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Examples of Concurrent Systems

A pocket calculator:

A colony of ants:




The alternating bit protocol:

B

Sender Receiver

Data elements are sent from Sender to Receiver

via faulty channel B. Sender alternatingly

attaches bit 0 or bit 1 to data elements.

If Receiver receives a datum, it sends the
attached bit to Sender via faulty channel D, to
acknowledge reception. If Receiver receives a
corrupted message, then it resends the

preceding acknowledgement.

Sender keeps sending a datum with attached
bit b until it receives acknowledgement 6. Then
it starts sending the next datum with attached
bit 1 — b until it receives acknowledgement

1 — b, et cetera.




Process Graphs

Assume a set S of states, together with a finite

set A of (atomic) actions.

o, o a
e A transition s — s’ expresses that state s
can evolve into state s’ by execution of

action a.

o A transition s = ,/ expresses that state s

can terminate successfully by execution of

action a.

A process (graph) is a set of transitions, with a

special root state.




Example

Part of the process graph of the pocket

calculator:
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O0+3.. 0—.




Example — continued

Behaviour of the plus button:




Basic Process Terms

Basic process terms are built from atomic
actions, alternative composition and sequential

composition.

e An atomic action a represents indivisible

behaviour. It executes itself and then

terminates successfully: a — /.

e Alternative composition: the process term
t1 + to executes the behaviour of either ¢

or tz.

e Sequential composition: the process term
t1 - to first executes t1, and upon successful

termination proceeds to execute ts.




Example

The basic process term ((a +b) - ¢) - d
represents the process graph:

((a+0b)-¢)-d




Transition Rules of Basic Process
Algebra




Proof of ((a+b)-¢)-d 2 ¢-d from the

transition rules:

The transition rules at the right are

instantiated in the corresponding proof steps.
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Process equivalence based on traces is not

satisfactory for our purposes. For example,

read(d \L read (d/\”'ead (d)
writey ( / szteg wmtel(d)l/ l/wm’teg(d)

Vv Vv

The first process reads datum d, and then
decides whether it writes d on disc 1 or on disc
2. The second process makes a choice for disc 1

or disc 2 before it reads datum d.

Both processes display read(d)write;(d) and

read(d)writes(d), so they are trace equivalent.

A crucial distinction between the two processes
becomes apparent if disc 1 crashes. Then the
first process always saves datum d on disc 2,

while the second process may get stuck.
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Bisimulation Equivalence

A bisimulation is a binary relation B on

processes such that:

1. if pBq and p = p/, then ¢ = ¢’ with p’ B¢’
2. if pBq and ¢ = ¢, then p — p’ with p’ B¢’

3. if pBgand p = /, then ¢ = +/

4. if pBqg and ¢ = +/, then p = /

Two processes p and ¢ are bisimilar, denoted
p < q, if there is a bisimulation relation B such
that pBg.
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Example: (a +a)b < ab+ a(b+ b)

Bisimulation relation B defined by:

(a+a)b B ab+ a(b+b)
bBb
bBb+b.
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Congruence

Bisimulation equivalence is a congruence over

BPA.

That is, if s < s’ and t < t/, then

s+t s +t'ands-t— s -t.

This congruence property follows from the fact
that each transition rule p for BPA is in panth

format:

e for each premise t — t' of p, the right-hand

side t’ is a single variable

e the source of p contains no more than one

function symbol

e there are no multiple occurrences of the
same variable in the right-hand sides of

premises and in the source of p

14



Axioms for BPA Modulo Bisimulation
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Equality Relation

The axioms induce an equality relation = on

basic process terms:

e (SUBSTITUTION)

If s =1t is an axiom and ¢ maps all
variables in s and ¢ to basic process terms,

then o(s) = o(t).
e (EQUIVALENCE)
- t =t for all basic process terms t
-ifs=t, thent=s
-ifs=tand t=u, then s =u
e (CONTEXT)

If s=s and¢t =1, then s+t =35+t and

s-t=s"-t.
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Soundness: The axioms for BPA are sound

modulo bisimulation equivalence.
That is, if s = ¢ then s < t.

Since bisimulation equivalence is a congruence
over BPA, soundness of the axioms can be
verified by checking that o(s) < o(t) for each
axiom s =t and for all mappings o from

variables in s and ¢ to basic process terms.

e Al: both s+ ¢ and t + s represent a choice

between s and ¢

A2: both (s+t)4+w and s+ (t + u)
represent a choice between s, t and u

A3: a choice between t and ¢ amounts to a

choice for ¢

A4: both (s+1)-u and s-u+t-u represent
a choice between s and ¢, followed by u

A5: both (s-t)-u and s- (t-u) represent s
followed by t followed by u

17



Completeness: The axioms for BPA are

complete modulo bisimulation equivalence.
That is, if s <> t then s = t.

Consider basic process terms modulo AC of the
+: we write s =ap¢ t if s and t can be equated

by axioms Al and A2.

The axioms for BPA are turned into a term

rewriting system, modulo AC of the +:

T+Y =Ac Y+7T

(x+y)+2 =ac z+ (y+2)

T+ x — X

(r4+y)-z2 — x-z24+y-z
(z-y)-z — x-(y 2)

Each basic process term is reduced to a normal

form, which does not reduce any further.

If s < t, and s and t have normal forms s’ and

t’, respectively, then s’ =pc t'. Hence,

s=s =Act =t

18



Example:

(a+a)(cd) + (be)(d+d) = ((b+a)(c+c))d

The two resulting normal forms are equivalent
modulo AC of the +, so the two original basic

process terms are equal.
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Communication

A communication function y: A X A — A
produces for each pair of atomic actions a and

b their communication vy(a,b).

The communication function v is commutative

and associative:

v(a,b) v(b,a)
v(v(a,b),c)

20



Merge

The merge || executes the two process terms in

its arguments in parallel:

v /
r— X

v

The merge can also execute a communication

between initial transitions of its arguments:

7(”7“}) ’Y(U’w)
tlly = v wlly =y

v w v w
r— x y—>\/ r— x y—>y’

v (v, w) / v(v,w) T
zlly =@ zlly = 2|y
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The process graph of (ab)||(ba):

(ab)

b|| (ba) b

\3\ )/
a a
Jo
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Left Merge and Communication Merge

Two auxiliary operators are needed to

axiomatise the merge.

