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Ring-theoretic properties
of certain Hecke algebras

By RICHARD TAYLOR AND ANDREW WILES

Introduction

The purpose of this article is to provide a key ingredient of [W2] by es-
tablishing that certain minimal Hecke algebras considered there are complete
intersections. As is recorded in [W2], a method going back to Mazur [M] al-
lows one to show that these algebras are Gorenstein, but for the complete
intersection property a new approach is required. The methods of this paper
are related to those of Chapter 3 of [W2]. The methods of Section 3 of this
paper are based on a previous approach of one of us (A.W.).
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1. Notation

Let p denote an odd prime, let O denote the ring of integers of a finite
extension K/Qp, let A denote its maximal ideal and let k = O/\.

If L is a perfect field G will denote its absolute Galois group and if the
characteristic of L is not p then € : G, — Z; will denote the p-adic cyclotomic
character. If L is a number field and p a prime of its ring of integers then
G will denote a decomposition group at p and I, the corresponding inertia
group. We shall denote by Frob,, the arithmetic Frobenius element of G,,/I,.

If G is a group and M a G-module we let MG and Mg denote respectively
the invariants and coinvariants of G on M. If p is a representation of G into
the automorphisms of some abelian group we shall let V,, denote the underlying
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G-module. If H is a normal subgroup of G then we shall let p¥ and pg denote
the representation of G/H on, respectively, VpH and V, g.
We shall also fix a continuous representation

p: GQ — GLy (k‘)
with the following properties.

e p is modular in the sense that it is a mod p representation associated to
some modular newform of some weight and level.

e The restriction of 5 to the group Gal(Q/Q(4/(—1)®~1/2p)) is absolutely

irreducible.
e If c denotes complex conjugation then det p(c) = —1.

e The restriction of p to the decomposition group at p either has the form

P *
0 2

with 17 and 9 distinct characters and with 19 unramified; or is induced
from a character x of the unramified quadratic extension of Q, whose
restriction to the inertia group is the fundamental character of level 2,
I, —» F:z.

e If [ # p then

— either p |;,~ ( )é (1) ),
_ 1 x
_Orp!I[N(O 1>a

— or p |g, is absolutely irreducible and in the case p |y, is absolutely
reducible, [ £ —1 mod p.

(This implies that p |g, is either unramified or of type A, B or C as
defined in Chapter 1 of [W2]. On the other hand if p |g, is of type A, B
or C then some twist satisfies the condition above.)

P *
0 9o
that in some cases this may involve making a choice.

We let @ denote a finite set of primes g with the properties

In the case that p |G,,~ we fix the pair of characters ¥1,12. Note

e D is unramified at g,
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e ¢ = 1lmodp,
e p(Frob,) has distinct eigenvalues, denoted g and £,.

Much of our notation involves a subscript @) to denote dependence on Q; when-
ever @ = () we may simply drop it from the notation.

For q € Q we shall let A, denote the Sylow p-subgroup of (Z/qZ)* and let
64 denote a generator. We write Ag for the product of the A, with ¢ € @, and
let ag denote the kernel of the map O[Ag] — O which sends every element of
Agq to 1. Let x4 denote the character

Gq — Gal(Q(¢)/Q) = (Z/4Z)* — A,,

and let xq@ = [l4eq Xq-
We denote by Ng the product of the following quantities:

e the conductor of p;
e the primes in Q;

e p, if p is not flat (i.e. p does not arise from the action of Gp on the Q,-
points of some finite flat group scheme over Zy) or if detp |,# €. (We
remark that if p |, is flat but det 5 |, 7# € then p |, arises from an étale
group scheme over Z,. We also note that in [W2] the term flat is not
used when the group scheme is ordinary.)

We let ' denote the inverse image under I'g(Ng) — (Z/NgZ)* of the product
of the following subgroups:

o the Sylow p-subgroup of (Z/MZ)*, where M denotes the conductor of p;

e for each g € Q the unique maximal subgroup of (Z/qZ)* of order prime
to p.

Let T(I'g) denote the Z-subalgebra of the complex endomorphisms of the
space of weight 2 cusp forms on I'g generated by the Hecke operators 7; and
() for I t+ pNg, by Uy for ¢ € Q and by U, if p | Ng. Let m denote the
ideal of T(I'g) ®z O generated by \, by trp(Frob;) — T; and det 5(Frob;) — I(l)
for I t pNg, by Uy — a4 for ¢ € Q and by Uy, — ¥2(Frob,) if p | Ng. Note
that if Q # 0 this definition only makes sense if O is sufficiently large that k
contains the eigenvalues of 5(Froby) for all ¢ € Q. It is a deep result following
from the work of many mathematicians that m is a proper ideal (see [D]), and
thus maximal. We let T¢q denote the localisation of T(I'g) ®z O at m. Note
that Tq is reduced because the operators T; for I t Ng act semi-simply on the
space of cusp forms for I'g and the Uy for ¢ € Q act semi-simply on all common
eigenspaces for the 7; for which the corresponding p-adic representation 7 is
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either ramified at ¢ or for which 7(Frob,) has distinct eigenvalues. There
is a natural map O[Ag] — Tg, which sends x € Aq to (y) where y € Z,
y = xrmodgq for all ¢ € Q and y = 1 mod Ny.

