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est and immune to atomic side effects. Next is Memorising FEL, in KEYWORDS

which evaluations of subexpressions are memorised. The following  g;qe effects: full

stronger logic is Conditional FEL (inspired by Guzman and Squier’s left-sequential evaluation;
Conditional logic, 1990). The strongest FEL is static FEL, a sequential strict evaluation;
version of propositional logic. We use evaluation trees as a sim- left-sequential connectives;

ple, intuitive semantics and provide complete axiomatisations for Bochvar's logic
closed terms. For each FEL except Static FEL, we also define its three-

valued version, with a constant U for ‘undefinedness’ and again

provide complete, independent axiomatisations, each one contain-

ing two additional axioms for U on top of the axiomatisations of the

two-valued case. In this setting, the strongest FEL is equivalent to

Bochvar's logic. Finally, we discuss how the family of FELs is related

to the previously defined family of ‘short-circuit logics'.

1. Introduction

This paper has its origin in the work of Staudt (2012), in which so called ‘Free Fully Eval-
uated Left-Sequential Logic’ (FFEL) was introduced, together with ‘evaluation trees’ as
a simple semantics and an equational axiomatisation of their equality.

We define a family of ‘Fully Evaluated Left-Sequential Logics’ (FELs) that is about
full left-sequential evaluation (also called strict evaluation) and of which FFEL is the
most distinguishing (weakest). As in Staudt (2012), we use for the Boolean connec-
tives a dedicated notation that prescribes a full, left-sequential evaluation strategy: we
consider terms (propositional expressions) that are built from atoms g, b, ¢, . . . (propo-
sitional variables) and constants T and F for truth and falsehood by composition with
negation (—) and sequential connectives: left-sequential conjunction, notation A, and
left-sequential disjunction, notation ¥, where the little black dot denotes that the left
argument must be evaluated first, and then the right argument. For two-valued FELs
we discern a hierarchy starting with FFEL, which isimmune to (atomic) side effects, and
ending with a sequential version of propositional logic.
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Evaluation trees are binary trees with internal nodes labelled by atoms and leaves
labelled with either T or F, and provide a simple semantics for propositional expres-
sions: a path from the root to a leaf models an evaluation. The left branch from an
internal node indicates that its atom is evaluated true, and the right branch that the
atom evaluates to false. The leaves of an evaluation tree represent evaluation results.
Atom a has as its semantics the evaluation tree

a

VRN
T F

and for example, a A\ b has as its semantics the evaluation tree

which is composed from the evaluation trees of atoms a and b. If in a A b, atom a
evaluates to true, then atom b is evaluated and determines the evaluation result, and
if a evaluates to false, then the evaluation result is false, but b is (still) evaluated. Note
that in the example tree of a A b, replacing b by a has an evaluation tree that is not
equal to that of g; the evaluation of the first a can have a side effect that changes the
second evaluation result.

In Staudt (2012), evaluation trees were introduced as the basis of a relatively sim-
ple semantic framework, both for FFEL and for so-called Free Short-Circuit Logic (FSCL,
Bergstra, Ponse, and Staudt, 2010[201 3))," and completeness results for both FFEL and
FSCL were provided, i.e. equational axiomatisations of the equality of their evalua-
tion trees. For example, FFEL refutes the idempotence axiom x A x = x, but satisfies
the associativity of the binary connectives. In Bergstra and Ponse (2015), transforma-
tions on evaluation trees were defined in order to provide a semantic basis for other
short-circuit logics, see Ponse and Staudt (2018), Bergstra et al. (2021), and Bergstra
and Ponse (2025a).

We define three new FELs, each of which has a counterpart in short-circuit logic
and models sequential full evaluation according to a particular evaluation strategy,
obtained by an adaptation of FFEL's evaluation trees. Moreover, we give complete,
equational axiomatisations? of the equality of their evaluation trees:

Memorising FEL (MFEL). The logic MFEL characterises the evaluation strategy in which
the evaluation of each atom in an expression is memorised: no complete path in
a ‘memorising evaluation tree’ contains multiple occurrences of the same atom.
For example, aand a /A a have the same memorising evaluation tree (that of a). In
MFEL, atoms cannot have side effects and the evaluation order of a propositional
expression is prescribed. As an example, the memorising evaluation trees of a A b
and b A a are different. MFEL is axiomatised by adding one equational axiom to
those of FFEL.

Conditional FEL (CLFEL,). The name C{FEL, refers to Conditional logic, defined
by Guzman and Squier (1990), and the subscript 2 refers to its two-valued version.
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In CEFEL,, i and YV are taken to be commutative. In Bergstra and Ponse (2025a),
we show that this commutativity is a consequence of Conditional logic. C£FEL,-
evaluation trees are memorising evaluation trees in which the order of commut-
ing atoms can be changed while preserving equivalence. C£FEL; is axiomatised
by the axioms of MFELand x A y =y A x.

Static FEL (SFEL). This logic is just a sequential version of propositional logic. SFEL is
axiomatised by adding the axiom x A F = F to those of C£FEL;.

Evaluation trees for full left-sequential evaluation can be easily extended to a three-
valued case by including U as a leaf, which represents the truth value undefined.
Evaluation trees with leaves in {T, F, U} were introduced in Bergstra et al. (2021), where
they serve as a semantics for short-circuit logic with undefinedness. In both FEL and
SCL, atom a has as its semantics the left tree below, which shows that the evalua-
tion of each atom can be undefined. Another example in FEL is the evaluation tree of
ad\ (b U), shown on the right:

/ | \ ]
\ \
T U F — U N b
/

b
BN VAN
u U U u U U

The general idea here is that in propositional expressions, U aborts further evalua-
tion. This property can be equationally axiomatised by =U = U and U A x = U (and
by duality it follows that U % x = U). A programming-oriented example is a condition
[y !'= 0] [x/y > 17],wheretheatom [x/y > 17] can be undefined.

For each FEL except SFEL, we define the three-valued version and give equational
axiomatisations consisting of those for the two-valued case and the two mentioned
axioms for U. In this family, C/FEL with undefinedness is equivalent to Bochvar’s
logic (1938) and U is fully absorptive. Note that SFEL cannot be extended with U:
F=UAF=U.

Prover9 and Mace4. Apart from inductive proofs, all presented derivabilities from
equational axiomatisations were found by or checked with the theorem prover Prover9,
and finite (counter)models were generated with the tool Mace4. For both tools, includ-
ing free downloads, see McCune (2008). We used these tools on a Macbook Pro with
a 2.4 GHz dual-core Intel Core i5 processor and 4 GB of RAM. Average run times are
mostly given in mere seconds and rounded up, for example, 2s (the default run-
times on our installation are 60 s). To show how we used Prover9 and Mace4, we have
included their output for two typical cases in Appendices 3 and 4, respectively.

Structure of the paper. In Section 2, we review Free FEL (FFEL) and its equational
axiomatisation. In Section 3, we define FFELY, the extension of FFEL with undefined-
ness. In Section 4 we define Memorising FEL (MFEL), and in Section 5 we extend
MFEL to MFELY with undefinedness. In Section 6, we define two-valued Conditional
FEL (C€FEL;) and its extension C£FEL with undefinedness. In Section 7, we define and
axiomatise Static FEL (SFEL), and provide for each FEL an independent axiomatisation.
In Section 8, we discuss how the family of FELs is related to the previously defined
family of ‘short-circuit logics’. We end with a comment on expressiveness, some con-
clusions and a comment on future work. Appendices 1 and 2 are used for results (in
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most cases intermediate results) that require detailed proofs. Moreover, in Appendix 2
we generalise a result from Bergstra et al. (2021, La.3.3). and use some results about
short-circuit logic in order to prove a soundness result (Lemma 4.6). In Appendix 3 we
display the difficult part of a proof generated by Prover9 (Lemma 4.7) and in Appendix 4
we show the models generated by Mace4 that we use to prove an independence result
(Theorem 7.5).

2. Free FEL (FFEL) and an equational axiomatisation

In this section, we review evaluation trees and the logic FFEL. We repeat the main
results about FFEL, that is, its evaluation trees and axiomatisation, and the complete-
ness proof as presented in Staudt (2012).

From this point on, we assume that A is a countable set of atoms with typical
elements a, b, c. We start with a formal definition of evaluation trees.

Definition 2.1: The set 7, of evaluation trees over A with leaves in {T,F} is defined
inductively by

TeTy, FeTp XJa>Y)edy foranyX,YeZp and ae€A

The operator _ < a > _is called tree composition over a. In the evaluation tree X < a >
Y, the root is represented by g, the left branch by X and the right branch by Y. The depth
d:7p — N of an evaluation tree is defined by d(T) =d(F) =0 and d(Y <a>2) =
1 4+ max(d(Y),d(2)).

The leaves of an evaluation tree represent evaluation results (we use the constants
T and F for true and false). Next to the formal notation for evaluation trees we also use
a more pictorial representation. For example, the tree

(FLaF)db>(TJdal>F)
can be represented as follows, where < yields a left branch, and > a right branch:
b
/N
a a
/\ /\

F F T F (Picture 1)

In order to define a semantics for full evaluation of negation and the left-sequential
connectives, we first define the leaf replacement operator, ‘replacement’ for short, on
trees in 7, as follows. For X € 7, the replacement of T with Y and F with Z in X, denoted

X[T— Y, F— Z]
is defined recursively by

TT— Y,F—> Z]=Y,
FT— Y,F— Z] =Z,
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X1 <ab X)) Y F>Zl=XTH Y,F> Z]<al> X3[T— Y, Fi> ZI.

We note that the order in which the replacements of leaves of X is listed is irrel-
evant and adopt the convention of not listing identities inside the brackets, for
example X[F — Z] = X[T — T,F > Z]. By structural induction it follows that repeated
replacements satisfy

X[T > Y1,F > Z1][T = Yz,F = Zz]
=X[T V[T Y3, F > L1, F > Z1[TH Yy, F > 2]l (RR)
The base cases X € {T, F} are immediate, and so is the induction step because replace-
ments distribute over _ < a > _ (i.e. tree composition over a € A).

The set SP, of (left-sequential) propositional expressions over A that prescribe full
left-sequential evaluation is defined by the following grammar (a € A):

P:=T|Fla|—=P|PAP|PYVP,
and we refer to its signature by
TreL(A) = (A, YV, =, T,FalaeAl.

We interpret expressions in SP4 as evaluation trees by a function fe (abbreviating full
evaluation).

Definition 2.2: The unary full evaluation function fe : SPy — 74 is defined as follows,
where a € A:

fe(Ty =T, fe(—P)="fe(P)[T+— F,Fi>T],
fe(F) =F, fe(PA Q)= fe(P)[T— fe(Q),F— fe(Q)[T— FIl,
fe(@) =T<al>F, fe(PV Q)="fe(P)[T— fe(Q)[F —~ T],F— fe(Q)l.

The overloading of the symbol T in fe(T) = T will not cause confusion (and similarly
for F). As a simple example we derive the evaluation tree of =b A a:

fe(=b A a) = fe(—b)[T — fe(a),F > fe(a)[T — F]]
= (F<b>NDIT— fe(a),F — fe(a)lT — F]
=(FJabF)db>(TJdal>F),

which can be visualised as in Picture 1. Also, fe(=(b¥ —a)) = (F<al>F)db> (T
a > F). An evaluation tree fe(P) represents full evaluation in a way that can be com-
pared to the notion of a truth table for propositional logic in that it represents each
possible evaluation of P. However, there are some important differences with truth
tables: in fe(P), the sequentiality of P’'s evaluation is represented, the same atom
may occur multiple times in fe(P) with different evaluation values, and all atoms are
evaluated, thus yielding evaluation trees that are perfect. Evaluation trees that are
not perfect occur in the setting with short-circuit connectives; in that setting, the
connectives A and ¥ are definable (we return to this in Sections 7 and 8).
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Table 1. EqFFEL, axioms for FFEL.

F=—T (FFEL1)
xVy==(=xA -y (FFEL2)
ey (FFEL3)
XANNzZ=xN A2 (FFEL4)
TAX=x (FFELS5)
XANT=x (FFEL6)
XANF=FAXx (FFEL7)
XAF=xAF (FFELS)
XARVYy=KxVTAy (FFEL9)
XV AR =xA VT (FFEL10)

Definition 2.3: The binary relation =¢ on SP, defined by P = Q < fe(P) =
fe(Q) is called free full valuation congruence.

Lemma 2.4: The relation =, is a congruence.

Proof: It is immediately clear that identity, symmetry and transitivity are preserved.
For congruence we show only that forall P, Q,R € SPx, P =, QimpliesRA P =g RN
Q. The other cases proceed in a similar fashion. If fe(P) = fe(Q) then fe(P)[T — F] =
fe(Q)[T — FI, so

fe(R)T > fe(P),F — fe(P)[T — Fl] = fe(R)[T > fe(Q),F > fe(Q)[T — FII.
Therefore, by definition of fe, RA P =f. RN Q. n

Definition 2.5: A Fully Evaluated Left-Sequential Logic (FEL) is a logic that satisfies the
consequences of fe-equality. Free Fully Evaluated Left-Sequential Logic (FFEL) is the fully
evaluated left-sequential logic that satisfies no more consequences than those of fe-
equality, i.e. forall P,Q € SPy,

FELEP=Q&=P=,Q and FFELEP=Q < P = Q.

In Staudt (2012), it is proven that the set EQFFEL of equational axioms in Table 1
(completely) axiomatises equality of evaluation trees; this proof is based on normal
forms for SP4. Below and also in Appendix 1, we repeat the completeness proof
of Staudt (2012) almost verbatim.

We now turn to the equational logic defined by EqFFEL, which we will show is an
axiomatisation of FFEL. This set of equations was first presented by Blok (personal
communication, 2011).

If two FEL-terms s and t, possibly containing variables, are derivable in EqFFEL, we
write EQFFEL s =t and say that s and t are derivably equal. By virtue of (FFEL1)
through (FFEL3), A is the dual of & and T is the dual of F, and hence the duals of the
equations in EQFFEL are also derivable. We will use this fact throughout our proofs.

Lemma 2.6 (Soundness): Forall P,Q € SPy, ifEQFFEL =P = Qthen FFEL =P = Q.

Proof: By Lemma 2.4, =, is a congruence, so it suffices to prove the validity of the
equations in EQFFEL, which is easily verified. As an example we show this for (FFELS).

fe(P N F) = fe(P)[T— F,F— F[T— FII by definition
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= fe(P)[T — F] becauseF[T+— F]=F
= fe(P)[T — F,F— TI[T+— F] by Equation (RR)
= fe(—P N F). ]
The following lemma shows some useful equations illustrating the special proper-
ties of terms of the form x A Fand x ¥ T.The first is an ‘extension’ of axiom (FFEL8) and

the others show two different ways how terms of the form x ¥ T, and by duality terms
of the form x A F, can change the main connective of a term.

Lemma 2.7: The following equations are consequences of EQFFEL.

M xA YA =—xNYAF),
2 6xVDay=-KxVDly,
B xV AV D) =xVyAEYVT.

Proof: We derive the equations in order.

XN YAF)=xNF) Ay by(FFEL7) and (FFEL4)
=(xANF) Ay by(FFEL8)
=—xN (YA F), by (FFEL7) and (FFEL4)
xVDay=xAF)Vy by (FFEL9)
=(—xA F)V y by(FFEL8)
=(—xA—=T)V y by (FFEL1)
=-x¥V T)Vy, by(FFEL3)and (FFEL2)
xV A V) =xV YV A F) by (FFEL10)
=x¥V )V (i F)  bythe dual of (FFEL4)
=xVya WV T). by (FFEL10) [
FEL Normal Form. To aid in our completeness proof we define a normal form for
FEL-terms. Due to the possible presence of side effects, FFEL does not identify terms
which contain different atoms or the same atoms in a different order. Because of this,
common normal forms for propositional logic are not normal forms for FEL-terms. For
example, rewriting a term to Conjunctive Normal Form or Disjunctive Normal Form
may require duplicating some of the atoms in the term, thus yielding a term that is
not derivably equal to the original. We first present the grammar for our normal form,

before motivating it. The normal form we present here is an adaptation of a normal
form proposed by Blok (personal communication, 2011).

