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ABSTRACT. We propose a combination of a fragment of four-valued logic and process alge-
bra. This fragment is geared to a simple relation with process algebra via the conditional guard
construct, and can easily be extended to a truth-functionally complete logic. We present an op-
erational semantics in SOS-style, and a completeness result for ACP with conditionals and four-
valued logic. Completeness is preserved under the restriction to some other non-classical logics.
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1. Introduction

Three and four-valued logic arise naturally in descriptions of data types with er-
ror/exceptions and divergencies. We take this observation as a point of departure. In
the case of three-valued logic a reference to [JM94] is illustrative: that paper describes
in detail the use of a three-valued logic in the specification language VDM {Jon90).
This logic deals with partial predicates [BCJ84], and stems from Kleene [Kle38]. An-
other use of three-valued logic evolves if connectives are interpreted sequentially, and
stems from McCarthy [McC63]. A third variant was defined by Bochvar [Boc39}, in
which a third truth value occurs that is strict with respect to all logical operations.
Process expressions can have actions and conditions parameterized by data. If one
uses process expressions as a notation for algorithms, one faces the question how to
interpret conditional constructs in case a condition evaluates to a truth value different
from true or false. In this paper we provide a solution to that question for the four-
valued logic of [BBR95] and process algebra in the style of ACP (Algebra of Com-
municating processes, see e.g., [BK84a, BK84b, BW90]) extended with a conditional
guard construct as in [BB90). The reason for using this particular four-valued logic is
that it embeds the two typical, non-compatible forms of ‘undefinedness’ that we distin-
guish, and can be easily related to various associated logics. We consider this extension
of ACP with four-valued logic as an integrated framework for the incorporation of so-
phisticated exception handling mechanisms in ACP style process algebra. As far as
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we know, similar work has not been reported about ACP or any other process algebra
before. We continue this introduction with a short overview of all ingredients involved.

Four-Valued Logic. We consider four-valued propositional logic as introduced in
[BBR9S]. It is based on the set of values T 4, which consists of

M  (meaningless),
T (true),

F (false), and

D (divergence).

The following set of logical operations is defined and distinguished as truth-
functionaily complete:

- (negation),

{  (definedness: distinguishing F, T from D, M),
A (conjunction), and

4\ (left sequential conjunction).

Here A denotes McCarthy’s left to right conjunction (cf. [McC63}), where we adopt
the asymmetric notation from [BBR9S]. Truth tables for -, ], A, and A are

z | zx r|lzx AlM T F D NIM T F D
M| M M| F MMM MM MIMMMM
T| F T| T T{M T F D T|IM T F D
FIT FIT FIM F F F FIF F F F
D{ D D| F DM D F D DD D D D

(Observe that A is monotonic in M.) The resulting logic is denoted as

24(ﬁa’lﬂ N, J‘\ )a

where the subscript 4 refers to the four values of T4. Notice that the connectives A,
4\, and their duals are associative, and that A and V are commutative as well. A com-
plete axiomatization of its equational theory can be found in [Rod96]. The sequential
fragment £4(—, A ) was earlier axiomatized in [BP96]. Kleene’s three-valued logic is
embedded in £4(—, {,A, A) by T,F, D and -, A, Bochvar’s strict three-valued logic
by T,F, Mand -, A, and McCarthy’s sequential three-valued logic by T, F, one of D, M,
and -, A, where the asymmetric symbol for left sequential conjunction is introduced
in [BBR9S].

Process Algebra with Two-Valued Logic. A basic construct in the combination
of two-valued propositional logic and process algebra is conditional composition
z 4 ¢ b y, introduced in [BB90]. Here «, y are processes, and ¢ is a proposition. This
operation satisfies (among others) the following axioms:

rd4Tby = =,
rtdF>y = uy,
x4y = yd-gdr.
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The notation _ 4 _ > _stems from [HHH*87], and in that paper z < ¢ b y is defined as
if ¢ then z else y fi.

The special constant é represents the inactive or deadlocking process, and is ax-
iomatized by z + 6 = z and é - = = § where + represents ‘choice’ (S0 inaction never is
an alternative) and - represents sequential composition. With J the conditional guard
construct from [Dij75] (called guarded command in that paper) can be represented in
process algebra. This operation is introduced in process algebra in [BB90] with nota-
tion :—, and satisfies

¢z = zTd4A¢D 4,
Tz = =z,
F:szxz = .

For the conditional guard construct the following axiom relates V and +:
pVY sz =¢ 2z+¢ >z

Its soundness follows from commutativity of both v and +, and the axioms z +z = =
and z + 6 = z. An axiom that reduces repeated application of the conditional guard
construct is:

¢ (Yoz)=0ANY 2z

(note the symmetry in ¢ A ). A different approach to process algebra with two-valued
logic is described in [GP94], where propositions are considered process constants (e.g.
¢ x4+ ¢ yexpresses z 4 ¢ > y, and ¢ - Y expresses ¢ A ).

Interpretation of Conditional Constructs with Non-Classical Values. A simple
point of departure for defining conditional constructs over four-valued propositional
logic is to start from considerations about the interpretation of conditions. We view a
meaningless condition as one that destroys all operational behaviour (the process ex-
pression contains an irreparable error), and a divergent one as less dramatic in the pres-
ence of alternatives. This gives the following new axioms:

D:=»z = §,
M2z = pu.

The constant x is new here, and represents meaningless as a process. This constant is
axiomatized! by

r+p = p  “meaningless ruins each alternative,
p-x = p andis perpetual”.
With V and A we define

p:oz+Y:zxr = VY oz,
¢:=>(Y:2z) = dpY 0T,
1'The following axioms seem also to characterize the chaos process x, which stems fr-:n CSP {BHR84].

