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Abstract

We present real time and discrete time versions of ACP with absolute timing
and relative timing. The starting-point is a new real time version with absolute
timing, called ACP%**, featuring urgent actions and a delay operator. The dis-
crete time versions are conservative extensions of the discrete time versions of
ACP being known as ACPg4,t and ACPa,¢. The principal version is an extension
of ACP®**" with integration and initial abstraction to allow for choices over an
interval of time and relative timing to be expressed. Its main virtue is that it
generalizes ACP without timing and most other versions of ACP with timing in
a smooth and natural way. This is shown for the real time version with relative
timing and the discrete time version with absolute timing.
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1 Introduction

Algebraic concurrency theories such as ACP [13, 11, 10], CCS [33, 34] and CSP [18, 28]
have been extended to deal with time-dependent behaviour in various ways. First of
all, timing is either absolute or relative and the time scale on which time is measured
is either continuous or discrete. Besides, execution of actions and passage of time
are either separated or combined. Separation corresponds to the two-phase scheme
of modeling time-dependent behaviour and combination corresponds to the time-
stamping scheme.

Absolute timing and relative timing have been studied in the framework of ACP
for both a continuous time scale and a discrete time scale. See e.g. [2] and [7]. The
versions of ACP with timing where time is measured on a continuous time scale are
usually called real time versions. In the remainder of this chapter, we adhere to this
terminology. In the principal real time versions of ACP, viz. ACPp and ACPrp, which
were both introduced in [2], and ACPpo, which was introduced in [4], execution of
actions and passage of time are combined. On the contrary, they are separated in the
principal discrete time versions of ACP, viz. ACPq4,; and ACPg., which were both
introduced in [7]. A real time version where execution of actions and passage of time
are separated is ACPst, which was introduced in [6], and [8] focusses on discrete time
versions where they are combined.

Measuring time on a discrete time scale does not mean that the execution of
actions is restricted to discrete points in time. In the discrete time versions of ACP,
time is divided into time slices and timing of actions is done with respect to the time
slices in which they are performed — within a time slice there is only the order in which
actions are performed. Thus, the discrete time versions permit to consider systems
at a more abstract level than the real time case, a level where time is measured with
finite precision. This also occurs in practice: software components of a system are
executed on processors where the measure of time is provided by a discrete clock and,
in case a physical system is controlled, the state of the physical system is sampled and
adjusted at discrete points in time. In any case, the abstraction made in the discrete
time versions makes the time-dependent behaviour of programs better amenable to
analysis.

ACP can simply be embedded in the discrete time versions ACP 4,4 and ACP gy [7]
by projecting the untimed process a (for each action a) onto the delayable process
a — a delayable process a is capable of performing the action a in any time slice.
Similarly, ACP can be embedded in the real time versions ACPp and ACPrp [2]. In
other words, these discrete time and real time theories generalize the time free theory
smoothly. Furthermore, in the discrete time case as well as the real time case, the
relative time version can simply be embedded in the absolute time version extended
with an initial abstraction operator to deal with relative timing.

However, the real time versions do not generalize the discrete time versions as
smoothly as they generalize the time free theory. It turns out, as shown in [3],
that the discrete time processes correspond to the real time processes for which the
following holds: (1) if an action can be performed at some time p € R such that
n<p<n+1(né&€N), it can also be performed at any other time p’ € R such that



n < p’ < n+1; (2) no actions can be performed at times p € N. Clearly, such an
embedding seriously lacks naturalness. The real time versions ACPp and ACPrp as
well as the discrete time versions ACPg,; and ACPq, are generalizations of ACP by
intention. Since the real time versions were developed in advance of the discrete time
versions, the former versions were not intentionally developed as generalizations of
the latter versions. This explains at least partially the contrived embedding.

In this chapter, we present a new real time version of ACP with absolute timing
which originates from ACPsp, a real time version introduced in [6]. In this version,
which features urgent actions and a delay operator, execution of actions and passage
of time are separated. We explain how execution of actions and passage of time can
be combined in this version. We further add an integration operator, with which a
choice over an interval of time can be expressed, and an initial abstraction operator,
with which relative timing can be expressed, to this version. We show how a real time
version of ACP with relative timing, which originates from ACPst [6], can be embed-
ded in the extended real time version with absolute timing. We also present discrete
time versions of ACP with absolute timing and relative timing which are conservative
extensions of ACPg,; and ACPg4y¢ [7]. We add an initial abstraction operator to the
discrete time version with absolute timing as well. Showing how the discrete time
version with relative timing can be embedded in the extended discrete time version
with absolute timing, can be done similarly to the real time case. We show that the
extended real time version generalizes the extended discrete time version smoothly.
In this case, the following holds for those real time processes that correspond to the
discrete time processes: if an action can be performed at some time p € R such that
n<p<n+1(n€N), it can also be performed at any other time p’ € R such that
n<p <n+1.

The main virtue of the extended real time version of ACP presented here is that
it generalizes time free ACP as well as most other versions of ACP with timing
in a smooth and natural way. The lack of a real time version of ACP with these
characteristics was our main motivation to develop it. Different from the real time
versions of [2] and [4], this version does not exclude the possibility of two or more
actions to be performed consecutively at the same point in time. That is, it includes
urgent actions, similar to ATP [37] and the different versions of CCS with timing [19,
35, 44]. This is useful in practice when describing and analyzing systems in which
actions occur that are entirely independent. This is, for example, the case for actions
that happen at different locations in a distributed system. In [2] and [4], the main
idea was that it is difficult to imagine that actions are performed consecutively at
the same point in time. But yet, this way of representing things is perfectly in line
with modeling parallelism by interleaving. In point of fact it allows for independent
actions to be handled faithfully.

In [2] and [4], ways to deal with independent actions are proposed where such
actions take place at the same point in time by treating it as a special case of com-
munication. This is, however, a real burden in the description and the analysis of the
systems concerned. Of course, this does not limit the practical usefulness of ACPp
and ACPrp for systems in which no independent actions occur. The real time versions
ACPsp and ACPst of [6] simply do not exclude the possibility of two or more actions



to be performed consecutively at the same point in time. Embedding in ACPp and
ACPrp, respectively, is obtained by extending the time domain to a domain that in-
cludes non-standard real numbers. We conjecture that the real time version presented
in this chapter, which originates from ACPsp, can be embedded in ACPp as well.

We do not intend to give in this chapter a comprehensive overview of existing alge-
braic concurrency theories that deal with time-dependent behaviour. As suggested by
the above, our aim is instead to present a coherent collection of algebraic concurrency
theories that deal with time-dependent behaviour in different ways.

The structure of this chapter is as follows. First of all, in Section 2, we present the
new real time version of ACP with absolute timing. We also explain how execution
of actions and passage of time can be combined in this version. Then, in Section 3,
we add integration and initial abstraction to this real time version of ACP. Next, in
Section 4, we first present a real time version of ACP with relative timing and then
show that it can be embedded in the real time version of ACP with absolute timing
presented in Sections 2 and 3. After that, in Section 5, we first present conservative
extensions of the discrete time versions ACPg4, and ACPg, of [7] and then show that
the presented discrete time version with absolute timing can be embedded in the real
time version with absolute timing presented in Sections 2 and 3. Finally, in Section 6,
we make some concluding remarks.

2 Real time process algebra: absolute timing

In this section, we give the signature, axioms and term model of ACP%2%  a standard
real time process algebra with absolute timing. In this theory, the non-negative
standard real numbers (R>o) are used as the time domain. ACP®* originates from
the theory ACPsp, presented in [6]. Unlike ACPsp, it separates execution of actions
and passage of time.

In case of ACP%?, it is assumed that a theory of the non-negative real numbers
has been given. Its signature has to include the constant 0 : — Rx>(, the operator
+ : Ryo x Ryg — Ryg, and the predicates < : Ryg x Ryg and = : Ryg X Ryg. In
addition, this theory has to include axioms that characterize + as a commutative and
associative operation with 0 as a neutral element and < as a total ordering that has
0 as its least element and that is preserved by +.

In ACP%?*, as in the other versions of ACP with timing presented in this chapter,
it is assumed that a fixed but arbitrary set A of actions has been given. It is also
assumed that a fixed but arbitrary communication function, i.e. a partial commutative
and associative function v : A x A — A, has been given. The function ~ is regarded
to give the result of the synchronous execution of any two actions for which this is
possible, and to be undefined otherwise. The weak restrictions on vy allow many kinds
of communication between parallel processes to be modeled.

First, in Section 2.1, we treat BPA®2', basic standard real time process algebra
with absolute timing, in which parallelism and communication are not considered.
After that, in Section 2.2, BPA?" is extended to ACP%* to deal with parallelism and
communication as well. Finally, we demonstrate in Section 2.3 how one can combine
execution of actions and passage of time in ACPS3t,



2.1 Basic process algebra

In BPA®*' we have the sort P of (absolute time) processes, the constants @ (one for
cach a € A), 0 and §, and the operators o, (absolute delay), - (sequential com-
position) and + (alternative composition). The constants @ stand for a at time 0.
Similarly, the constant & stands for a deadlock at time 0. The constant § stands for an
immediate deadlock, a process that exhibits inconsistent timing at time 0. This means
that §, different from 4, is not existing at time 0. The process %, () is the process
x shifted in time by p. Thus, the process o, (a) is capable of first idling from time 0
to time p and then upon reaching time p performing action a, immediately followed
by successful termination. The process Uabs(é) is only capable of idling from time 0
to time p. Time p can be reached by ¢%,_(3). This is the difference with the process

0%, (&), which can only idle upto, but not including, time p. So % _(d) can not reach
time p. The process z -y is the process x followed upon successful termination by the
process y. The process x + y is the process that proceeds with either the process x
or the process y, but not both. As in the untimed case, the choice is resolved upon
execution of the first action, and not before. We also have the auxiliary operators
U (absolute time-out) and T,  (absolute initialization). The process vl (z) is the
part of z that starts to perform actions before time p. The process T () is the part
of = that starts to perform actions at time p or later.

A real time version of ACP with absolute timing where the notation a was used
earlier for urgent actions is ACPsp [6], but there it always carries a time-stamp. The
binary operator o,  generalizes the unary operator o,ps of ACPg, [7] in a real time
setting: for a real time process x that corresponds to a discrete time process z/, o}, ()
corresponds to gaps(2’). In earlier papers, including [2], [3], [4] and [6], the notations
x> p and p > x were used instead of v¥, (z) and T (z), respectively. Besides, the
time-out operator and the initialization operator were sometimes called the bounded
initialization operator and the time shift operator, respectively.

It can be proved, using the axioms of BPA®2', that each process expressed using
the auxiliary operators v,,. and U, is equal to a process expressed without them.
In other words, in BPA®2¢ all processes can be constructed from the constants using
absolute delay, alternative composition and sequential composition only.

Signature of BPA3" The signature of BPAS3® consists of the urgent action constants
a: — P (for each a € A), the urgent deadlock constant 6:— P, the immediate deadlock
constant & : — P, the alternative composition operator +: P x P — P, the sequential
composition operator - : P x P — P, the absolute delay operator o, : R>o x P = P,
the absolute time-out operator v, : R>g x P — P, and the absolute zmtzalzzatzon
operator U, : R>g x P — P.

We assume that an infinite set of variables (of sort P) has been given. Given the
signature of BPA®a* terms of BPA®2, also referred to as process expressions, are
constructed in the usual way. We will in general use infix notation for binary oper-
ators. The need to use parentheses is further reduced by ranking the precedence of
the binary operators. Throughout this chapter we adhere to the following precedence
rules: (i) the operator - has the highest precedence amongst the binary operators,



(ii) the operator + has the lowest precedence amongst the binary operators, and (iii)
all other binary operators have the same precedence. We will also use the following
abbreviation. Let (¢;);ez be an indexed set of terms of BPAS* where Z = {iy, .. zn}
Then we write ), ¢; fort;, + .. . We further use the convention that Z
stands for § if Z = .

We denote variables by z,2',y,v’,.... An important convention is that we use
a,a’;b,b, ... to denote elements of AU{d} in the context of an equation, and elements
of A in the context of an operational semantics rule. Furthermore, we use H to denote
a subset of A. We denote elements of R>¢ by p,p’, ¢, ¢ and elements of Rsq by r,7’.
We write As for AU {d}.