Definition 2.8: Aterm P € SPy is said to be in FEL Normal Form (FNF) if it is generated
by the following grammar.

PeFNFz=P" | PP |PT A P*



JOURNAL OF APPLIED NON-CLASSICAL LOGICS ‘ 67

p* = P° | P4

P =Pl P A PO

Pl =Pl | P*Y PE
Plo=ap P | —ap PT
Plu=Tla¥ P

PP i=Flaqp P,

where a € A. We refer to P*-forms as #-terms, to P‘-forms as ¢-terms, to P'-forms as
T-terms and to P -forms as F-terms. A term of the form PT A P* is referred to as a T-x-
term.

We immediately note that if it were not for the presence of T and F we could define a
much simpler normal form. In that case it would suffice to ‘push in’ or ‘push down’ the
negations, thus obtaining a Negation Normal Form (NNF), as exists for propositional
logic. Naturally if our set A of atoms is empty, the truth value constants would be a
normal form.

When considering the image of fe we note that some trees only have T-leaves, some
only have F-leaves and some have both T-leaves and F-leaves. For any FEL-term P,
fe(P % T) is a tree with only T-leaves, as can easily be seen from the definition of fe. All
terms P such that fe(P) only has T-leaves are rewritten to T-terms. Similarly fe(P / F)
is a tree with only F-leaves. All terms P such that fe(P) only has F-leaves are rewritten
to F-terms. The simplest trees in the image of fe that have both T-leaves and F-leaves
are fe(a) for a € A. Any (occurrence of an) atom that determines (in whole or in part)
the evaluation result of a term, such as a in this example, is referred to as a determina-
tive (occurrence of an) atom. This as opposed to a non-determinative (occurrence of an)
atom, such as the ain a ¥ T, which does not determine (either in whole or in part) the
evaluation result of the term. Note that a term P such that fe(P) contains both T and F
must contain at least one determinative atom.

Terms that contain at least one determinative atom will be rewritten to T-x-terms. In
T-x-terms we encode each determinative atom together with the non-determinative
atoms that occur between it and the next determinative atom in the term (reading
from left to right) as an ¢-term. Observe that the first atom in an ¢-term is the (only)
determinative atom in that £-term and that determinative atoms only occur in £-terms.
Also observe that the evaluation result of an ¢-term is that of its determinative atom.
This is intuitively convincing, because the remainder of the atoms in any £-term are
non-determinative and hence do not contribute to its evaluation result. The non-
determinative atoms that may occur before the first determinative atom are encoded
as a T-term. A T-x-term is the conjunction of a T-term encoding such atoms and a
x-term, which contains only conjunctions and disjunctions of ¢-terms. We could also
have encoded such atoms as an F-term and then taken the disjunction with a *-term
to obtain a term with the same semantics. We consider £-terms to be ‘basic’ in x-terms
in the sense that they are the smallest grammatical unit that influences the evaluation
result of the x-term.
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In the following, PT P!, etc. are used both to denote grammatical categories and as
variables for terms in those categories. The remainder of this section is concerned with
defining and proving correct the normalisation function f : SP4 — FNF. We will define
f recursively using the functions

f":FNF — FNF and f°:FNF x FNF — FNF.

The first of these will be used to rewrite negated FNF-terms to FNF-terms and the sec-
ond to rewrite the conjunction of two FNF-terms to an FNF-term. By (FFEL2) we have
no need for a dedicated function that rewrites the disjunction of two FNF-terms to an
FNF-term.

We start by defining f". Analysing the semantics of T-terms and F-terms together
with the definition of fe on negations, it becomes clear that f” must turn T-terms into F-
terms and vice versa. We also remark that f” must preserve the left-associativity of the
x-terms in T-x-terms, modulo the associativity within ¢-terms. We define " : FNF —
FNF as follows, using the auxiliary function f7' : P* — P* to ‘push down’ or ‘push in’
the negation symbols when negating a T-«-term. We note that there is no ambiguity
between the different grammatical categories present in an FNF-term, i.e. any FNF-
term is in exactly one of the grammatical categories identified in Definition 2.8.

fA(T) =F (1)
ffa¥ Py =a (P )
ffF) =T 3)

flap PPy =a' (P (4)
fI(PT A Q%) =PT A 7(QY) (5)
fllap Py =—ap P 6)
fl(—ap Py=ap P 7)
P 4 Q) =PV QY (8)
f1(P* & Q) = f1(P*) A F(QY) (9)

Now we turn to defining f¢. These definitions have a great deal of inter-dependence
so we first present the definition for ¢ when the first argument is a T-term. We see
that the conjunction of a T-term with another term always yields a term of the same
grammatical category as the second conjunct.

f(T,P) =P (10)

ffa¥ PT,Q") =a¥ f(PT,Q" (11)
fi(a% Pl,Q°) =an £(PT, Q") (12)
ffa¥ P,Q" A R =f(a¥ PT,Q") A R (13)

For defining f¢ where the first argument is an F-term we make use of (FFEL7) when
dealing with conjunctions of F-terms with T-x-terms. The definition of f¢ for the argu-
ments used in the right-hand side of (16) starts at (23). We note that despite the high
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level of inter-dependence in these definitions, this does not create a circular definition.
We also note that the conjunction of an F-term with another term is always itself an
F-term.

fE(F,PTy = f1(PT) (14)

f¢(F, PFy = P (15)
fE(F,PT & Q%) =F(PT A Q% F) (16)
ffan PF,Q) =aq F(PF,Q) (17)

The case where the first conjunct is a T-x-term is the most complicated. Therefore we
first consider the case where the second conjunctis a T-term. In this case we must make
the T-term part of the last (rightmost) ¢-term in the T-x-term, so that the result will
again be a T-x-term. For this ‘pushing in’ of the second conjunct we define an auxiliary
function 7 : P* x PT — P*.

FE(PT A Q% RT) = PT A FE(Q%,RT) (18)

fiap PT,.QN =ap (PT,Q" (19)
fi(—ap PT,Q") =—ap f(P,QN) (20)
FEP* & Q7 RT) = P* A FE(QY,RT) (21)
fE(P* % QSR = P* ¥V FS(Q5, R (22)

When the second conjunct is an F-term, the result will naturally be an F-term itself. So
we need to convert the T-x-term to an F-term. Using (FFEL4) we reduce this problem
to converting a *-term to an F-term, for which we use the auxiliary function fzc 1
PF — PF

fE(PT & Q*,RT) = FC(PT, £5(Q*%, R)) (23)

fS(an PTLRY) = a i FE(PT,RD) (24)
fS(—a s PTRY) = ap FE(PT,RY) (25)
fS(P* & Q4 RT) = (P, £5(Q%,RN)) (26)
f(P* % Q°,R) = f5(P*, £5(Q% R)) (27)

Finally we are left with conjunctions and disjunctions of two T-x-terms, thus complet-
ing the definition of f¢. We use the auxiliary function f§ : P* x PT & P* — P* to ensure
that the result is a T-+-term.

FE(PT A Q" RT A S*) =PT A F5(Q*RT A SY) (28)
f5(P*, Q" A RD) = ££(P*, QN & RE (29)
P, QT A (RPN ST =P ,Q A R A S (30)

FEPY, QT A (R*Y 59) =fE(P*,QN) i (R* Y S°) 31)
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As promised, we now define the normalisation function f : SP4 — FNF recursively,
using " and ¢, as follows.

f@=THN (@nT) (32)
fMm=T (33)

f(F) =F (34)
f(=P) = f"(f(P)) (35)
f(PA Q) = FE(f(P), f(Q)) (36)
f(PYV Q) = f(F(f"(f(P)), f" (f(Q)))) (37)

Theorem 2.9: Forany P € SPy, f(P) terminates, f(P) € FNF and EQFFEL - f(P) = P.

In Appendix 1 we first prove a number of lemmas showing that the definitions "
and f¢ are correct and use those to prove the theorem. The main reason to use a nor-
malisation function rather than a term rewriting system to prove the correctness of
FNF is that this relieves us of the need to prove the confluence of the induced rewriting
system, thus simplifying the proof.

Tree Structure. Below we prove that EqQFFEL axiomatises FFEL by showing that for
P € FNF we can invert fe(P). To do this we need to prove several structural proper-
ties of the trees in the image of fe. In the definition of fe we can see how fe(P A Q) is
assembled from fe(P) and fe(Q) and similarly for fe(P % Q). To decompose these trees
we introduce some notation. The trees in the image of fe are all finite binary trees over
Awith leavesin {T,F}, i.e. fe[SPa]l C 74. We will now also consider the set 74 » of binary
trees over A with leaves in {T,F, A}. Similarly we consider 74 1 5, the set of binary trees
over Awith leavesin {T,F, A1, A>}. The A, A1 and A will be used as placeholders when
composing or decomposing trees. Replacement of the leaves of trees in 74, and 7412
by trees (either in 74, 74,5 or 741 2) is defined analogous to replacement for trees in 7y,
adopting the same notational conventions.

For example we have by definition of fe that fe(P & Q) can be decomposed as

fe(P)[T > Aq,F = AllA > fe(Q), Ay — fe(Q)[T — FII,

where fe(P)[T — A1, F = Ayl € 74,12 and fe(Q) and fe(Q)[T +— F] are in 74. We note
that this only works because the trees in the image of fe, or more general, in 74, do not
contain any triangles. Similarly, as we discussed previously, fe(P  F) = fe(P)[T — Fl,
which we can write as fe(P)[T — AJ[A — F]. We start by analysing the fe-image of
£-terms.

Lemma 2.10 (Structure of £-terms): There is no {-term P such that fe(P) can be decom-
posed as X[A — Yl with X € Tpn and Y € Ta, where X # A, but does contain A, and Y
contains occurrences of both Tand F.

Proof: Let P be some ¢-term. When we analyse the grammar of P we find that one
branch from the root of fe(P) will only contain T and not F and the other branch vice
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versa. Hence if fe(P) = X[A — Y] and Y contains occurrences of both T and F, then Y
must contain the root and hence X = A. [ |

By definition a x-term contains at least one ¢-term and hence for any «-term P, fe(P)
contains both T and F. The following lemma provides the fe-image of the rightmost
¢-term in a x-term P to witness this fact.

Lemma 2.11 (Determinativeness): For all x-terms P, fe(P) can be decomposed as
X[IA — Y] with X € Tpp and Y € Tp such that X contains A and Y = fe(Q) for some
-term Q.

Note that X may be A here. Further on, we will refer to Q as a witness of Lemma 2.11
for P.

Proof: By induction on the complexity of #-terms P modulo the complexity of £-terms.
In the base case Pis an {-term and fe(P) = A[A — fe(P)] is the desired decomposition
by Lemma 2.10. For the induction we have to consider both fe(P & Q) and fe(P Vv Q).

We treat only the case for fe(P A Q), the case for fe(P Y Q) is analogous. Let X[A
Y] be the decomposition for fe(Q) which we have by induction hypothesis. Since by
definition of fe on A we have

fe(P N Q) = fe(P)[T — fe(Q),F — fe(Q)[T — FIJ,
we also have

fe(P N Q) = fe(P)[T — X[A — Y1,F — fe(Q)[T — FII
= fe(P)[T — X,F > fe(Q)[T — FI[A — Y],

where the second equality is due to the fact that the only triangles in
fe(P)[T — X,F — fe(Q)[T — FII

are those occurring in X. This gives our desired decomposition. |

The following lemmaillustrates another structural property of trees in the image of
x-terms under fe, namely that the left branch of any determinative atom in such a tree
is different from its right branch.

Lemma 2.12 (Non-decomposition): There is no «-term P such that fe(P) can be decom-
posed as X[A +— Y]with X € Tpp and Y € Ty, where X # A and X contains A, but not T
orF.

Proof: By induction on P modulo the complexity of £-terms. The base case covers ¢-
terms and follows immediately from Lemma 2.11 (fe(P) contains occurrences of both
T and F) and Lemma 2.10 (no non-trivial decomposition exists that contains both). For
the induction we assume that the lemma holds for all *-terms with lesser complexity
thanP A Qand P¥ Q.
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We start with the case for fe(P & Q). Suppose for contradiction that fe(P A Q) =
X[A = Ylwith X # A and X not containing any occurrences of T or F. Let R be a witness
of Lemma 2.11 for P. Now note that fe(P /A Q) has a subtree

RIT — fe(Q),F — fe(Q)[T — FII.

Because Y must contain both the occurrences of F in the one branch from the root
of this subtree as well as the occurrences of fe(Q) in the other (because they contain T
and F), Lemma 2.10 implies that Y must (strictly) contain fe(Q) and fe(Q)[T — F]. Hence
thereisa Z € 74 such that fe(P) = X[A +— Z], which violates the induction hypothesis.
The case for fe(P ¥ Q) proceeds analogously. |

We now arrive at two crucial definitions for our completeness proof. When consid-
ering =-terms we already know that fe(P A Q) can be decomposed as

fe(P)[T = Aq,F = AZl[A = fe(Q), As — fe(Q)[T — FII.

Our goal now is to give a definition for a type of decomposition so that this is the
only such decomposition for fe(P & Q). We also ensure that fe(P % Q) does not have
a decomposition of that type, so that we can distinguish fe(P & Q) from fe(P ¥ Q).
Similarly, we define another type of decomposition so that fe(P Y Q) can only be
decomposed as

fe(P)[T = Aq,F > A][A — fe(Q)[F > T, Ay > fe(Q)]

and that fe(P A Q) does not have a decomposition of that type.

Definition 2.13: The pair (Y,Z) € 741, % 74 is a candidate conjunction decomposition
(ccd) of X € 1y, if

X=Y[A\1 = Z /A= Z[T = F]l,
Y contains both A and A,

Y contains neither T nor F, and

Z contains both Tand F.

Similarly, (Y, Z2) is a candidate disjunction decomposition (cdd) of X, if

X=Y[A1 > Z[F> T, Ay > 7],
Y contains both Aq and A,

Y contains neither T nor F, and

Z contains both Tand F.

The ccd and cdd are not necessarily the decompositions we are looking for, because,
for example, fe((P N Q) N R) has a ccd (fe(P)[T — Aq,F > Ay], fe(Q & R)), whereas
the decomposition we needis (fe(P N Q)[T — A4, F = A3l fe(R)). Therefore we refine
these definitions to obtain the decompositions we seek.

Definition 2.14: The pair (Y,Z) € 741, % 74 is a conjunction decomposition (cd) of X €
1, ifitis a ccd of X and there is no other ccd (Y/, Z") of X where the depth of Z’ is smaller
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than that of Z. Similarly, (Y, 2) is a disjunction decomposition (dd) of X, if it is a cdd of X
and there is no other cdd (Y’, Z’) of X where the depth of Z’ is smaller than that of Z.

Theorem 2.15: For any =-term P A Q, i.e. with P € P* and Q € pe, fe(P & Q) has the
(unique) cd

(fe(P)I[T = A1, F > Azl fe(Q))

and no dd. For any #-term P\ Q, i.e. with P € P* and Q € P, fe(P% Q) has no cd and its
(unique) dd is

(fe(P)I[T > A1, F > A3l fe(Q)).

Proof: We first treat the case for P A Q and start with cd. Note that fe(P A Q) has a
ccd (fe(P)[T = Aq,F > Azl fe(Q)) by definition of fe (for the first condition) and by
Lemma 2.11 (for the fourth condition). It is immediate that it satisfies the second and
third conditions. It also follows that for any ccd (Y, Z) either Z contains or is contained
in fe(Q), for suppose otherwise, then Y will contain an occurrence of T or of F, namely
those we know by Lemma 2.11 that fe(Q) has. Therefore it suffices to show that there
is no ccd (Y,Z) where Z is strictly contained in fe(Q). Suppose for contradiction that
(Y,Z)issuchaccd.If Zis strictly contained in fe(Q) we can decompose fe(Q) as fe(Q) =
VIA +— Z] for some V € T4 o that contains but is not equal to A. By Lemma 2.12 this
implies that V contains T or F. But then so does Y, because

Y =fe(P)[T > VIA > M) F > VIA B> AL

and so (Y,Z) isnot a ccd for fe(P A Q). Therefore (fe(P)[T — Aq,F > Aj], fe(Q)) is the
unique cd for fe(P / Q).

