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Abstract

Proposition algebra is based on Hoare’s conditional, a ternary connective comparable to
if-then—else and used in the context of propositional logic. Conditional statements are
composed from atomic propositions (propositional variables), constants for the Boolean
truth values, and the conditional. In previous work, various equational axiomatisations
have been defined, each of which leads to a so-called valuation congruence. The weakest
of these is “free valuation congruence” and the strongest is “static valuation congruence”,
which is equivalent to propositional logic. Free valuation congruence is axiomatised by
four simple equational axioms, and we use evaluation trees to give a simple semantics:
two conditional statements are free valuation congruent if, and only if, they have equal
evaluation trees. Increasingly stronger valuation congruences arise by adding axioms to
the four that define free valuation congruence: repetition-proof, contractive, memorising,
and static valuation congruence. We prove that each such valuation congruence C can
be characterised using a transformation on evaluation trees: two conditional statements
are C-valuation congruent if, and only if, their C-transformed evaluation trees are equal.
In order to prove that these transformations preserve the congruence property, we use
normalisation functions: two conditional statements are C-valuation congruent if, and
only if, the C-normalisation function returns equal images. Our framework provides the
first comprehensive tree-based semantics that unifies all major valuation congruences in
proposition algebra, offering both conceptual clarity and practical decision procedures.

Keywords: conditional composition; evaluation tree; proposition algebra; short-circuit
evaluation; short-circuit logic; side effect

MSC: 03B05; 03B70

1. Introduction

This paper is an extended journal version of the conference paper [1] entitled Evaluation
trees for proposition algebra: The case for free and repetition-proof valuation congruence, with new
results for three other valuation congruences discussed in Sections 4-6. Much of the text
in Sections 1-3 is taken from [1]. We have included this material because it is necessary for
the new results. The conclusions in Section 7 are based on the concluding section of [1] and
include further references to related work.
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In 1985, Hoare’s paper A couple of novelties in the propositional calculus [2] was published.
In this paper, the ternary connective _ < _ > _ is introduced as the conditional. A more
common expression for a conditional statement P < Q > R is the following;:

if Q then P else R.

However, in order to reason systematically with conditional statements, a notation
such as P < Q > R is preferable. In a conditional statement P < Q & R, first Q is evaluated,
and depending on that evaluation result, either P or R is evaluated (and the other is
not) and determines the evaluation value. This evaluation strategy is a form of short-
circuit evaluation (short-circuit evaluation denotes the semantics of binary propositional
connectives in which the second argument is evaluated only if the first argument does not
suffice to determine the value of the expression). In [2], Hoare proves that propositional
logic is characterised by eleven equational axioms, some of which employ constants T
and F for the truth values true and false. However, the same result was proven in 1948 by
Church in ref. [3], where he introduced conditioned disjunction, notation [p, g, r], that also
models “if g then p else r”, or in Church’s words, “p or r, according as g or not g”.
See also Church’s 1956 book [4] (§24), which reiterates all the main findings. Furthermore,
Church emphasized the duality property of [p, g, 7|, and even referred to older related work,
notably that of Post from 1942 on functionally complete systems of independent primitive
connectives for two-valued logic.

In 2011, Bergstra and Ponse introduced “Proposition Algebra” in ref. [5] as a general
approach to the study of the conditional and defined several valuation congruences and
equational axiomatisations of these congruences. The most basic and least identifying
valuation congruence is free valuation congruence, which is axiomatised by the axioms
in Table 1.

These axioms stem from [2] and define the conditional as a primitive connective. The
name CP (for Conditional Propositions) was chosen for this set of axioms. Interpreting a
conditional statement as an if-then—else expression, axioms (CP1)—(CP3) are natural, and
axiom (CP4) (distributivity) can be clarified by case analysis: if z evaluates to true and y
as well, then x determines the result of evaluation; if z evaluates to true and y evaluates to
false, then v determines the result of evaluation, and so on and so forth. A simple example,
taken from [5], is the conditional statement that a pedestrian evaluates before crossing a
road with two-way traffic driving on the right:

(look-left-and-check < look-right-and-check > F) < look-left-and-check > F.

This statement requires one, or two, or three atomic evaluations and cannot be simplified
to one that requires fewer.

Table 1. The set CP of equational axioms for free valuation congruence.

x<d4Tory=x (CP1)
x<Fry=y (CP2)
Tax>F=x (CP3)
x<d(y<zpu)po=(x<qy>ov)<dz> (X <u>) (CP4)

In Section 2 we characterise free valuation congruence with help of evaluation trees,
which provide a simple semantics for the conditional; we return to this point in Section 7.
Given a conditional statement, its evaluation tree directly represents all its evaluations (in
the way a truth table does in the case of propositional logic). Two conditional statements
are equivalent with respect to free valuation congruence if their evaluation trees are equal.
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Evaluation trees are simple binary trees, proposed by Staudt in ref. [6] (that appeared in
2012). Free valuation congruence identifies less than the equivalence defined by Hoare’s
axioms in ref. [2]. For example, the atomic proposition a and the conditional statement
T <a > a are not equivalent with respect to free valuation congruence, although they are
equivalent with respect to static valuation congruence, which is the valuation congruence
that characterises propositional logic.

In Section 3 we consider repetition-proof valuation congruence, a valuation congruence
that identifies more than free and less than static valuation congruence. Repetition-proof
valuation congruence is axiomatised by CP extended with two (schematic) axioms, one of
which reads

x<ar(y<arz)=x<da> (z<apz)

for any atomic proposition 4, and thus expresses that if a evaluates to false, a consecutive
evaluation of a also evaluates to false, so the conditional statement at the y-position will not
be evaluated and can be replaced by any other. As an example,

Taava=T<a> (T<arF)=T<xavr (FaarF),

and the left-hand and right-hand conditional statements are repetition-proof valuation
congruent, but not free valuation congruent. A more concrete example of this valuation
congruence in the field of programming languages is given in Example 3 (in Section 7).
We characterise repetition-proof valuation congruence by defining a transformation on
evaluation trees that yields repetition-proof evaluation trees: two conditional statements
are repetition-proof valuation congruent if, and only if, they have equal repetition-proof
evaluation trees. Although this transformation on evaluation trees is simple and natural,
our proof of the mentioned characterisation, which is phrased as a completeness result, is
non-trivial and we could not find a proof that is essentially simpler.

Valuation congruences that identify more conditional statements than repetition-proof
valuation congruence are contractive, memorising, and static valuation congruence. These
are defined and axiomatised in ref. [5]. In Sections 4-6, each of these valuation congruences
is characterised using a transformation on evaluation trees: two conditional statements are
C-valuation congruent if, and only if, their C-transformed evaluation trees are equal. These
transformations are simple and natural, and only for static valuation congruence do we use
a slightly more complex transformation.

In Section 7, we discuss the general structure of the proofs of the axiomatisation
results in Sections 3-6, each of which is based on a normalisation function for conditional
statements. Then we end the paper with a brief digression on short-circuit logic and give
the above-mentioned example of the use of repetition-proof valuation congruence, and
Example 4 of contractive valuation congruence. We conclude with some remarks about
related and future work. Finally, in Appendix A, we provide some independence results.

2. Evaluation Trees for Free Valuation Congruence

Consider the signature Xcp(A) = {_<_> _,T,F,a | a € A} with constants T and F
for the truth values true and false, respectively, and constants a for atomic propositions,
further called atoms, from some countable set A containing at least two atoms. We write

Ca

for the set of closed terms, or conditional statements, over the signature Xcp(A). Given a
conditional statement P < Q > R, we refer to Q as its central condition.
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We define the dual P? of P € C4 as follows:

T =F, a =a (forae A),
Fl=T, (P<aQuR)¥=R1<Q%c Pl

Observe that CP is a self-dual axiomatisation: when defining x? = x for each variable x,
the dual of each axiom is also in CP, and hence

CPHP=Q <= CPF P?=Q".

A natural view on conditional statements in C4 involves short-circuit evaluation,
which is similar to how we consider the evaluation of an “if y then x else z” expression.
The following three definitions are taken from [6].

Definition 1. The set Ty of evaluation trees over A with leaves in {T,F} is defined inductively by
TeTa, FeTa (X<avY)eTy foranyX,Y € Tpanda € A.

The function _ < a > _is called post-conditional composition over a. In the evaluation tree X <ap Y,
the root is represented by a, the left branch by X, and the right branch by Y.

We refer to trees in T4 as evaluation trees, or trees for short. Post-conditional com-
position and its notation stem from thread algebra; the thread P < a > Q first performs
a and then proceeds with P if true was returned or with Q otherwise (see [7] for more
information). Evaluation trees play a crucial role in the main results of [6]. In order to
define our “evaluation tree semantics”, we first define an auxiliary function on trees.

Definition 2 (Leaf replacement). Given evaluation trees Y, Z € T 4, the leaf replacement function
[T—Y,F— Z]: Ty — Ta, for which postfix notation

X[T—Y,F— Z]
is adopted, is defined as follows, where a € A:

T[THY,FHZ]:Y,
FIT—Y,F—Z =2,
(X12ap X))[T—=Y,F=Z|=X4[T—Y,F—Z]<ga> X[T— Y, F— Z].

We note that the order in which the replacements of leaves of X are listed is irrelevant
and adopt the convention of not listing identities inside the brackets, e.g., X[F — Z] =
X[T — T,F — Z]. Furthermore, repeated replacements satisfy the following equation,
which follows easily by structural induction on X:

X[T Yy, Fs Zi] [T Y, F s Zo]
:X[Tl—>Y1[T'—>Y2,F'—>Z2], F'—>Z1[Ti—>Y2,F'—>Z2”.

We now have the terminology and notation to define the interpretation of conditional
statements in C4 as evaluation trees by a function se (abbreviating short-circuit evaluation).

Definition 3. The short-circuit evaluation function

se:Ca — Tx

https://doi.org/10.3390 /math14020280


https://doi.org/10.3390/math14020280

Mathematics 2026, 14, 280

5 of 37

is defined as follows, where a € A:

se(B) = B for B € {T,F},
se(a) =T<arF,

se(P<1Qw R) =se(Q)[T +— se(P),F — se(R)].
Example 1. The conditional statement a < (F <a > T) > F yields the following evaluation tree:

se(a<d(FaavT)>F)=se(F<av T)[T > se(a),F — se(F)]
=(F<apT)[T +— se(a)]
=Fdgap> (TgarF).

A more pictorial representation of this evaluation tree is the following, where < yields a left branch

and > a right branch:
a

T

F a
RN
F

T

As we can see from the definition on atoms, evaluation continues in the left branch if
an atom evaluates to true and in the right branch if it evaluates to false. We shall often use
the constants T and F to denote the result of an evaluation (instead of true and false).