It follows from the discussion after Theorem 2.1 of [W2] or from the work
of Carayol [C2] that there is a continuous representation

p5°? : Gg — GL2(To);

such that if [  Ngp then p$°d is unramified at [ and we have trpm°d (Frob;) =
T; and det pm°d(Frobl) = [(l). In particular the reduction of p$°d modulo the
maximal 1deal of Tq is p. From [C1] we can deduce the following:

e If g € Q then ,0““"“l lg,= #1® ¢2 where ¢ is unramified and ¢; (Frob,) =
Uq, and where ¢2 lr,= Xq l1,-

e If | # p and p |;, is nontrivial but unipotent then p8°d |7, is unipotent.

o If | ¢ QU {p} and either p ;= x ® 1 or P |g, is absolutely irreducible
then pBo3(I1) 2 p(;)-

e det pm"d = x@e¢ where ¢ is a character of order prfme to p.

Moreover if p |g, is flat and if det 5 |r,= € then p { Ng so that pQOd g, is flat
(i.e. the reduction modulo every 1deal of finite index is flat). If 5 |g, is not flat

or if detp |1,# € then p | Ng, P |g,~ % " and Up is a unit in Tq. It
2
follows from Theorem 2 of [W1] (or more directly in the case 1 |1,# € from
Proposition 12.9 of [G]) that pQOd la,~ Xég * ), where x2 is unramified
2

and x1(I,) has order prime to p. In the case that x1 is unramified we know
further that x1 = X2 (see Proposition 1.1 of [W2]) and that this character has
finite order. It will be convenient to introduce the twist pQ p8°d ®Xg ~12 of
p’émd. In particular we see that det p’Q is valued in O*.

The main theorem of this paper is as follows. Recall that we may write

T for T@.
THEOREM 1. The ring T is a complete intersection.

We note that if @ is the ring of integers of a finite extension K’/K then
the ring constructed using @’ in place of O is just Tg ®0 O'. Also T is a
complete intersection if and only if T ®o O’ is (by, for instance, Corollary 2.8
on page 209 of [K2]). Thus we may and we shall assume that O is sufficiently
large that the eigenvalues of every element of p are rational over k and that
there is a homomorphism 7 : T — O. In particular the definition of T makes
sense for all Q. There is an induced map 7g : Tg — T — O. The map
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Tgo — T takes the operators 7; and (l) to themselves and the operator U,
to the unique root of U2 — T,U + ¢(g) in T above ag. We let pg denote
the kernel of mg and 7 denote the ideal mq(annt,(p@)). Then it is known
that co > #pg/ sz > #0/ng with equality if and only if Tq is a complete
intersection (see the appendix of [W2] or [L}; we are using the fact that Tq is
reduced).

2. Generalisation of a result of de Shalit

In this section we shall use the methods of de Shalit (see [de Sh]) to prove
the following theorem. '

THEOREM 2. The ring Tq is a free O[Ag] module of O[Ag|-rank equal
to the O-rank of T.

By Lemma 3 of [DT] we may choose a prime R with the following prop-
erties:

. R { 6Ngp;

e R 1modp;

e p(Frobg) has distinct eigenvalues ag and Gg;
o (1 + R)?det p(Frobr) # R(trp(Frobgr))?2.

Let T'g— be defined in the same way as I'g but with (Z/¢Z)* replacing
its maximal subgroup of order prime to p in the definition for each g € Q. Let
I'p =TqNI'1(R) and let I'y_ = I'g— NT'1(R). The purpose of introducing the
auxiliary prime R is to make these groups act freely on the upper half complex
plane. Let T'(I'y) denote the Z-subalgebra of the complex endomorphism ring
of the space of weight-two modular (not necessarily cusp) forms generated by
the operators 7; and (I) for I { NoR and by U, for I | NoR. Let m{, denote
the maximal ideal of T'(I') ®z O generated by the following elements:

o )
o T; — trp(Frob;) and [(l) — det p(Frob;) for [ { NgRp;

o Uj—agforge Qorqg=R,

Ui — trpy, (Froby) if I | Ny and I # p;

Up — Y2(Froby) if p | Ny;

T, — trp;, (Frobp) ¥ p § Np.



558 RICHARD TAYLOR AND ANDREW WILES

Let T¢ denote the localisation of T'(T'y) ®z O at mp. Let Y, denote the
quotient of the upper half complex plane by 'Q and let X b denote its standard
compactification. Complex conjugation ¢ acts continuously on these Riemann
surfaces. We let H' (Y, 0)* and H* (Xo» O)* denote the +1 eigenspaces of
con H! (Y5, 0) and H 1(Xé2, ). All these definitions go over verbatim, but
with @Q— replacing Q).

LEMMA 1. T 2 T and Ty, = T.