Now for the dd. It suffices to show that there is no cdd for fe(P /A Q). Suppose for
contradiction that (Y, 2) is a cdd for fe(P /A Q). We note that Z cannot be contained in
fe(Q), for then by Lemma 2.12, Y would contain T or F. So Z (strictly) contains fe(Q). But
then because

YA > Z[F > T], A7 > Z] = fe(P N Q),

we would have by Lemma 2.11 that fe(P & Q) does not contain an occurrence of
fe(Q)[T — FJ. But the cd of fe(P A Q) tells us that it does, contradiction! Therefore
there is no cdd, and hence no dd, for fe(P & Q). The case for fe(P Y Q) proceeds
analogously. [ |

At this point we have the tools necessary to invert fe on x-terms, at least down to
the level of ¢-terms. We note that we can easily detect if a tree in the image of fe is
in the image of P!, because all leaves to the left of the root are one truth value, while
all the leaves to the right are the other. To invert fe on T-x-terms we still need to be
able to reconstruct fe(PT) and fe(Q*) from fe(PT & Q*). To this end we define a T-x-
decomposition.

Definition 2.16: The pair (Y,2) € 74,0 x 14 is a T-x-decomposition (tsd) of X € 1y, if
X =Y[A — Z], Y does not contain T or F and there is no decomposition (V, W) €
Tan x Ty of Z such that
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Z=V[A— W],

V contains A,

V # A, and

V contains neither T nor F.

Theorem 2.17: For any T-term P and x-term Q the (unique) tsd of fe(P {\ Q) is

(fe(P)IT — Al, fe(Q)).

Proof: First we observe that (fe(P)[T — Al fe(Q)) is a tsd because by definition of
fe on N we have fe(P)[T — fe(Q)] = fe(P & Q) and fe(Q) is non-decomposable by
Lemma 2.12.

Suppose for contradiction that there is another tsd (Y, 2) of fe(P /A Q). Now Z must
contain or be contained in fe(Q) for otherwise Y would contain T or F, i.e. the ones we
know fe(Q) has by Lemma 2.11.

If Z is strictly contained in fe(Q), then fe(Q) = V[A + Z] for some V € 74, with
V # A and V not containing T or F (because then Y would too). But this violates
Lemma 2.12, which states that no such decomposition exists. If Z strictly contains fe(Q),
then Z contains at least one atom from P. But the left branch of any atom in fe(P) is
equal to its right branch and hence Z is decomposable. Therefore (fe(P)[T — Al, fe(Q))
is the unique tsd of fe(P A Q). [ |

Completeness. With the last two theorems we can prove completeness for FFEL. We
define three auxiliary functions to aid in our definition of the inverse of fe on FNF.
Letcd : 74 — Ta1,2 x 74 be the function that returns the conjunction decomposition
of its argument, dd of the same type its disjunction decomposition and tsd : 74 —
Tan x Ty its T-x-decomposition. Naturally, these functions are undefined when their
argument does not have a decomposition of the specified type. Each of these func-
tions returns a pair and we will use cd; (dds, tsdq) to denote the first element of this
pair and cd, (ddj, tsd;) to denote the second element.

We define g : 74 — SP4 using the functions g' : 74 — SP; for inverting trees in
the image of T-terms and g, g* and g* of the same type for inverting trees in the image
of F-terms, ¢-terms and =-terms, respectively. These functions are defined as follows.

T ifX=T,

38
a¥vg'(y) ifX=Y<ar_Zz (38)

fm={

We note that we might as well have used the right branch from the root in the recursive
case. We chose the left branch here to more closely mirror the definition of the corre-
sponding function for Free short-circuit logic as defined in Staudt (2012) and Ponse
and Staudt (2018).

F ifX=F,

F . (39)
alhg(Z2) ifX=Y<abZ

g X)) = [
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Similarly, we could have taken the left branch in this case.

(an g'(Y) ifX=Y<alZforsomea e A,
and Y only has T-leaves,

—af g'(2) ifX=Y<a>Zforsomea e A,
and Z only has T-leaves.

g‘(X) = 1 (40)

[g*(cd1(X)[21 = T, 42 5 F) A g*(cda(X))  ifX hasacd,
g X) = {g*(ddi(X)[A1 = T, A2 = F) ¥V g*(dda(X)) ifXhasadd,  (41)
g/ (%) otherwise.

We can immediately see how Theorem 2.15 will be used in the correctness proof of g*.

g'(X) if X has only T-leaves,
g(X) = 19" X) if X has only F-leaves,  (42)
g'(tsdi (X)[A — T A g*(tsda(X)) otherwise.

Similarly, we can see how Theorem 2.17 is used in the correctness proof of g. It should
come as no surprise that g is indeed correct and inverts fe on FNF.

Theorem 2.18: For all P € FNF, g(fe(P)) = P, i.e. g(fe(P)) is syntactically equal to P for
P € FNF.

The proof for this theorem can be found in Appendix 1. For the sake of complete-
ness, we separately state the completeness result below.

Theorem 2.19 (Completeness): ForallP,Q € SP,,ifFFEL E P = QthenEQFFEL =P =
Q.

Proof: It suffices to show that for P,Q € FNF, fe(P) = fe(Q) implies P = Q, i.e. P and
Q are syntactically equal. To see this suppose that P’ and Q" are two FEL-terms and
fe(P") = fe(Q’). By Theorem 2.9, P" is derivably equal to an FNF-term P, i.e. EQFFEL
P’ = P, and Q' is derivably equal to an FNF-term Q. Lemma 2.6 then gives us fe(P") =
fe(P) and fe(Q") = fe(Q), and thus fe(P) = fe(Q). Hence by Theorem 2.18, P = Q, so in
particular EQFFEL P = Q. Transitivity then gives us EQFFEL =P’ = Q" as desired. W

3. Free FEL with undefinedness: FFELY

In this section we define FFELY, the extension of FFEL with the truth value undefined,
for which we use the constant U. Evaluation trees with undefinedness were intro-
duced in Bergstra et al. (2021), where they serve as a semantics for short-circuit logic
with undefinedness: the evaluation/interpretation of each atom may be undefined, i.e.
not yield a classical truth value (true or false). Well-known three-valued extensions of
propositional logic are Kleene's ‘strong’ three-valued logic (1938), in which evaluation
is executed in parallel so that F A x = x A F = F, Bochvar’s ‘strict’ logic (1938) with a
constant N for ‘nonsense’ or ‘meaningless’, in which an expression has the value N as
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soon as it has a component with that value, and McCarthy’s ‘sequential’ logic (1963),
in which evaluation proceeds sequentially from left to right so that FAU =F and
U A F = U. We refer to Bergstra, Bethke, and Rodenburg (1995, Sect.2) for a brief discus-
sion of these logics. Here we provide equational axioms for the equality of evaluation
trees for full left-sequential evaluation with undefinedness and prove a completeness
result.

Definition 3.1: The set ’];\U of U-evaluation trees over Awith leaves in {T, F, U} is defined
inductively by

TeT), FeT), UeT), (X<QaxY)eT, foranyX,Ye T and acA.

The operator _ < a > _ is called U-tree composition over a. In the evaluation tree X <
a > Y, the root is represented by g, the left branch by X, the right branch by Y, and the
underlining of the root represents a middle branch to the leaf U.

Next to the formal notation for evaluation trees we again introduce a more pictorial
representation. For example, the tree

(FJa>F)

A

at(Tda>F)

can be represented as follows, where < yields a left branch, and > a right branch:

a/ \a
VAN VRN
F U F T U F

a
\

U

Finally, observe that equation (RR) on repeated leaf replacements also applies to U-
evaluation trees.

We extend the set SP4 to SPA” of (left-sequential) propositional expressions over
A with U by the following grammar (a € A):

P:=T|F|U|a|—P|PAP|PVP

and refer to its signature by ZEEL(A) ={N,YV,—,T,FU,a|aceA.
We interpret propositional expressions in SP4” as evaluation trees by extending the
function fe (Definition 2.2).

Definition 3.2: The unary full evaluation function feV : SPY — 7;” is defined as
follows, where a € A:

VM =T, fVF) =F f(P)=rRYP)IT—FF-T],
fed(U) = U, fe'(Pp Q) =1e(P)T - e (Q),F o f”(QIT - FI,
fel(a) =T<arF, PV Q) =rRUP)IT - UQ)F - T,F - fU Q).
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Two examples: the evaluation trees fe’(a & U)=U<g>U and fe’((a ¥ T) &
b) =(T<b>F)<al> (T bl F)can be depicted as follows:

a a
| |
U/U\U b/U\b
RN /N
T U F T U F

Definition 3.3: The binary relation =,u on SP, defined by P = Q &= feV (P) =
feV (Q) is called free full U-valuation congruence.

Lemma 3.4: The relation = is a congruence.
Proof: Cf.Lemma 24. [ |

Definition 3.5: A Fully Evaluated Left-Sequential Logic with undefinedness (FELY) is a
logic that satisfies the consequences of feY-equality. Free Fully Evaluated Left-Sequential
Logic with undefinedness (FFELY) is the fully evaluated left-sequential logic with unde-
finedness that satisfies no more consequences than those of feV-equality, i.e. for all
P,Q e SPY,

FELVEP=Qe=P=¢Q and FFEL'EP=Q = P=pw Q

In order to axiomatise FFELY, we extend EqFFEL (Table 1) as follows:
EQFFELY = EqFFEL U {—=U = U,U A x = U}.

We start with a note on duality. Write P for the dual of P € SP4" and define U = U.
It immediately follows that also EQFFELY satisfies the duality principle. Furthermore,
defining x = x for each variable x, the duality principle extends to equations, that is,
for all terms s, t over & (A),

EQFFELY s =t < EqFFELY 5% = 7.
Lemma 3.6 (Soundness): ForallP,Q € SPyV, EqFFELY P = Q = FFELY =P = Q.
Proof: By Lemma 3.4, the relation =,u is a congruence on SPAU, so it suffices to show
that all closed instances of the EqFFELU—axioms satisfy =4, Which follows easily (cf. the
proof of Lemma 2.6). The validity of the two new axioms of EQFFELY is also easily

verified. u

In the remainder of this section we prove completeness of EqFFELY. We start with a
lemma on properties of U.

Lemma 3.7: The following equations are consequences of EqFFELY:

M xV AU =xVy)ay,
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2 xV AU =xn YA L),
B) XA (YA U =xA (Yo U).

Proof: Note that by duality, U % x = U. We first derive two auxiliary results:

xVU=xV UAF)TE A uvT=xau, (Aux1)

XA U=-xAUAF)=—xn(FAU)
=(xAPHhAU=xxAFHAU=xa U (Aux2)

(AUXT) (Aux1)

Consequence 1:xV (y A U)
Consequence 2:xV (A U)=xV (YA U) A F) XA (YA UV T) (Aux1)

XAV OV =xa vV UVT) =xa (VY U) XA (o).
Consequence 3: by consequences Tand 2, (xV y) A U=xA (y A U), hence =x A

AU =—xA(yaU) =(xd ) aU vy auE2xa yau).
[ |

Vv U =xVyvu

FFEL1 0)

xVy)au.

(Aux1)

We introduce ‘U-normal forms’ and prove a few more lemmas from which our
completeness result follows easily.

Definition 3.8: Foro € A*anda € A U, isdefinedbyU. =UandUg, =ap U,

Lemma 3.9: Forall 0 € A*, U, A x=U, and U, ¥ x = U, are consequences of
EqFFELY.

Proof: The first consequence follows easily by induction on the length of ¢ and
associativity (FFEL4), as well as (U, ) = U,. By the latter, U, ¥ x = U,,. ]

Lemma 3.10: Forallo € A*, the following equations are consequences of EQFFELY :

1) X\/ (yo/\ UU)Z(X\/)/)./\ UJ/
2 xV A Us) =xd (Yo Ug),
B) XA YA Us) =xN (o Ug).

Proof: By simultaneous induction on the length of o. The base case (6 =€) is
Lemma 3.7.1-3.For o = ap(a € A), derive

2

XV (A Ug) =xV (& (@d U) "B xv (% (@i Uy)

=xVyyVaa Up):(x.\/)/)/\ Uap,

XV YA Ug) =xV (A DA U) Zxa (Yo a) s Uy =xa (v o Ugy),
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XA YA Ug) =—xA (YA AU)ZxA ((yora) s Uy) =xA (v Ugy).

To prove the forthcoming completeness result, it suffices to restrict to Negation
Normal Forms (NNFs), which are defined as follows (a € A):

P:=T|F|Ula|—-a|PAP|PYVP.

By structural induction it immediately follows that for each P € SP2’, there is a unique
NNF Q such that EFFELY P = Q.

Lemma 3.11: Foreach P € SP,’ and o € A*, there exists p € A* such that EQFFELY
PN U, =U,.

Proof: By structural induction, restricting to NNFs. The base cases F A U, = U, and
—a U, =a U, = Ug, follow by Lemma 3.10.3, and the other base cases are trivial.
For the induction there are two cases:

Case P=Q A R.Derive QAR AU, =QA RAU,) 2Q A Uy 2 U, for some
p, p e A*.

Case P = Q¥ R.By Lemma 3.10.1 and induction, QV R) A U, =QYV RA U,) =
Q% U, for some p’ € A*, and by Lemma 3.10.2 and induction,Q% U, =Q A U, =
U, for some p € A*. |

Lemma 3.12: For each P e SPAU that contains U, there exists o € A* such that
EQFFELY P = U,.

Proof: By structural induction, restricting to NNFs. The only base caseis P = U = U,.
For the induction there are two cases:

Case P = QA R. Apply a case distinction: if U occurs in Q, then by induction, Q = U,
and by Lemma 3.9,P = U, A R = U,; if U does not occur in Q, then U occurs in R and
by induction,R = U,;,s0P = QA U,.By Lemma3.11,Q A U, = U, forsome p € A™.

Case P = Q¥ R.Apply a case distinction: if U occurs in Q, then by induction, Q = U,,
and by Lemma3.9,P = U, ¥ R = U,;if U does not occurin Q, then U occurs in Rand by
induction, R = U,, so,P=Q % U,.By Lemmas 3.10.2and 3.11,Q%V U, =Q A U, =
U, for some p € A*. |

Theorem 3.13 (Completeness): The logic FFELY is axiomatised by EQFFELY.

Proof: By Lemma 3.6, EqFFELU is sound. For completeness, assume Py =¢u P>. Then,
either P; and P, do not contain U and by Theorem 2.19 we are done, or both P,
and P, contain U. By Lemma 3.12, there are U,, € A* such that EQFFELY -P; = U,,..
By assumption and soundness, g1 = o,. Hence EQFFELY -P; = Uy, = Pa. |
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4, Memorising FEL (MFEL)

In this section we define and axiomatise ‘Memorising FEL’ (MFEL). As noted in the
Introduction, the logic MFEL is based on the evaluation strategy in which the eval-
uation of each atom is memorised: no complete path in a memorising evaluation
tree contains multiple occurrences of the same atom. Memorising evaluation trees
appear to be a fundamental tool in the investigation of stronger logics such as
CCFEL, (Section 6) and several short-circuit logics defined in Bergstra et al. (2021)
and Bergstra and Ponse (2025a). We present an equational axiomatisation of the
equality of memorising evaluation trees and prove a completeness result.

Definition 4.1: The evaluation trees T, F € 74 are memorising evaluation trees.
The evaluation tree (X < a > Y) € 7, is a memorising evaluation tree over A if both X
and Y are memorising evaluation trees that do not contain the label a.

We interpret propositional expressions in SP4 as memorising evaluation trees by a
function mfe.

Definition 4.2: The unary memorising full evaluation function mfe : SPy — 1y is
defined by
mfe(P) = m(fe(P)),
where the auxiliary function m : 74 — 7 is defined as follows, for a € A:
m(B) =B forB e {T,F},m(X da>Y)=m(La(X)) <a>m(Ra(Y)),
and the auxiliary functions Lg, Rg : 74 — 74 are defined as follows, for b € A:
La(B) = Rs(B) =B forB e {T,F},

La(X) ifb = a,

L,X<blY) =
aX4bkY) [LG(X)gleLa(Y) otherwise.

Ra(Y) if b = a,

RaX<LbDY) =
aX4bkY) [RG(X)gleRa(Y) otherwise.

