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Mathematical
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MODEL’S NEIGHBOURHOODS

&
WASSERSTEIN DISTANCES
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Model neighbourhood

Mathematical

Measure p (or P) will denote a model, such as istiute

o =iy = % Z,N:l d,i is the empirical measure of the
observations/test set.

e ;1 comes from a mathematical modelling effort, e.g., an SDE;
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Model neighbourhood

Mathematical

Measure p (or P) will denote a model, such as istiute

o =iy = % Z,N:l d,i is the empirical measure of the
observations/test set.

e ;1 comes from a mathematical modelling effort, e.g., an SDE;
There are MANY ways to build a neighbourhood Bs(p) of p:
» data perturbation
» support estimates
» moments contraints
density constraints
Prokhorov distance
Hellinger distance

Kullback—-Leibler divergence/entropy bounds

vvyyVYyvy

and more...
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Wasserstein distance i
Mathematical
Institute

For p> 1, p,v € P(S) with p™ moments, set

W, (11, v) = inf {/SXS d(x, y)P m(dx, dy): 7 € Cpl(u, y)}l/p,

where Cpl(u,v) ={m:7(- x S) = p and 7(S x -) = v}.

metricdon S = metric W on P(S)
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OXFORD

i i Mathematical
Observe historical returns r!, ..., rV assumed to follow a i

Institute

time-homogeneous ergodic Markov chain on RY with an invariant
distribution p. Should we work with

. < - A 1
the data points (r')¥., or the empirical measure fiy = N Zé,f?
AVERAGING OF IMAGES

Source: J. % - \ag

Spokoiny, A.

Suvorikova EUCLIDEAN MEAN 2-WASSERSTEIN MEAN

arXiv:1703.03658 N
e 'ﬂ\,ﬁ.’

7N »

r\(;‘ /)
' b

Ly
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Wasserstein vs Euclidean mean (MNIST data) iR

Mathematical
Institute

7

7
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Wasserstein vs Euclidean mean (MNIST data) SidRn

Mathematical
Institute

Wasserstein vs Euclidean
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Small uncertainty limit

Mathematical
Institute

AW ,
Key property: [iy -2 [+ cnv rates, see FOURNIER & GUILLIN '14

EsFaHANI & KUHN '18 argue that using Wasserstein balls gives
» finite sample guarantees,
» asymptotic consistency,

> tractability (see also ECKSTEIN & KUPPER ’19)
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Large uncertainty limit

Mathematical
Institute

PrLUG, PICHLER & Wo0ZABAL 12 use Wasserstein balls for robust
portfolio selection:

inf su E,[{a, R)] + vVar,[{a, R
a:<a,1>:1VerZu)< [(a, R)] +Var, [{a, R)] )

a*(5) =3 (/i//i/)

which may not be true for weaker or stronger metrics.

and show that
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OXFORD

Mathematical
Institute

OT & DISTRIBUTIONALLY ROBUST OPTIMIZATION

R

based on Bartl, Drapeau, O. and Wiesel, Proc. R. Soc. A 477: 20210176, 2021
O. and Wiesel, Math. Finance 31(4): 1454-1493, 2021.
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Mathematical
Institute

PROBLEM SETTING
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Consider the following optimisation problem

Mathematical

V = inf f(a, d.
inf, [ Flax)u(e),

where A is the set of controls, S is the state space and p is the model.

Oxford
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Consider the following optimisation problem

Mathematical
Institute

V= in;/é; f(a, x)u(dx),

ac

where A is the set of controls, S is the state space and p is the model.
Examples:

» risk neutral pricing: Eq[f(S7)],

> optimal investment: inf,c 4 Ep[—U(x + (a, ST — So))],

> optimised certainty equivalents: inf,cg Ep[a — U(X + a)]
>

marginal utility pricing (Davis' price)...

Oxford
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Consider the following optimisation problem

Mathematical
Institute

acA

V = inf /Sf(a,x)u(dx),

where A is the set of controls, S is the state space and p is the model.
Examples:

>

>
>
>
>
>

risk neutral pricing: Eq[f(S7)],

optimal investment: inf,c 4 Ep[—U(x + (a, ST — So))],
optimised certainty equivalents: inf,cg Ep[a — U(X + a)]
marginal utility pricing (Davis' price)...

OLS regression: inf,cpa 1 le.vzl(yi —(a,x"))?,

ML/NN: inf 3 370 |y — ((A2() + b2) 0 0 0 (As(") + b)) (x')]P
over a = (Al,Az, by, by) € A = Rk¥d x RI¥k x RF x RY,
where (x', y")N_| is the training set.