The proof is a standard argument which we will only sketch. First observe
that because p is irreducible T'Q and T'Q_ can be defined using the ring gen-
erated by the Hecke operators on the spaces of weight-two cusp forms Sa( 'Q)
and S3(I'_) (rather than spaces of all modular forms). The same arguments
as in the proof of Proposition 2.15 of [W2] show that we can drop the Hecke
operators Ty if p  Ng and the Hecke operators U; for | # p and [ | Ny from the
definition without changing the Hecke algebra. Next we show that we need only
consider the algebras generated in the endomorphisms of S3(I'g)? C S» (o)

and S5(T')?***" € 85(T},_). This follows from the facts below:

e As R # 1modp and detp is unramified at R, no component of T'Q
nor of T(,_ can correspond to an eigenform with a nontrivial action of

(Z/RZ)*.

e As ar/Br # R*! in k, no component of T'Q nor of T¢y_ can correspond
to an eigenform which is special at R (i.e. an eigenform which corresponds
to a cuspidal automorphic representation of GL2(A) whose component
at R is special).

e As for each prime ¢ € Q, ay/B; # ¢*! in k, no component of T’Q_ can
correspond to an eigenform which is special at q.

The ring generated by the Hecke operators 7; and (I) for [ { PNQR,
by Uy for ¢ € Q U{R} and by U, if p | Ng on S3(I'g)? is isomorphic to
T(Tg)ur)/(v% — Trug + R(R)). In fact Ug acts by the matrix

TR 1
~R(R) 0

on S3(Tg)?. Similarly the ring generated by the Hecke operators 7; and ({)
for I § pNQR, by U, for ¢ € Q U {R} and by U, if p | Ng on Sp(I)2***" is
isomorphic to T(TM[ug : ¢ € QU {R})/(u2 — Tyug +q{g) : g € QU {R}).
Tensoring with O and localising at the appropriate maximal ideal we get the
desired isomorphism. We have to use the fact that u% — Trug + R(R) has two
roots in T with distinct reductions modulo the maximal ideal and the similar
facts over T for u2 — Tyug+ q{(g) with ¢ € QU {R}.
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Because p is irreducible we see that H I(Yé,(?)mb =H 1(X’Q,(’))m/Q and
that H I(Yé_,(?)mb_ = H I(Xb—’o)mb_' By Corollary 1 of Theorem 2.1
of [W2] we see that H I(Xb,(’)):b are free rank-one T(-modules and that
H'(Xg, (’)):, are free rank-one T,_-modules. Hence it will suffice to prove

the following proposition.

PROPOSITION 1. H'(Y),0)™ is a free O[Ag]-module, with O[Ag]-rank
equal to the O-rank of H'(Y4_,0)".

Because H! Yoo, K) = H! (Y, K)Ae we need only show that H' (Y5, 0)~
is a free O[Ag]-module. Because R > 5, I'y_ acts freely on the upper half
complex plane and so may be identified with the fundamental group of Yé_. 7
In particular we see that I‘b_ is a free group. Similarly I"Q acts freely on the
upper half complex plane and we get identifications

HI(YCIQ’O) = Hl( IQvo) g'Hl( ICQ—’O[AQ])y

the latter arising from Shapiro’s lemma. Under these identifications com-
plex conjugation goes over to the involution induced by conjugation by £ =

01
action of ¢ on Yé is induced by the ndap z — —Z of the upper half complex
plane to itself.)

Because I';_ is a free group, the group of cocycles Z LT, _,0[Aq)) is a
free O[Ag]-module. (If 71,...,7, are free generators of I'y,_ then we have an
isomorphism

( -1 0 and trivial action on the coefficients. (This follows because the

~

Z'(Ty_,0lAq]) = OlAg)
Zb = (Q/)('Yl)?"'?'lrb(’)/a))')

On the other hand ¢ acts trivially on Ag and so the coboundaries are contained
in Z1(Ty,_,0[Ag))t. Thus H'(Y),0)~ = Z'(Ty_, O[Aq])™ is a free O[Aqg)-
module, as desired.

Before leaving this section we note the following corollaries of Theorem 2.

COROLLARY 1. If ¢ € Q then Tguiq/(6q — 1) = Tq. Moreover,
(6 — )Tquiqy and (1 + 64+ -+ + 6# A"—1)TQU{(I} are annihilators of each
other in Tqu(q}-

COROLLARY 2. If for some Q the ring Tq is a complete intersection then
sois T.

The proof is by showing that under the assumption that Tgu, is a
complete intersection, so is Tg. The argument in Section 2 of [K1] shows
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that if a complete local noetherian ring S is a complete intersection, if f € S
and if Homg(S/(f),S) = Homg(S/(f), Anng(f)) is a free S/(f) module then
S/(f) is a complete intersection. We apply this result with § = Tgy(q) and
f = 64— 1. The final condition is met because the annihilator of 6; — 1 in
TQu{q} is a free rank-one Tq module by the last corollary.

COROLLARY 3. ng = n#Aq.

We remind the reader that 7 is defined at the end of Section 1 and that
n = ng. The proof of the corollary involves showing that ngu{q = MQ#Aq if -
q € Q. Write @' = QU {q} and let 6 denote the natural surjection Tgr — Tq.