Let A° be the set of strings over A with the property that each o € A* contains no
multiple occurrences of the same atom. Hence, for all P € SP,, each path in mfe(P)
from the root to a leaf has a sequence of labels of the form ¢ € A®. It is clear that not all
memorising evaluation trees can be expressed in MFEL, a simple example is

(T<b>F)da> (T<dc>F).
Three examples of memorising evaluation trees in mfe(SP4):
mfe(a i a)

= m(fe(a N a)) = m(fe(a)[T — fe(a),F — fe(a)l)
=m((Tda>F)da> (TDa>F)) =m(La(T)) <alm(Ra(F)) = fe(a),
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Table 2. EQMFEL, axioms for MFEL.

Import: EQFFEL (Table 1)
XV A zZ=(xA YAV (XA 2) (M1)

mfe(@a¥ —a) =T<ab>T="fe(a¥VT),
mfe((@ b)YV (map —b)) = (TLb>F)<a> (FIbBT).

The last example suggests that all memorising evaluation trees with complete traces
abB; with i = 1,.., 4 and B; € {T,F} can be expressed in MFEL and below we show
that each such evaluation tree can be expressed as mfe((a A t1) ¥ (—a A t7)) with
tie{b,—bbA F,b ¥ T}. We note that this last evaluation tree cannot be expressed in
FFEL and return to expressiveness issues in Section 8.

Definition 4.3: The binary relation =, on SPy is called memorising full valuation
congruence and is defined by P =,r. Q <= mfe(P) = mfe(Q).

The following lemma is an adaptation of Bergstra et al. (2021, La.3.5), a detailed
proof is given in Appendix 2.

Lemma 4.4: The relation =, is a congruence.

Definition 4.5: Memorising Fully Evaluated Left-Sequential Logic (MFEL) is the fully
evaluated left-sequential logic that satisfles no more consequences than those of
mfe-equality, i.e. forall P,Q € SPy,

MFEL EP=Q < P =pp Q.
In Table 2 we provide a set EQMFEL of axioms for MFEL that is an extension of

EgFFEL with the axiom (M1). In the remainder of this section we show that EqM-
FEL axiomatises MFEL.

Lemma 4.6 (Soundness): ForallP,Q € SPy, EQMFELP =Q — MFELE=P =Q.
Proof: By Lemma 4.4, the relation =, is a congruence on 8Py, so it suffices to show

that all closed instances of the EQMFEL-axioms satisfy =p,f.. By Lemma 2.6 (soundness
of FFEL), we only have to prove this for axiom (M1), thus for all P, Q,R € SPj,

m(fe((PY Q) A R)) = m(fe((—=P A (QA RNV (P A R))).
We prove this in detail in Appendix 2. [

Lemma 4.7: The equations in Table 3 are consequences of EQMFEL.

Proof: Each of (C3) and (C4) follows with Prover9 with (the default) options 1po and
unfoldin s, but we could not find any short, handwritten proofs. An alternative and
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Table 3. Consequences of EQMFEL.

XAYAX)=xNy (@)
XAV x=xr VX (2)
APV (XA =(xVy) A KV 2) (@)
XA GV D=xAYYV (XA 2) (@)

more readable proof by Prover9 of (C4) that also contains a proof of (C1) is included in
Appendix 3 (using options kbo and fold, and requiring 2s).

The auxiliary result x A F= (x A F) V F (MY (xVEFVI))AKXVF=—xAx
where (M1)’ is the dual of (M1), is used below.

Crxpy=x0 GV L xanVxap=xanV (xah & —xv
VAV =XV Ax T A a0V (XA =0A YAV (XA
A ExA A0V =xA (X

@:xar GV 0 L xanVxan @ xaytvx _

In order to prove completeness of EQMFEL, we use normal forms.

Definition 4.8: Leto € A’ and g € A. Then Pis a o-normal form if
o =candP e {T,F},orif
oc=apandP = (@A P)V (—a Py) with both Py and P, p-normal forms.

Foro = ap € A%, each g-normal form (a A P1) ¥ (—a & P,) yields the perfect ap-
tree with root a, left child P; and right child P>. Note that there are 22" -normal
forms.

We will often denote o-normal forms by P;, Q,, R,, etc. In many coming proofs we
apply induction on P,, that is, we induct on the length of o, often using the template
o = ap with a € A for the induction step(s). We call this approach ‘by induction on ¢’
for short.

Definition 4.9: Let o € A®. The o-normal forms T, and F, are defined by

Te=T Topp=@AT)V (marT,), and
Fe =F, Fap = (G./\ Fp)\/ (_'ao/\ Fp)-

We will also use terms F, defined by F. = Fand Fy, = a A F,.

Lemma 4.10: Forallo € A%, EQMFEL -~ —F, = TJ,FJ =F,.Ifoc = ap, then

EQMFEL F, = —a A F,.
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Proof: The first consequence follows by induction on . If 6 = ¢, this is trivial, and if
o = ap, then

~Fap = (—a¥ =F ) & @V =F,) DN @A TV (man T, =T,

The last consequence follows from associativity and axiom (FFEL7):F, =F, AF=F A
F,, hence

Fop=0@sr FAF))=@APAF) "2 (man HAF)) =(—anF,).

Finally, F; = F, follows by induction on . If o = € this is immediate, and if ¢ = ap,

Fap =(a Fp) YV (ma Fp) by idempotence and the last consequence
=@LF)V (manF,) bylH
- Fap.

Lemma 4.11: Llet o € A, then P, N F, = P, and P, &\ T, = P, are consequences of
EqMFEL.

Proof: By induction on ¢ The two cases for ¢ = € are immediate. If ¢ = ap,
Pap ¥V Fap
=((@Nh Q)Y (mar RV (man Fp) by Lemma 4.10
=(@N Q) YV ((mar RV (ma Fp)) by associativity and Lemma 4.10
=@Nn QY (man (R YV Fp)) by (C4)
=(@N Q) V (manrRy) bylH
= Pgp.
Next, it follows from (C3) (in Table 3) by induction on v € A’ that =P, is provably equal

to a v-normal form. By Lemma 4.10, Py, & Ta), = —(—Pg, V Fap) = Pgp. u

We define an auxiliary operator h(x, y, z) that preserves the property that in the eval-
uation of closed terms the left-right order is always respected (modulo memorising
occurrences of atoms).

Definition 4.12: The ternary operator h(x, y, z) on terms over Zrg (A) is defined by
h(x,y,2) = x A V)V (=x A 2).

Hence, h(a,P,,Q,) is a as-normal form (adopting the notational convention that
P, and Q, are o-normal forms). In particular, Tap =h(a,T,,T,)andFq, = h(a,F,,F)).

Lemma 4.13: The following equations are consequences of EQMFEL:
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M hx,y,2)Aw=hx,(yV N YA W, zA w),
2 h(x,y,22%V w=hx,yr VOV w,z¥V w).

Proof: Consequence 1 follows from consequence 2 and —h(x,y,z) = h(x,—y, —2)
(which follows easily from (C3)). Consequence 2 follows with Prover9 with options 1po
andunfoldin2s. [ |

Lemma 4.14: let 0 € A, then P, N F=F, and P, &% T =T, are consequences of
EqMFEL.

Proof: By induction on ¢.The case ¢ = € isimmediate, and if o = ap then
Pap & F=h(a,Q,,R,) N F
=h@(@Q, %V R, AF)AFR, AF) bylemma4.13.1
=h(a,(Q, VvV F)) A F,F,) bylH
=h(a,Q, N F,F,) bylemma4.11
= h(a,F,,F,) bylH
= Fqp.
The case for Pg), ¥ T follows in a similar way (with help of Lemma 4.13.2). [ |

In order to compose o-normal forms, we introduce some notation.

Definition 4.15 (str(P) and o > p): For P € SPj, the string str(P) € A is defined by
str(T) = str(F) = ¢, str(a) = a(a € A), str(=P) = str(P),and str(P Q) = str(P¥V Q) =
str(P) > str(Q), where _ > _: AS x A’ — A®is the operation that filters out the atoms
of the left argument in the right argument:

o> p ifaoccursino,
c>e=cando > ap = )
oa> p otherwise.

Observethato > ap = (6 > a) > pande > p = p.

Lemma 4.16: In EQMFEL, o-normal forms in SPy are provably closed under { and &
composition.

Proof: We first consider P, A R, and prove this case by inductionon o.

Foroc =¢, T A R, =R, is immediate, and F A R, = F, follows from (FFEL7) and
Lemma 4.14.

For o = ap it suffices to prove that

h(aIPplQp)(\ RV = h(ale /\ RU!Qp{\ RV)

because by induction, both P, A R, and Q, A R, have a provably equal (p > v)-
normal form:

h(a,P,, Q) N Ry =h(a,(P,V (Q, A F) AR, Q, N R)  bylLemma4.13.1
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=h(a,(P,V F)) A R,,Q, A Ry). bylemma4.14
=h(a,P, N R,Q, A Ry). bylemmad.il

The case for P, ¥ R, follows in a similar way (with help of Lemma 4.13.2). [ |

Lemma 4.17: Foreach P € S'Py there is a unique o -normal form Q such that EQMFEL H
P=0Q.

Proof: By structural induction on P, restricting to NNFs. For P € {T,F,a,—a | a € A} this
is trivial: a = h(a, T,F) and —a = h(a,F,T). Forthe casesP =P1 A P,and P =P ¥V P,
this follows from Lemma 4.16.

Uniqueness follows from the facts that str(P1 & P;) is fixed and that syntactically
different normal forms have different evaluation trees: for F(x,y,z) = h(y, x, 2), their
F-representation mimics the tree structure. [

Theorem 4.18 (Completeness): The logic MFEL is axiomatised by EQMFEL.

Proof: By Lemma 4.6, EQMFEL is sound. For completeness, assume Py =pf P>. By
Lemma 4.17 there are unique g;-normal forms Q,; such that EQMFEL - P; =, Q,,. By
assumption and soundness, Q,, = Qy,. Hence, EQMFEL =Py = Q,, = P;. [ |

5. MFEL with undefinedness: MFELY

In this section we define MFELY, the extension of MFEL with U. First, we formally define
memorising U-evaluation trees. Given the detailed accounts in Sections 3 and 4, this
extension is rather simple and straightforward. We define memorising U-evaluation
trees, give equational axioms for the equality of these trees and prove a completeness
result.

Definition 5.1: The evaluation trees T,F,U € ’Z;‘U are memorising U-evaluation trees.
The evaluation tree (X JaP>Y) € TAU is @ memorising U-evaluation tree over A if both
X and Y are memorising U-evaluation trees that do not contain the label a.

We interpret propositional expressions in SPa’ as memorising U-evaluation trees
by extending the function mfe (Definition 4.2).

Definition 5.2: The unary memorising full evaluation function mfeV : SP,Y — ’Z;\U is
defined by
mfe’ (P) = m" (fe (P)),

where the auxiliary functionm¥ : 7) — T/ is defined as follows, for a € A:

mY(B) = Bfor B e {T,F,U},m (X <a>Y) =m"(L; (X)) a>m"(RG(Y)),

URU

and the auxiliary functions LY, RY : 7, — 7, are defined as follows, for b € A:

LJ(B) =RY(B) =B forB e {T,F,U},
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U . _
X <b>Y) = LS(X) | fb=a
LaX) 96> L (Y) otherwise.
U . B
RS(X§QEY):IRG(Y) ifb=a,

RI(X) <b>RY(Y) otherwise.

Definition 5.3: The binary relation =
congruence and is defined by P =

mfeY ONS Py is called memorising full U-valuation
v Q = mfeV(P) = mfeY (Q).

mfe

Lemma 5.4: Therelation = _.u is a congruence.

Proof: The proof of Lemma 4.4 (in Appendix 2) requires one extra base case X = U for
all sub-proofs, which follows trivially. [ |

Definition 5.5: Memorising Fully Evaluated Left-Sequential Logic with undefinedness
(MFELY) is the fully evaluated left-sequential logic with undefinedness that satisfies
no more consequences than those of mfeV-equality, i.e. for all P, Q € SP,”,

MFELY EP=Q & P=,.u Q.

We extend EQMFEL to EQMFELY with the two axioms =U = U and U A x = U, so all
EQFFELY-results of Section 3 hold in EQMFELY.

Lemma 5.6 (Soundness): For all P,Q € SPs”, EQMFELY P = Q = MFELY =P =
Q.

Proof: By Lemma 5.4, the relation =,V iS @ congruence on SPAU, so it suffices to
show that all closed instances of the EqMFELU—axioms satisfy =V Which follows

easily (cf. the proof of Lemma 4.6 and, for the U-axioms, the proof of Lemma 3.6). W

In order to prove completeness of EQMFELY, we use the g-normal forms U, from
Definition 3.8 for ¢ € A®, thus Uc = U and Uy, =a A U,. By induction on ¢ and
Lemma 3.10.2-3,

Forallo € A°, EQMFELY ——=U, = U, . (%)

We further use the ternary operator h(x,y,z) = (x A y) ¥ (=x A z) (Definition 4.12) on
terms over X (A).

Lemma 5.7: Foreacha e Aando = ap € A5, EqMFELU F=Ua, = h(a, U, U,).

Proof: Derive a AU, =(a AU, V(@ AU La3.10.3 (a@arUy) V(—apUy)=

h(a,U,, U,). u

In the following, we extend previous results from Section 4 to SPA".
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Lemma 5.8 (extension of La.4.11): Leto € A%, thenP, % U, = U, andP, N U, = U,
are consequences of EQMFELY.

Proof: If P, = U,, we are done by Lemma 3.9. If P, € SP4, the statement follows by
inductionon o:if o = ¢, thisis trivial. If o = ap,
Pap ¥ Ug,
=(@r Q) V (manr RV (@ Uy)
=@M Q) V (mar RV (map Uy,)) by associativity and Lemma 3.10.3
=(@r Q)Y (man (R, V Up)) by (C4)
=@M Q) YV (@anr U, bylHandLemma3.10.3
=ad (Q,V U, by(C4)
= Ugy. bylIH
In the proof of Lemma 4.11 it was already argued that if P, € SP4 then =P, is provably

equal to a o-normal form. By consequence *),=U, = U,.Hence, P, A U, = —(=P, ¥
Us) =U,. |

Lemma 5.9 (extension of La.4.14): Leto € AS, then P, A U= U, and P, & U = U,
are consequences of EQMFELY.

Proof: If P, = U,, this follows by Lemma 3.9. If P, € SPy, this follows by induction on
o. We first consider the case P, ¥ U = U, . If 6 = € the statement is trivial. If ¢ = ap
then

Pap ¥ U =h(a,Q,R,) % U
=h(a,Q, N R,V T)VUR,VU) bylLemmas.13.2
=h(a,(Q, AT,V U,U,) bylLemma4.14and IH
=h(a,Q,V U,U,) bylLemma4.11
= h(a,U,,U,) bylH
= Ug,. bylLemma5.7

The case for Py, ¢\ U follows in a similar way (with help of Lemma 4.13.1). [ |

Lemma 5.10 (extension of La.4.16): In EQMFELY, 5 -normal formsin SP, are provably
closed under {\ and ¥ composition, and each of these compositions determines a unique
v-normal form.

Proof: We first consider P, & R, and distinguish three cases.

Case P, = U,.ByLemma3.9,U, A R, =U,.

Case P;,R, € SP4.By Lemma 4.16, there is a (¢ > v)-normal form such that P, A
Rv = Qa>>v~



88 A.PONSE AND D. J. C. STAUDT

Case P, € SPyandR, = U,. We prove this case by induction on o

If o =¢, T A U, =U, is immediate, and F A U, = U, follows from (FFEL7) and
Lemma 3.9.

If o = ap € A, it suffices to prove that

h(alelQp)/\ UV = h(ale /\ Ul)lQp/\ UV)

because by induction, both P, A U, and Q, A U, have a provably equal (p >
v)-normal form:

h(a,P,,Q)) A U, =h(a, (P, (Q, A F) AU, QA Uy) by Lemma 4.13.1
=h(a, (P, Vv F,) A U,,Q, A Uy). bylLemma4.14
=h(a,P, & Uy, QA Uy). bylemma4.11

The proof for P, ¥ R, follows in a similar way (with help of Lemma 4.13.2). [ |

Lemma 5.11: For each P € SP’ there is a unique o-normal form Q such that
EQMFELY P = Q.