Definition 4. Let P € C,4. An evaluation of P is a pair (o, B) where ¢ € (A{T,F})* and
B € {T,F}, such that if se(P) € {T,F}, then ¢ = e (the empty string) and B = se(P),
and otherwise,

0 = H1B1H2B2 s ﬂan,

where ayay - - - ay B is a complete path in se(P) and

* fori < m,ifajq is aleft child of a; then B; = T, and otherwise B; = F;
e if Bisaleft child of a, then B, = T, and otherwise B, = F.

We refer to o as the evaluation path and to B as the evaluation result.

So, an evaluation of a conditional statement P is a complete path in se(P) (from root to
leaf) and contains evaluation values for all occurring atoms. For instance, the evaluation
tree F<ap (T <a>F) from Example 1 encodes the evaluations (aT,F), (aFaT,T), and
(aFaF,F). As an aside, we note that this particular evaluation tree encodes all possible
evaluations of —a && a, where && is the connective that prescribes short-circuit conjunction
(we return to this connective in Section 7).

In turn, each evaluation tree gives rise to a unique conditional statement. For Example 1,
thisis F <a > (T <a > F) (note the syntactical correspondence).

Definition 5. Basic forms over A are defined by the following grammar:
tu=T|F|t<a>t forac A

We write BF 4 for the set of basic forms over A. The depth d(P) of P € BF 4 is defined by
d(T) =d(F) =0and d(Q<a> R) =1+ max{d(Q),d(R)}.

Following [5], we speak of “basic forms” instead of normal forms in order to avoid
intuitions from term rewriting; for example, the basic form associated with atom a is
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T <a > F, whereas one would expect that the normal form of the latter is a. The following
lemmas exploit the structure of basic forms and are stepping stones to our first completeness
result (Theorem 1).

Lemma 1. For each P € C 4 there exists Q € BF 4, such that CP+ P = Q.

Proof. First we establish an auxiliary result: if P, Q, and R are basic forms, then there is a
basic form S, such that CP - P <« Q > R = S. This follows by structural induction on Q.

The lemma’s statement follows by structural induction on P. The base cases
P € {T,F,a | a € A} are trivial, and if P = P; < P, > P; there exist, by induction, ba-
sic forms Q;, such that CP = P; = Q;; hence, CP = Py < P, > P3 = Q7 < Q2 > Q3. Now apply
the auxiliary result. O

Lemma 2. For all basic forms P and Q, se(P) = se(Q) implies P = Q.

Proof. By structural induction on P. The base cases P € {T,F} are trivial. If P = Py <a> P,

then Q € {T,F}and Q # Q1 <ab> Qy withb # 4,50 Q = Q1 <ar Qp and se(P;) = se(Q;).

By induction we find P; = Q;, and hence P = Q. O

Definition 6. The binary relation se-congruence, notation =, is defined on C 4 as follows:
P=,Q <= se(P)=-se(Q).

Lemma 3. Se-congruence is a congruence relation.

Proof. Assume P =, P/, Q =, Q', and R = R’. Then

se(P<1Qr R) =se(Q)[T — se(P),F — se(R)]
=se(Q")[T + se(P'),F — se(R)]
se(P<Q' >R,

soP<4Q>R=, P aQ'>R. O
Theorem 1 (Completeness of CP). Forall P,Q € Cy,
CPHP=Q «<— P=,0Q.

Proof. (=) Without loss of generality it can be assumed that substitutions happen first in
equational proofs (see, e.g., [8]). By Lemma 3, =, is a congruence relation and it easily follows
that all CP-axioms are sound. For example, the soundness of axiom (CP4) follows from

se(P<(Q<R>S)>V)
=se(Q <R S)[T > se(P),F +— se(V)]
= (se(R)[T = se(Q), F — se(S)]) [T > se(P),F — se(V)]
=se(R)[T — se(Q)[T > se(P),F — se(V)],F — se(S)[T + se(P),F — se(V)]]
=se(R)[T—se(P<aQ>V),Fisse(PaS> V)]
=se((P<Qp>V)<aR> (PaS>V)).
(<) Let P =g Q. According to Lemma 1, there exist basic forms P’ and Q’, such that

CPFP=PandCPF Q= Q,and soCP I- P’ = Q. By soundness (=) we find P’ =, Q’,
soby Lemma 2, P’ = Q'. Hence, CP-FP=P =Q'=Q. O
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A consequence of the above results is that for each P € C4 there is a unigue basic form
P' with CP - P = P/, and for each basic form, its se-image has exactly the same syntactic
structure (replacing < by <, and > by »>). In the remainder of this section, we make
this precise.

Definition 7. The basic form function bf : C4 — BF 4 is defined as follows, where a € A:

bf(B) = B for B € {T,F},
bf(a) =T<avF,
bf (P < Qv R) = bf (Q)[T — bf(P),F — bf (R)].

Given Q,R € BFy, the auxiliary function [T — Q,F +— R| : BEgx — BF 4 for which post-fix
notation P[T — Q,F — R] is adopted, is defined as follows:

TT—QF—R]=Q, F[T— QF— R]=R,
(Pr<aav PB)[T— Q,F— R =P [T— QF— R]<a> P[T— Q,F— R].

(The notational overloading with the leaf replacement functions on evaluation trees is harmless.)

So, for given Q, R € BF 4, the auxiliary function [T — Q,F — R] applied to P € BF 4
(thus, P[T — Q,F — R]) replaces all T-occurrences in P by Q, and all F-occurrences in P
by R. The following two lemmas imply that bf is a normalisation function.

Lemma 4. Forall P € Cx, bf (P) is a basic form.
Proof. By structural induction. The base cases are trivial. For the inductive case we find
bf(P < Q> R) = bf(Q)[T — bf(P),F — bf(R)], so by induction, bf (P), bf (Q), and bf (R)

are basic forms. Furthermore, replacing all T-occurrences and F-occurrences in bf (Q) by
basic forms bf (P) and bf (R), respectively, yields a basic form. [

Lemma 5. For each basic form P, bf (P) = P.

Proof. By structural inductionon P. [

Definition 8. The binary relation =y on Cy is defined as follows:
P=p Q <= bf(P)="bf(Q).

Lemma 6. The relation = is a congruence relation.

Proof. Replace =, by = in the proof of Lemma 3. [

Before proving that CP is an axiomatisation of the relation =, we show that each
instance of the axiom (CP4) satisfies =;.

Lemma 7. Forall P, Py, P>, Q1,0r € Cy,

bf(Qu < (PL<aP>P) > Q2) =bf((Q1 <P >Q2) <P>(Q1 < P> Q).
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Proof. By definition, the lemma’s statement is equivalent with
bf (P)[T = bf (Pr), F = bf (P2)] [T = bf (Qu), F = bf (Q2)]
=bf(P)[T = bf (Q1 9 P> Qa), F = bf(Q1 < P2 > Qo). 1)

By Lemma 4, bf (P), bf (P;), and bf (Q;) are basic forms. We prove (1) by structural induction
on the form that bf (P) can have. If bf (P) = T, then

T[T = bf(P1),F = bf (P2)] [T = bf (Q1), F = bf (Q2)]
=bf(P1)[T = bf(Q1), F = bf (Q2)]

and

T[T bf(Qr <P > Q2),F—=bf(Q1 <P Q)] =bf(Q1 < P> Q7)
= bf (P1)[T = bf(Q1), F = bf (Q2)]-

If bf (P) = F, then (1) follows in a similar way.
The inductive case bf (P) = Ry <a> Ry is trivial (by definition of the last defining
clause of the auxiliary function [T — Q,F — R] in Definition 7). [

Theorem 2. Forall P,Q € C4,CPFP=Q <= P=yQ.

Proof. (=) By Lemma 6, = is a congruence relation and it easily follows that closed
instances of the CP-axioms (CP1)—~(CP3) satisfy =;,;. By Lemma 7 it follows that closed
instances of axiom (CP4) also satisfy =.

(<) Assume P =p; Q. According to Lemma 1, there exist basic forms P’ and Q’, such
that CP+ P = P'and CP - Q = Q',s0 CP - P’ = Q'. By = it follows that P' = (',
which implies by Lemma 5 that P’ = Q'. Hence, CP-P =P =Q'=Q. O

Corollary 1. Forall P € Cy, P =y bf(P) and P =g bf(P).

Proof. By Lemmas 4 and 5, bf (P) = bf (bf (P)); thus, P = bf (P). By Theorem 2, CP I~ P =
bf(P), and by Theorem 1, P =, bf (P). O

3. Evaluation Trees for Repetition-Proof Valuation Congruence

In ref. [5], Bergstra and Ponse defined repetition-proof CP as the extension of the axiom
set CP with the following two axiom schemes, where a ranges over A:

(CPrpl) (x<avy)<avz=(x<a>x)da>z,

(CPrp2) x<a> (y<avz)=x<a> (z<a> z).

We write CP,,(A) for this extension. These axiom schemes characterise that for each atom
a, a consecutive evaluation of a yields the same result, so in both cases the conditional
statement at the y-position will not be evaluated and can be replaced by any other. Note
that (CPrpl) and (CPrp2) are each other’s dual.

Following [5], we define a proper subset of basic forms with the property that each
propositional statement can be proved equal to such a basic form.
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Definition 9. Rp-basic forms are inductively defined:

*  Tand F are rp-basic forms;
* Py <abv Pyisan rp-basic form if P; and P, are rp-basic forms, and if P; is not equal to T or F,
then either the central condition in P; is different from a, or P; is of the form Q; <a > Q.

It will turn out useful to define a function that transforms conditional statements into
rp-basic forms, and which is comparable to the function bf.

Definition 10. The rp-basic form function rpbf : C4 — C4 is defined by

rpbf (P) = rpf (bf (P)).
The auxiliary function rpf : BF 4 — BF 4 is defined as follows:

rpf (B) = B for B € {T,F},
rpf (P <a> Q) =rpf(fa(P)) <av rpf(a(Q))-

For a € A, the auxiliary functions f, : BE4 — BF o and g, : BF 4 — BF 4 are defined by

fa(B) = ga(B) = B for B € {T,F},

fa(P<b>Q) = {f"(P)q”Dfu(P) ifb=a,

Pab>Q otherwise,

b —a

gu(Pabs Q) = { $1(Q) 0> 8(Q) ifb=a
P<bp>Q otherwise.

Thus, rpbf maps a conditional statement P to bf (P) and then transforms bf (P) accord-
ing to the auxiliary functions rpf, f;, and g,.

Lemma 8. Foralla € Aand P € BF4,

8a(fa(P)) = fa(fa(P)) = fa(P) and fa(ga(P)) = $a(ga(P)) = a(P).