It suffices to prove that in T¢g we have the equation Annpg = (1 + 6, +

et 6#Aq_1)9"1(AnnTQ(pQ)). However 6‘1(AnnTQ(pQ)) is just the set of

elements t of Tg for which tpg C (6, — 1)Tgr. The inclusion Annpg D

(1+8g+-- -+6qu_1)0—1(AnnTQ(pQ)) is now clear. Conversely if ¢t € Anngpgy

then t annihilates kerf and hence t = (1 + 85+ -+ + 6# A"—l)s. Then we see

that spg C (6, — 1)Tq, ie. that s € 67 (Anny,(pq)). The other inclusion
now follows.

COROLLARY 4. #(agTq/poagT)#(O/n) = #(0O/ng).

To prove this corollary note that ag/ a2Q = @yeq O/#A4q. Thus it follows
from Theorem 2 that aQTq/aéTQ = TQ®0[Ag] aQ/aé 2 @yeq T/#4Aq and so
we deduce that aQTq/peaQTq = Pyeq O/#A,. This corollary now follows
from the last one.

3. Some algebra

In this section we shall establish certain criteria for rings to be complete
intersections. We rely on the numerical criterion established in the appendix of
[W2]. In that appendix there is a Gorenstein hypothesis which can be checked
in the cases where we apply the results of this section. However in order to
state the results of this section in somewhat greater generality we shall refer
to the paper [L], where the Gorenstein hypothesis in the appendix of [W2] is
removed, rather than to the appendix of [W2] directly.

Fix a finite flat reduced local O algebra T" with a section 7 : T —» O. We
consider complete local noetherian O algebras R together with maps R — T
We denote by Jg the kernel of the map R — T', by g the induced map R - O,
by gr the kernel of mg and by ng the image under 7g of the annihilator in R
of pr. Welet ¥p = (p%! NJr)/9rJR.

If S+ R — T then p?g —» p%, Js is the pre-image of Jg and so ¥g —» ¥p.

We have an exact sequence

(0) = Ur — Jr/0rJR — PR/PR — pT/07F — (0).
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From this we deduce the following facts.

e #WR < 0o. (To see this it suffices to show that (¥g),, = (0). However,
as T is reduced, (Jr)pr = (PR)pr and so the map (Jr/prJR)pp —
(pRr/9%)pr is an isomorphism. The result follows.)

o #Vr#(pr/p0k) = #(p1/07)#(JR/PRIR)-

LEMMA 2. Suppose the inequalities #(pr/p%) < #(O/n7)#¥r and
#(O/nr)#(Jr/prIR) < #(O/NR) < © hold and suppose R is a finite flat
O-algebra. Then R is a complete intersection.

To show this first note that we have the inequalities
#(or/P%R) #(o1/9%)#(Jr/PRIR)/#Y R
< #(or/07)#(O/nr)/(#Yr#(O/nr))
< #(0/ngr).

Now applying the criterion of [L] we see that R is a complete intersection.

LEMMA 3. The following inequality exists:
#(O/nr) < #(Jr/prJIR)#(O/nT).

As Fittr(Jr) C Anng(Jg) we see that Fitto(Jr/prJr) C mTrRADDR(JR).

On the other hand it is easy to see that
Anng(pr) D {s € R | spr C Jr}Anng(JR).
Applying mr we see that
nr D nrFitto(Jr/prJR),

and the lemma follows.

LEMMA 4. If R is a complete intersection which is finite and flat over O
and nr # (0) then #(pr/p%) < #(O/n7)#Yr. If R is a power series ring the
same result is true without the assumptions that it is finite over O and that
nr # (0).

For the first part we see that, as R is a complete intersection, #(pr/p%) =
#(O/nr) (see [L]). Thus,

#Ur#(O/nr) = #(p1/0%)#(Jr/PrIR) = #(07/9%)#(O/1R) /#(O/17).
The first result follows. For the second result note that we can factor R — T as
R —» R’ —» T with R’ a complete intersection which is finite and flat over ©® and
for which pg /% = p1/0% (by the proof of Lemma 9 of [L]). Then #0/ng =
#or /% < 0o and so #p1/p% < #(O/nr)#Vr. However Up - Vg, so
the result follows.

We now return to the notation of the first section and let ¥ denote ¥rp 2

and Jq denote Jr,,.
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PROPOSITION 2. Suppose that for a series of sets Qn ideals I, in Tqg,
with the following properties exist:

1. I, is contained in m2TQ and Tq, /I, has finite cardinality.
2. In 11T C I, T and N, InT = (0).

3. There is a surjective map of O-algebras Tq, ., /Iny1 - Tq, /I, such that
the diagram \
TQn+1/In+1 —_— TQn/In

| l

T/l T —— T/I,T

commutes. (Note that this map is not assumed to take a given Hecke
operator to itself.)

4. E{I}TQ" /I, is a power series ring.

Then for n sufficiently large, Tq, is a complete intersection, and hence T is
a complete intersection (by Corollary 2 of Theorem 2).

