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Abstract

This thesis investigates whether incorporating symmetry into reinforcement learning
can improve accuracy, training efficiency, and generalisation for humanoid robot motor
control. A ball-kicking task is used to evaluate two symmetry-aware approaches (data
augmentation and equivariant neural networks) against a standard Proximal Policy
Optimisation baseline. Both symmetry-aware methods outperform the baseline in
accuracy, training stability, and generalisation. The equivariant approach performs best
overall. In a generalisation test where training was restricted to one side of the workspace,
the baseline fails completely on the mirrored configuration while both symmetry-aware
approaches maintain consistent performance. The baseline also develops asymmetric leg
preferences in all training runs, suggesting convergence to path-dependent local optima
that the symmetry constraints prevent. The results provide evidence that incorporating
structural symmetry priors improves performance in robotic motor control.
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Chapter 1

Introduction

Humanoid robot football o�ers a challenging platform for research and development
in Arti�cial Intelligence (AI) and robotics (Kitano et al. 1997). Football, while also
being appealing to the public, provides a highly dynamic environment in which a wide
range of technologies can be evaluated. Demonstrating pro�ciency in the sport requires
capabilities such as real-time rapid decision-making, teamwork and precise as well as
e�cient body control. Consequently, robot football necessitates seamless integration
of a broad range of technologies, including computer vision, multi-agent collaboration,
strategy, planning, intelligent locomotion and sensor fusion.

One way to approach robot football is by separately handling high-level decision-
making, such as strategic planning, and low-level motor skill. An important part of
football is the ability to kick the ball to a speci�c target, for example a teammate or
between the goalposts. It requires a robot to be able to take into account both external
factors, such as the relative position of the ball and target, as well as internal factors,
such as the joint positions of the robot. To overcome the tedious manual programming
required to realise dynamic movements, reinforcement learning has shown great promise
(Atanassov et al. 2024; Spitznagel, D. Weiler, and Dorer 2021; Y. Wang, P. Chen, et al.
2025).

However, constructing a reward function for kicking behaviour is di�cult as various
skills need to be combined to achieve the task. The robot needs to be able to stay standing
up, move towards the ball, orient itself so it is able to kick the ball towards the target and
move the ball with its foot in an e�cient and precise manner. In fact, the robot has to
learn all of this twice. It has to learn to deal with the ball being to its left and to its right.
It then also runs the risk of learning it in an unprincipled, asymmetric way. A player who
can only strike with their dominant foot would likely play suboptimally in many situations.
They must often make an extra e�ort to reposition the ball, which generates a delay that
allows defenders to close the gap and negate the opportunity. In a high-speed, dynamic
game, the ability to treat both sides of the body as functionally equivalent is a tactical
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advantage. It turns out that this issue of learning symmetric motor skills has a simple
and well-understood geometric structure. When a humanoid robot kicks a ball to its left
versus to its right, the two scenarios are mirror images of each other. The robot's bilateral
morphology is symmetric, the task objectives are symmetric, and the sensorimotor loop
connecting observations to actions should respect this symmetry. There are even mature
frameworks for how to incorporate these symmetries in neural networks and learning
(Bronstein et al. 2021; Mittal et al. 2024; M. Weiler et al. 2023). This raises the question
of whether these symmetry-aware techniques can improve and simplify the reinforcement
learning of such a kick. This thesis addresses two sets of intertwined research questions:

ˆ Can reinforcement learning successfully train a humanoid robot to kick a ball accu-
rately toward a target? In particular by simply using proximal policy optimization
(PPO) (Schulman et al. 2017). This requires investigating which reward functions
are e�ective, and whether the resulting policy can kick the ball into a small target
area.

ˆ Does incorporating symmetry knowledge into this learning process improve
performance? Speci�cally, does it simplify the learning problem, accelerate
convergence, produce better �nal policies, and/or improve generalisation to novel
initial conditions? Two approaches for incorporating symmetry will be compared:
symmetry-based data augmentation and equivariant neural networks.

1.1 Related Works

A popular approach for robotic locomotion has been model-based control, which uses
an explicit mathematical model of the environment, and has shown great performance
but often limits the search space, resulting in conservative performance (Kalakrishnan
et al. 2010). Model-free reinforcement learning has been shown to be able to overcome
these limitations (Atanassov et al. 2024; Lee et al. 2020). Recent work in end-to-end
reinforcement learning has been able to realise complex humanoid skills, such as walking
(Y. Wang, P. Chen, et al. 2025), table tennis (Hu et al. 2025), and ball dribbling. However,
designing the reward function for complex tasks is often challenging and requires long
training cycles due to the large search space.

The policy (and critic) are generally implemented as a trainable generic neural network
like a MLP, CNN, RNN, etc. Such networks can learn di�erent behaviour for situations
that are mirrored with respect to the chirality of the robot. In other words, they can
learn a di�erent kick for both legs even if the ball is in an identical position relative to
that side of the robot. This expressivity is however not necessarily wanted, as it can
converge to learning to prefer one leg over the other and fail to generalise to the left-right
symmetry in the task. This has been noted by others and it has been proposed to make
use of this symmetry through data augmentation and mirror loss function (Mittal et al.
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2024). There is however a sub�eld of machine learning that studies how to construct
neural networks that ensure such symmetric behaviour in their architecture (Bronstein
et al. 2021; M. Weiler et al. 2023). Such equivariant neural networks have found success
in tasks such as CartPole, Pong, robotic arm tasks (Nguyen et al. 2023; Van der Pol
et al. 2020; D. Wang, Walters, and Platt 2022). They have furthermore shown strong
generalisation when applied to real-world scenarios (Su et al. 2024). However, this
approach has not been widely explored for the humanoid robotic task of ball-kicking, but
has shown promising results for humanoid robotic tasks such as walking (Abdolhosseini
et al. 2019; Nie et al. 2025).
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Chapter 2

Theoretical Background

2.1 Reinforcement Learning

Reinforcement learning (RL) refers to an agent learning from interaction with an
environment. A learner is not told what to do but must discover by exploring di�erent
actions which actions yield the most rewards (Sutton, Barto, et al. 1998). An agent's
objective in RL is to learn a policy� that maps states (or observations) to a distribution
over actions, maximising the expected cumulative reward over time.

2.1.1 Markov Decision Process

Reinforcement learning problems are often modeled as a Markov decision process (MDP)
(Sutton, Barto, et al. 1998). An MDP is formally de�ned as a tuple¹S– A– T – q– �º, where

ˆ S denotes the set of all possible states,

ˆ A the set of possible actions,

ˆ q the immediate reward function as a function of the current state r and action a,

ˆ T the state transition function o¹r0jr– aº,

ˆ � 2 »0– 1¼ the discount factor.

The goal is to �nd a policy�¹a jrº that maximises the expected cumulative discounted
return:

Gs = Ë�

h 1Õ

j=0

� j qs¸j¸1 j rs

i
–

where the expectation is taken over trajectories generated by following policy �.
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In practice, an agent in the real world (such as a robot) does not have direct access to
the complete state. Since robot control problems often must work with incomplete or
noisy observations, they are frequently modeled as partially observable Markov decision
processes (POMDPs) (Kaelbling, Littman, and Cassandra 1998). In a POMDP, the policy
maps observations to actions�¹a jnº rather than complete states to actions. Having made
that caveat, state and observation will be used interchangeably in this thesis.