Proof. By structural induction on P. The base cases P € {T,F} are trivial. For the inductive
case P = Q <b> R, we have to distinguish the cases b = aand b # a. If b = a4, then

8a(fa(Q<ar R)) = ga(fa(Q)) <a> ga(fa(Q))
= fa(Q) <ar fa(Q) by IH
= fa(Q<avR),

and f,(fa(Q<ar>R)) = f,(Q <ar R) follows in a similar way. If b # g4, then f,(P) =
8a(P) = P, and hence gi(fa(P)) = fa(fa(P)) = fa(P).

The second pair of equalities can be derived in a similar way. O

In order to prove that for all P € C4, rpbf (P) is an rp-basic form, we use the following
auxiliary lemma.

Lemma9. Foralla € Aand P € BF4, d(P) > d(fa(P)) and d(P) > d(ga(P)).
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Proof. Fix some a € A. We prove these inequalities by structural induction on P. The base
cases P € {T,F} are trivial. For the inductive case P = Q < b > R, we have to distinguish
the cases b = aand b # a. If b = a, then

d(Q <a> R) =1+ max{d(Q),d(R)}
>14+4d(Q)
>1+d(fa(Q)) by IH
:d(fa(Q) <aar fa(Q))
=d(fa(Q<a>R)),

and d(Q <ar> R) > d(g.(Q <a > R)) follows in a similar way.
If b # a, then f,(P) = g,(P) = P, and hence d(P) > d(f,(P)) and d(P) >
d(g.(P)). O

Lemma 10. For all P € Cy, rpbf (P) is an rp-basic form.
Proof. We first prove an auxiliary result:
For all P € BF 4, rpf (P) is an rp-basic form. 2)

This follows by induction on the depth d(P) of P. If d(P) = 0, then P € {T,F}, and hence
rpf (P) = P is an rp-basic form. For the inductive case d(P) = n + 1, it must be the case that
P=Q<ar R. We find

mpf(Q @a> R) = rpf (fa(Q)) <a v rpf(ga(R)),

which is an rp-basic form because of the following:

e ByLemma?, f,(Q) and ¢,(R) are basic forms with depth smaller than or equal to #,
so by the induction hypothesis, rpf (f,(Q)) and rpf(ga(R)) are rp-basic forms;

*  pf(fa(Q)) and rpf(ga(R)) both satisfy the following property: if the central condition
(if present) is 4, then the outer arguments are equal. We show this first for rpf (f,(Q))
by a case distinction in the form of Q:

1. IfQ e {T, F}, thenrpf(f,(Q)) = Q, and so there is nothing to prove.

2. IfQ=Qi<arQy, then f,(Q) = fa(Q1) <av> f3(Q1), and thus by Lemma 8,

rpf (fa(Q)) = rpf (fa(Q1)) <a> rpf (fa(Q1))-
3. IfQ=Q;<ab>Qywithb # a, then f,(Q) = Q1 <b> Qy, and so

rof (fa(Q)) = rpf (fp(Q1)) <b > rpf(gp(Q2)) and there is nothing to prove.

The fact that rpf (g.(R)) satisfies this property follows in a similar way.

This finishes the proof of (2).
The lemma’s statement now follows by structural induction: the base cases (compris-
ing a single atom a) are again trivial, and for the inductive case,

rpbf (P4 Q> R) = rpf (bf (P < Q> R)) = rpf ()

For some basic form S by Lemma 4, and by auxiliary result (2), rpf(S) is an rp-basic
form. O

The following result is used in Proposition 1 and Lemma 12.

Lemma 11. If Q < a > R is an rp-basic form, then Q = rpf(Q) = rpf(fa(Q)) and R = rpf(R) =
Pf(8a(R))-
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Proof. We first prove an auxiliary result:
If Q <a> Ris an rp-basic form, then f;(Q) = g,(Q) and f,(R) = g4(R). 3)

We prove both equalities by simultaneous induction on the structure of Q and R. The base
case, thus Q,R € {T,F},is trivial. If Q = Q; <a> Q; and R = Ry <a> Ry, then Q and R
are rp-basic forms with central condition 4, and so

fa(Q) = fa(Q1) <a> fo(Q1)
= 8a(Q1) <a>ga(Q1) by IH
= g.(Q),

and the equality for R follows in a similar way. If Q = Q <a> Q7 and R # Ry <ap> Ry,
then f,(R) = g4(R) = R, and the result follows as above. All remaining cases follow in a
similar way, which finishes the proof of (3).

We now prove the lemma’s statement by simultaneous induction on the structure
of Q and R. The base case, thus Q,R € {T,F}, is again trivial. If Q = Q; <a> Q; and
R = Ry <a > Ry, then by auxiliary result (3),

rpf(Q) = rpf (fa(Q1)) <av rpf(fa(Q1)),
and by induction, Q1 = rpf(Q1) = rpf(fa(Q1))- Hence, rpf(Q) = Q1 <a> Qq, and

rpf (fa(Q)) = rpf (fa(fa(Q1))) <av> rpf(8a(fa(Q1)))
=1pf (fa(Q1)) <av rpf(fa(Q1)) by Lemma 8
=Q1<a»>Qy,

and the equalities for R follow in a similar way.

If Q =Q1<arQand R # Ry <ap Ry, the lemma’s equalities follow in a similar
way, although are slightly simpler because g,(R) = f;(R) = R.

For all remaining cases, the lemma’s equalities follow in a similar way. O

Proposition 1 (rpbf is a normalisation function). For all P € C,, rpbf (P) is an rp-basic form,
and for each rp-basic form P, rpbf (P) = P.

Proof. The first statement is Lemma 10. For the second statement, it suffices by Lemma 5
to prove that for each rp-basic form P, rpf(P) = P. This follows by case distinction on
P. The cases P € {T,F} follow immediately, and otherwise P = Q <a> R, and thus

rpf (P) = rpf (fa(Q)) <a > 1pf(ga(R)). By Lemma 11, rpf (fa(Q)) = Q and rpf (ga(R)) = R,
hence rpf (P) = P. O

Lemma 12. Forall P € BF 4, CPy,(A) = P = rpf(P).

Proof. We apply structural induction on P. The base cases P € {T,F} are trivial. Assume

P = Py <a v P;. By induction, CP,,(A) = P; = rpf(P;). We proceed by the following case

distinction on the form that P; and P, can have:

1. IfP e {T,F,Q;<abj>Qi} withb; # a, then f;(P;) = P; and g,(P>) = P>, and hence
rpf (P) = rpf(P1) <a v rpf(P2). Thus, CPyy(A) E P = rpf (P).
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2. IfP=Ry<a>Ryand P, € {T,F,Q <br> Q"} withb # a, then g,(P,) = P, and by
auxiliary result (2) in the proof of Lemma 10, rpf(R;) and rpf (P;) are rp-basic forms.
We derive

CPy(A)FP=(Ry<a>Ry)<ar Py
=(Ry<av>Ry)<av D by (CPrp1l)
= (rpf (Ry) <avrpf(Ry)) <avrpf(P) by IH
= (mpf (fa(R1)) <av rpf(fa(R1))) <av rpf(8a(P2)) by Lemma 11
= 1pf(fa(Ry <a> Ra)) <av 1pf(ga(Pa))
=rpf((Ry<a>Ry) <av Py)

= 1pf(P).

3. IfP €{T,F,Q <b>Q"} withb #aand P, = Sy <a> Sy, we can proceed as in the
previous case, but now using axiom scheme (CPrp2) and the identity f,(P;) = P;, and
the fact that rpf (P;) and rpf(S;) are rp-basic forms.

4. IfPp = Ry<ar Ryand P, = S <a> Sy, we can proceed as in two previous cases,
now using both (CPrp1) and (CPrp2), and the fact that rpf (R1) and rpf (Sy) are rp-basic
forms.

O

Theorem 3. Forall P € Cy, CPyy(A) = P = rpbf (P).

Proof. By Theorem 2 and Corollary 1, we find CP,,(A) - P = bf(P). By Lemma 12,
CPyp(A) F bf (P) = rpf (bf (P)), and rpf (bf (P)) = rpbf (P). O

Definition 11. The binary relation =, on Cp is defined as follows:
P = Q <= rpbf(P) = rpbf(Q).
Theorem 4. Forall P,Q € Cy, CPy(A)FP=Q <= P =6 Q.

Proof. (=) Assume CP,,(A) F P = Q. By Theorem 3, CP,,(A) F rpbf(P) = rpbf(Q).
In ref. [5], the following two statements are proven (Theorem 6.3 and an auxiliary re-
sult in its proof), where =, is the binary relation on C,4 that specifies repetition-proof
valuation congruence:
1. ForallP,QeCy, CPy(A)FP=Q <= P=4Q.
2. Forall rp-basic forms Pand Q, P =4, Q = P = Q.
By Lemma 10, these statements imply rpbf (P) = rpbf (Q), that is, P =,,;r Q.

(«) Assume P =,,;r Q. By Theorem 3, CPyy(A) - P=Q. O

So, the relation =, is axiomatised by CPy,(A), and is thus a congruence that coin-
cides with repetition-proof valuation congruence as defined in ref [5]. With this observation
in mind, we define a transformation on evaluation trees that mimics the function rpbf
and proves that the equality of two such transformed trees characterises repetition-proof
valuation congruence.

Definition 12. The unary repetition-proof evaluation function
rpse: Ca — Ta

yields repetition-proof evaluation trees and is defined by rpse(P) = rp(se(P)).
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The auxiliary function rp : Ty — Ta is defined as follows (a € A):

rp(B) = B for B € {T,F},
rp(X darY) =rp(F(X)) Qaprp(Ga(Y)).

Fora € A, the auxiliary functions F; : Tao — Ta and G, : To — Tx are defined by

F,(B) =G,(B) =B for B € {T,F},
F(X)<dar F(X) ifb=a,

F(XabpY)=
X<abpY otherwise,

>Y) =

X<abprY otherwise.

Example 2. Let P =a < (F <a> T) > F. We depict se(P) (as in Example 1) and the repetition-
proof evaluation tree rpse(P) = F <a > (F <a > F) as follows:

a a
F/ \a F/ \a
7N VRN
T F F F

The similarities between rpse and the function rpbf can be exploited: We use the
following lemma in the proof of this section’s last completeness result.

Lemma 13. Forall P € BF 4, rp(se(P)) = se(rpf(P)).
Proof. We first prove an auxiliary result:
Foralla € Aand P € BF 4, F;(se(P)) = se(fa(P)) and G, (se(P)) = se(g.(P)). (4

Fix some a € A. We prove (4) by structural induction on P. The base cases P € {T,F} are
trivial. For the inductive case P = Q < b > R, we have to distinguish the cases b = a and
b # a.1fb = a, then

se(fa(Q)) by IH

and if b # a, then

The second equality can be derived in a similar way, and this finishes the proof of (4).
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We prove the lemma’s statement by induction on d(P). The base cases P € {T,F}
follow immediately. Assume P = Q <a > R; then,

rp(se(Q <a > R)) = rp(se(Q) <ase(R))
= rp(Fa(se(Q))) da > rp(Ga(se(R)))
=rp(se(fa(Q))) sar P( e(ga(R))) by (4)
= se(rpf(fa(Q))) < a>se(rpf(ga(R)))  byIH (and Lemma 9)
= se(rpf(fa(Q)) <a pf(ga( )
=se(rpf(Q<ar>R))

O

Finally, we relate conditional statements by means of their repetition-proof
evaluation trees.

