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Q mechanics or Q computing?

Q mechanics is a framework for the development of Physics theories, as originally
proposed mid-1920s by N. Bohr®, L. de Broglie®, M. Born®, W. Heisenberg®, W.
Pauli®, E. SchriidingerN, P. Dirac®.

The mathematics of Q mechanics allow for more general computation:
® more general definition of the memory state compared to classical computing;

® wider range of transformations / evolution of memory states.
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Q mechanics or Q computing?

Q mechanics is a framework for the development of Physics theories, as originally
proposed mid-1920s by N. Bohr®, L. de Broglie®, M. Born®, W. Heisenberg®, W.
Pauli®, E. SchriidingerN, P. Dirac®.

The mathematics of Q mechanics allow for more general computation:

® more general definition of the memory state compared to classical computing;

® wider range of transformations / evolution of memory states.

Why haven’t we used this computation framework until now?

To perform Q computation efficiently we need actual Q mechanical systems, only
proposed in the 1980s by P. Benioff, R. FeynmanN, Y. Manin.

Q algorithms can be run on classical computers, but require enormous amount of
memory, so that exponential gains in computing power are offset by exponential
memory requirements.
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Postulate 1 — Statics

Associated to any physical system is a complex inner product space (Hilbert space)
known as the state space of the system. The system is completely described at any
given point in time by its state vector, which is a unit vector in its state space.
State space: complex Hilbert space ) = CV.

For u,v € ), (*: complex conjugacy), with Dirac’s notations

uo
(ket) |u):

- | es,
Un—1

(bra) (u|:= (u§,...,up_1) € H,

N—1
(braket) (ulv) := Z uivi € C.
=0
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Standard computational basis vectors in CV:

1 0
0 1
o={.[, m=].[
0 0
For two quantum states
N—1
[u) = Z uj |i) and
=0

the inner product is

Postulate 1 — Statics

Inner product

0
0
IN—1) = | .
1
N—1
vy = vili,
i=0

(ulv) = Z Uz vj.
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Quantum binary digit — Qubit

The Q-mechanics version of a bit, a qubit, is a Q mechanical two-state system. Its
state can be represented mathematically by a unit vector in C2 and can thus in a
superposition of basis states.

Any vector |v) € C? can be represented as a linear combination

lv) = (g) :a(3)+6(2) =al0)+8[1).

Since the state vector is a unit vector, the coefficients (probability amplitudes)
a, B € C must satisfy

la]> + B> = a*a+ BB =1.

A qubit can exist in a superposition of basis states but, once measured, its state
collapses to |0) or |1), with respective probability |a|? and |5]|?.
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Quantum logic gates

A quantum logic gate allows to transform a qubit, i.e. to rotate it on the unit sphere.
It generalises classical operations. It can be represented as a unitary matrix in C?
(¢t = a6t =1).

Example: There is no Boolean function ¢ such that applied twice to a classical bit
would result in a NOT gate: ¢(4(0)) =1 and ¢(¢(1)) = 0. In Q computing, let

g L(1+i 1
Taoli-i 14i)

1 /Q+i)2+@—-i)2 200+i)(1—-i) \_/0 1
G*Z( 21 +1)(1—1) (1+i)2+(1—i)2)*(1 0)’

Then

so that

@2 (0) = ¢ ((1)) - ((1’) —1) and G|1) =@ ((1’) - ((1)) —10).
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Postulate 2 — Dynamics

The evolution of the closed @ system is described by the Schrédinger equation
ih0 [1p(t)) = H [1(1)) ,

where h is Planck's constant and H is a time-independent Hermitian operator

(Hamiltonian of the system).
Note that, for any 0 < t; < tp, Schrédinger’s equation gives us

[(t2)) = U(ts, t2) [(t1)), U(t1, t2) = exp {@} .

