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Optimal stopping of Lévy processes

L N

Consider a d-dimensional Lévy process X = (X;);>¢, With
characteristic exponent ¢ and generating triplet (A, v, ),
which means

E (eX) — explti(z)], z€RY

1

P(z) = —§z.Az + iv.2 + / (eiz‘x —1— iz.w1{|x|§1}) v(dx),

the matrix A = (A;;) is the covariance matrix of the

Brownian part, the measure v on R%\ {0} is the Lévy
measure of X, which satisfies [(|z|* A 1)v(dz) < oo, and v is

La vector in RY. J
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# Given a bounded and continuous function f on R%, we
Introduce

up(t,x) = sup E(f(z+X,)), (t,z)€]0,+o0c)xRY

where 7y Is the set of all stopping times with values in
0,t]. We want to characterize u; as the unique solution
of a variational inequality.
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# Given a bounded and continuous function f on R%, we
Introduce

up(t,x) = sup E(f(z+X,)), (t,z)€]0,+o0c)xRY

where 7y Is the set of all stopping times with values in
0,t]. We want to characterize u; as the unique solution
of a variational inequality.

# Denote by £ the infinitesimal generator of X. The
operator £ can be written as a sum £ = A + B, where A

IS the local (differential) part and B is the non-local
(integral) part.
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® For g € C3(R%), we have

d
0
Ag(x Z A”@xzﬁwj + Z% g ),

,J—l —

and

By(x) = / W(dy) (9(z +y) — 9(x) — y.Vg(@) 1y ny)

where Vg denotes the gradient of g.
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® For g € C3(R%), we have

Ag(x) = ! zd: A; ) + zd: 89
I =5 g (‘9%83;] 7y )

and
By(x) = / W(dy) (9(z +y) — 9(x) — y.Vg(@) 1y ny)

where Vg denotes the gradient of g.

# The local part . Ag can be defined in the sense of
distributions if ¢ Is a locally integrable function.
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# We will show that Bg can be defined in the sense of
distributions if ¢ is bounded and Borel measurable.
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# We will show that Bg can be defined in the sense of
distributions if ¢ is bounded and Borel measurable.

» If O is an open subset of R?, we denote by D(0) the set
of all C*° functions with compact support in © and by
D'(0O) the space of distributions on O. If u € D/(O) and
¢ € D(O), (u,p) denotes the evaluation on the test
function ¢ of the distribution ». Note that if « is a locally
Integrable function on O,
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9o

We will show that Bg can be defined in the sense of
distributions if ¢ is bounded and Borel measurable.

If O is an open subset of RY, we denote by D(O) the set
of all C*° functions with compact support in © and by
D'(0O) the space of distributions on O. If u € D/(O) and
¢ € D(O), (u,p) denotes the evaluation on the test
function ¢ of the distribution ». Note that if « is a locally
Integrable function on O,

And the partial derivatives of u are defined by

-

() = = [ )5 E @) .

Oz
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» Introduce the adjoint operator B* of B. For ¢ € C3(R%),
let

B p(x) = / (o(z —y) — o(z) + y. V()L <y) v(dy), zeR"
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» Introduce the adjoint operator B* of B. For ¢ € C3(R%),
let

B p(x) = / (o(z —y) — o(z) + y. V()L <y) v(dy), zeR"

# For the next Proposition, we will use the following
notations.

2 _
D% = sup sup zzyzy]axz% 0|

Bi={yeR!| |y <1}.

|
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Proposition 1 If ¢ € D(R?), the function B*¢ is continuous
and integrable on R?, and we have

. 1
1B ¢l < §HD%HOOM(K+B1) . ly*v(dy) + 2|l v (BY),

where K = suppyp and )\, is the Lebesgue measure.
Moreover, if g € CZ(R%), we have

Bo¢) = [ a@B pla)d
For g € L>®(RY), the distribution Bg can be defined by setting

- Bo¢) = | a@Bplads, o e DR |
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We can now characterize the value function u, of an

optimal stopping problem with reward function f as the
solution of a variational inequality. Note that in the following
statement o,v + Lo IS to be understood as a distribution.

