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Frequentist and Bayesian philosophies

Bayesians and frequentists have different perspectives on data X € 2
and model £.

Starting points
Frequentist assume a true, underlying distribution Py that has gener-
ated the data.
Bayesian formulate belief concerning the distribution that has gener-
ated the data.

Mathematical expression

Frequentist choose a map P : 2 — 7, to estimate, with a sampling
distribution to test and quantify uncertainty.

Bayesian choose a prior I'l( - ) and condition on X to obtain a posterior
(- X) on the model, to estimate, test and quantify uncertainty.
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A distinguishing example (Savage, 1961)

Example 1 Consider the following three statistical experiments:

A lady who drinks milk in her tea claims to be able to tell which
was poured first, the tea or the milk. In ten trials, she is correct
every time

A music expert claims to be able to tell whether a page of music
was written by Haydn or by Mozart. 1In ten trials, he correctly
determines the composer every time.

A drunken friend says that he can predict heads or tails of a fair
coin-flip. In ten trials, he is right every time.



Frequentist analysis
We analyse the Bayesian procedure from a frequentist perspective.
Assumption samples X™ are Pojn-distributed

We shall concentrate on the large-sample behaviour of the posterior.
Typical questions

e Consistency Does the posterior concentrate around the point FPy?
e Rate of convergence How fast does concentration occur?

e Limiting shape Which shape does a concentrating posterior have?
e Model selection Is the Bayes factor consistent?

e Uncertainty quantification Do credible sets have coverage?

in the limit n — oo.



Goal

The question

Given the model, which priors give rise
to posteriors with good
frequentist convergence properties?

The answer

To formulate theorems that assert
asymptotic properties of the posterior,
under conditions on model, prior and (Fy;,).



Course schedule

Lec I Bayesian Basics
Frequentist/Bayesian formalisms, estimation, coverage, testing
Lec II The Bernstein-von Mises theorem
Limit shape in smooth parametric models, semi-parametrics
Lec III Bayes and the Infinite
Consistency, Doob’s theorem, Schwartz's theorem
Lec IV Posterior contraction
Barron, Walker, Ghosh-Ghosal-van der VVaart theorems
Lec V Errors-in-variables regression
Consistency and rates of posterior convergence
lLec VI Tests and posteriors
Testing and posterior concentration, Doob’'s theorem



Course schedule

Lec VII Frequentist validity of Bayesian limits
Remote contiguity and frequentist limits
Lec VIII Posterior uncertainty quantification
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Which hypotheses are asymptotically testable and which are not?
Lec XII Bayesian tests and posterior model selection
Model selection with posteriors, some examples
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Lecture I
Bayesian Basics

In the first lecture, the basic formalism of Bayesian statistics is
introduced and its formulation as a frequentist method of in-
ference is given. We discuss such notions as the prior and pos-
terior, Bayesian point estimators like the posterior mean and
MAP estimators, credible intervals, odds ratios and Bayes fac-
tors. All of these are compared to more common frequentist
inferential tools, like the MLE, confidence sets and Neyman-
Pearson tests.



Bayesian and Frequentist statistics

sample space (Zn, Pn) measurable space

i.i.d. data XteZm frequentist /Bayesian
models (Pn, %) model subsets B,V € ¢4
parametrization © — &£, : 0 — Pg’n model distributions
priors My : %, — [0,1] probability measure
posterior - | X™) 9, — [0,1] Bayes's rule, inference

Frequentist assume there is Py X" ~ Py,

Bayes assume P ~ [ X" | Py~ Py
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Bayes's Rule and Disintegration

Definition 2 Fix n > 1. Assume that P+ P, (A) Is ¢,-measurable.
Given prior My, a posterior is any N(-| X" =") : ¥, x Zn — [0,1] s.t.

(i) For any G € 4, «" — (G| X" = ") is XA"-measurable
(ii) (Disintegration) For all A € 8™ and G € %,
[, n@Ixm ap = [ Pa(a)dnn(p) (1)

where P! = [ P, dN,(P,) is the prior predictive distribution

Remark 3 For frequentists X™ ~ Py, SO assume

PO,n<<Pnl,_|
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Posteriors in dominated models

Theorem 4 Assume &p, = {Py, : 0 € ©} is dominated by a o-finite
pm on (Zn, Bn) with densities py,, = dFy,,/du,. Then,

100 € GIX") = [ 50, (X M) [ [ (X, (2)
for all G €¥.

Example 5 i.i.d. data Consider X" = (Xq1,...,Xp) € 2", X" ~ P"
Choose %, = 2", © =X < n, P+ P, = P" and I'l,, =11 on 2.

n(rec|x™) = [ ][ p(x;)dn(p) / [, I pxi)y ancp).
1=1 1=1
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Proof

Fix n (and suppress it in notation)
Fubini Prior predictive has a density with respect to p,

PIB) = [ [ po(e)du(e)dn(e) = [ ([ po(e)dn(6) ) dua).
That density p” 2 — R is the denominator of the posterior. Note,
[ n@Ix =2)dP@) = | ( | po(a) (o) / | po@ dnw)) dP" ()

=/ /Gm(x) dr(6) dy(z) = /G Py(B) dn(6),

so disintegration is valid.
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o-additivity of the posterior

Proposition 6 The posterior (2) is o-additive, P'-a.s.

Proof Since P'(p'' > 0) = 1, the denominator is non-zero and the
posterior is well-defined P''-a.s. For z such that p''(x) > 0 and disjoint

(Gn)

n(eeU Gn

n>1

=C@) | Y Lpegny pole) dN(6)

n>1

= 0@ [, pp()dn(6) = N6 € G| X =),

n>1 n>1

X = :1:> — C(x) /UnanQ(a;) dr(0)

by monotone convergence. O]
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Prior to posterior

The Bayesian procedure consists of the following steps

(i) Based on the background of the data X, choose a model &,
usually with parameterization © — &2 : 0 — P,.

(ii) Also choose a prior measure I on & (reflecting “belief”). Usually
a measure on © is defined, inducing a measure on 4.

(iii) Calculate the posterior as a function of the data X.

(iv) Observe a realization of the data X = x, substitute in the posterior
and do statistical inference.
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Posterior predictive distribution

Definition 7 Consider data X from (2 ,9%4), a model & and prior
M. Assume that the posterior M(-|X) is a prob msr. The posterior
predictive distribution is defined,

P(B) = /@P<B> dn(P|X),

for every event B € A.

Lemma 8 The posterior predictive distribution is a probability mea-
sure, almost surely.

Proposition 9 Endow & with the topology of total variation and a
Borel prior I'l. Suppose, either, that & is relatively compact, or, that
M is Radon. Then P lies in the closed convex hull of &2, almost surely.
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Proof

Let ¢ > O be given. There exist {FP,..., Py} C & such that the
balls B; = {FP' ¢ &7 . ||[P' — Pj|| < ¢} cover &. Define C;,1 = B, 11\
Ué’:lBj' (Cqy = By), then {C1,...,Cyn} is a partition of £. Define
N = T1(C; | X)) (almost surely) and note,

| P — Z N\ Pl = sup
1=1 Be

Y [, (P(B) = R(B)AN(P|X =)
Z /C sup‘P(B) ~ P(B)|dN(P|X =)

N
<ed N(C;|X)=c¢
1=1

So there exist elements in the convex hull co(£?) arbitrarily close to
P. Conclude that P lies in its TV-closure.
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Posterior mean

Definition 10 Let & be a model parameterized by a closed, convex
©, subset of Re. Let N be a Borel prior. If 0 is integrable with respect
to the posterior, the posterior mean is defined

91(Y) = /@9 drn(e|Y e o,

almost-surely.
Remark 11 Convexity of © is necessary for interpretation P§1

Remark 12 Caution!

P(B) # Fy,(B)

and different parametrizations have different P§1
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Maximum-a-posteriori estimator

Definition 13 [ et the parametrized model © — &2 and prior Il be
given. Assume that the posterior is dominated with density 0 +—
(0| X). The maximum-a-posteriori (MAP) estimator 05 is defined as

(05| X) = sup w(0|X).
0c©

Provided that such a point exists and is unique, the MAP-estimator
is defined almost-surely.

Example 14 j.i.d.data Assume that the prior is dominated with den-
sity 0 — w(0). the MAP-estimator maximizes

n
©@ >R : 0~ HpQ(XZ')ﬂ'(Q),
1=1

which is equivalent to log-likelihood maximization with penalty log 7 (0).
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Frequentist coverage

Let ¥ denote a collection of subsets of ©

Definition 15 Assume that X ~ Iy, for some 0 € ©. Choose a
confidence level v € (0,1). A map Cy : & — € is a level-a confidence

set if,
Py(6 € Ca(X)) 210,
for all 6 € ©.

Definition 16 Asymptotic coverage whenever

Py (0 € Can(X)) — 1,

asn — oo, for all 0 € ©

Typically confidence sets are based on an estimator 0, or rather, on

the distribution 8 has (the so-called sampling distribution).
20



Credible sets

Let ¥ denote a collection of subsets of ©

Definition 17 [ et the parametrized model © — &2 and prior Il be
given. Choose a confidence level v € (0,1). Amap Do : 2 — P is a
level-a credible set if,

N0 € Da(X)|X)>1—a,

P'_almost-surely.

Typically, credible sets in parametric models are level sets of the pos-
terior density, the so-called HPD-credible sets.
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Randomized testing

Definition 18 Let ¥ = {FP):0 € ©} be a model for data X. Assume
given a null-hypothesis Hg and alternative hypothesis Hy for 0,

Hy: 0p € ©q, Hy: 0py¢€ ©;.
({©0,©1} partition of ©). A test function ¢ is a map ¢ . X — [0, 1].
Randomized test: reject Hy with probability ¢(X).

Type-I testing power P+ P¢p(X) for 0 € ©g
Type-II testing power P— P(1 — ¢(X)) for 0 € ©1

The Neyman-Pearson lemma proves optimality of

(1 it po, (y) > cpp, (y)
o(y) = v(x) it pg,(y) = cpg,(y) .
L0 it pp, (y) < cpg,(y)

for simple hypotheses Hp @ P = PQO versus Hq . P = Pgl.
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Odds ratios and Bayes factors

Definition 19 [ et the parametrized model © — &7 and prior 'l be
given. Let {©g,©1} be a partition of © such that N(©qy) > 0 and
"(®1) > 0. The prior odds ratio and posterior odds ratio are defined
by M(©q)/M(©1) and N(©g|Y)/MN(©1]Y). The Bayes factor for ©g
versus ©qis defined,

_ N(©elY)N(©1)
Ne1Y)N(©g)

Subjectivist Accept Hg if the posterior odds are greater than 1
Objectivist Accept Hg if the Bayes factor is greater than 1

23



Test sequences and asymptotics

Data X", modelled with &2, = {Fy,, : § € ©} and hypotheses /1 : 0 €
B and Hq :0 &V for subsets B,V C© s.t. BNV =g.

A test sequence (¢,) is pointwise consistent if for all 6 € B, ' ¢ V

Py non — 0 and Q,, ¢(1 — ¢n) — 0,

A test sequence (¢, ) is uniformly consistent if,

sup Py ,én — 0 and sup Q,, ¢(1 — ¢n) — O,
6cB o'cv

A test sequence (¢, ) is lN-a.s. consistent if,

Py n¢n — 0 and Qnﬁ/(l — ¢n) — 0O,
for all M-almost-all 6 € B, 8/ € V.
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MinimaXx optimal tests

We say that (¢n) is minimax optimal if,

sup Py p,¢n + sup Py (1 — ¢n) = mf( sup Py + sup By, (1 — @b)),
HcO0 0cO, Y \hee0 0cO,

Theorem 20 (Sion (1958)) Assume that & and © are convex, that
o — R(0,¢) is convex for every 6 and that 0 — R(0,¢) is concave for
every ¢. Futhermore, suppose that © is compact and ¢ +— R(0,¢) is
continuous for all 8. Then there exists a minimax optimal test ¢* s.t.

sup R(0,¢") = inf sup R(0,¢) = sup inf R(O, ).
HcO PEP pco Hc@ PP
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Examples of uniform test sequences

In the following, fix n > 1 and consider i.i.d. data X" = (Xq,...,Xn) ~
P™ for some P € Z.

Lemma 21 (Minimax Hellinger tests) Let B,V C & be convex with

H(B,V) > 0. There exist a uniform test sequence (¢n) S.t.
1 1

4 2 4 2
sup Py, < e 2" BV) sup (1 — ) < e 2" TBY),
PeB eV
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Proof

Minimax risk 7w (B, V) for testing B versus Q@ is

m(B,V)=inf sup (P¢+ Q(1—¢))
¢ (P,Q)eBXV

According to the minimax theorem,
infsup(P¢ + Q(1 — ¢)) =supinf(P¢ + Q(1 — ¢))
® P,Q PQ ¢

On the r.h.s. ¢ can be chosen (P,Q)-dependently; minimal for ¢ =
1{p < q} (remember the Neyman-Pearson test) so

w(B,V) =sup(P(p<q)+Q(=>q))
P,Q
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Proof

Note that:
P(p<q)+Q(qu)=/ pdu-l—/ q dp

p<q pP=>q
< / p1/2q1/2 dy -I-/ p1/2q%/2 dy
p<q pP>q

_ /p1/2q1/2 dp=1— %/(pl/Q B q1/2)2du

1
=1-3%(P,Q) < e 2D,

This relates minimax testing power to the Hellinger distance between
P and . For product measures, n-th power.

1

W(Pn’Qn) S e_énHQ(PaQ)
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Weak tests

In the following, fix n > 1 and consider j.i.d. data X" = (X1,...,Xn).
The model & contains probability measures P s.t. X" ~ P™,

Lemma 22 (Weak tests) Let ¢ > 0, Py € & and a measurable f :
2" — [0,1] be given. Define,

B={Pe P :|(P"-P)fl<e}, V={PeP:|(P"~P})f|=> 2.

There exist a D > 0 and uniformly consistent test sequence (¢n) S.t.
sup P¢n, < e ™. sup QM1 — ¢n) < e P,
PeB QeV

Proof relies on Hoeffding’s inequality
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Lecture II
The Bernstein-VVon Mises theorem

T he second lecture is devoted to regular estimation problems
and the Bernstein-von Mises theorem, both parametrically and
semi-parametrically. We discuss regularity, local asymptotic
normality, efficiency and the consequences and applications
of the parametric Bernstein-von Mises theorem. We then
turn to semiparametrics, considering consistency under per-
turbation, integral LAN and the semi-parametric Bernstein-
von Mises theorem. Semi-parametric bias is mentioned as a
major obstacle.



Example Parametric regression

Questions

Observe i.i.d. Yi,..., Y, Y; =0+ ¢, (or Y; = 60X, + ¢;, etcetera) with
a normally distributed error (of known variance). The density for the
observation is,

pgy(x) = ¢(x — 0p),
where ¢ is the density for the relevant normal distribution. Note the
Fisher information for location is non-singular.

What should we expect of the posterior for 6 in this model?

If we generalize to include non-parametric modelling freedom,
what can be said about the (marginal) posterior for 67
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Convergence of the posterior
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Local Asymptotic Normality LAN

Definition 23 (Le Cam (1960))
There is a 290 € Lo(Fy,) with Pgoégo = 0 s.t. for any (hn) = O(1),

np 1/2
1 90+; Phn(x ) = exp (Rl A, o —hTIQOhn—I—Ope (1)),
1=1 0o

where Afn’@o is given by,

=1 znjé (x) 20 N0, 1)

n,0 0o (X , 1gg),
R VA '

and Iy, = Pgoégoégo is the Fisher information.

A
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Differentiability in quadratic mean (DQM)

Definition 24 (L.e Cam (1960))
A model &7 is differentiable in quadratic mean at 6y with score égo if

2
1/2 1/2 ; 1/2
[ (25 = 9i> = 30— 00) lgy 3?) i = (10 — 6011%).

Then FPyly, = 0, Ly, € Lo(Fy,) and Iy, = Poly Ly is the Fisher infor-
mation.

Lemma 25 (L.e Cam (1960))
The model & is DQM at 0g if and only if &2 is LAN at 6.
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Regularity and the convolution theorem

Definition 26 An estimator sequence 0,, for a parameter Og is said
to be regular, if for every h, = O(1), with 0,, = 0o +n1/?h,
~ Py -w.
for some (hyn)-independent limit distribution Lg, .
Theorem 27 (Hajek, 1970)
Assume that the model is LAN at 6y with non-singular Fisher infor-

mation IQO. Suppose 0,, is a reqular estimator for 0o with limit Lgo.
T hen there exists a probability kernel Mgo S.t.

