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Exercise 1 In the lecture we showed that there is a closed term plus of type
0 → (0 → 0) such that HAω proves

plusm 0 = m

plusmSn = S(plusmn)

(a) Show HAω ` ∀x0, y0
(
S(plus y x) = plusSy x

)
.

Hint: Write ϕ: = ∀y0
(
S(plus y x) = plusSy x

)
and prove ∀x0 ϕ by in-

duction on x. And just use the equations above (and not the definition of
plus).

(b) Show that HAω ` ∀x0, y0 (plusx y = plus y x ).

Exercise 2 (a) Construct a closed term times of type 0 → (0 → 0) such
that HAω proves

timesm 0 = 0

timesmSn = plus (timesmn)m

(b) Construct a closed term fact of type 0 → 0 such that HAω proves

fact 0 = S0

factSn = times (factn)Sn

(c) Construct a closed term pred of type 0 → 0 such that HAω proves

pred 0 = 0

predSn = n.

Exercise 3 Let ϕ be a formula of type σ in the language of HAω. Show that
HAω proves that

Rσmr
[
ϕ(0) →

(
∀x0 (ϕ(x) → ϕ(Sx) ) → ∀x0ϕ(x)

) ]
.
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Exercise 4 Let ϕ(x) be a formula of type σ and ψ be a formula of type τ in
the language of HAω (the variable x is of type ρ and does occur freely in ϕ(x),
but not in ψ) . Show that

tmr
[ (

∃xρ ϕ(x) → ψ
)
→ ∀xρ

(
ϕ(x) → ψ

)]
where t = λs(ρ×σ)→τ .λxρ.λyσ.s(pxy).
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