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Exercise 1 Use backwards proof search to either find classical countermodels
or cut free derivations in the classical sequent calculus for the following sequents:

(a) p ∧ q, p→ s⇒ s

(b) p ∨ q, p→ s⇒ s

(c) q → p,¬p, r ∨ q ⇒ r

(d) ¬(p ∧ q) ⇒ ¬p ∨ ¬q

(e) p ∨ q, q ∨ r, r ∨ s,¬r ⇒ (q ∧ s) → p

Exercise 2 (a) Construct for any formula ϕ a cut free derivation of

Γ, ϕ⇒ ϕ,∆

in the classical sequent calculus.

(b) Show that for any formula ϕ there is a cut free derivation of ⇒ ϕ ∨ ¬ϕ.

Exercise 3 This exercise will devoted to show interpolation properties using
the cut free sequent calculus for classical propositional logic.

Suppose π is a cut free derivation with endsequent Γ,Γ′ ⇒ ∆,∆′. Construct
by induction on the derivation π a formula ϕ (an interpolant) such that:

(1) Γ ⇒ ∆, ϕ is derivable

(2) Γ′, ϕ⇒ ∆′ is derivable

(3) Every propositional variable occurring in ϕ occurs both in Γ ∪ ∆ and
Γ′ ∪ ∆′.

Deduce that if Γ ⇒ ∆ is derivable then there is a formula ϕ such that both
Γ ⇒ ϕ and ϕ ⇒ ∆ are derivable, while every propositional variable occurring
in ϕ occurs both in Γ and ∆.
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