Lemma: if H is Hermitian (%! := (#*)T = ) and a € R, then exp{ia} is unitary.
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Unitary operators — Q logic gates

Unitary operators preserve the inner product and hence norms: given |u) and |v), and
a unitary operator U, then

U] - vy = (Ua))! - vy = (] - uv) = U |v) = (alv).
In Q mechanics, all physical transformations (rotations, translations, time evolution)
correspond to (unitary) maps from Q states to Q states.

Unitary operators can then be viewed as @ logic gates implementing Q computations.

Since unitary operators are invertible (U~ = UT), Q computing is reversible.
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Postulate 3 — Measurement

Quantum measurements are operators { M} acting on H, where m refers to the

possible measurement outcomes and such that " MMy = T. If the state of the
system is |1)) before measurement then the probability that result m occurs is

m = <w\./\/lfn./\/lm\1[)>. After measurement, the system collapses to

Mnls)
WIMbMoml4)
Example: M, = [0) (0| = (1 0) and M; = |1) (1 ( ) so that

M2 = Mg = M, M2 = My = MI and MIMo + MIM; =
Wlth Y = «al0) + B8 |1) then

= (IMiMolw) = (o (0 + 8% (1] ) [0) (0] ([0} + BI1) ) = |
= MMl = (o (0 + 87 (1] ) [0) (0] ([0} + B11) ) = I8P

We need to perform measurement on the same Q state many times to generate good
enough statistics (akin to Monte Carlo).
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Spectral Theorem and Projective measurements

Spectral Theorem: If A is Hermitian (A = A'), there exists an orthonormal basis
consisting of eigenvectors of A. Each eigenvalue is real.

Projective measurement: A Hermitian operator M admits the spectral decomposition
M = > mPn, where P, is the projection onto the eigenspace of M with
eigenvalue m.

In this setup, we can compute (P, is the probability of observing m)

E[M] =" mPm = m ($|PhPmlt)
Z (Y| Pml)
= (WY mPm¥)

= (YIMy).
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Postulate 4 — Composite Systems

The state space of a composite physical system is the tensor product of the state
spaces of the individual component physical systems.

If one component physical system is in state |1;) and a second component physical
system is in state [¢)2), then the state of the combined system is

[1) ® |12) .

Not all combined systems can be split into a tensor product of states of individual
components. When this is not the case, the components are called entangled.

More formally, a two-qubit state [¢) is called entangled if it cannot be written as the
tensor product |11) ® [¢2) for some 1), [1)2).

Antoine (Jack) Jacquier Principles of Quantum Mechanics and Quantum Computing



Principles of Quantum Mechanics
Quantum Computing
Postulate 4 — Composite systems

The power of entanglement

Consider an n-qubit system, where (recall) an individual qubit can be found, after
measurement, in |0) or |1), i.e. we need to specify 2 probability amplitudes to describe
the state of the qubit.

If all the qubits are independent, the quantum state can be represented as

V) = [1) @ [12) ® ... ® |¥n) ,

and we need to specify 2n probability amplitudes.

If all individual qubits are entangled (hence, there is no tensor product representation),
we need to specify 2”7 probability amplitudes.
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A note on computational basis

The standard orthonormal basis (|0) , 1))

-0 (0

is called the computational basis, but any pair of linearly independent vectors |u) and
|v) from C? can serve as a basis:

al0) +8[1) = o |u) + B'|v),
for example, the Hadamard basis, (|+), |—)), with

@+ _ 1 o=y, 1 (1
=B 2 (1) ma -2 Bg-2 (1) @
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From 1-qubit to 2-qubit system

A 2-qubit system can be represented by a unit vector in (C22, with orthonormal basis
(Joo), |01), |10}, |11)), given by the tensor/Kronecker products

1 1 0 0
(o 0 {1 1
|00) = |0) ® |0) = KNl=lo] OL=10)®[1)= AN l=1o
0-{o 0 0-11 0
o (o)) (o (1)) (o
|10) = [1) ® |0) = = ;1) =) 1) = =
1 (1 1 1. (° 0
0 0 1 1

