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Exercise 1 Let ¢ be a formula of type o in the language of HA®. Show that
HA® proves that

R mr [¢(0) = (V2° (p(z) = ¢(Sz)) = Valp(z)) ].

Exercise 2 Let ¢(z) be a formula of type o and ¢ be a formula of type 7 in
the language of HA® (the variable z is of type p and does occur freely in p(z),
but not in ¢) . Show that

tmr [ (327 p(z) > ¥) = Vo (p(z) > ¥)]

where t = As(PX9) =T \xP \y?.s(py).
Exercise 3 In this exercise we work in HA®.

(a) Let ¢ be a formula of type 7 whose free variables are z” and y°. Show
that HA® proves that

tmr [ 3z Vy” o(z,y) = Yy 3a” o(z,y) |
if £ = A\s?*(@=7) \a”.p(pos)(p1sa).

(b) Let ¢,% and x be sentences. Construct a term ¢ such that HA“ proves
that

tmr [ (¢ = (¥ = x) = (e AY) = x) ]

Do not just give right term but also show that it is correct!



Exercise 4 (For people familiar with recursion theory.) Recall that we can
code pairs of natural numbers as natural numbers in such a way that both the
pairing and the projection operations are computable, and let us write (m,n)
for a natural number coding the pair consisting of natural numbers m and n. In
addition, we assume that we have fixed some suitable enumeration of the partial
computable functions from the natural numbers to the natural numbers. We
will write m - n | to mean: the mth computable function terminates on input
n, in which case we will write m - n for the result.

By induction on the finite type o we will define a set of natural numbers
HEO, and an equivalence relation ~, on that set.
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(a) Convince yourself that ~, does indeed define an equivalence relation on

HEO, .

(b) Show that HEO can be regarded as a model of E-PA” if we interpret
elements of type o as elements of HEO, and equality of objects of type o

as ~g.

(¢) Show that in the HEO-model of E-PA* the following choice principle fails:

ACO’OZ

va? Iy p(z,y) — 3070Vl o(z, f(z)).