Theorem 2 Fix T > 0 and let f be a continuous and

bounded function on R¢. The function v defined by
v(t,z) = uy(T —t,x) Is the only continuous and bounded

function on [0, 7] x R¢ satisfying the following conditions:
1. o(T,.)=f,
2. v=>f,

3. On (0,T) x R%, v + Lo <0,

4. On the open set {(t,z) € (0,T) x RY | v(t,z) > f(x)},

L_.0w+£v:O _J
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Proof

|7 » Continuity of (t,x) — us(t,z) = sup,cg , E(f(z + X7)). T
The process (U; = v(t,x + Xt))o<t<7 IS the Snell

envelope of the process (Z; = f(x + Xt))o<i<T-
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» Continuity of (t,x) — us(t,z) = sup,cg , E(f(z + X7)).
The process (U; = v(t,x + Xt))o<t<7 IS the Snell
envelope of the process (Z; = f(x + Xt))o<i<T-

® Therefore, (Uy)o<:<7 IS @ SUpermartingale, and, if
T =inf{t € [0,T] | Uy = Z;},

the stopped process (Ui~ )o<i<7 IS @ martingale.
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- N

» Continuity of (t,x) — us(t,z) = sup,cg , E(f(z + X7)).
The process (U; = v(t,x + Xt))o<t<7 IS the Snell
envelope of the process (Z; = f(x + Xt))o<i<T-

® Therefore, (Uy)o<:<7 IS @ SUpermartingale, and, if
T =inf{t € [0,T] | Uy = Z;},

the stopped process (Ui~ )o<i<7 IS @ martingale.

# Note that 7* Is the exit time from the open set {v > f}
for the process (¢, x + X¢)o<i<7-

o |
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® Given z € R? and an open subset U of R¢, define

i =inf{t >0 |2+ X; ¢ U}.

|
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® Given z € R? and an open subset U of R¢, define
i =inf{t > 0|z + X; ¢ U}.

»® If g is a bounded continuous function on R?, the
following conditions are equivalent

1- For every z € R?, the process (g(z + X¢arz))i>0 iS a

supermartingale.
2- The distribution Lg Is a nonpositive measure on U.
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® Given z € R? and an open subset U of R¢, define
i =inf{t > 0|z + X; ¢ U}.

»® If g is a bounded continuous function on R?, the
following conditions are equivalent

1- For every z € R?, the process (g(z + X¢arz))i>0 iS a

supermartingale.
2- The distribution Lg Is a nonpositive measure on U.

# For recent results on viscosity solutions, see Barles and
Imbert (Ann. IHP 2008).
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The American put price
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The American put price
- -

» In an exponential Levy model, the price (S;).cj0 1) Of the
risky asset is given, under the pricing measure, by

St _ Soe(r—5)t—1—Xt7

where r > 0 IS the interest rate, § > 0 the dividend rate,
and X = (Xt)o<¢<7 IS a real Levy process, with

generating triplet (o2, v, v), such that (e**)y<;<7 is a
martingale.

o |
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The American put price
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» In an exponential Levy model, the price (S;).cj0 1) Of the
risky asset is given, under the pricing measure, by

St _ Soe(r—5)t—1—Xt7

where r > 0 Is the interest rate, 6 > 0 the dividend rate,
and X = (Xt)o<¢<7 IS a real Levy process, with
generating triplet (o2, v, v), such that (e**)y<;<7 is a
martingale.