The left merge |l executes an initial transition

of its first argument:

The communication merge | executes a
communication between initial transitions of its

arguments:

V(an) W(an) /
rly — Ty =y

vy

(v, w) /
rly =@
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Conservative Extension

PAP is a conservative extension of BPA, i.e.,
the process graphs of basic process terms

remain the same.

This follows from the following two facts:

e The variables in each transition rule of

BPA are source-dependent.

e The sources of the transition rules for
merge, left merge and communication

merge contain an occurrence of ||, IL or |.

The source-dependent variables in a transition

rule p are defined by:

e all variables in the source of p are

source-dependent

o if t 5 ¢ is a premise of p and all variables

in ¢ are source-dependent, then all
variables in ¢’ are source-dependent
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Example

The transition rule

v /
r— X

Ty — Yy

is source-dependent.

Namely,

e the variables x and y in the source are
source-dependent

e since x is source-dependent and there is a

premise x — ’, it follows that the variable

x' is source-dependent

25



Congruence

Bisimulation equivalence is a congruence over
PAP.

That is, if s < s’ and ¢t < t/, then
s+teos+t s tos -t s||te s,
slLt < s'lLt" and s|t < s'|t’.

This congruence property follows from the fact
that each transition rule p for BPA is in panth

format:

e for each premise t = t' of p, the right-hand

side t’ is a single variable

e the source of p contains no more than one

function symbol

e there are no multiple occurrences of the
same variable in the right-hand sides of

premises and in the source of p
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Axioms for PAP
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Soundness: The axioms for PAP are sound

modulo bisimulation equivalence:
S=1t = s<1

Since bisimulation equivalence is a congruence

over PAP, soundness of the axioms can be

verified by checking that o(s) < o(t) for each

axiom s =t and for all mappings o from

variables in s and t to process terms.

Completeness: The axioms for PAP are

complete modulo bisimulation equivalence:
St = s=1

This follows by turning the axioms for PAP
into a term rewriting system, modulo AC of
the +. Each process term over PAP is reduced
to a normal form. If s < t, and s and t have
normal forms s’ and t’, respectively, then

s’ =ac t'. Hence,

s=8 =pxct =t

28



Deadlock and Encapsulation

The deadlock ¢ does not display any behaviour.
There is no transition rule for this constant.

The encapsulation operator Oy, with H C A,

renames all actions from H in its argument

into o:
r—+y (v¢H) r—a' (vgH)
O () = +/ O () = O (z')

The domain of the communication function = is
extended with ¢:

v:AXA— AU{}.

If a and b do not communicate, then

v(a,b) = 9.

Encapsulation operators enable to enforce
actions into communication. For example,
Ofa,py(a|lb) can only execute v(a,b) (under the

condition that this communication is not d).

29



Conservative Extension

ACP is a conservative extension of PAP, i.e.,
the process graphs of process terms over PAP

remain the same.

This follows from the following two facts:

e The variables in each transition rule of

PAP are source-dependent.

e The sources of the transition rules for

encapsulation operators contain 0.

Congruence

Bisimulation is a congruence over ACP.

That is, if s <+ s’ and ¢t < t/, then
s+teos+t s tos -t s|te s,
slLt « s'lLt/, s|t « s'|t' and Iy (s) « O (t).

This congruence property holds because each

transition rule for ACP is in panth format.

30



Axioms for Deadlock and Encapsulation

31



Soundness: The axioms for ACP are sound

modulo bisimulation equivalence:
S=1t = s<1

Since bisimulation equivalence is a congruence

over ACP, soundness of the axioms can be

verified by checking that o(s) < o(t) for each

axiom s =t and for all mappings o from

variables in s and t to process terms.

Completeness: The axioms for ACP are

complete modulo bisimulation equivalence:
St = s=1

This follows by turning the axioms for ACP
into a term rewriting system, modulo AC of
the +. Each process term over ACP is reduced
to a normal form. If s < t, and s and t have
normal forms s’ and t’, respectively, then

s’ =ac t'. Hence,

s=8 =pxct =t
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Example

Let v(a,b) = ¢ and ~v(a’,b") = ¢’ be the only

communications between actions.

(a+a)[[(b+b)

(a+a)LO+b0)+ b+ b)) (a+a')

+(a+a’)[(b+ 1)
LM4, CM9,10

all(b+b)+a'lL(b+0)+bll(a+a)+0l(a+d)

+alb+ a|lb’ + a’'|b+ a’|b
LM2, CM5

a-(b+b)+a-b+b)+b-(a+a')+b-(a+a’)
+c+0+d+c

A6

a-(b+b)+a-b+b)+b-(a+a')+b-(a+a)
+c+c

33



Example — continued

Let H denote {a,a’,b,b’}.

O ((a +a’)[ (b + ')

Og(a-(b+b)+a - (b+V)+b-(a+ad)
+b - (a+a')+c+)

6-0p(b+V)+6-0u(b+V)+6-0u(a+a)

+d-0gla+a)+c+
A6,7

c+c

Conclusion: 0y enforces communication

between a and b and between a’ and b'.
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Recursion

Intuitively, this process can be captured by

means of two recursive equations:

X aY
Y bX

X and Y are recursion variables, representing

the two states of the process.

A recursive specification is a collection

t1(Xq,...,Xn)

tn(X1,..., Xp)

where the t;(X1,...,X,,) are process terms

over ACP with possible occurrences of the

recursion variables Xi,... , X,,.

35



Solution

Processes p1,...,p, are a solution for a

recursive specification

{Xz :tz<X1, ,Xn) |’L€ {1, ,n}}

modulo bisimulation equivalence if

pi o ti(pr, .. pa) fori € {1,... ,n}.
If p1,...,pn and q1, ... ,q, are two solutions
for the same recursive specification, then we

want that p; < q; for i € {1,... ,n}.