Oxford
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Given our optimisation problem

Mathematical
Institute

V= in;./é; f(a, x)u(dx),

ac
we want to understand its dependence on the “model” pu.
We are interested in computing

oV
o

— the uncertainty sensitivity of the problem

» parametric programming and statistical inference
see ARMACOST & F1acco 76 ... BONNANS & SHAPIRO ’13;

> qualitative/quantitative stability in p
see DUPACOVA ’90, ROMISCH 03

» robust optimisation
see BERTSIMAS, GUPTA & KALLUS '18

Oxford
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Distributionally Robust Optimisation (DRO) considers

Mathematical
Institute

V(9) = inf sup /f(a,x)y(dx),
a€A LeBs(p) /S

see SCARF ’58, ... ,RAHIMIAN & MEHROTRA '19, where

Bs(i) is a d—neighbourhood of the model f.

Oxford
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Distributionally Robust Optimisation (DRO) considers

Mathematical
Institute

V(9) = inf sup /f(a,x)y(dx),
a€A LeBs(p) /S

see SCARF ’58, ... ,RAHIMIAN & MEHROTRA '19, where
Bs(i) is a d—neighbourhood of the model f.

We propose to compute

T:= V’(O):g@ow and = ATOM’

with Bs(u) being Wasserstein balls around .
T the sensitivity of the value w.r.t. Tmodeyua, the Model.

2 the sensitivity of 19p3, the control, w.r.t. the Model.

Oxford
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The robust optimisation problem rewritten

Mathematical

Consider the simplified problem institute

sup f(x) v(dx).
VEBgl/p(M)

Theorem (Bartl, Drapeau & Tangpi '19; Blanchet, Kang & Murthy '19)
For f : R — R bounded below

sup /f(x (dx) = inf </ FA1 (x) p(dx) +5>\)
VEB 1/)

where

FAI(x) = sup {F(y) = Alx —y[P : y € R s.t. f(y) < o0}

Oxford
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OXFORD

Mathematical
Institute

MAIN RESULTS

PART I: SENSITIVITY OF THE VALUE FUNCTION
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Uncertainty Sensitivity of DRO problems

Mathematical
Institute

Recall our DRO problem (for simplicity A = R¥, S = RY)

V(§) = inf sup / f (x,a) v(dx).
a€R  yeB; () JRY

Oxford
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Uncertainty Sensitivity of DRO problems

Mathematical
Institute

Recall our DRO problem (for simplicity A = R¥, S = RY)

V(§) = inf sup /]Rd f(x,a) v(dx).

a€R* LeBs ()

Theorem
For p > 1, % + % =1, and under suitable assumptions, we have

— V(o) — [ V() =V(O) “\|a 1/a
T:=V'(0) = ;TO 5 = a*eIR‘I’[(O) ( y [Vif(x,a") ,u(dx)) :

where A°P'(§) denotes the set of optimisers for V/(0).

Oxford
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T: uncertainty sensitivity of the value function 58

Mathematical
Institute

We can restate the result as

inf  sup /Rd f(x,a) v(dx) = inf /Rd f(x,a) p(dx)+ T+ o(9)

a€R* e B (1) acRk

where

T= inf ([ Vef(xa) 1(dX)>1/q
_a*GA"P‘(O) JRd x ' K ’

Oxford
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T: uncertainty sensitivity of the value function

Mathematical
Institute

We can restate the result as

inf  sup /Rd f(x,a) v(dx) = inf /Rd f(x,a) p(dx)+ T+ o(9)

a€R* e B (1) acRk
where
. . 1/q
T= inf ( \fo(x,a‘)\"/x,(dx)> .
a*€ AP (0) \ Jprd

» extends to DRO problems with linear constraints, e.g., martingale;
» extends to general semi-norms;
> extends to sensitivity at a fixed § > 0: V’/(6+);
» no first order loss from using a*(0) instead of a*(d).

Oxford
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Sketch of the proof (1)

Mathematical
Institute

Sensitivity of the value function: “<”

V(5)— V(0) < sup / Fy, a") — F(x, a*) n(dx, dy)
TECs(p)

1
£y / / (Vo + tly — x),2°), (y — x)) de a(dx, dy)

1 1/q
<4d sup / (/|fo(x+t(yfx),a*)|q7r(dx, dy)) dt.
m€Cs(p) J0

+ growth conditions + DCT.

Oxford
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Sketch of ]:che proof ggc)m —

Sensitivity of the value fun

Mathematical
Institute

Vi f(x,a* 1/q-1
T(x) = =—F"—""5— f( )|
()= ot o |2 ([ 1Vuf(z.a7)1% u(az))

== (6 x + 0T())]gp € Go()
We can use 7° to get a lower bound:

M>l/(x+5T() %) — £(x, a") u(dx)

8 (9 (x,2%). T0) (k) = / ([ 19t aie )

Oxford
Mathematics Jan Obtdj Soesterberg, 24/0DR02Sensitivity 31



Sketch of ]:che proof ggc)m .