2.1.2 Actor-Critic Methods

Policy gradient methods are well-suited for continuous action spaces and directly optimise
a parameterised stochastic policy� � ¹a jrº, where� denotes the network parameters.
Since this thesis addresses a robot motor control problem, where a continuous action
space is most natural, policy gradient methods are most suitable. The gradient of the
objective function takes the form:

r � J¹�º = Ë s

h
r � log � � ¹asjrsºÂs

i
–

whereÂs is an estimate of the advantage at timesteps. The advantage measures how
much better an action is compared to the average action in that state. This update rule
reinforces behaviour based on the advantage: whenÂs ¡ 0 , the probability of the taken
action is increased; when̂As Ÿ 0, the probability is decreased.

To estimate the advantage, actor-critic methods employ two neural networks:

ˆ The actor �� ¹a jrº is the policy network that selects actions.

ˆ The criticV%¹rº is a value function that estimates the expected return from a given
state.

The value functionV � ¹rº represents the expected return when starting from stater
and following policy� . The critic networkV%¹rº is a parameterised approximation of
this value function, trained to minimise the prediction error between its estimates and
the observed returns. The advantage can then be estimated as the di�erence between
the observed return and the critic's predictionV%¹rº. By training the critic alongside
the policy, the actor-critic method reduces the variance of the policy gradient estimator,
leading to more stable and e�cient learning.

2.1.3 Proximal Policy Optimisation

Standard policy gradient updates are sensitive to step size. Because the policy gradient is
estimated from a �nite batch of sampled trajectories, there is uncertainty in the gradient
estimate. Updating the policy too aggressively based on this noisy estimate can cause
the policy to move into regions of parameter space where it performs poorly, leading
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to catastrophic performance collapse from which recovery is di�cult. Proximal Policy
Optimisation (PPO) addresses this issue by constraining updates to a `trust region'. This
is a neighborhood around the current policy where the gradient estimate is considered
reliable (Schulman et al. 2017).

PPO introduces a probability ratio qs¹�º between the new and old policies:

qs¹�º =
� � ¹asjrsº

� � old ¹asjrsº

To prevent the policy from diverging too far, PPO uses a clipped surrogate objective:

LCLIP¹�º = Ë s

h
min

�
qs¹�º Âs– clip¹qs¹�º– 1 � �– 1 ¸ �º Âs

� i

where� is a hyperparameter (typically� = 0•2) determining the size of the trust
region. Whenqs¹�º moves outside the interval»1 � �– 1 ¸ �¼, the advantage term is
clipped, removing the incentive for further updates in that direction. This ensures that the
policy changes gradually, preventing destructive updates while still allowing meaningful
learning progress. PPO combines this clipped policy objective with a value function loss
for training the critic.

2.2 Equivariant Neural Networks: Representations and
Equivariant Layers

A groupG is a set of transformations equipped with a binary operation that satis�es
closure, associativity, and must contain an identity element and an inverse element for
each element. Some examples are:

ˆ The symmetric group (of orderm) Sm is the group of all possible permutations
(rearrangements) ofmdistinct objects. For example,S2 = fe– rgrepresents the two
ways to arrange two items: keeping them as they are (e) or swapping them (r).

ˆ The cyclic group (of orderm) Cm is the group ofmcircular shifts or discrete
rotations.

ˆ The special orthogonal groupSO¹mºis the group of continuous rotations inú mor
û m like SO¹2º for 2D images or SO¹3º for 3D shapes.

ˆ The translation groupsú mor û mare the groups of (continuous and discrete) shifts
or translations in m-dimensional Euclidian space.

In this thesis, only the group with the identity (e) and a �ip or transposition (r) will
be relevant. The elements are de�ned byr �1 = r (i.e. r � r = e) ande follows the rules
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of the identity element. As this group has such a simple structure, it is isomorphic to
members of multiple families of groups (note thatfe– rg � S2 � C 2), but here it will be
referred to as S2 or the symmetric group of order 2.

The elements of such groups can be interpreted to act on objects. For example,r 2 S2
could be thought of as �ipping a point around an axis. Another example would be the
elements from the special orthogonal groupSO¹3ºrotating a molecule. The goal of
equivariant neural networks (ENNs) is to build models that behave predictably under
such group actions (Bronstein et al. 2021; M. Weiler et al. 2023). Representation theory
provides a way to �represent� abstract groups as concrete linear transformations on vector
spaces. Formally, a linear representation¹ – Vº of a groupG on a vector spaceV on
a �eld Ì (such as the real or complex numbers) is a homomorphism : G ! GL¹Vº ,
whereGL¹Vº is the group of invertible linear transformations ofV. This means that for
anyg1– g2 2 G, it holds that ¹g 1g2º =  ¹g 1º ¹g 2º, and ¹eº = I V , whereeis the identity
element ofG andIV is the identity transformation onV. The respectiveV is called the
representation space. It turns out that all groups can be represented linearly (Simon 1996).
In other words, one can consider any symmetry in terms of its representation as matrices
in the way just described. In the context of ENN, the representation spacesV are the
feature spaces of the data points and the intermediate and �nal states in the network.
The representation describes how these features should transform when the input data
undergoes a symmetry operation from the groupG. Furthermore, although complex
numbers naturally arise as the underlying �eld in representation theory, equivariant neural
networks are typically constructed purely in terms of real vector spaces and real-valued
matrices (Ì = ú) (Cesa, Lang, and M. Weiler 2022; Lang and M. Weiler 2021).

2.2.1 Regular Representation

The regular representation represents group actions with permutation matrices (Simon
1996). Since group elements are de�ned by the way they compose with the other group
elements, they are in a sense de�ned by the way they permute the group.1 The matrices of
the regular representation are constructed by �rst letting each group element correspond
to a basis vector in the representation space. The matrices representing the group elements
then are the linear transformations that permute this basis exactly like the composing
with the respective element would permute the group.

More formally, the (left) regular representation¹ – Vº is vector spaceV over �eld
Ì with a basisfeg j g 2 Gg. So this space isjGj-dimensional. The representation
map reg : G ! GL¹Vº is a group homomorphism such that for each| 2 G , the linear
transformation  reg¹|º : V ! V is determined by its action on the basis vectors:

 reg¹|º ¹e gº = e|g 8g 2 G

1This observation is known as Cayley's theorem and the regular representation can be seen as a linear
(representation) version of it (Simon 1996).
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As an illustration, consider again the (real) regular representation of the symmetric
group of degree 2,S2 = fe– rg. The representation space isú 2 with basisfee– erg. The
representation maps ¹gº for g 2 S2 are given by ¹gº¹e | º = eg| . The corresponding
representation matrices with respect to the basis fee– erg are:

 reg¹eº =
�
1 0
0 1

�
–  reg¹rº =

�
0 1
1 0

�
•

2.2.2 Sign Representation

Another representation is the sign representation. It reduces the actions of the group
elements to the parity of their respective permutations.

More formally, letSmbe the symmetric group onmelements, and letÌ be a �eld. The
sign representation¹ sign– Vºis a one-dimensional vector spaceV overÌ (V = Ì ). The
representation map  sign : Sm ! GL¹Vº is de�ned by:

 sign¹gº =

(
1 if g is an even permutation

�1 if g is an odd permutation

When viewed as a linear transformation on a one-dimensional space,sign¹gºmaps a
vector u 2 V to �1 � u.