A recursive specification that allows more than

one solution modulo bisimulation equivalence is

has a unique solution modulo bisimulation.

36



Guardedness

A recursive specification
{X,L :ti(Xl,... ,Xn) | 1€ {1, ,n}}

is guarded if the right-hand sides of its

recursive equations can be adapted to the form

CL1'31(X1,... ,Xn)—1—+aksk(X1, ,Xn)
b1+ + by

using the axioms of ACP and the possibility to
replace recursion variables by the right-hand

sides of their recursive equations.

Guarded recursive specifications are exactly the
recursive specifications that have a unique

solution modulo bisimulation equivalence.

37



Example: Let y(a,b) = c and v(b,b) = c.

{X=Y||Z, Y=Z+ a, Z=bZ} is guarded:

Z=b7 is already in the desired form.

Y =7 + a is brought in the desired form by
replacing Z by the right-hand side bZ of its

recursive equation.

X=Y||Z is brought in the desired form by
replacing Y by bZ + a and Z by bZ, and
manipulating the resulting term (b7 + a)||bZ

by the axioms:

(bZ + a)||bZ
(bZ +a)LbZ +bZIL(bZ + a) + (bZ + a)|bZ

bZILbZ + allbZ +bZIL(bZ + a) + bZ|bZ + a|bZ
b(Z||bZ) + abZ + b(Z||(bZ + a)) + c(Z||Z) + cZ

38



Transition Rules for Recursion

Assume a guarded recursive specification E':
{X;=t;(X1,..., X)) |i€{1,... ,n}}
We introduce constants
(XG|E) (i e{l,...,n})

representing a solution for X; in F.

That is, (X;|F) inherits the behaviour of
LX), .. (X, E)):

ti((X1]E), ..., (XalE)) = /

t((X1|E), ... , (X,|E)) =y

(X;|E) =y

39



Example

Let E denote {X=aY, Y=bX}. The process
graph of (X|F) is:
(X|E)

()

(Y |E)

We derive the transition (X|E) = (Y|E):

(X|E) = (Y|E)

The transition rules at the right are

instantiated in the corresponding proof steps.

40



Conservative Extension

ACP with guarded recursion is a conservative
extension of ACP.

This follows from the following two facts:

e The variables in each transition rule of

ACP are source-dependent.

e The sources of the transition rules for

guarded recursion contain (X;|FE).

Congruence

Bisimulation equivalence is a congruence over

ACP with guarded recursion.

This congruence property holds because each
transition rule for ACP with guarded recursion

is in panth format.

41



Example — bag over {0, 1}

We can put elements 0 and 1 into a bag, and
subsequently collect these elements from the

bag in arbitrary order.

in(0) i (0) i (0)

o_ ® ® ®

out(0) out(0) out(0)

(e | hue )] | w1

i (0) m (0) i (0)

@ _ () [

out(0) out(0) out(0)

)| | hue)] |1
i (0) m (0) 1 (0)

o_ ® ®

out(0) out(0) out(0)

)] [ ey | T hue(1)
in(0) in(0) in(0)

®o_ ® ®

out(0) out(0) out(0)

)] 1" Dy | Phue(1)

The bag over {0, 1} is specified by:

in(0)(X || out(0)) + in(1)(X| out(1))
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Axioms for Recursion

Assume a guarded recursive specification E':

{Xz :tz<X1, ,Xn) |’L€ {1, ,n}}

RDP <X’L|E> — ti(<X1|E>7"' 7<Xn|E>)
(tef{1,...,n})
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Soundness

The axioms for ACP with guarded recursion

are sound modulo bisimulation equivalence:
S=1t = s<1

Since bisimulation equivalence is a congruence
over ACP with guarded recursion, soundness
can be verified by checking soundness of all

instantiations of axioms.

RSP is not sound for unguarded recursion. For
example, since t = ¢, RSP would yield

t = (X|X=X)

for all process terms ¢.
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Example

(Z | Z=aZ) a(Z | Z=aZ)
a(a(Z | Z=aZ))
(aa){Z | Z=aZ)
So by RSP,
(Z| Z=aZ) = (X|X=(aa)X)

Furthermore,

(Z|Z=a2) "2 a(Z|Z=aZ)

a(a(Z | Z=aZ))
a(a(alZ | Z=aZ))
((aa)a){Z | Z=aZ)
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Example: Let v(a,b) = c.

X | X=aX)|(Y | Y=bY)
X | X=aX)IL(Y | Y=bY)
Y | V=bY) (X | X=aX)
X | X=aX)|(Y | Y=bY)
a((X | X=aX)[[(Y | Y=bY))
b((Y | Y=bY) (X | X=aX))
c({(X | X=aX)|[(Y | Y=bY))

Hence,

Oyay ((X | X=aX)||(Y | Y=bY))
— ¢ Oy (X | X=aX) (Y | Y=bY))

So by RSP,

Ofapy (X [ X=aX)|[(Y |Y=DY)) = (Z | Z=cZ)
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Let E, E’ be guarded recursive specifications,
where E’ is obtained from FE by adapting the
right-hand sides of its recursive equations,

e using the axioms for ACP with guarded

recursion, and

e replacing recursion variables by the right-

hand sides of their recursive equations.

Then (X |E) = (X|E’) can be derived from the
axioms for ACP with guarded recursion for all

recursion variables X in FE.

Example

(X | X=aX4+aX) = (X|X=(aa)X)

can be derived by

e first applying A3 (z + = = x),
e next replacing X by its right-hand side a X,

e and finally applying A5 ((zy)z = z(yz2)).
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Regular Processes

A process p is regular if there are only finitely

many processes p’ such that p — - - - 5, P

A recursive specification is linear if its recursive

equations are of the form

= a1- X1+ -+ap  Xg+br+--+ by

Each regular process can be described by a
linear recursive specification, in which for each

state s there is a recursion variable X:

e If state s can evolve into state s’ by
execution of a, then there is a summand

aXs in the recursive equation for X.

e If state s can terminate successfully by
execution of a, then there is a summand a

in the recursive equation for X.

