Probabilistic Robotics

Bayes Filter Implementations

Gaussian filters



Bayes Filter Reminder

® Prediction

bel(x,) = | p(x, |u,,x,,) bel(x,.,) dx, ,

® Correction

bel(x,) =7 p(z, | x,) bel(x,)



Gaussians

p(x)~N(u,0%):

1 1 (x-p)’
ju— 2 0-2
p(x) - e
Univariate

p(x)~ N(pX):
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p(x) = (27[)"1/2‘2‘1/2 €

e = ke

Multivariate




Properties of Gaussians

X ~N(u,o’
o o ¥ - N(au+b,a’o”)
Y=aX+b
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Multivariate Gaussians

X ~N(u,2) T
= Y~NAu+B,A2A4")
Y=A4AX+B
X, ~ N(i, %) 3 3 1
X)) p(X,)~ N| =2 1
X2~N(,Ll2,22)}:>p( D p(X,) [21_'_22 lu1+21+22 K 211+221]

e We stay in the “"Gaussian world” as long as we
start with Gaussians and perform only linear
transformations.




Discrete Kalman Filter

Estimates the state x of a discrete-time
controlled process that is governed by the
linear stochastic difference equation

A, = A?‘xt—l T Btut T &,

with a measurement

z, =Cx, +0,




Kalman Filter Algorithm




Kalman Filter Algorithm

;i‘;(,’]-c:;- l.|l.:) = f(z(k|k), u(k + 1))
< 2(k+ 1), R(k+1)
P(k+1|k) = v/, P(W)V/ T+ vfUk+ VST =

e (Correctio
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The Prediction-Correction-Cycle

& T
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The Prediction-Correction-Cycle
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The Prediction-Correction-Cycle

& N
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Kalman Filter Summary

® Highly efficient: Polynomial in
measurement dimensionality k and
state dimensionality n:
O(k2:376 + n2)

® Optimal for linear Gaussian systems!

® Most robotics systems are nonlinear!
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Nonlinear Dynamic Systems

® Most realistic robotic problems involve

nonlinear functions

u :g(ut ) ‘xt—l)

z, =h(x,)
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Linearity Assumption Revisited

6| 6
pivy= M{y;aw + b, a% o) — =g KD
X Mean of piyd o= Mean p
b D
] ]
.o % 0
3/ }3-
2 2
. 1 .
0 05 1 1.5 0 0.5 1
G| ]

ped = Nix p, o)
= Mean of prx)




Non-linear Function
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EKF Linearization (1)

Pyl
— (Gaussian of piy)
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EKF Linearization (2)
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EKF Linearization (3)
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EKF Linearization: First Order
Taylor Series Expansion

® Prediction:

ag(uz b lut—l) (x
X1

g(ut > xt—l) ~ g(ut > :ut—l) + Gt (xt—l B :ut—l)

glu,x,_ )= gu,, t,_)+ 1~ M)

® Correction:

oh(i,)

X

h(x,) = h(,)+

h(xt) ~ h(ﬁt)_l_Ht (xt _/Et)

(xt _ﬁt)
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Reminder: Jacobian Matrix

= Jtis a non-square matrix , x m Iin general

= (Gjven a vector-valued function

[ f1(x) ]
fo (X)

i fml(x) ]

fx) =

» The Jacobian matrix is defined as

- O0f1 9Of1 af1 |
oxri1 Oxr ~°° Ozp
Of2 Ofa 9fa
Fyx = ori1 Ox> " Ozp
Ifm Ofm 9 fm
| Oxq waro T OTn




Reminder: Jacobian Matrix

= Jt is the orientation of the tangent plane to
the vector-valued function at a given point

= Generalizes the gradient of a scalar valued
function




EKF Algorithm

1. Extended_Kalman_filter( y., =, u, z,):

2. Prediction:
3. m=glu,u.) p, = A, +Bu,
4. %,=G3, G +R S =A% A" +R

1=t-1t t—t-1

Correction:

K =H'(HXH +0)' — K =%C'(C2C"+0)"
1, =1, +K,(z,— h(,)) t, =, +K,(z,—C,p1,)
5, =(I-KH)Z 5, =(I-K,C)Z,

O 0N W

Return p,, Z; —
g o) o 08U, )

t t
Ox ox,

t
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Localization

“Using sensory information to locate the robot
in its environment is the most fundamental
problem to providing a mobile robot with
autonomous capabilities.” [Cox O1]

e Given
e Map of the environment.
e Sequence of sensor measurements.

e Wanted
e Estimate of the robot’s position.