® The martingale property for e*¢ is equivalent to the
following conditions: f{,x,>1} ev(dr) < oo and

2

L % + v + / (ew — 1 — $1{|x|§1}) V(d:l?) = 0. J
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Using this condition, the infinitesimal generator £ of the
process (X; = log(S;/Sp)) can be written as follows. For
g € C?, we have

Lole) = G g+ (r=0-F) 2@) + By(o),

where

By(e) = [ vldy) (o + ) - o0) - @ - D))

Note that, as in the general setting, Bg can be defined in the
sense of distributions for g € L>°(R%).

o |
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fThe value at time ¢ of an American put with maturity 7" and
strike price K Is given by

P, = P(t,5;),

with,
P(t,z) = sup E(e"7f(S7)), (1)

7€70,7 ¢

where S = reXt = ze(r=0)t+Xe gng flx)=(K —x)4+ .
It follows from (1) that = — P(t, x) is convex and that
t — P(t,z) IS non-increasing.

o |

Some ontion pricina problems in exponential Lévv models — p. 14/31



fDefine T

~

P(t,x) = P(t,e"), (t,x)€ [0,T] xR.
We have

~

15(15, r) = sup E(e_”f(x + X)),
TE%,T—t
where f(z) = f(e%) = (K — e%) .

Theorem 3 The distribution (9; + £ — r)P is a nonpositive
measure on (0,7) x R, and, on the open set

{(t,z) € (0,T) xR | P(t,z) > f(z)}, we have
(O + L —7)P =0.

o |
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The exercise boundary
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We assume that one of the following conditions holds

o £0, v((—00,0)>0 or /(0+ (@A) = +oc

o |
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The exercise boundary

- N

We assume that one of the following conditions holds

o £0, v((—00,0)>0 or /(0+ (@A) = +oc

Under this assumption, we have

Vit €10,T), Vzel0,+00), P(t,z)>0.
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The exercise boundary
-

We assume that one of the following conditions holds

o £0, v((—00,0)>0 or /(0+ (@A) = +oc

Under this assumption, we have

Vit €10,T), Vzel0,+00), P(t,z)>0.

We now define the critical price attime ¢ € [0,T) by

b(t) =inf{z > 0| P(t,z) > f(x)}.

|
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The exercise boundary

-

We assume that one of the following conditions holds

o £0, v((—00,0)>0 or /(O+ (@A) = +oc

Under this assumption, we have

Vit €10,T), Vzel0,+00), P(t,z)>0.

We now define the critical price attime ¢ € [0,T) by
b(t) =inf{z > 0| P(t,z) > f(x)}.

Note that b(¢) € [0, K). It can be proved that b(¢) > 0.

|
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Since t — P(t, x) Is nonincreasing, the function ¢ — b(t)
IS nondecreasing.

We obviously have P(t,x) = f(x) for x € [0,b(t)) and
also for x = b(t), due to the continuity of P and f. We
also deduce from the convexity of x — P(¢,x) and the
fact that P(t,z) > 0 that

Vit e [0,T), Vx>0b(t), P(tx)> f(x).

|

Some ontion pricina problems in exponential Lévv models — p. 17/31



-

Since t — P(t, x) Is nonincreasing, the function ¢ — b(t)
IS nondecreasing.

We obviously have P(t,x) = f(x) for x € [0,b(t)) and
also for x = b(t), due to the continuity of P and f. We
also deduce from the convexity of x — P(¢,x) and the
fact that P(t,z) > 0 that

Vit e [0,T), Vx>0b(t), P(tx)> f(x).

In other words, the continuation region C' can be written
as

C={(t,z) € [0,T) x[0,4+00) | z > b(t)}.

The graph of b is called the exercise boundary or free
boundary. J
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Theorem 4 The function ¢ — b(t) is continuous on [0, T).

The following result characterizes the limit of the critical
price b(t) as t approaches T'. This extends and clarifies
recent results of Levendorski (2004). See also Yang, Jiang
and Bian (2006), Bayraktar, Xing (2008).