Proof: By structural induction on P, restricting to NNFs. For P € {T,F,U,a,—a | a € A}
this is trivial: a = h(a, T,F) and —a = h(a,F,T).Forthe casesP = P1 A PoandP =P ¥
P; this follows from Lemma 5.10.

Uniqueness follows from the facts that for ¢-normal form P; and p-normal form P,,
the normal forms of Py A P> and Py ¥ P, are unique by Lemma 5.10, and that syntac-
tically different normal forms have different evaluation trees: for F(x,y,z) = h(y, x, 2),
their F-representation mimics the tree structure. [ |

Theorem 5.12 (Completeness): The logic MFELY is axiomatised by EQMFELV.

Proof: By Lemma 5.6, EQMFELY is sound. For completeness, assume P; =V P2. By
Lemma 5.11 there are unique g;-normal forms Q,; such that EqMFELU = Pi =mfe Qg;-
By assumption and soundness, Q,, = Q,,. Hence, EQMFELY -P; = Q,, = P>. [

6. Two-Valued conditional FEL (C{FEL,) and C{FEL

In this section we define two-valued Conditional FEL (C£FEL,) and three-valued Condi-
tional FEL (CFEL). Characteristic properties of C¢FEL; and C£FEL are the commutativity
of A (and V) and the equivalence of C£FEL, to a sequential version of propositional
logic that refutes the absorption laws.3 For both the case without U and with U, we
define a semantics based on ordered memorising trees, give equational axioms for
their equality, and prove a completeness result.

For P € SPA, its alphabet o.(P) C A is defined by a(T) = a(F) = a(U) = 8, a(a) =
{a},a(=P) =a(P)anda (PN Q) =a(P¥V Q) = a(P) U a(Q).

We further assume that the atomsin Aare ordered a; < ay < --- <dp < dp41---,
notation (A, <).
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Definition 6.1: A} is the set of strings in A* whose elements are ordered according to
(A, <).

So, Aj C A’. We reserve the symbols S, y for strings b1b; - - - bibi1 in A that satisfy
b; < bj1+1 (not necessarily neighbours in (A, <)), and for such a string  we write {4} for
its set of atoms.

Below we define evaluation functions for C/FEL, and C£FEL that use disjunctions
Fs ¥ P in order to identify P with a term that respects A5, where the terms Fy are
defined in Definition 4.9.

Definition 6.2: The conditional full evaluation function clfe : SPy — 7, is defined by
clfe(P) = mfe(Fﬁ Y P), where B € A} satisfies {8} = a(P).
The conditional full evaluation function clfe’ : SPY — Z\U is defined by

U : . -
clfe’ (P) = {Z’fe (Fp¥ P) ifP e SPaand B € AS satisfies {8} = a(P),

otherwise.

These evaluation functions are well-defined because £ is uniquely determined by
a(P) and (A, <). For each P € §Py, the evaluation tree clfe(P) can be called a ‘f-tree’,
its complete traces agree with £, and its leaves determine the evaluation result of P.

Example 6.3: Four typical examples with f = ab, thus Fﬂ =a (bAF):

clfelb N a) = mfe(F/g V(b a) =mfe(ap b),

clfe(b¥ a) = mfe(Fz ¥ (bY a)) = mfe(a ¥ b),
clfe((b% a) & b) = mfe(Fy ¥ (bY a) & b)) = mfe((a¥ T) A b),
cfe(b (a¥V b)) = mfe(F/; VA (@¥V b)) =mle((a¥ T)A b).

Definition 6.4: The relation = C SPa x SPa, conditional full valuation congruence,
is defined by P = Q if clfe(P) = clfe(Q). The relation =, uC SPY x SPLY, condi-
tional full U-valuation congruence, is defined by P =, Qif clfe’ (P) = clfe’ (Q).

Lemma 6.5: The relations =y, and =_. v are both congruences.

clfe

Proof: Because = f is a congruence (Lemma 4.4), so is =y. This follows from the
fact that =pr preserves the alphabet of its arguments, that is, if P =pr Q then a(P) =

a(Q). E.g. assume for P,Q,R € SPx that P = Q, then clfe(P N R) = mfe(Fg % (P A

R)) g4 mfe(Fﬁ ¥V (Q & R) = clfe(Q A R), where the last equality holds because f

satisfies {f} = a(PA R) = a(Q A R).
In a similar way it follows by Lemma 5.4 that =_.u is a congruence. |
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Definition 6.6: Conditional Fully Evaluated Left-Sequential Logic (CLFEL;) is the fully
evaluated left-sequential logic that satisfles no more consequences than those of
clfe-equality, i.e. for all P,Q € SPa,

UFEL, EP=Q & P=r Q.

Conditional Fully Evaluated Left-Sequential Logic with undefinedness (CLFELj3) is the
fully evaluated left-sequential logic with undefinedness that satisfies no more conse-
quences than those of cler—equaIity, i.e.forallP,Q e SPAU,

UFELEP=Q — P=_u Q.

We define the following sets of axioms for C/FEL, and C/FEL:
EqQCLFEL; = EQMFELU {x A y =y A X},
EqCCFELY = EQMFELY U {x A y = y A x).

In order to prove the soundness of EQCFEL, and EqCEFELY, we start with two auxiliary
lemmas.

Lemma6.7: EQMFEL-(xA AV (xA y) = xA YV (YA x).

Proof: With Prover9 with options 1po and unfold: 0.2s. An alternative and more
readable proof with options kbo and fold, taking 2s, is included in Appendix3. B

Lemma 6.8: Forall f € A} and P € SPy such that a(P) C {f},
EQMFEL-Fg % (PA F) = Fy.

Proof: By induction on the length of . The base case = ¢ is trivial.
For f = ay (a € A), thus Fﬁ =a Fy, we apply structural induction on P, and we
note that from the dual of Lemma 2.7.3 (take y = F) and Fy = F A Fitfollows that

Fp=@r PVF,. (C.$)
The base cases: (1) the case P € {T, F} is trivial; (2) if P = a, then by (C.") and the dual
of (C1),Fs¥ @AF) =(@AFP)YVFE)YV (@aF) =Fg (3)ifPe(y) then by (C.1),

FBVPARN=@aRHVF)VPARH=@rPHYVEF VEPa DEICPNINY
F, =Fp.

If P = —P;,thenF5 & (=P1 A F) Fs% (ProaF)EF,
IfP = P; A Py, thenFy & ((P1 AP)AFR)=FV (PLAR A P F) ‘< (F/f
PrAF) A Fp¥ (oo F)) ZFg A Fy = Fp, where (C4) is the dual of (C4).

IFP=P Y PythenFy % (P YV P) AR MEV (=P A P A F) Y (P &
La271

FFEL8)

F))

V(P o Pra IV PraR)=FsV (PraP)aR)Y Ft (Prafy P
Fp ¥ Fg = Fp2.7, where (pc) refers to the previous case P = P; A Py. [ |
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Lemma 6.9 (Soundness): (1) ForallP,Q € SPy,
EqClFEL, =P = Q = C(FEL, =P = Q,and
(2) ForallP,Q € SPy, EqC(FELY P = Q = CLFEL = P = Q.

Proof: 1. By Lemma 6.5, the relation =, is a congruence on SPj, so it suffices to
show that all closed instances of the EqC{FEL,-axioms satisfy =.y.. By soundness of
EQMFEL (Lemma 4.6), we only have to prove this for the axiomx A y = y A x.LetP,Q €
SPaandlet § € A7 be such that {#} = a(P A Q). In order to prove that mfe(Fﬁ v Pa
Q) = mfe(Fﬁ Y (Q A P)), and thus clfe(P & Q) = clfe(Q AN P), it suffices to derive the
following for any f € A that satisfies a(P) C {f}:

EQMFEL =Fs % (PA Q) = FsV (PAF)V (PA Q) bylemma6.8
=PV (PARYV (PrQ)
=FsV (PAF)V (QAP) bylemmaé.?
= Fﬁ ¥V (Qa P). (asabove)

2. Soundness of EqCZFELY follows as in 1, the additional case is that forany P € SP,” \
SPsand Q € SPL, clfe(P & Q) = clfe(Q i P) = U. ]

We first prove completeness of EQC{FEL,, and then discuss the completeness of
EqC¢FELY.

Lemma 6.10: EqC/FEL, - h(x, h(y,z, u), h(y,v,w)) = h(y, h(x,z,v), h(x, u, w)).

Proof: By commutativity and associativity of A and ¥/, and (C4) (distributivity):

h(x,h(y,z,u), h(y,v,w))
=N (VA DYV (YA )YV (XA (YA VY (Yo w)))
= (XA YAV XA (YA DYV (XA YAV (XA (my s w))
= (VA KAV (YA ANV (YA XAV (Y A (XA w)))
=Y A (XA DV (X AV (YA (A W)V (=xp w)))
= h(y,h(x,z,v), h(x,u, w)).

Lemma 6.11: Leto € A®* and ¢’ be a permutation of . Then for each o -normal P,, there
is a c’-normal form Q such that EQC(FEL, =P, = Q,.

Proof: Byinductionono.lfo =€ oro = a € A, thisis trivial.

Assume o = apa - --dx and o’ = boby - - - by. If ag = by, we are done by induction.
Otherwise, agp = b, with £ # 0 and by induction, P, = h(ao,R,,S,) with p’ = bgp”
for some p” € A’. By Lemma 6.10, h(ao, Ry, S,) = h(bo, Vag Waop”)- Now, either we
are done, or there is a permuation p() of app’ such that bop(agp”) = o’. By induction,
h(Bo: Vo Waopr) = (b0, Vpaopry Wagpr) = Qo u
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Definition 6.12: A B-normal form is a ¢ -normal form (Definition 4.8) with ¢ € A§. We
denote f-normal forms by Pg, Qg, etc.

Lemma 6.13: Let f € A} and o a permutation of 5. Then in C£FEL;, each o -normal form
P, is provably equal to a f-normal form.

Proof: By Lemma 6.11. [ |
Theorem 6.14 (Completeness): The logic CLFEL,; is axiomatised by EQCCFEL,.

Proof: By Lemma 6.9, EQC{FEL; is sound. For completeness, assume Py =g P3, thus,
forsome € A}, a(P;) = {f}. By assumption and Lemma 6.13 there is a f-normal form
Qp such that EQCLFEL, =P = Qg = P,. [ |

The completeness of ECZFELY can be proved in the same way. In comparison with
CClFEL,, there is only one additional f-normal form U.

Theorem 6.15 (Completeness): The logic C(FEL is axiomatised by EqCCFELY.

It follows that C/FEL is equivalent to Bochvar’s well-known three-valued logic (1938).
In Comment 7.6 (on independent axiomatisations) we discuss this equivalence, or
more precisely, the equivalence of EqCFELY and the equational axiomatisation of
Bochvar’s logic discussed in Bergstra et al. (1995).

7. Static FEL (SFEL), short-circuit logic, and independence

In this section we define Static FEL (SFEL), the strongest two-valued FEL we consider
and which is equivalent to a sequential version of propositional logic. SFEL is axioma-
tised by adding x A F = F to the axioms of (two-valued) C£FEL;. It is immediately
clear that SFEL cannot be extended with U: F =U A F = U. In SFEL, the difference
between full and short-circuit evaluation has disappeared and therefore we can reuse
results on static short-circuit logic, which we briefly introduce. Finally, we review all
FEL-axiomatisations and give simple equivalent alternatives with help of Prover9, all
of which are independent.

We assume (A, <) and A? (Definition 6.1) and consider terms whose alphabet is
constrained by some f € A}, and for which we define an evaluation funtion sfey.

Definition 7.1: Forany f € A}, define SPy 3 = {P € SPa | a(P) C {B}}. The static full
evaluation function sfeg : SPa s — Ty is defined by

sfeg(P) = mfe(Fg % P).

The relation =, sC SPa s x SPyp is called static full valuation B-congruence and is
defined by P =f, 4 Q if sfep (P) = sfep(Q).

The crucial difference between sfez and the evaluation function clfe (Definition 6.2)
concerns their domain: for sfeg(P) it is only required that a(P) is a subset of {f}. The
completeness result below implies that =, 4 is a congruence.
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Example 7.2: If f = ab, we find that

TIb>T)<a> (TAbD>T) = sfeq,(T) = sfegp(—b ¥ b) = sfegp (b T),
(TAb>T)dal> (FAb>F) =sfegy(a) = sfeqp((b & F) Y a) = sfeqp(h(b, a,a)),
(TAb>F) Qal> (TAb>F) =sfegy(b) = sfeqp(bV (a i F))) = sfeqp(h(a, b, b)).

Definition 7.3: Static Fully Evaluated Left-Sequential Logic (SFEL) is the fully evaluated
left-sequential logic that satisfies for any f € A} no more consequences than those of
sfeg-equality, i.e. forall P,Q € SPy g,

SFELEP=Q < stfeﬁ Q.

We define the following set EQSFEL of axioms for SFEL:
EQSFEL = EqCFEL, U {x A F =F).

In order to prove completeness of EQSFEL, we reuse a result from Short-Circuit Logic
(SCL), a family of logics based on the connectives A and  that prescribe short-circuit
evaluation: once the evaluation result of a propositional expression is determined,
evaluation stops. Typically, a A b has as its semantics the evaluation tree in which atom
b is only evaluated if a evaluates to true:

The SCL-family comprises the counterparts of the FELs presented in this paper, i.e.
FSCL, MSCL, C£SCL, and SSCL, and in all these logics the connective A is definable,
as was noted in Staudt (2012), Bergstra et al. (2018) and Bergstra and Ponse (2025a):

XAy =XV (YA F)Ay.

We return to these facts in Section 8.
Theorem 7.4 (Completeness): The logic SFEL is axiomatised by EQSFEL.

Proof: For o € A°, let S, be the set of closed SCL-terms with atoms in . In Bergstra
etal. (2018), itis argued on p.21 that the static evaluation trees of all P € S, are perfect
binary trees, where each level characterises the evaluation of a single atom in ¢, and
it easily follows that sse, (P) = sfe, (P') if P’ is obtained from P by replacing the short-
circuit connectives by their fully evaluated counterparts.

According to Bergstra et al. (2018), EQSSCL is the set of axioms in Table 4 that
axiomatises SSCL. Three consequences of EQSSCLare F A x=F, x Ay =y A X, and
X Ny=x Ay We recall from Bergstra et al. (2018) a derivation of the last one:
XOYy=6V YARNAY =6V FAAYy=KVHAYy=xAY.

In Bergstra et al. (2018, Thm.6.11) it is proven that for all P,Q € S, EQSSCL =P =
Q & sse;(P) = sse; (Q). Identifying &\ and A, it suffices to show that EqSSCL and
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Table 4. EqSSCL, a set of axioms for SSCL (axioms (Mem1)-(Memb5) are used in

Appendix 2).

Fe—T (Mem1)
xVy= (=X A Y) (Mem2)
TAXx=x (Mem3)
XA XV y) =x (Mem4)
AV AZ= (XN YA D)V (XA 2) (Mems)
XNY=YNX (Comm)

EqSFEL are equivalent, and this follows quickly with Prover9: EqSSCL + EqQSFEL with
options 1po and pass requires 2s, and EqQSFEL HEQSSCL with identical options
requires 1s. Hence, forall P,Q € SPy 4, EQSFEL-P=Q <= P =sfey Q. [ |

Finally, we provide independent axiomatisations for all FELs.

Theorem 7.5: let

EQFFEL = EQFFEL \ {(FFEL1)},

EqQMFEL = EQMFEL \ {(FFEL1),(FFEL5),(FFEL8),(FFEL9)},
EqCCFELy = {x A y =y & x} UEQMFEL \ {(FFEL4), (FFEL7)},

EQSFEL = {x A F = F} U EqCEFEL,.

Then each set of axioms Ax in the left column is equivalent to the (original) axiomatisaEion
Ax. Furthermore, EQSFEL is independent, and for each other axioma(tjisation Ax, let Ax” be
its extension with the two axioms —U = Uand U A x = U. Then Ax" is independent, and
50 is Ax.