Consider again how this would work for the symmetric groupS2 = fe– rg. Heree is
the identity (an even permutation) andr is a single transposition (an odd permutation).
With V = ú, the (real) sign representation maps these elements as follows:

 sign¹eº = 1–  sign¹rº = �1•

2.2.3 G-Equivariant Mappings

An important object of study in representation theory is the set ofG-equivariant mappings
between representation spaces. These are functions that preserve the geometric structure
by commuting with the group actions de�ned by their respective representations. When
such mappings are linear, they are often called intertwiners. This property implies that the
transformation of an input by a group action directly corresponds to the transformation of
its output in the output space.

More formally, a functionf : X ! Y is said to be equivariant with respect to the
action of a groupG on X andY (via representations X on X and Y on Y respectively)
if for all g 2 G and w 2 X, the following holds:

f¹ X ¹gº¹wºº =  Y ¹gº¹f¹wºº
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In the context of neural networks,f represents a layer of the network,X the input
feature space, andY the output feature space. Equivariance means that if the input data is
transformed according to some group action ( X ¹gº¹wº), the output of the network layer
will be transformed in a corresponding way ( Y ¹gº¹f¹wºº). The representations X and
 Y dictate how the input and output features should transform under the relevant group
actions. This property can also be represented graphically. It is the same as asserting that
the diagram in �g. 2.1 commutes for all elements in X and all g 2 G.

X Y

X Y

f

 X ¹gº  Y ¹gº

f

Figure 2.1

In other words, for any inputw 2 X and any group elementg 2 G, applying the
function (f ) and then transforming the result with the output representation ( Y ¹gº)
yields the same result as �rst transforming the input with the input representation ( X ¹gº)
and then applying the function (f).

Invariance is a special case of equivariance, where the representation on the output
space is the trivial representation. A functionf : X ! Y is said to be invariant with
respect to the action of a groupG onX (via representation X ) if for all g 2 Gandw 2 X,
the following holds:

f¹ X ¹gº¹wºº =  triv ¹gº¹f¹wºº = f¹wº

In the context of neural networks, an invariant layer or an entire invariant network
produces an output that remains unchanged when the input undergoes a symmetry
transformation. This is often desired for tasks like classi�cation, where the class
label should be independent of the object's orientation or position. An example from
reinforement learning would be a value function or critic whose evaluation of a state may
also be invariant under certain transformations. �g. 2.2 and �g. 2.3 are two equivalent
graphical ways to represent this property.

2.2.4 Constructing Equivariant Networks

To construct a fully equivariant neural network, the entire composition of layers must
preserve the group structure. Since equivariance is transitive, deep equivariant models
are built by stacking equivariant layers. Since a neural network layer in essence consists
of compositions of linear transformation followed by a non-linear activation function,
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X Y

X Y

f

 X ¹gº  triv ¹gº

f

Figure 2.2

X

Y

X

 X ¹gº

f

f

Figure 2.3

it su�ces to construct version of these layers that satis�es the relevant equivariance
constraint.2 These constructions depend on the group and the representation under
consideration. There is a rather sophisticated general framework for solving these
constraints (Lang and M. Weiler 2021; M. Weiler et al. 2023). However, for the simple
case ofS2 under a handful of representations, it is easier to consider their particular
solutions. In particular, the layers that are actually used in the experiments for this thesis
will be explained here.

For a linear mapL : X ! Y , the general equivariance constraintf¹ X ¹gºwº =
 Y ¹gºf¹wº simpli�es signi�cantly. By treatingf¹wº as the matrix-vector productLw,
the w can be factored out, resulting in the linear constraint:

L X ¹gº =  Y ¹gºL•

This condition implies that the matrixL itself must commute with the group action.
Depending on the input representation X and output representation Y , this constraint
restricts the possible values of the weights in the matrix L.

Linear Layer Solutions for S2

For S2 = fe– rg, the representations used in the policy are the trivial triv ¹rº = 1, the

sign  sign¹rº = �1 , the standard regular reg¹rº =
�
0 1
1 0

�
, and a fourth representation

for paired features that are swapped and negated, which here will be called the Regular

+ Sign Flip representation, reg+sign¹rº =
�

0 �1
�1 0

�
. This representation is the tensor

product reg 
  sign, combining the swapping behaviour of the regular representation
with the sign �ip of the sign representation. The resulting equivariant linear layers, which
form the building blocks of the network, are structured as follows:

ˆ Sign to Regular: For a linear mapL : ú ! ú 2, the constraintL sign¹rº =  reg¹rºL
requires that swapping the output rows is equivalent to negating the input. This

2The same principles hold for other layers types, such as various forms of pooling or bias summation.
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forces the two weights to be anti-symmetric: L =
�

v
�v

�
.

ˆ Regular to Regular: For a linear mapL : ú 2 ! ú 2, the constraintL reg¹rº =
 reg¹rºL requires the matrix to commute with the permutation matrix. This results

in a circulant (weight-sharing) structure: L =
�
v 1 v 2
v 2 v 1

�
.

ˆ Regular to Regular + Sign Flip: For a mapL : ú 2 ! ú 2 from a regular input to
a "Regular + Sign Flip" output, the constraintL reg¹rº =  reg+sign¹rºL forces the

weight matrix to have an anti-circulant structure: L =
�

v 1 v 2
�v 2 �v 1

�
.

ˆ Regular + Sign Flip to Regular: For the reverse mapL : ú 2 ! ú 2, the
constraintL reg+sign¹rº =  reg¹rºL results in the same anti-circulant matrix structure:

L =
�

v 1 v 2
�v 2 �v 1

�
.

ˆ Regular to Sign: For a linear mapL : ú 2 ! ú , the constraint sign¹rºL = L reg¹rº
requires that swapping the input elements negates the output. This results in a
di�erence-based mapping: L =

�
v �v

�
.

ˆ Regular to Trivial: For a linear mapL : ú 2 ! ú , the constraint triv ¹rºL =
L reg¹rº requires that swapping the input elements has no e�ect on the output.
This results in a summation-based mapping where both weights are identical:
L =

�
v v

�
.

Non-linear Equivariance

For a non-linear activation function" : X ! Y to be equivariant, it must satisfy
"¹ ¹gºuº =  ¹gº"¹uº . In the case of the regular representation reg of S2, the group
action simply permutes the components of the vectoru = ¹u1– u2ºT. Any pointwise
activation function (such as ReLU or ELU) naturally satis�es this, as applying the function
to each component independently commutes with the permutation:

"
� �

0 1
1 0

� �
u1
u2

� �
= "

� �
u2
u1

� �
=

�
"¹u 2º
"¹u 1º

�
=

�
0 1
1 0

�
"

� �
u1
u2

� �
•

Consequently, standard point-wise deep learning activations can be used within
regular representation layers without modi�cation.
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2.2.5 Multi-�eld Representations and Block-Structured Layers

All these solutions assume the input and output transform with some respective represen-
tation type (and group) while in practice one may deal with a more diverse set of input
features and outputs which may transform under di�erent transformations. It turns out
that in such a case, these di�erent constraints can be solved one at a time and then stacked
on top of each other by a direct sum. When multiple �elds are concatenated into a single
vector, the group action is represented by a block-diagonal matrix:3

 total¹gº =  1¹gº �  2¹gº � � � � �  j ¹gº =
©
­
­
«

 1¹gº 0 � � �
0  2¹gº � � �
•••

•••
•••

ª
®
®
¬

•

The equivariance constraint for a linear layerL acting between an input space with
representationsf X–ig and an output space with representationsf Y–hg decomposes
into independent constraints for each block of the weight matrix. Speci�cally, ifL is
partitioned into blocksLhi corresponding to thei -th input �eld and theh-th output �eld,
each block must independently satisfy their respective equivariance constraint.