However, x characterizes the effect of infinite internal activity, and its laws capture an intuition that is not
useful in our set-up. Modeling internal activity explicitly would distinguish x and .
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which for ¢,y € {T,F} both agree with the axioms for conditional guard constructs
over two-valued proposition logic. The second axiom expresses that also the order of
evaluation in ¢ :— (¥ :— z) is crucial, and replaces the earlier mentioned symmetric
version.

Structure of the Paper. In the next section we further discuss the fragment of four-
valued logic based on — and the logical operations V and A as introduced above. In
Section 3. we combine this fragment with an extension of ACP. In the next two sec-
tions we define an operational semantics and bisimulation equivalence, and we prove a
completeness result. In Section 6. we consider four examples in process algebra with
four-valued logic. The paper. ends .with a few .words. on actions parameterized with
non-classical values, and process algebra with some other many-valued logics.

Acknowledgements. We thank Piet Rodenburg for careful proof reading and sug-
gestions, and Alex Sellink, Wan Fokkink and a referee for discussion and remarks.
Furthermore, the contents of the paper [BBR95], in which various three-valued log-
ics are integrated, tumed out to have an unexpected heuristic value for us.

2, A Four-Valued Logic with Propositions

We consider the following set of logical operations on the set T4 = {M, T,F,D} of

truth values:
- Ty Ty

/\,V,J\,%/, Nos Vo Tqgx Ty — Ty

of which -, A, and A are defined by the truth tables in the previous section. The
remaining operations are all definable:

Disjunction: rVy & ~(—z A Hy),
Left sequential disjunction: tVy = ~(~z A -y),
Right sequential conjunction: z Ay £ yz,
Right sequential disjunction. z Vy = yV .

We represent the resulting logic by

24(_'1/\) J\)

(thus without definedness, which indeed cannot be defined anymore). We do not know
any axiomatization, and use the identities implied by the truth tables for X4(—, A, A ).
(This gives4+ 16416 = 36 identities, or 40 if we include the dual and right sequential
operations). A perhaps convenient representation of these identities (and their duals)
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is given by the following directed graphs

M M

1 1

F T

T T

D D M F D M T D
t i Nt/ Nt/
T F T F
A &=V P = "

The value of z ¢ yis the highest of z and y in the ¢ -graphif z and y are connected, and
the value of z otherwise. Observe that all operations in £4(—, A, A ) are monotone?
according to the following partial ordering:

M

D
When we use proposition symbols from a set P, we shall write
24(lp) _') A, J\ )I

and for concise notation we shall identify X4(—, A, A ) and £4(8,~,A, A ). Inor-
der to interpret propositions ¢, ¥, ... over [P, we use substitution on single proposition
symbols: let p, ¢ € P, then

(6/Pls £ 4,

[6/plp £ 4,

[¢/plc % c forc € {M,T,F,D},

[6/p]~¢ = -[é/p]v,
[6/0)(¥1 O w2) = [8/p)¥n O [8/p1

for & € {A,V, 0,V A, V),
and as a proof rule the excluded fifth rule:
o(¢) =o(v) foralle € {[M/p],[T/p],[F/p], [D/p]}
=49

2 A binary operation is monotone if = < y implies f(z,c) < f(y,c) and f(c,z) < f(c, ).
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All'in all, this yields a complete evaluation system for £4(P, =, A, A ). We write

24(]]))_’:/\!({\) '= ¢=vy

if ¢ = ¢ follows from the system defined above. If PP is fixed, we often only write
= ¢ = . The identities stated in the following lemma are used in proofs to come,
and can all be easily checked.

Lemma 2.1 The following identities hold in £4(P, ~, A, A\ ):

1L.E(eVT)Nd =9,
LE@VIAGVIIAG= (VTN
3. =¢vD=9¢YVD.

3. Process Algebra with Four-Valued Logic

In Table 1 we present a particular variant of ACP (see, e.g., [BK84a, BK84b, BW90)),
for which we shall use the notation

ACP(A,, 7).

Here A, is.a set of atomic actions. that contains distinguished action.?, and + is a com-
munication function that is commutative and associative. We take v totalon A, x A, —
Ais, where A5 = A, U {8}. The six operations of ACP(A,, ) are

Sequential composition: P - Q denotes the process that performs P, and upon com-
pletion of P starts with Q;

Alternative composition. P + @ denotes the process that performs either P or Q;

Merge or parallel composition: P || Q denotes the parallel execution of P and Q (in-
cluding the possibility of synchronization);

Left merge, an auxiliary operator: P || Q denotes P || @ with the restriction that the
first action stems from the P;

Communication merge, an auxiliary operator: P | Q denotes P || Q with the restric-
tion that the first action is a synchronization of both P and Q;

Encapsulation: 0y (P) (where H C A,) renames actions of P in H intod.

In ACP(A,, v) the communication merge is commutative (CMC), by which the sym-
metric variants of (CMS5) and (CM8) are absent and parallel composition is commuta-
tive.