Proof: From EqFFEL derive F = =—F = =(TA =F) = =(—==TA —=F) = =T¥ F, hence
by the dual of (FFEL6), F = —T. According to Mace4, EqQFFEL" is independent.

With Prover9 and default options 1po and unfold, EQMFEL - EQMFEL (a proof
requires 1s). With help of Mace4 it quickly follows that EqMFELU is independent.

With Prover9 and the default options, EQC/FEL, — EqC{FEL; (a proof requires 1s),
and according to Mace4, EQC{FEL;  is independent. In Appendix 4 we show the eight
countermodels generated by Mace4.

According to Prover9 with default options, EqSFEL  EQSFEL (a proof requires 1 s).
With help of Mace4 it quickly follows that EQSFEL is independent. |

Comment 7.6: Another axiomatisation of C{FEL is briefly discussed in Bergstra
and Ponse (20254, Sect.6) and stems from Bergstra et al. (1995), in which an equational
axiomatisation of Bochvar’s logic (1938) is introduced and proven complete that we
repeat here (using full left-sequential connectives instead of A and V):
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(S1) -T=F (57) TN X=X

(S2) -U=U S8) xV (xary)=xVy

(S3) ——X = X (S9) XNy =ydx

(54)  —(xry)=—xV -y (S10) xA YV D)=xAY)YV (XA 2)
(56) kA Y)Nz=xN (Y 2) (S11) Uax=U

The ‘missing’ axiom (S5) defines the connective «— (full left-sequential implication,
x «= y = —=x ¥V y) and is not relevant here. According to Prover9, this axiomatisation
is equivalent with EquFELU. However, without axiom (59), this set is not an axioma-
tisation of MFELY, and therefore we prefer EQC(FELY and EqCCFEL,. Finally, we note
that according to Prover9, axiom (S6) is derivable from the remaining axioms, which
are independent according to Mace4, and that the same is true for axiom (510).

8. Discussion and some conclusions

In this section, we take a closer look at all FELs defined and embed the FEL-family
in a larger whole, namely the family of (left-sequential) short-circuit logics, SCLs for
short. We first briefly explain the SCL family and address the property that each FEL is
a sublogic of its corresponding SCL (each FEL-term can be expressed as an SCL-term).
We then discuss some expressiveness issues and end with some conclusions.

Hoare’s conditional connective, short-circuit evaluation and SCLs. We could have
defined the fully evaluated connectives & and ¥, and thus the FELs, with help of the
ternary connective

Xay>2z,

the so-called ‘conditional’ that expresses ‘if y then x else =z’ and with which
Hoare (1985) characterised the propositional calculus (also using both constants
T and F).* The conditional connective naturally characterises short-circuit evalua-
tion and has a notation that supports equational reasoning, which led us to define
proposition algebra, see Bergstra and Ponse (2011), and subsequently several differ-
ent SCLs in Bergstra et al. (2010[2013]) and Bergstra and Ponse (2025a). More pre-
cisely, in Bergstra and Ponse (2011), left-sequential short-circuited conjunction A and
disjunction % are defined by

XA y=y<x>F and xVy=Taxwy,

and negation by —x = F <xT. Moreover, in that paper the following set CP of four
axioms is distinguished as fundamental:

x<aTey =X, (CP1)
x<aF>y =y, (CP2)
T<ax>F =x, (CP3)

x<(y<zou)pv=(Xaysv)<ze(X<ausv). (CP4)
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In Bergstra et al. (2010[2013]), the short-circuit logic FSCL is defined by the equational
theory of terms over the signature Xcp = { A, —, T,F} that is generated by the two
defining axioms x A y = y <x>F and —x = Fax>T, and the axioms of CP. We further
write CP(A, —) for the set of these six axioms.> As an example, the associativity of A is
quickly derived from CP(A, —), and thus holds in FSCL:

XA YN z=z<(y<x=F)>F by definition
= (zayr>F)<x>(z<F>F) by (CP4)
= (z<yr>F)<x>F by (CP2)
=XNA (YA 2). bydefinition

Each of the FELs discussed in this paper is related to one of the SCLs defined in Bergstra
et al. (2010[2013]) and Bergstra and Ponse (2025a). These SCLs are defined in a generic
way, e.g. Memorising SCL (MSCL) is defined as the restriction to Zcp of the equational
theory of CP(, —) extended with the ‘memorising’ axiom

x<ays(Zzaus (vaysw)) =x<ys(z<usw)  (yis ‘memorised’). (43)

As an example, x A x = x is easily derivable from these seven axioms, and so are the
axioms (Mem1)-(Memb5) in Table 4. More generally, the validity of any equation in a
particular SCL can be checked in the associated CP-system: either a proof can be found
(often with help of Prover9), or Mace4 finds a countermodel. SCLs were extended with
a constant U for the third truth value undefined and the defining axiom x <Ur>y = U
in Bergstra et al. (2021). A complete axiomatisation for MSCLY was given, but an
axiomatisation of FSCLY is not yet known, not even when restricted to closed terms,
see Bergstra et al. (2021, Conject.8.1).

FELs and SCLs. As was noted in Staudt (2012), the connective A can be defined using
short-circuit connectives and the constant F (due to the FSCL-law F A x = F):

XAy =V (A F)AY. (44)

It is easy to prove that CP(A,—) + (44) =x Ay =y<x>(F<yrsF) and the latter
equation is perhaps more intuitive than (54). The addition of x A y = y <x> (Fay>F)
and —=x = F<ax T to CP, say CP(/, —), implies that CP(, —) = EQFFEL. Similarly, the
addition of axiom (43) to CP(A, —) implies that x A x = x and (M1) in Table 2 are deriv-
able. Like in the case of SCLs, the validity of any equation in a particular FEL can be
easily checked in the associated CP-system. The addition of U is in the case of FELs sim-
ple. For FFELY there are normal forms U, with o € A*, and for MFELY, normal forms U,,
with o € A®. In the case of CLFEL, these all reduce to U.

Side effects and application perspective. SCLs can be characterised by their efficiency,
in the sense that atoms are not evaluated if their evaluation is not needed to determine
the evaluation of a term as a whole. From that perspective FELs might seem rather
inefficient, but this is not necessarily so, as was already noted in Staudt (2012), a quote:

We find that some programming languages offer full left-sequential connectives, which
motivated the initial investigation of FEL. We claim that FEL has a greater value than
merely to act as means of writing certain SCL-terms using fewer symbols. The usefulness
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of a full evaluation strategy lies in the increased predictability of the state of the environ-
ment after a (sub)term has been evaluated. In particular, we know that the side effects of
all the atoms in the term have occurred. To determine the state of the environment after
the evaluation of a FEL-term in a given environment, we need only compute how each
atom in the term transforms the environment. It is not necessary to compute the evalua-
tion of any of the atoms. With SCL-terms in general we must know to what the first atom
evaluates in order to determine which atom is next to transform the environment. Thus to
compute the state of the environment after the evaluation of an SCL-term we must com-
pute the evaluation result of each atom that transforms the environment and we must
compute the transformation of the environment for each atom that affects it.

For a simple example, let v be a programming variable that ranges over the inte-
gers, and let e, e’ be simple arithmetical integer expressions that may contain v. As
atoms we take tests of the form [e > e’] with the expected boolean evaluation and
assignments of the form (v: =e) with evaluation result the boolean value of e (thus
false if the value of v equals 0, and otherwise true). Now consider the conditions

(vi=v+1l) A ([Vv > 1] A (vi=v+l))and
(vi=v+1l) A ([v > 1] N (vi=v+l)).

For both conditions, their boolean FSCL and FFEL-evaluations are identical. However,
the ‘side effects’ in the first condition are non-uniform and depend on the initial value
of v, while they are uniform in the second condition. This is easy to see by inspecting
the initial values of v € {—2,—1,0, 1}.

Apart from side-effects, it may be desirable for a computation or evaluation to
have a predictable length or duration, e.g. to avoid timing attacks, as explained at
https://en.wikipedia.org/wiki/Timing_attack,® where an example is also given of two
pieces of C code, the first of which is short-circuited and insecure, while the second
uses a bitwise (fully evaluated) operation and is secure.

FELs and SCLs, the larger whole. Given the relevance of FFEL and FFELY as discussed
above, it is natural to investigate some stronger FELs.

First, it is clear that MFEL and its evaluation trees are a useful tool in finding (and
explaining) equational axiomatisations of C/FEL;, C/FEL and SFEL, and in defining their
evaluation trees.

In Bergstra and Ponse (2025a), three-valued Conditional logic (Guzman & Squier,
1990) is viewed as a short-circuit logic, named C/SCL.” Furthermore, its two-valued
variant C/SCL, is located in between MSCL and SSCL, and it is also noted that con-
ditional logic defines a fully evaluated sublogic that is equivalent to the strict three-
valued logic of Bochvar (1938); this is the logic we now call C£FEL. We stress that the
availability of a separate notation for the fully evaluated connectives in addition to the
notation A and % for the short-circuit connectives is instrumental to this observation.
As an example, it is noted in Bergstra and Ponse (2025a) thatx A y = (X A y) Y YA X)
is a derivable consequence of the axioms for C/SCL;,. Hence, the commutativity of A is
an immediate consequence of the axiom

XANY YA =AYV XA Y)

that is typical for the axiomatisations of C/SCL and C£SCL,;. Thus, we locate C/FEL; in
a hierarchy of two-valued FELs, and we derive its existence and motivation both from
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the three-valued logic C/SCL, and from the consideration to adopt a full evaluation
strategy.

Finally, we observe that SFEL can be considered a sublogic of SSCL, although
both these logics are obviously equivalent to propositional logic, albeit with different
evaluation strategies.

Expressiveness. We call a perfect evaluation tree uniform if each complete trace con-
tains the same sequence of atoms. By definition, each FEL defines a certain equality on
the domain of uniform evaluation trees. In FFEL and FFELY, some uniform evaluation
trees can be expressed, but for example not

(TIbBEF) a>(FLbOT),

which is expressible in MFEL by h(a, b,—b) = (a i b) ¥ (—a N —b), and it easily fol-
lows that each uniform tree can be expressed in MFEL. Of course, in SFEL, which is
equivalent to SSCL, with x A F = x A F = F, each uniform evaluation tree can be com-
pared to a truth table for propositional logic and it is possible to define a semantics for
SFEL based on an equivalence = on evaluation trees that identifies each (sub)tree with
only F-leaves with F, and each (sub)tree with only T-leaves with T. Then, any P € SPA,/)»
has a representing evaluation tree without such subtrees, for example,

sfegpc((a N b)’\/ (—a o)
—(Tc>T) b (FIcBF) <al (TIcBF) <bB> (TIcF))

A0 (TdeeT)9b> FQcF) <a> (TIb>T) dc> (FIb>F))

=T<b>F)<dal> (T<c>F). (bySFEL/=)

In MSCL, the latter tree is the evaluation tree of (a A b) V (—a A ©), see Bergstra
et al. (2021) for a detailed explanation.

As a final point, we note that there are left-sequential, binary connectives for which
the distinction between short-circuit evaluation and full evaluation does not exist,
such as the left-sequential biconditional and the left-sequential exclusive or, defined
in Cornets de Groot (2020) by x«—»> y = y<x> (FaysT)and xed y = (FaysT)<x>y,
respectively. It immediately follows that xe® y = xe«> =y and = (x> y) = x &> —y.
Below we use the symbols «» and «®, expressing only left-sequentiality. Regarding
expressiveness, we note that in FFEL extended with «-, the evaluation tree of a«-> b
is(TIbB>F)dal (F<Kb>T).However, it easily follows that not all uniform evalua-
tion trees can be expressed in FFEL with «>.2 Of course, in MFEL and all stronger FELs,
the left-sequential biconditional x«> y is definable by h(x, y, —y).

Conclusions and future work. As mentioned, this paper is a continuation
of Staudt (2012), in which FFEL was introduced and which contained the first com-
pleteness proof for the short-circuit logic FSCL (Free SCL). We introduced six more fully
evaluated sequential logics (FELs), two of which are not new: C{FEL, which is equiva-
lent to the logic of Bochvar (1938), and SFEL, which is equivalent to SSCL (Bergstra
et al., 2010[2013]) and to propositional logic. We note that the work in Bergstra
and Ponse (2025b), which is about ‘fracterm calculus for partial meadows’, is based
on C£SCL.
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More research on the pros and cons of programming with side effects and the
use of FFEL versus FSCL (and their U-extensions) would be interesting, and could
lead to new, interesting FELs that lie between FFEL and MFEL: referring to Bergstra
and Ponse (2011), these could be the FELs based on repetition-proof and contractive
valuation congruence.

Notes

1. In ‘short-circuit logics’ (SCLs), short-circuit evaluation is prescribed by the short-circuit
connectives A and /; in the journal paper (Ponse & Staudt, 2018), the FSCL-part
of Staudt (2012) is also discussed.

2. Ageneral reference to equational logics is Burris and Sankappanavar (2012).

3. Notethatx A F = Fis a consequence of absorption:x A F=FA x=FA (FV x) =F.
This equation plays an important role in Static FEL (see Section 7).

4. However, Church (1948) introduced the conditioned disjunction [p, g, r] as a primitive con-
nective for the propositional calculus, which expresses the same as Hoare’s conditional
p<qwr, and proved the same result.

5. Short-circuit disjunction x ¥ y can be defined by —(—x AN 7y) because CP(A,—)
—(—x A —y) = T<x>y easily follows.

6. Lastedited 4 May 2025 at time of writing.

7. The name CfSCL was chosen because CSCL is already used for ‘Contractive SCL’
in Bergstra et al. (2010[2013]), the short-circuit logic that (only) contracts adjacent atoms:
ana=abut(@n b) A (an b)andan b have different evaluation trees.

8. Suppose A = {a}. Then there are 5-4*.33 terms composed of four elements of
{a,—a,a’ T,a F}andthe three connectives in {\, % ,«>} that have evaluation trees of
depth 4.1tis not hard to prove that these terms represent all closed terms with evaluation
trees of depth 4. However, there are 276 such trees.

9. The proof of clause 5 of Bergstra et al. (2021, La.3.3) (p.266) contains two errors in Case
¢ = a, correct is: ‘and by induction Ly(Xi[T = Y]) = Lag(XDI[T > Lg(Y)] = La(X)IT >
La(Y)]' (cf. Case b = ain the proof below and take Z = F).
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Appendices
Appendix 1. Proofs - Section 2

Correctness of f.To prove that f : SPs — FNF is indeed a normalization function we need to
prove that for all FEL-terms P, f(P) terminates, f(P) € FNF and EqFFEL - f(P) = P. To arrive at
this result, we prove several intermediate results about the functions f” and <, roughly in the
order in which their definitions were presented in Section 2. For the sake of brevity we will not
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explicitly prove that these functions terminate. To see that each function terminates consider
that a termination proof would closely mimic the proof structure of the lemmas dealing with
the grammatical categories of the images of these functions.

Lemma A.1: Forany PF and P, EQFFEL - Pf = PF A Fand EQFFEL -PT =PTY T,

Proof: We prove both claims simultaneously by induction. In the base case we have F =TA F
by (FFEL5), which is equal to F {\ F by (FFEL8) and (FFEL1). The base case for the second claim
follows from that for the first claim by duality.

For theinductionwe havea i PF = a i (PP A F) by the induction hypothesis and the result
follows from (FFEL4). For the second claim we again appeal to duality. |

Lemma A.2: The following equations can be derived by equational logic and EQFFEL.