Ly = N(O,IQ_Ol) « Mg, .
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Regular estimation and efficiency

Definition 28 Given an estimation problem with i.i.d.-Fy data and
non-singular Fisher information Ig, the influence functions A, are,

—1 1 FPy-w.
Ap =1 Afn——ZIO Loy (X;) ——

Jr L N(O, Igh)

Theorem 29 (Fisher, Crameér, Rao, Le Cam, Hajek)

An estimator 0,, is efficient if and only if it is asymptotically linear:

Vn(On — 0p) = Ay g, + op, (1),

Pg -W.
for some influence function A, g, —— N (O, 19_01).

Remark 30 asymptotic bias equals zero because Pgoégo = 0.
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Efficiency of the maximum likelihood estimator

For all n > 1, let X¢,..., X, denote /.i.d. data with marginal Fp.

Theorem 31 (see van der Vaart (1998))

Assume that & = {Py : § € ©} with © open in RF and 0y ¢ © s.t.
Po = Fy,. Furthermore, assume that 2 is LAN at 6g and that Iy, IS
non-singular. Also assume there exists an LQ(PQO)-function ¢ s.t. for
any 0,0" in a neighbourhood of 0y and all x,

10g pg(a) —10g pyr(z) | < £() |10 — €]

If the ML estimate 0,, is consistent, it is efficient,

N P@O-W. 1
Vn(Bn — 60) —— N(0, I 1).
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Parametric Bernstein-von Mises theorem

Theorem 32 (Le Cam (1953), Le Cam-Yang (1990), h = /n(0—0p))

Let Z = {Py: 0 € © C R? with thick prior Ng be LAN at 6y with
non-singular IQO. Assume that for every sequence of radii M, — oo,

P,
N IRl < Ma | X1,..., X0 ) =21
Then the posterior converges to normality as follows

Po
sup‘l‘l heB | Xq1,....,.Xn)—N _1(B ‘—>O
up|N(heB | X1, Xn) =Ny 1o1(B)

Remark 33 With 6,, any efficient estimator,

Fo
S%p| n(@ c B \ Xq,... ,Xn> . Ngn’mlgo)_l(B) ' ~%0

Remark 34 (BK and van der Vaart, 2012) There’s a version for the
misspecified situation (Py & &).
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Consequences and applications
i. Bayesian point estimators are efficient

ii. Confidence intervals based on the sampling distribution of an ef-
ficient estimator and credible sets coincide asymptotically

Model selection with the Bayesian Information Criterion (BIC). Con-
sider parameter spaces ©; C RE (k > 1) with models &, for i.i.d.
data X4,...,X,,. Define,

Minimization of BIC(04,...,0; k) with respect to 6 and k is penalized
ML estimate that selects a value of k. Closely related to AIC, RIC,
MDL and other model selection methods.

39



Efficiency of formal Bayes estimators

Definition 35 Let X, &, N be like before and let ¢ : RF — [0, 00) be
a loss function. The posterior risk is defined almost-surely,

£ / o(v/n(t — 0)) dN(6]X).
©
A minimizer 9\37” of posterior risk is called the formal Bayes estimator

associated with ¢ and T1

Theorem 36 (Le Cam (1953,1986) and van der Vaart (1998))

Assume that the BvM theorem holds and that ¢ is non-decreasing
and £(h) < 14 ||n||P for some p > 0 such that [||0||PdlM(0) < co. Then
vn(03,—0p) converges weakly to the minimizer of [ £(t—h) dNZ,Ig‘Ol(h)

where Z ~ N (O, 13—01).
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Example Semiparametric regression

New Question
Observe j.i.d. Xq,..., X, X; =0+e¢; (orY; =0X,+¢;, etcetera) with

a symmetrically distributed error. Density for X's is,
Pog,no(T) = no(z — o),

where n € H is a symmetric Lebesgue density on R. We assume that n
is smooth and that the Fisher information for location is non-singular.

Adaptivity Stein (1956), Bickel (1982)
For inference on g it does not matter whether we know ng or not!

PQO?”O_W'

\ 1
» N (0, 190,?70)

\/ﬁ(én - 90)

where Iy . is the Fisher information.
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Parametric/Semi-parametric analogy

Parametric posterior
The posterior density 0 +— dlN(0|X4,..., X,)

Zl:_ll pe(X;) d(0) / /@ 2'1;11 po(X;) dM(6)

with LAN requirement on the likelihood.

Semiparametric analog
The marginal posterior density 0+ dlN(0| X, ..., X,)

/Hil;llpe,n(Xz’)dﬂH(n> dNg(6) / /@ /Hzgl o (X;) dM g (n) dNg(0)

with integral LAN requirement on lNg-integrated likelihood.
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Integral local asymptotic normality ILAN

Definition 37 Given a nuisance prior I'ly, the localized integrated
likelihood is,

() = [ H Ao B ().

Definition 38 s, is said to have the ILAN property, if for every h,, =
Op,(1)

sn(hn)
sn(0)

where the efficient A’ .0

log

T T
= ha, A"7/90770 Qh Togo/n 0Py (1),

o IS given by

A Pom™  nreo. 7
n,00,m0 — /= EE: 0,m0 » N (O, 907”0)
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Consistency under /n-perturbation

H / 7 ’ -
/ D(0yp) | -
(00,10) /
) / 9 °

AN

Given py | 0 we speak of consistency under n=1/2-perturbation at rate

(D0, p0) | 6= 60 +n"Y2hn; X1,..., Xn) RN
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Integral LAN

A

reparametrize (6,¢) — (0,n*(0) + ¢)

| 12
n n /
\
\

4
\
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Semiparametric Bernstein-von Mises theorem

Theorem 39 (Bickel and BK (2012))

Let & = {Fy, 0c©,nec H} with thick prior Ng and nuisance prior
M. Assume ILAN at Py, with non-singular Iy, .. Assume that for
every sequence of radii M,, — oo,

N( Al < Ma | X1,..0, X0 ) 2251

Then the posterior converges marginally to normality as follows
sup|n(heB\X1,...,Xn)—N~ 1 (B)‘

B An 90 no’ 90 n0

BOTH ILAN and y/n-consistency are sensitive to semiparametric bias!
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Semiparametric bias

An estimator 6,, for O is regular but asymptotically biased if,

\/ﬁ(é’n — ‘90) — Anﬁo,no + Hn,00,m0 + OPO(1)7

POW

with A, g 0 —— N (O, I ) and pu, g,n, = O(1) or worse. Typi-

cally,
—1 ~
‘f“n,@omo ‘ <n 12 sup ‘IH P90ﬂ7€9o,"70 ‘
neDnp
where D, describes some form of localization for n € H around ng.

Theorem 40 (approximate, see Schick (1986), Klaassen (1987))
An efficient estimator for 0y exists if and only if there exists an esti-
mator A,, for the influence function, whose asymptotic bias vanishes
at a rate strictly faster than +/n,

Py, nBn = o(n~1/2),
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Example Regression with symmetric errors

Theorem 41 (Chae, Kim and BK (2018))

Let Xq,..., X, beiid-Fy, p,, i.e. X; =00+ e; with e distributed as a
symmetric normal location mixture ng from H of the form,

1(@) = [ ¢ — 2) dF (2)

(where F is symmetric and ¢ denotes the standard normal density).
With thick prior Mg and nuisance prior Ny that has full weak support,
the posterior converges marginally to normality

Mo
Sup|l_l heB | Xq1,...,Xn ) — Nx -1 (B)|—0
B ( ‘ 1 n ) A”’QO’”O’Ieomo (

where Eeo,nO(X) — p@o,no/peo,no(X> and TQOWO - POzQQO:nO.
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Lecture III
Bayes and the Infinite

In the third lecture we consider application of Bayesian meth-
ods in non-parametric models: we do not focus on the con-
struction of non-parametric priors but on the requirements for
such priors to lead to consistent posteriors. After a review of
the consequences of posterior consistency, we turn to Doob’s
theorem and Schwartz's theorem, which we prove. We also
point out limitations of Schwartz’s theorem.



Frequentist consistency
Let Xy,...,Xn be ii.d.-Fy -distributed
Consider a point-estimator 4,,(X).

An estimator is said to be (strongly) consistent if

By
@n —O> 00.

E.g. if the topology is metric, a consistent estimator 8,, is found
at a distance from 6g greater than some ¢ > 0 with By ,,-probability
arbitrarily small, if we make the sample large enough.

Since 0y is unknown, we have to prove this for all 6 € © before it is
useful.
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Frequentist rate of convergence

S &
Next, suppose that 8, —26y. Let (rn) be a sequence r, | O.

We say that 0,, converges to 0y at rate ry if
r 10 = 0ol = Op, (1)

So r, compensates the decrease in distance between 6,, and 0, such
that the fraction is bounded in probability.

Or: the r, are the radii of balls around 8, that shrink (just) slowly
enough to still capture 6g with high probability.
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Frequentist limit distribution
Suppose that 6, converges to 0y at rate ry,.

Let Lgo be a non-degenerate but tight distribution. If

1,4 PQO-W.
Tn (Qn T 90) - L007

we say that 6,, converges to 0p at rate r, with limit-distribution Lgo.

So if we blow up the difference between 6,, and 0y by exactly the
right factors 'r,,jl, we keep up with convergence and arrive at a stable
distribution Ly, .
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Posterior consistency

Given FPp-i.i.d. X", 27 with prior I'l, do posteriors concentrate on Py?

n=144 n=256 n=400

Definition 42 Given a model & with Borel prior T1, the posterior is
(strongly) consistent at P € &2 if for every neighbourhood U of P

P(—a.s.)>

nwixm™) 1 (3)
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Consistency is Prokhorov's weak convergence

Theorem 43 Let ¥ be a uniform model with Borel prior I'l. The

posterior is strongly consistent, if and only if, for every bounded,
continuous f : &2 — R,

P,
[ 1Py an(PIX™) =2 1 (Fo), (4)
which we denote by M(-|X1,.... X;) = dp,.
Remark 44 All weak, polar and metric topologies are uniform:
U={Pec 2P |[(P-R)f|<e},V={PeP: ]§up (P — Po) f| < e},
€B

W={Pe Z:d(P Py) < ¢},

for e > 0 and functions 0 < f <1 measurable (or smaller class).
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Proof

Assume (3). f: < — R is bounded (|f| < M) and continuous. Let
n > 0 be given. Let U be a neighbourhood of Py s.t. [f(P)—f(FPy)| <n
for all P e U.

Integrate f with respect to the posterior and to op,:

[, £PYdNu(PIXy, . Xa) = £(Po)

< Py | f(P) — f(Po)| dMNn(P|Xq,..., Xn)

+ | 1£(P) = f(Po)|dMn(P|X1, .., Xn)
<OMMNp(2\U|X1,X0,...,Xn)
+ sup |£(P) = f(Po)| Mn(U | X1, Xo,.., Xn)
pPeU

<n—+op,(1).
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Proof

Conversely, assume (4) holds. Let U be an open neighbourhood
of Py. Because & is completely regular, there exists a continuous
f < — [0,1] that separates {FPy} from £\ U, i.e. f=1 at {Py} and
f=0o0on Z\U.

Mo(U | X1, Xo, ..., Xn) = /gz 17(P) dMn(P|X1, . .., Xn)

> [ FPYANa(PIXy, ... Xn) =% [ F(P)dop,(P)=1.

Consequently, (3) holds.
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Consistency of Bayesian point estimators

Theorem 45 Suppose that &2 is a is endowed with the topology of

total variation. Assume that the posterior is (strongly) consistent.

Then the posterior mean P, is a (Py-almost-surely) consistent point-
estimator in total-variation.
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Proof

Extend P — ||P — Pgyl| to the convex hull of &. Since P — ||P — Pg|| is
convex, Jensen says,

1P, — POH—H/ PdN.(P| Xy, ..., Xn)—POH
</ |P — Pol|dMn( P| X1, ..., Xn).

Since P "™, py under My, = Mp(-| X1,...,Xn) and P — |P — Pl is
bounded and continuous, the r.h.s. converges to the expectation of
| P — Pgl| under the limit §p,, which equals zero. Hence

~ B
P, =% Py,

in total variation.
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Doob’s theorem

Theorem 46 (Doob (1948))

Suppose that the parameter space © and the sample space Z are
Polish spaces endowed with their respective Borel o-algebras. Assume
that © — &2 . 0 — Py is one-to-one. Then for any prior Il on © the
posterior is consistent, IN-almost-surely.

Proof An application of Doob's martingale convergence theorem,
combined with a difficult argument on existence of a measurable f :
2 — O st f(X1,X2,...) =0, Pj°—as. forall 0 € © (Le Cam'’s
accessibility (Breiman, Le Cam, Schwartz (1964), Le Cam (1986)).
[]
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Freedman's point

Remark 47 Doob’s theorem says nothing about specific points: it is
always possible that Py belongs to the null-set for which inconsistency
OCCU'S.

Remark 48 (Non-parametric counterexamples)

Schwartz (1961), Freedman (1963,1965), Diaconis and Freedman
(1986), Cox (1993), Freedman and Diaconis (1998). Basically what
is shown is that Doob’s null-set of inconsistency can be rather large.
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Schwartz’s theorem

Theorem 49 (Schwartz (1965)) Assume that

(i) For every € > 0, there is a uniform test sequence (¢, ) such that

Py ¢n — 0O, sup P*(1 — ¢n) — 0.
{P:d(P,Py)>¢}

(ii) Let N be a KL-prior, i.e. for every n > 0,

H<Pe@ : —Po|og£§n) >0,
PO

Then the posterior is consistent at .

Corollary 50 Let & be Hellinger totally bounded and let Tl a KL-
prior. Then the posterior is Hellinger consistent at Py.
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Proof of Schwartz's theorem (I)

Let e,7 > O be given. Define
V={PecP: d(P Py >c¢}.
Split the n-th posterior (of V') with the test functions ¢,
limsup I, (V| Xq,..., X)) <Ilimsup [, (V|Xq,..., X)) (1 — ¢n)
n—oo n—oo
n—oo

Define i, = {P ¢ & —Fylog(p/po) <n}. For every P € Ky, LLN

(5)

1 mn
‘—Eﬂwf_fwwf-ﬁa (Py — a.s.).
n,—1 PO PO
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Proof of Schwartz’'s theorem (II)

So for every a > n and all P € Ky and large enough n,

n

[T 2(x) > e,

i—1 PO
Pg}-almost-surely. Use this to lower-bound the denominator

nminfem/ H —(X)dH(P) > I|m|nfe”0‘/K H —(X)dFI(P)

Ni=1

> lim inf ™ —(X;))dn(Pr) > N(K,) > 0.
> [ iminf e Zl_llp()( ) dN(P) > N(Ky)
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Proof of Schwartz’'s theorem (III)

The first term in (5) can be bounded as follows

limsup M(V[ X1, ..., )1 — ¢n( X1, ..., Xn))

n—oo

n—oo

lim sup " /V TT (0/p0) (X:) (1 — $n(X1, ..., Xn)) d(P)
S 1=1

(6)

n—oo

iminfe" [ T[ (o/po)(X) d(P)
=1

< lim su X1,...,Xn),
= Ay n_mopfn( 1 n)

where we use the (non-negative)

n

(X1, Xn) = [ T] 00 (1= @n) (X, Xa) (P
1=1
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Proof of Schwartz’'s theorem, interlude

At this stage in the proof we need the following lemma, which says
that uniform consistency of testing can be assumed to be of expo-
nential power without loss of generality.

Lemma 51 Let Pp and V with Py & V be given. Suppose that there
exists a sequence of tests (¢n) such that:

Py ¢n — 0, ]Sglé‘p/ P"(1 - ¢p) — 0O,

Then there exists a sequence of tests (wn) and positive constants C, D
such that:

Pgwn < e "¢, sup P"(1—wn) eV (7)
c
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Proof of Schwartz's theorem (IV)

The previous lemma guarantees that there exists a constant g > 0O
such that for large enough n,
n
P fn = Pfa =" [ PE( T[T 2(X) (1 = 6)(X1,- .. Xu) ) dN(P)
< o /V P(1 — ¢p) dM(P) < e (=),
(8)

Choose n < B8 and a such that n < a < %(ﬁ + n). Markov's inequality

g (fu > 6—%(6—n)) < 550 peoy < a—3(B+m)
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Proof of Schwartz's theorem (V)

Hence Y02 ; P3°(fn > exp —5(8 —n)) converges. Borel-Cantelli

0= pgo( N U {f> e—%(ﬁ—n)}) > pgo (”Lnfo‘ép<f" S I o)
N=1n>N

Py-a.s.