In Table 2 some additional features are axiomatized: meaningless (u), pre-
abstraction (¢, i.e., renaming of all actions in / to distinguished action ¢, not further
used in this paper), conditional guard construct (¢ :— as a unary operation), and con-
ditional composition. In these axioms ¢ ranges over L4(P, -, A, A ). The axioms in
Tables 1-2 are parameterized by action set A,. We mostly suppress the - in process
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Table 1: Axioms of ACP(A;,v),a,b € A5, H C Ay,

(A1) z+(y+2) = (z+y +2
(A2) r+y = y+=z

(A3) t+zr = =z

(A4) (z+y)z = zz4+yz

(AS) (zy)z = z(y2)

(A6) rt+é = =z

(A7) oz = 4

(CF1) alb = 7(a,b) ifa,be A
(CF2) ald = 6

(CM1) zlly = (=lly+yll=)+zly
(CM2) all z = az

(CM3) az|ly = a(z]y)

(CM4) (z4+y)lLz = =zl z+yl =
(CMC) zly = ylz

(CM5) az|b = (a|b)z

(CM7) az|by = (a|b)(z|y)
(CM8) (z+y)|lz = =z|z+ylz
(D1) Oy(a) = a ifa¢gH
(D2) Oy(a) = 6 faeH
(D3)  Ou(z+y) = Ou(z)+0u(y)
(D4) Ou(zy) = Onu(z)ou(y)
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Table 2: Remaining axioms of ACPp m ,(A¢, 7, P),a,b € Aes, I C Ay

(M1) T+p = p

(M2) por = p

(M3) plz = p

(GM) M2z = pu

(GT) T9zr = 2

(GF) Fimbz = §

(GD) Di»z = §

(Cond) zd¢by = d:zT+¢ >y
(GC1) p:m2z+yY:Hz = VYYo=
(GC2) parc+odoy = d:=(z+y)
(GC3) (p:=2z)y = ¢i=azy

(GCLA) = (V:2z) = oAV oz
(GCs) p=zlly = ¢ (z|Ly
(GCM6) $:>alp:ob = ¢AY:—oald
(GCM7) ¢ az|y:2bd = $¢AY:— (a|b)z
(GCM8) ¢ :—azx|yY:=aby = ¢AY:— (ald)(z]|y)
(DGC) Ou(p:mz) = ¢:—0u(x)
(TGC) ti(¢:—=z) = ¢:=t(x)

(T1) ty(a) = aifagl

(T2 ti(a) = t ifael

(T3) bz+y) = ti(2)+ ()
(T4) tr(zy) = ti(z)tr(y)

expressions, and brackets according to the following rules: - binds strongest, :— binds
stronger than ||, ||, |, all of which in turn bind stronger than +. Conditional composi-
tion is further considered a derived construct (using axiom (Cond)).

Observe that 4 | a = u for all a € A5 by (GT), (G4) and (GCM6), and likewise
i |az = p. The axiom (GCM6) suggests a more general version of (CF1)-(CF2), and
(GCM7) and (GCMS8) can be seen as generalizations of (CMS5) and (CM7), respec-
tively. Also observe that

¢ z|Y:iodyEeAny > (z]|y)
(setdp ;> =T:> pand ¢ .= y = F:— &). We use the acronym
ACPpm,u(Ae, 7, P)

to refer both to this axiom system and to the signature thus defined.
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In order to combine process algebra and four-valued logic, we finally introduce the
‘rule of equivalence’

24([{»1-‘:/\!:(\) ': ¢ = d)
ACPpom (A, 7, P)Fd:az =9y 5=

(ROE,)

This rule refiects the ‘rule of consequence’ in Hoare’s Logic (cf. [Apt81]). We write
ACPD.M.I‘(AC) T l]-:D) + ROE4 Fx= Y,

or shortly - z = y, if z = y follows from the axioms of ACPp m ,(A:, 7, P), the
axioms and rules for 4(P, =, A, A ), and ROE4. We end this section with some useful
derivabilities.

Lemma 3.1 The following identities can be derived in ACPp wm ,(A:,7, P) + ROE,:

lL.b¢:2d+2=¢VT:>z,
2Fd vz +y=9¢ 24+ VT iy,
3.t az=9¢VD:>z.

Proof. As for 1. This is just an application of axioms (GT) and (GC1).
Asfor2. Use¢p : 9 z=¢:—> (z+) = ¢ 1> z+¢ :—> 4,andapply lon¢g :— d+u.
As for 3. We apply ROE, on the identity proved in Lemma 2.1.3: ¢ :(=» z = ¢ :—

:c+6=d>:—>:c+D:-+z:¢VD:-—):c2éad>c{JD:—)x.l

4. Operational Semantics for ACPpm ,(A:, v, P)

In this section we provide ACPp m ,(A:, v, P) with an operational semantics. Natu-
rally, interpretations of the propositions occurring at ‘top level’ in a process expres-
sion also determine this semantics. As an example, consider forp € P,a € A; the
expression

p:—a.

Depending on the interpretation of p, this process either behaves as p, as a, or as 4.
Given a (non-empty) set [P of proposition symbols, let w range over the valuations
(interpretations) W of P in T 4. In the usual way we extend w to X4(P, -, A, A ):

w(c) = cforce {M,T,F,D},
w(-4) = -(w(4)),
w(@OY) = w(d) Ow(y)for & € {AV, A,V A, V).

With the system defined in Section 2., it follows that if

F w(¢) = w(y)
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Table 3: Rules for u in panth-format

H plw, p)

p(w, )

= | plw, ¢ = z) fw(@)=M}| ————
p(w, ¢ == z)

if w(¢) =T

p(w, z)
plw, z +y)
I p(w,y + x)
plw, z - y)

| p(w, z || y)
¢ plw, 2| y)
p(w, z|y)
p(w, On(z))
p(w,tr(z))

forall w € W, then |= ¢ = . Foreachw € W and ¢ € X4(P, ~, A, /\ ) we define
‘inductively in Table 3 the unary predicate meaningless, notation

u(w, )

over process terms in ACPp m (A, 7, P). This predicate defines which process ex-
pressions represent the meaningless process x under a certain valuation w.

The axioms and rules for pu(w, ) given in Table 3 are extended by axioms and rules
given in Table 4, which define transitions

- _w"'g-) - g ACPD,M,;A(AM‘Y’ lp) X ACPD,M,}I(Ah 7, ]P)
and unary “tick-predicates” or “termination transitions”
- ﬂ) \/ - ACPD,M,;;(AM 7 IP")

forall w € W and a € A;. Transitions characterize under which interpretations a pro-
cess expression defines the possibility to execute an atomic action, and what remains
to be executed (if anything, otherwise / symbolizes successful termination). The fol-
lowing fact follows easily by induction on the structure of the process expression in-
volved, and clarifies the relation between (termination) transitions and the meaningless
predicate p(w, -):

Lemmad.l Ifx =% z' orz —= |/ for some w and a, then —=p(w, z).