Definition 13. Repetition-proof se-congruence, notation =pps., is defined on Cy as follows:
P =pse Q <= r1pse(P) = rpse(Q).

The following characterisation result immediately implies that = is a congruence
relation on C4 (and hence justifies calling it a congruence).

Proposition 2. Forall P,Q € Ca, P =ppse Q <= P =pppr Q.

Proof. (=) Assume rpse(P) = rpse(Q); thus, rp(se(P)) = rp(se(Q)). By Corollary 1,

rp(se(bf(P))) = rp(se(bf(Q))), and so by Lemma 13, se(rpf (bf (P))) = se(rpf(bf(Q))). By
Lemma 2 and auxiliary result (2) (see the proof of Lemma 10), it follows that rpf (bf (P)) =

rpf (bf (Q)); thatis, P =,¢ Q.

(«) Assume P =y Q; thus, mpf(bf(P)) = rpf(bf(Q)) and se(rpf(bf(P))) =
se(rpf (bf(Q)))- By Lemma 13, rp(se(bf (P))) = rp(se(bf (Q)))- By Corollary 1, se(bf (P)) =
se(P) and se(bf (Q)) = se(Q), and so rp(se(P)) = rp(se(Q)); thatis, P =pse Q. [

We end this section with the completeness result we were seeking.
Theorem 5 (Completeness of CPy,(A)). Forall P,Q € Cy,
CPp(A)FP=Q <= P =y Q.
Proof. Combine Theorem 4 and Proposition 2. [

4. Evaluation Trees for Contractive Valuation Congruence

In ref. [5], Bergstra and Ponse introduced CP..(A), contractive CP, as the extension of
CP with the following two axiom schemes, where a ranges over A:

(CPcr1) (x<avy)davz=x<dab>z

(CPcr2) x<ar(y<arz)=x<ad>z.

These schemes prescribe the contraction for each atom a for respectively the true case and
the false case, and are each others dual. It easily follows that the axiom schemes (CPrp1)
and (CPrp2) are derivable from CP.(A), and so CP.(A) is also an axiomatic extension
of CPyy(A).
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Again, we define a proper subset of basic forms with the property that each proposi-
tional statement can be proved equal to such a basic form.

Definition 14. Cr-basic forms are inductively defined:

*  Tand F are cr-basic forms;
* Py <dabv Pyisacr-basic form if Py and P, are cr-basic forms, and if P; is not equal to T or F,
the central condition in P; is different from a.

It will become useful to define a function that transforms conditional statements into
cr-basic forms, and that is comparable to the function bf (see Definition 7).

Definition 15. The cr-basic form function cbf : C4 — C 4 is defined by

cbf (P) = cf (bf (P)).
The auxiliary function cf : BF 4 — BF 4 is defined as follows:

¢f(B) =B for B {T,F},
of (P<ar Q) =cf(ha(P)) <avcf(ja(Q)).

For a € A, the auxiliary functions h, : BE4 — BF 4 and j, : BF 4 — BF 4 are defined by

ha(B) = ja(B) = B for B € {T,F},
ha(P) ifb=a,

P<abr> Q otherwise,

ja(Q) ifb=a,

P<br> Q otherwise.

ha(deDQ):{

ja(P<br>Q) = {
Thus, cbf maps a conditional statement P to bf (P) and then transforms bf (P) according
to the auxiliary functions cf, h,, and j,.
Lemma 14. Foralla € Aand P € BF 5, d(P) > d(h,(P)) and d(P) > d(ja(P)).

Proof. Fix some a € A. We prove these inequalities by structural induction on P. The base
cases P € {T,F} are trivial. For the inductive case P = Q < b > R, we have to distinguish
the casesb =aand b # a. If b = 4, then

d(Q<a>R) =1+ max{d(Q),d(R)}
>1+d(Q)
= 1+d(h(Q)) by IH
=1+d(hs(Q<a»>R)),

and d(Q <ar> R) > d(ju(Q <a> R)) follows in a similar way.
If b # a, then h,(P) = j,(P) = P, and hence d(P) > d(h,(P)) and d(P) > d(j,(P)). O

Lemma 15. Forall P € Cy, cbf (P) is a cr-basic form.
Proof. We first prove an auxiliary result:

For all P € BF 4, ¢f (P) is a cr-basic form. (5)
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This follows by induction on the depth d(P) of P. If d(P) = 0, then P € {T,F}, and hence
cf (P) = P is a cr-basic form. For the inductive case d(P) = n + 1, it must be the case that
P=Q<ar R. We find

f (Qaar R) = cf(ha(Q)) <av ¢f(ja(R)),

which is a cr-basic form because of the following:

e By Lemma 14, 1,(Q) and j,(R) are basic forms with a depth smaller than or equal to
n, and so by the induction hypothesis, ¢f (1,(Q)) and ¢f (j,(R)) are cr-basic forms,

e By the definition of the auxiliary functions &, and j,, the central condition of /1,(Q)
and j;(R) is not equal to a; hence, ¢f (h,(Q)) <a > cf(ja(R)) is a cr-basic form.

This completes the proof of (5).
The lemma’s statement now follows by structural induction: the base cases (compris-
ing a single atom 7a) are again trivial, and for the inductive case,

cbf(Pa Qo R) = f (bf (P < Q> R)) = of(S)
for some basic form S by Lemma 4, and by (5), ¢f (S) is a cr-basic form. [

The following lemma is used in Proposition 3 and Lemma 17.

Lemma 16. If Q <a> R is a cr-basic form, then Q = ¢f (Q) = ¢f (h,(Q)) and R = ¢f(R) =
cf (ja(R)).

Proof. By simultaneous induction on the structure of Q and R. The base case, thus
Q,R € {T,F},isagain trivial. If Q = Q; <b> Qyand R = Ry <c > Ry, then b # a # c and
thus 1,(Q) = Q and j,(R) = R. Moreover, Q; and Q, have no central condition b; hence,
hp(Q1) = Q1 and j,(Q2) = Q2, and thus

of (Q) = cf (hp(Q1)) < b cf (jp(Q2))
=cf(Q1) <b>cf(Q2)
:Q1<lb[>Q2. byIH

The equalities for R follow in a similar way:.
If Q =Q1<b>Qpand R € {T,F}, the lemma’s equalities follow in a similar way,
and this is also the case if Q € {T,F}and R=Q; <b> Qq. O

With Lemma 16 we can easily prove the following result.

Proposition 3 (cbf is a normalisation function). For each P € Cy, cbf (P) is a cr-basic form,
and for each cr-basic form P, cbf (P) = P.

Proof. The first statement is Lemma 15. For the second statement, it suffices by Lemma 5 to
prove that ¢f (P) = P. We prove this by case distinction on P. The cases P € {T, F} follow
immediately, and otherwise P = Q <a > R, and thus ¢f (P) = ¢f (h,(Q)) <a > ¢f(ja(R)). By
Lemma 16, ¢f (h,(Q)) = Q and ¢f(ja(R)) = R; hence, ¢f (P) = P. O

Lemma 17. Forall P € BF4, CP,(A) F P = ¢f(P).
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Proof. We first prove two auxiliary results:
Foralla € Aand P,Q € BF4,CP(A) F P<aar>Q=P<arj,(Q), (6)
CP.(A)FP<aar Q=hy(P)<anQ. 7)

Fix some a € A. We prove (6) by structural induction on Q. The base cases Q € {T,F} are
trivial. For the inductive case Q = Q1 < b > Q, we have to distinguish the cases b = a and
b#a.Ifb=a, then j,(Q) = ja(Q) and

CP,(A)F Paav (Qi<a>Qy)=PaarQ, by (CPcr2)
=Paarj,(Q2) by IH
=Paarvj,(Q).

If b # a then j,(Q) = Q, and hence CP,(A) - P <ar> Q=P <ar j,(Q).

Auxiliary result (7) follows in a similar way by structural induction on P and with the
help of axiom scheme (CPcr1).

The lemma’s statement follows by induction on d(P). The base cases P € {T,F} are
trivial. For the inductive case, assume P = Q <a > R. We derive

CP;(A)FQ<ar R =h(Q) <av j,(R) by (6), (7)
=cf (ha(Q)) <arcf(ja(R)) by IH (and Lemma 14)
=cf(Q<a>R).

O
Theorem 6. Forall P € C4, CPr(A) - P = cbf (P).

Proof. By Theorem 2 and Corollary 1, CP.(A) +

P = bf(P), and by Lemma 17,
CPy(A) Fbf(P) = ¢f (bf(P)), and cf (bf (P)) = cbf (P). O

Definition 16. The binary relation =gy on Cy is defined as follows:

P=gr Q < cbf(P) = cbf(Q).
Theorem 7. Forall P,Q € Cy, CP,(A)FP=Q <= P =ay Q-

Proof. (=) Assume CP.(A) - P = Q. Then, by Theorem 6, CP.,(A) - cbf (P) = cbf (Q).
In ref. [5], the following two statements are proven (Theorem 6.4 and an auxiliary
result in its proof), where = is the binary relation on C4 that specifies contractive
valuation congruence:

1. ForallP,Qe Cy, CP,(A)FP=Q < P=,Q.
2. Forall cr-basic forms Pand Q, P=,Q = P=Q.

By Lemma 15, these statements imply cbf (P) = cbf (Q); that is, P = Q.
(«) Assume P = Q. By Theorem 6, CP¢(A) - P=Q. O

Hence, the relation =y is axiomatised by CPcr(A), and is thus a congruence that coin-
cides with contractive valuation congruence defined in [9]. We now define a transformation
on evaluation trees that mimics the function cbf and prove that the equality of two such
transformed trees characterises this congruence.

https://doi.org/10.3390 /math14020280


https://doi.org/10.3390/math14020280

Mathematics 2026, 14, 280 18 of 37

Definition 17. The unary contractive evaluation function
cse:Cyq—Ta

yields contractive evaluation trees and is defined by cse(P) = cr(se(P)).
The auxiliary function cr : Ty — T4 is defined as follows (a € A):

cr(B) =B for B € {T,F},
cr(XgavY)=c(Hy(X)) garcr(J,(Y)).

Fora € A, the auxiliary functions Hy : To — Ta and [, : To — Ta are defined by

H,(B) = J.(B) = B for B € {T,F},
H,(X) ifb=a,
X abp>Y otherwise,

Ja(Y) ifb=a,

Xabp>Y otherwise.