* Problem classes
e Position tracking
e Global localization
e Kidnapped robot problem (recovery)
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Landmark-based Localization
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1.

3.

EKF_localization (., >, u, z, m):

Prediction:

Gt — ag(ut ’ luz—l ) —
ox,_,

V — 6g(ut 9 /ut—l) —
ou

t

" = ((al v |+0a2 o, I)

U, = g(ut ) /ur—l)

ox' ox' ox'
a;ut—l,x a:ut—l,y 0/”1—1,6
oy' 0y’ oy'
a;ut—l,x aut—l, ¥ 5ﬂt_1,e
olA olA olA
a/ut—l,x a/ut—l, y aﬂt—l,e
ox' ox'
ov, Ow,
oy' o
ov, Ow,
00" 06'
ov, Ow,
0

(o v, | +a, | @, |

it — Gtzt—thT + VtMtVtT

:

Jacobian of g w.r.t location

Jacobian of g w.r.t control

Motion noise

Predicted mean

Predicted covariance
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. EKF_localization ( y.,, %, u, z, m):

Correction:
2 = { \/(mx—ﬂri)er(my:ﬂf,y)z_ Predicted measurement mean
atan 2 my _ll’lt,y’mx —H )7 Mg
or, or, or,
g - Ohw,m) _ |om, OH, Ome| Jacobian of h w.r.t location
’ ox, op, Op, O,
aﬁt,x aﬁt y aﬁtﬁ
o’ 0
< _[ 0 sz
S, = HtthT +0, Pred. measurement covariance
K, :ithTSt‘l Kalman gain
w=u+K(z,-z) Updated mean
0.2, =(I-KH) Updated covariance
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EKF Prediction
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EKF Observation Prediction Step
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EKF Correction St
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Estimation Sequence (1)
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Estimation Sequence (2)
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Comparison to GroundTruth
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EKF Summary

® Highly efficient: Polynomial in
measurement dimensionality k and
state dimensionality n:
O(k2:376 + n2)

® Not optimal!
® Can diverge if nonlinearities are large!

® \Works surprisingly well even when all
assumptions are violated!
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Linearization via Unscented
Transform
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UKF Sigma-Point Estimate (2)
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UKF Sigma-Point Estimate (3)
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Unscented Transform

Sigma points Weights
A A
0 = WO = WO =
L =H " on+A “ n+A
;(izyi(\/(n+/1)2). wo=w = :
’ 2(n+A)
Pass sigma points through nonlinear function
v =g(x')
Recover mean and covariance
2n
w=3 wy'
i=0

2n
=Wy -y -
=0

+(1-a’+B)

fori=1,....2n

37



UKF_localization ( p.,, %;, U, z, m):

Prediction:
IR ALY 0 Motion noise
| 0 (@ v, |+, | @, I
Qt:[‘zf 02] Measurement noise
O-I"

1 :(ﬂr (00) (OO)T) Augmented state mean
>, 0 0

se =l 0 M, 0 Augmented covariance
0o 0 0

Xim :(ﬂza—l Mo +HrNEL ML Y 2?—1) Sigma points

7 =g(ut +th>7(tx_1) Prediction of sigma points
2L

i = ZW}’W 7 Predicted mean
i=0

DI iwé (let _ﬁt)(Zi)ft _ﬁt)r Predicted covariance

i=0 38



UKF_localization ( p.,, %;, U, z, m):