Note that the converse implication does not hold (set £ = ). From the above it follows
that under a certain valuation w, a process expression either resembles meaningless, or
defines outgoing transitions, or represents deadlock (4).
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Table 4. Transition rules in panth-format

a € A, a —= .,/
w,a LTI
u_ m'yMy z.yﬂ)x'y
zly—y zlly =5 ||y
z =%/ -p(w,y) z =% 2 —p(w,y)
+ w,a w,a i
I ct+y—— :c+y—-:>:c
y+z—5 y+z 23z
xlly—:%w xlly%t’lly
yjlze——y yllz——yl
I z w,a \/ y w,b \/ lb r w,a \/ y w,b y, lb
alb=c alb=c
I xly—w—i':-t\/ a:|y—w':°+cy’
zlly— v z||ly—y
r ——z yw—’bn/alb r —2% g yl’-b—)y’ alb=c
= -
z|y —5 2 zly=2'|| ¢
z|y —5 & zlly—5 2 (|
w,a w,a ’
z 2 r—2z
On ffad H iffa¢g H
o) 25y T o () =5 () ¥
g e \/ g W8y
i 2V ifagl e ifagl
tl(x) —_ \/ t;(x) — t,(:c )
w,a w,a,
r —= BTl
w:‘/ ifagl e ifa€l
tr(z) — v/ tr(z) —> t1(z’)
w,a w,a_
xr T xr .
- YV ifw(g) =T 22 fu(g) =T
¢ = =/ ¢ —wz——1z

37
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The axioms and rules in Tables 3 and 4 yield a structured operational semantics
(SOS) with negative premises in the style of Groote [Gro93]. Moreover, they satisfy
the so called panth-format defined by Verhoef [Ver95], which in this case defines the
following notion of bisimulation equivalence:

Definition4.2 Let B C ACPp wm 4(A:, 7, P)x ACPpm 4 (At, v, P). Then B is abisim-

ulation if for all P,Q with PBQ the following conditions hold for all w € W and
a € At.'

o p(w,P) <= pw,Q),
o VP' (P25 P = 3Q'(Q 2% Q' AP'BQ)),
«VQ' Q5 Q = 3P(P % P'APBQ)),

Two processes P, Q are bisimilar, notation
P & Q,

if there exists a bisimulation containing the pair (P, Q).

Furthermore, from [FG96, Ver95] it easily follows that the transitions and meaning-
less instances defined by these axioms and rules are uniquely determined. This can be
established with help of the following stratification S

S(p(w,z)) =0,
S(z =5 2') =85z —H ) =1.

It follows that we can apply the main result of [Ver95]: bisimilarity is a congruence
relation for all operations involved. Notice that conditional guard constructs are con-
sidered here as unary operations: for each ¢ € L4(P,—, A, A ) there is an operation
¢ :— _. Itis not difficult, but tedious to establish that in the bisimulation model thus ob-
tained all equations of Tables 1-2 are true (recall that conditional composition _ < _ o _
is considered a derived construct). Hence we conclude:

Lemma 4.3 The system ACPp m ,(A¢, v, P) + ROE;, is sound with respect to bisim-
ulation: forall P,Q € ACPpm 4(A:, 7, P),

ACPoma(Ar,7,P)+ROEsF P=Q = P& Q.

5. Completeness

In this section we prove completeness of ACPp m ,(A:,7,P) + ROE,, ie.,
P& Q <= ACPomu(A,7,P)+ROE+P=Q.

Our proof is based on a representation of process expressions for which bisimilarity
implies derivable equality in a straightforward way. We write

s=1

to express that s and ¢ denote the same expression.
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Definition 5.1 A process expression P € ACPp m ,(A¢, 7, P) is a basic term if
P= Z¢‘ = Qs
i€l
where [ is a finite, non-empty index set, ¢; € L4(P,~, A, A ), and Q; € {d,a,aR |
a € A, R a basic term}.

Lemma 5.2 All process expressions in ACPp v ,(A:, v, P) can be proved equal to a
basic term.

Proof. Standard induction on term complexity. B
Fora € A, and ¢ € X4(P,~, A, A ), the height of a basic term is defined by

h(é) = 0,

h(a) =1,

h(¢ :— z) = h(z),

h(z +y) = maz(h(z), h(y)),
h(a-z) =1+ h(z).

Lemma 5.3 If P is a basic term, there is a basic term P’ withk P = P' h(P') <
h(P), and P’ has either the form

¥ =4, (H
or the form
Y i Qi )
iel
satisfying

(a) foralli,j€l, Qi ¥4, andQ;,Q; € A, = Qi £ Q; ifi £ j,
(b) if3i € I,w € W such that w(y;) = M, thenVj € I, w(¢;) = M,
(c) foreachi € I thereisw € W such that w(v;) = T,

(d) fornoi € I and valuation w, w(y;) = F.

Proof. Assume

P = Z:’l:l d),' — Q.’
for some n > 1. By Lemma 3.1.1 and axiom (GCLA4) we may assume that either Q); #
0 forall i, orn = 1 and Q; = & which gives form (1). In the first case, each single
action need occur at most once by (GC1). This proves property (a) of form (2). Let

¢ = (VDA A(6n VT).

(Recall that A is associative.) Observe that for each w € W, w(¢) € {T,M}. Let
furthermore _ -
¢i ¢o/\ ¢i1

P z:l:lal—) Q,’.