Vice versa, a linear recursive specification gives

rise to a regular process.
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Completeness for Regular Processes

The axioms for ACP with linear recursion are

complete modulo bisimulation equivalence:
S<—=1 = s=1

This follows from two facts:

e Fach process term over ACP with linear
recursion is equal to a term (X|FE) with E

a linear recursive specification.

o If (X|F) < (Y|E’) for linear recursive
specifications E, E’, then (X|E) = (Y|E’).

Hence, if s < t, then

s = (X|E) = (Y|E') =t

The axioms are not complete for ACP with

guarded recursion modulo bisimulation.

49



Projection Operators

The projection operator m,, for n € N executes
all transitions of its argument up to depth n:

/

T 4/ T — T
[

Tnt1(2) =/ Tnt1 () = T (@)

Conservative Extension: ACP with guarded
recursion and projection operators is a
conservative extension of ACP with guarded

recursion.

Congruence: Bisimulation equivalence is a
congruence over ACP with guarded recursion
and projection operators.

Axioms:
PR1 (T + y)
PR2 Tnt1(V)
PR3  mu41(v- )
PR4 o ()
PR5 T (0)
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Approximation Induction Principle

AIP If m,(x) = mp(y) for n € N, then z =y

Soundness: The axioms for ACP with
guarded recursion and projection operators are

sound modulo bisimulation equivalence:

Ss=1t = st

Strength of AIP: For each pair of bisimilar
process terms s and ¢t in ACP with guarded

recursion, m,(s) = m,(t) for n € N can be

derived from the axioms for ACP with guarded

recursion and projection operators.
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Example: We derive by induction on n:

(Y | Y=aZb+b, Z=aY b+b) - b*)
7o ((X | X=aXb+b) - bF)
. ((Z | Y =aZb+b, Z=aY b-+b) - b*)

The case n = 0 is trivial. By induction:

= Tt (a- (X | X=aXb+b) - bFT1 + pFt1)
= (X | X=aXbb) - b+1) 4 s (B4

= a-71,((Z|Y=aZb+b, Z=aYb+b) - b*+1)
+ 7Tn—|—1(

= Tpy1(a- (Z|Y=aZb+b, Z=aY b+b) - b*T1 4+ b+l
— Tt (Y | Y =aZb+b, Z—aY b+b) - bF)

bk—|—1)

Likewise,

Tnt1 ((X | X=aXb+Db) - b)
= M1 ((Z|Y=aZb+b, Z=aY b-+b) - b*)
So by AIP,

(Y| Y=aZb+b, Z=aY b+b) - b
= (Z|Y=aZb+b, Z=aY b+b) -b
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Abstraction

The silent step T represents an internal action:

7'1>\/

The abstraction operator 77, with I C A,

renames all actions from [ in its argument to 7:

=y (Vg z—a (vgl)

T1(z) =/ 71(x) = Tr(@’)

x>+ (vel)
Tr(z) =/

53



Branching Bisimulation Equivalence
Not all 7-transitions are silent.

Example — A malfunctioning channel.

A datum received via channel 1 is sent into
channel 2 or 3. A datum communicated via
channel 2 it is sent into channel 4. A datum
communicated via channel 3 gets stuck,

because the subsequent channel 5 is broken.

4
e

The system gets into a deadlock if a datum is

transferred via channel 3. This deadlock should

not disappear when abstracting away from the

communication actions via channels 2 and 3.
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a + 70 and a are not equivalent.

Oqpy(a + 7b) and Oy (a + b) are not equivalent.

a + 7b and a + b are not equivalent.

A correct answer to the question
which T-transitions are truly silent?
turns out to be

those T-transitions that do not lose

possible behaviours'!

For example, a + 7(a + b) and a + b are
equivalent: after executing the 7 in the first

process term it is still possible to execute a.
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Let v/ |. A branching bisimulation is a binary
relation B on processes such that:
1. if pBg and p — p’, then

- either a = 7 and p’ By
- or ¢ — --- = qo such that p B gy and
qo — ¢ with p’ B¢/
. if pBgand ¢ = ¢, then

- either a = 7 and p B¢’

- or p— --- = pg such that py B¢ and
o — p' with p’ B¢’

.if pBgand p |, then ¢ > --- = g such
that qg |

.if pBgand q |, then p = -+ 5 pg such
that pg |

Two processes p and g are branching bisimilar,
denoted p <, q, if there is a branching
bisimulation relation B such that p B q.
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Example: a + 7(a+b) <, 7(a+b) + b

Branching bisimulation relation B is defined by:

a+T7(a+b)B1(a+b)+b
a+bB71(a+b)+b
a+T1(a+b)Ba+b
a+bBa+b

v By

57



Rooted Branching Bisimulation

a + 70 and a are not equivalent.

Oqpy(a + 7b) and Oy (a + b) are not equivalent.

a + 7b and a + b are not equivalent.

b and 7b are not equivalent.

A rooted branching bisimulation is a binary

relation B on processes such that:

1. if pBg and p = p’, then ¢ — ¢’ with
ey d
2. if pBq and ¢ = ¢, then p = p’ with

p =y q

Two processes p and ¢ are rooted branching
bisimilar, denoted p <., q, if there is a rooted

branching bisimulation relation B such that

pBq.
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Guarded Linear Recursion

All process terms 7s are solutions for the
recursive specification X = 7.X, because

TS <., TT7S. Hence, X = 7.X is unguarded.

A recursive specification is linear if its recursive

equations are of the form

X = a1 X1+ -+a X +by+---+by

A linear recursive specification F is guarded if
there does not exist an infinite sequence of

T-transitions

(X|E) = (X'|E) > (X"|E) = -+

The guarded linear recursive specifications are
exactly the linear recursive specifications that
have a unique solution modulo rooted

branching bisimulation.
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Comnservative Extension: ACP . with
guarded linear recursion is a conservative

extension of ACP with linear recursion.

This follows from the following three facts:

e The transition rules of ACP and for linear

recursion are all source-dependent.

