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We compute the Hodge diamond and integral cohomology groups of complex K3 surfaces.
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1 Hirzebruch-Riemann-Roch for Surfaces

We will need a slightly more general version of Riemann-Roch, namely one that holds
for general vector bundles on a surface instead of just line bundles. In order to state it,
we need Chern classes. See also [G] and appendix A in [H].

Theorem 1.1. With each vector bundle E of any rank r over any compact connected
complex manifold X we can associate integral cohomology classes c0(E), c1(E), . . . , cr(E) ∈
H•(X,Z) of respective degrees 0, 2, . . . , 2r (the so-called Chern classes of E), such that
the following conditions hold:

(C1) if f :X → Y is a holomorphic map between complex manifolds, and E a vector
bundle over Y , then f∗ci(E) = ci(f

∗E) for all i;

(C2) if E is a line bundle over X, then c0(E) = 1, and −c1(E) (note the minus sign)
is the class in H2(X,Z) associated to the divisor of E by Poincaré duality;

(C3) if 0 → E′ → E → E′′ → 0 is an exact sequence of vector bundles, then c(E) =
c(E′)c(E′′), where c(F ) is the sum of all the Chern classes of F .

Moreover, the Chern classes are uniquely determined by these three properties.

The uniqueness is proved by pulling a vector bundle E over X back (using a nice enough
morphism) to a manifold where it can be decomposed as a direct sum of line bundles
(this is known as the splitting principle). This can be done by pulling E back to its flag
manifold F (E) along the canonical map F (E)→ X. This step uses C1, of course. Now
C3 allows us to compute c(E) in terms of the Chern classes of the line bundles in the
decomposition, which are determined by C2.

We can compute the Chern classes of tensor products, exterior powers, duals, and more
by using the splitting principle. For example, if we want to know the Chern classes of
the second exterior power of a vector bundle E, by the splitting principle we may assume
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that E =
⊕rkE

i=1 Li, with Li line bundles. Then
∧2E =

⊕
i<j Li ⊗ Lj , so by using C3

and C2 we get

c
(∧2

E
)

=
∏
i<j

(1 + c1(Li) + c1(Lj)).

The Chern classes of E are the homogeneous terms in c(E) =
∏

i(1 + c1(Li)), which are
the elementary symmetric polynomials in the c1(Li). Because the homogeneous terms of
c(
∧2E) are symmetric polynomials in the c1(Li), we can express them as polynomials

of the Chern classes of E by the fundamental theorem of symmetric polynomials. For
example,

c1

(∧2
E
)

= (rk(E)− 1)c1(E). (1)

Theorem 1.2 (Hirzebruch-Riemann-Roch for surfaces). If E is a vector bundle on a
compact connected complex surface X, and K is the canonical divisor of X (interpreted
as an element of H2(X,Z) via Poincaré duality), then we have

χ(E) = rk(E)χ(OX) +
1

2
c1(E)2 − c2(E) +

1

2
Kc1(E).

This is frequently paired with Max Noether’s formula,

12χ(OX) = K2 + c2(Ω
1
X).

A more general statement holds, expressing the Euler characteristic of a vector bundle
on a connected compact complex manifold in terms of its Chern classes and the Chern
classes of the tangent sheaf. For algebraic manifolds this was shown by Hirzebruch (and
later generalized significantly by Grothendieck), and the case of arbitrary connected
compact complex manifolds is a consequence of the Atiyah-Singer index theorem.

Remarks 1.3.

• The left-hand side of HRR is an integer, while the right-hand side is a (top) coho-
mology class (plus an integer). As X is connected, we have H4(X,Z) ∼= Z, so by
taking the Poincaré dual of a point (interpreted as an element of H0(X,Z)) as a
generator of H4(X,Z), we can interpret the right-hand side as a rational number,
making the HRR formula sensible.

• If we take E to be the line bundle associated to the divisor class [D], then c2(E) = 0
by rank considerations, so the formula simplifies to

χ(D) = χ(OX) +
1

2
D2 − 1

2
DK,

which is precisely RR for line bundles on surfaces.

Remark 1.4. Restricting to complex K3s, we know that K = 0 and χ(OX) = 2 (because
X is compact, Serre duality1, and h1(OX) = 0). Therefore HRR becomes

χ(E) = 2 +
1

2
c1(E)2 − c2(E).

1Throughout this note, we use ”Serre duality” as an abbreviation for ”Serre duality in conjunction with
the triviality of the canonical sheaf”.
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In addition to this, Max Noether’s formula gives c2(Ω
1
X) = 24, and we get c1(Ω

1
X) = 0

by equation (1) and the fact that K = 0.

Proposition 1.5. If X is a K3 surface, Pic(X) is torsion-free.

Proof. Suppose L is a nontrivial line bundle on X with L⊗k ∼= OX for some k > 0. RR
as in remark 1.4 and Serre duality shows that

h0(L) + h0(L∨) ≥ 2 +
1

2
L2 = 2.

Here we used the fact that since L is a torsion element in Pic(X), L2 has to be a torsion
element of Z, i.e., 0. It follows that h0(L) > 0 or h0(L∨) > 0, and without loss we
assume the former.
Now L has a nonzero global section s, which cannot be non-vanishing because L is
nontrivial. As sk is a section of L⊗k ∼= OX , it is constant and nonzero, and hence non-
vanishing. As any zero of s will be a zero of sk, we find that sk is not non-vanishing, a
contradiction.