Wl
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Note that if w(¢;) = M for some i and w, then w($;) = Mforall j € {1,...,n}. We
show that

FP=P" (3)
by induction on n.

n = 1. This follows immediately from Lemma 2.1.1.
n=k+1Letéd=($2VT)A...\ (6 VT), and &; = SN ¢;. By induction we have

FP=¢1:2 Qi+, 6 — Qi

With k applications of Lemma 3.1.2 and (GCLA), we obtain - P = ¢; (= Q; +
S, i :— Q;. Doing the same once more yields

=(@2VT) A1 = Q1+ Y iy bi i Qi

Now it follows easily that = ¢; = (2 V T) A ¢ (recall that g2 = ¢ A ¢ and
w(¢) € {T,M}). This finishes the proof of (3), and proves properties (a) and (b) of
form (2) for P”,
Next we consider all summands from P” for which no valuation makes the condi-
tion true. For each such summand ¢; :— Q; it holds that |= ¢; = ¢; A F, and thus

FE:—)Q; EC{\F:—)Q;
¢i = (F:> Q)
b — J.

i

In case all summands can be proved equal to ¢; :— 4 in this way, we are done using
(3): .

FP=¢;V..Vd,: 4.
In the other case, w(qS.) = T for certain w,:. If ¢J = Q5 = ¢ :— 4 for some j,
then by Lemma 3.1.1 and (GCL4), + ¢; —)6+¢, = Qi = (<i>J VT) A éi == Q.
Now k= é; = (¢; V T) A é; as was already used in the proof of (3). Hence we obtain

}_P”:-Z?:IE:_)Q"

with & < n (and possibly some rearrangement of indices), and for each i € {1, ..., k}
there is a valuation w with w(¢;) = T. This proves property (c) of form (2), and pre-
serves properties (a) and (b) for P”. Finally we define

i
Pl

6 VD
Ef:l ¥ = Q.

By Lemma 3.1.3 and identity (3) we obtain

FP=PFP.

Moreover, by definition of v; it follows that w(v;) # F for all w, ¢, which proves
property (d) for P’. Also, the construction of P’ preserves properties (a)—(c). B
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Lemma 5.4 Let Py, P, be basic terms. Then
P]HPQ 2"P]=P2,

Proof. By the previous Lemma 5.3, we may assume that both P, and P, sat-
isfy either form (1) or form (2) given there. We proceed by induction on h =
maz(h(P,), h(P2)).

Leth=0,then P, = ¢, :—= dforn = 1,2. SoF ¢, :=> § & ¢ :— 6 and
w(d1) = M &= w(é2) = M.

Now ¢, := 8 = ¢ := (D= 6) = pn AD :— 6 = (6 A D)V D :— 6. Notice
that = (61 A D)V D = (g2 A D)V D, as for each valuation w both propositions
evaluate to either D or M. In particular

w((¢1 AD)VD) = w(¢1) =M
p(w, ¢y :—9)
p(w, ¢o :— 6)

w((¢24D)VD) =M.

1117

Consequently, + P, = P,.

Leth>0and P, = 3 ;¢ ¥ni = Qn,iforn = 1,2, By the previous Lemma 5.3,
we may assume that P, satisfies form (2) given there. Furthermore, we may assume
thatforalli € I, Qn; % Qn ;forj € I, \ {i}. For the case Q,; = aR,; and
Qn,; = aR, ; this follows by induction: R,; & R, ; impliest R,; = R, j, 50
FaR,; = aR, j, and thus (GC1) could have been applied.

Now each summand of P, can be proved equal to one in P3_,, and by Lemma 5.3,
each summand yields a transition for a certain w € W.

Assume that P, —= \/for some w, a. Thus w(¥,, ;) = T for some uniquei € I,,.
By P, & P, there is a unique j € I3_, for which Pa_, —% /and = ¢n; =
¥3-n,; (the latter derivability follows from the representation as defined in Lemma 5.3
and the non-bisimilarity of different summands). Thus

FYni—=a=1v3_,; —a.

Assume that P, —% R, ; for some w,a and unique i € I,. Thus w(t, ;) = T.
By P, & P,, there must be some unique j € I3_, for which P3s_, —=» Ra_n
and R, ; € Ra_, ;, and for which = ¥, i = ¥3-, ; follows from Lemma 5.3. By
induction we find - R, ; = Ra_, j, and therefore - aR,, ; = aR3_, ; and hence

+ d’n,i = aRn,i = d)3—-n,j > aRS-n,j-
By the derivabilities above and symmetry, it follows that- P, = P,. ®
With Lemmas 5.2, 5.3, 5.4, and soundness (Lemma 4.3) we obtain:

Theorem 5.5 The system ACPp wm ,,(A:, v, P) + ROE, is complete with respect to
bisimulation: for all P,Q € ACPp m ,(A:, 7, P),

ACPpmu(Ae,7,P)+ROE4F P=Q <+ P& Q.
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6. Examples

In this section we describe some examples in process algebra with four-valued logic:

6.1. Natural numbers extended with {M, D},
6.2. Minimal History Logic,

6.3. Action History Logic,

6.4. Floyd-Hoare Logic.

Example 6.1 (wmp, natural numbers with {M, D}) Consider the natural numbers
w = {0, 5(0), S(5(0)), ...},

and let k,!, m, ... range over w. We write S(0) = 1, S(1) = 2 etc. Using sequen-
tial connectives, one easily defines the predicates Z (zero predicate) and N (number
predicate):

z(0) = T,
z(S(z)) = -N(z),
N(z) = Z(z)VT.

It follows that Z(0) = T, Z(k 4+ 1) = F,and N (k) =
We extend w to wy = w U {M}, s0 as to give the following definition of the prede-
cessor function pred
pred(0) = M,
pred(S(z)) = =.