ZEI

Axioms of BPA®* The axiom system of BPA3" consists of the equations given in
Tables 1 and 2.

r+y=y+ax Al
(@+y)+z=a+(y+2) A2
r+rx=cz A3
(z4+y)-z=x-2+y-z A4
(w-y)-z=a-(y-2) A
r+é=2 ABID
§-x=4 ATID

Table 1: Axioms of BPA with immediate deadlock

Axioms A1-A5 are common to ACP and all real and discrete time versions of ACP.
Axioms A6ID and A7ID are simple reformulations of the axioms A6 and A7 of ACP:
the constant & has been replaced by the constant § — which is introduced because
the intended interpretation of § in ACPs?t differs from 4. These axioms or similar
reformulations of A6 and A7 are found in all real and discrete time versions of ACP.
Axiom SAT1, and a few axioms treated later, become easier to understand by realizing
that in BPA®®, as well as in ACP*3!, the equation T3, (t) = ¢ is derivable for all closed
terms t. This equation expresses that initialization at time 0 has no effect on processes
with absolute timing. To accommodate for the extension with initial abstraction in
Section 3.2, we have used Do () instead of x where the former is needed in the
extension. Ax10ms SAT1 and SAT2 point out that a time shift by 0 has no effect in
case of absolute timing and that consecutive time shifts add up. Axioms SAT3-SAT5
represent the interaction of absolute delay with alternative composition and sequential
composition. Axiom SAT3, called the time factorization axiom, shows that passage
of time by itself can not determine a choice. Axioms SAT4 and SAT5 express that
if a process terminates successfully at some point in time, it can only be followed by
the part of another process that starts to perform actions at the same time or later.
Axiom SAT6 is a generalization of axiom A7ID. Using axioms A6SAa and A6SAb,
the equation ¢ + 8 =t can be derived for all closed terms ¢ unless ¢t = § — obviously
§ + 6 = 4. Axiom ATSA is another simple reformulation of axiom A7 of ACP.
Axioms SATOO0-SATO5 and SAIO-SAI5 reflect the intended meaning of the time-out
and initialization operators clearly. Axioms SATO1 and SAI2 make precise what



gabs(x) = Uabs(x) SAT1
ot (0d () = Bl (x) SAT?2
ohs(®) + b (y) = ol (z + v) SAT3
Taps () - vabs(y) =of (-0 SAT4
s () + (U3 (V) + 03 (2)) = o5 (@ D (2)) SATS
Ths(0) @ = Ufbs(5) SAT6
at+dé=a A6SAa
s (%) + 8 = 07 (@) AGSAb
b-x=9 ATSA
Vi (8) = SATOO
R SATO1
v (@) = @ SATO2
VI (05,4 (2)) = oF, (V. (@) SATO3
Vi (@ + ) = vl (@) + vl (y) SATO4
i (@ y) = ol () -y SATO5
EENOER SAI0a
E:bs(s) = a;bs(é) SAIOb
(@) =a SAT1
UaTbs(ab) = U§bs(5) SAI2
T (08, (2)) = 0% (054 (00s(2))) SAI3
s (@ + ) = Tl (2) + Tl (y) SAI4
The(@ - y) =0h(2) -y SAI5

Table 2: Additional axioms for BPA®* (a € A, p,q > 0, 7 > 0)

happens if a part that starts to perform actions before the time-out time and a part
that starts to perform actions at the initialization time or later, respectively, do not
exist. Equations SATO3" and SAI3’ given in Table 3 are derivable from the axioms
of BPA®a*, In BPA®* and ACP®* and also in the further extension with initial

Ufbs( :btq(x)) = Uabs(s) SATO3’
b (0h U (2)) = 0B U(x)  SAIY
The(@) = SATL”

TEEU(oh, (2)) = ob, (T4 (x)) SAI3”

Table 3: Some derivable equations and alternative axioms (p,q > 0)

abstraction, axiom SATO1 can be replaced by equation SATO3’ just as well. In
BPAs2* and ACP®?', but not in the further extension with initial abstraction, axioms
SAI0a, SAI1 and SAI3 together can be replaced by the equations SAI1” and SAI3”
given in Table 3. The absolute initialization operator could have been added later
with the addition of the initial abstraction operator. However, having it available in
BPAs?* and ACP®*" makes it possible to express interesting properties of real time
processes with absolute timing such as the properties presented in Lemmas 1 and 3



below.

We can prove that the auxiliary operators v, and v, can be eliminated in closed
terms of BPAS3*. We can also prove that sequential compositions in which the form of
the first operand is not a (a € A) and alternative compositions in which the form of the
first operand is ol ((t) can be eliminated in closed terms of BPA®*. The terms that
remain after exhaustive elimination are called the basic terms over BPA®t, Because
of this elimination result, we are permitted to use induction on the structure of basic
terms over BPA®2 to prove statements for all closed terms of BPAsat,

Ezamples We give some examples of a closed term of BPA®2* and the corresponding
basic term:

a5 abs (b) = Uabs(a 5)

( Tabs (b) + Uabs (C)) - Uabs(a’ Uabsl (E))
(@) + abs L(0) = 022 + 052 (9)
(@) + 021 (b)) = 031 (b)

bs
5
a

e 9 q

)-o
a) -
4.
Tab:
4.9
abs

5 9
abs S
5

abs

(@
bs(
(
(

el

g

The following lemmas are also useful in proofs. They are, for example, used in the
proof of Theorem 12 (embedding of ACP9tv in ACP**'Iv). These lemmas, as most
other lemmas in this chapter, call for proofs by induction on the structure of basic
terms. The proofs are generally straightforward, but long and tedious. For that
reason, we will present for each such proof only one of the cases to be treated. The
selected case is usually typical of the proof and relatively hard. We write = to indicate
that the induction hypothesis of the proof is used.

Lemma 1 In BPA®* and ACP?, as well as in the further extensions with restricted
integration and initial abstraction introduced in Section 3:

1. the equation t = vh (t) + Uabs( ) is derivable for all closed terms t such that

t =T%(t) and t =t + b, (9);

2. the equations t = V%, (t) and TE(t) = 0%, (5) are derivable for all closed terms
t such that t = T9(t) and t #t + o¥, (J).

Proof. It is straightforward to prove both 1 and 2 by induction on the structure of ¢.

1. We present only the case that ¢ is of the form o? _(¢'). The other cases are similar, but
simpler, and do not require case distinction.

)+ 0 (8) 2 05 (8) + 0y (1) STOEIN (08 (1)) + Ty (05, (1)
/) + Uabs(s) = abs( ) + qu (o fbsq(é)) = abs(t + Uabs (6)) =

abs vi’bs"( N+ T () FET 0d (VR () + 0h (ThA(H)) TR

abs Uabs( )) + Uabs( abs(t/))

In applying SAI3 we assume that t' = T4 (t'). In case of BPA®** ACP**" and ACP*" with
integration, this equation is derivable for all closed terms ¢'. The assumption is also justified
in case of extension with initial abstraction. In that case, we are permitted, because of
elimination results presented in Section 3.2, to consider here only closed terms of the form

o (t') where no initial abstraction occurs in ¢'.

Casep <q: ol (
Casep > q: of(
o

(

v

2. Observe that T%,_(t) = o5 (9) follows immediately from t = v% (t) by axiom SI3. So

abs



it suffices to prove only ¢ = vf (t). Again, we present only the case that t is of the form

Ugbs(t/)'
SAT2 — A6ID — & SAT3
Casep < q: o (t') =" 05, (03, " () "=" 05 (00" (t) +0) "=
— & SAT2 R
Ths (05" () + 05, (0) "= _Ugbs(t/) + 035(0)
So ol (') # o (¢') + ok, (6) does not hold in case p < g
Casep > q: ol (t') # 0% (') + b (8) SV ¢ £/ 4 6P-9(5)
By the induction hypothesis, o2 (') = 0% (052 (t')) =% vf, (0% (') ]

From Lemma 1 we readily conclude the following.

Corollary 2 In BPA® and ACP®*', as well as in the further extensions with re-
stricted integration and initial abstraction introduced in Section 3, the equation oty (t)-

t' = ob (t) - VL (t') is derivable for all closed terms t and t' such that t' = T3, (t').

Lemma 3 In BPA®3 and ACPS2t, as well as in the further extensions with restricted
integration and initial abstraction introduced in Section 3, for each p € R>o and each
closed term t, there exists a closed term t' such that vk, (t) = ob, (¥') and t' = T ().
In subsequent proofs, we write ty, for a fized but arbitrary closed term t' that fulfills
these conditions.

Proof. It is straightforward to prove this by induction on the structure of . We present
only the case that ¢ is of the form o _(t"). Again, the other cases are similar, but simpler,
and do not require case distinction.

Casep < ¢ (0%, (t")) "2 o9, (t") 27 6%, (007 (")) and
— SAT2 — SAT1 __ —
aT P (t") S8 00 (07 P (1)) P Th (097 (¢))

abs abs
— SA —p— — SA
Casep > q: Uk (0%, (t") °=" 0l (V5 1(t")) = 005 (t—g)) *5 " 0l (tf}—g)) and

abs\™ abs abs\ “~abs abs

tﬁkq] = Ung(tﬁFq])
In applying SAI3 we assume that t”/ = To,(t”). As described in the previous proof, this
assumption is justified in all cases. O

Lemma 1 indicates that a process that is able to reach time p can be regarded as being
the alternative composition of the part that starts to perform actions before p and
the part that starts to perform actions at p or later. Lemma 3 shows that the part of
a process that starts to perform actions at time p or later can always be regarded as
a process shifted in time by p.

Semantics of BPAS A real time transition system over A consists of a set of states
S, a root state p € S and four kinds of relations on states:

a binary relation (_,p) = (_,p) for each a € A, p € R>o,
a unary relation (_,p) - (/,p) for each a € A, p € R>o,
a binary relation (_,p) = (_,q) for each r € Rsq, p,q € R>¢ where g =p+r,
a unary relation 1D(_,p) for each p € R>p;
satisfying

1. if (s, p) I (s',q), r,r" > 0, then there is a s” such that (s,p) > (s”,p+7)

and (s, p+ 1) v (s, q);



2. if (s,p) = (s",p+7) and (s",p+ ) rr—/> (s',q), then (s, p) r% (s',q).

The four kinds of relations are called action step, action termination, time step and
immediate deadlock relations, respectively. We write RTTS(A) for the set of all real
time transition systems over A.

We shall associate a transition system TS(t) in RTTS(A) with a closed term ¢ of
BPAS®at by taking the set of closed terms of BPA® as set of states, the closed term
t as root state, and the action step, action termination, time step and immediate
deadlock relations defined below using rules in the style of Plotkin [38]. A semantics
given in this way is called a structural operational semantics. On the basis of these
rules, the operators of BPA®* can also be directly defined on the set of real time
transition systems in a straightforward way. Note that, by taking closed terms as
states, the relations can be explained as follows:

(t,p) = (t',p): process t is capable of first performing action a at time p
and then proceeding as process t';

(t,p) = (y/,p): process t is capable of first performing action a at time p
and then terminating successfully;

(t,p) = (t',q): process t is capable of first idling from time p to time ¢
and then proceeding as process t';

ID(t,p): process t is not capable of reaching time p.

The rules for the operational semantics have the form W , where s is
optional. They are to be read as “if hy and ...and h,, then ¢; and ...and c,,
provided s”. As customary, h1,...,h,, and ci,...,c, are called the premises and the
conclusions, respectively. The conclusions of a rule are positive formulas of the form
(t.p) % (¢, ), (1) 5 (/op), (t.p) > (#,q) or ID(t,p), where t and ¢ are open
terms of BPA®3*. The premises of a rule are positive formulas of the above forms or
negative formulas of the form —ID(¢,p). The rules are actually rule schemas. The
optional s is a side-condition restricting the actions over which a, b and ¢ range and
the non-negative real numbers over which p, ¢ and r range. Within the framework
of term deduction systems introduced in [9], the instances of the rule schemas that
satisfy the stated side-conditions should be taken as the rules under consideration.
For the rest, we continue to use the word rule in the broader sense.