Ha(X<1b>Y)—{

Ia(X<1b>Y)={

As a simple example, we depict se((a <a > F) <a > F) and the contractive evaluation
tree cse((a <av> F) <ap> F):

a/a\F T/a\F
N

/\
T F

The similarities between the evaluation function cse and the function cbf can be ex-
ploited, and we use the following lemma in the proof of the next completeness result.

Lemma 18. Forall P € BF 4, cr(se(P)) = se(cf(P)).
Proof. We first prove the following auxiliary result:
Foralla € Aand P € BF4, H,(se(P)) = se(h,(P)) and J,(se(P)) = se(ja(P)).  (8)

Fix some a € A. We prove (8) by structural induction on P. The base cases P € {T,F} are
trivial. For the inductive case P = Q < b > R, we have to distinguish the cases b = a and
b#a lfb=a,then

— se(ha(Q)) by IH
(ha(Q <
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and if b # a, then

H,y(se(Q <b> R)) = Hy(se(Q) < b se(R))
=se(Q) abp>se(R)

se(Q<abrR)

=se(h,(Q<abr> R)).

The second equality can be derived in a similar way, and this finishes the proof of (8).
We prove the lemma’s statement by induction on d(P). The base cases P € {T,F}
follow immediately. Assume P = Q <a > R; then,

) by (®)
) by IH (and Lemma 14)

O

Finally, we relate conditional statements by means of their contractive evaluation trees.
Definition 18. Contractive se-congruence, notation =, is defined on C 4 as follows:
P=w Q <= cse(P)=cse(Q).
The following characterisation result implies that = is a congruence relation on Cj4.
Proposition 4. Forall P,Q € C4, P =ce Q <= P =g Q.

Proof. (=) Assume cse(P) = cse(Q), and thus cr(se(P)) = cr(se(Q)). By Corollary 1,

cr(se(bf(P))) = cr(se(bf(Q))), and so by Lemma 18, se(cf(bf (P))) = se(cf(bf(Q))). By
Lemma 2 and auxiliary result (2) (see the proof of Lemma 10), it follows that c¢f (bf (P)) =

f (f(Q)); thatis, P =47 Q.

(<) Assume P =g Q; thus, of (bf (P)) = ¢f (bf (Q)) and se(cf (bf (P))) = se(cf (b (Q)))-
By Lemma 18, cr(se(bf(P))) = cr(se(bf(Q))). By Corollary 1, se(bf(P)) = se(P) and

se(bf (Q)) = se(Q), so cr(se(P)) = cr(se(Q)): thatis, P =g Q. O

Our final result in this section is a completeness result for contractive se-congruence.
Theorem 8 (Completeness of CP.,(A)). Forall P,Q € Cyu,
CPy(A)FP=Q < P=¢Q.
Proof. Combine Theorem 7 and Proposition 4. [

5. Evaluation Trees for Memorising Valuation Congruence

In ref. [5], Bergstra and Ponse introduced CPje;,;, memorising CP, as the extension of
CP with the following axiom:

(CPmem) x<Ay> (zaur (vay>w)) =x<Ay> (z<qud>w).
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Axiom (CPmem) expresses that the first evaluation value of y is memorised. More precisely,
a “memorising evaluation” is one with the property that upon the evaluation of a compound
propositional statement, the first evaluation value of each atom is memorised throughout
the evaluation and can have no side effect that affects the evaluation of any other atom. We
write CPyyep, for the set CP U {(CPmem)} of axioms.

Replacing the variable y in axiom (CPmem) by F <y > T and/or the variable u by
F <u > T yields all other memorising patterns:

(CPm1) (z<auv (waypbov))dybx=(z<dudbw)<y>x,
(CPm2) xay> (vaypw)<duvz)=x<ay> (waunz),
(CPm3) (waybv)qupz)dypx=(waubz)Aydx.

Hence, the duality principle also holds in CPy,. Furthermore, if we replace in axiom (CP-
mem) u by F, we find the contraction law

x<ay> (vay>w) =x<qy>w, ©)
and replacing y by F <y > T then yields the dual contraction law
(wayrov)qypx=w<ypx. (10)

Hence, CPy, is an axiomatic extension of CP,(A).
We define a proper subset of basic forms with the property that each propositional
statement can be proven as equal to such a basic form.

Definition 19. Let A’ be a subset of A. Mem-basic forms over A’ are inductively defined as follows:

e T and F are mem-basic forms over A’;
e P<anv Qisamem-basic form over A" ifa € A’ and P and Q are mem-basic forms
over A’ \ {a}.

P is a mem-basic form if for some A’ C A, P is a mem-basic form over A’.

Note that if A is finite, the number of mem-basic forms is also finite. It will turn out
useful to define a function that transforms conditional statements into mem-basic forms.

Definition 20. The mem-basic form function mbf : C4 — Cy is defined by
mbf (P) = mf (bf (P))-
The auxiliary function mf : BF 4 — BF 4 is defined as follows:

mf(B) = B for B e {T,F},
mf(P <av> Q) =mf(£y(P)) <armf(ra(Q)).

For a € A, the auxiliary functions ¢, : BF 4 — BF 4 (left a-reduction) and r, : BF 4 — BF 4 (right
a-reduction) are defined by
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l4(B) =r14(B) =B for B {T,F},
L,(P) ifb=a,
La(P) <b> £,(Q) otherwise,

ra(Q) ifb=a,
ra(P) b r,(Q) otherwise.

Ea(quDQ)—{

ra(quDQ)—{

Thus, mbf maps a conditional statement P to bf(P) and then transforms bf (P) accord-
ing to the auxiliary functions mf, £,, and r,. We will use the following inequalities.

Lemma 19. Foralla € Aand P € BF4, d(P) > d(¢,(P)) and d(P) > d(r,(P)).

Proof. Fix some a € A. We prove these inequalities by structural induction on P. The base
cases P € {T,F} are trivial. For the inductive case P = Q < b > R, we have to distinguish
the cases b = aand b # a. If b = a, then

d(Q<a>R) =1+max{d(Q),d(R)}
>1+d(Q)
>14+d(4(Q)) by IH
=1+d(l,(Q<ar>R)),

and d(Q <ar> R) > d(r,(Q <a> R)) follows in a similar way.
If b # a, then

d(Q<brR) =1+max{d(Q),d(R)}
> 1+ max{d(€a(Q)),d(¢a(R))} by IH
=d(£:(Q) <b v £a(R))
=d(¢,(Q<br>R)),

and d(Q <b> R) > d(r,(Q <b> R)) follows in a similar way. [
Lemma 20. Forall P € C4, mbf (P) is a mem-basic form.

Proof. We first prove an auxiliary result:
For all P € BF 4, mf (P) is a mem-basic form. (11)

This follows by induction on the depth d(P) of P. If d(P) = 0, then P € {T,F}, and hence
mf(P) = P is a mem-basic form. For the inductive case d(P) = n + 1, it must be the case
that P = Q <a> R. We find

mf(Q <av R) = mf (£a(Q)) <av mf(ra(R)),

which is a mem-basic form because by Lemma 19, £,(Q) and r,(R) are basic forms with
depth smaller than or equal to 7, so by the induction hypothesis, mf (£;(Q)) is a mem-basic
form over Ag and mf (r,(R)) is a mem-basic form over A for suitable subsets Ag and Ag
of A. Notice that by the definition of ¢, and r, we can assume that the atom a does not occur
in Ag U Ag. Hence, mf (£,(Q)) <a > mf(rs(R)) is a mem-basic form over Ao U Ag U {a},
which completes the proof of (11).
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The lemma’s statement now follows by structural induction: the base cases (comprising
a single atom 7a) are again trivial, and for the inductive case,

mbf(P 4 Qo R) = mf(bf(P 4 Q> R)) = mf(S)
For some basic form S by Lemma 4, and by (11), mf(S) is a mem-basic form. [

With Lemma 20 we can easily prove the following result.

Proposition 5 (mbf is a normalisation function). For each P € C,, mbf(P) is a mem-basic
form, and for each mem-basic form P, mbf (P) = P.

Proof. The first statement is Lemma 20. For the second statement, it suffices by
Lemma 5 to prove that mf(P) = P. We prove this by induction on d(P). The base
cases P € {T,F} are trivial, and for the inductive case, assume P = Q <a> R; thus,
mf (P) = mf (£,(Q)) <a v mf(r,(R)). Because P is a mem-basic form, Q and R are mem-
basic forms in which 4 does not occur, and thus ¢,(Q) = Q and 7,(R) = R. By induction,
mf(Q) = Q and mf (R) = R, and thus mf (P) = P. O

Lemma 21. Forall P € BF 4, CPyem b P = mf (P).
Proof. We first prove an auxiliary result:

Foralla € Aand P,Q € BF4, CPpe = P<ar> Q=P<avr,(Q), (12)
Paar Q=/4,(P)<a> Q. (13)

Fix some a € A. We prove (12) by structural induction on Q. The base cases Q € {T,F} are
trivial. For the inductive case Q = Q1 <b > Q> we have to distinguish the cases b = 2 and
b#a.Ifb=a,thenr,(Q) =r,(Qz) and

CPypem F P<ar (Qr<ar Qy) =P<ar Q; by (9)
=Paarr,(Q7) by IH
=Paavr,(Q).

Ifb # a, then7,(Q) = r,(Q1) <b>ry(Qz) and

CPuem F P<ar (Qr<b> Q)

=Paav> ((T<a>Qq)<b> (Taar Qy)) by (CPmem), (CPm2)
=Paav ((Taavr,(Qq)) <b> (T<arr,(Q2))) bylIH (twice)
=Paav (r,(Q1) <b>1,(Q2)) by (CPmem), (CPm2)
=Paavr,(Q).

Auxiliary result (13) follows in a similar way with help of axioms (CPm1) and (CPm3).
The lemma’s statement follows by induction on d(P). The base cases P € {T,F} are
trivial. For the inductive case, assume P = Q <a > R. We derive

CPpem F Q<ar> R=1£,(Q) <arr,(R) by (12), (13)
=mf(£s(Q)) <ar>mf(ra(R)) by IH (and Lemma 19)
=mf(Q<avR).
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Theorem 9. Forall P € Ca, CPyen, = P = mbf(P).

Proof. By Theorem 2 and Corollary 1, CPpe = P = bf (P), and by Lemma 21, CPyer -
bf (P) = mf (bf (P)) and mf (bf (P)) = mbf (P). O

Definition 21. The binary relation = ;s on Cp is defined as follows:
P=pp Q <= mbf(P)=mbf(Q).
Theorem 10. Forall P,Q € C4, CPpen =P =Q <= P =,y Q.