Correction:
Z, :h(;(f)+ X/ Measurement sigma points
2L _
z = Zwm Z,, Predicted measurement mean

S :ZWé (Z _Qt)(z_ _gt)T Pred. measurement covariance

X,z __ I [ —=x — A - i
> = ch (Zi,t _lut)(zi,t _Zt)[ Cross-covariance

_ oz gl Kal i
K; _ Zt Sz alman gain
U = ﬁt _|_Kt (Zt _ft) Updated mean
2, = it —KtSthT Updated covariance
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. EKF_localization ( y.,, %, u, z, m):

Correction:
2 = { \/(mx—ﬂri)er(my:ﬂf,y)z_ Predicted measurement mean
atan 2 my _ll’lt,y’mx —H )7 Mg
or, or, or,
g - Ohw,m) _ |om, OH, Ome| Jacobian of h w.r.t location
’ ox, op, Op, O,
aﬁt,x aﬁt y aﬁtﬁ
o’ 0
< _[ 0 sz
S, = HtthT +0, Pred. measurement covariance
K, :ithTSt‘l Kalman gain
w=u+K(z,-z) Updated mean
0.2, =(I-KH) Updated covariance
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UKF Observation Prediction Step
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UKF Correction Step
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EKF Correction St
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Estimation Sequence
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Estimation Sequence
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Prediction Quality
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UKF Summary

® Highly efficient: Same complexity as
EKF, with a constant factor slower in
typical practical applications

® Better linearization than EKF:
Accurate in first two terms of Taylor
expansion (EKF only first term)

® Derivative-free: No Jacobians needed
e Still not optimal!
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Information Filter

Gaussian Filter: Same assumptions as
KF and its derivates EKF and UKF

Dual representation: the inverse of
the covariance matrix 2 is maintained;
the information or precision matrix Q

Dual complexity: easier correction
step, more complex prediction step

Perfect for uncertain worlds: Q = 0
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Information Filter

® Gaussian Distribution:

p(x)=det(27X) * exp{— é(x — )2 - ,u)}
p(x)=det(27X) * exp {— %xTZ_lx + éxTZ_ly — % ;zTZ_l;z}
p(x)=det(27X) 2 expgyTZ_ly}- eXp {— %xTZ_lx + %xTE_ly}
p(x)=n- exp{— %xTZ_lx + xTZ_l,u}

p(x) = U-exp{—%xrﬂx + xrf}

with information matrix o=3x"
and information vector é&é=x"u 7-33



Information Filter Algorithm

1.

W

O 0N O U

Algorithm Information_filter( &, Q. U, z;):

Prediction:
Q =(4Q, 4" +R)"

o

E=Q.(4Q '¢ +Bu)

t

Correction:

Q=C"'0"'C+Q,
é:r = C‘rIQr_IZr - ;r + Er
Return &, Q;
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IF Summary

e Highly efficient: Same complexity as
KF, only shifted from correction to
prediction step

e Can be linearization equivalent to KF:
for instance the extended information
filter EIF

® Easier fusion of measurements:
simply adding matrices

® | ocality corresponds with sparse Q!
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Kalman Filter-based System

® [Arras et al. 98]:
® | aser range-finder and vision

® High precision (<1cm accuracy)

{W} map: robot position x,y with uncertainty Pxy, 99.9 %

[Courtesy of Kai Arras]
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Multi- et

hypothesis = A
Tracking ..

Bel(s)
i
Sy | | RRRRRRRRRRnn] | Sassssesees
F(ols)
A A A

1 Bels)

.......... A -
EEEnnonnn: fR SSSsrSfssoonn SEStsnnnnes
Bel(s)




Summary: Kalman Filter

® Gaussian Posterior, Gaussian Noise,
efficient when applicable

e KF: Motion, Sensing = linear

e EKF: nonlinear, uses Taylor expansion
e UKF: nonlinear, uses sampling

o [F & EIF: dual of KF & EKF

e MHKF: Combines best of Kalman
Filters and particle filters