This formulation allows for the construction of equivariant multilayer perceptrons
(MLPs) by stacking these block-structured layers. For example, consider a simple
architecture with the following speci�cations:

ˆ Input: Two �elds transforming under the regular representation and one �eld
transforming under the sign representation (total dimension 5).

ˆ Hidden Layer: A hidden state transforming under the regular representation
(dimension 2).

ˆ Output: A single element transforming under the sign representation (dimension
1).

The �rst linear layerL¹1º is a2 � 5 matrix composed of three equivariant blocks: two
2 � 2 regular-to-regular blocks and one2 � 1 sign-to-regular block. The resulting weight
matrix takes the form:

L¹1º =
�
v 1 v 2 v 3 v 4 v 5
v 2 v 1 v 4 v 3 �v 5

�
•

Since the hidden layer transforms under the regular representation ofS2, RELU (a
point-wise activation function) can be used while preserving equivariance. The �nal
layerL¹ntsº maps from the 2D hidden regular representation to the 1D sign representation.
This 1 � 2 matrix must satisfy the regular-to-sign constraint:

3Here � is the direct sum.
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L¹ntsº =
�
v 6 �v 6

�
•

This block-wise parameterisation ensures that the entire MLP remains equivariant,
e�ectively enforcing weight sharing and anti-symmetry across the di�erent feature types.
Furthermore, notice that the input and output representations are generally determined
by the problem set up, while the representation under which the hidden layer(s) should
transform was an architectural design choice.
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Chapter 3

Methods

3.1 Training Environment

The simulation environment is constructed using the mjlab environment, as it has proven
RL abstractions, direct physics control, GPU acceleration, and parallel simulation and
training (Zakka et al. 2025). It allows an environment to be initialised in some initial
state and then actions of the agent(s) can be sampled with some set step frequency and
the underlying physics engine handles the rest. Two entities have been introduced to
the simulation environment on top of the default entities like the �oor: a football and a
Booster K1 humanoid robot, as show in �g. 3.1. The characteristics of these entities and
their interactions are designed to create a realistic and challenging scenario for the agent.
The robot's default starting pose is a neutral standing position with an approximate total
height of 0.84 meters. The basic physical properties are summarised in table 3.1.

The environment uses a full-body contact model, allowing for realistic physical
interactions between the robot and the ball. Speci�c contact sensors are con�gured to
detect collisions both between the robot's feet and the ball, and between any other part
of the robot's body and the ball. These detected contacts are used to calculate rewards
and determine terminations, enabling the agent to learn kicking behaviours. The ball has
�xed friction coe�cients de�ned for three types of interaction. These values are rough
estimates and could be chosen more carefully if there is a better sense of the balls and
terrains to expect.

ˆ Sliding friction (1.0): Resists translational motion when the ball is in contact with
a surface.

ˆ Torsional friction (0.5): Resists spinning motion around the contact normal (for
example spinning in place).

ˆ Rolling friction (0.015): Resists rolling motion.
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Entity Property Value

Robot (K1) Approx. Standing Height 0.84 m
Trunk Mass 6.39 kg
Foot Friction Coe�cient Randomised: [0.3, 1.2]
Joint Friction Loss 0.1 (per joint)

Ball Mass 0.1 kg
Radius 0.08 m
Friction Coe�cients (1.0, 0.5, 0.015)

Physics Interaction Model Full-body contact physics
Simulation Step 2 ms (500 Hz)
Control Step (Agent) 20 ms (50 Hz)

Table 3.1: Basic Physical Properties of Entities in the Kick Environment.

To enhance policy robustness, the environment systematically introduces several
forms of noise and randomisation. Such domain randomisation ensures the agent does
not over�t to the exact setup and noiseless physics of the simulation.

ˆ Robot's foot friction: At the start of each episode, the sliding friction coe�cient
for each of the robot's feet is set to a new, random value sampled uniformly from
the range»0•3– 1•2¼. This forces the agent to learn policies that are not overly
dependent on a single, speci�c friction value.

ˆ Sensor Noise: Small, uniformly sampled noise is added to most proprioceptive and
exteroceptive observations at each timestep. This includes the robot's base linear
and angular velocities, joint positions and velocities, and the relative position of
the ball. This simulates the imperfections of real-world sensors.

ˆ Action Delay: The commands sent to the robot's motors are not applied instantly.
Instead, they are passed through a delay bu�er that introduces a random lag of
between 2 and 8 simulation steps (10-40 ms), with a30%chance of holding the
previous command for an additional step. This models real-world communication
latencies and actuator response times.

ˆ Physical Perturbations: At random intervals during each episode (every 1 to
3 seconds), a random planar force is applied to the robot's torso. This �push�
simulates external disturbances and forces the agent to learn a more stable, reactive
policy that can recover from unexpected impacts.

ˆ Initial State Randomisation: At the start of each episode, the ball is placed at a
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random position in a wide area in front of the robot. This ensures the agent learns
a general kicking behaviour rather than memorising a single approach trajectory.

ˆ Target Randomisation: The target is sampled at a randomised distance and angle
with respect to the agent.

(a) (b)

Figure 3.1: The simulation environment where (a) demonstrates a con�guration with 3
possible initial ball positions and (b) showcases debugging visualisation for an initial ball
and target position.

3.2 Reinforcement Learning Formulation

The robot control problem is formulated as a POMDP (Kaelbling, Littman, and Cassandra
1998), where the agent must determine its action distribution based on sensory and
proprioceptive data available at deployment, along with its previous action. The learning
algorithm used is Proximal Policy Optimisation (PPO) (Schulman et al. 2017), an
on-policy actor-critic algorithm particularly well suited for this task.

PPO is chosen for several reasons. First, its clipped policy objective ensures stability
during training. This is important for the complex, high-dimensional task of humanoid
locomotion and ball manipulation, where policy collapse can be di�cult to recover
from (Schulman et al. 2017). Second, as an on-policy method, PPO naturally leverages
massively parallel simulation environments, enabling e�cient data collection across
thousands of simultaneous rollouts. This is particularly advantageous in GPU-accelerated
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simulators like mjlab, where the marginal cost of additional parallel environments is
minimal Zakka et al. 2025. Third, PPO has demonstrated strong empirical performance
on similar humanoid locomotion and manipulation tasks (Y. Wang, P. Chen, et al. 2025;
Y. Wang, Luo, et al. 2025; Z. Wang, Zhou, and Q. Wu 2025), establishing it as a reliable
baseline for legged robot control.

Observation Actor Critic

Base Linear Velocity Ø Ø
Base Angular Velocity Ø Ø
Projected Gravity Ø Ø
Ball Relative Position Ø Ø
Target Position Ø Ø
Joint Positions Ø Ø
Joint Velocities Ø Ø
Previous Action Ø Ø

Foot Height Ø
Foot Air time Ø
Foot Contact Ø
Foot Contact Forces Ø
Ball Velocity Ø
Ball-Foot Contact Ø

Table 3.2: Observation space for the Actor and Critic networks.

3.2.1 Observation and Action space

An asymmetric actor-critic architecture is used, where both networks share most obser-
vations but the critic receives additional privileged information. While both networks
observe the information listed as available to the actor in table 3.2, the critic additionally
has access to ground-truth state information such as actual ball velocity, precise foot
contact forces, and exact foot heights. This asymmetry allows the critic to provide more
accurate value estimates during training, reducing variance in the advantage estimates
without compromising the deployability of the actor policy. During deployment, only the
actor policy is used, relying solely on the observations marked for the actor in table 3.2.