Sensitivity of the value fun

Mathematical
Institute

T(x):= vaf(i((j;an /\V f(z,a")|? (dz))l/qfl

=[x = (6 x+0T(x))]en € Cs(u)
We can use 7° to get a lower bound:
M>l/ Flx+ 5T (x), ) — F(x, ) p(dx)
// (Vof(x + t6T(x), a%), T(x)) dt u(dx)
=8[9, TO ) = ([ 1950 ) (e

Sensitivity of the optimisers: similar but more involved + Langrange
multipliers + min-max

Oxford
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Example 1: AVOR minimisation

Consider X ~ y vector of returns in RY and a € A C R portfolio [

. , 1 .
V(O)—;giAV@Ra(a-X)—aeA?’ieR{m+a/(a-x—m) M(dx)}

And its robust version reads

1
V() = inf RAVOR, (a- X) = inf sup {m—i—/(a-x—m)Jr y(dx)},
acA acA,meR ,eps(p) (e}

Oxford
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Example 1: AVOR minimisation

Consider X ~ y vector of returns in RY and a € A C R portfolio [

. , 1 .
V(O)—;giAV@Ra(a-X)—aeA?’ieR{m+a/(a-x—m) M(dx)}

And its robust version reads

1
V() = inf RAVOR, (a- X) = inf sup {m—i—/(erx—m)Jr y(dx)},
acA acA,meR ,eps(p) (e}

where Bs(p) = {v € P(S) : W,(u,v) < d}. A direct computation gives

* 1 % |3*|
T = [a"] Y] Lo x>veRr,(a=-1)} | H(dx) = e

inf RAVR,, (a- X) = AVCR, (a" - X) +
ac

Oxford
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Example 2: Mean-variance optimal investment

Mathematical
Institute

Consider X ~ y vector of returns in R? and A = {a: (a,1) = 1}.

V(0) = inf E[(a, X)] + VAR, ((a, X)) = inf sup E[@,X)Z}
acA ac€A 7.5[7]=1,E[22]=1+~2

And its robust version, for p = g = 2, reads

V(8) = inf sup E {(37 X + g)z]
a€A (¢, 7):E[(£,€)] <62 E[Z]=1,E[22] =1+~

A two-step computation recovers the result in PFLUG ET AL. '12:

T = |a* /11 2.

Oxford
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Ex 1: Decision making: prefs representation

Mathematical
Institute

Let X be agent’s wealth/consumption. Savage '51, von Neuman &
Morgenstern '53 give

PP < Ep[u(X)] > Es[u(X)].

Oxford
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Ex 1: Decision making: prefs representation

Mathematical
Institute

Let X be agent's wealth/consumption. Savage '51, von Neuman &
Morgenstern '53 give

PP < Ep[u(X)] > Es[u(X)].

An ambiguity averse agent of Gilboa & Schmeidler '89, might instead
consider

P-,P <  min Eglu(X)] > min Ez[u(X)].
PeBs (P) PeBs(P)

for Bs(P) a d-ball around PP in some metric p,

(also called constraint preferences by Hansen & Sargent '01).

Oxford
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Variational prefs: relative entropy vs Wasserstein

Mathematical
Institute

The variational /constraint preferences with p-ball Bs(IP)

UX) = min Eg[u(X)]

PeBs(P)
up to o(d) are equivalent to:
p =REL. ENTROPY p = Wo WASSERSTEIN
UX) ~ Ep[u(X))] = 6v/2Varp(u(X))  UX) ~ Ep[u(X))] = 6v/Ee [[u'(X)[?]
(cf. Lam '16) (cf. our T-sensitivity)

Oxford
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Example 2: EUM & Optimal investment
X = St — Sy ~ p vector of returns in S C R and A C RY admissiljfg:m
strategies; wlog r = 0, initial capital x = 0.

u : R — R strictly concave, continuously differentiable, bounded from
above. Consider the expected utility maximisation problem:

v(0) = :gEE;L [u((X, a))]

The optimal a* € A is characterised through the FOC

B, [X - o' ((X,a))] = 0

Oxford
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Example 2: EUM & Optimal investment
X = St — Sy ~ p vector of returns in S C R and A C RY admissiljfger
strategies; wlog r = 0, initial capital x = 0.

u: R — R strictly concave, continuously differentiable, bounded from
above. Consider the expected utility maximisation problem:

V(0) =sup inf E,[u({X,a))]
ac AVEBs(u)

The optimal a* = a*(0) € A is characterised through the FOC
B, [X - o/ ((X.a%)] = 0
and
V/(0) = — (B, [|u'((X, a"))|")"/ 7 |a"]

is the sensitivity to ambiguity aversion.
Note that V’(0) < 0 and is increasing in p.