Let P denote lim Tq, /I,. We get a natural map P —» T and can choose

maps P — Tg, compatible with the maps Tqg, — T and Tg, - Tg,/In.
Because I,, C m?I‘Q we see that the map P — Tg, is surjective. We have a
sequence

(Note that although the maps P — Tq, and ¥p — Uq, are not compatible
as n varies, the composite map above is.) Moreover ¥p = lim((Jg, + In) N
(pQQn + 1))/ (JQ,.90q. + In) (by the fact that Tq, /I, is finite for all n) and
so as Up is finite, the map p — ((Jg, + In) N (0D, + In))/(JQu 0@, + In) is
injective for n sufficiently large. Thus for n sufficiently large ¥p = Tg,. We
deduce the inequality

#(p/p%) < #(O/n)#Tp = #(O/n)#¥q.,

where the first inequality follows from Lemma 4. The proposition follows on
application of Corollary 4 of Theorem 2 and Lemma 2.

PROPOSITION 3. Suppose that there are an integer r and a series of sets
Qm with the following properties:

1. If g € Q,, then ¢ = 1 mod p™.

2. p is unramified at ¢ and p(Froby) has distinct eigenvalues.
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3. #Qn =T.

4. Tq,, can be generated as an O-algebra by r elements.

Then T is a complete intersection.

To prove this proposition it is useful to have the following definition. By
a level n structure we mean a quadruple B = (4, a, 3,7), where

e A is an Q-algebra,
o a:0O[Th,...,T;]]| - A,

e B:0[[S1,..., S/ (S1+1)P" —1,..., (S, +1)P" —1) —» A makes A a
free module over O[[S1,...,S:]]/(®", (S1+1)P" —1,..., (S, +1)P" = 1),

e and v: A/(S1,...,S) = T/p™

If B is a structure of level n ancll n' < n then it ind}lces a structure of level n/
by reducing mod(p”, (S1 + 1)*" —1,...,(S, +1)P" —1).

Let Am = To,./(®@™ 6" —1 | ¢ € Qn). This extends to a level m
structure denoted B,,. For n < m we let By, denote the level n structure
induced by By,. There are only finitely many isomorphism classes of structures
of level n and so we may choose, recursively, integers m(n) with the following
two properties.

1. Bm(n),n—l = Bm(n—l),n—l-
2. Byn)n & Bmp for infinitely many integers m.

Let I, denote the kernel of the map from Tq_, n YO the ring underlying B, (n),n-
We claim that the pairs (Qm(n),In) for n > 2 satisfy the requirements of
Proposition 2 (using n > 2 to ensure that I, C mg ). We need only check
that Li_l__an(n)’n is a power series ring. On the one hand it is a finite free
O|[[S1,. .., Sr]]-module, and so has Krull dimension 7 + 1. On the other hand

it is a quotient of O[[T1, ..., Ty]] and so must in fact equal O[[T1, ..., T;]].

4. Galois cohomology

It remains to find a sequence of sets @, with the properties of Propo-
sition 3. We must recall some definitions in Galois cohomology. We define

H} (Ql7 a'do—p-)'

1. If | # p then H}(Q;ad’p) = H'(Fy, (ad’p)") = ker(H'(Qi,ad"p) —
H'(I;,ad°p)).
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2. If p |g, is flat and detp |;,= ¢ then we let H}(Qp,a,doﬁ) denote those
elements in H'(Q,,ad’p) C Ext,lc[Gp] (V3, V) which correspond to exten-

sions which can be realised as the —Q;-points on the generic fibre of a
finite flat group scheme over Z,,.

3. Ifp|g,~ ( d(})l 7;2 ) with 91 |f,7 € then we let H}(Qp,adoﬁ) denote

the kernel of H(Q,,ad’p) — H(I,, (ad’p)/Homy(V5/F, F)), where F
denotes the line in V5 where G, acts by the character ;.

4. Finally if p |g,~ ( d(;l J ) with 9 |;,= € but 7 is not flat then
2

we let H}(Qp,adoﬁ) denote the kernel of the map H!(Q,,ad%) —
H'(Qp, (ad’p)/Homy (V;5/F, F)), where F denotes the line in V5 where
Gp acts by the character ;.

We define Hé(Q, ad’p) as the inverse image under

H'(Q,2d%) — ] H'(Qi,ad%)
1#Q
of [Tigq H} (Qu, ad’p).
We also define H}(Qq,ad"p(1)) to be the annihilator of H}(Q;, ad’s) under

the pairing of Tate local duality H'(Q;,ad’p) x H'(Qy,ad’p(1)) — k. We then
Qehine Hé* (R, 23%3(1)) to be the inverse image under

BN, Pl — 11 BNy, 2dF2))
€Q

of [Tigq Hj(Qu, ad’p(1)).
LEMMA 5. dimg H)(Q,ad’p) < dimy H.(Q,ad’5(1)) + #Q.
To see this we apply Proposition 1.6 of [W2] For | ¢ Q and | # p we

see that h; = 1 because the index of H}(Ql, ad’p) in H'(Q;,ad"p) is equal to
#H (I, adoﬁ)GF ¢ which in turn equals

#((ad°p(—1))1)Ft = #((ad’P(1)) ") g, = #H(Qu, ad"B(1)).