(1) XA A EAFR)) =6V A @op,
2 ~x VD =-xn (VD).
Proof:
XA YN L F)=xd (kyd 2) A F) by (FFEL4) and Lemma 2.7.1
=(—xN WA (N F) by (FFEL4) and Lemma 2.7.1
==(—xA YN (2L F) bylemma2.7.1
=(xVy) A @nF), by (FFEL2)
—xN YV T)=—xV (y& F) by (FFEL10)
=—=(x& —~(y A F)) by (FFEL2) and (FFEL3)
==(x —(=y N —T)) by (FFEL8) and (FFEL1)
==& (yV T). by (FFEL2)
|
Lemma A.3: Forall P € FNF, if P is a T-term then f" (P) is an F-term, if it is an F-term then f" (P) is a
T-term, if it is a T-x-term then so is f" (P), and
EQFFEL —f"(P) = —P.
Proof: We start with proving the claims for T-terms, by induction on P'. In the base case
f'(T) = F. Itis immediate that f"(T) is an F-term. The claim that EQFFEL Ff"(T) = —T is imme-
diate by (FFEL1). For the inductive case we have that f"(a % PT) = a & f"(PT), where we may
assume that f7(P") is an F-term and that EqFFEL - f"(P") = —P'. The grammatical claim now

follows immediately from the induction hypothesis. Furthermore, noting that by the induction
hypothesis we may assume that f?(P") is an F-term, we have:

ff(a¥% Py =a¢ f"(PT) by definition
=a (f"(PHY N F)  byLemmaA.T
=-ad (F"(PYNF) bylemma2.7.1
=—-a f"(P") bylemmaA.l
=—-a —P' by induction hypothesis
= —(a¥ P"). by (FFEL3) and (FFEL2)
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For F-terms we prove our claims by induction on PF. In the base case f"(F) =T. It is imme-
diate that f"(F) is a T-term. The claim that EQFFEL " (F) = —F is immediate by the dual of
(FFEL1). For the inductive case we have that f"(a & PY) = a ¥ f7(PF), where we may assume
that f"(P") is a T-term and EQFFEL - f"(PF) = —PF. It follows immediately from the induction
hypothesis that f”(a & PF) is a T-term. Furthermore, noting that by the induction hypothesis we
may assume that f"(PF) is a T-term, we prove the remaining claim as follows:

flfay PPy =a¥ f'(PF) by definition
—a¥ (MPHV T) bylLemmaA.
=—-a¥ (f"(PYV T) by the dual of Lemma 2.7.1
=-a¥ f"(P") bylLemmaA.l
= —a¥ =P" Dbyinduction hypothesis
= —(a PF). by (FFEL3)and (FFEL2)

To prove the lemma for T-#-terms we first verify that the auxiliary function f]' returns a *-term
and that for any #-term P, EQFFEL I f]'(P) = —P. We show this by induction on the number of
{-terms in P. For the base cases, i.e,, for {-terms, it is immediate that f]'(P) is a *-term. If P is an
{-term with a positive determinative atom we have:

flap Py =—ap P by definition
=—ap PPV T) bylemmaAnl
=@ (PTVYT) bylemmaAz2.2
=—(ai PT). bylemmaA.l

If P is an £-term with a negative determinative atom the proof proceeds the same, substituting
—a for a and applying (FFEL3) where needed. For the inductive step we assume that the result
holds for #-terms with fewer ¢-terms than P* A Q7 and P* & QC. We note that each application
of fI' changes the main connective (not occurring inside an £-term) and hence the result is a
x-term. Derivable equality is, given the induction hypothesis, an instance of (the dual of ) (FFEL2).

With this result we can now see that f"(PT & Q*) is indeed a T-%-term. Furthermore we find
that:

fIPT A Q") =PT A F1(Q) by definition
=PT & —Q*  as shown above
=(PT¥ ) =Q* bylemmaA.l
=—(P"VY T)¥ =Q* byLemma2.7.2
= —PT¥ =Q* bylLemmaA.l
=—(PT A Q%). by (FFEL2) and (FFEL3)
Hence for all P € FNF, EQFFEL - f"(P) = —P. ]

Lemma A.4: Forany T-term P and Q € FNF, f¢(P, Q) has the same grammatical category as Q and

EqFFEL —f°(P,Q) = P Q.

Proof: By induction on the complexity of the first argument. In the base case we see that
f¢(T, P) = P and hence has the same grammatical category as P. Derivable equality follows from
(FFELS5).
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For the induction step we make a case distinction on the grammatical category of the sec-
ond argument. If the second argument is a T-term we have that f(a® PT,Q") = a ¥ f(PT,Q"),
where we assume that f(PT, Q") is a T-term and EQFFEL - f<(PT, Q") = PT & Q'. The grammati-
cal claim follows immediately from the induction hypothesis. The claim about derivable equality
is proved as follows:

ffa¥ PT,Q") =a¥ f(P',Q") by definition
=a¥ (PT& Q") by induction hypothesis
=a¥ (PTA (Q"V T) bylemmaAn
=@¥PHa Q'Y T) bylemma27.2
=@¥% PHa Q. bylemmaA.l

If the second argument is an F-term we assume that f<(PT, QF) is an F-term and that EqFFEL
f<(PT,QF) = PT & QF. The grammatical claim follows immediately from the induction hypothe-
sis. Derivable equality is proved as follows:

ffa¥ P,QN =aq F(PT,QF) by definition
=ad (PT o Q) byinduction hypothesis
=a\ (PT(\ (QIE N F) bylemmaAl
=@V PHa (QFAF) bylemmaA2.i
=@V PHa Q. bylemmaAn

Finally, if the second argument is a T-x-term then f<(a ¥ PT,Q" & R*) = f<(a ¥ PT,Q") & R*.
The fact that this is a T-x-term follows from the fact that f*(a % PT,Q") is a T-term as was shown
above. Derivable equality follows from the case where the second argument is a T-term and
(FFEL4). |

Lemma A.5: Forany T-x-term P and F-term Q, f¢(P, Q) is an F-term and

EQFFEL -f<(P,Q) = P& Q.

Proof: By (FFEL4) and Lemma A4 it suffices to show that fZC(P*,QF) is an F-term and that
EqFFEL }—fzc(P*,QF) = P* & QF. We prove this by induction on the number of ¢-terms in P*.
In the base cases, i.e., {-terms, the grammatical claims follow from Lemma A.4. The claim
about derivable equality in the case of {-terms with positive determinative atoms follows
from Lemma A.4 and (FFEL4). For £-terms with negative determinative atoms it follows from
Lemmas A.4, A.1, (FFEL?7), (FFEL4) and (FFELS).

For the induction step we assume the claims hold for any #-terms with fewer ¢-terms than
P* & Q7 and P* ¥ Q. In the case of conjunctions we have f5(P* & Q4,RT) = £5(P*, £5(Q9, RY))
and the grammatical claim follows from the induction hypothesis (applied twice). Derivable
equality follows from the induction hypothesis and (FFEL4).

For disjunctions we have f5(P* % Q5 RF) = fs(P*, f5(Q5, RF)) and the grammatical claim fol-
lows from the induction hypothesis (applied twice). The claim about derivable equality is proved
as follows:

fS(P* & Q%R = FS(P*, £5(Q%, R™)) by definition
=P { (Q°A RY) by induction hypothesis
=P*A QN (RFAF) bylemmaA.l
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=PVQ)N RTAF) bylemmaA2.
=(P*V Q)¢ RF. bylemmaA.l

Lemma A.6: Forany F-term Pand Q € FNF, f¢(P, Q) is an F-term and
EqFFEL —f<(P,Q) = PN Q.

Proof: We make a case distinction on the grammatical category of the second argument. If
the second argument is a T-term we proceed by induction on the first argument. In the base
case we have f¢(F, PT) = f"(P") and the result is by Lemmas A.3, A.1, (FFEL7) and (FFEL8). In the
inductive case we have f<(a P, Q") = a i FS(PF, QT), where we assume that f¢(P", Q") is an F-
term and EqFFEL f¢(PF, Q") = PF & QT. The result now follows from the induction hypothesis
and (FFEL4).

If the second argument is an F-term the proof is almost the same, except that we need not
invoke Lemma A.3 or (FFEL8) in the base case.

Finally, if the second argument is a T-x-term we again proceed by induction on the first argu-
ment. In the base case we have f¢(F,PT A Q*) = f(PT & Q*,F). The grammatical claim now
follows from Lemma A.5 and derivable equality follows from Lemma A.5 and (FFEL7). For for the
inductive case the results follow from the induction hypothesis and (FFEL4). |

Lemma A.7: For any T-«-term P and T-term Q, f°(P, Q) has the same grammatical category as P
and

EqFFEL —f°(P,Q) = P Q.

Proof: By (FFEL4) it suffices to prove the claims for f7, i.e,, that ff (P, Q") has the same gram-
matical category as P* and that EqFFEL - f£(P*, Q") = P* & QT. We prove this by induction on
the number of £-terms in P*. In the base case we deal with ¢-terms and the results follow from
Lemma A.4 and (FFEL4).

For the inductive cases we assume that the results hold for any #-term with fewer £-terms
than P* A Q7 and P* ¥ QC. In the case of conjunctions the results follow from the induction
hypothesis and (FFEL4). In the case of disjunctions the grammatical claim follows from the
induction hypothesis. For derivable equality we have:

fE(P* % Q5,RT) = P* % fS(Q5,R") by definition
=P*¥ (Q°A R") by induction hypothesis
=PV (Q°A (RTV T)) bylemmaA.l
=P*VQ)A RTVT) bylemma2.7.eq:a5
=PV Q)AR". bylemmaA.l

Lemma A.8: ForanyP,Q € FNF, f°(P,Q) is in FNF and
EqFFEL —f°(P,Q) = P Q.

Proof: By the four preceding lemmas it suffices to show that f<(PT A Q*,RT & §*) is in FNF and
that EQFFEL —fS(PT & Q% RT A §*) = (PT & Q%) & (RT & S*). By (FFEL4), in turn, it suffices to
prove that £ (P*, QT & R*) is a #-term and that EqFFEL - fS(P*, QT & R*) = P* & (QT A R*). We
prove this by induction on the number of £-terms in R*. In the base case we have that f§ (P*, Q' A
R') = f£(P*,Q") & RL. The results follow from Lemma A.7 and (FFEL4).
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For the inductive cases we assume that the results hold for all *-terms with fewer ¢-terms
than R* & S9 and R* % S€. For conjunctions the result follows from the induction hypothesis
and (FFEL4) and for disjunctions it follows from Lemma A.7 and (FFEL4). |

Theorem 2.9: Forany P € SPy, f(P) terminates, f(P) € FNF and EQFFEL —f(P) = P.

Proof: By induction on the complexity of P. If P is an atom, the result is by (FFEL5) and (FFEL6).
If Pis T or F the result is by identity. For the induction we assume that the result holds for all FEL-
terms of lesser complexity than P A Q and P ¥ Q. The result now follows from the induction
hypothesis, Lemmas A.3, A.8 and (FFEL2). |

Correctness of g.
Theorem 2.18: forall P € FNF, g(fe(P)) = P, i.e., g(fe(P)) is syntactically equal to P for P € FNF.
Proof: We first prove that for all T-terms P, g' (fe(P)) = P, by induction on P. In the base case
P = T and we have g' (fe(P)) = g'(T) = T = P. For the inductive case we have P = a ¥ Q' and
g'(fe(P)) = g"(fe(Q") < a™> fe(Q")) by definition of fe

=a¥ g'(fe(Q")) by definition of g"

=a% Q" by induction hypothesis

=P

Similarly, we see that for all F-terms P, gF (fe(P)) = P, by induction on P. In the base case P = F
and we have g (fe(P)) = g™ (F) = F = P. For the inductive case we have P = a & QF and

gf (fe(P)) = g (fe(Q") < a > fe(QF)) by definition of fe
=ad g (fe(QM) by definition of g
=a¢ Q  byinduction hypothesis
=P.

Now we check that for all £-terms P, g¢(fe(P)) = P. We observe that either P=a A Q" or P =
—a Q. In the first case we have

g[ (fe(P)) = g[ (fe(QT) <agl fe(QT)[T  F]) by definition of fe
=ad g'(fe(Q")) by definition of g°
=a\ Q" as shown above
=P.

In the second case we have that

g’ (fe(P)) = g (fe(QN)[T > F1 < a > fe(Q")) by definition of fe
=-a g'(fe(Q")) by definition of g,
=-a Q" asshown above
=P.

We now prove that for all x-terms P, g*(fe(P)) = P, by induction on P modulo the complexity of
£-terms. In the base case we are dealing with £-terms. Because an £-term has neither a cd nor
a dd we have g*(fe(P)) = g’ (fe(P)) = P, where the first equality is by definition of g* and the
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second was shown above. For the induction we have eitherP = QA RorP = Q¥ R. In the first
case note that by Theorem 2.15, fe(P) has a cd and no dd. So we have

g*(fe(P)) = g*(cdq (fe(P)[A1 = T, A2 = FI) & g*(cda(fe(P))) by definition of g*
= g*(fe(Q)) i g*(fe(R)) by Theorem 2.15
= Q¢ R byinduction hypothesis
=P.

In the second case, again by Theorem 2.15, fe(P) has a dd and no cd. So we have that

g*(fe(P)) = g*(ddi(fe(P))[A1 = T, Ay = FI) ¥ g*(ddy(fe(P))) by definition of g*
= g*(fe(Q)) ¥ g*(fe(R)) by Theorem 2.15
= QY% R byinduction hypothesis
=P

Finally, we prove the theorem’s statement by making a case distinction on the grammatical
category of P. If P is a T-term, then fe(P) has only T-leaves and hence g(fe(P)) = g' (fe(P)) = P,
where the first equality is by definition of g and the second was shown above. If P is an F-term,
then fe(P) has only F-leaves and hence g(fe(P)) = g (fe(P)) = P, where the first equality is by
definition of g and the second was shown above. If Pis a T-x-term, then it has both T and F-leaves
and hence, letting P = Q i R,

g(fe(P)) = g'(tsd; (fe(P))[A — TI) & g*(tsda(fe(P))) by definition of g
= g'(fe(Q)) & g*(fe(R)) by Theorem 2.17
=QN R asshown above
= P’

which completes the proof. n

Appendix 2. Proofs - Section 4

In order to show that the relation =,f is indeed a congruence (Lemma 4.4), we first repeat a
part of Bergstra et al. (2021, La.3.3), except that we generalise its clause 5 to clause 2 below.’

LemmaA.9: Forallac A f e {l,R}andX,Y,Z € T,

(1) m(eX[T— F,F—= T)) =m{fe(X)[T— F,F—T],
) fX[T Y, F> Z]) = 00T = f2(Y),F = f2(2)].

Proof: Clause 1 is Lemma 3.3.4 in Bergstra et al. (2021). We prove clause 2 by induction on the
structure of X. The base cases are trivial.

If X = X; < b > X3, distinguish the cases b = aand b # a:

Case b = a,subcase f = L: La(X[T = Y,F—> Z]) = La(X4[T = Y,F — Z]) and by induction,
LaGGIT - Y, F > Z1) = LaOX)IT = La(Y),F > La(2)]. By La(X) = La(X1), we are done. The
other subcase f = R follows in a similar way.

Case b # a, subcase f = L:

LeX[TH> Y, F> Z])
=L [T Y, F> Z)<bB Lg(Xa[TH Y, Fi> Z])

H LaXDIT > Lg(Y),F > Lg@D1 b La(X)T > La(Y),F > La(2)]
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=LaX)[T > Lg(Y),F > Lg(2D)].

The other subcase f = R follows in a similar way. |
Lemma 4.4: The relation =, is a congruence.

Proof: Define—X: 74 — Taand X A Y, X% Y :Ta x Ta = Taby
X =X[T FF—T],

XA Y=XTr Y,F YT Fl,

XV Y=XT— Y[F— T,F > Y]
Hence, =(fe(P)) = fe(—P), fe(P) i (Q) = fe(P & Q), and fe(P) ¥ fe(Q) = fe(P¥ Q). It suffices to
show thatforX,Y € 7a,ifm(X) = m(X’)and m(Y) = m(Y’), thenm(=X) = m(=X"),m(X A Y) =
mX' A Y),andmX¥ V) =mX ¥ Y.

The case for —X follows by case distinction on the form of X. The base cases X e {T,F}

are trivial, and if X = X; < a > X;, then m(X) = m(X’) implies that X' = X| <a > X, for some
X1, X5 € Ty, and

m(La(X1)) = m(La(X7)) and  m(Rq(X2)) = m(Ra(X)). (Aux3)

Write [neg] for the leaf replacement [T — F,F — T] and derive
m(=X) = m((X: <4 a > X;)Ineg))

= m(Lqa(X1[negl)) < a > m(Rq(X2[negl))

= m(Ly(X7[negl)) < a> m(Rs(X5[negl)) byLa.A.9.1 and (Aux3)

= m(=X").
The caseform(X A V) = m(X' & Y'): for readability we split the proof obligation into two parts.