We judge this a prototypical occurrence of M.

We extend the functions and predicates defined above to wy by setting S(M) =
Z(M) = N(M) = pred(M) = M, which makes predicates Z and N more significant,
and which allows us to define left sequential equality, notation &= , in a recursive
way:

rEy= (Z@)NZ)Y
(~Z(2) ;A ~Z(y) p pred(z) &= pred(y)).

It follows that = is symmetric inwy, in particularM =z =z =M =M.

In the following we describe a prototypical, generic occurrence of D caused by par-
tiality. Let f : w — {T, F} be some arbitrary function. We define semi-effective infini-
tary disjunction, notation \/, by

V=103 V(fo5).

The recursive definition of Vf implies computationof f(0), f(1), £(2), ... till f(n) =
T for some value n. In the particular case that for all n € w, f(n) = F, it makes sense

to define
(\/f =D.
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As an example, we consider the following definition of a partial subtraction function
subp (this example is taken from [BCJ84)). The idea is that

subp(z,y) ~ if z = y then 0 else S(subp(S(z),y)).

(Thus subp(z,y) = y — z if £ < y.) We first define subp in our set-up with the help
of an auxiliary function g

Subp(x, y) = g(xay10)7

2z ifz =Y
g9(z,y,2) = { g(S(z),y,S(z)) otherwise.

We analyze computation of g(z, y, z) with help of an auxiliary predicate Aux
g(z,y,2) = v < Aux(z, y, 2z, v),
which can be recursively defined by

Aux(z,y,2,v) = (2SS yHz &= DAY
(~(z &= y) pAux(S(z), y, 5(z),v).

It follows that subp(M, z) = subp(z,M) = M. Observe that k + 1 ;= 0 = F. Hence
we can infer