Proof. (=) Assume CPy, - P = Q. Then, by Theorem 9, CPye, = mbf(P) = mbf(Q).
In ref. [5], the following two statements are proven (Theorem 8.1 and Lemma 8.4), where
=mem is the binary relation on C4 that specifies memorising valuation congruence:

1. ForallP, Qe Cy, CPuyemt-P=Q <= P =pem Q.

2. For all mem-basic forms Pand Q, P = Q = P =Q.

By Lemma 20, these statements imply mbf (P) = mbf (Q); thatis, P =, Q.
(<) Assume P =mpf Q- By Theorem 9, CPyep, HF P = Q. O

Hence, the relation =mbf 18 axiomatised by CPep and is thus a congruence that
coincides with memorising valuation congruence as defined in ref. [5]. We define a
transformation on evaluation trees that mimics the function mbf, and prove that equality of
two such transformed trees characterises the congruence that is axiomatised by CPe;.

Definition 22. The unary memorising evaluation function
mse:Ca — Ty

yields memorising evaluation trees and is defined by mse(P) = m(se(P)).
The auxiliary function m : Ty — T, is defined as follows (a € A):
m(B) =B for B € {T,F},
m(X<arY)=m(Ly(X))<arm(R,(Y)).
For a € A, the auxiliary functions L, : Ta — Ta (left a-reduction) and R, : Tp — Ta (right
a-reduction) are defined by
L,(B) = Rs(B) =B for B € {T,F},

Ly(X) ifb=a,

Lo(XabpY) =
L,(X) abp La(Y) otherwise,

R, (Y) ifb=a,

Ry(XabpY) =
Ry(X) ab>Ru(Y) otherwise.

As a simple example, we depict se((a <b > F) <a > F) and the memorising evaluation
tree mse((a <bw>F) <a>F):
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/N 7N\
a F T F
/ N\
T F
The similarities between mse and the function mbf will of course be exploited.
Lemma 22. Forall P € BF 4, m(se(P)) = se(mf(P)).
Proof. We first prove an auxiliary result:

Foralla € Aand P € BFy, Lq(se(P)) = se({4(P)) and R, (se(P)) = se(rq(P)).  (14)

Fix some a € A. We prove (14) by structural induction on P. The base cases P € {T,F} are
trivial. For the inductive case P = Q < b > R we have to distinguish the cases b = a and
b#a Ifb=a,then

Ly(se(Q<@arR)) =

Q)) by IH
<

and if b # a, then

se(£,(Q)) <b>se(€,(R)) by IH
=se(¢,(Q<b>R)).

The second equality can be derived in a similar way, and this finishes the proof of (14).
We prove the lemma’s statement by induction on d(P). The base cases P € {T,F}
follow immediately. Assume P = Q <a > R; then,

m(se(Q<arR)) =

)
)) garm(se(ra(R))) by (14)
Q))) <arse(mf(ra(R)))  byIH (and Lemma 19)
)

O
Definition 23. Memorising se-congruence, notation =y, is defined on C 4 as follows:

P =pse Q < mse(P)=mse(Q).
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The following characterisation result immediately implies that =, is indeed a con-
gruence relation on Cg4.

Proposition 6. Forall P,Q € Cy4, P =5 Q <= P =mbf Q.

Proof. (=) Assume mse(P) = mse(Q); thus, m(se(P)) = m(se(Q)). By Corollary 1,
m(se(bf (P))) = m(se(bf(Q))), and so by Lemma 22,

se(mf (bf (P))) = se(mf (bf (Q)))-

By Lemma 2, it follows that mf (bf (P)) = mf (bf (Q)); that is, P =;r Q.
(<) If P =, Q, then se(mf (bf (P))) = se(mf (bf(Q))), and by Lemma 22,

m(se(bf(P))) = m(se(bf(Q)))-
By Corollary 1, m(se(P)) = m(se(Q)); thatis, P =y Q. O
We end this section with a completeness result for memorising se-congruence.
Theorem 11 (Completeness of CPye,). Forall P,Q € Cyu,
CPuem " P=Q <= P =us Q.
Proof. Combine Theorem 10 and Proposition 6. [

6. Evaluation Trees for Static Valuation Congruence

The most identifying axiomatic extension of CP we consider can be defined by adding
the following axiom to CPyen:

(CPs) Fax>F=F.

So, the evaluation value of each atom in a conditional statement is memorised, and by
axiom (CPs), no atom a can have a side effect because T < (F<a>F)>P=T<aF>P =P
for all P € C4. We write CP; for the set of these axioms, and thus

CPs = CPems U {(CPs)} = CP U {(CPmem), (CPs)}.

Observe that CPs H T = T<(F<axp F)p T = (T<FpT)<x> (TaF>T)=Taxp>T;
the duality principle holds in CP;. The following lemma is a direct consequence of ax-
iom (CPs).

Lemma23. CPs Fx <y x =x.

Proof.
CPsFx<aypx=(T<Fpx)<y> (T<aFp>x) by (CP2)
=T<(Fay>F)>x by (CP4)
=x. by (CPs), (CP2)
O
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A simple example on CP; illustrates how the order of evaluationof xandyinx ay > F
can be swapped:

x<ay>F=y<axp>F (15)
Equation (15) can be derived as follows:

CP;Fx<ayrF=((T<ax>F)ay>F)<x> ((Tax>F)<y>F) by (CP3), Lemma 23
=(T<ay>F)<xp> (Fay>F) by (CPm3), (CPm?2)
=y<axp>F. by (CP3), (CPs)

In ref, [5], Bergstra and Ponse defined CPg; as the extension of CP with the following
two axioms:

(CPstat) (x<qy>z)duvov=(x<ubv)dy> (z2Au>v),

(the contraction law (10)) (x<qy>z)dypu=x<qy>u.

Axiom (CPstat) expresses how the order of evaluation of u and y can be swapped. Because
we will rely on the results for CP; recorded in ref. [5], we first prove the following result.

Proposition 7. The axiom sets CPgs; and CPs are equally strong.

Proof. We show that all axioms in the one set are derivable from the other set. We first
prove that the axiom (CPmem) is derivable from CPyg:

CPytxay> (z<uv (vayrw))

=x<ay> ((vayvw)<(FaurT)>z) by (CP4), (CP2), (CP1)
=x<day> ((va(FaurT)>z)ay> (w<(F<ur>T)>z)) by (CPstat)
=x<ay>(w<a(FaurT)p>z) by (9)

=x<qy> (z<au>w), by (CP4), (CP2), (CP1)

where the contraction law (9) is derivable from CPg; replace y by F <y > T in (10). Hence,
CPs F (CPmem). If u = v = F in axiom (CPstat), we find F = F <y > F, and hence
CPg + CPs.

In order to show that CP; - CPs we have to derive CP; F (CPstat):

CPs b (x<qypz)dubov=(x<dy>(zqu>v))qup>v by (CPm1)
=(x<y>(z<uvv))<qur (zau>v) by ()
=x<d(y<u>F)> (z<upvo) by (CP4), (CP2)
=x<(u<y>F)>(z<qupvo) by (15)

z<uvv) by (CP4), (CP2)
: by (9)

=(x<qupr (zqupr o)) ay> (
)

=(x<ubv)day> (zaupvo

O

Given a finite, ordered subset of atoms we define a proper subset of basic forms with
the property that each propositional statement over these atoms can be proven equal to
such a basic form.
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Definition 24. St-basic forms over o € A® are defined as follows:

*  Tand F are st-basic forms over €;
* P <a» Qisan st-basic form over ap € A® if P and Q are st-basic forms over p.

P is an st-basic form if for some o € A®, P is an st-basic form over 0.
For example, an st-basic form over ab € A® has the following form:
(By <br>By) <ar (B3 <abr By)

with B; € {T,F}. For o = ayay - - - a, € A®, there exist 22" different st-basic forms over ¢.
It will be useful to define a function that transforms conditional statements to
st-basic forms.

Definition 25. Let o € A®. Then, C, is the set of closed terms in C 4 with atoms in o, and BF; is
the subset of basic forms in Cy. The conditional statement E; € BF is defined as

Ee=F and ifc =ap, E,=E,<av Ep.

So, for each o € AS, E, is an st-basic form over ¢ in which the constant T does not
occur, e.g.,
Ep=(F<ab>F)<ar (Fabp>F).

Definition 26. The st-basic form function sbf , : Co — C is defined by
sbf ,(P) = mbf (T < Eg > P),
where mbf is defined in Definition 20.
For example, sbf,,(a) = (T<ab>T)<ar (FabeF),
sbfp,(a) = (T<aavF)<be (TaarF).
The reason that sbf ,(P) is defined relative to some o € A® that covers the alphabet
of P is that in order to prove completeness of CPs (and CPs;), we need to be able to relate

conditional statements that contain different sets of atoms, but have equal st-basic forms
for all appropriate o, such as

sbf ., (F) = sbf ,,(F <a> F) =sbf , (Fab>F)=(Fabp>F)<ar (FabpF).
Lemma24. Let o € AS. ForallP € C4,CPs- P =T<E,> P.

Proof. By induction on the structure of o. If ¢ = ¢, then E; = F and by axiom (CP2),
CPsHP=T<Ec> P.If o = ap forsomea € Aand p € A®, then E, = E, <at Ep, and hence

CPs-P=P<a>P by Lemma 23
=(T<E,>P)<av (TAE,>P) by IH
=T<(E,<av Ep) > P. by (CP4)

O

Lemma 25. Let 0 € A®. Forall P € Cg, sbf ,(P) is an st-basic form.
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Proof. We first prove an auxiliary result:

Foralla € Aand P,Q € BF4, ¢4(P[F — Q]) = (£a(P))[F — £2(Q)]

and rq(P[F =+ Q]) = (ra(P))[F = ra(Q)]- (16)

Both equalities follow easily by induction on the structure of P and we only show the
inductive case for the first one. Choose a € A. If P = Py <a > P, then £,(P) = £,(P;) and

ta(P[F > Q]) = La(PL[F = Q] <a b Po[F = Q]) = ba(Pi[F = Q])
L (La(P))[F = a(Q)] = (a(P))[F = £a(Q)],
and if P = Py <b> P, with b # g, then £,(P) = {,(P;) <b®> £,(P;) and
La(P[F— Q]) = la(P[F— Q] <bv> P[F — Q]) = €a(PL[F — Q]) <b £,(P[F — Q)

= (Ca(P)[F = £a(Q)] 9B (€a(P2))[F = £a(Q)] = (La(P))[F = £a(Q)].