The signature of BPAS?* together with the rules that will be given constitute ac-
cording to the definitions of [43] a strictly stratifiable term deduction system. For a
term deduction system having rules with negative premises, it is not immediately clear
whether the term deduction system is meaningful. That is, it is not clear whether
there exist relations for which exactly those formulas hold that can be derived us-
ing the rules of the term deduction system (see e.g. [25] and [15]). However, if the
term deduction system is stratifiable then there exist such relations. If it is strictly
stratifiable then there exist unique such relations. The restriction to stratifiable term
deduction systems is essential for the congruence theorem mentioned below.

Term deduction systems support only unary and binary relations on closed terms
over some one-sorted signature. Generalization to the many-sorted case is harmless
if it is confined to unary and binary relations on closed terms of one of the sorts.

10



Therefore, we chose to have, for instance, many binary action step relations for each
action in A, viz. one for each element of R>(, instead of one ternary or quaternary
relation.

For the operational semantics of BPAS2*, as well as ACP**" and the further ex-
tensions described in Section 3, we will only define time step relations for which
(t,p) = (t',q) holds only if ¢ = #'. The given rules define relations for which ex-
actly those formulas hold that can be derived using the rules. Consequently, there
are no rules with conclusions of the form (z,p) > (2/,q) where 2 # x’. Hence, it
makes no difference if in a rule a premise of the form (z,p) - (x,q) is replaced by
(x,p) = (2',q) if 2’ is a variable different from the variables occurring in the rule.
We prefer the premises of the form (z,p) v (z,q) because they are better suited
to a natural explanation of the rules. However, the replacements are usually needed
whenever general results about term deduction systems, e.g. results of [43], are used.
In the remainder of this chapter, we will refrain from making mention of the need for
the replacements because they are trivial and make no difference with respect to the
relations defined.

The structural operational semantics of BPA®?' is described by the rules given in
Table 4.

These rules are easy to understand. We will only explain the rules for the absolute
delay operator (o,,.). The first pair of rules expresses that the action related capa-
bilities of a process ngs( ) at time p include those of process = at time p. The second
pair of rules expresses that the action related capabilities of a process o7, (z) at time
p + r include those of process x at time p shifted in time by r (p > 0, r > 0). The
third pair of rules expresses that the time related capabilities of a process od, () at
time p + ¢ include those of process x at time p shifted in time by ¢ (¢ > 0). The
fourth pair of rules expresses that a process of. () can idle from any time p > 0 to
any time ¢ < r and that it can also idle to time r provided that process x can reach
time O.

By identifying bisimilar processes we obtain our preferred model of BPA®2'. One
process is (strongly) bisimilar to another process means that if one of the processes
is capable of doing a certain step, i.e. performing a certain action at a certain time
or idling from a certain time to another, and next going on as a certain subsequent
process then the other process is capable of doing the same step and next going on
as a process bisimilar to the subsequent process. More precisely, a bisimulation on
RTTS(A) is a symmetric binary relation R on the set of states S such that:

1. if R( t) and (s,p) % (s’,p), then there is a ¢’ such that (¢,p) = (t/,p) and
R(s',t');

2. if R(s t), then (s, p) < (v/,p) iff (t,p) = (V/,p);

3. if R(s t) and (s,p) — (s',q), then there is a ¢’ such that (¢,p) v (t',¢) and

R(s',t');
4. if R(s,t), then ID(s,p) iff ID(t, p).

We say that two closed terms s and ¢ are bisimilar, written s £ ¢, if there exists a
bisimulation R such that R(s,t).
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ID(§,p) ID(,7)

(z,p) = (2, p)
<0-gb5(w)1p> i) <$/7p>

(@,0) % (/,0)
(z,p) = (V,p)

ID(a, r)

(o0bs(2), ) = (Vo)

(z,p) = (', p) (z,p) = (\/,p)
(o7s(@),p+7) 2 (of ('), p+T) (ohs(@),p+r) 5 (V,p+7)
(z,p) ¥ (@, p+7) ID(z, p)
(o8 (2),p+q) — (0% (), p+q+7r) ID(c (x),p+q)
q>p ﬂID(:c 0)
(@35 (@), p) > (085" (2),p +7) (0% (@),q) > (o4t (2), g +7)
(z,p) = («',p) (z,p) = (V/,p)
(x +y,p) = (¢/,p), (x+y,p) = (V,D),
(y + z,p) = («',p) (y+z,p) = (V,p)
(z,p) = (z,p+ 1)
(x+y,p) > (+y,p+r), W
(y+zp) = (y+z,p+7) ’
(z,p) % (&', p) (z,p) = (V/,p)
(z-y,p) = (¢’ -y, p) (z-y,p) = (y,p)
(,p) = (z,p+r) ID(z, p)
(x-y,p) = (x-y,p+7) ID(z - y,p)
(z,p) % (&',p), ¢>p (z,p) % (V/,p), 4> p

(v (@), p) = (2, p)

(z,p) ¥ (x,p+7), g>p+T

(Wi (@), p) > (Wi (z),p+7)
g<p

ID(vi (), p)

(z,p) % (z',p), ¢<p

(vds(x),p) = (', p)

(z,p) v (@, p+7), a<p+r
W (@), p) = (O (2),p+7)

q>p
(" (@),p + )

(Vi (2),p)

(Vhs(@),p) = (V1)

ID(z,p), ¢ > p

ID(vgs(), )

(z,p) * (V,p), 4<p

(T (), 2) = (V1)

ID(z,p), ¢ <p

ID(D 3 (), P)

ﬂID(m qg+r)

(Ve (2),9) = (O (), q + 1)

Table 4: Rules for operational semantics of BPA%3 (a € A, r > 0, p,q > 0)

It is known from [43] that if a stratifiable term deduction system is in panth
format, bisimulation equivalence as defined here is a congruence for the operators in
the signature concerned. This collection of constraints on the form of the rules of a
term deduction system is defined in [43] for the one-sorted case, but in case of the
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real time and discrete time versions of ACP presented in this chapter we have in
addition to the sort of processes also the sort of non-negative real numbers or the
sort of natural numbers. In order to conform to the panth format as defined in [43],
the number of constants and operators in the first argument of a conclusion must be
either zero or one. In case of most term deduction systems given in this chapter, this
condition is only fulfilled if we disregard constants and operators that do not yield
processes. Careful checking of the proof of the congruence theorem for the panth
format given in [43], the only result about the panth format that we will use, shows
that the result goes through for the many-sorted case if the above-mentioned condition
is relaxed in such a way that only the number of constants and operators that yield
processes is restricted to zero or one. Therefore, we will refer to this panth-like format
in the remainder of this chapter as the panth format. We note here that checking of
the proof of the congruence theorem includes checking of the proofs of many related
lemmas and theorems given in [15] and [43]. For a comprehensive introduction to
rule formats guaranteeing that bisimulation equivalence is a congruence, the reader
is referred to [1].

The signature of BPA®3 together with the rules for the operational semantics
of BPA®® constitute a stratifiable term deduction system in panth format. Conse-
quently, bisimulation equivalence is a congruence for the operators of BPA%3t. For
this reason, the operators of BPAS' can be defined on the set of bisimulation equiva-
lence classes. We can prove that this results in a model for BPA®2, i.e. all equations
derivable in BPAS?* hold. In other words, the axioms of BPA?' form a sound axiom-
atization for the model based on bisimulation equivalence classes. As in the case of
the other axiomatizations presented in this chapter, we leave it as an open problem
whether the axioms of BPA%2 form a complete axiomatization for this model.

2.2 Algebra of communicating processes

In ACP®2*, we have, in addition to sequential and alternative composition, parallel
composition of processes. The process z || y is the process that proceeds with the
processes x and y in parallel. Furthermore, we have the encapsulation operators dp
(one for each H C A) which turns all urgent actions a, where a € H, into . Asin ACP,
we also have the auxiliary operators || (left merge) and | (communication merge) to
get a finite axiomatization of the parallel composition operator. The processes = | y
and z || y are the same except that z || y must start to perform actions by performing
an action of 2. The processes x | y and x || y are the same except that = | y must start
to perform actions by performing an action of z and an action of y synchronously. In
case of ACP®*  an additional auxiliary operator vaps (absolute urgent initialization)
is needed. The process vaps(2) is the part of process z that starts to perform actions
at time 0.

The operator vaps of ACP*** is simply the operator vups of ACP7,, [5] lifted to the
real time setting.

Signature of ACP** The signature of ACP5?" is the signature of BPA%® extended
with the parallel composition operator ||: P x P — P, the left merge operator |:
P x P — P, the communication merge operator |: P x P — P, the encapsulation
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operators O : P — P (for each H C A), and the absolute urgent initialization
operator Vaps : P — P.

Axioms of ACP®* The axiom system of ACP®* consists of the axioms of BPAsat
and the equations given in Table 5.

alb=¢ ifr(a,b)=c CF1SA
a|b=24 if v(a,b) undefined CF2SA
ely=(ly+tyle)+zly CM1
olz=0 CMID1
x| 5=14 CMID2
all(+d)=a-(x+9) CM2SA
izl (y+d=a-(z| (y+9) CM3SA
ol (@) 1L (vabs(y) +8) =8 SACM1
ol (@) L (V8 (y) + 05 (2)) = ol (x || z) SACM2
z+y le=zlz+yl= CM4
Slaz=4 CMID3
z|b=46 CMID4
a-x|b=(a|b) -z CM5SA
a|lb-xz=(@|b) -z CM6SA
a-ax|b-y=(alb)-(z|y) CMTSA
(Vabs(@) +0) | o (y) = & SACM3
ols (@) | (vabs(y) +0) =8 SACM4
Ufbs(‘r) | O-fbs(y) = Ufbs(x ‘ y) SACM5
(z4+y)lz=z|z+y]|2 CMS8
zlly+z)=z|y+tz]|z CM9
ou(8) =4 DO
op@)=a ifag H DI1SA
og(a)=6 ifac H D2SA
8H(U§bs($)) = Ufbs(aH (z)) SAD

O (x +y) =0 (z) + 0u(y) D3
Ou(x-y) = 0g(x) - O (y) D4
Vabs(é) = 5 SAUO
Vabs(a) =a SAU1
Vabs(o';bs(x)) :8 SAU2
Vabs(® + Y) = Vabs(T) + Vabs(y) SAU3
Vabs(m : y) = Vabs :E) Y SAU4

Table 5: Additional axioms for ACP®' (a,b € As, c€ A, p> 0,71 > 0)

Axioms CM1, CM4, CM8, CM9, D3 and D4 are common to ACP and all real and
discrete time versions of ACP. Axioms CF1SA, CF2SA, CM2SA, CM3SA, CM5SA-
CMT7SA, DISA and D2SA are simple reformulations of the axioms CF1, CF2, CM2,
CM3, CM5-CM7, D1 and D2 of ACP: constants a (a € As) have been replaced by
constants a, and in addition to that certain variables x have been replaced by x + 4 in
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CM2SA and CM3SA. Recall that z + 0 = z if 2 # §, and § + 6 = . This means that
T + 6 never stands for §. Axioms SACM1 and SACM2 represent the interaction of ab-
solute delay with left merge. Axiom SACM2 shows that if two parallel processes start
to perform actions by performing an action of one of them and that process starts to
perform actions at a certain time, only the part of the other process proceeds that
starts to perform actions at the same time or later. What happens if such a part does
not exist, is reflected more clearly by a generalization of axiom SACMI than by that
axiom itself. This generalization, which is derivable from the axioms of ACPS3t is
equation SACM1’ given in Table 6. Note that a term of the form v, (y) stands for an
arbitrary process that starts to perform actions before time p; and that a term of the
form of, (vabs(2) + 6) stands for an arbitrary process that starts to perform actions
at time p or deadlocks at time p. So equation SACM1’ expresses that if the process
that would perform the first action can only do so after the ultimate time to start
performing actions or to deadlock for the other process, the result will be a deadlock
at this ultimate starting time. Note that in case of sequential processes, the process
that would first perform actions can always do so, irrespective of the ultimate starting
time for the other process. This difference is apparent from equation SAT4’, given in
Table 6, which is derivable from the axioms of ACP3*" and the standard initializa-
tion axioms SI13 and SI16 (Table 14, page 24). Axioms SACM3-SACMS5 represent
the interaction of absolute delay with communication merge. Axioms SACM4 and
SACMS5 are similar to axioms SACM1 and SACM2. Axiom SACMS3 is needed as well
because communication merge requires that both processes concerned start perform-
ing actions at the same time. Axiom SACMS5 is simpler than axiom SACM2 just
because of the left distributivity of the communication merge (axiom CM9). Equa-
tions SACM3’ and SACM4’ given in Table 6 generalize axioms SACM3 and SACM4
like equation SACM1’ generalizes axiom SACMI1. Axiom SAD represents the (lack
of) interaction of absolute delay with encapsulation. Axioms SAUO-SAU4 reflect the
intended meaning of the urgent initialization operator clearly.