Oxford
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Binomial model with an exponential utility ST

hematical
0.0 —— KL sensitivity tute
—— Wasserstein sensitivity p=1.8
—— Wasserstein sensitivity p=2.0
—— Wasserstein sensitivity p=3.0
—— Wasserstein sensitivity p=5.0
“os —— Wasserstein sensitivity p=100.0
-1.0
-15
-2.0
=25

Figure: Sensitivities in function of the market’s Sharpe ratio
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N(m, o?) model with an exponential utility Bisio

ical

i
00 . Institute
-05
-10
-15
—— Wasserstein sensitivity m=0.3
‘Wasserstein sensitivity m=0.32
—— Wasserstein sensitivity m=0.35
-20 —— Wasserstein sensitivity m=0 38
—— Wasserstein sensitivity m=0.4
—— Wasserstein sensitivity m=042
‘Wasserstein sensitivity m=0.45
—— Wasserstein sensitivity m=0.48
25 ‘Wasserstein sensitivity m=0.5

00 05 10 15 20 25 30 35 40

m

Figure: Sensitivities for p = oo in function of the market's Sharpe ratio 7
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Ex 3: Robust call pricing (martingale constraint)

Mathematical

We optimise over measures v € B;(u) satisfying [ x v(dx) = So. Instiute
A constrained version of our main results gives, for p = 2,

T </ <VXf(X’ )= / fo(y,a*)u(dy))2 u(dx)>1/z,

i.e., T is the standard deviation of V,f(-,a") under p.

Oxford
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Ex 3: Robust call pricing (martingale constraint)

Mathematical

We optimise over measures v € Bs(u) satisfying [ x v(dx) = So. nstitute
A constrained version of our main results gives, for p = 2,

T </ <VXf(X’ )= / fo(y,a*)u(dy))2 u(dx)>1/z,

i.e., T is the standard deviation of V,f(-,a") under p.
Let p ~ St/So with (S;) from the BS(o) model and

RBS(9) = sup#) {/(Sox — K) v(dx): /xy(dx) = 1}

veEBs(

so that RBS(0) = BSCall(So, K, o). For p =2 we find

T(K) = So/®(d-)(1 — ®(d-)).

Oxford
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Robust call: numerics

Mathematical
Institute

Exact value RBS(0), first-order (FO) approximation and the model (BS)

price.

0.4 — BS
—FO
Exact
0.3
9]
O
= 0.2
o
0.1
0
0.6 0.8 1 1.2 1.4
Strike

BS model with S =T =1, K=12,r=qg=0,0=0.2. 6 =0.05

Oxford
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Robust call: classical vs robust

Mathematical
Institute

Take r=q¢=0, T =1, S =1 and u =BS(0) log-normal.

RES() = sup /S (s — K)*u(ds).

VEB,;(
PARAMETRIC APPROACH NON-PARAMETRIC APPROACH
Bs(1) = {BS(3) : |5 — 0| < 6} Bs(n) = {v : Wa(,v) < 8}
Then Then
RBS'(0) =V = Sp¢(dy). RBS'(0) = T = Sp\/®(d_)(1 — d(d_))

Oxford
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BS Call: Vega(V) vs Upsilon(T)

Mathematical

Consider the simple example of a call option pricing. ekt
Take r=¢g=0, T=1, So=1and u =BS(c) model.

Call Price Sensitivity: Vega vs Upsilon, sigma= 0.2

0.5 —— BS Vega
—— BS Upsilon

0.4

0.3

Price

0.2

0.1

Strike

Oxford
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Hedging: A-Vega vs A—T (wirs S. MoLiner '22)

Observe that T[aS; + b] = 0, i.e., cash and stock carry no uncertainty."""

ute

Comparison of two hedging approaches:

» A-Vega: at rebalancing buy/sell stock + ATM Call so that
A=0=YVY

» A-T: at rebalancing buy/sell stock + ATM Call so that
A =0 and T is minimized

[ & Ja+v|a+T

Mean | -0.001| 0.0 | -0.0
Std || 0.043 | 0.007 | 0.011

V@Rq.gs || -0.086 | -0.009 | -0.018
ESo9s | -0.110 | -0.016 | -0.024

Table 1: Risk measures with Heston Model So =T =1, K = 1.05,
v9=0.04, k=1, =0.09, 0 =0.6, p=0.5

Oxford
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Hedging: A-Vega vs A—T (wirs S. MoLiner '22)

thematical

Observe that T[aS; + b] = 0, i.e., cash and stock carry no uncertainfyie

Comparison of two hedging approaches:
» A-Vega: at rebalancing buy/sell stock + ATM Call so that
A=0=V
» A-T: at rebalancing buy/sell stock + ATM Call so that
A =0 and T is minimized

[ A [A+V|Aa+TY

Mean | -0.015 | -0.001 | -0.002
Std || 0.095 | 0.01 | 0.014
V@Rgg5 || -0.190 | -0.016 | -0.028
ESogs | -0.296 | -0.032 | -0.045

Table 2: Risk measures with Bates Model Sp =T =1, K = 1.05, vg = 0.04,
k=1,0=0.09,0=06,p=05 =15 pu;=0,0;=0.1

Oxford
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Example 4: NN & adversarial attacks

OXFORD
Mathematical
Institute
Consider data (x,y) from o and a NN(6) trained according to:
inf [1900,x.3) (e o).
+.007 x =
N O P
“panda” “nematode” “gibbon”
57.7% confidence 8.2% confidence 99.3 % confidence
Source: Goodfellow, Shlens & Szegedy ICLR 2015
Oxford
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Example 4: NN & adversarial attacks

Mathematical
Institute

Consider data (x, y) from 1 and a NN(#) trained according to:

it [1900.x.)] (e ).