Any 2-qubit quantum state can then be described by four probability amplitudes:

) = «]00) + 3|01) +~[10) + 6 [11),
with |af? + |B]* + [v[? + [8]* = 1.
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n-qubit system

More generally,
0)¥" = 0) ®--- ®10)
——— —
n times

An n-qubit system can exist in any superposition of the 2" basis states and requires 2"
probability amplitudes to be fully specified.
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The Bloch sphere

Bloch® sphere: every quantum state is uniquely (up to global phase) specified by

6 € [0, 7] and ¢ € [0,27), so that, with a = cos (%), B = e'?sin (g),

0 . /] cos (
Canonical representation |¢) = cos <7) |0) + €'¥ sin (7) 1y = .
2 2 e'® sin

A unitary matrix can then be seen as a rotation operator, and the gate parameters are
called rotation angles.
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1-qubit logic gates

= 8 1=G D =0 3) =6 %)

The X gate flips the bit (NOT gate); the Z gate flips the phase (PHASE gate):

o = HE =@ w0 ) -0).
w -6 00 -0 = -6 DO -0

0) 1) 0) 0)

Graphical representation of X and Z gates.
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Q operations
® Q Gate: reversible quantum circuit (unitary matrix: UU* = U*U = I).
® Standard gates:

1 0 i 0 1

X:{O 1]7 Y:[q 4}7 H:\%[l _11}’ Ry(0) = cos<§> —sin(%)

(3] cos
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Q operations

® Q Gate: reversible quantum circuit (unitary matrix: UU* = U*U = I).

® Standard gates:
0 1 0
=fp o) v=

® Examples:

1

Y

s (2) —sn(2)]

AR it

sin

o =

[0)+]1)
2

H|0) =

o T F

_ [00) +[01) +]10) + [11)

o [ <}
o

#92100) = (H|0)) ® (H]0))

2

x((B@1)|00) ) = X (%

51)

o T A F
o —{ 4}

Antoine (Jack) Jacquier
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V2 V2

(EPR)
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Example of a Q circuit

qU_R\r_Rv__R'r

0404 2a7 118
_ Ry __ ____ Ry _ Ry
ql 143 =278 21
Ry Ry
q2 0464 183
— Ry
 i———
4 0 1 2 3
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Superposition with Hadamard gate

The Hadamard gate H creates an equal superposition of |0) and |1) when applied to
either state |0) or state |1):

v =50 20 5050 -2
w =50 D0 -H0-30 -2

0) —i— 510+ 5511 1) —i— 510 - 511

Circuit representation of the H gate.
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Hadamard and phase shift gates

An immediate computation shows that H~! = H, so that

) |0) 1) 1)

H gate applied twice.
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Exciting example: Generating a uniform distribution

® 1 qubit, i.e. 2 values (discrete distribution over 2 points):

_ 19 +11)
RIO) = =~
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Exciting example: Generating a uniform distribution
® 1 qubit, i.e. 2 values (discrete distribution over 2 points):

0) + 1)

H|0) = 7

® n qubits, i.e. 2" values (discrete distribution over 2" points):

" (0)°" = (10) ) @ -+~ @ (H|0))

- (23)one (232)

= 23/2(|0>+|1>)®-~-®(|0)+|1>)
_2’7%<|0...0>+|0...01)+...+\1...10>+|1,..1>)

2"—1

1
= on/2 Z Ii)
i=0
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Possible to code things up:
® Simulated quantum computer
® Actual (small-size) quantum computer

from giskit import QuantumCircuit, Aer, execute
from giskit.visualization import plot_histogram

& Launcher X | [ QuantumComputingipynb X | IntroToQCipynb 0
B+ X B O »mCm» Code v

Running a quantum circuit on a simulator

& Python 3 (ipykemel) O

qc = QuantumCircuit(1)
ac-h(0)
qc.measure_all()
qc-drau('mpl')