So fn »0 and hence

FPp-a.s.
VX, X)) (1= én)(Xq,. .., Xn) ——50.

The other term in (5) PIN(V|X1,..., Xn)én < P§¢n < e "¢ so that

Py-a.s.

H(V’Xl,...,Xn) ¢n(X1,...,Xn) > 0. (9)

Combination of (6) and (9) proves that (5) equals zero.
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but there are very nasty examples

Example 52 Consider Pp on R with Lebesgue density pg supported
on an interval of width one but unknown location. With n(x) > 0, if
x € (0,1) and n(x) = 0 otherwise, and 6 € R:

po(z) = n(z —0) 11 g41)(x)
Note that if 0 £ 0’,
Py’ n —
Po n
Kullback-Leibler neighbourhoods are singletons: no prior can be a
Kullback-Leibler prior in this model!

—Fy 109
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L ecture IV

Posterior contraction

In the fourth lecture, we delve deeper into the theory on pos-
terior convergence, motivated by examples that show the lim-
itations of Schwartz’'s prior mass condition. We prove an al-
ternative consistency theorem that does not rely on KL-priors.
We also make contact with Barron’'s theorem, Walker's theo-
rem and the Ghosal-Ghosh-van der Vaart theorem on the rate
of posterior convergence. We derive a theorem on posterior
rates of convergence with a KL-type prior-mass condition.

[arxiv: 1308.1263v3]



Recall Schwartz

Theorem 53 (Schwartz (1965))
Let &2 be Hellinger totally bounded and let Nl a KL-prior, i.e. forn > 0,

r|<Pegz : —P0|og£§n) >0,
PO

Then the posterior is Hellinger consistent at Fy.

Example 54 Consider Py on R with density,

po(z) = n(z —0) 119 g4.1)(2),
for some 6 € R. Note that if 0 £ ¢/,
D! —
Po.n
no prior can be a Kullback-Leibler prior in this model!

—Fy 109
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Walker's theorem

Theorem 55 (Walker (2004))
Let & be Hellinger separable. Let {V; :i > 1} be a countable cover
of & by balls of radius €. If I is a Kullback-Leibler prior and,

S N2 < oo
i>1

Py-a.s.
then M H(P, Po) > ¢| Xq1,....X,) — 27250,
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The Ghosal-Ghosh-van der VVaart theorem

Theorem 56 (Ghosal, Ghosh and van der Vaart, 2000)
Let (en) be such that ¢, | 0 and ne2 — co. Let C >0 and &, C & be

such that, for large enough n,

(i) N(en, P, H) < e~

(i) NP\ Py) < e nen(C+4)
(iii) the prior M is a GGV-prior, i.e.

dP dP \ 2 >
N Pe ¥ : —FPlo —<2,P<Io —) <2>>—C”€n
( 0] gdpo €n 0 gdPO €n | Z €
T hen, for some M > 0,

P,
M(PeP: HP Py >Mep| X1,...,Xn) —=0
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but here’s another tricky example

Example 57 Consider the distributions P,, (a > 1), defined by,
1 1

Zak2(log k)3

for all k > 2, With Z, = Y >0k~ %(logk)™> < co. Fora=1, b> 1,

pa(k) = Po(X = k) =

2
— P, log Po < 00, Pa(log @) = o0
Pa Pa

Schwartz’s KL-condition for the prior for the parameter a can be
satisfied but GGV priors do not exist.

Remark 58 With (log k)? instead of (log k)3, KlL-priors also fail.

73



Posterior convergence

Recall the prior predictive distribution P'(A) = [5 P™(A) dN(P).

Theorem 59 Assume that P} < P} for alln > 1. Let Vi,...,Vy be
a finite collection of model subsets. If there exist constants D; > O

and test sequences (¢; ) for all 1 <i < N such that,

dpP"™ —nD:
P8 din+ Sub F§oom(1 = dip) < e (10)

n

for large enough n, then any V. C Jj<;<nV; receives posterior mass
zero asymptotically,

Pp-a.s.
N(V|Xq,...,Xn) 22 0. (11)
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Proof

Ppy-a.s. ) )
If N(Vi|Xq,...,Xn) —22250 for all 1 < i < N then the assertion is

proved. So pick some 7z and consider,

PoN(Vi|X1,..., Xn) < Pydn + PoTI(V;| X1, ..., Xn)(1 — ¢n)
By Fubini,

dP"

PEN(ViIX1, o Xn) (1= 6n) = [ (1= én) dN(P)

1

< 1(V;) sup P, (dpn)(l bn) < e i
. _ e 1

Apply Markov and Borel-Cantelli to conclude that,

limsup M(V;|X4,...,Xn) =0.

n—o0
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Minimax test sequence

Lemma 60 Let V C & be given and assume that PJ(dP"/dP)") < oo
for all P € V. For every B there exists a test sequence (¢y) such that,

Pyt sup PELE (1~ g0
0enT pay Ogpntt — on
dP aN\ "
< inf T1(B) “ (sup P(—))dl‘l B).
0<a<l (B) / Peco(V) 0 dq (QIB)

i.e. testing power is bounded in terms of Hellinger transforms.

The construction is technically close to that needed for the analysis
of posteriors for misspecified models, i.e. when Py € & (see, Kleijn
and van der Vaart (2006)).
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Sketch of the proof

Let Q'1(A) be the prior predictive with M(-|B): P(A) > M(B) Q)1(A)
and using Jensen’s inequality, for P, € co(V™)
Pg<dPn>a < I‘I(B)_O‘P(S"(dpn)a
P dQy;
<nmy e rg [(S2)" ancalm),
= dOn

Hellinger transforms ‘'sub-factorize’” over convex hulls of products

sup /Pg(%)adn(cgm)g/ sup PO(dP”) dN(Q|B)

Ppeco(Vn) Ppeco(Vn) dQ"

o\ N
</<sup PO( ) ) dN(Q|B).
PeV
(see Le Cam (1986), or lemma 3.14 in Kleijn (2003))
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A new consistency theorem

For o € [0, 1], model subsets B,W and a given Pj, define,

dP\
mp, (W, B;a) = sup sup Po<—>
PeW QeB dQ)

Theorem 61 Assume that P} < P)' for alln>1. Let Vi,...,Vy be
model subsets. If there exist subsets Bq,...,By such that N(B;) > 0O,

mp,(co(V;), B;) <1
and supgep, Po(dP/dQ) < oo for all P € V;, then,

Pp-a.s.
N(VI|Xy,...,Xn) 2250

for any V. C UlgiSN Vi.

With theorem 61 consistency in example 54 is demonstrated without
problems.
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Flexibility

Given a consistency question, i.e. given & and V, the approach is
uncommitted regarding the prior and B. We look for neighbourhoods
B of Py (of course such that supgep Po(dP/dQ) < oo for all P € V),
which

(i) allow (uniform) control of Py(p/q)%,
(ii) allow convenient choice of a prior such that MN(B) > 0.

T he two requirements on B leave room for a trade-off between being
‘small enough’ to satisfy (i), but ‘large enough’ to enable a choice for
M that leads to (ii).
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Relation with Schwartz’'s KL condition

Lemma 62 Let Phe BC & and W C & be given. Assume there is
an a € (0,1) such that for all @ € B and P € W, Py(dP/dQ)% < ~c.
T hen,
WPO(W,B) <1
if and only if,
dP

d
sup —FPylog —Q < inf —Pylog——
QeB d Py PeWw dFPp
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Consistency in KL-divergence

Theorem 63 Let 1 be a Kullback-Leibler prior. DefineVV = {P ¢ &
— Py log(dP/dFPy) > €} and assume that for some KL neighbourhood

B of Py, supgep Po(dP/dQ) < oo for all P € V. Also assume that 'V is
covered by subsets V7,...,Vy such that,

: dP
inf —FPglog—— >0
Pecco(V;) d Py

for all 1 <: < N. Then,

Py-a.s.

|_|(—P0|Og(dp/dpo)<€|X1,...,Xn) > 1
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Relation with priors that charge metric balls

Note that if we choose o = 1/2,

Po(q>1/2 _ /<p0>1/2p(1)/2p1/2 dy

— /p /2 ,1/2 dlu_|_/(<po>1/2 - 1) (po>1/2<_)1/2 10

<1- %H(PO,P) Y H(Py. Q) Hp H H1/2

So if [|p/q|l2,o is bounded, a lower bound to H(co(V),PO) and an
upper bound for H((Q), Py) guarantee w(co(V), B; %) < 1.
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Borel priors of full support

Theorem 64 Suppose that &2 is Hellinger totally bounded. Assume
an L > 0 and a Hellinger ball B' centred on Py such that,

D p2 1/2 ,

H—‘ :</—du) <L, forallPe % and QQ € B

q112,Q q

If M(B) > 0 for all Hellinger neighbourhoods of Py, the posterior is
Hellinger consistent, Fp-almost-surely.

Lemma 65 If the KL divergence & — R : Q — —Plog(dQ/dP) is
continuous, then a Borel prior of full support is a KL prior.
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Separable models and Barron’s sieves

Theorem 66 Let V be given. Assume that there are K,L > O,
submodels (%n),>1 and a B with MN(B) > 0, such that,

(i) there is a cover Vi,...,Vy, for V.0 &P, of order N, < exp(3Ln),
such that for every 1 <1 < Np,

mp,(co(V;),B) <e -
and supgep Po(dP/dQ) < oo for all P € V;;

(i) (P2 \ 2,) < exp(—nK) and,

dP K
sup  sup Po(—> <e?2
PeV\ %, QEB dQ)

Ph-a.s.
Then M(V | X1,...,%,) 2220,
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A new theorem for separable models

Theorem 67 Assume that P} < P\' for all n > 1.

Let V be a
model subset with a countable cover Vi,V5,..

..and Bq,B-,... such

that N(B;) > 0 and for P € V;, we have supgcp o(dP/dQ) < oo.
T hen,

, (v« n
PI(VIX1,...,Xn) < inf ‘ co(V;), B;; .
BNVIXy, - Xn) < 30 It o (€00, Biia)
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Relation with Walker's condition

Corollary 68 Assume that P} < P!l forallm > 1. Let V be a subset
with a countable cover V1,Vo,.... and a B such that N(B) > 0 and
foralli>1, P€V;, supgcp Po(dP/dQ)) < co. Also assume,

sup WPO(CO(‘/Z'),B> <1
i>1
If the prior satisfies Walker's condition,

S N2 < oo

1>1

4

Pp-a.s.
Then M(V[Xq,.. . X,) 2% 0.
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Posterior rates of convergence

Theorem 69 Assume that P} < P\ for all n > 1. Let (ep) be s.t.
en | 0 and ne2 — oo. Define V,, = {P € & : d(P, Py) > en}, submodels

Pn C P and subsets B, s.t. supoecp, Folp/q) < oo for all P € V.
Assume that,

(i) thereis an L > 0 such that V,N <, has a cover V;, 1,V,, 2, .

- Vn,Nn
of order Ny < exp(5Lne2), such that,

. 2
7TPO (CO(Vn,i)a BTL) S € Lnen
for all 1 <1 < Ny,.

(ii) there is a K > 0 such that N(P\%,) < e—Knei and N(By) >

e 2 while also,

dP K2
sup  sup Po(—) < e4n
PE:@\@RQGBR Q

P
Then (P e P : d(P,Py) > en| X1,...,Xn) —=0.
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Posterior rates with Schwartz's KL priors

Theorem 70 Let e, be such that e, | 0 and ne2 — co. For M > 0, de-
fineVp,={Pec ¥ : H(Py, P) > Men}, B, ={Q € & : —Pylog(dQ/dPy) <
e2}. Assume that,

(i) for all P € Vi, sup{FPp(dP/dQ) : Q € By} < o
(ii) there is an L > 0, such that N(en, ¥, H) < elnes
(iii) there is a K > 0, such that for large enough n > 1,

dP 2
I‘I(P e . —Pylog— < e%) > e finen
dFp

P,
then N( P e P : H(P, Py) > Mep| Xq....,X,) —20, for some M > O.

With theorem 70 y/n-consistency in the heavy-tailed example 57 ob-
tains (for uniform priors on bounded intervals in R).
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Estimation of support boundary I:. model

Model

Define © = {(61,62) € R?2 : 0 < 65 — 01 < o} (for some ¢ > 0)
and let H be a convex collection of Lebesgue probability densities
n: [0,1] — [0,00) with a function [ : (0,a) — R, f > 0 such that,

inf min{/oend,u,/ll_end,u}Zf(e), (0O<e<a)

neH
The semi-parametric model & ={F, :0€ ©,n¢c H},

(2) 1 ( x — 04 ) 1
Ir) — .
Po,n O — 04 n 0y — 01 {01 <x<6>}

Question
We are interested in marginal consistency for 6. Define the pseudo-

metricd: # x & — [0,0),
d(PQ,na P@’,n/) — max{|91 o 9&’7 ‘62 o 6/2‘}
We want posterior consistency with V = {F, : d(P FPy) > €}.
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Estimation of support boundary II: construction

Lemma 71 Suppose that Py(p/q) < co. Then

Pop/a)*la=0 = Po(p > ), Po(p/a)*la=1 = [ "2 1550y 4P

Take B ={Q : [[(po/q) — 1lloc < 6},

inf PO@)Q < (1+49) min{Po(p > 0), P(pg > 0)}

0<a<l1
The supports of p and pg differ by an interval of length > ¢,
min{Po(p > 0), P(pg > O)} <1-— f(e).
o

Conclude: for every ¢,6 > 0,

(8%
sup sup inf PO<I—9) < (1+456) (1 — f(€)>< 1.
QeB PcV 0<a<l q o

90



Estimation of support boundary III: theorem

Theorem 72 Let © = {(61,05) € R? : 0 < 65 — 01 < o} (for some
o > 0) and convex H with associated f be given. Let Il be a prior on
© x H such that,

N(Q : I(po/a) — 1llso < &) >0,

for all 0 > 0. If Xy, Xo,... form an i.i.d.-FPy sample, where Py = Fy,
then,

1107

N(10 —6oll < e| X1,..., Xn ) 2251,

for every € > 0.

Remark 73 The o-restriction on 61 — 6> can be eliminated with the-
orem 66.
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Lecture V
Errors-in-variables regression

This lecture presents an analysis of posterior behaviour in the
non-parametric structural errors-in-variables regression model,
which combines smoothness classes with mixture modelling.
The goal is to demonstrate some of the standard techniques
that go into a proof of posterior convergence, including rates
of convergence. Central in the discussion are nets and entropy
numbers of parametrizing spaces, allowing for the construction
of tests as well as suitable priors.



Structural errors-in-variables regression

Observe i.i.d. pairs (X;,Y;) € R? (i > 1),
assumed to obey

X =7+ eq,

Y =aZ + b+ eo,
(e1,e-) and Z are independent
Compare with the simpler model

Y=aX+b+e +0b
-2 -1 0 1 2
where errors in X bias estimation of a Fig. X Regression dilution regres-
sion lines for ¥V = aX + b+ ¢ and
towards 0. X =Y b e
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Model definition

Structural errors-in-variables model

X:Z—|—€1, Y:f(Z)+€2, (12)

(e1,e0) ~ Dy x Oy, Z ~ I (e1,en) and Z are independent
Parameter (o, [, ') € I x .7 x D, where

I € (0,00) is a closed interval
D = 9[- A, Al with Stieltjes functions F..
7 bounded family of continuous functions f : [-A, A] — [-B, B].