Then, sensitivity to adversarial data examples from i € Bs(u) given by:

1/q
(/|V(x,y>J(9*axay)|"/t(dx, dy)> :

Oxford
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NN & adv attacks wirn X. Bai, G. HE, Y. Jianc

Mathematical

For a strong classifier and cross-entropy training Institute

€ if y* =
S0 = HERL8) = { G L i

where K &~ +o00 is large and € =~ 0 is small. This gives
V(O,e*) = / H(P(X),5y)ﬂ(dx, dy) ~ (K+E)(1_Aclean)+5Aclean = 5+K(1_Aclean)7

where Agean is the (clean) accuracy on the test set.

1

2 (V(0.6") = V(5,6") ~ — 2T

é
Agdv - Aclean ~ R

And hence the accuracy ratio

Agdv =1+ Agdv — Adean ~1 s T

Aclean Aclean

x|

Aclean

Oxford
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NN & adv attacks wirn X. Bai, G. HE, Y. Jianc

Mathematical
Institute

We need to get rid of K (i.e., normalise). Compute
VarM(H(P(X)v 6}’)) ~ K2Aclean(1 - Aclean)

And hence the accuracy ratio

>

Agdv :1+Agdv_Aclean ~1- 2 T ~1-§ T 1 — Adean
Aclean Aclean K Aclean Var,,(H ) Aclean

T

The LHS requires an adversarial attack training (expensive)
while
The RHS is computed instantly from the trained net (cheap).

Oxford
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NN & adv attacks wirn X. Bai, G. He, Y. Jianc GXFORD

Mathematical
Institute
» Adversarial attacks and defence is a large field in ML
» ROBUSTBENCH tracks over 3000 papers and maintains a
leaderboard for CIFAR datasets
RoBUSTBENCH Leaderboards ~ Paper ~ FAQ  Contribute  Model Zoo %
@ RosusTBENCH
A standardized benchmark for adversarial robustness
y
U""‘ig"“" ﬁ.fllmhu(ml based g u?mﬁd scoess to k?:)k:‘;h\\;—urrlhurnrl
Oxford
54
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NN &,

adv attacks wirs X. Bai, G. He, Y. JianG
versarial attacks and defence is a largé field in ML Mathematica

Institute

» ROBUSTBENCH tracks over 3000 papers and maintains a
leaderboard for CIFAR datasets

Adversarial to Clean Accuracy Ratio

Scatter Plot of Adversarial to Clean Accuracy Ratio by Robust Y Normalised

R Linear =0.795

Intercept = -0.1
Slope = 0.99

Robust Y Normalised
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MAIN RESULTS

PART II: SENSITIVITY OF THE OPTIMISERS
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Sensitivity of optimisers

Mathematical
Institute

Theorem
For p = q = 2, under suitable regularity and growth assumptions,
*(9) — a* 1
im 20 =" L g2y, a*))*l/vxvaf(x, ")V (x, a*) u(dx),
6—0 1) T

where a* := a*(0).

The results extends to general p > 1 and semi-norms.
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Example 1: Square-root LASSO .k
Consider ||(x, )|« = |x|,1{y:0} +o00lgys0y, r>1, (x,y) € R x Rll\:sattl?ir;\atwcal
Then (see BLANCHET, KANG & MURTHY '19)

2
inf sup (- (2 dv = inf N / (y—<a,x>)2du+6|a|s> ,
a€R* L e By (fin) acR«

where 1/r+1/s=1. iy = & Z,N:l d(xi,yi) encodes the observations.
System is overdetermined so that D = [ xxT u(dx) is invertible.
0 = 0 case is the ordinary least squares regression: a* = ﬁD‘l [ yxdp.
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Example 1: Square-root LASSO ; :
Consider ||(X7y)||* = |X|r1{y:0} + OO].{y#O}, r>1, (X,y) c RX x Rm;:ri:atwcal
Then (see BLANCHET, KANG & MURTHY '19)

2
inf sup (- (2 dv = inf W / (y—<a,x>)2du+6|a|s> ,
a€R* L e By (fin) acR«

where 1/r+1/s=1. fiy = %Z,N:l d(xi,yi) encodes the observations.
System is overdetermined so that D = [ xxT u(dx) is invertible.