The sources of the transition rules for the
silent step and abstraction contain 7 or 77.
The sources of the transition rules for a
guarded linear recursive specification F
that includes a 7 contain the fresh constant

(X|E).

Each transition rule for alternative
composition, sequential composition or
linear recursion that involves T-transitions

contains a premise that includes the fresh

relation symbol - or predicate — 1/, and a

left-hand side of which all variables occur

in the source of the transition rule.
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Congruence: Rooted branching bisimulation

equivalence is a congruence over ACP, with

guarded linear recursion.

Axioms for Abstraction
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Example — Queues

Ql = 7183 Ql

Buffers ()2 and ()1 of capacity one in parallel

T{c3} (0{83,7"3} (Q2]Q1))

behave as a buffer of capacity two:

7“1Y
r1 4+ so X
SQY
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Q2||Q1

QL Q1+ Q1L Q2 + Q2]Q1
(r3s2@2) L Q1 + (r1s3Q1) L Q2

+ (r352Q2)|(r153Q1)

rg - ((52Q2)[|Q1) + 71 - ((s3Q1)[|Q2)
+0 - ((52Q2)[|(s3Q1))

rs - ((52Q2)[|@Q1) + 711 - ((83Q1)[|Q2)

O(s3,r5} (Q2]|@1)

Ofss,r5} (13- ((52Q2)[|Q1) + 71 - ((53Q1)|Q2))
Ofss,rs} (13 + ((52Q2)]| Q1))

+ Ofs5,r53 (11 - ((53Q1)[|Q2))

O(s5,r5}(13) - Ofsg,ra} ((52Q2)[|Q1)

+ Ofssra3 (1) * Oy ,rsy ((83Q1)]|Q2)

0+ Ofss,r5} ((52Q2)[| Q1)

+ 71 - Ofsg,rsy ((53Q1)]|Q2)

- 5{53,r3}((83Q1)HQ2)
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Likewise we can derive:

sy} ((83Q1)[|Q2) = €3+ Oygy r1 (Q1]|(52Q2))

Ofss,rs} (Q1|(52Q2)) = 11+ Ops5,r5) ((53Q1) ]| (52Q2))
+ 82+ Ofs5,r) (Q2]| Q1)

Ofss,r53 ((83Q1)[[(52Q2)) = 52 Ofsy,r53 ((53Q1)[|Q2)

Ofsq,r51 (Q2]| Q1)
1
s2 [ Ofsy,rsy((53Q1)]|Q2)

C3

8{83,7'3} (Ql H (S2Q2))

1

Ofs5,r53((83Q1)[|(52Q2))
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T{Cg}(a{83,7“3}(Q2||Ql))

T{CS}(Tl ' 8{53,r3}((83Q1)HQ2))
Tea} (Ofs,rs} (53Q1) (| Q2))
Tes} (€3 Ofsy, s} (@1 ]| (52Q2)))
T Tiea} (01,0} (@1 (52Q2)))
Tea} (Ofs,rs} (@1 (52Q02)))

Likewise we can derive

Ties} (Ofss,rs} (Q1]](52Q2))) =

1 Ties} (Oss,rs} ((53Q1)]|(52Q2)))
+ 82 T{cs} (Ofs5,r51 (@2 Q1))

Ties} (Ofss,rs} ((53Q1)]|(52Q2))) =
52 * T{es} (Ofss,rs} (Q1][(52Q2)))

Hence, a solution for the linear recursive

specification F for the buffer of capacity two is

= 7{03}(8{33,7“3}(QQHQ1)>
= Ty} (Ofsgrs} (Q1]](52Q2)))
Ties) (Ofss,rsy ((530Q1)(52Q2)))
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Cluster Fair Abstraction Rule

T-loops can be constructed by abstraction:

Tia} ({(X | X=0aX)) executes 7’s until infinity.

Let I be a guarded linear recursive
specification, and I C A.

Recursion variables X and Y in E are in the
same cluster for I if (X|FE) LR (Y|E) and
Y|E)S .. 3 (X|E).

a or aX is an exit for cluster C if:

1. a or aX is a summand in the right-hand
side of the recursive equation for a

recursion variable in C', and

2. in the case of a X, a € TU {7} or X & C.

CFAR If X is in a cluster for I with exits
{viYi,... ;o Ym, w1, ... ,w,}, then

v-t({(X[E)) =

ve1r(v(Y1|E) + - + v (Y| E) +wy + -+ + wy,)
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Intuition for CFAR: Let E denote

aXo + by

aJXn + bn—l
aX1 + bn

T1a} ((X1|E)) executes T-transitions until it
executes an action b; for ¢ € {1,... ,n}. After
the execution of such a 7 it is still possible to

execute any of the b;.

Fair abstraction says that 77, ((X1|E)) does
not stay in the 7-loop forever, so that at some

time it will execute a b;. Hence,

Tia} ((X1|E)) 2,0 b1+ 7(b1 + -+ + by)

Namely, initially 7¢4) ((X1|E)) can execute by

or 7. In the latter case, this non-silent 7 is
followed by the execution of a series of silent

7’s, until one of the actions b; is executed.

67



Example

Let E denote
heads - X -+ tails

(X |FE) represents tossing a fair coin until the
result is tails. We abstract away from throwing
heads: T{heads} (<X’E>)

{X} is the only cluster for {heads}, and the
only exit of this cluster is tails. So by CFAR,

T T{heads}<<X|E>) = T T{head8}<ta’il‘9)

T - tails

Hence,

T{heads} (X |E)) T{heads} (heads - (X|E) + tails)
T T{heads}(<X‘E>> + tails

T - tails + tails
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Soundness: The axioms for ACP.- with
guarded linear recursion are sound modulo

rooted branching bisimulation equivalence:
S=t = s, 1

Rooted branching bisimulation equivalence is a
congruence over ACP, with guarded linear
recursion, so it suffices to check soundness of all

instantiations of axioms.