_E

meas

backend = Aer.get_backend('qasn_sinulator’)
shots = 1000

results = execute(ac, backendsbackend, shots=shots).result()
plot_histogran(results.get_counts())

0.60

oars

°
&

Probabilities
°
o
g
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QuantumCircuit(n)
for 1 in range(n):
qe.h(i)
qc.measure_all()
qc.draw("mpl")

o g
_—
-
o 8
o

@
_— &

meas

Antoine (Jack) Jacquier

6 qubits

backend = Aer.get_backend('qgasm_simulator')

shots = 50000

results = execute(qc, backend=backend, shots=shots).result()
plot_histogram(results.get_counts())

et e e s 04

800 s 4475

600

Count
S
3
o

200
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Adjustable 1-qubit gates
Adjustable 1-qubit gates perform rotation of the qubit state around specific axis by an
arbitrary angle 6 and an arbitrary unitary gate U

Ru(0) = exp {-%u} :

In particular,

Rx(6) = cos (

so that

Rx(6) |0) :cos(g)\O)fisin g)|1>, Ry(0) |0) :cos(g)|o>+sin(g)\1>,
Rx(6) |1) :—1sin<g) |o>+cos(g 11, Ry(6)[1) :—sin(g \o>+cos(g)|1>,
R(0)10) =exp (—2)10), R(O)IL) =exp (2)12).
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n-qubit gates

An n-qubit gate can be represented by 2" X 2" unitary matrices. By acting on several
qubits at the same time, it can be used to entangle them.

This is in particular the case with conditional operators, or controlled gates: the gate
is applied to the target qubit only if the control qubit is in state |1).

For example, Controlled Y (CY) gate:

a1

q2

LY

CY gate.
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Controlled NOT (CNOT) gate

The CX gate is the controlled Pauli X (bit flip) gate, represented by
1 0 0 O
_w~_|0 1 0 0
CNOT=CX= |0 o o 11
0 0 1 0O
and has the circuit representation
q1
q2 ()

CX (CNOT) gate.

Antoine (Jack) Jacquier Principles of Quantum Mechanics and Quantum Computing



Principles of Quantum Mechanics
Quantum Computing

Controlled Z (CZ or CPHASE) gate

The CZ gate is the controlled Pauli Z (phase flip) gate, represented by
1 0 0 O
_ .- |0 1 0 o
CPHASE = CZ = 0 0 1 0
0 0 0 -1

In this particular case, the target and control qubits are interchangeable i.e.

q1 . q1 [Z]

g2 12} g2

CZ (CPHASE) gates.
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Adjustable 2-qubit gates

An example of adjustable two-qubit gate is the XY gate, which is a rotation by some
angle 6 between the |01) and |10) states:

1

(4)

Nl NI
[SIESSINTEN

o

) )
isin () cos(9)

(
0 cos

XY(0) =

{

isino(
S

= O O O

o

Lemma: For any unitary U, there exist & € R and 61, 62,605 € [0, 7] such that

U = ¢'®Rz(0;1)Ry(62)Rz(63)-
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Entanglement

An n-qubit system can exist in any superposition of the 2" basis states:

2"—1
0 [00...00) + ¢ 00...01) + ...+ cn_q [11...11), > |g|* =1.
i=0

If such a state can be represented as a tensor product of individual qubit states then
the qubit states are not entangled.
For example:

1
273 (/31000) +]001) +3]010) + V3[011) + V3]100) + [101) + 3[110) + V3|111))

_ (%|o>+%|1>) ® <;|o>+ *fm) ® (?IOHQID) :
(5)

An entangled state cannot be represented as a tensor product of individual qubit
states.
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Entanglement (continued)

For example, one cannot find «, 3,7, € C such that
1

V2

Entanglement allows us to encode much more information than with individual
independent qubits. Most of the information in the state of a Q state is stored

non-locally in the correlations between the qubit states.
This is one of the major features of Q computing vs classical computing.