BT (@) - (U (y) + 0By (Vabs(2) + 8)) = o7 (2 - §) SATY
ol (@) L (Wh(y) + ha(vaa(2) £ 8)) = oh(d)  SACMI
abs(Vabs( ) + 6) | Uabs (y) = Jab () SACM3’

TRt (@) | oy (vabs(y) + 3) = 05, (3) SACM4/

Oabs

Table 6: Some derivable equations (p > 0, r > 0)

We can prove that the operators ||, ||, |, 0 and vaps can be eliminated in closed
terms of ACP**. Because of the elimination result for BPAS*' we are permitted to
use induction on the structure of basic terms over BPA%3t to prove statements for all
closed terms of ACP®at,

Ezamples We give some examples of a closed term of ACP®**' and the corresponding
basic term (in case y(a,b) and v(a, c) are undefined):
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Ufbsl()HUabs() abs(E): 51(a b-6+b- 5)
Ugbsl( ) ” Uabs( ) abs (~) ;lb?(b Ugbf(a C+C a))

abs(a) ” Uabs( ) abs C) abs (b U (a abs (C)))
Vabs(gabs (@ | Uabs (b) ) O'abs (C)) =6

3}

Semantics of ACP®** The structural operational semantics of ACP*2 is described
by the rules for BPA®' and the rules given in Table 7.

(z,p) = (&', p), -ID(y,p)
@[l y,p) = (@ |y, ), (wllzp) = ylla,p), (@ yp) = ||lyp)

(z,p) % (/,p), —ID(y,p)
(@ ly,p) = (u,p), (Wl =p) = (y,p), (= | v,p) = (y,p)

(@,p) % (&,p), (y,p) > ',p), Y(a,b) =
(@ y,p) = |1 ¥,p), (@|y,p) = & || v,p)

(x,p) % (@', p), (y,p) 2 (D), v(a,b):c
(|l y,p) i> (@,p), (yll =,p) = (&', p),
(z|y,p) = («/,p), (y | z,p) = (z',p)

(@,0) % (/,p), (y.p) B (V.p), (a,b) = ¢
(@[l y,p) = (V,p), (&]y,p) = (V/,p)

(,p) ¥ (x,p+ 1), (Y,p) = (Y, p+7)
(@ y,p) = @l y,p+7), (@ L y,p) = (@ Ly, p+7),
(|y,p) = (x| y,p+7)

ID(z, p)

ID(z || y,p), ID(y || z,p), ID(z | y,p),
ID(y || =, p), ID(z | y,p), ID(y | =,p)

(z,p) = (z',p), ag H (z,p) = (V.p), a & H
(Om (x),p) = (Ou(a’), p) (Om (z),p) = (V/sp)
(x,p) = (z,p+7) ID(z, p)
(Om (2),p) ¥ (0w (x),p+7) 1D(Ou(x),p)
(x,0) % (2',0 (z,0) % (+/,0)
<Vabs(z):0> = <(£/,O> <Vabs(x):0> 2 <\/7 0>
ID(z, 0)
ID(vaps(z), 0) ID(vabs(), )

Table 7: Additional rules for ACP**" (a,b,c € A, 7 >0, p > 0)

These rules are easy to understand. We will only mention that the first two rules
for the parallel composition operator (||) express that a process x loses all its action
related capabilities at time p if it is put in parallel with a process y that can not reach
time p, and that the last rule for this operator expresses that in such cases the parallel
composition can not reach time p either. As in the case of BPA®*' we obtain a term
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deduction system in panth format that is stratifiable, so bisimulation equivalence is
also a congruence for the additional operators of ACP%2. Therefore, these operators
can be defined on the set of bisimulation equivalence classes as well. As in the case
of BPA®?', we can prove that this results in a model for ACPsat,

2.3 Time-stamped actions

The real time versions ACPp, ACPrp and ACPpo [2, 4] feature time-stamped actions
— and thus combine execution of actions and passage of time. The time-stamped
actions defined below are more closely related to the ones in ACPsp [6], the real time
version of ACP from which ACP%* originates. This is because ACPsp, like ACPs*
and unlike ACPp, ACPrp and ACPpo, does not exclude the possibility of two or more
actions to be performed consecutively at the same point in time.
Time-stamped actions are defined in terms of urgent actions and the delay operator
in Table 8. We also define a time-stamped version of immediate deadlock. In ACPp
a(p) = b (@)
(p) = 025 (9)

e

Table 8: Definitions of time-stamped actions and immediate deadlock (a € As, p > 0)

and ACPrp, which exclude the possibility of two or more actions to be performed
consecutively at the same point in time, there is no reason to distinguish, for instance,
between the processes a(p+r)-d(p+r) and a(p+r)-b(p) (r > 0). In ACP*?**, unlike in
ACPsp, distinction is made in comparable cases by introducing immediate deadlock
to deal with timing inconsistencies. Therefore, we have to introduce time-stamped
immediate deadlock here.

We now consider the signature of BPA®2® with time-stamped actions, i.e. the
signature of BPA®® but with the urgent action constants a, the urgent deadlock
constant 5, the immediate deadlock constant é and the delay operator 0,bs Teplaced
by the time-stamped action constants a(p) and the time-stamped deadlock constants
5(p) and d(p). From the axioms of BPA®** and the definitions of time-stamped actions
and immediate deadlock, we can easily derive the equations given in Table 9 for closed
terms. Axioms A1-A5 from Table 1 and the equations from Table 9 together can be
considered to form the axioms of BPA%* with time-stamped actions. The differences
with the axioms of BPAspd in [6] are all due to the different treatment of timing
inconsistencies. Extension of this version to ACP is left to the reader.

3 Extension of ACP

In this section, we describe the extension of ACP®?' with integration and initial ab-
straction. The extension with integration is needed to be able to embed discrete time
process algebras, as exemplified in Section 5.3. The extension with initial abstraction
is needed to be able to embed process algebras with relative timing, as illustrated in
Section 4.3.
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z4+580) ==z A6TSIDa

5(p) + 8(p) = d(p) A6TSIDD
5(p) - = = 3(p) A7TSID
a(p) -« = a(p) - Th (@) SATTS
a(p) + 3(p) = a(p) A6TSa
S(p+7)+d(p)=3(p+r) A6TSh
5(p) - = = 5(p) ATTS
Th (6(p+q) =d(p+q) SATST1
THET(8(p)) = d(p + 1) SATSI2
Th (a(p+q)) = alp + q) SATSI3
ThiT@(p) = d(p + ) SATSI4
The( +y) = Vo () + DL (y) SATSI5
vl (@ y) =R () -y SATSI6

Table 9: Additional axioms for time-stamped actions (a € As, p,qg > 0, r > 0)

Integration and initial abstraction are both variable binding operators. Following
e.g. [24], we will introduce wvariable binding operators by a declaration of the form
f oS, S - S1 X ... X Sp1,.. o, Snk,, - Sn — S. Hereby is indicated that f
combines an operator f* : ((S11 X ... X S1g,) = S1) X .. X ((Sp1 X o0 X Spg,) —
Sn) — S with A-calculus-like functional abstraction, binding k; variables ranging over
Sity -+, Sik; in the ith argument (0 < ¢ < n). Applications of f have the following
form: f(z11,..., %1k, -t1,-..,&n1,. .., Tnk, - tn), Where each z;; is a variable of sort
S;; and each ¢; is a term of sort .S;.

Integration requires a more extensive theory of the non-negative real numbers
than the minimal theory sketched at the beginning of Section 2 (page 4). In the first
place, it has to include a theory of sets of non-negative real numbers that makes it
possible to deal with set membership and set equality. Besides, the theory should
cover suprema of sets of non-negative real numbers.

First, in Section 3.1, ACP** is extended with integration. After that, in Sec-
tion 3.2, initial abstraction is added. Finally, some useful additional axioms, derivable
for closed terms, are given in Section 3.3.

3.1 Integration

We add the integration operator [to ACP®**. It provides for alternative composition
over a continuum of alternatives. That is, fv cv P, where v is a variable ranging over
R>o, V € R>g and P is a term that may contain free variables, proceeds as one of
the alternatives P[p/v] for p € V. The resulting theory is called ACP**'1. Obviously,
we could first have added integration to BPA%3, resulting in BPAS*I, and then have

extended BPA®*] to deal with parallelism and communication.

Signature of ACP®*I The signature of ACP*'] is the signature of ACP%" extended
with the integration (variable-binding) operator [: P(R>q) x R>q . P — P.
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We assume that an infinite set of time variables ranging over R>( has been given, and
denote them by v, w, .... Furthermore, we use V, W, ... to denote subsets of R>. We
denote terms of ACP**I by P, @, .... We will use the following notational convention.
We write [, P for [(V,v.P).

Axiom system of ACP®**'I The axiom system of ACP*2'I consists of the axioms of
ACP*2* and the equations given in Table 10.

waVR:'f'uEV Rlv/w] INT1
fve@ P=9 INT2
fve{p} P = P[p/v] INT3
fveVuW P = fveV P+ fvEW P INT4
V;£®:>fU€VR:R INT5
(Yp € V o Plp/v] = Q[p/v]) = veVP:fueVQ INT6
V7£® = f ev abs 5) = :ESPV((S) INT7
VAD sup VEV = [, 05,8 =3P V(§) INTS
supVeV = [ v 0% (6) = o3P V(%) INT9
Joev Taps(P) = 03 ([uey P) ifp# v INT10
fvEV(P+Q) fvEVP+ fvEVQ INT11
fueV(P' f EV INT12
Joev(PLR) = (fvev [[R INT13
vaV(P|R):(fv€V P)| R INT14
Joev R P)=RI| ([, P) INT15
f'uGV 8H(P) = 8H(fuev P) INT16
vfbs(fvEV P) = vaV abs(P) ifp 7& v SATO6
6fbs(fuev pP)= fvEV Tops(P) if p# v SAI6
Vabs(fuev P)= vaV Vaps(P) SAU5

Table 10: Axioms for integration (p > 0, v not free in R)

Axiom INT1 is similar to the a-conversion rule of A-calculus. Axioms INT2-INT6 are
the crucial axioms of integration. They reflect the informal explanation that fv v P
proceeds as one of the alternatives P[p/v] for p € V. The remaining axioms are all
easily understood by realizing that f stands for an infinite alternative composition.
We can prove that the auxiliary operators v,,. and v,,,, as well as sequential
compositions in which the form of the first operand is not @ (a € A) and alternative
compositions in which the form of the first operand is %, (¢), can be eliminated in
closed terms of BPAS*I with a restricted form of integration. Basically, this restriction
means that in terms of the form fv cv P, V is an interval of which the bounds are given
by linear expressions over time variables and P is of the form of\ (@) or o2, (@) -t (a €
As). This restricted form of integration is essentially the same as prefix integration
from [29] (see also [22, 23]). The terms that remain after exhaustive elimination are
called the basic terms over BPA®*" with restricted integration. We can also prove that
the operators ||, ||, |, 9x and vaps can be eliminated in closed terms of ACP®** with
restricted integration. Because of these elimination results, we are permitted to use
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induction on the structure of basic terms over BPA®® with restricted integration to
prove statements for all closed terms of ACP®?' with restricted integration.

