Stochastic Price Formation in Call Auctions

Mike Derksen

January 23, 2022

4 Deep Blue Capital

1/21



@ Introduction

© A simple stochastic model

© Price distribution
@ A limit theorem

© Towards a more realistic model

2/21



The Call Auction

» During the day, stocks are traded continuously using so called limit
order books.

» To open and close the market, a call auction is conducted.

» In the call auction, orders are aggregated for a while, without
executing trades.

> Then a price X is set that maximizes transactable volume and all
possible transactions are against this price.
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Importance of the closing auction

—— fraction of daily volume in closing auction, 120-day moving average
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» Nowadays around 30%(!) of the daily volume on the European main
exchanges is transacted in the closing auction.
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Order types

» Limit order: an order to buy (or sell) a specified quantity of the stock
for a price not higher (lower) than a specified limit price.

» Market order: an order to buy (or sell) a specified quantity of the
stock against any price.

> A market buy (sell) order can be viewed as a limit buy order with
limit price +o00 (—00).
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Closing Auction ASML 2018-03-16
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Call auction model?

» Order placement distributions Fa, Fg on (—o0, 00)

» Ny sell limit orders Ay, ..., Ay, ~ Fa i.i.d., Ng buy limit orders
Bi,...,Bng ~ Fp i.id.

» Buy and sell side are independent.

» Gives empirical dfs:
Fa(x) = Z Lia<xy Fa(x Z 1<y}

» Supply and demand curves:

]D)A(X) = NAIFA(X), DB(X) = NB(]. — FB(X))

Derksen, M., Kleijn, B. and De Vilder, R., Clearing price distributions in call

auctions. Quantitative Finance 20(9):1475-1493, 2020.
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Call auction model

» Clearing price X defined by the clearing equation

Da(X) = Dp(X)
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Definition

For given supply curve D4 and demand curve Dg, the clearing price is
defined by

X =inf{x € R:Da(x) > Dp(x))} (1)

9/21



Clearing price distribution

> X < x & Da(x) > Dp(x).
| 4 (DA(X),DB(X)) 2 Bin(NA, FA(X)) X Bin(NB, 1-— FB(X)).

» Combining gives:

ED(X < X|NA NB)
Na NgAk

= < > (1= Fa(x))™ k</\$3>(1 Fa(x)) Fa(x)"Ve~'.

k=0 /=0
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Figure: Clearing price density for F4 = Fg = ®19,0.1 and various balanced (left

panel) and unbalanced (right panel) choices for the order flow distribution of
(Na, Ng), for the beta-distributions set Na = aN, Na+ Ng = N, o ~ Beta.

11/21



Market orders in the model

» M, = #sell market orders, Mg = #buy market orders.

» Only play a role through market order imbalance

A= Mg — Mg,

> Market order imbalance alters the market clearing equation:

Da(X) = Dg(X) + A
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Clearing price distribution, given Ny, Ng, A

= Z Z </\II(A) FA(X)k(l — FA(X))NA*/( (,\;B)(l . FB(X))IFB(X)NB,/’

where U(k) = (k — A) A Ng.
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Figure: Clearing price densities, for market order imbalance A, with
FA = FB = ¢1070,1 and (NA7 NB) ~ POIS(':_)O)2
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Large number of orders

» Set N := Nj+ Ng, Ny = aN, for some a € (0,1).

» Denote by xg the real equilibrium price defined by

aFA(XE) = (1 — a)(l — FB(XE)). (2)

» Consider the high liquidity limit, what happens as N — oo?
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High liquidity limit

Assume that Fa and Fg are strictly increasing with densities f4 and fg.
Additionally, assume that A = V/ND, for some D > 0. Then, as N — oo,

VN(X = xg) = N(u(xe), 02 (xg)), (3)

where the asymptotic mean and standard deviation are given by,

D
afa(xg) + (1 — a)fg(xe)’

p(xe) =

VJaFa(xe) (1 — Fa(xe)) + (1 — @)Fa(xe) (1 — Fa(xe))

o(xg) = afa(xe) + (1 — o) fa(xe)
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Towards a better model

> Modern closing auctions are not sealed.
» Market participants can react on price and imbalance information.

» Notion of time.
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rategic behavior

A = Mg — Ma < (Na — Ng): limit order flow goes against market order

imbalance
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Concluding remarks

» Around 30% of the daily volume is transacted in the closing auction.

» Stochastic call auction model, leading to closed form solutions for the
distribution of price.

» Order distributions are free parameters, can be fitted empirically.

» Limit order submitters behave strategically.
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