Aux(S(0),0,0,v) = g\:/S'( ) = 0A0 = v)
S

~~~

Y
Q;/9(5(5(0) = 04 5(5(0)) = v)

—

Now set f = Az.5(z) = 0 Az = v, thus

Aux(S(0),0,0,v) = Vf.

By S¥t1(0) & 0 = Fitfollows that f(r) = Fforall n € w, and hence
Aux(S(0),0,0,v) = D, irrespective of v. So we obtain

subp(5(0),0) =
Finally, we extend the functions and predicates defined above towyp = wmU {D}
by setting S(D) = Z(D) = pred(D) = D. Observe thatinwpyp, D = = = D,
M&s=z=M,and N(D) =

Example 6.2 (MHL, Minimal History Logic) Let In be the assertion which is true of
the initial state of a process and false thereafter. Furthermore, let P4(¢) be the assertion
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that ¢ is valid in the previous state (i.e., the state before the last action); if there is no
such state, P4(¢) = M. We use the subscript 4 to distinguish P4 from the usual P (weak
past, [Bur84]), which we can now define as

P(¢) = —In A Pa(4),
so that P(¢) = F in the initial state. Though P4 is a modality, we have

P4(T) = =In¥UM,
Pa(F) = InAM,
Pa(—¢) = -Pa(4),
Ps(d Ay) = Pa(d) APa(¥),
Pa(dp¥) = Pa(o) AP4(¥),
and one can set

Ps(M) = M,
P4(D) = (lnA M)‘V(—-Ing\ D).

It then follows that P4 can be removed from finite expressions except for atoms of the
form P%(In) for n € w.

To keep track of the history of a process we will use the minimal history operator
Hy, for n € w defined by:

Hp(c) = cforc€ AU {p},
Hp(az) = a-Hppi(z)fora € A,
Ho(z+y) = Ha(z)+ Haly),
Ha(@:2) = Ha(d) o Ha(2),
Hp(c) = cforc€ {M,T,F,D},

Ho(ln) = ng&0,
Ho(Pa(9)) = M,

Hu31(Pa(8)) = Ha(4),
Hn(—¢) = -Ha(4),
Hn(¢/\¢) = Hn(¢)AHn(¢),
Ho(@pY) = Ha(d) N Ha(¥).

The minimal history operator Hy keeps track of the number of actions that a process
has performed since initialization. As an example, consider

®= In
A%
(~Pa(in) A PE(In))
A%

(=Pa(In) A ~P3(In) A =P3(In) A P4(In)).
We assume that all communications are §. Now consider Ho(P, || P;), where

P (®:> a)?(®:>b),
P (=P = c)(—~® > d),



Process algebra with four-valued logic 45

and where bounded repetition z"y is defined by z°y = y, and 2"ty = z - (z"y)
[BP97b]. We find that
H()(Pl ” Pz) = acadb.

The history operator in cooperation with ® schedules P, || P, as an alternation of
steps, beginning with P, .
Consider potentially nonterminating processes, which we specify with *, the binary
Kleene star [K1e56), defined by
'y=z(z'y) +y.

(See also [BBP94).) In particular, z*§ repeatedly performs z, as follows easily from
the axioms (A6) and (A7), and can also be defined by z* = z(z*) (see [Fok97]). An
obvious question is how to provide scheduling guards for potentially nonterminating
processes. This leads us to infinitary propositions. We give some examples first.

Deven = INV =Py(@even)-
Thus ®.,.n will hold for even step numbers.
ey = InY (<Py(In) A ~P3(In) A PY(®ir)).
So &, will hold if the action history length is a multiple of 3. We notice

In% =P4(InV =P4(In% ...))
InY (~P4(In) AP2(InY )
In%/ (=P4(In) A P3(IN) Y .)).

q)even

nmn

It easily follows that
Ho((®even : = @) 8 || (- Peyen :— b)*8) = (ab)*4,
and

Ho(((®er == a)(Der 1o b)(Der = )"0 || ((—Per :— d) (0P 1= €))°6)
= (adebdecde)*d.

Due to the form of the recursion equations for ®,,.,, and ®,,, we find foralln € w
that H,(®even) and H, (P, ) have their values in {T,F}.

It is worth looking at such recursive equations in general. First of all we allow only
T,FIn,~ A, Y, P4 tooccur, thus giving these conditions a clean algorithmic content.
Consider

®=FVQ.

This is just c\/,\n.F. so the plausible value for ¢ is D (cf. the previous Example 6.1).
For simplicity we consider conditions defined by a single recursion equation

® = f(P)
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only, and we assume that f(®) # &. The interpretation of & is

M n
Jim f*(D),
where f"(D) is for each n a finite proposition equivalent to one built from atoms
P%(In). This interpretation can be motivated by the fact that all operations are mono-
tone in the partial ordering where D is smallest. For each history, i.e., valuation w on
the P%(In) we have w(f"(D)) € {M,T,F,D}. Furthermore, if w(f" (D)) # D, then
w(f*(D)) = w(f"(D)) for k > n, which proves that the limit always exists. For
this to hold with a number of simultaneous defining equations the restriction that only
sequential connectives occur is needed:

Q] == TV¢2
@2 = q’lJ\M

f1(®1, ®2),
f2(¢11¢2)'

i

We find f(D,D) = (T,D), f(T,D) = (T,M), and finally f(T,M) = (M, M), still a
limit, but with less algorithmic content since ¢, loses the value T.

Let ® = In¥/ P4(®). We notice that within the scope of H,,, ® will always evaluate
to T as there must be a finite history. Similarly, @’ = —In A P4(®’) will always evaluate
toF, and & = FY/ P4(®") will evaluate to M in all histories. The occurrence of D
can be avoided if care is taken that all occurrence of recursive calls are in the scope of
P,.

We conclude that MHL (generated using constant In and modality P4) naturally
leads to a four-valued logic. Together with the history operator it can be used to obtain
conditions which drastically reduce the number of interleavings introduced by parallel
composition.

Example 6.3 (AHL, Action History Logic) Action history logic AHL extends MHL
with a predicate L on A,. The atomic condition L(a) expresses that the last action was
a. In case the state is initial, L (a) evaluates to F. Again, L can be seen as a two-valued
variant of L4 that yields L4(a) = M in the initial state. Then

L(a) = ~In AL4(a).
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The action history operator H, will now memorize the last trace (action history) of a
process. So for o ranging over A} and ¢ denoting the empty string,

Ho(c) = cforce€ AisU{p},
H,(az) = a-Hys(z)fora € A,
Ho(z+y) = Hs(z)+ Ho(y),
Ho(¢:=z) = Ho(4):— Ho(z),

Hy(c) = cforce {M,T,F,D},
He(ln) = T,
Hya(ln) = F,
He(P4(4)) = M,
Haa(P4(¢)) = Ho(¢)a
Ha("¢) = _'Ha(¢),
Ho(¢AY) = H.(4)AHs(¥),
Ho(¢p¥) = Ho(d)4 Ho(¥),
H(Ls(a)) = M,
Hya(La(b)) = a=be{T,F}L
As an example, consider
® 'nc{/ L4(a),
P ((® := b1)(® 1= by + (@ 1= b3)(® :— ba)))" §,

wnn

P, (=@ := ¢1)(~® : = a + (=P : = c2)(—® : = ¢e3) (=P 1= ¢4)))" 4,
P = H(P| P
We obtain
P = (51Q(52Q + b3Q4Q))",
Q = ¢ (a + 626364Q).

A condition ® can be called static if it satisfies
®:>2y=(®:>z)(®:—=y).

For dynamic conditions as considered here this equation need not be valid. For in-

stance,
(th:=a)(ln:=d)=(In:=a)-d = In:—> af,

but
In:— ab= (In :— a)b.

Finally, it is tempting to assert
a-z=a-(Ls(a) :—2),
but also that does not hold:
He(ab | ¢) # He(a- (La(a) = b) || ©).
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Table 5: Axioms and rules for Floyd-Hoare Logic.

(i) {¢}a{~InALys(a) A P4(d)}
(3) (4)8{F)
(i) {}u{F)
(iv) {¢}e{v} {¢}y{¥}
{6}z + y{v}
(v) {¢}e{v} {¥}v{€)
{¢}z - y{€}
(vi) {¢}z{s} {s}u{¥}
{o}zy{v}
(vii) CIIEACD)
{$)}¢ > z{¥)
iy 2 =TO) {#)2{v} ¥ ery = ()
{¢}={v}

AHL with recursively defined conditions and its semantics is developed just as in
the case of MHL.

Example 6.4 (FHL, Floyd-Hoare Logic) We connect the previous example to Floyd-