Completeness: The axioms for ACP, with
guarded linear recursion are complete modulo

rooted branching bisimulation equivalence:
St = s=1

This follows from two facts:

e FEach term over ACP., with guarded linear

recursion is equal to a term (X|FE) with £

a guarded linear recursive specification.

o If (X|E) < (Y|E’) for guarded linear
recursive specifications F, E’, then
(X|E) = (Y|E").
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Alternating Bit Protocol

Sender Receiver

Data elements are sent from Sender to Receiver
via faulty channel B. Sender alternatingly
attaches bit 0 or bit 1 to data elements.

If Receiver receives a datum, it sends the
attached bit to Sender via faulty channel D, to
acknowledge reception. If Receiver receives a

corrupted message, then it resends the

preceding acknowledgement.

Sender keeps sending a datum with attached
bit b until it receives acknowledgement b. Then
it starts sending the next datum with attached
bit 1 — b until it receives acknowledgement

1 — b, et cetera.
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Sender sending a datum with bit b attached:

ZTA(CZ) . Tdb

deA
(sB(d,b) +sB(L)) - Uap

?“D(b) -S1p + (TD(l — b) —+ ?“D(J_)) T
Receiver expecting a datum with b attached:

Ry > {re(d,b) - sc(d) - Qs

deA
+ rp(d,1 —b) - Qi_p} +r5(L) - Q1

Qb (sp(b) +sp(L)) - Rip

A send and a read action of the same message
((d,b), b or L) over the same channel (B or D)

communicate with each other.

The alternating bit protocol is specified by

71(9 (Rol[S0))

with H the set of read and send actions over
channels B and D, and I the set of

communication actions.
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Transition graph of 9 (Rpl[So):
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RollSo = Y wea{rs(d,0) - ((sc(d)Qo)|So)
+ rp(d’, 1) - (Q1][S0)} + r(L) - (Q1]/50)
+ 2aeara(d) - (Taol|Ro)

On (Rol[S0) = D genrald) - On(Taol|Ro)

Twl[Ro = (sB(d,0)+ sB(L)) - (Uaol| Ro)
+ 2 aealrs(d,0) - ((sc(d)Qo)l|Tuo)
+ r(d’,1) - (Q1Tao)} + rB(L) - (Q1]|Ta0)
+ ¢g(d, 0) - (Uaol|(sc(d)Qo)) + ca(L) - (Uaol|@1)
On(Taol|Ro) = ¢g(d,0) - O (Uaol/(sc(d)Qo))
+ (L) - O (Uao|| Q1)
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Uaol|(sc(d)Qo) = p(0) - (S1]|(5¢(d)Q0))
+ (rp(1) +rp(L)) - (Taol|(sc(d)Qo))
+ sa(d) - (Qol|Uao)

I (Uaol|(sc(d)Qo)) = scld) - 9u(Qol|Uao)

Qol[Udso = (sp(0) + sp(L)) - (B1l|Uao)
+ rp(0) - (51[|Qo) + (rp(1) + rp(L)) - (Taol[Qo)
+ ¢p(0) - (R1][S1) + en (L) - (Baf|Tao)
On(Qol|lUao) = cp(0) - Ou(RaS1)

+ cp(L) - Om (R1||Tao)

Ri|Two = Y {ra(d,1)- ((sc(d)Q1)l|Tuo)

d’'eA
+ra(d’, 0) - (Qol|Tao)} +rB(L) - (Qol| Tao)

+ (s8(d,0) + s5(L)) - (Uaol| R1)
+ (es(d, 0) + (L)) - (Qol|[Uao)
O (Ri1|[Tao) = (c8(d,0) + ca(L)) - 9u(Qo||Uao)
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Likewise we derive

On(Ri|S1) = Dogeara(d) Ou(Ta||Ry)

Ou(Tar||[R1) = cs(d,1) - Ou(Uarll(sc(d) - Q1))
+ ca(L) - 0n(Uar[|Qo)
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Owing to the twelve derived equations, by RSP
O (Ro|So) = (X1|E)

where E' is the linear recursive specification

2arenald) - Xoa
cg(d,0) - Xgq +ca(Ll) - X3q
(ep(1) +ep(L)) - Xag
sc(d) - Xsq
cp(0) - Y1 +ep(L) - Xgq
(e(d,0) + cg(L)) - X5q
S enrald) - Yo
cg(d,1) - Yig+ c(L) - Yaq
(ep(0) + ep(L)) - Yaa
sc(d) - Ysq
cp(1) - X5 +ep(L) - Yo
(e(d,1) + (L)) - Ysq
de A }
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After application of 77 to (X;|F), the loops of

communication actions become 7-loops, which
can be removed by CFAR.

For example, X945 and X34 form a cluster for [
with exit cg(d,0) - Xyq4, s0

71 ((X2d| E))
-71(cB(d,0) - (X4a|E))
-7 71 ({Xaa| E))

71 ((Xa| E))

Likewise we derive

sa(d) - T1((Xsa| E))
ra(d) - r({Yaq| E))
sa(d) - T1((Ysal E))
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Likewise we derive

TI((Y1|E)) = 2gearald) - scld) - 7r({(X1]E))

So using RSP it follows that

T1((X1|E)) = (Z]Z =rald)-sc(d)-Z)

Hence,

71(0n (Rol|S0))
= D geama(d) - sc(d) - 71(0m (Kol S0))
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Bounded Retransmission Protocol

hd .~
‘
‘
‘
‘
. B
‘
‘
‘
‘
‘
.
‘
‘
~ ‘
.
. F

Data packets are sent from RC to TV.

A datum may get lost.

An alternating bit is attached to each datum.
Only one kind of acknowledgement.

A datum is resent a limited number of times.
A label is attached to last datum of the packet.

If RC does not receive an acknowledgement

within a certain time, it resends the datum.

If TV does not receive a next datum within a

certain time, RC has given up transmission.
17 and T5 send time-out messages.