The action space consists of 22-dimensional continuous joint position targets, one for
each actuated joint of the K1 humanoid robot. These targets are speci�ed as o�sets from
a default standing pose, allowing the agent to modulate its posture and movement while
maintaining a stable reference con�guration. An underlying proportional-derivative (PD)
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controller in the simulator translates these joint position targets into low-level actuator
torque commands.

3.2.2 Terminal States

Each episode begins with a state sampled from a chosen distribution and resets upon
reaching a terminal state. The episode terminates if any of the conditions listed in
table 3.3 evaluate to true at timesteps. Here,cs denotes the contact counter, which tracks
the number of timesteps since the �rst contact between the agent and the ball occurred.
Note that an episode is terminated after completion of the step in which the termination
condition is satis�ed. Therefore, the reward earned during the �nal step is included in the
total episodic return.

Termination Description Equation

Time out Episode exceeded length s ¡ Tmax

Fell over Orientation exceeds angle limit �s ¡ � limit

Fell down Trunk height below minimum ytrunk
s Ÿ yfalldown

Target hit Ball stopped within target radius ¹kdtarget,ball
s k Ÿ qº ^ ¹kvball

s k Ÿ �º

Target missed Ball stopped outside target radius ¹kdtarget,ball
s k ¡ qº ^ ¹kvball

s k Ÿ �º ^ ¹cs ¡ Twindowº

Double touch Illegal contact after window ¹cs ¡ Twindowº ^ ¹cnmsacsagent,ball
s º

Table 3.3: Terminal States

To accelerate initial training, four early terminations are de�ned. A time out occurs
when the episode surpasses the maximum episode lengths ¡ Tmax. Falling over is de�ned
as the agent's tilt angle� s exceeding a threshold� limit . The tilt � s is de�ned as the
deviation of the robot's basey-axis from the global vertical axis. Falling down is de�ned
as the agent's trunk heightytrunk

s dropping below a height thresholdyfalldown. Additionally,
double touch termination, is included, which ends the episode if the agent is in contact
with the ballcnmsacsagent,ball

s after a speci�ed contact window has passedcs ¡ Twindow.
Herecnmsacsagent,ball

s is a boolean whose truth value is determined by whether the agent
and ball are physically in contact.

To track task performance, two outcome terminations are de�ned. Target hit is true
when the ball has come to rest (kvball

s k Ÿ �) within the target radius (kdtarget,ball
s k Ÿ q).

Conversely, target missed is true when the ball has come to rest outside the target radius.
Note that the target missed termination requires that the contact window has passed
cs ¡ Twindow. This prevents premature termination at the start of an episode when the ball
is stationary but the agent has not yet attempted to move it. This check is redundant for
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the target hit termination, as the ball cannot have entered the target radius without having
moved.

3.2.3 Reward

The reward function consists of multiple components. However, only the the main
components speci�cally developed for the task in this thesis will be discussed here. For
description of the remaining reward components see appendix A.

Target-Ball Distance

Target-ball distance reward is a sparse reward at the end of an episode when the ball has
been kicked and is nearly stagnant. This is done by taking the global positions of the
target and the ball. The positional di�erence vector on the wx-plane is then de�ned as:

dtarget,ball
s =

�
wtarget� w ball

xtarget� x ball

�
•

A reward is only given if a kick has been attempted. This is done by checking whether
the contact window at the current timestep has reached a speci�ed thresholdcs ¡ Twindow.
To avoid the agent from overshooting, the ball's velocitykvball

s k is required to be below a
speci�ed threshold� . When these conditions are satis�ed, the reward is calculated as an
exponential decay function of the Euclidean distance between the ball and the target on
the wx-plane kdtarget,ball

s k.

qtarget-reached
s =

(
exp¹� kdtarget,ball

s k
" 2 º if cs ¡ Twindow kvball

s k Ÿ �

0 otherwise
•

Ball Approach Target

The ball approach target reward is a dense reward that encourages the agent to align the
ball velocity with the horizontal di�erence vector from the ball to the target.

qb-approach-t
s =

8>><

>>
:

max¹0– vball
s �dtarget,ball

s

kvball
s kkdtarget,ball

s k
º ifkvballk ¡ �

0 otherwise
•

Agent Approach Ball

The agent approach ball reward is a dense reward that encourages the agent to align its
velocity vector with the di�erence vector from the agent to the ball, while dynamically
scaling the reward based on the ball's progress toward the target. This is done by taking
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the horizontal di�erence vector from the agent to the balldagent,ball
s . To make the reward

independent of the magnitude of the agent's speed, the cosine similarity between the two
vectors is calculated, which is clipped to 0 or larger to ensure only approaching behaviour
is rewarded:

CosineSimCLIP¹dagent,ball
s – vagent

s º = max¹0–
vagent

s � dagent,ball
s

kvagent
s kkdagent,ball

s k
º•

The reward is then calculated by inversely scaling this cosine similarity based on how
well the ball is moving toward the target. Speci�cally, the scaling factor uses the dot
productvball

s � dtarget,ball
s , clipped to be 0 or larger, ensuring the agent is only rewarded for

approaching the ball when the ball is moving (or positioned to move) toward the target.
Furthermore, to ensure that the agent only receives a reward signal when it is actively
moving closer, the reward is gated by a velocity threshold �. The reward is then de�ned
as:

qa-approach-b
s =

8>><

>>
:

CosineSimCLIP¹dagent,ball
s –vagent

s º

1¸max¹0–vball
s �dtarget,ball

s º
if kvagent

s k ¡ �

0 otherwise
•

Arm Posture

The arm posture penalty is a dense reward term, that penalises the shoulder roll joint for
deviating from the robot's default pose. This term calculates the squared error between the
current joint position and the robot's default pose, normalised by a sensitivity coe�cient
". The penalty is de�ned as:

qarm-posture
s = exp

�
�

¹proll � p roll, defº2

" 2
roll

�
� 1–

whereproll is the current shoulder roll joint position,proll, def is the joint position in
the default standing pose, and "roll is the sensitivity coe�cient.

Arm Swing

The arm swing penalty is a dense reward term, that penalises symmetric shoulder
movement to encourage more natural stabilisation. The penalty is calculated based on the
positions of the shoulder pitch joints and utilises the product of the joint angles to detect
if the arms are on the same side of the torso's vertical axis. The penalty is only active if
both arms are simultaneously pitched to either the front or back (ppitch–L� ppitch–R¡ 0 ), and
a magnitude threshold is exceeded (jppitch–L¸ p pitch–Rj ¡ 2•0). The magnitude threshold
creates a safe zone to ensure that small neutral movements do not trigger the penalty. The
penalty is then de�ned as:
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qarm-swing
s =

(
exp

�
� 1

¹ppitch–Ļp pitch–Rº2

�
if ¹ppitch–L� ppitch–R¡ 0º ^ jp pitch–L¸ p pitch–Rj ¡ 2•0

0 otherwise

3.2.4 Symmetry-Based Data Augmentation

One way to exploit the left�right symmetry in the robot and task is to use it for data
augmentation (Mittal et al. 2024). A straightforward approach to symmetry-based data
augmentation would be to augment each collected trajectory with its symmetrically
transformed copy. For every transition¹rs– as– qs– rs¸1º generated by the policy� � , an
augmented transition¹ S ¹gº»rs¼–  A ¹gº»as¼– qs–  S ¹gº»rs¸1¼ºwould be added to the
batch, where S and  A denote the representations on the state and action spaces
respectively.1 Both original and augmented samples would then be used to update the
policy.

