At ;.

lteration stable if
‘M(Z()7Z1,...,Zk)| <1.

Write ) )
z=Y "z and p=]J(1-0z).
j= j=1
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M= R, §, S, T resp. for the Do, CS, MCS, HV schemes:

Z0+ 2

R(Zo,Z1,...,Zk) = 14+ O;_ ,

~ B Zo+z 1 20(z20+ 2)

S(Zo,Z1,...,Zk) = 1+ P +2 p2 )
20+ 2 20(20+ 2 20 + 2)?

Sz 71, z) = 142022 > ) (2 9)(0 5 r

P P
20+z z+z 1(z20+2)2
= 1+2 — — .
T(207 21, ) zk) + p ,02 2 p2

Two conditions:

e k=2andallzz e C: Rz <0, Rz <0, || < 2VRZN22;

e k>2andallz €R: 2 <0(V)), 2 +2<0, \zo|§z,/z,-zj-.
i#j
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Y stavility resuits

Unconditional stability results - in von Neumann sense - for ADI
schemes when applied to semidiscretizations of 2D convection-
diffusion problems with mixed derivative term:
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Y stavility resuits

Unconditional stability results - in von Neumann sense - for ADI
schemes when applied to semidiscretizations of 2D convection-
diffusion problems with mixed derivative term:

» McKee, Wall & Wilson (°96):

e Do scheme is stable if 6 = }

» Craig & Sneyd ('88):
e CS scheme is stable if 6 > 15 and no convection
» In’t H. & Welfert ('07,°09):
¢ CS scheme is stable if § > 1
e MCS scheme is stable if > § and no convection

e HV scheme is stable if ¢ > 1 — J+/2 and no convection
e HV scheme s stable if ¢ >  + 11/3: conjecture

—



» In’t H. & Mishra (’11):
e MCS scheme is stable if § < 6 < 1
e MCS scheme is stable if § = % and |p1z2| < 0.96: conjecture
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» In’t H. & Mishra (’11):
e MCS scheme is stable if § < 6 < 1
e MCS scheme is stable if § = % and |p1z2| < 0.96: conjecture

3D pure diffusion problems with mixed derivative terms:

» Craig & Sneyd ('88):
e Do scheme is stable if 6 >
e CS scheme is stable if 6 >
» In’t H. & Welfert ('09):
e MCS scheme is stable if § > &
e HV scheme is stable if 0 > 3(2 — /3)

» In’t H. & Mishra ('10):

e MCS scheme is stable if > max{}, &(2v + 1)}
with v = max [pj|
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U' Numerical experiments

ADI schemes:

» Do with § =%

» CS with 6 = 1§

» MCS with 6 = max{}, Z(2v+1)}
» HV  with6=1+1V3

HHW data (Bloomberg):

k=3, =012, 01 =0.04, a=0.2, 0, =0.03
b(t) =ci — e %", ¢ =0.05,¢c,=0.01,c3=1
P12 = 0.6, P13 = 0.2, P23 = 04

g



European call option, T =1, K =100

r ~0.025
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Number of grid points (s, v, r) : 2m x m x m. Nonuniform grid.

FD discretization errors if p13 = pe3 = 0:
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Number of grid points (s, v, r) : 2m x m x m. Uniform grid.

FD discretization errors if p13 = pe3 = 0:
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Number of grid points (s, v, r): 100 x 50 x 50.

ADI discretization errors:

Case A

S
o
g Do: ¢
E CS: o
= MCS: o

HV: =




European up-and-out call option, T =1, K =100, B=120
r ~ 0.025
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Number of grid points (s, v, r): 100 x 50 x 50.

ADI discretization errors without damping:

Case A

S
(]
5 Do: ¢
£ CS:
= MCS: o

HV: =




Numbe

ADI discretization errors with Do (¢ = 1) damping:

Temporal error

r of grid points (s, v, r): 100 x 50 x 50.

Case A

Do: o
CS: o
MCS: o

HV:




U’ Conclusions and future research

Conclusions:

» MCS and HV schemes, with proper 6, preferable.
» CSwith 6 = % and damping good second choice.




U’ Conclusions and future research

Conclusions:
» MCS and HV schemes, with proper 6, preferable.
» CSwith 6 = % and damping good second choice.
Current and future research:

» Application of ADI FD approach to exotic options and
more advanced asset price models.

» Approximation of hedging parameters (“the Greeks”).
» Theoretical stability analysis of FD and ADI schemes.
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