K and L model non-determinism of medium.
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External Behaviour

Error Messages

sa(Inok): RC warns that transmission was

unsuccessiul

sa(Ipk): RC warns that transmission may

have been unsuccessful
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Remote Control

ZEGA TA<€) . Y(E, O, 0)
sp(head(€),b) - Z(¢,b,n)

sg(d, b, last) - Z(d,b,n)

ack) - Y (tail(¢),1 —b,0)
to) - Y(l,b,n+1)

'

rG

(
(

re(ack) - Y (tail(£),1 —b,0)
(tO) . SA(INOK) . SH(tO) - X

81



Television
Vi = > 4earc(d,0)-sp(d, first) - sg(ack) - W(1)
+ ZdeA(’rc(d, 0, last) + rc(d, 1, last)) - sg(ack) -V
+ rg(to) -V

W(b) = > 4earc(d,b)-sp(d)-sg(ack) - W(1—10)
+ > gearc(d,b,last) - sp(d, last) - sg(ack) -V
+ D> gearc(d,1—0b)-sg(ack) - W(b)
+ rg(to) -V

Medium

K = ZdEA Zbe{o,l}
{re(d,b) - (sc(d,b) + sa(to)) - K
+ r(d, b, last) - (sc(d, b, last) + sq(to)) - K}

= rg(ack) - (sp(ack) 4+ sq(to)) - L

Bounded Retransmission Protocol
T1(0u (V|| X[ K|L))

with H the internal read and send actions, and

I the communication actions.
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Initial state (length of ¢ at least two):
Ou (VI X|KNL) = 2 penrall) -
O (VY (¢,0,0)| K]|L)
RC sends the first datum of a packet, TV has
not yet received this datum:
O (VIY(£,0,n)[[K|L) = cp(head((),0) -
Ou (V|1 Z(£,0,n)|| K’ (head(£), 0)| L)

RC sends a non-last datum of a packet, TV
already received some data of this packet:

Oa (W (b)Y (£,0",n)|[|K||L) = cp(head(£),V’) -
O (W (b)[|Z(£,0", n)|| K (head(£), b')|| L)

RC sends the last datum of a packet. Two cases

depend on whether TV received this datum:

O (W (D)[[Y (d, b, n)[| K||L) = cB(d,b, last) -
Oa(W(b)||Z(d, b, n)||K'(d, b, last)|| L)

o (V||Y(d,b,n)||K||L) = cg(d,b,last) -
oy (V| Z(d,b,n)||K’'(d,b, last)||L)
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K may lose the first datum of a packet, TV did
not yet receive this datum. Two cases depend
on whether the counter reached its maximum

value:

O (V| Z(£,0,n)| K’ (head(£),0)|| L) =
cc(head(£),0) - sp(head(£), first) - cg(ack) -
O (W(1)[Z(£,0,n)| K||L)
+ cq(to) - 0g(V||Y (£,0,n + 1)||K||L)

Oy (V|| Z (4,0, maz)|| K’ (head(£),0)||L) =

cc(head(£),0) - sp(head(£), first) - cg(ack) -
O (W ()| Z(€,0, maz)|| K||L)
+ ca(to) - sa(Ivok) - cu(to) - Ou (V|| X[ K| L)

K may lose a datum of a packet, TV already
received some data of the packet. Eight cases
depend on whether the counter reached its
maximum value, whether K handles the last
datum of the packet, and whether TV already
received the datum handled by K:
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O (W ()| Z(£,b,n)|| K’ (head(£),b)|| L) =
cc(head(£),b) - sp(head(l)) - cg(ack) -
O (W (1 =0)||Z(€,b,n)| KI|L)
+ ca(to) - Oy (W (D)||Y (£,b,n + 1)|| K|/ L)
o (W (b)||Z (4, b, max)||K'(head(£),b)||L) =
cc(head(?),b) - sp(head(?)) - cg(ack) -
O (W (1 —0)||Z(¢,b, maz)|| K| L)
+ cq(to) - sa(Inyok) - cu(to) -
O (V|| X || K| L)
o (W (b)||Z(d,b,n)||K'(d, b, last)||L) =
cc(d, b, last) - sp(d, last) - cg(ack) -
O (V|Z(d,b,n)|| K||L')
+ ca(to) - 9 (W) ||Y (€, 0,n + 1)|| K[ L)
Oy (W (b)||Z(d, b, max)||K'(d, b, last)||L) =
cc(d, b, last) - sp(d, last) - cg(ack) -
O (V|Z(d, b, maz)|| K||L')
+ ca(to) - sa(Ipk) - cu(to) -
O (V|| X K| L)
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Oog(W(b)||Z(£,1 —b,n)||K'(head(£),1 —b)||L) =
cc(head(£),1 —b) - cg(ack) -
O (W(b)[|Z(£,1 —b,n)||K||L)
+ ca(to) - Og(W(b)||Y (4,1 —b,n+1)||K|L)
og(W(b)||Z(4,1 — b, maz)||K'(head(£),1 —b)||L) =
cc(head(£),1 —b) - cg(ack) -
Ou(W(b)[Z(£,1 — b, maz)|| K| L)
+ ca(to) - sa(Inok) - cu(to) -
On (V|| XK/ L)
o (V|| Z(d,b,n)||K’'(d,b, last)||L) =
cc(d, b, last) - cg(ack) -
Ou (VI|Z(d,b,n)||K[[L")
+ cq(to) - Oy (VY (d,b,n + 1)||K||L)
ou (V|| Z(d, b, max)||K'(d,b, last)||L) =
cc(d, b, last) - cg(ack) -
ou (V|| Z(d, b, max)|| K| L")
+ ca(to) - sallpk) - cu(to) - Om (V|| X[ K| L)
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L may lose a datum of a packet. Four cases
depend on whether the counter reached its
maximum value and whether K handles the
last datum of the packet:

O (W(b)[|2(£,1 =b,n)||K[[L") =
cr(ack) - 0g(W(b)||Y (tail(£),b,0)| K| L)
+ ca(to) - Og(W(D)||Y (4,1 —b,n+ 1)||K|L)
Ou(W(b)[|Z(£,1 = b, maz)|| K| L) =
cr(ack) - Ou (W (D) ||Y (tail(€), b, 0)| K| L)
+ ca(to) - sa(Inyok) - cu(to) -
Ou (V|| X| K[| L)
O (V| Z(d,b,n)|K||L") =
cr(ack) - sallok) - Ou (V| X[ K| L)
+ ca(to) - Oy (V||Y (d,b,n 4+ 1)||K||L)
O (V| Z(d,b, maz)| K| L") =
cr(ack) - sallok) - Ou (V| X[ K| L)
+ cq(to) - sa(Ipk) - cu(to) -0 (V|| X|| K| L)
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After application of the abstraction operator

71, communication actions over the internal
channels are renamed into 7. Some of these 7’s
are non-silent, so that we obtain the desired

external behaviour

intertwined with 7-transitions.
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Renaming

The renaming operator ps, with f : A — A,

renames all actions a € A in its argument into

T =/
pr(z) 8

with f(7) = 7.