= 0 case is the ordinary least squares regression: a* = ﬁD‘l [ yxdp.
0 >0, s =1~ RHS = square-root LASSO regression BELLONI ET AL. '11
§ >0, s =2~ RHS ~ Ridge regression
Then a*(0) is approximately, for s = 1 and s = 2 (cf. TIBSHIRANI "96):

a* —+/V(0)D *sgn(a*)s and a* (1 - |a\:|(0) D_16>
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Sguare—root LASSO: numerics

omparison of exact (o) and first-order (x) approximation of square-root LASSQuathematical
coefficients for 2000 data generated from: (with all Xj,e i.i.d. N'(0,1)) etute

Y =1.5X; —3X2 —2X340.3X3 —0.5X5 —0.7Xs +0.2X7 +0.5Xg + 1.2X9 + 0.8 X109 + €.

N
=}
¥ 2
N R ” g
< I}
c - ] ] s 8
Q 2 = 2 ] L]
% B ] B8
g o | ® ] ®
c o
E ] = ] -]
@
5 B = 1
“
2 2 >< Q ]
B —— delta=0.01
® 2 = —— delta=0.03
—— delta=0.05
~ —— delta=0.07
pag delta = 0.09
! T T T T T
2 4 6 8 10

covariate's index
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Ex 2: Marginal utility (Davis') price

Mathematical
Institute

Recall the EUM setup. For a continuous payoff g > 0 consider

Viewpa) = s fu (e + (X.a) + = ¢(x)) |

Definition
Suppose that for each py > 0, the function £ — V/(g, py) is differentiable
at ¢ = 0 and By is a solution to

O V(O, pd) =0.

Then py is called a marginal utility price of the option g.
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Characterisation of the marginal utility price

Mathematical
Institute

Theorem (Davis (1997))

Under mild technical assumptions py is unique and satisfies

by — [v'({X, a))g(X)]
By [v'((X;a%))]

In this way py is the price under a subjective martingale measure:

X=5r-5 and E,[u((X,a*))X]=0.
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Robust marginal utility price

Mathematical
Institute

Definition
Let us define

V(d,e,pq) =sup inf E, [u (—E + (X, a) + Eg(X))] .
ac AVEBs(n) Pd

Suppose that for each py > 0 the function ¢ — V/(4, ¢, pg) is
differentiable. A number p4(8), which satisfies

9:V(5,0, p4(6)) = 0.

is called a robust marginal utility price of g at the uncertainty level 6.
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Characterisation of DR marginal utility price

Mathematical
Institute

Theorem
Fix § > 0, pg > 0. Under mild technical assumptions the robust marginal
utility price p4(d) is given by

E.x [u'((X = Xo,a5)) g(X)]
Eus [0 ((X — X0, a}))]

pa(0) =

for any pair of optimisers a5 € A and p* € Bs(p).

As before, py(4) is the price under a subjective martingale measure but
which also depends on §.
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Characterisation of DR marginal utility price

Mathematical
Institute

Theorem
Fix § > 0, pg > 0. Under mild technical assumptions the robust marginal

utility price p4(d) is given by

B (X = X0 a2)) €(X)]
PO = =F (X — Xor )]

for any pair of optimisers a5 € A and p* € Bs(p).

As before, py(4) is the price under a subjective martingale measure but
which also depends on §.

Special cases: py = py(d) for all § > 0, e.g., for u = N (m, 0?), p = 0
and an agent with an exponential utility.
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Sensitivity of the marginal utility price

Mathematical

Th eorem Institute
Under mild technical assumptions the following holds:

(i) If a* =0, then the Davis price py4(d) satisfies

p4(0) = — (B, [[Ve(x)|")"/7.
(ii) If a* # 0 then
~/ 1 1 * * /
PO =g (X 2] (E (X, a9) - ((T(X),3%) = (X, 2(0)))

(B [g(X)] - (X)) }) ~ Ex [(Ve(X), TOO),

where Z—ﬁ x u'({X,a*)) and T(x) x ‘z—:‘|u’(<x,a*>)|q*1.
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OT & DATA-DRIVEN APPROACH: RISK ESTIMATION EXAMPLE

N
o 1
(r,...,y) e RN vs. ]PN:N;(S,,.EP(R")

based on O. and Wiesel, Ann. Stat. 49(1): 508-530, 2021.
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Data set |l: historical returns

Mathematical
Institute

Public information also includes historical stock returns. How can we use
this information in a coherent and consistent way?
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Data set |l: historical returns

Mathematical
Institute

Public information also includes historical stock returns. How can we use
this information in a coherent and consistent way?

» Model specific: typically ignored. This is “physical measure”
information hard to combine with “risk neutral measure”
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Data set |l: historical returns

Mathematical
Institute

Public information also includes historical stock returns. How can we use
this information in a coherent and consistent way?

» Model specific: typically ignored. This is “physical measure”
information hard to combine with “risk neutral measure”
» Robust approach: no P vs Q conflict.

> indirect - agents can use to form beliefs/private information.
» direct - non-parametric statistical estimation of superhedging prices
(w/ Johannes Wiesel)
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Take |: Plugin estimator

Mathematical
Institute

A simple setting: d assets, one-period, no other traded options.
Information: historical returns rq, ..., ry assumed i.i.d. from P.