Density for P, ¢ p

i% (&= 2)ea(y = f(2)) dF (=), (13)

pO‘,f,F(xay) — /
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Smoothness classes %
7 C (Cl—A, Al | -||) all continuous functions f: [—A, A] — [—B, B]

Lipas(a), M >0, 0<a<1all feCg[—A,A] with
HOENICOIE VIEEE
Doar(q) M >0, 0<a<1, q>1 all ¢-diff f € C[—A, A] with
D) - FDE)| < Mz -2,
Fo={fy:0¢c O} C Lipy(a), with bounded, open © C R* and
1o, — fooll < LI01 — 02124

Take first two cases together, in (Cg[—A, AL || - |I)

) ‘f(LBJ)(Zl) _f(LBJ)(zQ)‘
Ifllg = max |71+ sup PR ] :
and Cg r[-A, Al ={f € Cs[—A Al 1| [llg < L}
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Recall the GGV theorem

Theorem 74 (Ghosal, Ghosh and van der VVaart, 2000)

Let (en) be such that e, | 0 and ne2 — co. Let C > 0 and & be such
that, for large enough n,

(i) N(en, 2, H) < e "

(ii) the prior N is a GGV-prior, i.e.

dP dP \ 2 2
N Pe ¥ . —Pylo —<2,P<Io —) <2>> —Cnej
( 0 gdPO €ns 10 gdPO €n | Z €

P
Then N(P e 2 H(P FPy) > Mep| Xq,...,X,) —=0 for some M > 0.
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Entropy calculation (I)

Note
H(Pa,f,F7 PT,g,F/)

< H(Py 5 Pryr) + H( P g5, Prgp) + H(Pr g po Prg )

1/2 1/2
< Npopr = pr g T2+ KU = gll + 1pr g5 — Drg prll7

1/2 1/2
< Kylo — Y2+ Kollf — gll + prg.r — prg /2
(14)

If I’ and D’ are ¢2-nets in I and D, and .Z’ is an e-net in .%, then

{P(,)fyF oel fe P Fe D’}

is a Ke-net in &2 for the Hellinger metric (for some K > 0)
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Entropy calculation (II)

T herefore,
log N(Ke¥/2, 22, H)
<log N(e*,1,|.|) + log N(e*/2, 7| . |) + log N(2°)

" 1 a/2 g 7 1\
< L"log—+1log N(e* =, 7, .|) + L"(log —
€ €

The Hellinger covering number is bounded by two contributions

3
log N(e, 2, H) < Lo<|09 1) +log N(Le, 7, .|, (15)
€
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The ‘parametric’ case

Lemma 75 If there exists a constant .4 > 0 such that:

1 3
logN(e,ﬁ,u.H)ng(log —) | (16)
€

for small enough ¢ > 0, then the entropy condition of the GGV thm
is satisfied with:

en = n12(logn)3/2 (17)

for large enough n.
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Proof of lemma 75

log N (e, &, H) is upper bounded by the first term in (15) (with a larger
choice for Lg). With e, = n~1/2(logn)3/2, ¢, | 0 and ne2 — co. Note
en > 1/n for large enough n so that for some L > 0,

log N(en, Z, || .||) <log N(1/n,.Z,].|) < L(logn)>,

while ne2 = (logn)3, so e, satisfies the entropy condition of the GGV
thm.
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The ‘non-parametric’ case

Lemma 76 For an errors-in-variables model &2 with .7 = Cg j/[—A, A],
the entropy condition of the GGV thm is satisfied by

en =mn 20+, (18)

Jackson’s approximation theorem (Jackson (1930)) if f € Lipy(«)
there exists an n-th order polynomial p, such that

K
[f = pnll < o (19)
n

if f € Dgp(q), there exists n-th order polynomial p, such that

K/

—, (20)

”f — pn“ <
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Proof of lemma 76

Lemma 77 (Kolmogorov, Tikhomirov (1961)) Let 8 > 0, M > 0 be
given. There is a K > 0 such that,

1\1/8
09 N (e, Cg =4, AL |- ) S K(Z) (21)
for all ¢ > 0.
T herefore
og N(e, 2, H)) < 2
€, ’ = 1/
el/B
__B
for small enough €. The sequence ¢, = n 2°8+1 satisfies ¢, | 0O and

ne2 — oo and

_ 28
109 N(en, 2, H) < Knt/COHD) — g 72551 = Kne2,

for large enough n.
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Definition of the prior Il

Choose priors Ny, Mg and MNp on the parameter spaces I, .% and D

N(A) = (NMy x Mg x Np)(P~H(A))
where P: I x % XD — 2 :(o,f,F)w— P, rp.

Lemma 78 View (/,|-|) and (.7 .| -||) and D with Prokhorov's weak
topology as metric spaces. Then the map p : I x % x D — L1(un) is
continuous for the product topology.

[1; any prior with a continuous and strictly positive Lebesgue density
on I. lp Dirichlet with base measure with a continuous and strictly
positive Lebesgue density on [—A, A].
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Proof of lemma 78

Let (on, fn, Fy) — (o, f,F) be given. From (14) we know

Hpan,fn,Fn - p07f7FH1,,u < Kilon —o| + KQan - f“ =+ ||p0,f,Fn - pa’f’FHl,,u’

for some constants K1, K> > 0.
Since F, —» F, f is cont and ¢, is bnd cont,

/[—A,A] Yo (a:—z) Yo (y—f(z)) dFn(z) — /[—A,A] Vo (a:—z) Do (y—f(z)) dF(z)

So pointwise p, ¢ i, (7, y) = ps rr(x,y) and Scheffé’'s lemma gives

Hpa,f,Fn - pa,f,FH]_ p — 0,
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Prior-mass lower bound in the GGV thm

Define

P AP\ 2
Ble)={Pe2 : —pylo —<2,P(Io —><2}
(<) { = 0199 4P, S € o\ yp) =°

Theorem 79 Suppose that .7 is Lipys(«), Dy p(q) or Fgo. Define a
prior T1 on & of product form. Then there exist constants K,c,C > 0

such that
H(B(Kalog(l/a)))
> Cexp(—c(|og(1/5))3> Ny (f e 70 f = foll <),

for small enough J.
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Net priors on regression classes

# equicontinuous Let (am);,>1, am | O be given. For m > 1 there is a
am-net {f, € .7 i =1,.... Ny} in %#, where Ny, = N(am, #,|.||) < oco.
Define finitely supported probability measures [1,,,

Nm 1

M (A) = 3 ——87,(A).

g=1""m

With any (b,) such that b,, > 0 and > >_, b,, = 1, also define

Nz(A) =3 bulMn(A) (22)

m=1

Note for every fo € . and all § > 0, we have:

N (1f — foll <8) > 2

™m
if am <9, i.e. for all m large enough.
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Lower bounds for net prior mass in small balls

Lemma 80 Let 3 > 0 and M > 0 be given and take % = Cpg ps[—A, A].
T here exists a net prior Il # and a constant K > 0 such that

1
og Nz (f €7 1 |If = foll <6) > ~K—i75 (23)

for small enough 6.

Lemma 81 Let parametric % = Fg be given. IfTg is Lebesgue-abs-
cont with continuous and strictly positive density then for a constant

K >0,
1
09Nz (f €7 |If — fol <€) = ~Klog —, (24)

for small enough € > 0.
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Proof of lemma 80

Choose a,, = m~ 5. Then N,, satisfies for some constant K’ > 0O:

109 Ny = 10g N(am, Z, || |) < K'amt'? = K'm
c.f. lemma 77. Choose b, = (1/2)™. Let M be an integer s.t.

1
51/5<M<—1/5+1

Then for all m > M, an < 0 and the net prior I &z satisfies:

Ng(feZ:f—fol <6)> > bulu(llf — fol <9)
m>M

Y

—K!
e 1 —K'M 1 —K'(671/841 1 —2K/§—1/P8
> 2. ( > ) 2 3¢ > e K )2 e

m>M
(25)

for small enough 9.
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Rates of posterior convergence
Theorem 82 The posterior converges at rate ey,.

7 = Lipys(«) with a net prior, prior-mass in neighbourhoods of fg
determines en,

__a 1
en =n 20+1(logn)2a.

F = Da,M(Q) with a net prior, prior-mass in neighbourhoods of fg
determines ey,

__qta 1
€En =N 2q+2a+1 (|Og n) 2q+2a |

F = Fo With Lebesgue prior with continuous and strictly positive
density, prior-mass in neighbourhoods of Fy determines ep

€n = n_l/Q(Iog n)3/2.
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L ecture VI

Tests and posteriors

T he existence of Bayesian test sequences implies convergence
of the posterior distribution. By implication any distinction
between model subsets that is asymptotically testable is also
expressed through posterior convergence. In a Bayesian sense,
this leads to an equivalence that implies Doob’s theorem. By
contrast frequentist convergence is by no means settled, and
counterexamples abound, while Schwartz's theorem formu-
lates a very sharp sufficient condition.

arxiv:1611.08444 (MATH.ST)



he i.i.d. consistency theorems (I)

Theorem 83 (Bayesian, Doob (1948))

Assume that X" = (Xq,...,Xp) are i.i.d. Let & and 2 be Polish
spaces and let 'l be a Borel prior. Then the posterior is consistent at
P, for M-almost-all P € &

Example 84 For some Q € &, take N = 6g. Then MN(:|X") =g as
well, P)l-almost-surely. If X1,...,Xn ~ P} (require P} < P\l =Q"),
the posterior is not frequentist consistent.

Non-trivial counterexamples are due to Schwartz (1961) and Freed-
man (1963,1965,...)
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The i.i.d. consistency theorems (II)

Theorem 85 (Frequentist, Schwartz (1965))
Let X1,Xo,... be i.i.d.-Py for some Py € &. If,

(i) For every nbd U of Py, there are ¢, : %, — [0,1], s.t.
Pi¢n = o(1), sup Q"(1 — ¢n) = o(1),
QeUc
(ii) and N is a Kullback-Leibler prior, i.e. for all § > 0,

dP
N Pe ¥ . —Pylo —<5>>O,
< 0199 1P,

then N(U|x™) 2022, 1.

(26)

(27)
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The Dirichlet process

Definition 86 (Dirichlet distribution)
Ap=(p1,.---,p) p; > 0 and > ;p; = 1 is Dirichlet distributed with
parameter v = (o, ...,ap), p~ Dq, if it has density

k
fa(p) = C(a) I p
=1

Definition 87 (Dirichlet process, Ferguson 1973,1974)
Let p be a finite Borel msr on (Z',%). The Dirichlet process P ~ D,
is defined by,

(P(AD), -, P(AR)) ~ D(u(ay).u(A0)
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The i.i.d. consistency theorems (III)

Theorem 88 (Frequentist, Dirichlet consistency)

Let X1,X»o,... be an i.i.d.-sample from Py If 1 is a Dirichlet prior Dg,
with finite o« such that supp(FPy) C supp(«), the posterior is consistent
at Py in Prohorov's weak topology

Remark 89 (Freedman (1963))

Dirichlet priors are tailfree: if A" refines A and AL, U ... U A, =
A;, then (P(Agl\AZ-),...,P(Aglz_\AZ-) .1 < ¢ < k) is independent of
(P(A1),...,P(Ag)).

Remark 90 X" — M(P(A)|X™) is on(A)-measurable where o, (A) is
generated by products of the form [[—, B; with B; = {X; € A} or
B, ={X; & A}.
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A posterior concentration inequality (I)

Lemma 91 Let (¥,9) be given. For any prior I, any test function
¢ and any B,V € ¥,

/B PN(V|X)dn(pP) < /B P¢dn(P) + /VQ(l — ¢) dIN(Q)

Definition 92 For B € ¥ such that I'l,,(B) > 0, the local prior predic-
tive distribution is defined, for every A € %,

nB, _ 1
PB Ay = / Py n(A) dMn(0]B) = (o /B Py, (A) d,(6).

Corollary 93 Consequently, for any sequences (Ny), (Bn), (Vi) such
that B, NV, = @ and Ny(By) > 0, we have,

M\ B,
PP v, x7) = /Pg’nn(vnm”) My, (6| By)
1
<
My, (Bn)

(s, P dTn(®)+ [ Fon(@ = o) do(®))
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Proof

Disintegration: for all A € 4™ and V € ¥,
1 (X)N(V]X dP”:// 1 4(X) dP dN(P
[, 1aON(VIx) ], 1a(xX) dPan(p)
So for any #A"-measurable, simple f(X) = ijl Cj 1Aj(X),

n
/% FCONV]X)dP™ = /V /% F(X)dPdN(P)

Taking monotone limits, we see this equality also holds for any pos-
itive, measurable f : 2 — [0,00]. In particular, with f(X) = (1 —

$(X).
[, P(=sC)NX))dn(P) = [ P(1— (X)) dN(P)
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Proof

Since B C & and the integrand is positive,
[ P((2=)On(v ) dnp)

< [, P((=eC)NVX))dN(P) = [ P(1—(x))dN(P)
bring the 2nd term on the /.h.s. to the r.h.s. and divide by IN(B) > 0,

/PI‘I(V\X)dI‘I(P|B)

%)(/B Po(X)M(V|X)dN(P) + /V P(1—¢)(X) dﬂ(P))

IA

IA

%)( [ PoCyan) + [ PO - 6)(x) an(p))
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Martingale convergence

Proposition 94 Let (©,%,11) be given. For any B,V € ¥, the fol-
lowing are equivalent,

(i) There exist Bayesian tests (¢n) for B versus V;

(ii) There exist tests (¢, ) such that,
/B Py b dN(0) + /V Py (1 = ¢n) dr(6) — O,
(iii) For M-almost-all 6 € B, n €V,
n PQ,n n Pn,n
nvix")—o, nB|X")——0

Remark 95 Interpretation distinctions between model subsets are
Bayesian testable, iff they are picked up by the posterior asymptoti-
cally, iff, the Bayes factor for B versus V is consistent
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Proof

Condition (i) implies (ii) by dominated convergence. Assume (ii) and
note that by the previous lemma,

/P”I‘I(V|X“) dr(P|B) — 0.

Martingale convergence (in L'(.2°°° x #)) implies that there is a ¢ :
2 °° — [0, 1] such that,

[ P=RvIX™ — g(x*)|an(P|B) - o,

So [ P®gdN(P|B) = 0, so g = 0, P%°-almost-surely for MNM-almost-all
P € B. Using martingale convergence again (now in L(2°° x #)),
conclude NM(V|X™) — 0 P*-almost-surely for M-almost-all P € B, i.e.
(iii) follows.

Choose ¢(X™) =T(V|X™) to conclude that (i) follows from (iii).
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Prior-almost-sure consistency
Corollary 96 Let Hausdorff completely regular @ with Borel prior I
be given. Then the following are equivalent,

(i) forT-almost-all 8 € © and any nbd U of 6 there exist a msb B C U
with 1(B) > 0 and Bayesian tests (¢n) for B vs V =@\ U,

(ii) the posterior is consistent at MN-almost-all 6 € ©.

Remark 97 (Doob (1948))
Let & be a Polish space and assume that all P P"(A) are Borel

measurable. Then, for any prior 1, any Borel set V C &2 is Bayesian
testable versus &\ V.

Corollary 98 (More than) Doob’s 1948 theorem (see theorem 183)
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Examples: prior-almost-sure inconsistency (1)

Example 99 (Freedman (1963))
Let Xq1,Xo,... be i.i.d.positive integers.
A C ¢l the space of all prob dist on N (Py e N): p(i) = P({X =i}).

Schur’s property Total-variational and weak topologies on N\ equiva-
lent

P — @Q means p(i) — q(2) for all i > 1.

Goal is a prior with Fy in its support while posterior concentrates
around some ) € N\ {Fy}.
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Examples: prior-almost-sure inconsistency (II)

Consider sequences (Py,) and (Q) such that

Qm — Q, Pmn— Py, as m — o

Prior N places masses oy, > 0 at Py, and By, > 0 at Qm (m > 1), so
that Py lies in the support of I1.

First step construct (FPp-dependently) @Qm, leads to a posterior with,
N({Qm}X™)  PRras.
H({Qm—l—l}|Xn) ,

forcing all posterior mass that resides in {Qm : m > 1} into arbitrary
tails {Qm : m > M}, i.e. arbitrarily small neighbourhoods of Q.
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Examples: prior-almost-sure inconsistency (III)

Second step choose (/7)) and («,,) such that posterior mass in {Py, :
m > 1} also accumulates in tails.

But if ratios amm/Bm decrease to zero very fast with m,
N{Pm:m>M}HX"™)
< €,
NH{Q@m :m = M;|X")
Ppy-a.s. for large enough M.

Conclusion for every neighbourhood Uy of @,

I_I(UQ|Xn) Pp-a.s. ‘1

sO the posterior is inconsistent.

Remark 100 Other choices of the weights (ay,) with more prior mass
In the tails do have consistent posteriors.
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Examples: prior-almost-sure inconsistency (IV)

Objection knowledge of Py is required to construct the prior (unfor-
tunate but of no concern in any generic sense).

w(A) the space of all Borel distributions on A. Since A is Polish, so
are w(A) and A x w(A\).

Theorem 101 (Freedman (1965))

Let X1,Xo,... be i.i.d. integers, Endow =(/\) with Prohorov's weak
topology. The set of (Py,M) e A x w(/N\) such that for all open U C A,
limsup PYMUIX") =1,

n—oo

is residual.