2 Hodge Diamond

Given a surface X, we can define its Hodge diamond as the rhombus-shaped diagram

h2,2

h2,1 h1,2

h2,0 h1,1 h0,2

h1,0 h0,1

h0,0

,

where hp,q is defined to be the number hq(Ωp
X) = dimCH

q(Ωp
X). In this section we prove

the following.

Proposition 2.1. The Hodge diamond of a complex K3 surface is

1

0 0

1 20 1

0 0

1

.
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As the canonical bundle is trivial, we have h2,p = h0,p for all p, and Serre duality gives
hp,q = hp,2−q for all p and q. As h0,0 = 1 and h0,1 = 0 by the compactness and definition
of K3s, we now know most of the Hodge diamond. We can express h1,1 in terms of h1,0

using the Hirzebruch-Riemann-Roch formula as given in remark 1.4. Recall that it was
shown in the same remark that c2(Ω

1
X) = 24 and c1(Ω

1
X) = 0. Applying HRR to Ω1

X

and using Serre duality to conclude h1,2 = h1,0 gives

h1,1 = 20 + 2h1,0.

Thus the Hodge diamond becomes

1

0 h1,0

1 20 + 2h1,0 1

h1,0 0

1

.

Now we only have to compute h1,0, for which we use the following lemma.

Lemma 2.2 (section IV.2, [BHPvdV]). If X is a compact complex surface, then every
global holomorphic 1-form is closed.

Proof. Let ω ∈ H0(X,Ω1
X) be a global holomorphic 1-form, and let ω be its complex

conjugate. Then Stokes’ theorem gives

0 =

∫
d(ω ∧ dω) =

∫
dω ∧ dω. (2)

Since ω is holomorphic, locally we can write dω = fdz1 ∧ dz2, where zi = xi +
√
−1yi

are local holomorphic coordinates. Hence the integrand locally becomes

dω ∧ dω = |f |2dx1 ∧ dy1 ∧ dx2 ∧ dy2.

This is some nonnegative function (|f |2) times the volume form (times ±1, depending
on our conventions), and therefore equation (2) implies that dω = 0, which was to be
shown.

Now we look at the exact sequence

0→ C inc−−−→ OX
d−−−→ S → 0, (3)

where S is the sheaf of closed holomorphic 1-forms (exactness of (3) is the holomorphic
analogue of the Poincaré lemma). As the induced map C→ H0(X,OX) is the identity,
and because H1(X,OX) = 0, the long exact sequence associated to (3) and the lemma
above give us H0(X,Ω1

X) = H0(X,S) ∼= H1(X,C). In the next section we will derive
from the exponential exact sequence that b1 = 0, so we find h1,0 = 0, completing our
computation of the Hodge diamond.
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3 Integral Cohomology Groups

Proposition 3.1. Let X be a complex K3 surface. Then its only nonzero integral
cohomology groups are

H i(X,Z) ∼=

{
Z if i = 0, 4;

Z22 if i = 2.

Two integral cohomology groups that are not too hard to figure out are H1(X,Z) and
H4(X,Z). Because X is connected, and because of Poincaré duality, they are isomorphic
to Z and Z, respectively.
Since we are working in the complex world, we are given the exponential exact sequence,
i.e.,

0→ Z inc−−−→ OX
exp−−−→ O×X → 0.

By the fact that X is compact and connected, applying H0 to this sequence yields
0 → Z → C → C× → 0, which is exact. Therefore the associated long exact sequence
reads

0 H1(X,Z) H1(X,OX)

Pic(X) H2(X,Z) H2(X,OX)

H2(X,O×X) H3(X,Z) H3(X,OX)
.

As X is a K3 surface, H1(X,OX) = 0, so it follows that H1(X,Z) = 0, which implies
b1 = 0, completing our computation of the Hodge diamond. Poincaré duality gives
b3 = b1 = 0, so H3(X,Z) = 0 up to torsion.
From our computation of the Hodge diamond we know that H2(X,OX) = C (torsion-
free), so because Pic(X) is torsion-free by proposition 1.5, and because of the long exact
sequence above, it follows that H2(X,Z) is torsion-free. By combining Poincaré duality
with the universal coefficient theorem for cohomology (applied with Z as the coefficient
group), one finds that the torsion of HdimR(X)−i+1(X,Z) is the same as that of H i(X,Z),
so taking i = 3 shows that H3(X,Z) is torsion-free, and therefore H3(X,Z) = 0.
The only remaining thing to compute is b2. By the holomorphic Poincaré lemma, the
sequence

0→ C inc−−−→ OX
d−−−→ Ω1

X
d−−−→ Ω2

X → 0

is exact, so the alternating sum of the Euler characteristics vanishes. That is,

χ(C) = χ(OX)− χ(Ω1
X) + χ(Ω2

X) = 24,

where the second equality follows from Ω2
X = OX and our computation of the Hodge

diamond. The left-hand side is the alternating sum of the Betti numbers of X, so using
the fact that b0 = b4 = 1 and b1 = b3 = 0, we obtain that b2 = 22, and therefore that
H2(X,Z) ∼= Z22, which completes our computation of the integral cohomology groups.
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