Aim: Build an estimator for

() =inf{x eR|IHeRst. x+ H(r—1)>¢(r) P-as.}
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Take |: Plugin estimator

Mathematical

A simple setting: d assets, one-period, no other traded options. fettte
Information: historical returns rq, ..., ry assumed i.i.d. from P.

Aim: Build an estimator for

() =inf{x eR|IHeRst. x+ H(r—1)>¢(r) P-as.}

Theorem
Let & : Ri — R be Borel-measurable. Define the empirical measure
Py = %Zf\il Or.. Then

lim 7€) =€)  P®-as,

N—oo

where P> denotes the product measure on M%° ;R
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Mathematics Jan Obtdj Soesterberg, 24/0DR02Sensitivity 73



Jid

Example for consistency (1) SR

Let's take £(r) =|r—1|Aland P = @ Mathemsica
g(r)
11

0.5
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Saa

Example for consistency (2)
Let's take £(r) = |r—1|Aland P = @ Mathematica

Institute
g(r)

1 ———— .-~ -

0.5 T

0.5 1 1.5 2 r

Oxford
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Example for consistency (3)
Mathematical

Letys take é'(r) e |r — 1‘ A\ ]_ and IP — @ Institute

0.5 +
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Example for consistency (4)

Let's take £(r) =|r—1|Aland P = @ Mathemsica
g(r)
11
0.5 -
4
r3
Oxford
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Concave envelope in two dimensions GxioRD

Mathematical
Institute

Figure: Concave envelope in 2 dimensions with P = \|( 52 /4,
§(r) = Ir = Ulgraj<azzy + (L= [r = INLgr121/23
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Problems with the plugin estimator

Mathematical
Institute

The plugin estimator W@N(g) is not robust!

» Not Financially: it underestimates the superhedging price 7" < 7.

> Not Statistically: (in the sense of Hampel). This applies to any
estimator in fact:

Lemma
Let ¢ : RY — R be continuous and fix P on RY. Any consistent
estimator Ty of * (€) is robust at P only if

7t (€) = sup Egl€].
Qem

— need to control the support = robustness w.r.t. WW°.
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Positive results

WP-approach.

W®-robustness, estimating quantiles.
Penalisation approach akin to risk measures.
Convergence of superhedging strategies.

Extension to law-invariant convex risk measures.

vVvyVvyVvyyvYyy

Extension to multi-period models.

Mathematical
Institute
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VWP-approach

Mathematical
Institute

Fix p > 1. Assume we can find confidence bounds for the
Glivenko-Cantelli theorem (see Dereich, Scheutzow, Schottstedt, 2011,
Fournier, Guilllin, 2013):

PNOWVP(P, By) > en(Bn)) < Bn.

Definition
For a sequence (ky)nen such that ky — oo and ky = o(1/en(Bn)) we
define

. . dQ
Oy = {Q eM|ve BEN(QN)(PN)’ Hdu |

Sk/\/}-
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WeP-approach: Consistency ¥
Mathematical
Institute

Theorem
Let g be Lipschitz continuous and bounded from below or continuous
and bounded and p > 1. Pick a sequence ky = o(1/en(Bn)). Then

lim sup Eg[¢] =77 (¢) P>~ —as,
oo Qedn

if NA(P) holds.
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Convergence of Wasserstein estimators

Mathematical
Institute

Figure: Wasserstein estimators with g(r) = (1 — r)li<1y —Vr — 1151y,
P = Exp(1) (left) and g(r) = (r — 2)T, P = exp(N(0, 1)) (right).
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Robust Superhedging Price estimator

Mathematical
Institute

Take ky — oo and kyen(Bn) — 0. Let

T, (&) = sup sup Eql¢]

PeBE, (By) QEM:[dQ/dP||oo <ky
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Robust Superhedging Price estimator

Mathematical
Institute

Take ky — oo and kyen(Bn) — 0. Let

me(O) = se sup  Eole]
PeBE, (By) QEM:[|dQ/dP||oc <k

= sup sup inf EQ[& H(r o 1)]
PeBE, (Py) 1dQ/dPlloo <k HERY

= inf  sup sup Eol¢ — H(r —1)]

HERY pepp (By) 1190/ dPllco <ky

= inf  sup AV@R%(g—H(r—n)
N

HeRd ]P’GBP (Bn)

— inf {x ER|IHER st.  sup AVORL, . (6— H(r—1)—x) < o}
Tkyo

PeBl, (By)
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VWP-approach: Robustness

Mathematical
Institute

Definition
Let B, B C P(RY). We define p-Wasserstein-Hausdorff metric

WP(B,B) = max | sup inf WP(P, P), sup inf WP(P,P) | .
pep Be pefy PEF

Theorem
The estimator SUPges, Eg[g] is robust with respect to the W” in the sense
that