For g € Q we have that hy = #H%(Q,,ad’p(1)) = #k. It remains to check that
hphoo < 1. In the case that 7 |, is not flat or det 5 |1,7# € this is proved in parts
(iii) and (iv) of Proposition 1.9 of [W2]. Thus suppose that p |g, is flat and
det 5 |,= €. We must show that dimy H}(Qp, ad’p) < 1+ dimy H °(Qy, ad’p)
(=1if p|g, is indecomposable and = 2 otherwise).
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Following [FL] let M denote the abelian category of k vector spaces M
with a distinguished subspace M! and a k-linear isomorphism ¢ : M/M! @
M' 5 M. Then there are equivalences of categories among:

o M°P;
e finite flat group schemes A/Z, with an action of k;

e k[Gp]-modules which are isomorphic as modules over F,[G,] to the Q,
points of some finite flat group scheme over Z,,.

See Section 9 of [FL] for details. The only point here is that an action of k£ on
the generic fibre of a finite flat group scheme over Z, extends uniquely to an
action on the whole scheme. Let M (p) denote the object of M corresponding
to p. Then dimy M (p) = 2 and dim; M (p)! = 1 (since detp |,= £). We get
an embedding Ext},(M(p), M (p)) — H(Q,,adp). We will show that

1. dimg Exth,(M(p), M(p)) =2ifp |, is indecomposable and = 3 other-
wise.

2. The composite map Ext},(M (p), M(p)) — H'(Q,,adp) L HY(Qp,k) is
nontrivial, where tr denotes the map induced by the trace.

The lemma will then follow.

For the first point it is explained in Lemma 4.4 of [R] how to calculate
Ext} (M (p), M(p)). Let {eo,e1} be a basis of M(p) with e; € M(p)!. Let
#(e0,0) = aeg + Be1 and ¢(0,e1) = veo + be1. Then Exth (M (p), M(p)) can
be identified as a k-vector space with M2(k) modulo the subspace of matrices
of the form

()G 3)- )00 (vt “27)
s t B 6 B 6 0t sa+(t—r)B sy ’

for any r,s,t € k. Thus dimy Exth (M (p), M(p)) = 2 if v # 0 and = 3 if
v = 0. However v = 0 if and only if M(p)! is a subobject of M (p) in M. This
is true if and only if p has a one-dimensional quotient on which inertia acts by
€ which itself is true if and only if p |g, is decomposable.

For the second point, consider the k[Gp]-module p ® 7 where 7 is the

unramified representation
11
Frob, — ( 01 ) .

Then p ® 7 is an extension of p by itself. Moreover its extension class maps
to the element of H'(Qy,k) = Hom(QJ, k) which is trivial on Z; and takes
p — 2. Finally it is isomorphic to the action of G, on the Q,, points of a finite
flat group scheme over Z,, because this is true over an unramified extension.
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LEMMA 6. Tq can be generated as an O algebra by dimg Hb(Q,adOﬁ)
elements.

Let mg denote the maximal ideal of Tq. It will suffice to show that there
is an embedding of k-vector spaces

K: Homk(mQ/(sz,)\), k) — qu?(Q,adO/_o).
We first define
k : Homy (mg/(m§, A), k) — H'(Q, adp).

If @ is a nonzero element of the left-hand group we may extend it gniquely to
a map of local O-algebras 8 : Tg — k[e] where €2 = 0. Let pg = 6 0 pp. We
get an exact sequence

0) — V5 —V,, — V; — (0),
and hence a class x(0) in Ext,lc[GQ] (p,p) = H'(Q, adp). Because det pg is valued -

in k C k[e] we see that x(6) actually lies H*(Q, ad’p).

We claim that res;x(6) lies in H } (Qq,ad’p) for I ¢ Q. This computation
is very similar to some in [W2], but is not actually carried out there, so we
give an argument here. First suppose that ! # p and that either p { #po(1Ip)
or P |g, is absolutely irreducible. In this case pf(11) = p(I;) and det pg |1,
has order prime to I. Because either p { #p(I;) or p = 3 and adp([;) = A4
we have that H'(p(I;),ad’s) = (0) and so pg |,= P |1, ®& kl[e]. The result
follows in this case. Secondly suppose that p |7, is unipotent and nontrivial.
Then the same is true for pb |, and then also for pg. However the Sylow
p-subgroup of I is pro-cyclic and so pg |7, must also be of the form 7 ® kle]
and res;k(0) € H'(I;,ad’(p)) must vanish. In the case I = p, p is flat and
detp |7,= €, the claim is immediate from the definitions. In the case [ = p

_ P x . Y1 o
and P |g,~ ( 0 s with 91 |1, # €, use the fact that pj [1,~ 0 1
where 1/71 denotes the Teichmiiller lifting of 11 |7,. Finally in the case Il =p,

P le,~ ( V1 1;2 ) with 9, |1,= € but p not flat, use the fact that

0
, be x
pQ |GpN 0 6
where § is an unramified character of order prime to p.
It remains to show that x is injective. Suppose it is not. Then we coulc}
find a nonzero § such that pg ~ P ®j kle]. Thus trpp is valued in O + kerf

and in particular T is not generated as an O-algebra by trpb. We will show
this is not the case. If ¢ € Q and 6§ € A, then we can find o € G4 such that
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(Ugb)? — (trplp(0))(Uqb) + det pig(o) = 0. (o will in fact lie above Frobg.) This
polynomial has distinct roots in k& and so both its roots in Tq lie in the sub-
(-algebra T generated by the image of trpb. Thus for all § € Ay, Ué € T.
Hence U, € T, and as Uy is a unit, § € T. Moreover for all [ € Q for which
p is unramified we see that Tjxq (Frob;)~/2 € T and hence T; € T. If p | Ng
then Upxq(Froby,) /2 is a root of the polynomial X 2 — (trplp(0)) X +det piy (o)
for any element o of Gp which lies above Frob,. For some o over Frob, this
polynomial has two distinct roots in k& and so U, € T. Thus T' = Tq as we
required. :