The set of (P, M) € A x w(A) for which the limiting behaviour of the
posterior is acceptable to the frequentist, is meagre in A x w(N).
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Examples: prior-almost-sure inconsistency (V)
The proof relies on the following (see also Le Cam (1986), 17.7)
for every k> 1 A is all prob dist P on N with P(X = k) =0
No = Up>1/\g Pick I’n, Q € A\ Ag such that i/ # Q.

Place a prior I'lp on Ag and choose Il = %I‘IO + %5@

Because Ag is dense prior [1 has full support
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Examples: prior-almost-sure inconsistency (VI)
Py has full support in N so for every k€ N, P°(3,,>1: X = k) =1

If we observe X, = k likelihoods for n > m equal zero on A, so

for all n > m, P§j°-almost-surely.

Freedman shows that this implies

Pp-a.s.
0 >0

M(Ag|X™)
forcing all posterior mass onto the point {Q}.

Py-a.s.

NHQHX™) > 1
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Lecture VII

Frequentist validity of Bayesian limits

Remote contiguity is the extra property that lends validity to
Bayesian limits for the frequentist. It is required that the prior
IS such that locally-averaged likelihoods are indistinguishable
from the likelihoods associated with true distributions of the
data in a specific way that generalizes Le Cam’s property of
contiguity.

arxiv:1611.08444 (MATH.ST)



Le Cam’s inequality

Definition 102 For B € ¢4 such that I',(B) > 0, the local prior
predictive distribution is Py'" = [ Py, d,(0|B).

Remark 103 (L.e Cam, unpublished (197X) and (1986))
Rewrite the posterior concentration inequality

PIM(Vi| X™) < HPg _ pMiBn

N(Va)
N(Bn)

+ [ PP éndN(PB) 4+ = [ QU1 = ¢a) dN(QIVa)

Remark 104 Useful in parametric models (e.g. BvM) but “a consid-
erable nuisance” [sic, Le Cam (1986)] in non-parametric context
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Schwartz’'s theorem revisited

Remark 105 Suppose that for all 6 > 0, there is a B s.t. T1(B) >0
and for I'l-almost-all 6 € B and large enough n

PYN(VIX™) < ™ Py ,,M(V|X™)
then (by Fatou) for large enough m

limsup|(PY — e RBYyn(vix™)| <o

n—oo
Theorem 106 Let & be a model with KL-prior Tl; Py € &2. Let
B,V € 4 be given and assume that B contains a KlL-neighbourhood
of FPp. If there exist Bayesian tests for B versus V of exponential
power then

FPy—a.s.
nv]xm) 2222, 0

Corollary 107 (Schwartz's theorem)
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Remote contiguity

Definition 108 Given (), (Qn), Qn is contiguous w.r.t. P, (Qn < Py),
if for any msb 1, . 2™ — [0, 1]

Pnyn =0(1) = Qny¥n =o0(1)

Definition 109 Given (P,), (Qn) and a an | 0, Qn is an-remotely
contiguous w.r.t. Py (Qn<a, 'Py), if for any msb ¢, : Z™ — [0, 1]

Ppim = O(Cln) = Qnin = o(1)

Remark 110 Contiguity is stronger than remote contiguity
note that Qn < Py, iff Qn < a, 1P, for all an | 0.

Definition 111 Hellinger transform (P, Q: o) = [ p%qt % du
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Le Cam’s first lemma

Lemma 112 Given (Py), (Qn) like above, Qn < Py, iff:

(i) IFT, 50, then T, 2™ 0

(ii) Given e > 0, there is a b > 0 such that Qn(dQn/dPy >b) < €

(iii) Given e > 0, there is a ¢ > 0 such that ||Qn — Qn A c Py < ¢

Qn-w.

(iv) If dP,/dQ, [ along a subsequence, then P(f >0) =1

(v) If dQ),, /d P}, Mg along a subsequence, then Eqg =1
(vi) iminf, Y (Pn,Qn,a) -1 as a1
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Criteria for remote contiguity

Lemma 113 Given (P,), (Qn), an | 0, Qn<a, P, if any of the
following holds:

(i) For any bnd msb T, : 2" — R, angn iO, implies Ty, %O

(ii) Given e >0, thereisa § >0 s.t. Qn(dP,/dQn < dan) <€ f.l.e.n.
(iii) Thereis ab>0 s.t. liminfpsooba, !t Po(dQn/dPp > ba,l) =1
(iv) Given e > 0, there is a ¢ > 0 such that ||Qn — Qn A ca, 1Pyl < €

(v) Under Qn, every subsequence of (an(dP,/dQyn)~1) has a weakly
convergent subsequence

[(Vi) limqpg liminfp an™% 9 (Pp, Qn; o) > 0]
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Beyond Schwartz

Theorem 114 Let (©,¥,MN) and (Xy1,...,Xn) ~ Py, be given. As-
sume there are B,V € 4 with IN(B) >0 and a, | O s.t.

(i) There exist Bayesian tests for B versus V of power an,

/B Py ndn dN1(0) + /V Py.n(1 — ¢n) dN(0) = o(an)

(ii) The sequence (Py ) satisfies Py, < at P,,';”B

Then n(v|xm) 2250
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Application to i.i.d. consistency (I)

Remark 115 (Schwartz (1965))
Take Py € &2, and define

Vn={Pc & H(P Fy) = ¢}
Bn={P:—PylogdP/dPy < 2¢°}

With N(e, #,H) < oo, and ay of form exp(—nD) the theorem proves
Hellinger consistency with KL-priors.
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Consistency with n-dependence

Theorem 116 Let (£,%) with priors (My) and (Xq,...,Xn) ~ Pon
be given. Assume there are By,,Vy, € ¢ and an,by, > 0, ap = o(by) S.t.

(i) There exist Bayesian tests for By, versus Vi, of power ay,

. Py nPn dlMn(6) + /Vn Pgm(l — ) dMp(0) = o(an)

(ii) The prior mass of B,, is lower-bounded by by, My(Bn) > by,

(iii) The sequence (P ) satisfies P <1 bpay,* PS”'B”

Then M, (V| x") 2250
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Application to i.i.d. consistency (II)

Remark 117 (Barron-Schervish-Wasserman (1999), Ghosal-Ghosh-
vdVaart (2000), Shen-Wasserman (2001))
Take Py € &2, and define

Vi=4{Pe P :H(P P >en}
Bn={P:—PylogdP/dPy < ¢, Pylog?dP/dPy < 5ei

With log N(en, 2, H) < ne2, and an and by, of form exp(—Kne2) the
theorem proves Hellinger consistency at rate ey,

Remark 118 Larger B, are possible, under conditions on the model
(see Kleijn and Zhao (201x))
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Consistent Bayes factors

Theorem 119 Let the model (£2,%) with priors (INy) be given. Given
B,V €49 with N(B),N(V) >0 s.t.

(i) There are Bayesian tests for B versus V of power a, | 0O,

|, Ponndn(®) + | Pyn(1 = ¢n) dMa(6) = ofan)

(i) For all 0 € B, Py, < aytPa™B; for allne v, Pyn < ayt Y

Then or Bayes factors (or posterior odds),
_ nesxm)nv)

~ N(V[X™)N(B)
for B versus V are consistent.

n
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Random-walk goodness-of-fit testing (I)

Given (5,.7) state space for a discrete-time, stationary Markov pro-
cess with transition kernel P(:|-) : . x S — [0, 1], the data consists of
random walks X™.

Choose a finite partition a = {A4,..., Ay} of S and ‘bin the data’:
Z"™ in finite state space S,. Z" is stationary Markov chain on S, with
transition probabilities

pa(k|l) = P(X; € Ag|X;—1 € Ap),

We assume that p, is ergodic with equilibrium distribution .

We are interested in Bayes factors for goodness-of-fit testing of tran-
sition probabilities.
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Ergodic random-walks

Example 120 Assume that pg € © generates an ergodic Markov
chain Z"™. Denote 7" ~ Iy, and equilibrium distribution mg

For given € > 0O, define,

< €

, O pa(llk) 5
B={pco; kgl—po(1|k)wo(k> og 22 b

Assume MN(B') > 0.

According to the ergodic theorem,

n Z:\Z: Py,-as N |k

1
— log ,
n Z; po(Zi|Z;—1) =1 po(l|k)
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Remote contiguity of ergodic random-walks

so for every po € B’ and large enough n, Pp p-almost-surely

dPa,n(Zn) _ ﬁ pa(Z¢|Zv;—1)Ze—g62
dPg p —1 po(ZilZi—1)

Fatou’'s lemma implies remote contiguity because,

dP, _n.o
P0n< S(Z™) dN(pa|B") < e 2° ) — 0.
’ dPO,n

So lemma 113 says that

/
Py <exp(Ze2) PP

Remark 121 Exponential remote contiguity is not enough for goodness-
of-fit tests below. Instead we use to local asymptotic normality for a
sharper result.
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Random-walk goodness-of-fit testing (II)

Fix Py, e > 0 and hypothesize on ‘bin probabilities’ pa(k,l) = pa(k|l)7a(l),
1o max |pa(k,l) = pok, D | < e, 11 i max|pa(k,D) —polk,D)| >
Define, for é, | O,
By = {pa €O : n?ﬁx\pa(k,w —po(k, 1) | < € = dn}
Via = {pa € © : |pa(k,1) — po(k, 1)| > e},
Vikin=1{pa € ©: palk,l) —po(k,1) > e+ dn},

V_ kln = {pOé €O p&(kal) _pO(kal) S —€ — 5?1}

VA A

Remark 122 A Bayesian test sequence for Hy versus Hq exists based
on a version of Hoeffdings inequality for random walks (Glynn and
Ormoneit (2002), Meyn and Tweedie (2009))
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Random-walk goodness-of-fit testing (III)

Choquet pa(kll) = X ges AEE(K|l) where the N transition kernels E
are deterministic. Define,

S, = {Ag - SNN g > An/NN_l,for all B € 5},
for Ap | 0.
Theorem 123 Choose a prior 'l < p on SNN with continuous, strictly
positive density. Assume that,
(i) nA262/log(n) — oo,
(it) N(B\ By),M(©\ Sn) = o(n~N"/2)),
(i) M(Viy\ (Vi i UV 1)) = o(n= N/, for all 1 < k,1 < N.

Then the Bayes factors F,, for Hy versus Hq1 are consistent.
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L ecture VIII

Posterior uncertainty quantification

As we have seen in Lecture II the Bernstein-von-Mises |limit
allows us to identify credible sets and confidence sets in the
large-sample limit. This identification extends much further:
in this lecture we consider various ways in which credible sets
and their enlargements serve as confidence sets. Before we
turn to posterior uncertainty quantification, we |look in de-
tail at the proof of frequentist posterior consistency with the
Dirichlet prior.

arxiv:1611.08444 (MATH.ST)



Remote contiguity in finite sample spaces

Observe an j.i.d. sample Xq, X-,... taking values in a space 2 of
finite order N. Let M denote the space of all probability measures on
A

(M, || -|]) is isometric to the simplex,

Sy ={p = ((1),...,p(N)) : minp(k) > 0, ;p(i) = 1},

with ¢1-norm: |lp — gl = =} [p(k) — q (k).

Proposition 124 Ifi.i.d. X1, X»,... are 2 -valued, then for anyn > 1,
any Borel prior Il of full support on M, any Pop € M and any ball B
around Py, there exists an € > 0 such that,

o2 niB
PR <e2™ Pl

Y

for all 0 < e < €.
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Consistency with finite sample spaces

Given § > 0, consider

B={PcM:||P-PFPy|<é}, V={Q€E M:|Q— Py > 26}.

M is compact N(6, M, ||-||) < oo for all § and there exist uniform tests
for B versus V (with power e ™Y D > 0).

Proposition 124 with an 0 < ¢ < ¢ small enough guarantees exponen-
tial remote contiguity

Then theorem 114 says MN(V|X™) goes to zero in Pg-probability.

Proposition 125 (Freedman, 1965) A posterior resulting from a prior
[l of full support on M is consistent in total variation.

146



Weak consistency with Dirichlet process priors

Recall

Definition 126 (Dirichlet process, Ferguson 1973,1974)
Let 1 be a finite Borel msr on ([0, 1], %[0, 1]). The Dirichlet process

P~ D, is defined by,

(P<A1>’ T P(Ak)) ~ DAy, m(AR)

Define Prokhorov's weak neighbourhoods f : [0, 1] — [0, 1] continuous

Up = {P e M1[0,1] : (P — Py)f| < e}

Vi = M*0,1]\ Uy We want to show PITI(V¢|X™) = o(1).
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Suitable weak tests

For continuous f :[0,1] — [0,1] and
By ={P : |(P—Po)fl<e}, Vp={P:|(P—Pp)f]> 4e}.
Any cont x — f(x) is e-uniformly approximated by some g

N
g(z) = ) gnly,(z)

n=1

on a partition in intervals Aq,...,Ax
By = {P (P — Py)g| < 26}, Vy = {P (P — Py)g| > 36}.
By C By, Vy C Vg and Lemma 22 says there are (¢n)
sup Ppn < e "P sup QM1 — o) < e V. (28)

PeB, QeV,
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Remote contiguity in restricted form
For given f and ¢ > 0, construct g on some «.

Define sub-o-algebra oo n = o(a™) on Z, = [0, 1]".

Remark 127 Tailfreeness (Freedman, 1965)

In —[0,1] : X" — (V4 |X™) is oan-measurable

Remote contiguity,
M B
PPry (XY = 0(pn) = PPn(X™) = o(1),

only for oo n-measurable iy, 1 2™ — [0, 1]
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Partitions and projections

Project [0,1] onto 7, = {e, : 1 <n < Ny}

pa(z) = (1{z € A1},..., 1{z € Ay,}).
and consider .. @ M0, 1] — Sy,

pxa(P) = (P(A1),..., P(Ap,)),
Remote contiguity and testing happen equivalently in Sy

Full support of ll, guarantees remote contiguity with exponential
rates. Together with tests (28), implies weak consistency

NVAX™) < NV [X™) 220

Dirichlet process prior full support of the base measure n implies full
support for all Mg, if u(A4;) > 0 for all 1 < i < Ng. Particularly, we
require FPp < p for consistent estimation.
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Credible sets and confidence sets

Let & denote a collection of measurable subsets of ©

Definition 128 Let (©,%) with priors 'l,, be given. Denote the se-
quence of posteriors by I(-|-) 19 x 2, — |0,1]. A sequence of credi-
ble sets (Dy,) of credible levels 1 — a,, (with ay | 0) is a sequence of
set-valued maps D, . 2, — & such that,

MO \ Dn(X™)|X") = o(an),

P!n_almost-surely (or in P)'"-probability).

Definition 129 A sequence of maps x — Cyp(x) C © forms an asymp-
totically consistent sequence of confidence sets (of credible levels

1 —o(an)), if,

Ppon( 00 & Cn(X™) ) = o(an)
for all g € ©.
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Credible sets with converging posteriors (I)

Distinguish theorems with posteriors convergence as a condition and
theorems without such conditions.

We assume that (©,,d,) are metric spaces. Denote balls,

Bn<(9n, Tn) — {07/1 € On: dn(ela Qn) < Tn}?

where both 6,, and r, may be random.

Definition 130 Let (©,,d,) with priors I'l,, be given. A sequence of
credible balls

of credible levels 1 — o(ay) satisfy,
N(©\ Dp(X™)[X™) = N(dn(n,n) < 7n|X™) = o(an),
Pln_almost-surely (or in P)'"-probability).
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Credible sets with converging posteriors (II)

Suppose that (©,,d,) are metric spaces

Theorem 131 (van Waaij, BK, 2018/19)
Suppose that 0 < e <1, Iy, < P,'" and

PQO n

N(dn(0n,000) <70 | X" ) —"51

Let B, = Bn(0,,7,) be level-1 — ¢ credible balls of minimal radii.
Then with high Pgojn—probabi/ity rm < T

And Cn(X™) = Bn(0p, 7n+rn) C Bn(0n, 2ry) have asymptotic coverage,

Ppon( 0o € Cn(X™) ) = 1,
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Credible sets with converging posteriors (III)

Theorem 132 (van Waaij, BK, 2018/19)
Suppose that 0 < e <1, Py, < P! and

Let B,(0,,7n) be level-1 — ¢ credible balls of near-minimal radii

tn = (14 0(1))7en

where rc , denote the infimal radii of level-1 — e credible balls.
Then with high Py, ,-probability ¥n < (1 4 0(1))rn

And Cp(X™) = Bp(0n, 7n+rn) C Bn(0n,2(14+0(1))r,) have asymptotic
coverage,

Poon( 0o € Cr(X™) ) — 1,
154



Proof of theorem 132 (I)

Let n > 1 be given

The posterior M(-|X™ = x™) is defined for all ™ in an event F; such
that P)n(F,) =1, and because Py, < Py, also Py, (Fp) = 1.