(100} +112) ) = (@]0) + B11)) @ (710} + 8]1)).
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Construction of entangled states
Qubit states can be entangled with the help of two-qubit gates.

The entangled 2-qubit state above is one of the four maximally entangled Bell states,

and can be constructed as

0) ]
2100 + 1 [11)

|0)

D

N
L

Bell circuit.
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Parameterised Quantum Circuit

) U1(61)

-

1 —

Um(6m)

Schematic representation of the Parameterised Quantum Circuit.

A Q circuit consisting of a mix of fixed and adjustable gates transforms initial Q state,
|1} into final Q state |¢)’) by applying a sequence of unitary operators:

|1/’,> = Um(em) .

- U2(62)U1(61) ) - (6)

Here, U; and O, denote, respectively, the individual gate i, i=1,..., m, and associated

vector of gate parameters.
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Is there any sense of reality here?

Two competing technologies:

® Superconducting qubits: each qubit can interact with its nearest neighbour,
limited decoherence time, needs super-cooling; IBM, Google, AWS, Alibaba,
Rigetti, Intel, D-Wave.

® |on trapped: ions trapped in electric fields, that can be perturbed by laser beams.
Quantinuum, IonQ , Quantum Factory , Alpine Quantum Technologies,
eleQtron, Oxford Ionics.
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Leading technologies in NISQ era? Candidate technologies beyond NISQ

Qubit type or

i i . o . —
technology Superconducting?  Trapped ion Photonic Silicon-based® Topological

Description of Two-level system Electron spin Occupation of a Nuclear or electron  Majorana
qubit encoding of a superconducting direction of ionized waveguide pair spin or charge of particles
circuit atoms in vacuum of single photons  doped P atoms in Si in a nanowire

_ ‘ IBM: 20, Rigetti: 19, Lab environment: 6x3° 2 target: 1in 2018
Physical qubits** Alibaba: 11, Google: 9 AQT®: 20, lonQ: 14

Qubit lifetime ~50-100 ps ~50s ~150 pus ~1-10 s target ~100 s

Gate fidelity? ~99.4% ~99.9% ~98% ~90% target ~99.9999%

Gate operation ~10-50 ns ~3-50 ps ~1ns ~1-10 ns -
time
Connectivity Nearest neighbors All-to-all To be Nearest -
demonstrated neighbor
Scalability G D @ @ 0
No major road- Scaling beyond Single photon Novel technology
blocks near-term one trap (>50 qb) sources and potentially high
detection scalability
Maturity or
technology

@ Q00O CH U

readiness level

TRL®S TRL4 TRL 3 TRL3 TRL1

es of Quamtum MEcharicpgarioQual Computin
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Q Tech: interesting graph theoretic problems

[ . . .
. . . .
o¢ oo ©o¢ o0 ¢@ o0 ¢ o0
Pt N2 N2 e
. . . L]
[ . . .
° e e e
6¢ o0 @ e o0 &d o0
o e N7 e
. . . L]
[ . o .
o 72\ 72\ e
6@ oo ¢ o0 ¢¢ o0 ¢ o0
o N7 N7 e
. . . L]
[ . o .
. S e . .

6@ oo 6@ o0 o6 oo ¢ o0
U o

0-0-0-0-0-0-0 ® o
1 1 1L 1 1 11 |
0-0-0-0-0-0-0-0 | 0—0—0
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Quantum timeline

Development Roadmap

18M Quantum

2016-2019 e 2020 e 2021e 2022e 2023e 2024 2025 2026 2027 2028 2029 2033+

P o oo Ehewsgsun  Impuegasun  Shwogssue | Inwegosun | inposgesun I
i = e dowiDigies  show

Innovation Roadmap

Alonanced #

®

1BM Quantum / © 2023 1BM Corporation
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