Finally we turn to the proof of the main theorem. As in [W2] (after
equation (3.8)) we may find a set of primes Q, with the following properties:

1. if ¢ € Q. then ¢ = 1 mod p™;
2. if ¢ € Qr, then 7 is unramified at g and p(Frob,) has distinct eigenvalues;

3. H}.(Q,ad’(1)) © @yeq,, H'(Fq,ad’p(1)).

As for each such ¢, H 1(Fq,a,doﬁ) = k, we see that by shrinking @, we may
suppose that the latter map is an isomorphism. Then we have that #Qm =
dimy Hé.(Q,adOﬁ(l)). Also Hclz:n(Q,a,doﬁ(l)) is the kernel of the map in 3
above and so is trivial. Thus by Lemma 5 we see that dimyg Hém(Q, ad’p) <

#Q.m and so Tg,, can be generated by #Qm = dimg Hé. (Q,ad’s(1)) elements.
The main theorem now follows from Proposition 3.

CAMBRIDGE UNIVERSITY, CAMBRIDGE, U.K.
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Appendix

The purpose of this appendix is to explain certain simplifications to some
of the arguments of Chapter 3 of [W2] and to Section 3 of this paper. These
simplifications were found by G. Faltings and we would like to thank him for
allowing us to include them here. We should make it clear that the arguments
of this appendix (just like those of Chapter 3 of [W2] and Section 3 of this
paper) apply only to proving Conjecture 2.16 of [W2] for the minimal Hecke
ring and minimal deformation problem. In order to prove Theorem 3.3 of [W2]
one needs to invoke Theorem 2.17 and the arguments of Chapter 2 of [W2].

We will keep the notation and assumptions of the main body of this pa-
per. Let @ denote a finite set of primes as described in Section 1 of this
paper. By a deformation of g of type ( we mean a complete noetherian local
O-algebra A with residue field k together with an equivalence class of contin-
uous representations p : Gq — GL2(A) with the following properties:

e pmodmy = p;
o ¢ ldet p is a character of finite order prime to p;

e if | ¢ QU {p} and p |}, is semisimple then p(I;) = 5(1});

. _ 1 % 1 =x
-lfl¢Qu{p}andp|1,~(O 1)thenp|1,~(0 1);
e if p is flat and detp |;,= € then p is flat;

o1

o if either  is not flat or if det 5 |1,# € then p |g,~ < 0 (; ) where ¢9
2

is unramified and ¢o modmy = 5.



RING-THEORETIC PROPERTIES OF CERTAIN HECKE ALGEBRAS 569

As in Chapter 1 of [W2] there is a universal lift p&ni" : GQ — GL2(RQ) of type
Q. Recall that the universal property is for lifts up to conjugation. Moreover,
one checks (cf. the second paragraph of the proof of Lemma 6) that there is a
natural isomorphism '

Homy,(mp, /(A m%Q), k) = Hclg(Q, ad®p).

There is also a natural map Rg — Tg so that pléni" pushes forward to a
conjugate of .

Recall that if @ = () we shall often drop it from the notation. In this
appendix we shall reprove the following result which combines Theorem 1 of
this paper and Theorem 3.1(ii) of [W2].

THEOREM. R 5 T and these rings are complete intersections.

We note that if (' is the ring of integers of a finite extension K’/K then
the rings T¢, and Ry, constructed using O’ in place of O are just Tg ®o O’
and Rg ®0 O'. Also Tq is a complete intersection if and only if Tg ®p O’
is (by, for instance, Corollary 2.8 on page 209 of [K2]). Thus we may and we
shall assume that O is sufficiently large that the eigenvalues of every element
of p(Gq) are rational over k.

We recall that in the penultimate paragraph of Section 4 of this paper we
showed that T is generated as an O-algebra by trpp(Gq). Thus we see that
the map Rg — T is a surjection.

We need the following result.

LEMMA. Ifq€ Q then pg‘i" G~ %1 <;? ) where ¢1 |1,= ¢2 ];ql and
2
both of these characters factor through xq : I; —» A,.

It suffices to check the first assertion. As p is unramified at g, pg‘i" la,
factors through Zpr(l), where Z is topologically generated by some lift f of
Frobg, Z,(1) is topologically generated by some element o and where fof~! =
09. As p(Frob,) has distinct eigenvalues it is easy to see that after conjugation
g 2 where a # bmod mpg,. We will show
that pb"i"(a) is a diagonal matrix with entries congruent to 1 modmg,. We
will in fact prove this mod m% o for all n by induction on n. For n = 1 there is
nothing to prove. So suppose this is true modulo m% o with n > 0. Then

we may assume that p™(f) =

univ — 0
Py (o) = ( ’61 o ) (12+N) modm’]%’l,
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where each p; = 1 mod mpg,, and where N = O0mod m% o We see that mod m;%l,

a 0 a 0 _ ul 0 a
(5 0)x(58) = (1 e

qg—1
ul 0
_ 1+¢gN
(, 0 ugl)( q )

g—1
p’l 0 N
( 0 pit ) A

and as a # bmodmp, we deduce that N is diagonal mod m’}igl as required.