Ezamples We give some examples of a closed term of ACP"* with restricted integra-
tion and the corresponding basic term:

fve[495 1) abs(yabs( abs( ) ” Crabs (b) 0’3 ( ))) _Uabs (5)
fve[4951) T abs (@) +f'u€4951) abs ( fe4951) abs(a+b)

(fv€[4 9,5.1) Tabs(@)) | (fve[4 9,5.1) Tabs b)) =/, vE[4.9,5.1) Tabs (@) if y(a;b) = ¢

(fve[él 9,5.1) T s (@) | (fv€[4 9,5.1) T3 (b)) = fv€[4.9,5.1) U:bs(s) if v(a, b) undefined

Semantics of ACP**'I The structural operational semantics of ACP2!] is described
by the rules for ACP®* and the rules given in Table 11.

(Pla/v],p) = (P',p), g€V (Pla/v],p) = (Vsp), 4 €V
(fyev Prp) = (P p) (Joev Prp) = (VD)

(Plg/v), p) ¥ <P[f1/v]7p+7“>, g€V ID(Plg/v],p) forallgeV
<fv€V P, > <f7j€V Pyp+r) ID(fueV P,p)

Table 11: Rules for integration (a € A, r > 0, p,q > 0)

The rules for integration are simple generalizations of the rules for alternative com-
position to the infinite case.

The panth format does not cover variable binding operators such as integration.
The integration operator combines an ordinary operator [~ : P(Rxg) x (R>¢ — P) —
P with A-calculus-like functional abstraction, binding one variable ranging over R>q
in the second argument. This implies that we have additional sorts here, including
the sort of functions from non-negative real numbers to processes. These functions,
denoted by closed terms of the form v . P, where v may occur free in P, cannot be
dealt with in the same way as the non-negative real numbers: (1) they are denoted
using open terms of the sort of processes and (2) their application is syntactically
represented by means of substitution. As for (1), we can define bisimulation equiva-
lence on closed terms v. P and w. @ as well as on open terms P and @ in such a way
that it corresponds to the pointwise extension of the original bisimulation equivalence:
v.Pew.qQiff Plp/v] & Q[p/w] for all p € Rsg; P & Q iff o(P) £ o(Q) for all
substitutions o of non-negative real numbers for time variables. As for (2), we have to
make a clear distinction between variables that range over a semantic domain, such as
v in the rules for integration, and meta-variables that range over a syntactic domain,
such as P and P’ in the rules for integration. In [24], the former variables are called
actual variables and the latter ones formal variables. Careful checking of the proof
of the congruence theorem for the panth format given in [43] shows that the result
goes through for the case with variable binding operators if the condition about the
number of constants and operators in the first argument of a conclusion is as in the
many-sorted case without variable binding operators: the number of constants and
operators that yield processes is restricted to zero or one.
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The signature of ACP®*'I together with the rules for the operational semantics
of ACP®*'I constitute a stratifiable term deduction system in this generalized panth
format, so bisimulation equivalence is also a congruence for the integration operator.
Hence, this operator can be defined on the set of bisimulation equivalence classes as
well. As in the case of BPA®2* and ACP®?', we can prove that this results in a model
for ACP*2*I, We will call this model Ma.

3.2 Initial abstraction

We add the initial abstraction operator y/ to ACP**I. It provides for (simple) para-
metric timing: /v . F, where v is a variable ranging over R>¢ and F' is a term that
may contain free variables, proceeds as F[p/v] if initialized at time p € R>g. This
means that \/v.F denotes a function f : R>g — P that satisfies f(p) =05 (f(p)) for
all p € R>g. In the resulting theory, called ACP***1v, the sort P of (absolute time)
processes is replaced by the sort P* of parametric time processes. Of course, it is
also possible to add the initial abstraction operator to ACP®*"| resulting in a theory
ACPsaty/,

Signature of ACP®*Iv The signature of ACPS*'Iv is the signature of ACP®*'T
extended with the initial abstraction (variable-binding) operator \/ : R>q . P* — P*.

We now use z,%, ... to denote variables of sort P*. Terms of ACP**Iv are denoted
by F,G,.... We will use the following notational convention. We write /v . F' for

V(v . F).

Axiom system of ACP***Iv The axiom system of ACPS**Iv consists of the axioms
of ACP®*#'[ and the equations given in Table 12.

Axioms STA1 and STA2 are similar to the a- and p-conversion rules of A-calculus.
Axiom STA3 points out that multiple initial abstractions can simply be replaced by
one. Axiom STA4 shows that processes with absolute timing can be treated as special
cases of processes with parametric timing: they do not vary with different initialization
times. Axiom SIA5 is an extensionality axiom. Axiom SIAG6 expresses that in case
a process performs an action and then proceeds as another process, the initialization
time of the latter process is the time at which the action is performed. Notice that
the equation @ -z = a - Ugbs(x) is a special case of axiom SIA6. The related equation
of (x) = b, (V3s(2)) follows immediately from axioms SAT1 and SAT2 (Table 2,
page 7). Axioms SIA7-SIA17 become easier to understand by realizing that /v . F
denotes a function f : R>g — P such that f(p) = vk (f(p)) for all p € R>(. This is
reflected by the equation

Vv . F=\[v.04 (F) SIAI

which can be derived using axioms SIA2 and SIA5 and a useful special case of standard
initialization axiom SI2 presented in Section 3.3, viz. U4, (0}, (z)) = UL ().

The elimination results for ACP5**Iv/ with the restricted form of integration men-
tioned in Section 3.1 are essentially the same as the ones for ACP%3I with the re-
stricted form of integration. Besides, all closed terms of ACP**'Iv with this restricted
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Vw.G = [v.Gv/w] SIA1

i (M v . F) =08 (F[p/v]) SIA2
Vv (Mw. F)=\fv. Flv/u] SIA3
G=\v.G SIA4
(Vp € Rxg oD (x) = DB (y)) = ==y SIAS
ohe(@) - x = 0% (a) - Tl (z) SIA6
obos(Mv . F) =ob (F[0/v]) SIA7
(Mv.F)+G=\[v.(F+7,,G)) SIAS
(Mv.F) - G=\[v.(F-G) SIA9
i (v F) = v.vh (F) ifp#wv SIA10
(Mv.F) LG =v. (F4/(®) SIA11
G (v - F)=~[v.(0h(G) L F) SIA12
(Mv.F)|G=[v.(F|05(G)) SIA13
G| (v . F)=v.([0(G) | F) SIA14
Or(Mv.F)=+[v.0u(F) SIA15
Vabs(Vf 0 - F) = \[ v . Vaps(F) SIA16

Joev(Mw . F) =w. ([, F) ifv#w SIA1T

Table 12: Axioms for standard initial abstraction (p > 0, v not free in G)

form of integration can be written in the form /v . F where F is a basic term over
BPAS2* with restricted integration.

Ezamples We give some examples of a closed term of ACP*2*Iv with restricted inte-
gration, the corresponding term of the form /v . F where F is a basic term and, if
possible, the corresponding basic term without initial abstraction:

Vv vt (w0 (@) = Vv 03, (@)

V. v:bt“(\/s@ Lo% (@) = [v. o3 (a)

733b2(\/v U:b—: (fwe 6,6.1) ;Ll;s(~))) = \/’L) Gabs (6) - Uabs (5)

T (Vv iabs (fwe 6,6.1) o3bs(@))) = v fwe 6,6.1) o2bs (@) = wa[G,&l)J:I))s(a’)

On the basis of the rules for its operational semantics, the operators of ACP®3t]
can also be directly defined on real time transition systems in a straightforward way.
In the following, we will describe a model of ACP**'Iv in terms of these operators.

Semantics of ACP**'Iv We have to extend RTTS(A) to the function space
RTTS™(A) = {f : Rzo = RTTS(A) | Vp € Rxo « f(p) = 05s(f ()}

of real time transition systems with parametric timing. We use f,g,... to denote
elements of RTTS*(A). In Table 13, the constants and operators of ACPS**Iv are
defined on RTTS*(A). We use A-notation for functions — here ¢ is a variable ranging
over R>o. We write f(¢) = g for the real time transition system obtained from f(t)
by replacing (s,p) % (\/,p) by (s,p) - (s/,p), where s’ is the root state of g(p),
whenever s is reachable from the root state of f(t).
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5=Xt.6

a=Mt.vi (a)

obs(f) = At T (08, (£(0)))
F+g=Axt.(f(t) +g(t)
frg=xt.(f(t)*g)

VB () = At DL (VEL (F (1))
ifbs(f) = f(p)

Fllg=xt.(f®) 1l 9@)
Flla=xt.(f®) Lg(®)
Flg=xt.(f(t)]g(t)
on(f) = At. 0 (f(t))
Vabs(f) = At. i;bs(Vabs(f(t)))

Joev (D) = At [oey (f(1)
e = At Ty (e(t)

Table 13: Definition of operators on RTTS" (¢ : R>g — RTTS™(A), a € As, p € R>g)

We say that f,g € RTTS"(A) are bisimilar if for all p € R>q, there exists a bisim-
ulation R such that R(f(p),g(p)). It is easy to see that bisimulation equivalence as
defined here is a congruence for the operators of ACP®*Iv. We obtain a model of
ACP*2'[v by defining all operators on the set of bisimulation equivalence classes. We
will call this model M3. Notice that f € RTTS*(A) corresponds to a process that can
be written with the constants and operators of ACPS*I only iff v (f) = f. In fact,
Ma is isomorphic to a subalgebra of M.

3.3 Standard initialization axioms

In Table 14, some equations concerning initialization and time-out are given that hold
in the model My, and that are derivable for closed terms of ACP**'Iv. We will use
these axioms in proofs in subsequent sections. Notice that the very useful equation
b (U8 (x)) =Tk (2) is a special case of axiom SI2. We can easily prove by means of
the standard initialization axioms, using axioms STA2 and STA5 (Table 12, page 22),
that initial abstraction distributes over -+, ||, || and |:

(v.F)O(yv.F)=+/v.(FOF)DISTRO

for O = +,||,|,]- Using this fact shortens many of the calculations needed in the
proof of Theorem 6 (embedding of ACP®* in ACP%*tv/).

4 Real time process algebra: relative timing

In this section, we give the signature, axioms and term model of ACP*'"| a standard
real time process algebra with relative timing. ACP®™ originates from the theory
ACPst, presented in [6]. Like ACPst, it separates execution of actions and passage of
time.
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Ol (VR (7)) = Vi (PR (2)) s
b (TFH(z)) = T8 (= SI2
hEA(h (z)) = 0B e ) SI3
Wb (@hH(2)) = of (9) SI4
afbs(é) + Uabs(m) :~g§bs(m) N SIS
T35s(0) + Uhps(@ + 0) = T (@ + 0) SI6
U:bs(x) + 6= vabs(x) SI7
Ve (Vs (@) = V"7 (@) S18
(T (0 (2))) = TP (5, () S19
gfbs(x IJ» ) - Uabs(x) H»vabs(y) SI10
6&,5(3C ly) = 7§b5(w) |Efbs(y) SI11
Ut (Om () = Om (Th,(2)) SI2
Ugbs(l/abs(r)) Vabs (T abs(x)) SI13
M S(Vabs(x)) = abs((s) S114
Vabs( arb (z)) = SI15
S(Vabs(l')) bs(m) SI16
VabS( abs(ac)) Vabs () SI17

Table 14: Standard initialization axioms (p,q,q" > 0, r > 0)

First, in Section 4.1, we treat BPA®'®, basic standard real time process algebra
with relative timing, in which parallelism and communication are not considered.
After that, in Section 4.2, BPA™" is extended to ACP*" to deal with parallelism and
communication as well. Finally, we show in Section 4.3 how ACPS™ can be embedded
in ACPs2tv.

4.1 Basic process algebra

In BPA®", we have the constants @ and & instead of & and 0, and the operator Orel
(relative delay) instead of o, (absolute delay). The constants a and § stand for a
without any delay and a deadlock without any delay, respectively. The process o¥, ()
is the process x delayed for a period of time p. We also have relative counterparts
of the absolute time-out and initialization operators: v, (relative time-out) and T,y
(relative initialization). The process v, (z) is the part of x that starts to perform
actions after a period of time shorter than p. The process T, (z) is the part of
that starts to perform actions after a period of time longer than or equal to p. In
BPA®' the sort P of (absolute time) processes is replaced by the sort P of relative
time processes.