Comnservative Extension: ACP . with
guarded linear recursion and renaming is a
conservative extension of ACP ., with guarded

linear recursion.

Congruence: Rooted branching bisimulation
equivalence is a congruence over ACP. with

guarded linear recursion and renaming.
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pr(x) - pry)

Soundness: The axioms for ACP . with
guarded linear recursion and renaming are
sound modulo rooted branching bisimulation

equivalence:

S=t = s, 1

Completeness: The axioms for ACP, with
guarded linear recursion and renaming are
complete modulo rooted branching

bisimulation equivalence:

St = s=1
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State Operator

Let S be a set of states.

action: SxA — A
effect: SxA — S
The state operator A\4(t) denotes term ¢ in
state s:
T 4/ T =z

)\S (37) actzon s v \/ )\

actwn(s v)
()

Aeﬁect(s,v) (CC/)

with action(s,7) = 7 and effect(s,7) = s.

Conservative Extension: ACP., with
guarded linear recursion and state operator is a
conservative extension of ACP ., with guarded

linear recursion.

Congruence: Rooted branching bisimulation
equivalence is a congruence over ACP, with

guarded linear recursion and state operator.
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action(s,v)

)

As(T) + As(y)

action(s,v) - )\eﬁect(s,v)(y)

Soundness: The axioms for ACP . with
guarded linear recursion and state operator are
sound modulo rooted branching bisimulation

equivalence:

S=t = s, 1

Completeness: The axioms for ACP, with
guarded linear recursion and state operator are
complete modulo rooted branching

bisimulation equivalence:

St = s=1

92



Example: A light that can be switched on and
off at two locations X and Y, which can be in

two positions 0 and 1. The set of states is

{(.0) 14,7 €4{0,1}}

In (i,7) switch X is in position ¢ and switch Y

is in position j. The light is on if X and Y are
in the same position 0 or 1. Initially, X is in
position 0 and Y is in position 1:

Actions a and b represent flipping the switches

at locations X and Y, respectively.

X aX
Y = bY

Actions on and off represent turning the light
on and off.
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= (1—14,75)
= (5,1 —3)

The initial situation is captured by A 1y (%),
where ¢t denotes (X | X=aX)||(Y | Y=bY).

Ao,1)(t)

_I_

Ao,1)(at + bt)

Ao,1)(at) + A1) (bt)
action((0,1),a) - Aegrect((0,1y,a) ()
action((0,1),b) - Aegrect((0,1),0) ()
on - Ai1,1y(t) + on - Ag,0y(t)

Likewise we derive

A1,0)(t)
A1y (t)
0,0y (t)

on - )\(1,1> (t) —+
off - >\<0,1>
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Let E denote

By RSP,

Aoy () = (Z1|E)
Furthermore, by RSP,

(W[ W=on-off W) = (Z1|E)

Hence,

Moy (t) = (W |W=on-off -W)

So by RDP,

Ao,y (t) = on-off - Ao,1)(?)
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Priorities

Let < be a partial order on AU {7}. O(t)
executes all transitions of ¢ for which there is

no simultaneous transition of higher priority:

Ty x5 forv<w x—=2 x5 forv<w
O(z) = v/ O(z) — O(a)

An auxiliary unless operator < is needed to

axiomatise priorities. s <t does not execute
initial transitions of s for which there are

simultaneous transitions of higher priority:

T4 y> forv<w z—=2 y-+» forv<uw

Ty — +/ Ty —

Conservative Extension: ACP., with
guarded linear recursion, priority and unless is
a conservative extension of ACP., with guarded

linear recursion.

Congruence: If 7 has priority over any other
action, then rooted branching bisimulation
equivalence is a congruence over ACP, with

guarded linear recursion, priority and unless.
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If 7 does not have priority over any other
action, then rooted branching bisimulation may
not be a congruence over ACP, with guarded

linear recursion, priority and unless.

Example

Let A consist of {a,b,c}, and let the partial
order on AU {7} be {b < c}.

a(T(b+c)+b) =, alb+c)

because the 7 in the process term at the
left-hand side is silent. However,

O(a(r(b+c)+b)) <, alrc+D)
Oalb+c) o, ac

and a(7c + b) and ac are not rooted branching

bisimilar.
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P1 v<dwW
P2 v<dw
P3 v <0
P4 0 <V

P5 (x+y)<z
P6 (x-y)<z
P7T  x<a(y+ 2)
P8 r<d(y-2)

Soundness and Completeness: The axioms
for ACP., with guarded linear recursion,
priorities and unless are sound and complete

modulo rooted branching bisimulation:

Ss=1 < s 1
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Example: Let y(a,b) =c¢, a < cand b < c.

D0y (X | X=aX)|[(Y | Y=DY))
Oapy(a- (X | X=aX)|(Y | Y=bY)
L b (Y| V=bY) (X | X=aX)

+ e (X | X=aX)||(Y | Y =bY))

¢ Doy (X | X=aX)||(Y | Y=bY))

0
0

(X | X=aX)[|(Y | Y=bY))
a(X | X=aX)|[(Y | Y =bY)
LY | Y=bY) (X | X=aX)
4o X | X=aX)|[(Y | Y =bY))
¢ (X | X=aX)|(Y | Y=bY))

(
(

So by RSP,
Ofapy (X | X=aX)|[(Y | Y=bY))
(7| Z=c2)
0(a(X | X=aX)[(Y | Y=bY))
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