Theorem 5 If [(e* — 1) v(dx) <r — 4§, we have

-

Iim b(t) = K.
Lim b(t)

If [(e* —1)yv(dz) > r — 4, we have lim;_,p b(t) = £, where ¢
IS the unique real number in the interval (0, K') such that
©(&) = rK, and ¢ Is the function defined by

\_ p(xr) =dx + / (xe? — K)v(dy), x € (0,K). J
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The smooth fit property
-

The continuity of the derivative (with respect to the
underlying stock price) of the American put price is a
well known property in the Black-scholes model, called
the smooth fit property (see also Zhang (1994) and
Bayraktar (2007) for jump-diffusions). In the context of
exponential Lévy models, this property may no longer
be true.

|
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The smooth fit property
-

The continuity of the derivative (with respect to the
underlying stock price) of the American put price is a
well known property in the Black-scholes model, called
the smooth fit property (see also Zhang (1994) and
Bayraktar (2007) for jump-diffusions). In the context of
exponential Lévy models, this property may no longer
be true.

In the case of perpetual American options, Alili and
Kyprianou (2004) proved that a necessary and sufficient
condition for smooth fit is that the point 0 is regular with
respect to the set (—oo, 0) for the process

X; == (r — 0)t + X3, which means that P(rp = 0) = 1,
where

70 = inf{t > 0 | X; < 0}. |
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fIn the case of finite horizon, it can be proved that regularity
Implies smooth fit (G. Peskir, cf. Bather (1970)). It follows
that the smooth fit property is satisfied by the American put
In an exponential Lévy model, if the underlying Levy
process has infinite variation.
Let f : R — R be a bounded and Lipschitz continuous
function. Define

v(t,z) = EsTup E (e_rTf(w —- XT)) , 0<t<T,
TC10,T—t

where X is a real Léevy process. Assume there exists
b:10,7) — R such that for every ¢t € [0,T'), we have

v(t,x) > f(z) < x> b(1).
. |
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Proposition 6 Assume that 0 is a regular point with respect
to the set (—o0,0) for the process X and that f is of class

C'! in a neighborhood of 5(0). Then, the function z — v(0, z)

IS differentiable at = = 5(0) and %(O, b(0)) = f(b(0)).

Proposition 7 Consider an exponential Lévy model, in
which the generating triplet of the Lévy process is given by

(0%, v,7). Suppose o =0, and [(|z| A 1)v(dx) < oo.

If r — 6 — [(e¥ — 1)v(dy) < 0, smooth fit holds for
American put options with finite maturity.

Ifr—6— [(e¥ — 1)1v(dy) > 0, smooth fit does not hold.
Note that v :=r — d — [(e¥ — 1)v(dy) is the drift of the Lévy
Lprocess X; = log(S:/S). J
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2roof of the second part of the Propositio

- S N

It follows from the variational inequality that, for = > b(¢),

fyowaa—i(t,x)+/ (P(t,ze¥) — P(t,x))v(dy)—rP(t,x) = —%—f(t,x).

Therefore, at x = b(t),

oP

Wow%(t, T) (t, xe?) — r)) v(dy)

0 ) o
~ - [ e

oo()
- / (P(t,ze") — P(t, ) v(dy).
(0,+00)

LNote ) is nonincreasing and v =r—0 — [(e¥ — 1)v (dy)J
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FHence(fora::b(t)) __T

(7“ - / (e¥ — 1)u(dy)> g—];(t,x) + /( _OO)O)(1 —Mu(dy) > 0,

so that
1 —eY)v(dy
P s Ji o1 = €)idy)
Ox =6 — [(ev — 1), v(dy) + ooy (1 — €¥)v(dy)

> -1,

ifr—o0— [(e¥—1);v(dy) > 0.

o |
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Discrete vs continuous supremum

- N
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Discrete vs continuous supremum

- N

Consider a real Lévy process X with generating triplet
(02, v,7), with f|x|>1 lz|v(dz) < oo. Let

M; = sup Xg, Mt(n) =  sup  Xggp, neN
0<s<t k=0,1,....n

We want to study the difference

M, — M™.

o |
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Discrete vs continuous supremum

- N

Consider a real Lévy process X with generating triplet
(02, v,7), with f|x|>1 lz|v(dz) < oo. Let

M; = sup Xg, Mt(n) =  sup  Xggp, neN
0<s<t k=0,1,....n

We want to study the difference
M, — M™.