<WP(On, O),

sup

sup Eglg] — sup Eglg]
g€eLy 5

Qed}, ey

where Q} are defined corresponding to P' € P(RY), i =1,2.
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Superhedging with respect to risk measures (1)

Mathematical
Institute

Consider pp with Kusuoka representation:
' P
pe(€) = sup [ AVORE(€)du()
pneP Jo

for a set P of probability measures on [0, 1] (= law-invariant coherent
risk measures). Introduce

P
T p N
BsN(st)(IFN) f)
= inf{xcR?|IHcR?st. sup p(E—x—H(r—1))<0
VEBL, (5, (EN)
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Superhedging with respect to risk measures (2)

Mathematical

Consistency Insitute

Theorem
Assume g satisfies |{(r) — £(F)| < L,|r — F|7 for some v <1 and L, € R.
Then

H P — PP o0 _
"lngoﬂ- gm(ﬁN)(I@)N)(g) g (6) F 2
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Plugin estimator and option prices

Mathematical
Institute

Corollary

Let P € P(RY) and ¢ : RY — R be Borel-measurable. In addition to the assets
S, assume that there are d traded options with continuous payoffs f,(r) and
prices fy in the market. Then, if the observations ri, ra, ... are i.i.d. samples
from P, and under NA, we have

Jim inf{x € R | 3H, Hst x+H(ri—1)+H(fi — f) > &) Vi=1,...,N}
— 00

= sup Eole].

Q~P, QeM, Eq(f)=f
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Estimates for 7TAV©R§95((” — 1))

OXFORD

Mathematical
Institute
—— True Value
0.14 + Plugin historical
- Wasserstein historical
—— Plugin GARCH(1,1)
" KT
Rolling window of 50 data points, average of the last 10 estimates.
The data is from P ~ GARCH(1,1).
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Estimates for 7TAV©R§95((I’ —1)") s

Mathematical
Institute

= True value

+ Plugin historical
-==- Wasserstein historical
0201 —— Plugin GARCH(1,1)

T
1
1
|
I
1
|
|
1
i
|
I
1
I
!

] 200 400 600 800 1000

Rolling window of 50 data points, average of the last 10 estimates.
The data is from P ~ GARCH(1,1).
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Estimates for 7TAV©RI§-95((I’ —1)") s

Mathematical
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010
«++=++ Plugin historical rm——
~-- Wasserstein historical _Jd \eo
—— Plugin GARCH(1,1) i i

008

006

0.04

002

2006 2007 2008 2009 2010 2011 2012 2013 2014 2015

Rolling window of 50 data points, average of the last 5 estimates.
Weekly S&P500 returns.
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Estimates for 7TAV©RI§-95((I’ —1)") s

Mathematical
Institute

0301 —— Plugin historical i
X i N
* Wasserstein historical I " ::
Ny 1
~=~ Plugin GARCH(1,1) n "
025 HH i
N NIUNEE
I roa
I o
P [
|
020 o nou
uol i [
i 1
S
I i '
o i
015 iy H i
o | |
o i i
1 i 1
;o | i
010 i !
! 1
! 1
i
.
| |
005 | 1
'
0.00
2006 2007 2008 2009 2010 2011 2012 2013 2014 2015

Rolling window of 50 data points, average of the last 5 estimates.
Weekly S&P500 log-returns.
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Estimation divergence as an information signal

Mathematical
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——Upper NABound
—— Lower NA Bound

——aveR Estimator

WWW M\m

& S & & &
ﬂ‘v\@\ﬂ*’\ ﬁ““tw@\‘ﬁ\&&)@“ @“ o >@\ x\‘“\x\@\&’ﬂ F?\ w\&\ ﬂ"ﬂ ;6‘\ «s“”\ﬂ*’ﬂﬂ@\l @\ﬂ“‘\wyﬂﬂ’v&’ﬂ F\ «s"\ﬂ“&&“\ “’\«s*’\ﬂsﬂ \@\x\"’\ﬂ“‘\ )9\ w\@\w\é\ @\ ;‘“\ 6‘“ “’Q *7\ o““\l @v e f“\l &ﬂ *7\1\@\3’0 &

Tyssen ATM 1W Call: AVOR Estimator vs Bloomberg’s Vol Synthetic bounds.
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Conclusions

>

|

Mathematical
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Robust approach builds risk estimates from market data without any
modelling assumptions.

OT allows to conceptualise and quantify the impact of model
uncertainty

Data/Information is used to endogenously specify models.

The case of information on traded options’ prices leads to an
Optimal Transport problem with a martingale constraint. We
develop numerical methods to solve it.

DRO conceptually appealing. Applications in finance, statistics, UQ,
ML and more!

Wasserstein balls lead to statistical estimators for robust outputs
directly from historical returns
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THANK YOU

papers available at www.maths.ox.ac.uk/people/jan.obloj
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