(A) m(X A Y)=m(X' A Y). This follows by induction on the depth of X. The base cases

X € {T,F} are simple: note that if X = T and m(X) = m(X"), then X’ =T and we are done, and
similarly if X = F.

If X = X1 <a> X, and m(X) = m(X’), then by (Aux3), X' = X| <a> X, forsome X, X, € T4
with m(La(X1)) = m(La(X7)) and m(R4(X2)) = m(Ra(X3)). Write

[fulland Y]for [T— Y,F— Y[T — FI],
[fulland L (Y)] for [T — Lg(Y),F = La(Y)[T — FI],
[fulland Rq(Y)] for [T — Ra(Y),F —= Ra(V)IT — FII.
Derive
mX A Y)
=m((X; <a>X)) A Y)
= m(X [fulland Y1 < a > X,[fulland Y1)
= m(La(Xq[fulland Y1)) < a > m(R,(Xz[fulland Y]))
= m(Lg(X1)[fulland Lq(Y)]) < a > m(Rq(X2)[fulland Rq(Y)]) by La.A9.2
=m(La(X1) & La(Y)) <a>m(Ra(X2) & Ra(Y))
= m(La(X}) & La(¥)) Q@B m(Ra(X3) X Ra(Y)) by IHand (Aux3)
=...=mX' A Y).
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BYm(X A Y) =m(X A Y). This follows by induction on the depth of X. The base cases X e {T,F}
are trivial. If X = X7 < a > X, derive

mX A Y)=m((X; da> X)) A Y)

= m(X [fulland Y1 < a > X,[fulland Y])
= m(Lg(Xq[fulland Y1)) < a > m(R,(Xz[fulland Y]))
— m(La(X1)[fulland Lo (Y)]) < a > m(Ra(Xz)[fulland Ra(Y)]) by La.A.9.2
=m(La(X1) A La(Y)) Da> m(Ra(X2) & Ra(Y))
=m(La(X1) A La(Y)) Qa>m(Ra(X2) & Ra(Y)) by lIH
=...=mXAY).

The proof for the case m(X & Y) = m(X’ & Y’) is similar. [ |

For the continuation of the proof of Lemma 4.6, we use results about short-circuit con-
nectives and the memorising short-circuit evaluation function mse(P) = m(se(P)) defined
in Bergstra et al. (2021, available online); for the function m see Definition 4.2 and below
we recall the definition of the short-circuit evaluation function se. In particular, we use the
definability of the connectives ¢\ and ¥ in short-circuit logic (cf. Section 7).

Given a set of atoms A, the set S, of closed terms with short-circuit connectives is defined by
the following grammar (a € A):

P:=T|Fla|—-P|PAP|PVP

For a € A, the evaluation function se : Sy — 7, and the translation function t : SPy — Sy are
defined by

seM=T, se(Ff)=F tM=T tF) =F,
se(a)=T<al>F, ta) =aq,

se(—P) =se(P)[T+— F,Fi> T, t(—P) = —(t(P)),

se(Py Q) = se(P)T > se(Q),  tPH Q) = (tP)YV (HQ) A F)) A HQ),
se(P Q) = se(P)[F — se(Q)], t(PY Q) = (t(P) A (HQY TNV t(Q).

Lemma A.10: Forall P € SP,, fe(P) = se(t(P)).

Proof: By structural induction on P. The base cases are immediate, and so is fe(—P) = se(t(—P)).
Forthe case P = Q / R, derive

se(t(P))
=5e((tQ Y (tR) A F)) A t(R))
=s5e(t(Q) Y (t(R) A F))IT = se(t(R))]
= (se(t(Q)IF — se(t(R) A F)DIT — se(t(R))].
= (se(t(Q))[F = se(t(R)IT = FDIT > se(t(R))]
= se(t(Q)IT — se(t(R)), F — se(t(R))[T — FIT — se(t(R))]]
= se(t(Q))[T — se(t(R)), F — se(t(R)IT — FII (%)
= fe(Q)[T — fe(R),F — fe(R)[T — FI1 bylH
= fe(P).
(*): Note that se(t(R))[T — F] has no T-leaves.
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The case P = Q¥ Rfollows in a similar way. |

For a variable v € {x,y, z}, define t(v) = v. It follows with Prover9 that

EQMSCL = t(xV ) & 2) = t((—x & (Y 2) YV (X 2)), (B.1)

where EqMSCL consists of the axioms (Mem1)-(Memb5) in Table 4, see Comment A.11 below.
From Bergstra et al. (2021, Thm.4.1) it follows that for all P, Q € S,

EqQMFEL =P = Q = m(se(P)) = m(se(Q)).

Hence, forall P,Q,R € SP,,
m(se(t(PY Q) & R))) = m(se(t(=P & (QA R)YV (PAR)))),
so, what has to be proved, i.e.,
m(fe((PY Q) & R) = m(fe(=P N QA R)Y (P R))),

follows from Lemma A.10.
Comment A.11: A proof with Prover9's options 1 po and unfold, and with as assumptions the
five axioms of EQMSCL was obtained in 0.02s. The syntax of the proven goal for Prover9, that is,
the t()-translation of (B.") where ~, v, 7, 1, 0 stand ford\,ov, -, T,F,is:
((x " (yv 1) vy vi(z"0) "z
((x" v ((ly v (z20)) ~z) ~0)) ~ ((yv (z720) ~z) " (((xv (z"0)) " z)vl))

((x v (z ~0)) * z).

Appendix 3. Prover9 on Lemmas 4.7 and 6.7

In the following proof of Lemma 4.7-(C4) by Prover9 with options kbo and fold (101 lines,
the goal is at line 1), and the symbols ~, v, ", 1, 0 stand for &, %, —, T, F, repectively. The %%
Comments (lines 2-16) list the names of the MFEL axioms and were added by us.

Moreover, we find in this proof at line 86 a proof of Lemma 4.7-(C1), and at line 87 the difficult
part of a proof of Lemma 6.7, which can be completed by a simple (C4)-application: (x & F) &

&Y =xdh FVy)y=xay.

PROOF

———————— Comments from original proof —-————-——-
Proof 1 at 1.97 (+ 0.06) seconds.

Length of proof is 101.

Level of proof is 21.

Maximum clause weight is 23.

Given clauses 299.

o o o° oo oe

o

1 x " (yvaz) =(x"y)v (x " z) # label (non_clause) # label(goal). I[].
20" =1. []. %% (FFEL1)
3 xvy = (x'" ~y'"). [1. %% (FFEL2)
4 (x" "~ y")y' = x v y. [3].

5 x'" = x. [] %% (FFEL3)
6 (x ~y) Nz=x"(y " z). [1. %% (FFEL4)
71 " x = x. [1. %% (FFELS)
8 x N 1 = x. [1. %% (FFEL6)
9 x ~0 =0 " x. (1. %% (FFEL7)
10 0 " x =x " 0. [9]

11 x» ~ 0 =x ~ 0. [1. %% (FFELS8)
12 (x ~ 0) vy (x v 1) Ny [] %% (FFEL9)
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14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79

x v (y 20 =x " (y v 1. [1. %% (FFEL1O0)
x N (y vl =xv (y ~0). [14].

(x vy) ~z=(x"(y " z) v (x " z) [1. %% (M1)
(x" ~ (y ~z)) v (x ~z) = (xvy) "~z [l6]

(cl ~ c2) v (¢l ~ ¢3) !'=cl ~ (c2 v c3). [1]

0 v x = x. [2,4,7,5].

x v 0 = x. [2,4,8,5].

17 = 0. [2,5].

(x ~y")y" =x" vy. [5,47].

(x vy)" =x' "y, [4,5].

0" (x ~y) =x" (0" y). [10,6,6].

0" (x "y) =x " (y ~0). [10,6].

X" N (0" y) =x " (0" y). [11,6,6].

0"~ x'" =x ~ 0. [11,107.

((x ~0) vy) "z=(x"0)v (y " z). [13,6,13].

(0~ (x ~y)) vz=(x"(y*0)vz. [6,13,13,10].

X N (yv (z20)) =(x"y)v (z " 0). [15,6,15].

(x ~ (y ~z)) v (x' ~z) = (x vy) ~z. [517].

(x" ~ (y ~ (z 2 u)) v (x*u = (xv (y ~z) ~u [6,17].
((x~y)" ~(z”>u) v (x”(y "u)=(x"y)vz) ~u. [617].
(x" " y) v (x Vy) = (x " 0) vy. [7,17,13].

(x! "y) vx=2XxXVYy. [8,17,8,8].

0"~ (x vy 0" (x v y). [t1,17,17,10,1071.

(x ~ (y 2 0)) v (x ~0) =0 " (x" vy). [11,17,5,107.

(x ~ (0~ y)) v (x ~y) =x"y. [20,17,26].

0"~ x" =0 " x. [27,107.

(0 " x)" =1 v x. [2,22,39].

(x ~y)" =x" vy’'. [5,22].

X" v1=1v x. [10,22,11,41,2,2].

(x" vy) vz=x"v (yvVvz. [22,22,6,41,41,5,5].

1 vx! =1v x. [40,41,2].

((x" vy") ~(z"u)) v(x " (y"u)=(x"y)vz ~u. [3341].
0" (x ~y) =0" (x"vy). [39,6,6].

(x ~ (0~ y)) v (x ~y") =x"~y". 1[39,17,26,20].

lvi1l=1 [2,42,20].

1 v x = 1. [5,42,44].

= x. [48,17,21,7,7,7
v1=xvwvl1. [49,42].

(x ~ 0) v x = x. [10,50].

(0~ x) v (y "0 =x"(y "~ 0.
0" (x”* (y " x)) =07 (xvVvy).
x" " (y ~0)

].

[15,24,30,15,19].
(25,17,46,53,25,6,10] .

x "~ (0"~ y). [10,26].

(x ~y) vxl =x"vy. [5,35].

x'" vx =xv 1 [8,35].

x" v x =1 v x. [49,35,8].

x v X" =xv 1 [51,35,5,8].

((0 " x) vy) "z=(x"0)v (y " z). [10,28].
(0~ (X vy)) v (x "y =x"y. [35,28,41,10,36,60,10,207.
x N x' =x " 0. [57,23,23,21,11,5].

0" x =x " x'. [58,23,23,21,39,5].

x" ~x =x "~ 0. [59,23,23,21,11,5].

x'" v x = x v x". [59,35,8].

(x vy ~y =x"y’". [62,17,55,47].

(x ~ x") v X = X. [62,52].

(x ~y) v (y "y') =x " y. [63,17,2,7,19].

(x ~ (y ~0)) v (z~0) =0" (x> (y " z)). [29,15,15,53,25,6].
0" (x' vy =0" (xvVvy). [37,69,54].

(0" (xvy)) v (x"y)=x"y. [61,707.

(x vy'") "y =x"y. [64,17,55,38].

X N x = x. [67,35,41,5,65,72,68].

X N (x Ny) =x " y. [73,6].

x~ (y " (x~y)) =x"y. [73,6].

(x ~0) vy = (xvy) ~vy. [73,17,34].

(x v (y " x)) ~"z=(xvy) " (x"z). [74,17,32].
0~ (x"y)=0"(xvy). [41,11,10,36,70,10].
((x" vy') ~z) v (x"y) = (x"y) vz I[41,35].
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80 (x’ v y) " x
8l x ~ (y' ©~ x)

x "~ (y ~ x). [35,72,5,6].
x ~y’'. [56,23,23,5,41,5,80].

82 (x! vy) " (z " (xvz')) =x"(y " (z" (xvz'))). [31,66,41,5,6,41,5,6,6].
83 (x 7 0) v (y " (x "vy)) = (xvy) " (x"y). [75,34,32,77].

84 (x vy) " (x"y)=x"y. [34,76,10,78,70,71,28,83].

85 (x 7 0) v (y » (x Ny)) =x " y. [83,847.

86 x "~ (y N x) = x " [5,81,5].

=

87 (x ~ 0) v (y © x) x N y. [85,86].
88 (x’ vy) " x=x"y. [80,86].

89 x N (y N (z *" x)) =x " (y " z). [6,86].

90 x ~ (y v x') = x " y. [72,86,86].

91 (%" v y) ~ (z " x) x N (y " oz). [82,90,90,89].
92 (x N (y" "N z)) v (x Ny) =x N (yVz). [88,17,23,5,6,89,43,88].
93 (x vy) Vvz=xvVvI(Vz). [5,43,5].

94 ((x ~y) vz) "y = (x"y)vVv (z "y). [73,45,79].
95 ((x ~y) vz) " x=x" (yVvz). [86,45,91,92].

96 (x ~ 0) v ((y " x) v.z) = (x " vy) VvV z. [87,93].

97 x ~ ((y " x) v.z) =x " (y Vv z). [86,95,95].

98 x N (y v (x v z)) =x " (y Vv z). [90,95,95,93].
99 (x " y) v (z * x) =x " (y Vv z). [97,87,94,96].
100 (x M y) v (x N z) =x "~ (y Vv z). [88,99,98].

101 SF. [100,18].

end of proof

Appendix 4. Independence of EqCéFELzu, proven with help of Mace4

Below we list the eight models generated by Mace4 that prove the independence of EquFELzU
(Theorem 7.5), each with run time “seconds = 0".In these models, F is always interpreted
asO([FI =0),andTas1([T] =1).

Axiom (FFEL2), i.e, x ¥ y = =(—x & =), is not valid in the model with domain {0, 1} and
[U] = 0 because 1% 1 =0 # 1 = =(—=1 A —1), while the remaining axioms of EqC/FEL," are
valid:

o N0 vVilo o
I 0/0 0 0/0 0
110 1 110 0

Axiom (FFEL3), i.e., —m—x = x, is not valid in the model with domain {0, 1} and [U] = 0 because
——=1 = 0 # 1, while the remaining axioms of EqC¢FEL," are valid:

1o 1 N0 1 vVlo 1
%ooo 0/0 O
110 1 110 0

Axiom (FFEL6), i.e, T & x = x, is not valid in the model with domain {0,1} and [U] =0
because 1 A 1 = 0 # 1, while the remaining axioms of EQC£FEL,Y are valid:
1o 1 N0 v]o 1
0 1 0,0 O 0,0 O

110 0 110 0
Axiom (FFEL10), i.e, x ¥ (y A F) =x & (y ¥ T) is not valid in the model with domain
(0,1} and [U] =0 because T¥ (1A 0)=0#1=1¢ (1% 1), while the remaining axioms
of EqQCCFEL,Y are valid:

o 1 N0 v]o 1
0 0/0 © 0/0 0
1,0 1 110 1

Axiom (M1),ie, x¥ Y A z=(—x A (Y & 2) V (x & 2), is not valid in the model with
domain {0,1,2,3} and [U] =2 because (0% 0) A3=3#2=(—0A (0 3) YV (0A3),
while the remaining axioms of EquFELzU are valid:
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Hlo 1 2 3 v]io 1 2 3
0[0 0 2 3 0/0 1 2 3
-/0 1 2 3
T 0 2 3 10 1 2 3 101 1 2 3
212 2 2 2 212 2 2 2
313 3 2 2 313 3 2 2

The axiom x A\ y =y A x is not valid in the model with domain {0, 1} and [U] = 0 because
0A 1=0%#1=1¢ 0, while the remaining axioms of EqCZFEL," are valid:
o 7 N0 1T vVlo 1
0 0/0 O 0,0 O
111 1 111 1
The axiom —U = U is not valid in the model with domain {0, 1} and [U] = 0 because —0 =
1 = 0, while the remaining axioms of EqCFEL,Y are valid:
1o 1 N0 T Vo
10 0,0 O 010 1
110 1 111 1
Finally, the axiom U & x = U is not valid in the model with domain {0, 1, 2,3} and [U] = 2
because 2 A 3 = 3 # 2, while the remaining axioms of EGC(FEL,Y are valid:

Hlo 1 2 3 v]io 1 2 3
0[0 0 2 3 0/0 1 2 3
-/0 1 2 3
T 0 2 3 10 1 2 3 101 1 2 3
2/2 2 2 3 2/2 2 2 3
3/3 3 3 3 3/3 3 3 3