Choosing ¢ so that ¢2(f) = B; modmp,, we can define a map Ay — Ré
to be ¢2 |§q This makes Rg into an O[Ag]-algebra. Using the last lemma and
the universal properties of Rg and of R it is easy to see that Rq Jag > R. It
moreover follows from the discussion preceding Theorem 1 of this paper that
the map Rg — Tg is a map of O[Ag]-algebras.

The key observation is the following ring-theoretic proposition. The theo-
rem follows on applying it to the rings R, and Tq,, for the sets Qn constructed
in Section 4 of this paper. Note that there is a map O[[S1,..., S]] » O[Aq,]
with kernel the ideal ((1 + S1)#8a —1,...,(1 + S,)#8e — 1), where Qn, =
{q1,.--,q-}. Note also that by the displayed isomorphism five lines before the
theorem there exists a surjection of O-algebras O[[X1, ..., X;]] - Rq,.

PROPOSITION. Suppose T is a nonnegative integer and that there is a
map of O-algebras R — T with T finite and flat over O. Suppose for each
positive integer n there are a map of O-algebras R, - T, and a commutative
diagram of O-algebras

OlS1,....S]] — Ra — R
!

!
. —» T,

where |
1. there is a surjection of O-algebras O[[X1,...,X;]] » Rn,
2. (81,...,5-)Ry C ker(R, - R),
3. (51,...,5r)Tn = ker(T, » T),

4. if b, denotes the kernel of O[[S1,...,Sr]] = Tn then b, C ((1+ S1)P" —
1,...,(1 + 8, )P" —1) and T,, is a finite free O[[S1,...,Sr]|/bn-module.

Then R > T and these rings are complete intersections.
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Reducing mod A we see that it suffices to prove this result with k re-
placing O everywhere. In this case we see that the last condition becomes

b, C (S’{’n, ...,SP"). Further we may replace R by its reduction modulo
mpker(R — T'), and so we may assume that R is finite over k. We may replace
T, by To/(S7 ,...,SF") and so assume that b, = (S? yeoey SET). Finally we

may replace R,, by its image in R ® T;,.
Now define an n-structure to be a pair of k-algebras B —» A together with
a commutative diagram of k-algebras

k[[S1,...,5r]]

k[ X1,...,X]] —

S — By —

such that
1. B—R®pA,
2. (S1,...,5,)B C ker(B — R),
3. (S1,...,5,)A = ker(A - T),
4. Ais a finite free k[[S, ..., S,]]/(S"", ..., SP")-module.

Note that #B < (#T)P"" #R and thus there are only finitely many isomor-
phism classes of n-structures. If § is an n-structure and if m < n then we may
obtain an m-structure S™ by replacing A by A/ (Sfm ;...,SP™) and B by its
image in R® (4/(S7",...,SP™)).

As explained above, it follows from the hypotheses of the proposition that
an n-structure S, exists for each n. Our next claim is that for each n, there
exist n-structures S, such that for m < n we have S/, = (S.)™). To prove
this, observe that we can find recursively integers n(m) with the following
properties:

(m) ~ g(m

n(m) = Sn ) for infinitely many n and

o form > 1, 87(:(':;)1) =} T(I'(n":_l)l)

Then set S/, = S™

n(m)"
Thus we obtain a commutative diagram
R, ... Ry -» " - R
1 1 1 1
T, .. T, —» 7T —-» T
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of k[[X1,...,Xr,S1,...,S]]-algebras. Moreover, we have that
o Kl[X1,..., X)] > Ry - T,
e T is a finite free k[[S1,...,S,]]/(S?",...,SP")-module,
e R /(S1,...,8) > Rand T./(S1,...,S) > T.

Let R., denote the quotient of k[[X1, ..., X;]] by the intersection of the ideals
ker(k[[X1,...,X;]] - R}) and let T, denote the quotient of k[[X1,..., X;]]
by the intersection of the ideals ker(k[[Xi,...,X,]] - T,). Then we have a
commutative diagram

k[[S1,--., S]]
l
k([ X1,..., X )] - R, - R
l l
T, - T,

such that
« Ry~ T,
o T! is a finite free k[[S1,. .., S;|]-module,
e R._/(S1,...,S,) » Rand T /(S1,...,S,) = T.

We deduce that T, has Krull dimension r and hence that the map
k[[X1,...,Xr]] - T, has trivial kernel. That is, we have isomorphisms
k[[X1,...,X:]] & R, = T.. Thus R 5 T. As T has Krull dimension 0 and
T = k[[X3,-..,X]]/(S1,...,Sr) we see that T is a complete intersection, and
the proposition is proved.

(Appendix received January 26, 1995)
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