We prove the lemma’s statement by induction on the structure of ¢. If o = ¢, then each
P € C, contains no atoms. Hence, bf (P) € {T,F}. If bf (P) = T, then

sbf .(P) = mbf(T < F > P) = mf (bf (T < F > P)) = mf (bf (P)) =T,

which is an st-basic form over €. The case for bf (P) = F is similar. If o = ap for somea € A
and p € A®, then for each P € C,,

= mbf(T <E; > P)
= mf (bf(T <E; > P))

mf (Eq[F — bf (P)]) by Lemma 5
= mf (Ep[F — bf (P)] <a> Ep[F — bf(P)])
Ca(Ep[F — bf(P)])
Ca(Ep)[F — La(bf (P))]) <a v mf (ra(Ep)[F — ra(bf(P))]) by (16)
Eo[F — £a(bf (P))]
Eo[F — bf (La(bf (P
tif (bf (T < Ep > £a(bf(P)))) <a v mf (bf (T <E, > ra(bf(P))))
sbf o (€a(bf (P))) < a > sbf ,(ra(bf (P))), by IH (17)

aa v mf (ra(Ep[F — bf(P)]))

~—

<a > mf(Ep[F — rq(bf (P))]) bya & C,
D) <av mf(Ey[F — bf (ra(bf(P)))]) by Lemma 5

~—

where (17) follows because £,(bf (P)) and r,(bf (P)) are conditional statements in C, (thus,
not containing a), and so by induction, sbf p(ﬂa(bf (P))) and sbf p(r,z(bf (P))) are st-basic
forms over p. Hence, sbf ,(P) is an st-basic form over o. [

With Lemma 25 we can easily prove the following result.

Proposition 8 (sbf , is a normalisation function). Let ¢ € A®. For each P € Cg, sbf ,(P) is an
st-basic form over ¢, and for each st-basic form P over o, sbf .(P) = P.

Proof. The first statement is Lemma 25. We prove the second statement by induction on
the structure of 0. If o = €, sbf ,(P) = P by definition.
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If o = ap, then P = P; <a> P, with P; st-basic forms over p; thus, ¢,(P;) = P; and
tqo(P2) = P,. For brevity, we identify below bf (Q) and Q for all Q € BF 4:

sbf ,(P) = mbf (T < Egp > (Py <a v Py))
= mf (Epa[F — Py <av Py]) as above
=mf(Ep[F +— Py <a> P <av Ej[F — Py <a> Py))
= mf (La(Ep[F — Py <a> Po]) <av mf(ra(Ep[F — Py <av Py]))
= mf (La(Ep)[F — La(Py qav By])) <av
mf (ra(Ep)[F = r,(Py <a> P,])) by (16)

= mf (Ep[F — P1]) @a v mf (Ep[F — P,]) bya & Cp
= sbf ,(P1) <a v sbf ,(P,)
=Py <av b by IH

0
Lemma 26. Let 0 € A°. Forall P € Cy, CPs - P = sbf (P).

Proof. By Lemma 24, CPs = P = T<E;>P. By Theorem 9, CPs - T<E,>P =
mbf (T < Ey > P), and hence CPs - P = sbf ,(P). O

Definition 27. Let o € A®. The binary relation =gy , on Cq is defined as follows:

p =sbf, 0 Q — Sbfa(P) = Sbfa(Q).
Theorem 12. Leto € A®. Forall P,Q € Co, CPs P =Q <= P =g, Q.

Proof. (=) Assume CPs - P = Q. Then, by Lemma 26, CP; + sbf .(P) = sbf ,(Q), and
by Proposition 7, CPg; t sbf ,(P) = sbf ,(Q). In ref. [5], the following two statements are
proven (Theorem 9.1 and an auxiliary result in its proof), where =y; is the binary relation
on Cy4 that specifies static valuation congruence:

1. ForallP,QeCy, CPy4FP=Q < P=40Q.
2. Forall st-basicforms Pand Q, P=4Q = P =Q.

By Lemma 25, these statements imply sbf ,(P) = sbf ,(Q), and thus P =g , Q.
(<) Assume P =g, Q, thus T < E; > P = T < E; > Q. By Theorem 10, CPpe -
T<E;>P =T<E; > Q, and by Lemma 24, this impliesCP; - P = Q. O

Hence, the relation =gy, , is a congruence on C, that is axiomatised by CPs; and
coincides with static valuation congruence as defined in ref. [5]. Below we define static
evaluation trees with help of the function sbf , and prove that the equality of two such trees
characterises this congruence.

Definition 28. Let o € A®. The unary static evaluation function sse; : Co — T yields static
evaluation trees and is defined as follows:

sseq(P) = se(sbf ,(P)),

where sbf , is defined in Definition 26 and se in Definition 3.
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As an example, let P = (a <b > F) <a> T. We depict se(P) at the left-hand side. The
static evaluation tree sse,;,(P) is depicted in the middle, and the static evaluation tree
ssep, (P) is depicted at the right-hand side:

a a b
T /N /N

a a
AR /\ / A\ /\ /\
a F T F T T T T F T
/\

T F

The two different static evaluation trees correspond to the different ways in which one can
present truth tables for P, that is, the different possible orderings of the valuation values of
the atoms occurring in P:

a b ‘ (a<db>F)<anT b a ‘ (a<xb>F)<anT
T T T T T T
T F F T F T
F T T F T F
F F T F F T

The similarities between sse; and the function sbf,, can be exploited and lead to a
completeness result.

Definition 29. Let o € A®. Static valuation congruence over o, notation =, ¢, is defined on Cy
as follows:

P =40 Q <= sse;(P) = sses(Q).

The following characterisation result immediately implies that for all o € A®, =g ¢ is
indeed a congruence relation on C,.

Proposition 9. Let ¢ € A®. Forall P,Q € Cy, P =550,0 Q <= P =stf,0 Q-

Proof. This follows by Proposition 6. [

We end this section with a completeness result for static valuation congruence.
Theorem 13 (Completeness of CPs). Let o € A®. Forall P,Q € Cy,
CPsFP=Q <= P =g0Q.
Proof. Combine Theorem 12 and Proposition 9. [

7. Conclusions

In 2011, Bergstra and Ponse introduced proposition algebra in ref. [5], which is
based on Hoare’s conditional connective x <y > z and the constants T and F. Four simple
equational axioms specify “free valuation congruence” (=y,) and the addition of two
axioms specifies “static valuation congruence” (=), which represents propositional logic.
Some other valuation congruences that lie in between free and static valuation congruence
were also defined, and in this paper we paid attention to repetition-proof, contractive, and
memorising valuation congruence, in symbols =y, =¢r, and =en.

In ref. [10], Bergstra and Ponse introduced an alternative valuation semantics for
proposition algebra in the form of Hoare-McCarthy algebras (HMA’s), which is more ele-
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gant than the semantical framework provided in ref. [5]; HMA-based semantics has the
advantage that one can define a valuation congruence without first defining the valuation
equivalence it is contained in.

In this paper, we use Staudt’s evaluation trees [6] to characterise free valuation con-
gruence as the relation “se-congruence”, the relation = in Section 2, and this appears
to be a relatively simple and stand-alone exercise, resulting in a semantics that is elegant
and much simpler than HMA-based semantics [10] and the semantics defined in ref. [5].
By Theorem 1, = coincides with free valuation congruence = fr because both relations
are axiomatised by CP (see [5] (Theorems 4.4 and 6.2)). An advantage of “evaluation tree
semantics” is that for a given conditional statement P, the evaluation tree se(P) determines
all relevant evaluations, so P =, Q is determined by evaluation trees that contain no more
atoms than those that occur in P and Q; this is comparable to how truth tables can be used
in the setting of propositional logic.

In Section 3 we define “repetition-proof se-congruence” =sc on C4 by P =ppse Q
if, and only if, rpse(P) = rpse(Q), where rpse(P) = rp(se(P)) and rp is a transformation
function on evaluation trees. It is clear that this transformation is “natural”, given the
axiom schemes (CPrp1) and (CPrp2) that are characteristic for CP;,(A). The equivalence
on C4 that we want to prove is

CPp(A)FP=Q <= P=pQ, (18)

by which =, coincides with the repetition-proof valuation congruence as defined in ref. [5]
because both are axiomatised by CP,,(A) (see [5] (Theorem 6.3)). So, by equivalence (18),
=pse 18 a congruence relation on C 4. However, we could not find a direct proof of this fact and
chose to simulate the transformation rpse by the transformation rpbf on conditional statements,
and to prove that the associated equivalence relation =, is axiomatised by CPy,(A), and
is hence a congruence. This is Theorem 4, the proof of which depends on ref. [5] (Theorem
6.3; this theorem requires that |A| > 1, and so does the HMA approach in ref. [10]) and on
Theorem 3; that is,
Forall P € Cy, CPyy(A) = P = rpbf(P).

In order to prove (18) (which is Theorem 5), it is thus sufficient to prove that =pbf and =pse
coincide, and this is Proposition 2. Although it remains a challenge to find a direct and
elegant proof of equivalence (18), we can conclude that repetition-proof evaluation trees
and the valuation congruence =ys, provide full-fledged, simple, and elegant semantics
for CP,(A).

The structure of our completeness proofs of the axiomatisations of the other se-
congruences is very similar, although the case for static se-congruence requires a slightly
more complex proof (we return to this point below). Moreover, these axiomatisations are
incremental: the axiom systems CP;,(A), up to and including CP;, all share the axioms of
CP, and each succeeding system is defined by the addition of either one or two axioms
(schemes), in most cases making the previously added axiom(s) redundant (in Appendix A,
we provide some independence results). Given some o € A%, this implies that in C,,

—se - =rpse - —cse - —mse - —sse,0 s

where all these inclusions are proper. We conclude that for the se-congruences =, up to
=mse, the associated evaluation trees provide full-fledged, simple, and elegant semantics.
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The case for static se-congruence over C, for some ¢ € A® is somewhat more in-
volved. This semantics coincides with any standard semantics of propositional logic in the
following sense:

P =g, Q if, and only if, P+ Qisa tautology in propositional logic,
where P and Q refer to Hoare’s definition ref. [2]:
x<dycz= (X AY)V(-yAZ), a=aforaeC, T=T, F=F.
Let o € A® and a € C,. The fact that = ¢ is stronger than =,,, is immediately clear:
Faa> F =s,qF,

where it is easy to see that F < a > F # F. Our proof that CP; (and thus CPy; as defined
in ref. [5]) is an axiomatisation of static se-congruence is slightly more complex than those
for the other axiomatisations because in this case the evaluation of a conditional statement
P does not enforce a canonical order for the evaluation of its atoms, and therefore such an
ordering should be fixed beforehand in order to construct an adequate evaluation tree. To
this purpose, we can use any ¢ € A° that covers the atoms in P.

We continue with a brief digression on short-circuit logic, which we defined in ref. [11]
(see Bergstra and Ponse [10] for a quick introduction), and an example on the use of CP;,(A).
Familiar binary connectives that occur in the context of imperative programming and that
prescribe short-circuit evaluation, such as && (called “logical AND” in the programming
language C), are often defined in the following way:

P && Q =gef if P then Q else false,

independent of the precise syntax of P and Q; hence, P && Q =g4of Q <P > F. It easily
follows that && is associative.

In a similar way, negation can be defined by =P =4 F < P> T. In ref. [11], we focus
on this question:

Question 1. Which are the logical laws that characterise short-circuit evaluation of binary proposi-
tional connectives?