The notation @ for urgent actions in case of relative timing was also used in
ACPst [6], the theory from which ACP®'* originates.

Signature of BPA™" The signature of BPA™* consists of the urgent action constants
a: — P" (for each a € A), the urgent deadlock constant § : — P', the immediate
deadlock constant § : — P', the alternative composition operator +: P* x P" — P,
the sequential composition operator - : P" x P* — P" the relative delay operator
O, : R>g x P — PT, the relative time-out operator v, : R>o x P" — P", and the
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relative initialization operator U, : R>o x P" — P".

Axioms of BPA®" The axiom system of BPAS™ consists of the equations given in
Tables 1 and 15.

od(z) == SRT1
o (0%, (2)) = o2 (x) SRT2
ol (x) + of(y) = ok (x + y) SRT3
P (z) - y=0oF(z-y) SRT4
a+d=a A6SRa
o (z) + 8 = o7y (x) A6SRb
S-z=3 ATSR
v (6) =14 SRTO0
w0, (z) =4 SRTO1
v (@) =a SRTO2

VP (P (z)) = o, (vl (x)) SRTO3
Uf’el(x +y) = Uf’el (z) + ’Uil(y) SRTO4

v (@) = vl (@) -y SRTO5
o (8) = o7, (8) SRIO
Ty (z) =2 SRI1
6reI (a) = 0-,:5|(6‘ SRIQ
ook, (2)) = of) (B (x))  SRI3
Ty (@ +y) = vl (x) + Uk (y) SRI4
(@ y) =o,(2) -y SRI5

Table 15: Additional axioms for BPAS™ (a € As, p,q > 0, 7 > 0)

The axioms of BPAS™ are to a large extent simple reformulations of the axioms of
BPAsat, That is, constants @ (a € As) have been replaced by constants a, and the
operators o,,., v,,, and U, have been replaced by o, v, and U, respectively.
Striking is the replacement of the axioms SAT4, SAT5 and SAT6 by the simple
axiom SRT4. This axiom reflects that timing is relative to the most recent execution
of an action. Axioms SRIO-SRI5 are reformulations, in the above-mentioned way, of
alternative axioms for axioms SAIO-SAI5 — which, unlike axioms SAIO-SAI5, do not
accommodate the addition of initial abstraction (see also Section 2.1).

Similar to the case of BPA®*, we can prove that the auxiliary operators v, and
U,q, as well as sequential compositions in which the form of the first operand is not a
(a € A) and alternative compositions in which the form of the first operand is o?,(t),
can be eliminated in closed terms of BPAS™. The terms that remain after exhaustive
elimination are called the basic terms over BPA®™. Because of this elimination result,
we are permitted to use induction on the structure of basic terms over BPAS™ to
prove statements for all closed terms of BPAS',

Ezamples We give some examples of a closed term of BPA®'* and the corresponding
basic term:
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03,(a) - 42 (b) = 03,(a - o°(B))

rel rel _

054(@) - (0767 (B) + 05! () = 07y (@~ o7 (b + 035%(D)

rel rel rel rel rel

Ui (07’ @) + o' (9) = Uf‘e‘lg(‘:’“ +0o%1 ()

Eimai]g (@) + U.-Se]l (g)) = O'E)e]l (b)
Semantics of BPAS™ In case of relative timing, we can use a simple kind of real time
transition system. A real time transition system with relative timing over A consists
of a set of states S, a root state p € S and four kinds of relations on states:

a binary relation _ % _ for each a € A,

a unary relation _ - / for each a € A,

a binary relation _ — _ for each r € Ry,
a unary relation 1D(_);

satisfying

/ ’
1. if s 0 s', r,7" > 0, then there is a s such that s — s” and s” s s';

9. if 5% ¢ and s Vs s’, then s V)

We write RTTS"(A) for the set of all real time transition systems with relative timing
over A.

We shall associate a transition system TS'(¢) in RTTS'(A) with a closed term ¢
of BPA® like before in the case of absolute timing. In case of relative timing, the
action step, action termination, time step and immediate deadlock relations can be
explained as follows:

t % t': process t is capable of first performing action a without the least delay

and then proceeding as process t';

t % /: process t is capable of first performing action a without the least delay
and then terminating successfully;

t — t': process t is capable of first idling for a time period r
and then proceeding as process t';

ID(t): process t is not capable of reaching the present time.

The structural operational semantics of BPAS™ is described by the rules given in
Table 16. In one of the rules for the alternative composition operator, a negative
formula of the form ¢ v/ is used as a premise. A negative formula ¢ v means that
for all closed terms ¢’ of BPAS™ not t — t. Hence, t £+ is to be read as “process t is
not capable of idling for a time period r”.

Clearly, changing from absolute timing to relative timing leads to a significant simpli-
fication of the operational semantics. However, note that there are two rules now for
the alternative composition operator concerning time related capabilities of a process
x + y. These rules have complementary premises. Together they enforce that the
choice between two idling processes is postponed till at least one of the processes
cannot idle any longer.

Also the notion of bisimulation becomes simpler in case of relative timing. A
bisimulation on RTTS'(A) is a symmetric binary relation R on the set of states S
such that:
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ID(8) @y
RN PN
re|($) %2 Jr0e|($) %V
ID() D !
ID (o7 (x)) ob (z) 2 o
p>0 -ID(z)
oPTT ™

T rel (33) ’—) o-rel(x)

r—T

c+y S, y+zS

ol y b

T+y-Sv,yt+aSy

r ! LN
T, Yyr—y

z+y—a, y+x—a

ID(z), ID(y)
ID(z + y)

CUI

8
@l@

x-y—x -y
LN
T—T
T

z-y—a -y

a
r—x

~

ol (z) = 2!

z =z ,p>0

z+y—a +y

P

Urel (I) '—) Urel(x )

vl (z) & @’
z 2! ,p<r
Urel(x) — !

zhs, p>0
2T (2) 5 T2, (6)

Urel

rel( )_>\/

sz’ ,p>0
p+r

ﬁrel (x) }.) Urel(xl)

ID(x)

ID(Ty ()

Table 16: Rules for operational semantics of BPAS™ (a € A, r > 0, p > 0)

1. if R(s,t)

2. if R(s,t), then s % /iff t % \/;
3. if R(s,t)

4. if R(s,t), then ID(s) iff ID(¢).

and s - s, then there is a ¢’ such that ¢t = ¢’ and R(s',t');

and s+ s, then there is a ¢’ such that ¢ + ¢’ and R(s,t);

As in the case of absolute timing, we obtain a model for BPAS™ by identifying bisimilar



processes.

4.2 Algebra of communicating processes

In ACP*", we have a relative counterpart of the absolute urgent initialization oper-
ator: vy (relative urgent initialization). The process vy (x) is the part of process x
that starts to perform actions without any delay. Like before in the case of absolute
timing, we use the relative urgent initialization operator to axiomatize the parallel
composition operator.

Signature of ACP*®* The signature of ACP*'* is the signature of BPAS™ extended
with the parallel composition operator |: P" x P" — P", the left merge operator
|I: P*xP" — P", the communication merge operator |: P x P" — P", the encapsulation
operators Jp : P" — P" (for each H C A), and the relative urgent initialization
operator v : P* — P".

Axioms of ACP*" The axiom system of ACPS™ consists of the axioms of BPAS'
and the equations given in Table 17.

The additional axioms of ACP®™ are just simple reformulations of the additional
axioms of ACP®**. That is, constants @ (a € As) have been replaced by constants
@, and the operators Oabss Uaps aNd vaps have been replaced by o,, v, and vy,
respectively.

Similar to the case of ACP**'| we can prove that the operators ||, ||, |, Oy and
Ve can be eliminated in closed terms of ACP®*. Because of the elimination result
for BPA®*, we are permitted to use induction on the structure of basic terms over
BPAS™ to prove statements for all closed terms of ACPS™®,

abs rel?

Ezamples We give some examples of a closed term of ACP*"* and the corresponding
basic term (in case y(a, ¢) is undefined):

O'r5e|(a) Il U?ell (?) ' O'Pe]?’(é) = O're|@ ) U?QI (Z O'Pe]?’(é)))
o‘?e]l ((iz) I U?el(EZ . crr0e‘|3(t::2 = Uil(?) 'zUPe'Il (a ~U%|2(Ez))~
of’e'll (a) |l Ufe'lg (®) - 09&3(6) = 0':1e'|8(b . O'E)e'lg (a-¢c+c¢-a))

Semantics of ACPS™ The structural operational semantics of ACP*'* is described
by the rules for BPA®" and the rules given in Table 18.

Changing from absolute timing to relative timing also leads to a simplification of the
additional rules for parallel composition, left merge, etc. As in the previous cases, we
obtain a model for ACP*'* by identifying bisimilar processes.

4.3 Embedding ACP*"' in ACP®'v

Consider two theories T and T7. An embedding of T in T’ is a term structure preserv-
ing injective mapping € from the terms of T to the terms of 77 such that for all closed
terms s,t of T, s = t is derivable in T implies €(s) = €(t) is derivable in T". If there ex-
ists an embedding of T' in T”, we say that T' can be embedded in T”. It roughly means
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G|b=% ify(a,b)=c CF1SR
a|b=3 if y(a,b) undefined CF2SR
elly=@ly+yllaz)+zly CM1
Slz= CMID1

x| =34 CMID2
il z+8=a-(x+79) CM2SRID
G-zl (y+d=a (x| (y+9) CMS3SRID
o (@) | (nei(y) +8) =3 SRCM1ID
ol (z) |L (W (y) + oy(2)) = ol (= | z) SRCM2ID
(z+y llz=z|lz+yl = CM4
Sla=46 CMID3
z]d=4 CMID4
a-x|b=(G|b) = CM5SR
alb-z=@G|b) = CM6SR
a-x|b-y=@@lb-(z|v) CMT7SR
(Veel(z) + 8) | o7y (y) =& SRCM3ID
o (@) | (nei(y) +8) =3 SRCMA4ID
o (@) | oP (y) = ol (z | y) SRCM5
(z4+y)lz=x|z+y]|= CM8
zl(y+z2)=z|y+z]|= CM9
on(8) =4 DO

op(a) =& ifag H DISR
og(@) =38 ifacH D2SR

ou (ol (x)) = oF, (0u (2)) SRD

O (z +y) = 0u(z) + Ou (y) D3

O (- y) = 0u(x) - Ou(y) D4

Vet (8) =6 SRUO
vel(@) = @ SRU1
vet(07y(z)) = & SRU2
Veel (T + y) = Vret () + Vrel (Y) SRU3
Vel (T - Y) = Vel (T) - y SRU4

Table 17: Additional axioms for ACP*"* (a,b € As, c€ A, p>0, 7 > 0)

that what is expressible in T remains expressible in 7” and what is derivable in T re-
mains derivable in 77. The requirement that € is term structure preserving means that,
for all terms t of T with free variables among x4, ..., x, and all closed terms t1,...,%,
of T of appropriate sorts, €(t[t1,...,tn/T1,...,x5]) = €(®)[e(t1), .., e(tn)/z1, ..., 2]
Let f be an operator that is not in the signature of theory T. An explicit definition
of fin T is an equation f(z1,...,x,) =t where ¢ is a term of T that does not contain
other free variables than xy,...,z,. An extension of theory T with constants and
operators defined by explicit definitions in 7' is called a definitional extension of 7'.
Consider again two theories T' and T”. Suppose that the constants and operators
in the signature of T that are not in the signature of 7" can be defined in 7" by explicit
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x % 2, —ID(y)
vy S|y, yllzSyle, zllyvSa |y

z %/, -ID(y)
ey By ylles By zl|lyBy

b b
x5z, y >y, yab)=c 3V, y>V, @b =c
zlly S|y, x|y |y zllySvozly >V

%,y B, vab) =c
ey, yllzSa, sy S, yle S

T a, Yy
zlly=ally,zly—=a Ly, zly—a |y
ID(z)
ID(z || y), ID(y || =), ID(z | v),
ID(y L ), ID(z | y), ID(y | x)
xS, agH z5,a¢gH
Om(x) % 0m(z')  Ou(x) =/

s g ID(z)

O (z) = O (a’)  1D(9p (z))
x5 x5/ ID(z)
Vrel () = af Vel (2) = v ID (el ()

Table 18: Additional rules for ACP** (a,b,c € A, 7 > 0)

definitions. Let 7" be the resulting definitional extension of 7”. Suppose further that
the axioms of T are derivable for closed terms in 7”. Then T can be embedded in
T’. The explicit definitions induce the following embedding:

elx) ==z
G(f(tl, ceey

t )yeey€(tn)) if f in the signature of T";
e(f(te,. .. tn)) =1|

31
1)y, €(tn)/x1, ..., x,] if the explicit definition of
fis f(z1,...,zn) =t

In this chapter, we will show the existence of embeddings in the way outlined above.
The explicit definitions needed to show that ACP*™ can be embedded in ACP®aty/
are given in Table 19. The following lemma presents an interesting property of pro-

a=+[v.oY(a)

oP\(z) = v . Tt (z)
V() = v - v (T (@)
rel(x) Vv Uabs P (U3s(2))
Vrel(x) \/SU Uabs(’/abs(x))

Table 19: Definitions of relative time operators (a € Ay)
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cesses with relative timing.