Hoare logic. The point of this example is to provide a simple set of sound rules for
partial correctness assertions, defined with help of left sequential implication. We will
not analyze the meta-theory of the proof system however. A partial correctness asser-
tion has syntax

{s}P{v}

where ¢, i are assertions, and P is a process expression. An overview of correctness
assertions and Floyd-Hoare logic is givenin [Apt81]. See [Pon91, GP94] for a process
algebraic approach.

Let for o € A;] the expression ¢ — +/ denote that z can terminate successfully

by performing the actions in ¢ (under appropriate valuations). The interpretation of
correctness assertions is defined as follows:

= {8} P{¥} if Vo € A}, Ho(9) & Ho(z) =5 / = Hoor(9).

We first argue that there is no uniform definition of a strongest postcondition of ¢ and
P, where a postcondition ) is stronger than postcondition § if w(y) # w(£) for some
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valuation w and for all valuations w,

w) =T = w(f) =T,
wll)=F = w(y)=F.

Consider the correctness assertion

{g}a{-InALi(a) A P4(4)}).

Though it may seem that =In A Ls(a) A Py(¢) (or L(a) A P4(¢) for short) is the
strongest postcondition of ¢ and a, this is not the case if # = M as the postcondition
above equals M, whereas a “strongest postcondition” of M and a is of course F.

In Table 5 we give a simple proof system for deriving partial correctness assertions,
based on AHL. Here we use left sequential implication, notation o— , and a three-
valued predicate T defined by

oy -z Y,
T(¢) oV —¢,

in order to formulate a weak variant of the rule of consequence (viii). The soundness
of the axioms and rules in Table 5 follows straightforwardly. Finally, note that if |=

{T}z{¢}, then Hc(z(é :—= y)) = He(zy).

7. Digression

Parameterized Actions and Non-Classical Values. When dealing with actions
a(z) parameterized by x over some data type, it makes sense to consider the case in
which data can also take values D and M (cf. [BS96]). If so, one faces the question how
to interpret a(D) and a(M). Given the preceding interpretation of conditions, a natural
choice is to take
a(M)
a(D)

(So a(z) is an atomic action for D # = # M.)

Ifginza¢bdyor¢d :— zcan take value M our process specification features
a modeling error. It is vital for the operational meaning that the condition ¢ can be
evaluated whenever needed. The value D is an acceptable consequence of evalua-
tion, M however is an outright error. That jeopardizes the operational understanding
of conditional composition and conditional guard construct in process algebra, whence
zdMpbpy=M:95zr=1yp.

The only reasonable way in which a(M) can occurisin F :— a(M) orin D :—
a(M). In these contexts the guard prevents the effect of M to become “visible” in a pro-
cess. So the appropriate style of dealing with M is using expressions ¢(Z) :— a(f(Z))
with ¢(Z) € {F, D} whenever f(£) = M. Occurrence of a(D) is of course less prob-
lematic.

By
d.
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Process Algebra with Three-Valued Logics. As far as we can see, at least two rea-
sonable proposals for the restriction to three-valued logic can be made:

Ks(P) = Za(P, ~, A)

which has its values in T? = T4\ {M}. This is Kleene's logic [Kle38], for which a
complete axiomatization follows from [Kal58] (see also [BBR95]). This logic can be
combined in a straightforward way with ACP, and has its own right of existence, as is
argued in [BP98]. Since K3 ([P) has a complete axiomatization, we do not need the rule
of equivalence, and consider _ :— _ as a binary operation. Typically, the principle of
the excluded middle—tertium non datur—is not a tautology anymore, but otherwise
very little changes. The adapted version of ACPp m ,(A:, 7, P) is ACPp(A:, 7, P),
which is obtained by leaving out all axioms that make reference to M and p, and ex-
changing (GCIA4), i.e.,

p:=> (Y2 z)=0NY o1,
with its symmetric counterpart (GC4), i.e.,
=Y 2z)=0AY >z

The system ACPp(A¢, v, P) is suited to handle algorithms/programs that may contain
divergencies. The associated operational semantics and completeness proof are ob-
tained by leaving out i and the meaningless predicate u(w, ). For a completeness
proof, note that all transformations on basic terms underlying the completeness proof
of Theorem 5.5 only use the constants D and T. A detailed completeness proof is given
in [BP98]. An extension of this setting is obtained by involving x. In this case too com-
pleteness is preserved®. Notice that both ACPp(A,, v, P) and its extension with x can
be characterized by the (derivable) identity

z=z+rd4d¢pr,

which does not hold in ACPp m ,,(A:, 7, P) (set ¢ = M).

A second ‘reasonable’ three-valued logic emerges from a combination of
Bochvar’s strict three-valued logic [Boc39] and McCarthy’s sequential three-valued
logic* [McC63]:

BM = X3(P,~, A, A)
which has its values in TY = T4\ {D}. In [BP97a] we argue that the combination
of this logic and process algebra is suited to analyze concurrent process expressions in
which meaningless can occur. The adapted version of the rule of equivalence is

BM(P) = ¢ = ¢
ACPy ,(A¢,v,P)F ¢z =9 5=«

(ROE3")

31In this case, the definition of a basic term should be adapted: ¢ :—  is basic too. Furthermore, height
h(x) = 0. Finally, in the proof of the adaptation of [.emma 5.4, the “Case h = 0” should also cover
Pp = ¢n = s

4In fact we combine both variants of McCarthy’s logic, i.e., left sequential and right sequential, which
are distinguished by the use of asymmetric symbols for the connectives.
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where ACPy ,,(A;, v, IP) is obtained by leaving out D from ACPp m u(Ae, v, F). Also
in this case, the completeness result is preserved: we can restrict Lemma 5.3 to prop-
erties (a) — (c). Furthermore, in Lemma 5.4, the “h = 0”-case can be proved by the
following observation: w(¢;) = M <= w(¢2) = Mimpliesthat EM(P) = o1 A F =
¢2{\F.

Process Algebra with Five-Valued Logic. In [BP99)] we extend four-valued logic
to five-valued logic by adding a truth value C (choice or undetermined). In this setting
proposition symbols remain ‘deterministic’, i.e., they still range over {M, T,F,D}. In
the combination of process algebra and five-valued logic, the constant C models the
effect of alternative composition (+) in the logic. Typically,

rdCby=zr+y.

In [BP99] we provide a completeness result that follows from the one proven in this
paper (because C can be eliminated from closed process expressions). Furthermore,
elegant generalizations of ACP(A, v) and Cooperating Sequential Processes [Dij68]
can be expressed in process algebra with five-valued logic. Finally, some considera-
tions on sublogics containing C can be found in [BP99]. In particular, C also models
the undefined value in Kleene's logic [Kle38] (but differs from D in the extension with
A ), and C and D can be combined in just one way (we provide a complete axiomati-
zation for this combination).
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