A first approach to this question is to adopt the conditional as an auxiliary operator,
as is the approach in ref. [10,11], and to answer Question 1 using definitions of the binary
propositional connectives as above and the axiomatisation for the se-congruence of interest
in proposition algebra (or, if “mixed conditional statements” are at stake, axiomatisations for
the appropriate se-congruences). An alternative and more direct approach to Question 1 is
to establish axiomatisations for short-circuited binary connectives in which the conditional
is not used. For free se-congruence, a complete equational axiomatisation of short-circuited
binary propositional connectives is provided by Staudt in ref. [6], where

se(P && Q) =gef 5¢(P)[T — se(Q)] and se(—P) =gef se(P)[T — F,F — T]

(and where the function se is also defined for short-circuited disjunction). The completeness
proof is based on decomposition properties of evaluation trees. For repetition-proof and
contractive se-congruence we conjecture that a finite equational axiomatisation of the short-
circuited binary propositional connectives does not exist if | A| > 2. We continue with two
examples on the use of CP;,(A) and CP.,(A), both taken from [11].
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Example 3 ([11], Example 4). Let A be a set of atoms of the form (e == &) and (n = e) with
n some initialized integer program variable and e, e’ arithmetical expressions over the integers
that may contain n. Assume that (e == ') evaluates to true if e and &' represent the same value,
and (n = e) always evaluates to true with the effect that the value of e is assigned to n. Then,
these atoms satisfy the axioms of CPy,(A) (of course, not all equations that are valid in the setting
of Example 3 follow from CPy,(A), e.g., CPp,(A) I/ (0 ==0) = T). Note that if n has initial
value 0 or 1, ((n =n+1) && (n=n+1)) && (n == 2), and (n = n+1) && (n == 2) evaluate
to different results, so the atom (n = n+1) does not satisfy the law “a && a = a”, by which this is
a typical example of the repetition-proof characteristic of CP,(A).

Example 4 ([11], Example 3). An example in the same style that illustrates the use of CP¢(A)
concerns atoms that define manipulation of Boolean registers. Let A = {(set :i:j),(eq:1:j) |
1 <1i<n, j € {T,F}} withn the number of registers and j the value of registers.

e Upon evaluation, atom (set : i : j) can have a side effect (it sets register i to value j) and
always yields true.

e Upon evaluation, atom (eq : i : j) has no side effect and yields only true if register i has
value j.

It is clear that the axioms of CP¢,(A) are valid, as is their consequence “a && a = a” forall a € A.
However, t && t = t is not true for all t € Xcp(A). Lett = (eq:1:F) && (set:1:T). If
register 1 has value F, then evaluation of t yields true, while evaluation of t && t yields false.

Furthermore, we note that the se-congruences =, up to =¢ can be used as a basis for
systematic analysis of the kind of side effects that may occur upon the evaluation of short-
circuited connectives as in Examples 3 and 4, and we quote these words of Parnas [12]:

“Most mainline methods disparage side effects as a bad programming practice.
Yet even in well-structured, reliable software, many components do have side
effects; side effects are very useful in practice. It is time to investigate methods
that deal with side effects as the normal case.”

Although side effects are well understood in programming, see e.g., Black and Windley [13],
they are often explained informally and systematic surveys and analyses do not yet appear
to be available.

We finally note that the value of CPjyy, lies primarily in the fact that it is a stepping
stone to defining static se-congruence (and more se-congruences, see the section below on
related and future work), rather than in direct applications in the field of programming.

Related and Future Work

As mentioned in the Introduction, this paper is a journal version of the conference
paper [1] by Bergstra and Ponse entitled, Evaluation trees for proposition algebra: The case for
free and repetition-proof valuation congruence. In ref. [1], “free valuation congruence” and
“repetition-proof valuation congruence” are defined using evaluation trees. However, in
the earlier paper [5], Bergstra and Ponse define both “free valuation congruence” and
“repetition-proof valuation congruence” as the smallest congruence arising from the cor-
responding “valuation equivalence”, which in turn is defined using a variety of so-called
valuation algebras. In this article, we use “se-congruence” and “repetition-proof valuation
congruence” for the congruences defined in ref. [1].

In the journal paper [14], we discuss several three-valued versions of proposition
algebra and their evaluation trees, with help of a constant U that represents the truth
value undefined. This paved the way for the recent paper [9], in which Bergstra and Ponse
define “conditional short-circuit logic”, based on the work of Guzmdn and Squier in [15],
in which three-valued “conditional logic” is studied. Conditional logic is based on the
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notion of a regular extension of classical logic, defined by Kleene in ref. [16], and on the
observation that up to anti-isomorphism, there is a unique regular extension of the classical
boolean algebra B = {T, F} with ordinary negation ('), conjunction (A), and disjunction
(V) to a three-valued logic with non-commutative A and V which satisfies deMorgan’s
laws x” = x and (x Ay)’ = x’ V/; the name “conditional logic” stems from Gries [17]
and this logic was first studied by McCarthy [18]. In ref. [9], two-valued and three-valued
conditional short-circuit logic are distinguished, each of which gives rise to a corresponding
“conditional valuation congruence”, defined in terms of “CL-basic forms”, although it is
noted that “free valuation congruence” is defined in ref. [5]. In the two-valued case, this is
a congruence that is in between memorising and static se-congruence. A typical identity in
the underlying proposition algebra with a,b € A is

(PpabrPy)<a> (Qr<ab> Q)= (Py<gar Q1) <bp (Paab> Qo)

and an example of a non-valid equation is F <a>F = F. Like in the case for static se-
congruence, CP,,;; and its associated short-circuit logic are a technical basis for this work.

In ref. [6], Staudt defined “free fully evaluated logic”, which characterises free val-
uation congruence for fully evaluated connectives (and negation), and came up with a
completeness result. The binary connective “fulland”, which we represent here by the
symbol &, can be characterised by the equation

x&y=y<x> (Fayp>F).

Hence, y is always evaluated, even when the evaluation result is already known to be
false. In ref. [6], evaluation trees for expressions with & and its dual connective “fullor”
are defined and their equality is axiomatised. This led to [19], in which Ponse and Staudt
defined memorising, conditional, and static fully evaluated logic. In ref. [20], Cornets de
Groot studied the “left-sequential exclusive OR” /XOR, defined by

xIXORy = (Fay>T)<xp>y,

so that y is always evaluated. With regard to this binary (sequential) connective, there
is therefore no difference between short-circuited and full evaluation (in [20], the “left-
sequential NAND” /NAND, defined by x /NAND y = (F <y > T) < x > T is also studied,
and this work contains several completeness and expressiveness results with respect to free
valuation congruence).

In the near future, we plan to investigate three-valued free, memorising, and condi-
tional se-congruence, in particular their axiomatisations and normalisation functions.
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Appendix A. Independent Axiomatisations

All results mentioned below were found by or checked with the theorem prover
Prover9 (Version 0.5B), and finite (counter) models were generated with the tool Mace4
(Version 0.5B). For both tools, including free downloads, see [21]. We used these tools on a
Macbook Pro with a 2.4 GHz dual-core Intel Core i5 processor and 4 GB of RAM.

Firstly, the axioms (CP1)—-(CP4) of CP (see Table 1, and also Table A1) are independent;
this is easily verified with help of Mace4 and the same is true for the axioms of CP,,(A) and
CP.(A) (see Sections 3 and 4). Furthermore, as was noted in Section 4, CP,(A) - CP,,(A).

Also CPyyer, is independent; it is, for example, immediately clear that the memorising
axiom (CPmem) (also included in Table A1) is independent from those of CP: the evaluation
trees of a and T < a > a are different. Also, all other axioms of CPy,, are independent and
we briefly explain how the tool Mace4 can be used to prove this for axiom (CP1). Taking
for example the CP-axioms (CP2)—-(CP4) and (CPmem) as assumptions, a model of size two
for these axioms that refutes the (CP1)-instance F < T > F = F is the following, which was
generated by Mace4:

Xy z‘x<1yl>z Xy z‘x<1yl>z
T T T T F T T T
T T F T F T F T
T F T T FF T T
T F F F F F F F

Table Al. The set CP; of equational axioms for static valuation congruence, and three more axioms.

x<adTpy=x (CP1)

x<aFpy=y (CP2)

T<x>F=x (CP3)
x<d(y<zpu)po=(x<aqyp>ov)<dz> (xQu>0) (CP4)
x<Ay> (zaur (vay>w)) =x<Ay> (zquvw) (CPmem)
Fax>F=F (CPs)

Xdy>x=x (CP1,2)
(x<qy>z)<ayrF=y<ax>F (CP3s)
X<dy> (vAy>w) =x<Ayp>w (Contrl)

The case for CP; is more complex, and in Table A1 we give its six axioms and three
other axioms that we will use to define alternative axiomatisations. With Prover9 it quickly
follows that the axiom (CP1) is derivable from CP; \ {(CP1)} and with Mace4 that the
axioms in the latter set are independent. Furthermore, in ref. [14] (Table 5), an alternative
set of independent axioms for CP; is given that is concise and simple, and equally strong
(this follows with help of Prover9), and independence follows with the help of Mace4:

{(CP1), (CP2), (CP3s), (CP4)}. (A1)

Note that the axiom (CP3s) with y = T implies (CP3), and with y = F the axiom (CPs);
hence, its name.

Following Lemma 23, we finally note that there is another axiomatisation of static val-
uation congruence that consists of only four independent axioms and is at least as elegant:

{(CP1,2), (CP3), (CP4), (Contrl)}, (A2)
where (CP1,2) is the equation of Lemma 23, i.e.,, x <y > x = x, and (Contrl) is the con-

traction law x ay > (v <y > w) = x <y > w (i.e, (9) in Section 5). With Prover9, it quickly
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follows that the axiomatisations (A1) and (A2) are equally strong, and the independence
of (A2) also quickly follows with the help of Mace4.

Although we believe that CP; is sufficiently simple and expresses the fundamental
intuitions in an appropriate manner, our reasons for presenting these two alternative
axiomatisations are not only their independence (in contrast to CPs), but also their striking
simplicity compared to Hoare’s eleven axioms in ref. [2].

Ternary Boolean algebras are algebras of type (3,1) with one ternary operation f and
one unary operation g defined by f(x,y,z) = xy + yz + zx and g(x) = x’, where +, - and’
are the Boolean join, meet, and complementation operations. In ref. [22], Padmanabhan
and McCune present several single axioms, each of which constitutes a base for ternary
Boolean algebra, and thus axiomatises static valuation congruence. As might be expected,
these equations are complex and not easy to read. We finally mention the work of Fatelo
and Martins-Ferreira [23], which offers a general study of classical algebras via ternary
operations. These algebras all satisfy x <y > x = x and are thus related to the domain of
static valuation congruence.
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