For =™ € Fy, let rn(0n,2™) denote the infimal radius of balls in ©,
centred on 6,, of posterior mass at least 1 — e.

Define 6,(«™) as the centre point of a credible ball B,, = B,(0y,7n) of
level 1 — ¢, with near-minimal radius r,, I.e.

rn(x™) < (14 o(1))inf{r,(0,,2") : 0, c ©,}
Note
Py M(Ba|X") > 1 —€) =1,

for all n > 1.
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Proof of theorem 132 (II)

Posterior convergence the ball 5,,(0p,,,m) is a credible ball of level
1 — e for large enough n. Therefore, with high Fg ,-probability

’Fn(Xn) < (1+0(1)) Tn(HO,naXn) < (1+o0(1))rn.
Posterior convergence the balls By(0g p,rn) satisfy
Poon( M(Bn(00,5,70)|X™) > €) —= 1.
Conclude that, with high Py, -probability,

Bn(00,n,m™m) N Bn(0n(X™),7n(X™)) # o,
implying asymptotic coverage of 90,n for Cn(X™).

Remark 133 Proof does not lead to automatic rate-adaptivity (Hen-
gartner (1995), Cai, Low and Xia (2013), Szabo, vdVaart, vZanten
(2015)) when ro, = rn(Py ). estimation of ry is problematic.
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Uncertainty quantification in the EIV model

Example 134 Theorem 82 says the posterior converges at rate e¢,,.
Let By, = Bn(0,,7n) be level-1 — ¢ credible balls of minimal radii and

7 = Lipy/(«) with a net prior, the sets C'(X"™) have asymptotic
coverage, and shrink like,

__a 1
en =n 20+1(logn)2a.

F = Dy p(q) with a net prior, the sets C(X") have asymptotic
coverage, and shrink like,

___gqta 1
€n, = n 29+2a+1 (|Og n)2q—|—2a.

F = Fo with Lebesgue prior with continuous and strictly positive
density, the sets C(X™) have asymptotic coverage, and shrink like,

€n = n_l/z(log n)3/2.
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Credible sets without converging posteriors

Definition 135 Let D be a credible set in © and let B denote a set
function 0 — B(0) C ©. A model subset C is said to be a confidence
set associated with D under B, if for all 0 € © \ C,

BOO)ND =g

Definition 136 The intersection Cy of all C' like above is a confidence
set associated with D under B, called the minimal confidence set
associated with D under B.
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B-Enlargement of credible sets

A credible set D and its associated confidence set C under B in terms
of Venn diagrams: additional points 8 € C' \ D are characterized by
non-empty intersection B(#) N D # .
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B-Enlarged credible sets are confidence sets

Theorem 137 Let0<an <1, anl 0 andb, > 0 such that a,, = o(by)
be given and let D,, denote level-(1—o(ay)) credible sets. Furthermore,
for all 0 € ©, let B,, be set functions such that,

(i) Mn(Bn(0o)) = bn,
. — My |Bn
(il) Pyyp <bnay* Py [Bn(f0)

Then any confidence sets C,, associated with the credible sets Dy
under B,, are asymptotically consistent, that is,

Pyon( 00 € Cn(X™) ) — 1.
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Methodology: confidence sets from posteriors (1)

Corollary 138 Given (©,%), (I,) and (B,) with Ny(Br) > b, and
Py, < PE”'B”, any credible sets Dy, of level 1 —a, with a,, = o(b,) have
associated confidence sets under B, that are asymptotically consis-

tent.

Next, assume that (X1, X>,...,Xp) € 2" ~ PY for some Py ¢ &.

Corollary 139 Let I'l,, denote Borel priors on &2, with constant C > 0
and rate sequence ¢, | O such that:

dP dP \ 2 >
M| Pe & . —Pylo —<2,P(Io —) <2>> —Cnep
n( 0] gdPo €n 0] gdPo €n | Z €

Given credible sets Dy, of level 1 — o(exp(—C'ne?)), for some C' > C.
Then radius-e, Hellinger-enlargements C,, are asymptotically consis-
tent confidence sets.
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Methodology: confidence sets from posteriors (II)

Note the relation between Hellinger diameters,

diampyg(Cr(X™)) = diamyg(Dp(X™)) + 2e¢p,.
If, in addition, tests satisfying

Py nn(X") dn(6) + /Vn Pyn(1 — ¢n(X™)) dMy(6) = o(an),

with a, = exp(—C'ne2) exist, the posterior is Hellinger consistent at
rate en, so that diamgy(Dp(X"™)) < Me, for some M > 0.

If ¢, is the minimax rate of convergence for the problem, the confi-
dence sets C,(X™) are rate-optimal (Low, (1997)).

Remark 140 Rate-adaptivity (Hengartner (1995), Cai, Low and Xia
(2013), Szabo, vdVaart, vZanten (2015)) is not possible like this
because a definite choice for the sets in B, IS required.
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Lecture IX

Exact recovery and detection of communities

The planted bi-section model describes random graphs X" of
2n vertices, divided in two (unobserved) communities, with
given within-community p, and between-community g, edge-
probabilities. Can we estimate the communities consistently
as the graph size increases? In this lecture we show that
posteriors recover communities exactly or concentrates on as-
signments with a controlled number of mis-assignments, de-
pending on the Erdos-Rényi phase of the sequence of graphs.

arxiv:1810.09533 (MATH.ST)



Erdos-Rényi random graphs

Fix n > 1, denote G, = (V,,, F2,,) complete graph with n vertices and
percolate edges (with p, € (0,1)),

For every e € E,, independently, include e in E!, C E, wp. pn.

Result random graph G(n,pn) = (Vp, E!) (Erdos, Rényi (1959-1961)).

Fig. 1. Complete graph and edge-percolated ER-graph
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Phases of the Erdos-Rényi graph

Like (most) physical materials, ER-graphs have three phases

©,
@ @
®
O,
Fig 2a. Fragmented Fig 2b. Giant comp Fig 2c. Connected
sizes < O(log(n)) size ~ O(n)
pn < 1l/n 1/n < p, <log(n)/n pn > log(n)/n
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The planted bi-section model (I)

Consider (G, = (V5,,, F)s,,) with class assignment 6, € {0, 112", Write
Vo, = Zo(6r) U Z1(0y), split in class zero Zp(6y,) and class one Z1(6n).

Edge-percolate with some py, gn € [0, 1],

For every e € Eo,, independently,

pn, if e lies within Zg or Zq,

include e in E5_ C E», wp.
2n 2n { gn, if e connects Zg and Zj.

Result random graph X" = (Va,, E5)
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Community detection

Example PBM with n =12, 0 < g < pg < 1, 6, = 000000111111

Fig 3a. Observed Fig 3b. Unobserved Fig 3c. Detection
Data X" Communities of 6, Estimate with
PB graph Z0(0n), Z1(0n) Zo(X™), Z1(X™)
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Methods of community detection (I)

General
Abbe, E. (2018). Community Detection and Stochastic Block Models: Recent
Developments. J. Machine Learning Research 18.177, 1-86.

Spectral clustering
Krzakala, F. et al. (2013). Spectral redemption in clustering sparse networks.
PNAS 110.52, 20935-20940.

Maximization of the likelihood and other modularities
Girvan, M. and M. E. J. Newman (2002). Community structure in social and
biological networks. PNAS 99.12, 7821-7826.
Bickel, P. J. and A. Chen (2009). A nonparametric view of network models and
Newman-Girvan and other modularities. PNAS 106.50, 21068-21073.
Choi, D. S., P. J. Wolfe, and E. M. Airoldi (2012). Stochastic blockmodels with a
growing number of classes. Biometrika 99.2, 273-284.
Amini, A. A. et al. (2013). Pseudo-likelihood methods for community detection in
large sparse networks. Ann. Statist. 41.4, 2097-2122.
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Methods of community detection (II)

Semi-definite programming

Hajek, B., Y. Wu, and J. Xu (2016). Achieving Exact Cluster Recovery Threshold
via Semidefinite Programming. IEEE Trans. Inf. Theor. 62.5, 2788-2797.
Guédon, O. and R. Vershynin (2016). Community detection in sparse networks via
Grothendiecks inequality. PTRF 165.3, 1025-1049.

Penalized ML detection, minimax misclassification

Zhang, A. Y. and H. H. Zhou (2016). Minimax rates of community detection in
stochas- tic block models. Ann. Statist. 44.5, 2252-2280.

Gao, C. et al. (2017). Achieving Optimal Misclassification Proportion in Stochastic
Block Models. J. Machine Learning Research 18.60, 1-45.
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Methods of community detection (III)

Bayesian methods

Nowicki, K. and T. A. B. Snijders (2001). Estimation and Prediction for Stochastic
Blockstructures. JASA 96.455, 1077-1087.

Decelle, A. et al. (2011a). Asymptotic analysis of the stochastic block model
for modular networks and its algorithmic applications. Phys. Rev. E 84 (6), p.
066106.

Decelle, A. et al. (2011b). Inference and Phase Transitions in the Detection of
Modules in Sparse Networks. Phys. Rev. Lett. 107 (6), p. 065701.

Suwan, S. et al. (2016). Empirical Bayes estimation for the stochastic blockmodel.
Electron. J. Statist. 10.1, 761-782.

Mossel, E., J. Neeman, and A. Sly (2016b). Consistency thresholds for the planted
bisection model. Electron. J. Probab. 21, 24 pp.
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PBM phases: Kesten-Stigum phase

Estimators 8,, detect the class assignment 90,n

1 2n 7) PgOn
Bl Z(_]_)Hn,i(_]_)eo,n,i e,
2n| =

Decelle, A. et al. (2011) Argue that detection is possible if

(cn — dn)? > 2(cn + dn), (29)

with pn, = cn/n, gn = dn/n.

Mossel, Neeman, Sly (2015—) Prove detection is possible, iff,

n(pn — qn)?
Pn + an

> 00, (30)
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PBM phases: Chernoff-Hellinger phase

Estimators 0,, recover the class assignment exactly

Poo, (0n(X™) = 0p.0) — 1,

Dyer and Frieze (1989) Exact recovery possible, whenever,

logn

n

Mossel, Neeman, Sly (2016) Exact recovery possible, iff,

(an + bn — 2V/anb, — 1) logn + 5 loglogn — co. (32)

with pp = anlog(n)/n,qn = by log(n)/n and there is C >0 s.t. 1<
afmbn S C
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Planted bi-section model (II)
Let (0p,,) and (pn),(gn) be given; for all n > 1,

Edge probabilities

Prs it 0,,; =0,

- (0) ‘= P X..—= 1) = ) 2]

ng( ) Q,n( 1] ) { . i Qn,i £ QnJ,
Likelihood

pon(X™) = ] Qi 5(6) (1 — Q; ;(0))' i,
1<J
Posterior
MCAIX™) = Z p@,n(Xn) mn(0n) Z p@,n(Xn) Tn(0n),
0,€A 0,0,
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Testing and posterior convergence

k(01 p,02,) minimal number of pair-exchanges to take 01, into 05 ,,.
Define V), , = {0, k(0n,00,) = kyand Vi, = UV, .tk =kn,...,|[n/2]}

With Py, 00, (X)) + Py, n(1 — ¢p, n(X™) < ap .

n/2
P@o,nn(k(enan,n) > kn|X™) = k_zk PQO,nI_I(Vn,len)
n/2)
<Y (PaontrenXD+ X Poon(l = dn(X))
k=kn On€Vh
n/2)
<Y X (Paonbonn (X + Poyn(L = 6, (X))
k=ky, 0nEV), 1
n/2)

< Z (Z) Qak,w

k:kn
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Posterior exact recovery

Theorem 141 For some 6, € ©y, assume that X" ~ Py, (n > 1).
With uniform priors and (p,,) and (q,) such that,

(1 + (1 —Pn — qn + 2pngn + 2\/pn(1 — pn)an(1l — Qn))n/2>2n — 1,

(33)
the posterior succeeds in exact recovery, I.e.
PHO n
M(0n = g plX") —— 1, (34)

as n — o0.
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Sharpness of sparsity bound for exact recovery

<1+(1 — P — an + 2P0 an + 2y/pn(1 — pr)an(l — qfn))n/2> -
log n)n/2> 2n

n

— <1 + <1 — (an + by, — 2V anbn + o(n_l log n))

1 B on 1 1 B B 2n
N (1 4+ =B (antbn zxfanbn))) _ (1 + L S antba—2vanb, 2))
n

1

In the Chernoff-Hellinger phase,

is sufficient for exact posterior recovery.
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Exact recovery with ML /MAP-estimators

Corollary 142 Under the conditions of theorem 141, the MAP-/MIL-
estimator 0, recovers 0o.n exactly

Py (On(X™) = 00,) — 1.

Proof Uniformity of the priors maximization of the posterior density
(with respect to the counting measure) on ©,, is the same as max-
imization of the likelihood. Due to eq. (34), the posterior density in
the point 6p ,, In ©,, converges to one in Pgojn—probability. Accordingly,
the point of maximization is 6, with high probability. ]
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Testing power in the PBM (1)

c Z(0n) Z°(60p)
Z(ello,n) Z(igé),n) —

20,5}~ 2(6})-

[
250,y

O

Fig 4. Class assignments ¢, . and to ¢, forn =4 and k = 1.
Vertex sets Z(-) and Z¢(-) are zero- and one-classes. Dark
are edges occuring wp pp and light wp gn.
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Testing power in the PBM (II)

As we have seen the likelihood ratio test satisfies,

. 1/2
Poo nbn(X™) + Py (1 — ¢n(X™)) < Peo,n(]f:’ <X”>) ,
O,’TL

and the likelihood ratio can be written as,

Sn—Tn
Po,n (X™) = (1 —Pn Q4n >

where,
(S ) o 4 BINECE = K),pn) X BINk(n — k) qn), i X"~ Py,
VIR Bin(2k(n — k), an) x Bin(2k(n — k), pn), if X"~ Py,

(36)
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Testing power in the PBM (III)

=(1,,—S
p pn 1 —aqn 2( n=5n) 1 —%)\nTn
Pn dn

with A\, ;= log(1 — p,) — log(p,) + l0g(g,) — log(1l — g,). Conclude,

Do 1/2
PQO,n( L (Xn))

peon
1 — Pn  Q4n 1/2 Pn l—gqn 1/2 2k(n—k)
—pn+pn ) ><1_Qn+Qn< ) )
DPn ]-_QH 1_pn dn

= ((x
< (1 —pn) + 0y a5/ (ﬂ) 1/2) ((1 o) 4 22 (ﬂ) 1/2>>2k(nk)

)

2k(n—k)
= (1 =P = @) + 20126221 = p) (1 — 4) % + pada)
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Proof of theorem 141

Proof For every n > 1, k£ > 1 and given 90,n, there exists a test
sequence with a,, ; = (1 — u,)?#("=*) and

tn = P+ qn — 2 qn — 2(0n(1 — pn)an(1 — qn))*/? € [0, 1].