Lemma 4 For each closed term t of ACP%*'V generated by the embedded constants
and operators of ACP™', Th (t) = oh, (t).

abs

Proof. It is straightforward to prove this by induction on the structure of t. We present
only the case that t is of the form & -t'. The other cases are similar, but simpler.

_ v /= SAI5 _ SIA2

T (@ 1) = U (Vv - 035(a)) 1) "= T3 (Vv - 03bs(@))) - ' 7=
SAI13/ ~ SIAG6 - — 1H ~ SAT5
Oas(@)) -t 7= ol (@) -t =" 05,(a) - R () = ol (@) o (t) =

Tjhs(0
SAT1,2 _ - SIA
Tos(@ - D3 (1)) 7= 0L (U (056 (8 - Ts(11)))) “=°
SAT1,2 v /i~ — SATS5,1H
fbs( abs(\/v Jabs(a Ugbs(tl)))) = o—fbs(\/sv'Uabs(a'vgbs(tl))) =
(

B (M (055(@) - T (1)) "2 0 (Vv - 0ts(@)) - ') = o5 (@ t) 0

Lemma 4 expresses that, for a process with relative timing, absolute initialization of
the process at time p is the same as shifting the process in time from time 0 to time p
— which implies preceding absolute initialization at time 0. It follows from Lemma 4
and axiom SAI5 that for each pair of closed terms ¢,t' of ACP®3tv generated by the
embedded constants and operators of ACP**, o%, (t-t') = o (t)-t'. The condition
that t is a term generated by the embedded constants and operators of ACP*'* can not
be dropped here. However, Lemma 5 points out that this condition is not a necessary
one, since vaps(t) is not equal to a term generated by the embedded constants and
operators of ACP™* — unless ¢t = §. Lemma 5 is needed in the proof of Theorem 6.

Lemma 5 For each pair of closed terms t,t' of ACP*3'V generated by the embedded
constants and operators of ACP*, 0¥ (vaps(t) - t') = oh(Vabs(t)) - t'.

Proof. It is straightforward to prove this by induction on the structure of ¢. The proof is
extremely long. We present only the case that ¢ is of the form o (¢”). The other cases are
similar, but simpler, and do not require case distinction.

seeI SAT
Case q= 0: Ufbs(yabs(o-gel (t// ) ! t,) - O-abs(yabs( abs(t”)) ' tl) :1

O hps (Vabs(Tghs (1)) - 1) e o (U (Wabs (t)) - ) SALS
Ufbs(@:bs(l’abs(t“) 'tl)) SAT1Y2 Uabs(VabS( ) t ) = Jfbs(l’abs(t”)) -t SA;LZ
0 (Tl (Vas(t7))) - ' "2 0T, (vabs (T3 (£))) - £/ °2"
0l (Vabs (0% (£7)) - ' = 0T (vabs (07 (7)) - ¢

Case q > 0: o3, (Vaws(07 (")) - ') =! s (Vabs (036 (1)) - 1) = abs(‘s t ) =
Uapbs(VabS(S) ) =t o-fbs(l’abs((zs) ) = Ufbs(l’abs(g) A
o’fbs(yabs(s)) Ly sAu Ufbs(s) . SAU? o7 (vapa(0 (7)) - ¢ seell
0 bs (Vabs (07 (1)) - £/

L o (vabs(0 (")) - 1) = ol (vabs (v v - Dt (1)) - 1) 72"
(Vv - vabs (UL (87)) - ) 27 08 (Vv - (vabs(Dt(87) - ) *2
O hs (Vabs (T (£7)) - 1) em:m“ Taps (Vabs (55 (1)) - 1)
II, IIT and IV: The proofs are similar to the proof of I — axioms SAT1 and SAI1 are used in
addition in III and IV. a

The existence of an embedding of ACP®™* in ACP®3'v is established by proving
the following theorem.
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Theorem 6 (Embedding ACP*"" in ACP®*'V) For closed terms, the azioms of
ACP** qare derivable from the azioms of ACP%2%V and the explicit definitions of the
constants and operators a, 0y, V,es Uyery and vrel in Table 19.

Proof. The proof of this theorem is given in Appendix A.1. The proof is a matter of
straightforward calculations. Equations STATI (page 21) and DISTRO (page 23), the
standard initialization axioms (Table 14, page 24), and Lemmas 4 and 5 (page 31-31)
are very useful in the proof. ]

5 Discrete time process algebra

In this section, we present ACP92* and ACPY™, discrete time process algebras with
absolute timing and relative timing, respectively. ACP9* and ACP* are conservative
extensions of ACPg4,; and ACPgy, [7], respectively. First, in Section 5.1, we present
ACPYt and ACPYty/, the extension of ACP?* with initial abstraction. After that,
in Section 5.2, we present ACPI"t. Finally, we show in Section 5.3 how ACPty/ can
be embedded in ACP®2tIv.

5.1 Discrete time process algebra: absolute timing

In this subsection, we give the signature, axioms and term model of ACP%2*, a discrete
time process algebra with absolute timing. ACP2t is a conservative extension of the
theory ACPga¢, presented in [7]. Like ACP®2', it separates execution of actions and
passage of time. In ACP9t time is measured on a discrete time scale. The discrete
time points divide time into time slices and timing of actions is done with respect to
the time slices in which they are performed — “in time slice n + 1”7 means “at some
time point p such that n <p <n+1".

First, we treat BPA2t basic discrete time process algebra with absolute timing,
in which parallelism and communication are not considered. After that, BPAdat is
extended to ACP9t to deal with parallelism and communication as well. Finally,
initial abstraction is added.

Basic process algebra

In BPA92t we have the constants a and ¢ instead of @ and 5. The constants a and &
stand for a in time slice 1 and a deadlock in time slice 1, respectively. The operators
Oabss Vabs ad U, have a natural number instead of a non-negative real number as
their first argument. The process ol (z) is the process x shifted in time by n on
the discrete time scale. The process v}, (x) is the part of x that starts to perform
actions before time slice n + 1. The process Tl (x) is the part of x that starts to
perform actions in time slice n + 1 or a later time slice. Recall that time point n is
the starting-point of time slice n + 1.

In ACPgq,; [7], the notation fts(a) was used for actions in the first time slice. A
discrete time version of ACP with absolute timing where the notation a was used
earlier for actions in a time slice is ACPdp [3], but there it always carries a time-
stamp.
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Signature of BPAd The signature of BPAYt consists of the undelayable action
constants @ : — P (for each a € A), the undelayable deadlock constant § : — P,
the immediate deadlock constant § : — P, the alternative composition operator +:
P x P — P, the sequential composition operator - : P x P — P, the absolute delay
operator o, : N x P — P, the absolute time-out operator U, N x P — P, and the
absolute initialization operator U,,, : N x P — P.

We denote elements of N by m, m’,n,n’.

Axioms of BPAY*t The axiom system of BPA* consists of the equations given in
Tables 1 and 20.

0% (x) =1 (%) DAT1
o (o (2)) = ol ™ () DAT2
U;Lbs(x) to abs(y) = ;Lbs(x _+ y) DAT3
ol (z) - vl (y) = ol (z-0) DAT4
oabs("f') ( abs( ) + Gabs( )) = U;nbs(x ’ 6gbs('z)) DAT5
o (8) -z = a7 (9) DAT6
ol (8) =28 DAT?
a+d=a A6DAa
o (8) =46 DATOO0
W (x) =4 DATO1
Ua"bjl(g) =a DATO2
U;E:”(cr;‘bs(:p)) = ol (ViR (x)) DATO3
vl (z +y) = vl () + vl (v) DATO4
v (z-y) = U;Lbs(a:) -y DATOS5
abs(6) = DAIOa
*a"bjl(a) :bjl( ) DAIOb
Tos(a) =a DAIL
ot (a) = o1 (5) DAI2
U;ﬁjn(aabs(x)) abs(igﬁs(igbs(x))) DAI3
Uabs(m + y) - Uabs( ) + Uabs( ) DAI4
oh (x-y) =15 () y DAI5

Table 20: Additional axioms for BPAYt (q € Ay)

The axioms of BPA9?t are to a large extent simple reformulations of the axioms of
BPA®?*. That is, constants a (a € As) have been replaced by constants a, and the
first argument of the operators o, v, and U,,, has been restricted to elements of
N. Striking is the new axiom DAT7. This axiom makes the reformulations of axioms
A6SADb and ATSA, ie. ot (z) + & = o4t (z) and § - x = §, derivable. Axiom
DATT expresses that an immediate deadlock shifted in time by 1 is identified with an
undelayable deadlock in the first time slice.

Like in the case of BPA®™* we can prove that the auxiliary operators v, and

U,ps, a8 Well as sequential compositions in which the form of the first operand is not a

33



(a € A) and alternative compositions in which the form of the first operand is o2, (%),
can be eliminated in closed terms of BPA92t. The terms that remain after exhaustive
elimination are called the basic terms over BPA92t, Because of this elimination result,
we are permitted to use induction on the structure of basic terms over BPA92t to prove
statements for all closed terms of BPAd2t,

Examples We give some examples of a closed term of BPAY* and the corresponding
basic term:

(
E;z:)bs(o—;?bs(g) + ngs(b)) = o—;?bs(b)

Semantics of BPAY! In case a discrete time scale is used, we use a variant of real
time transition systems. A discrete time transition system over A consists of a set of
states S, a root state p € S and four kinds of relations on states:

a binary relation (_,n) - (_,n) for each a € A, n € N,

)
a unary relation (_,n) - (y/,n) for each a € A, n € N,
a binary relation (_,n) +— (_,n’) for each m € Nyg,n,n’ € N where n’ =n +m,
a unary relation I1D(_,n) for each n € N;
satisfying

m+m’

1 if (s,n) "% (s',n/), m,m’ > 0, then there is a s” such that (s,n) >
(s",n4+m) and (5", n+m) = (s',n');
2. if (s,n) % (s”,n+m) and (s”,n +m) = (s',n'), then (s, n) " (s n').

We write DTTS(A) for the set of all discrete time transition systems. Associating a
transition system in DTTS(A) with a closed term ¢ of BPA9%t proceeds in essentially
the same way as associating a transition system in RTTS(A) with a closed term ¢
of BPA®2', The only difference is that in the rules for the operational semantics of
BPAdat all numbers involved are restricted to N. Therefore, we refrain from giving
the rules.

Bisimulation on DTTS(A) is defined as on RTTS(A). As in the real time cases, we
obtain a model for BPA2* by identifying bisimilar processes.

Algebra of communicating processes

In ACPY?* we do not have a discrete time counterpart of vaps. Unlike before in the
case of real time, we can use v;bs instead.