Mittal et al. 2024 point out that this approach is fundamentally �awed. The augmented
action A ¹gº»as¼was not actually sampled from the policy when observing the augmented
state S ¹gº»rs¼. For instance, if the original sample shows the robot taking a large step
with its left foot, the augmented sample shows the robot taking a large step with its right
foot. But the current policy may consider this right-foot action highly unlikely given the
mirrored state, since perhaps the policy has learned something like an asymmetric gait
pattern.

Recall that PPO uses the probability ratioqs¹�º = � � ¹asjrsº
� � old ¹asjrsº

to measure how much
the new policy di�ers from the old policy that collected the data. This ratio enables PPO
to reuse samples collected by� � old when updating to the new policy� � . It can do this
using importance sampling and with which it can perform multiple update steps from the
same batch of experience. For augmented samples, the naive approach would compute

qs¹�º =
� � ¹ A ¹gº»as¼j S ¹gº»rs¼º

� � old ¹ A ¹gº»as¼j S ¹gº»rs¼º
•

The denominator� � old ¹ A ¹gº»as¼j S ¹gº»rs¼ºcan be arbitrarily small for imperfectly
symmetric policies, leading to extremely large probability ratios. This causes high
variance in the policy gradient and training instability (Mittal et al. 2024).

To resolve this issue, Mittal et al. 2024 proposed a method which corrects for this
e�ect. It is already incorporated in the RSL-RL library (Schwarke et al. 2025). The basic
idea is to keep the action probability from the original samples in the denominator of the
probability ratio. Rather than evaluating how likely the augmented action is under the old

1For notational consistency with the theoretical background, this section uses S and A to denote the
symmetry transformations on states and actions. The original paper (Mittal et al. 2024) uses the notation
Lg and Kg for these operators.
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policy given the augmented state, the method uses how likely the original action was under
the old policy given the original state. This works because for a symmetric (PO)MDP, the
advantage of taking action A ¹gº»a¼in state S ¹gº»r¼equals the advantage of taking
actiona in stater: A � ¹ S ¹gº»r¼–  A ¹gº»a¼º = A� ¹r– aº. The augmented samples can
thus be treated as if they provide information about equivalent state-action pairs without
needing to evaluate the problematic action probabilities.

In practice, for each batch of experience collected during training, symmetric copies
are created by applying the left�right transformation to all samples. Both original and
augmented samples are used to compute the policy update, e�ectively doubling the
training data while encouraging the policy to exhibit symmetric behaviour for equivalent
goals. The authors claim that this approach enables faster convergence and more consistent
performance across symmetric task con�gurations without the instability of naive data
augmentation (Mittal et al. 2024).

3.3 Equivariant Neural Networks

Equivariant neural networks can encode the symmetries inherent to a task in the weights
of the neural network (Bronstein et al. 2021; M. Weiler et al. 2023). To �nd the
exact parameterisation for such networks, the representations with respect to which the
layers should be equivariant have to be made explicit. The actor and critic model are
similar with respect to their symmetric structure, so both are explained at the same time.
Contrary to the symmetry-based data augmentation, equivariant neural networks are not
yet incorporated in the RSL-RL library (Schwarke et al. 2025). An extension has been
written for the purpose of being able to run the experiments for this thesis.

3.3.1 Representations for the Input, Hidden, and Output spaces

Let the input space be written as a direct sum of Nin �elds,

X =
NinÊ

i=1

Xi –

where each �eld Xi transforms under a representation

 in
i 2 f triv–  sign–  reg–  reg+signg–

for both the critic and the actor. However, the input of the critic is a superset of the
actor and thus has some extra �elds and representations to consider. The exact ordering
of �elds, their dimensionalities, representations, and their semantic interpretation can be
found in table 3.4.
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For spatial vectors de�ned in the robot's local coordinate system (where the forward,
lateral, and vertical axes correspond to the robot's body frame), theS2 left�right symmetry
is a re�ection that swaps the left and right sides of the robot. The feature �elds representing
positions or velocities in this frame therefore transform as the direct sum triv �  sign�  triv .
This re�ects that while the forward and vertical components remain unchanged under a
left�right �ip, the lateral component changes sign. Angular velocities, however, transform
under sign �  triv �  sign since follow di�erent conventions. This point is explained in
appendix C.

The joint-related observations (and actions) all share a consistent 22-dimensional
structure as detailed in the breakdown of table 3.4. These features consist of scalar values
for joints located on the robot's central axis and pairs of values for the bilateral limbs.
For the head pitch, the symmetry operation is trivial as the joint axis remains una�ected
by a re�ection. However, for the head yaw, the representation is sign. This re�ects that a
rotation to the left in the original frame must be negated to represent the corresponding
rotation in the re�ected frame, as the positive direction of the yaw axis is inverted under
the symmetry transformation.

For the limbs, the representation depends on whether the joint axes themselves are
mirrored in the robot's hardware or coordinate convention. In the case of pitch joints, such
as the left and right knees, the symmetry transformation follows the regular representation
 reg. For these pairs, a re�ection simply swaps the value of the left joint with that of the
right joint. For example, if the left knee is at 0.5 radians and the right is at 0.2 radians,
the symmetric con�guration simply places the left at 0.2 and the right at 0.5.

On the other hand, for joints like the hip roll or shoulder yaw, the sign of the values
also need to be changed. In other words, here the regular plus sign-�ip representation
 reg+signapplies. In this case, to obtain the symmetric state, one must swap the left and
right values and additionally invert their signs. Taking the shoulder yaw as an example,
if a positive value indicates an outward rotation, a re�ection requires that the left and
right values are exchanged and negated to ensure the physical meaning of the rotation
is preserved in the mirrored state. This logic applies uniformly across joint positions,
joint velocities, and the previous action, ensuring the network perceives and commands
bilateral movements consistently.

As is also described in that table, the outputs for both models are di�erent. For the
actor it is again a direct sum of Nout �elds,

Y =
NoutÊ

h=1

Yh–

where each Yh transforms under a representation

 out
h 2 f triv–  sign–  reg–  reg+signg•
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For the critic, the output space is one dimensional and transforms under the trivial
representation,

 out =  triv•

In other words, the score (output) of the critic is invariant under the representations
of S2 on its input, whereas the actor is strictly equivariant.

All hidden layers for both the actor and the critic transform under the regular
representation of S2. A hidden layer with K regular �elds has representation

H =
KÊ

j=1

 reg–

and total dimension2K (since each regular �eld ofS2 is 2-dimensional, contributing 2
scalar values). This architectural choice lifts all information into a representation where
left�right symmetric and antisymmetric components can be mixed equivariantly across
layers.

3.3.2 Equivariant Actor and Critic Models

These representations types for the input, hidden and output states directly determine
which equivariances the layers connecting them should satisfy. For any linear layerL, the
requirementf¹ X ¹gºwº =  Y ¹gºf¹wº implies that the weight matrix must commute with
the group actions of the input and output spaces. Because these spaces are constructed
as direct sums of di�erent feature �elds, the weight matrixL is partitioned into a block
structure. Each sub-blockLhi corresponds to the mapping from thei -th input �eld to the
h-th output �eld and must independently satisfy the constraint Lhi in

i ¹gº =  out
h ¹gºLhi.