With z, = (1 — un)™?,

/2] /2]
Pooa(Val XM < 37 ()7 (1 — )0 < 50 ()70 — )™
k=1 k=1

n/2] 5 2 5
< Y G)a-m)m™ <y () )m= 4t -1

The right-hand side goes to zero if (33) is satisfied. ]
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Posterior detection at rate k, = o(n)

Theorem 143 For some 0y, € Oy, let X" ~ Py, for every n > 1. If
we equip all ©, with uniform priors and (p,) and (q,) are such that,

n

n/2
(1= = a0+ 20000+ 20/ (T = pdan(1 = a))) >0, (37)

as n — oo, then,

(W X™) 2250, as n — oo, (38)

i.e. the posterior detects 90,n at rate k.
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Posterior detection in the Kesten-Stigum phase

Corollary 144 Under the conditions of theorem 143 with (p,) and
(g,) such that,

n(pn + a0 — 20 an — 2/ (Pn(1 = pn)an(1 — an))) — oo, (39)
as n — oo, then there exists a sequence k, = o(n) such that,

N( kn(0n, 00,0) > kn | X™) =250,

i.e. the posterior detects 0g .
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Sharpness of the sparsity condition for detection

Note as p,,gn — O, we may expand,

1
vVPn — V4dn —

(pn — an) + O(Jpn — anl®).
2\/%(pn‘|‘CIn) ! ! g "

which means that,

_ B > N (pn — qn)? 2
pn = (v/Pn — v/an)* + O( )—2(pn_|_qn)-|-0( )

Eqg. (39), nup — oo is also a necessary condition for the possibility of
detection, (see eq. (30)).
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Lecture X
Uncertainty quantification for communities

In this lecture we delve deeper into frequentist inference with
the posterior in the planted bi-section model: we explore fre-
quentist coverage of credible sets of communities, their en-
largements and their diameters. We distinguish the cases
where the posterior known to converge with a certain rate
of mis-assignment and where that is not known. Remote
contiguity plays a role close to the Erdos-Rényi submodel.

arxiv:1810.09533 (MATH.ST)



Credible sets in the planted bi-section model

Distinguish theorems with posteriors convergence as a condition and
theorems without such conditions. Recall:

Exact recovery whenever

(1 + (1 — Pn — qn + 2pngn + 2\/pn(1 — pn)gn(1l — Qn))n/2>2n — 1,

Detection at (known) rate kn, = o(n) whenever

n

. (1 — Pn — qn + 2pn gn + 2\/(pn(1 — pr)gn(1l — qn)))n/Q -0,

When (pn), (gn) (and (kn)) are not known, still theorems?
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Credible sets of minimal order
Most natural minimal-order credible set E,(X"), o € [0, 1], given X™
calculate M{{0,}|X™) of all 6, € Oy,
order by decreasing posterior weights: ©,, = {0,,1,0,,2,.. ., 9m|@n|}
define [, (X") = {0,.1,... ,Gn’m(Xn)},

m(X™) =min{1 <m < |Ou] : N({On,1,. ., On,m}X™) > 1 - al.

Show that order of E,(X") is upper bounded
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Credible sets in the Chernoff-Hellinger phase

If the posteriors concentrate amounts of mass on {60p,} arbitrarily
close to one with growing n, then a sequence of credible sets of a
certain, fixed level contains g, for large enough n.

Proposition 145 [ et 0 < e <1 be given. Suppose

PeOn
|_|(9 = Qolen) — 1.

Then, for any (Dy) of credible sets of levels 1 — ¢

Ppon(Oom € Dn(X™) ) — 1,

Conclude In the Chernoff-Hellinger phase credible sets of minimal
order are {0} with high Py  -probability.
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Credible sets of minimal diameter

Metricon ©, k: O, x©, — {0,1,...,|n/2]} (Recall k(0y,n,) is small-
est number of pair-exchanges between two representations 6, and n,

in ©,).

Spheres and Balls with V,, () = {0), € ©,, : k(0,,.0,) = k} define

kn

Bn(0n) = U Vn,k(en)a
k=0

Enlargement C,, of D, C ©,, by B,

Diameter diam,(C) of a subset ¢ C ©,
diam,(C) = max{k(&n,nn) * On, M, € c}.
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Credible sets in the Kesten-Stigum phase

If the posterior detects communities with rate (kn) then the kp-
enlargements (C,,) are consistent confidence sets.

Theorem 146 Suppose that 0 < e <1 and

Pyg .,
Let (Dn) be credible sets of levels 1 — e of minimal diameters.
Then with high Fy, ,-probability

and the kn,-enlargements C,, of the D, satisfy,

PHO,n(OO,n € Cn(Xn)) — 1,
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Proof of theorem 146 (I)
Let n>1, 6, € ©, and =™ € Z,, be given

Let £,(60,,2™) denote the radius of the smallest ball in ©, centred on
6, of posterior mass at least 1 — e.

Define 6,(z") as the centre point of a smallest credible ball By, (0, (z™))
in @, of level 1 —e€:

kn(Bn(z™)) = min{kn(0n, ") : On € On},
Then
Poon( M(Br(n(X")IX™) > 1—¢€) =1,

for all n > 1.
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Proof of theorem 146 (II)

Posterior convergence the ball Bn(ﬁo,n) is a credible ball of level 1 —¢
for large enough n. Therefore,

kn(On(2™)) < kn.

Posterior convergence the balls Bn(0g,) of radii k, centred on 6g,,
satisfy

Pgom(l‘l(Bn(Ho,n)\X“) > e> 1.

Conclude that, with high Py, -probability,

Bn(80,n) N Bn(On(X™)) # 2,

implying asymptotic coverage of 6g, for the k,-enlargement Cn(X™)
of Bn(0,(X™)).
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Summary: credible sets from converging posteriors

Proposition 145 requires exact recovery,

<1 + (1 —pn — @+ 2P0 an + 2y/pn(L — pn)an(1 — qn))n/z)% —1,

Theorem 146 requires detection at known rate kp,

n

kn (1 ~Pn = dn T 2Pngn t 2\/(2977,(1 — pn)gn(l — Qn)))n/z — 0,

Theorem 146 cannot be applied just based on detection:

n<pn + qn — 2pn gn — 2\/(pn(1 —pn)an(l — Qn))) — 00,

IS not strong enough.
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Confidence sets from credible sets

But even if testing cannot serve as a condition, the use of credible
sets as confidence sets remains valid, as long as credible levels grow
to one fast enough. Here b, = |©, |71 = @(27@”))_1'

Proposition 147 With some 6y, € ©n, let D, be a sequence of
credible sets, such that,
N(Dp(X™)|IX™) > 1 — an,

for some sequence (an) with a, = o(bn). Then,

Pyon( 00 € Dn(X™) ) > 1 — b, an.
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Proof of proposition 147

Proof If 0y, ¢ D,(X") then

H({HO,nHXn) < an
Then by Bayes's Rule (1)

Poon(f0 € © \ Du(X™)) = P11} (95 € ©\ Du(x™))
= ;1 /{ oy T (60 € ©\ Dn(X™)) dMy(6)
<tpt [ (100 € ©0\ Dule)} N({60,0}2") AP (a™

n

< b_la,n

=~ Yn
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Credible set enlargement and remote contiguity

To mitigate the lower bound on credible levels, we shall use enlarged
credible sets.

Competing influences when enlarging

prior masses by, = Ny (Bn(0p,,)) become larger relaxing the rate at
which credible levels are required to go to one.

greater diversity of likelihood ratios with random fluctuations that
take them further away from one

Close to the Erdos-Rényi submodel fluctuations of likelihood ratios
are small so remote contiguity is achieved relatively easily
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A ‘statistical phase’

Differences of within-class and between-class edge probabilitites

Pn — gn — O(n_l)a (40)
while satisfying also the condition that,
1 2 1/2
VP -2+ P — a2 = o(nlpn — qnl).  (41)

In this regime, pn,qn — 0 OF pp,qgn — 1.

If p,,.qg, — O as in the sparse phases, (41) amounts to,

1/2 1/2

n(pn ) — oo,

i.e. pn, — qn May not converge to zero too fast.
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Remote contiguity

Define,
1 — 1 —
Pn = mln{( P dn >, < o Qn)} — 6_|>\n|
Pn 1 — dn 1 — Pn dn
and,
! % (”)sz( k)
Op = ———— n —
|Bnl| /=5 \k
and (with any C > 1)
dp = pnco‘"‘p”_m,

Lemma 148 Let (k,) be given and assume (41). Then for any

00,n € ©On, Bn = Bn(0o,)
_ MNnB
Py <y PP,
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Remote contiguity and enlargement of credible sets

Theorem 149 (et 0y, € ©, and O < ap < 1, by > 0 such that
an, = o(bp) be given. Choose priors Ny, and let D, denote level-1 — ay

credible sets in ©,. For all 0 € ©, let By, = {B,(0,) € 4, : 0, € ©,}
be such that,

(i.) Mn(Bn(0)) = bn,

(ii.) for some d,, | O such that b, ta, = o(dy)

_ MNBgo
Peo,n<]dnlpn| (O)

Then the By-enlargements C,, of D, are asymptotically consistent

P@O,n(eo e Cn(X”)) 1. (42)
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Suitable enlarged credible sets are confidence sets

Theorem 150 Let 0y, € ©, be given and assume that
Pn — dn — O(n_l)a

pi/2(1 = )2 + 42 (1 = qn) Y2 = o(nlpn — aul).

Choose (kn) and C > 1 to fix (dy). Let D, be any credible sets of
levels 1 — an wWith an, such that,

Hn(Bn(QO))_lan — O(dn)
Then the Bp-enlargements Cp(X™) of D,(X™) satisfy,

Pyon( 00 € Cn(X™) ) = 1,

So the enlargements ), are asymptotic confidence sets
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Credible level improvement factor (I)
Which a,, instead of a,, = 0((n> )~ o(47 )7
Assume k, = Bn for some fixed 8 € (0,1)

Stirling’s approximation lower bound

ﬂn(Bn) . kn nN 2 7N 2 1 1 N
Mn({00,n})) B ;;Z:o (k> = (kn> = 2mn B(1 — B)f(ﬁ) ’

where f:(0,1) — (1,4] is given by,

F(8) =1 —p)21-Mg=28
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Credible level improvement factor (II)

Approximate ay ~ 2k,(n — ky) and assume A\, = O(1) Because n|pn —
qn| — 0, we also have,

Canlpn—an 20n23(1-8)|pn—an -
dp = p5° p q|%pn n=B(1=B)lpn—an| _ _—[Anlo(n)

dn, 1S sub-exponential and does not play a role.

Given X" and g€ (0,1), sets D,(X™) such that

N(Dn(X™M)[X") > 1 —anf(B)"

have enlarged confidence sets (Cn(X")) that cover g, with high
probability.

Credible levels
before 1 —a, ~1—0(4"7)
improved 1 —o(c¢™™) for any 0 <c< 4 (1/2 >3 > 0)
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Lecture XI

Uniform and pointwise tests

In this lecture we take a closer look at the exact meaning of
asymptotic testability: given two alternatives (model subsets)
B and V, is there a test sequence that we could use to de-
tect whether the true distribution of the data lies in B or V7
T his question can be formulated from Bayesian or frequentist

(uniform) points of view, and the answers take the form of
topological characterizations.



Asymptotic symmetric testing

Observe i.i.d. X" ~ P, model P € &. For disjoint B,V C £,

Ho : Pe B, or Hy:PeV.

Tests ¢, : 2 — [0, 1]; asymptotically, require:

(type-I) P"¢, — 0 for P € B, and,
(type-1I) P"(1 —¢n) — 0 for P V.

Equivalently, we want,
A testing procedure that chooses for B or V based on X"
for every n > 1, has property (D) if it is wrong only a finite

number of times with P°-probability one.

Property (D) is sometimes referred to as ‘“discernibility” .
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Some examples and unexpected answers (1)

Consider non-parametric regression with f © X — R and test for
smoothness,

Hy: feCYH{X - R), Hyi: feC?’X —R),

Consider a non-parametric density estimation with p : R — [0, c0) and
test for square-integrability,

Hp : /w2p(x)d:v<oo, H1:/:L'2p(a:)dw=oo.

Practical problem we cannot use the data to determine with asymp-
totic certainty, if CLT applies with our data.
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Some examples and unexpected answers (II)

Coin-flip X™ ~ Bernoulli(p)™ with p € [0, 1].

Consider Cover’s rational mean problem: test for rationality:

Ho:pe[0,1]NnQ, Hp:pel0,1]\Q.

Consider also Dembo and Peres’s irrational alternative:

Ho:pe[0,1]NnQ, Hy:pel0,1]nvV2+Q,

Consider ultimately fractal hypotheses, e.g. with Cantor set

Hy: peC, lepe[O,l]\C.
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The Le Cam-Schwartz theorem

Theorem 151 (Le Cam-Schwartz, 1960) Let ¥ be a model for i.i.d.
data X' with disjoint subsets B,V . The folllowing are equivalent:

i. there exist (uniformly) consistent tests for B vs V,
ii. there is a sequence of Zso-uniformly continuous vy, : & — [0, 1],

Yn(P) = 1y (P), (43)
(uniformly) for all P € BUV.

Topological context uniform space (£, Z~o).
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The Dembo-Peres theorem

Theorem 152 (Dembo and Peres, 1995) Let &/ be a model dom-
inated by Lebesgue measure u for i.i.d. data X". Model subsets
B,V that are contained in disjoint countable unions of closed sets
for Prokhorov's weak topology have tests with property (D). If there

exists an « > 1 such that [(dP/dp)®dp < oo for all P € &2, then the
converse is also true.

Topological context Ll—weakly compact, dominated model & with
Prokhorov's weak topology.
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T hree forms of testability

Definition 153 (¢,) is a uniform test sequence for B vs V, |f,

sup P"¢, — 0, sup Q"(1— ¢n) — O. (44)
PeB QeV

Definition 154 (¢,) is a pointwise test sequence for B vs V, if,
on(X™) 250, gn(X™) o1, (45)

for all Pe B and QQ € V.

Definition 155 (¢,) is a Bayesian test sequence for B vs 'V, if,

on(X") L350, ¢n(X™) 1, (46)
for NM-almost-all P € B and Q € V.
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Questions

Existence
Existence of uniform tests?
Existence of pointwise tests?
Existence of Bayesian tests?
Construction
How does one model-select? Are there constructive solutions?
Examples

Select the correct directed, acyclical graph in a graphical model;
select the right number of clusters in a clustering model.
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Uniform testability has exponential power

Proposition 156 Let &/ be a model for i.i.d. data with disjoint B
and V. The following are equivalent:

i. there exists a uniform test sequence (¢n),

sup P"¢n, — 0, sup Q"(1 — ¢n) — O,
PeB QeV

ii. there is a exponentially powerful uniform test sequence (), i.e.
there is a D > 0 such that,

sup Py, < e_”D, sup Q"(1 — ) < e "D
PeB QeVv
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The model as a uniform space (I)

Take 2 a separable metrizable space, with Borel o-algebra A.
The class .%,, contains all bounded, #™-measurable f: 2" — R

For every n > 1 and [ € .%,, define the entourage,

W ={(P.Q)€ P x P |P'[Q"f| <1}

Defines uniformity %, (with topology 7). Take %o = Up>1%n.

P50 in Za < /fdP”—>/fdQn,

for all n > 1 and all f € .%,. Note also,

U C U C - C Uso C Upy.
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The model as a uniform space (II)

P /

U P

Fig 1. Let P ¢ 2 and entourage W be given. A neighbourhood U
correspondsto U ={Q € &£ : (Q,P) ¢ W}
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Uniform separation (I)

Definition 157 Subsets B,V C &7 are uniformly separated by %o, if
there exists an entourage W ¢ %~ such that,

(BxVUuUVxxB)NW =ga.

In other words, there are J,m > 1, ¢ > 0 and bounded, measurable
functions f1,...,f;: 2™ — [0, 1] such that, for any P,QQ € BUV, if,

0ax [P — QM fj| < e,
then either P,QQ € B, or P,Q € V. (If the model is J-compact,

m = 1 suffices).
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Uniform separation (II)

4 W
— /
// /
14 BxV VXV
/ /
/ /
/ //
// y
B B B V x B
/ /
/ /
/ //
B V P

Fig 2. Let B,V C & and entourage W be given. W separates B and
Vit BxV and V x B do not meet W.
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Characterisation of uniform testability

Theorem 158 Let & be a model for i.i.d. data with disjoint B and
V. The following are equivalent:

(i.) there exist uniform tests ¢, for B versusV,
(ii.) the subsets B and V' are uniformly separated by %so.

Corollary 159 (Parametrised models) Suppose & = {py . 0 € ©},
with (©,d) compact, metric space and 6§ — Py identifiable and Jxo-
continuous, (that is, for every [ € .y, 0w | fdP) Is continuous). If
Bg, Vo C © with d(Bg,Vp) > 0, then the images B = {F : 0 € Bp},
V={Fy:0¢c\Vy} are uniformly testable.
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Closures are important

Proposition 160 Let & be a model for i.i.d. data and let B,V be
disjoint model subsets with J-closures B and V. If B,V are uniformly
separated by Z~., then BNV = @. If & is relatively J~-compact, the
converse s also true.