References (Brownian motion): Asmussen, Glynn,
Pitman (1995), Broadie, Glasserman, Kou (1999).

o |
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Spitzer’s identity
-

Theorem 8 (Spitzer) Let Y7, ..., Y, be iid integrable real
random variables. Denote

-

k
So=0, Sp=>» Y, k=1..n

We have

E (kmax Sk) =K (kmax S+) Z kES+

=0,...,n NN

For an integrable Levy process X, we have

L ) fEe
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Proof

- N

nduction on n. Denote M,, = max;—q__,, Si. We have

.....

EM, = E (M.l -0)+E(Mnlis <o1)
= E(Mnlfs,>0p) +E (Mp-11(s,<0}) -

On the other hand

E(Mnlgs,~01) = Emax (Y1,Y1+Ys,... . Y14+ ... +Y,) 1 oo
= E[Y] + max (0,Y2,..., Yo+ ... +Y,)| 1yg,~00

— K (Y11{5n>0}) + K (Mn—11{5n>0})

1
— EE (Sn1{5n>()}) + K (Mn—11{5n>0})

1

N = —ES; +E (Mn-11{g,50}) - N

T

icina oroblems in exponential Lévv models = p. 26/31



fProposition 9 1. We have T
B (M - M) = 0(1/v/n).
2. Ifoc =0,
E (Mt ~ Mt(”)) = o(1/y/n).

These estimates are essentially optimal (cf. Brownian
motion and stable processes).

In some cases (jump-diffusion), an expansion up to o(1/n)
can be established.

o |
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Proof

-

Assume for simplicity that (X;) is a martingale, and let
6 = t/n. We have, using Spitzer’s identity, and the estimate

EX;F < CWA,

-

+
EX, s
k

. EX
EM, — EM" = / Sds—Ej
k=1

_|_
— Z/ EX;L ds — E)k(ké

Z/ EX] EX,;;+O(\/5)

k

Note that X;" is a submartingale, so that EX;- < EX,', for J
k—1)0 < s <ké.
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ence

+ EX
EM, — EM" = Z/ EXS ds — =+ O(V)

ZEX,;; (/M ds—i) + O(V9)

(k—1)§ 5

I

VAN

CZF(—l_%)mm)
< C\/EZW.
k=2

. EXT
LNote that, If 0 = 0, we have lim 5 =0. J
s—0 \/g
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Weak convergence of normalized error

-

Theorem 10 Let X be a Lévy process with generating T
triplet (o2, v,~). Assume ¢ > 0 and v finite. For a fixed ¢ > 0,

the sequence [\/E(Mt — Mt(”)), Mt} , converges in
ne

distribution to (o/tW, M), where W and M, are
Independent and W is given by

W= min R(U+n),
n=0,4+1,42....

where U is uniform on (0,1) and (R(%)):cr IS an independent
two-sided version of a three-dimensional Bessel process.

In the case v = 0, this result is due to Asmussen, Glynn and
Pitman (1995).

o |
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Continuity correction

-

fThe previous result can be used to derive continuity
correction formulas for lookback options in the same way as
In Broadie, Glasserman, Kou (1999). To demonstrate this,
consider a lookback put option in an exponential Lévy
model (with r = 6 = 0)

V =E (S — Soe¥T), Vi =E (SpeMr — Soe¥T)

Then we have (under the assumptions of the previous
theorem and integrability conditions)

V=V, (1 + ﬁla\/T/n) + SoBo/T/n+ o(1/v/n),

Lwhere 1 =EW) = —C(l—ﬂ/_j). J
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