The equivariant models are thus constructed as a composition of these block-structured
mappings and pointwise activations:

L¹outº � ReLU � L ¹Lº � � � � � ReLU � L ¹1º•

The �rst layerL¹1º maps from the heterogeneous input representations to the �rst hidden
representation. All hidden layers for both the actor and the critic transform under the
regular representation reg. Consequently,L¹1º is composed of equivariant blocks that
map from triv,  sign,  reg, and reg+signto  reg. For example, the block corresponding

to the head yaw ( sign) uses the anti-symmetric solution
�

v
�v

�
, while a pitch joint ( reg)

uses a 2 � 2 circulant block.
The internal hidden layersL¹Lº all map from and to spaces transforming under reg.

These layers consist entirely of2 � 2 circulant blocks, which ensures that information
can be mixed between symmetric features while remaining equivariant. Following each
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linear layer, a pointwise ReLU activation is applied. As noted, this activation commutes
with the permutation of the regular representation, meaning the non-linearities do not
break the symmetry of the hidden states.

Finally,L¹outº maps from the regular hidden representation to the output representation.
For the actor, this layer is built from the speci�c blocks required to produce the 22 joint
targets in their respective representations. For the critic, however,L¹outº consists of
blocks mapping from reg to  triv. These blocks take the form

�
v v

�
, which sums the

symmetric components of the hidden state. This mapping ensures that the �nal output of
the critic is invariant, while the actor remains strictly equivariant. By transitivity, the
composition of these layers forms a model that preserves theS2 symmetry across the
entire architecture.
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Table 3.4: Consolidated Input and Output Representations for the Equivariant Actor and
Equivariant Critic. A checkmark (Ø) indicates which network uses a given �eld.

Field Name Component/Pair Rep. Type Dim. Actor Critic

Network Inputs (Observations)
Base Linear Velocity (Forward, Lateral, Vertical)  triv �  sign �  triv 3 Ø Ø
Base Angular Velocity (Roll, Pitch, Yaw)  sign �  triv �  sign 3 Ø Ø
Projected Gravity (Forward, Lateral, Vertical)  triv �  sign �  triv 3 Ø Ø
Ball Relative Position (Forward, Lateral, Vertical)  triv �  sign �  triv 3 Ø Ø
Target Position (Forward, Lateral, Vertical)  triv �  sign �  triv 3 Ø Ø

The following three 22-dimensional �elds all share the representation structure detailed below:
Joint Positions (22 joints) Mixed 22 Ø Ø
Joint Velocities (22 joints) Mixed 22 Ø Ø
Previous Action (22 joints) Mixed 22 Ø Ø

� Breakdown for Joint-space Representation �
Head Yaw Sign ( sign) 1 Ø Ø
Head Pitch Trivial ( triv) 1 Ø Ø
Left/Right Shoulder Pitch Regular ( reg) 2 Ø Ø
Left/Right Elbow Pitch Regular ( reg) 2 Ø Ø
Left/Right Hip Pitch Regular ( reg) 2 Ø Ø
Left/Right Knee Pitch Regular ( reg) 2 Ø Ø
Left/Right Ankle Pitch Regular ( reg) 2 Ø Ø
Left/Right Shoulder Roll Regular + Sign Flip 2 Ø Ø
Left/Right Elbow Yaw Regular + Sign Flip 2 Ø Ø
Left/Right Hip Roll Regular + Sign Flip 2 Ø Ø
Left/Right Hip Yaw Regular + Sign Flip 2 Ø Ø
Left/Right Ankle Roll Regular + Sign Flip 2 Ø Ø

� End of Breakdown �

Critic-Speci�c Observation Fields
Foot Height (left, right) Regular ( reg) 2 Ø
Foot Air Time (left, right) Regular ( reg) 2 Ø
Foot Contact State (left, right) Regular ( reg) 2 Ø
Foot Contact Forces (all 6 components) Trivial ( triv) 6 Ø
Ball Velocity (Forward, Lateral, Vertical)  triv �  sign �  triv 3 Ø
Ball-Foot Contact (left, right) Regular ( reg) 2 Ø

Network Outputs
Actor: Joint Position Targets (all 22 joints) As above 22 Ø
Critic: State Value Single scalar value Trivial ( triv) 1 Ø
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Chapter 4

Experiments and Results

4.1 Experimental Setup

The development of a task environment is itself a process of trial and error. Therefore,
the task environment is itself a result of this thesis. As noted by Sutton, Barto, et al.
1998, representational design is often more art than science. Given the heuristic and
iterative nature of development, it has too many stages to present comprehensively here.
Instead, comments and observations on this will be part of the text motivating the �nal
environment setup.

4.1.1 Task De�nition

This thesis investigates a robotic task requiring the precise kicking of a ball towards a
designated target. The primary objective is to maximise targeting accuracy, de�ned by
the ball's �nal resting position relative to the target center at the end of an episode. To
ensure the behaviour is both physically viable and consistent with the intended task, the
movement must remain dynamically stable and have the visual characteristics of a kick
motion. Following the kick, the robot is required to stabilise its posture and return to a
stable, standing state.

4.1.2 Terminal States

To ensure e�cient training, four early terminal states were included in the �nal setup:
time out, double touch, falling over, and falling down. These early terminal states serve
to prevent inde�nite episodes caused by inactivity (e.g. the agent is standing still) and
to minimise time spent in unrecoverable states (e.g. the robot is lying on the ground).
Additionally, to enforce a kicking motion rather than a dribbling strategy, a double touch
termination was included. Empirical observations indicated a tendency for the agent
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to converge on a suboptimal strategy of shu�ing or dribbling the ball to the target.
Terminating the episode after the ball is touched a second time (with some margin) by the
robot prevents this behaviour, thereby accelerating training by removing this undesirable
stage from the training process.

4.1.3 Reward

A minimalist and principled design was prioritised for the reward function. Increasing
the number of reward components complicates the balancing and tuning of the weights
and introduces the risk of con�icting signals, thereby increasing the risk of the policy
converging to undesirable local optima.

Sparse vs. Dense Rewards

While targeting accuracy is the primary objective, relying solely on a sparse reward
makes it very di�cult for the agent to learn the task objective. To address this problem, in
addition to a high sparse reward (Target-Ball Distance) at the end of an episode, two dense
rewards were introduced: Agent Approach Ball and Ball Approach Target. However,
initial experiments showed a tendency for the agent to get stuck at a local optimum where
the robot would rock back and forth near the ball without moving it. To address this
problem, a low penalty was included to incentivise the agent to move the ball (Ball Not
Moving Penalty).

Reward Misalignment

Initial experiments indicated that excessive positive dense rewards, such as Upright and
Survival Reward rewards could led the agent to converge to a passive local optimum,
where the robot would stand still to maximise these rewards as well as avoid most penalties.
Since dense rewards are provided at every timestep, they scale with the duration of the
episode. This can create an incentive for the agent to exploit rewards by maximising the
episode length.

In certain con�gurations where reward weights were imbalanced, the theoretically
optimal strategy was to stand still for the entire episode duration. As shown in??, the
mean cumulative reward closely tracks the mean episode length. Simulation results
veri�ed that standing still until the time-out limit was reached, accumulated high episodic
rewards. However, because the discount factor was set to 0.99, the agent's e�ective
horizon was limited. Consequently, the agent did not know that standing still for the entire
episode would eventually yield the highest total reward. Instead, the policy diverged
toward a strategy that provided a higher short-term return: kicking the ball to the target.

While the limited time horizon of the agent led to the desired behaviour, this setup
is fragile. For a reward function to be robust, it should ensure that the global optimum
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(a) (b)

Figure 4.1: Mean episodic reward (a) and episode length in timesteps (b) during training
with a misaligned reward function.

aligns with the primary task objective, rather than rely on training hyperparameter tuning
to prevent undesirable convergence.