Theorem 161 (Dunford-Pettis) Assume &2 is dominated by a proba-
bility measure Q with densities in ¥¢q C LY(Q); Pq Is relatively weakly
compact, if and only if, for every ¢ > O there is an M > 0 such that,

e’

that is, ng is uniformly Q-integrable.
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Pointwise testability: equivalent formulations

Proposition 162 Let ¥ be a model for i.i.d. data and let B,V be
disjoint model subsets. The following are equivalent:

i. there are tests (¢n) such that, for all Pe B and Q €V,

ii. there are tests (¢n) such that, for all Pe€ B and Q € V,

P
on(X™) 250, (1 gn(x™) L0,
iii. there are tests (¢n) such that, for all P € B and Q € V,

dn(X™) 2550 (1= gp(X™) L2 0,
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Pointwise testability from consistent estimators

Consistent estimators P, : ™ — &2: for all P and nbd U of P,
Pn(Pn(Xn) € U) — 1, as n — oo.

For open B,V C £, define ¢pp(X™) = 1{P, € V}. Forany Pc B, B is
a neighbourhood of P so P"¢, = P"(P, € V) < P"(P, € B) — 0. For
any Q eV, Q"(1 —¢,) — 0. So (¢n) is a pointwise test sequence for
B vs V.

Restrict to ' = BUV, then B and V are clopen sets.

Proposition 163 If P €¢ & can be estimated consistently and B is
clopen, there exist pointwise tests for B vs its complement.
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Necessary conditions: pointwise non-testability

Suppose that there exist pointwise tests (¢,) for B, V. Define,

gn . & — [0,1] : P+~ P"¢n,

which are all Zs-uniformly continuous.

Proposition 164 If there is a pointwise test (¢n) for B vs V, then
B,V are both Gs- and Fs-sets with respect to J (in the subspace
BUV).

Corollary 165 Suppose & = B UV s Polish in the J5-topology.
Pairs B,V that are pointwise testable, are both Polish spaces.

Corollary 166 If there exists a Baire subspace D of & in which both
DN B and DNV are dense, then B is not testable versus V.
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Pointwise non-testability: examples (1)

Example 167 Is Cover’s rational means problem testable?

Dunford-Pettis theorem shows that & is J.-compact and [0,1] —
P pw— Ppis a Ixo-homeomorphism. Since [0, 1] is a complete metric
space, ¥ is a Baire space for the 7.-topology. Because both [0, 1]NQ
and [0,1]\ Q are dense in [0,1], the images ¥y = {Pp:p € [0,1]NQ}
and 1 :={P, :p € [0,1]\Q} are Tx-dense in & there is no pointwise
test for p € [0,1] N Q versus p € [0,1] \ Q.
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Pointwise non-testability: examples (II)

Example 168 Is Dembo and Peres’s irrational alternative testable?

Any countable & is Polish in the discrete topology. Any subset B of
& is a countable union of closed sets (B = Uy-p{b}), so it remains
possible that there exists a pointwise test for Dembo and Peres’s
problem.

Example 169 Is Cantor’s fractal alternative testable?

The interval [0,1] is Polish and & is homeomorphic. The Cantor
set C' is closed and its complement is open. Open sets in metrizable
spaces are Fs-sets. So it remains possible there exists a pointwise
test for Cantor’s fractal alternative.
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Pointwise non-testability: examples (III)

Example 170 Is integrability of a real-valued X, P|X| < oo, testable?

Model &7 = {all probability distributions on R}. &2 is Baire space for
Iryv. Define,

B={Pec?: P|X|<oo}, V={PecP:P|X|l=o0}

B cannot be tested versus V.

Namely Let P € B and Q € V be given. For any 0 < e < 1, P/ =
(1 — )P + €@ satisfies |P' — P|| = ¢||(P + Q)| < 2¢, but P € V.
Conclude that V lies 97y -dense in .

Conversely, () is tight, so for every ¢ > 0, there exists an M > 0O
such that |Q(A) — Q(A||X| < M)| < e for all measurable A C R. Since
QG| X| < M) e B, we also see that B lies Iy -dense in &.
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Pointwise testability in dominated models

Definition 171 The testing problem has a (uniform) representation
on X, if there exists a Jx-(uniformly-)continuous, surjective map
f:BUV — X such that f[(B)N f(V) = .

Definition 172 The model is parametrised by @, if there exists a J5o-
continuous bijection P. : © — &2 (i.e. for every m > 1 and measurable
f:Z™—1[0,1], the map 0 — [ fdPy" is continuous).

If © is compact, any parametrization is a homeomorphism, so the
inverse gives rise to representations of testing problems in £2.
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Characterisation of pointwise testability

Theorem 173 Let ¥ be a dominated model for i.i.d. data with dis-
Joint B,V. The following are equivalent,

i. there exists a pointwise test for B vs V,

ii. the problem has a representation f . BUV — X on a normal
space X and there exist disjoint F,-sets B’ V' < X such that

f(B) C B, f(V) cV/,

iii. the problem has a uniform representation i : BUV — X on a
separable, metrizable space X with /(B),(V) both Fy- and G-
sets.
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Pointwise testability: corollaries (1)

Corollary 174 Suppose that & is dominated and there exist disjoint
F,-sets B, V' in the completion & (for %) with B ¢ B/, V c V.
Then B is pointwise testable versus V.

Corollary 175 Suppose that 7 is dominated and complete (for U~ )
with disjoint subsets B,V . Then B is pointwise testable versus V,
if and only if, there exist disjoint F,-sets B V! ¢ & with B C B/,
vV cv.
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Pointwise testability: corollaries (II)

Corollary 176 Suppose that & is dominated and T VV-totally-bounded.
Then disjoint B,V C 27 are pointwise testable, if and only if, B,V are
both Fs- and Gg-sets in BUV (for 7y ).

Corollary 177 Suppose that &7 is dominated by a probability mea-
sure, with a uniformly integrable family of densities. Then disjoint
B,V C 2 are pointwise testable, if and only if, B,V are both Fs- and
Ggs-sets in BUV (for ).
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Pointwise testability: examples (I)

Example 178 Is independence of two events A and B testable?
Let A,B € %4 be msb subsets. Consider,

Hy : P(ANB) = P(A)P(B), Hy: P(AnB) # P(A)P(B).
Define %/1-continuous f; : & — [0,1], (1 = 1,2,3),

fiP) =P(ANB), [fo(P)=P(A), [f3(P)=P(B),

and continuous ¢ : [0,1]3 — [1,—1], g(x1, 20, 23) = 21 — xox3. Now,

h: 2 —[0,1]: P — |go (f1, f2, f3)(P)],

is %i-continuous. Then B = h~'({0}) is closed (for 7~,) and (since
the complement V' is open in [0,1], it is Fy, so) V. = h= (V') is F, (for
7). So independence of events A and B is asymptotically testable.
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Pointwise testability: examples (II)

Example 179 Is independence of real-valued X and 'Y testable?

Let A,. € ox,B; € oy be generators. Consider,

Ho @ YV P(Ap N B)) = P(A)P(By), Hy : 35 P(A, N By) # P(AL)P(B).
Define 7/1-continuous fy,;;: & — [0,1], (i = 1,2,3),

fri1(P) =P(A N By, frao(P)=P(AL), fi3(P)=P(B),

and continuous ¢ : [0,1]3 — [1, 1], g(x1, 20, 23) = 21 — xox3. Now,

h: P —[0,11" : P (lgo (fur1s fro f13)(P)]: k1 > 1),

is %i-continuous. Then B = h~'({0}) is closed (for 7~,) and (since
the complement V' is open in [0,1]Y, it is F,, so) V. = h=1(V") is F,
(for 7~ ). So independence of X and Y is asymptotically testable.
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Lecture XII

Bayesian tests and posterior model selection

Having considered the existence of frequentist tests in detail
in the previous lecture, now we turn to construction of such
tests. Posterior odds are optimal Bayesian tests and remote
contiguity allows for frequentist interpretation of their asymp-
totic conclusions. Posterior odds or Bayes factors can be used
by the frequentist to select a model in an asymptotically cor-
rect way, if the prior induces remote contiguity and Bayesian
tests of compatible rates.



Bayesian testability: equivalent formulations

Theorem 180 Let a model (7,4,1) with B,V € 4 be given, with
MN(B) > 0,M(V) > 0. The following are equivalent,

i. there exist Bayesian tests for B vs V,

ii. there are tests ¢, such that for IN-almost-all P € B,Q) € V,
iii. there are tests ¢, : ™ — [0, 1] such that,

| Prendn(P) + [ Q"(1 = ¢n)dN(Q) =0,
iv. for MN-almost-all P € B, Q €V,

novix™ 50, nBx™ <o,
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Characterisation of Bayesian testability

Definition 181 Given model (7,%4,11). An event B ¢ 24 is called a
M-zero-one set, if P>°(B) € {0,1}, for I-almost-all P € &. A model
subset G € ¥ is called a lN-one set if there is a IN-zero-one set B such
that G ={P € & : P>®(B) = 1}.

Proposition 182 Doob (1948), Breiman-Le Cam-Schwartz (1960))
Let (#2,%4.1) be given. LetV be a N-one set. Then, for N-almost-all
Pe 2,

P-a.s.

nvix") 1y (P). (47)

Theorem 183 (Le Cam (1986)) Let the model & be a completely
regular space with Borel o-algebra ¢ and Radon prior 1 and hypothe-
ses B,V. There is a Bayesian test sequence for B vs V, if and only
if, B,V are ¥-measurable.
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Proof of proposition 182 (I)

Products 2, = & x 2™ with product o-algebras ¢(¥ x ™) and with
sub-o-algebras 7, = {9, #} x B™. The product Q2 = & x 2 with
full product c-algebra % = o(¥4 x $°°) has a sub-c-algebra Yo =
{9, P} x $°°, and the filtration {#, : n > 1} has limit Z.
Define S : % — [0, 1],

S(A x B) = /APOO(B) dr(P),

(A e ¥ and B € B°).

The .7-msb map (P, 2~ ) — 1y (F) is such that,

I'I(V|X”) = E| 1V|34’n]
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Proof of proposition 182 (II)

SO posteriors form an L°-martingale relative to S. Doob’s martingale
convergence theorem there exists an #s,-measurable fy, such that
N(V|X™) — fy, S-almost-surely.

Since V is a lN-one set, thereis a B € #°° such that 1y(P) = 1g(xx),
S-almost-surely.

NVIX™) = Eg| 1y | Fn| = Bg|1p | Fu|=Es| 15 | Foo| = 15 =1y,

P-almost-surely for lN-almost-all P (by Fubini’'s theorem).
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Bayesian testing power

Denote the density for the local prior predictive distribution anB with

respect to un = anB —+ anv by PBn and similar for PS'V.

Proposition 184 Let (#,%4,11) be a model with measurable B,V .
T here are tests ¢,, such that,

| Prenan(P) + | Q"1 @ s
< [(MB) ppa@) (M) pya@))  dun(a),

for every n > 1 and any 0 < a < 1.
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Posterior odds are optimal Bayesian tests

Proposition 185 For every n > 1, the test,
On(X™) = 1{X": M(V|X™) > N(B|X™)},

based on posterior odds has optimal Bayesian testing power.

Proof Decision-theory Look for the optimal decision ¢(X"™) € [0, 1]
for picking B or V based on X" loss ¢/ : &7 x [0, 1] — [0, 1],

0 fPZBUYV,

KR¢%:{M—1VGU,ifPEBUV.

Bayesian risk functions are the Bayesian testing power,
r(én, M) = [ PP, én) dN(P)

::/;[m¢ndﬂ(P)%—A;QnCl—¢m)dH(Q),
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Proof of proposition 185 (I)

Bayes’s rule says
() = [ PMU(P,n) dN(P)

= [, (P éu(a") dN(PLX" = &™) dPf (")

Define ¢, (2") as a pointwise minimizer in,

P, ¢p (" N(P|I X" =2") = i : n — n,
/@6( , on(z™)) dM (P x') ¢€|r[10f’1]. (@g([) ) dMN(P|X ")

for P'l-almost-all 2" € 2.
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Proof of proposition 185 (II)

and for any i, : 2" — [0, 1]

rlgn M) = [ | 0P @) dn(pIx" = 2") dP] ")

= inf (P, ) dIM(P|X" = 2™) dP (£
oyt [P AN(PIX" = ") AP E")

< i{;fm(wn, ),
To conclude solve the minimization problem
| UP (@) dN(PIXT = 2
= [ ¥ dN(PIX" = ™) + | (1 —n(a™) dN(QIX" = a")
= Yn(z")M(BIX" = 2") + (1 — Yn(az™))N(V]X" = 2"),
is minimal for ¥p(z™) = 1{z" : [N(V]z") > TN(B|z")}.
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Posterior odds model selection for frequentists

Johnson & Rossell (JRSSB, 2010), Taylor & Tibshirani (PNAS, 2016)

Theorem 186 Given measurable B,V ¢ © (M(B),N(V) > 0) and,

i. there are Bayesian tests for B vs V. of power ayn | O,

/B P, dN(P) + /V Q" (1 — ¢pn) dN(Q) = o(an),

ji. and, for all P c B, Praa: PVB: for an g c v, gnaaz 1PV,

then posterior odds give rise to a pointwise test for B vs V.
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Consistent model selection

Let &2 be a model for /.i.d. data X" ~ P" (n > 1), and suppose that
(22,%.11) has finite, measurable partition,

Pe¥=21U...UP,.
Model-selection Which 1 <¢ < M7? (such that P € &)

Theorem 187 Assume that for all 1 <. < 3 < M,

Z; and 33]- are Yso-uniformly separated.

Let 1 <1< M besuch that P ¢ 27;. IfIl is a KL-prior, then indicators
for posterior odds,

dn(X™) = 1{X" N2 X™) > Y n(ﬁzﬂxn)},
jFi
are a pointwise test for &; vs U;+;%;.
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Example: select the DAG (I)

Observe an /.i.d. X" of vectors of discrete random variables X;
(X1,4y---, Xp) €ZF, 1 <i<n.

Define a family .# of kernels py(+|) : ZxZ! — [0,1], for0 € ©, 1 <1 < k.
Assume that © is compact and,

0 — Z f(x)Py(x|z1,. .-, 21)

TEL
iS continuous, for every bounded f:Z — R and all z1,...,z € Z.

X ~ P follows a graphical model,

k
Poyog(X1 € By,..., X, € By) = || Pp,(X; € Bi|l#)
i=1

where «7; C {1,...,k} denotes the parents of X; (and «/;; = «/; U .</;).
Together, the &7 describe a directed, a-cyclical graph (DAG).
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Example: select the DAG (II)

The DAG o = (o7, : 1 <1 < k) represents a number of conditional
independence statements concerning the components Xy,..., X;.

Pyo(Cr€ ..., A3 € ")
= Py, (-|B1) x Py, ,(:|B1, B2)
X Py, (-|A1) X Fyp (1|A2, A3)
xPg, () x By, ,(-)x Py, ()

Fig 1. An small example DAG: No arrow means X; | X;|«;. @, =
{B1}, 9B, = {Ap, A3}, so given By, Ay and Az, C7 is independent of
B>.
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Example: select the DAG (III)

Define the submodels &, = {P,, : 0 € ©F}, for all &. Given any
" # o/, there is a pair X; L X;|«;; but X; [ leﬂfz-/j.

Require that, for all 0, all A, B C 7,
‘Pﬂ/,g(Xi < A,Xj c B|<Q%£j)—P£{/’9(Xi c ALQZLJ) P%/ﬁ(Xj < B|<£Z77:j)‘> €,

for some ¢ > 0 that depends only on & and &’.

With a KL-prior posterior odds for &, select the correct DAG «.
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Example: how many clusters? (I)

Observe i.i.d. X™ ~ P"™, where P dominated with density p.

Clusters Family .# of kernels ¢y : R — [0,00), with parameter 0 € ©.
Assume © compact and,

0 [ 1(@)pp() da,

is continuous, for every bounded, measurable f : R — R. Define
e\, =M/~

Model Assume that there is an M > 0 such that p can be written as,

M
pro(x) = D Ampg,, (@),

m=1
for some M > 1, with Ae Sy ={N € [0,1]1M : S A =1}, 0 € O,
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Example: how many clusters? (II)

Assume M less than some known M'. Choose prior My 5 for A € Sy,
such that, for some € > O,

I‘I,\,M()\ € Sy e < min{m}, max{im} <1-— e) = 1.

For 6 € @QW also choose a prior Iy 5y that 'stays away from the edges’.
Define,
M/

M= > ppMyn x Mg
M=1

(for X aprupr = 1).

If N is a KL-prior, posterior odds select the correct number of clusters
M. If there are no M’ and € known, there are sequences M{,L — oo and
en 4 O with priors I, that finds the correct number of clusters.
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