The Agent Approach Ball reward requires the ball to not have been moved yet. In
early variants where this condition was not included, the robot would walk after the ball
(not dribble) after it had been kicked to maximise this reward. Therefore, the reward was
zeroed out after the ball contact condition was satis�ed.

Balancing Regularisation and Exploration

Regularisation penalties are necessary for smooth and stable motion. However, early
exploration often leads to erratic motions that trigger these penalties during the initial
stages of training. When these penalties are not su�ciently o�set by dense positive
rewards, the agent frequently receives a negative cumulative return. This leads to a
problem during training where the agent can easily discover a local optimum where the
agent terminates the episode as quickly as possible (e.g. by falling over or falling down
immediately). By terminating early the accumulation of negative rewards can be avoided.

To counter this behaviour, the reward for early termination must be lower than the
potential return from attempting the task. Consequently, two heavy penalties were
introduced: Fall Down and Fell Over. By ensuring that early termination results in a
signi�cantly lower reward than continuing the episode, it is not a local optimum any
more.
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Aesthetic Considerations

During initial training, the agent frequently maintained balance by extending its arms
laterally or raising them excessively (see �g. 4.2a). While e�ective for stabilisation, this
resulted in unnatural posture during the kick and subsequent standing phase. To ensure
the motion remains visually consistent with a human-like kick, two stylistic reward terms
were introduced: Arm Posture penalises the robot for spreading its arms wide, while Arm
Swing penalises symmetric shoulder movement while allowing for reciprocal swinging.
The latter penalty resulted in reciprocal arm swinging, without explicitly rewarding this
behaviour, as can be seen in �g. 4.2b. It seems plausible that this is also better for
reducing collisions or getting entangled with other robots.

(a) (b)

Figure 4.2: (a) demonstrates posture before introducing the arm posture and arm swing
penalties while (b) demonstrates posture after introducing these penalties.

4.2 Experiments

The following experiments were designed to evaluate the agent's ability to learn the
complex task of approaching and kicking a ball, while simultaneously evaluating how the
incorporation of knowledge about symmetry impacts learning speed and generalisation.
Across both experiments two di�erent approaches of incorporating symmetry, one
utilising data augmentation during training and one that makes use of an equivariant
neural network, were evaluated against a vanilla PPO baseline. Both experiments used
the same reward con�guration, which can be found in table 4.1. They also use the same
training hyperparameters (see table B.1), as well as the same environment and reward
hyperparameters (see table B.2).
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The �rst experiment is a general performance experiment to assess task learnability
and performance across the three di�erent approaches. This was followed by a Home
Field Advantage experiment, which investigated whether the robot could successfully
generalise its kicking ability to the right side when its training was restricted exclusively
to the left side.

Reward Term Weight

Task Objectives
Target distance 250.
Ball approach target 0.3
Agent approach ball 0.1
Ball not moving -0.01

Survival and Stability
Survival 0.01
Upright 0.05
Fall over -50.
Fall down -50.

Regularization and Style
Joint positions exceed limit -1.
High-frequency actions -0.01
Feet sliding -0.01
Arm swing -0.05
Arm posture 0.3

Table 4.1: Experiment reward weights grouped by objective type

4.2.1 General

Two variants of the PPO algorithm, one utilising data augmentation and another employing
an equivariant neural network, were evaluated against a vanilla PPO baseline. Each
approach was trained using three independent seeds and for 15,000 training iterations.
During the training phase, target positions were sampled from a radial distance in the
range»2•5– 8•5¼and an angle in the range»�1– 1¼radians (� �57 � ), as depicted in �g. 4.3.

To evaluate the performance of the trained policies, the �nal checkpoints were
used to run simulations/episodes whose initial conditions were sampled from the same
distribution as was used during training. The terminal distance between the ball and
the target was tracked as a measure of accuracy and task performance. Furthermore, a
success threshold of 1.0m was established to provide a di�erent level of granularity in
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Figure 4.3: Target (yellow) and ball (blue) sampling zones for the general performance
experiment. The red line on the bottom right indicates 1 meter.

performance assessment. This threshold is somewhat arbitrary and based on a rough
estimate for the margin that another robot can be expected to cover at this scale to correct
for an imperfect pass. Evaluation was done for 10,000 episode simulations per model per
seed.

4.2.2 Home Field Advantage

To investigate the impact of incorporating symmetry knowledge on generalisation, an
experiment was conducted where the training distribution was strongly biased towards a
speci�c part of the state space. Speci�cally, the initial positions of the ball and target
were restricted to one side of the robot's sagittal plane. Target positions were sampled
from a radial distance in the range»2•5– 8•5¼and an angle in range»0– �¼radians, while
the initial ball position was sampled fromw 2 »0•15– 1•0¼andx 2 »0•– 0•5¼, as depicted
by the light green and dark green areas in �g. 4.4. This was trained with one seed for each
approach (Baseline, Data Augmentation and Equivariant) for 12,000 training iterations.

The models were subsequently evaluated on scenarios both within the original training
distribution and on its re�ection across the robot's sagittal plane. The re�ected distribution
consisted of samples from a radial distance in range»2•5– 8•5¼and an angle in range
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»��– 0¼radians, with an initial ball position sampled fromw 2 »0•15– 1•0¼– x 2 »�0•5– 0•¼,
as depicted by the light red and dark red area in �g. 4.4. Again, both the �nal distance of
the ball to the target and whether it met the 1.0m threshold were tracked.

Figure 4.4: Target (light) and ball (dark) sampling zones for the Home Field Advantage
experiment. Green regions indicate the training distribution, while red regions indicate
the re�ected evaluation distribution. The red line on the bottom right indicates 1m.

Evaluation was done for 60,000 simulations per model: 30,000 for in distribution
scenarios and 30,000 for out-of-distribution scenarios. As the primary goal was to
observe the structural properties of the networks rather than peak performance, training
until full convergence was not necessary to evaluate the generalisation gap.
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4.3 Results

4.3.1 General

(a) (b)

Figure 4.5: Mean episodic return across three independent training runs. Note that these
two subplots are of the same runs. Since these plots are used to highlight patterns at
di�erent scales, they are split at training iteration 300 so the initial learning phases are
legible. The y-axis is truncated for readability.

The training curves in �g. 4.5a indicate that all three approaches initially yield low
mean episodic rewards. This is primarily a result of heavy penalties assigned to falling
over and falling down events. This observation is supported by the termination data, as
these terminal states peak at the beginning of training and decline rapidly as the agents
achieves stability (see �g. 4.7). As these early terminations decline, a corresponding
increase in task objective terminations is observed (see �g. 4.6c, �g. 4.6a and �g. 4.6e),
signifying the agent transitioning from maintaining balance to successfully directing the
ball toward the target. All three approaches go through these same training phases.

Signi�cant instability was observed in the baseline, where troughs in mean episodic
reward can be seen in �g. 4.5b between iteration 8,000 and 13,000. These performance
drops occurred in two out of three seeds (see appendix D for individual plots per seed).
In contrast, the two symmetry variants maintained higher and more stable mean episodic
returns throughout training. Speci�cally, the equivariant approach slightly outperformed
data augmentation. Furthermore, qualitative analysis shows that the baseline breaks
symmetry as training progresses, while both the equivariant and the data augmentation
approach successfully maintain symmetric properties throughout the entire training
duration. Notably, the baseline learns to have a strongly preferred leg in all three seeds.
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