Signature of ACPY' The signature of ACP%2" is the signature of BPA42* extended
with the parallel composition operator ||: PxP — P, the left merge operator ||: PxP —
P, the communication merge operator |: P x P — P, and the encapsulation operators
On : P — P (for each H C A).
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alb=c ifvy(a,b)=c CF1DA
a|lb=24 if y(a,b) undefined CF2DA
ely=(@ly+yla)+zly CM1
olz=29 CMID1
x| é=4 CMID2
all(x+d)=a-(z+9) CM2DA
a-z|(y+8)=a- (x| (y+29)) CM3DA
U;Lbs(x) H~ ( abs( ) + Uabs( )) = U:bs(m H~ Z) DACM2
(z4+y)lz=zz4+yl = CM4
Sle=46 CMID3
z|é=4 CMID4
a-z|b=(al|bd) =z CM5DA
alb-z=(alb) = CM6DA
a-z|b-y=(albd): (z]y) CM7DA
(Vhhs(@) +8) | olt (y) =4 DACM3
oot (@) | (Ule(y) +8) =4 DACM4
U:bs( z) | Uabs(y) = a;lbs(:v | y) DACM5
(z+y)|z=z|2z+y|=2 CM8
z|(y+2)=z|y+z]|z CM9

A () = DO
om(a) = g ifag H D1DA
ogla)=4¢ ifa€e H D2DA
oo o9) o O (5 DAD
BH(x ) = 8[.1(.1}) + 8H( ) D3

O (x - y) = On(z)  On(y) D4

Table 21: Additional axioms for ACP92t (a,b € As, c € A)

Axioms of ACP The axiom system of ACPY* consists of the axioms of BPAd2t
and the equations given in Table 21.

The additional axioms of ACPI are to a large extent simple reformulations of the
additional axioms of ACP®**. That is, constants a (a € As) have been replaced by
constants a, the first argument of the operators o abs and v,,. has been restricted
to N, and the operator v,ps has been replaced by vl .. A counterpart of SACMI is
missing. However, axiom DAT7 makes the simple reformulation of axiom SACMI,
ie. oft (z) | (vis(y) + &) =&, derivable.

As in the case of ACP®*"  we can prove that the operators |, ||, | and O can be
eliminated in closed terms of ACP92t. Because of the elimination result for BPAdat,
we are permitted to use induction on the structure of basic terms over BPA2t to
prove statements for all closed terms of ACPdat,

Examples We give some examples of a closed term of ACP9t and the corresponding
basic term (in case v(a,b) is undefined):
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3bs(@) * (7205 (0) [l o2s(0)) = Uabs(a 8)
Uﬁbs(g) o-abs( ) ” Uabs(g) Tab s( abs(a o-aQbs(b)))
(a-0%,,®) [ (b-0f(a) =a-(b-of(a-b+b-a))+b(a-0f(a-b+b-a))

Semantics of ACP%" Like for the rules for the operational semantics of BPA2t,
the additional rules for ACP2* differ from the corresponding rules for the real time
case only in that all numbers involved are restricted to N. Therefore, we refrain again
from giving the rules.

Again, we obtain a model for ACP4 by identifying bisimilar processes.

Initial abstraction

We add the initial abstraction operator y/ to ACP92t, This operator is the discrete
counterpart of y/. This means that \/i.F, where i is a variable ranging over N and F
is a term that may contain free variables, denotes a function f : N — P that satisfies
f(n) =05 (f(n)) for all n € N. In the resulting theory, called ACP92tv/ the sort P
of (absolute time) processes is replaced by the sort P* of parametric time processes.

Signature of ACP%*'y The signature of ACPv is the signature of ACP9t ex
tended with the initial abstraction (variable-binding) operator j : N. P* — P*.

We assume that an infinite set of variables ranging over N has been given, and denote
them by 4, j,.... We denote terms of ACP9tv by F,G,.. ..

Axiom system of ACPY*'v The axiom system of ACP9'v/ consists of the axioms
of ACP9t and the equations given in Table 22.

Vii-G=+i.Gli/j] DIA1
o (Wi F) =10 (Fn/i]) DIA2
i (i F) =i Fli/d] DIA3
G=i.G DIA4
(Vn e New} (x) =03 (y)) = ==y DIA5
ol (a) - x =0l (a) vl () DIA6
Tibs (Va1 - ) = o (F[0/1]) DIA7
(M- F)+G=ji.(F+7v(G)) DIA8
(Vi - F)-G=+i.(F-G) DIA9

O (Vi F) = i oL (F) ifn#i DIAL0
(Vi-F) |G =4i-(F [ 0y(C)  DIALL
Gl (i -F)=+41. (vabs( )L F) DIA12

(Vi - F) | G=+ji. (F_\ U (Q)) DIA13
Gl(vai-F) =4t (U55(G) | F) DIA14
A (i -F) =i .0m(F) DIA15

Table 22: Axioms for discrete initial abstraction (i not free in G)
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The axioms for discrete initial abstraction are simple reformulations of the axioms for
standard initial abstraction. That is, the operator y/ has been replaced by 4/, and
the variables ranging over R>o have been replaced by variables ranging over N.

As in the case of ACP**V/, all closed terms of ACP92ty/ can be written in the form
V44 . F where F' is a basic term over BPAdat,

Examples We give some examples of a closed term of ACP92tv, the corresponding
term of the form (/4. F' where F' is a basic term and, if possible, the corresponding
basic term without initial abstraction:

Ths (Vi1 - 0 (@) = i 0, (a) = 03 ()
V(M- o’ (@) = Vg 03, (8) = 05, (9)
i (o T @) = i 02 (a)

Semantics of ACPt/ We have to extend DTTS(A) to the function space
DTTS*(A) ={f:N—=DTTS(A) | Vn € Ne f(n) =0 (f(n))}

The constants and operators of ACP9*v can be defined on DTTS*(A) in the same
way as for the real time case.

We say that f,g € DTTS*(A) are bisimilar if for all n € N, there exists a bisimulation
R such that R(f(n),g(n)). Like before, we obtain a model of ACP9tv/ by defining
all operators on the set of bisimulation equivalence classes.

5.2 Discrete time process algebra: relative timing

In this subsection, we give the signature, axioms and term model of ACPt, a discrete
time process algebra with relative timing. ACPY" is a conservative extension of the
theory ACPq,, presented in [7]. Like ACPq,4, it separates execution of actions and
passage of time.

First, we treat BPAYt basic discrete time process algebra with relative timing,
in which parallelism and communication are not considered. After that, BPAY? is
extended to ACPY™ to deal with parallelism and communication as well.

Basic process algebra

In BPAYt, we have the constants a and J instead of @ and ¢, and the operator o,
instead of o,,.. The constants @ and J stand for a in the current time slice and a
deadlock in the current time slice, respectively. The process oy (z) is the process
x delayed for a period of time n on the discrete time scale, i.e. till the n-th next
time slice. We have relative counterparts of the absolute time-out and initialization
operators as well: v, and T,,. The process v (z) is the part of = that starts to
perform actions before the n-th next time slice. The process 7,3 (x) is the part of =
that starts to perform actions in the n-th next time slice or a later time slice. As in
Section 4, we use P" for the sort of relative time processes.

In some presentations of ACPg,¢, including [7], the notation cts(a) was used in-
stead of a. The notation g for actions in the current time slice was first used in

ACPdt [3].
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Signature of BPAY® The signature of BPAY" consists of the undelayable action
constants @ : — P" (for each a € A), the undelayable deadlock constant § : — P",

the immediate deadlock constant § : — P', the alternative composition operator -+ :
P" x P" — Pr, the sequential composition operator - : P" x P — P, the relative delay
operator o, : N x P" — P", the relative time-out operator v,y : N x P" — P, and the
relative initialization operator U, : N x P" — P'.

Axioms of BPAY* The axiom system of BPAY consists of the equations given in
Tables 1 and 23.

oly(@) ==z DRT1
o (ohy(x)) = ol T (x) DRT2
opy(x) +oy(y) = ofy(z +y) DRT3
ora(®) -y = opg(@ - y) DRT4
o (0) =38 DRT7
at+d=a A6DRa
vr(8) =4 DRTO0
v, (x) =4 DRTO1
v @) =a DRTO?2

T (o7 (2)) = o7 (v (z)) DRTO3

rel rel

v (x + y) = v (x) + v (y) DRTO4

rel rel

vy y) = v () -y DRTO5
o7(8) = o7y (9) DRIO
T (z) = DRI1
o (@) = oy (9) DRI2

Um+n(o_:’él(x)) = Ur’rél (@::i(m)) DRI3

rel

o (x4 y) =02 (z) + U7 (y) DRI4

rel

o (x-y) =07 (x) -y DRI5

Table 23: Additional axioms for BPAY* (q € A)

The axioms of BPAY? are to a large extent simple reformulations of the axioms of
BPAd*, That is, constants a (a € As) have been replaced by constants a, and the
operators o,,., v, and U, have been replaced by o, v, and U, respectively.
The replacement of the axioms DAT4, DAT5 and DAT6 by the simple axiom DRT4
as well as the replacement of the axioms DAIO-DAI5 by the axioms DRIO-DRI5 are
strongly reminiscent of the real time case.

Similar to the case of BPA42| we can prove that the auxiliary operators v, and
V., as well as sequential compositions in which the form of the first operand is not a
(a € A) and alternative compositions in which the form of the first operand is o7y (%),
can be eliminated in closed terms of BPAY*. The terms that remain after exhaustive
elimination are called the basic terms over BPAI't,

Semantics of BPAY In case of relative timing, we can use a simple kind of discrete
time transition system. A discrete time transition system with relative timing over A
consists of a set of states S, a root state p € S and four kinds of relations on states:
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a binary relation _ % _ for each a € A,

a unary relation _ - / for each a € A,

a binary relation _ % _ for each n € Ny,
a unary relation 1D(_);

satisfying

1. if s 2t s, n,n’ > 0, then there is a s” such that s — s’ and s" — §';

2. if s % 5" and 8" v ', then s s 5.
We write DTTS'(A) for the set of all discrete time transition systems with relative
timing over A. Associating a transition system in DTTS'(A) with a closed term ¢
of BPAY® proceeds in essentially the same way as associating a transition system in
RTTS'(A) with a closed term ¢ of BPA®*. The only difference is that in the rules
for the operational semantics of BPAYt all numbers involved are restricted to N.
Therefore, we refrain from giving the rules.

Bisimulation on DTTS'(A) is defined as on RTTS'(A). As in the real time cases, we
obtain a model for BPAY by identifying bisimilar processes.

Algebra of communicating processes

Like in ACP92* we do not have a discrete time counterpart of vy in ACP¥*. We can
use ’Urle| instead.

Signature of ACP®* The signature of ACP?* is the signature of BPAY* extended
with the parallel composition operator |: P" x P" — P, the left merge operator |:
P"'xP" — P, the communication merge operator |: P"xP" — P' and the encapsulation
operators Oy : P* — P" (for each H C A).

Axioms of ACPY* The axiom system of ACP* consists of the axioms of BPAd't
and the equations given in Table 24.

The additional axioms of ACPY* are just simple reformulations of the additional
axioms of ACPY2*, That is, constants a (a € As) have been replaced by constants a,
and the operators o, and v, have been replaced by o, and v,,, respectively.

As in the case of ACP9%' we can prove that the operators ||, ||, | and Oy can be
eliminated in closed terms of ACPIrt,

Semantics of ACPY" Like for the rules for the operational semantics of BPAIt,
the additional rules for ACP* differ from the corresponding rules for the real time
case only in that all numbers involved are restricted to N. Therefore, we refrain again
from giving the rules.

Again, we obtain a model for ACPY* by identifying bisimilar processes.
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alb=c ify(a,b)=c CF1DR
a|b=2J if y(a,b) undefined CF2DR
zlly=@ly+yla)+zly cM1
Slle=6 CMID1
=4 CMID2
al (@+38)=a-(z+79) CM2DRID
a-z| (y +6)*a (x|l (y+9)) CM3DRID
oL @) | (05 () + o7 () = o (@ || 2) DROM2
z+y llz=zlz+yl= CM4
Sla=4 CMID3
z|é=4 CMID4
a-z|b=(ald)- = CM5DR
alb-z=(ald) = CM6DR
a-xlb-y=(ald)- (=) CM7DR
(i (z) +9) | o™t (y) =38 DRCMSID
n (@) | (vh(y) +8) =4 DRCM4ID
@) Lo () = o (@ | y) DRCM5
(z4+y)lz=z|z+y]|= CMS8
z|(y+2)=z|y+z|z CM9
A (d) =46 DO
Op(a) =a fag H D1DR
Ou(a) =8 ifacH D2DR
O (o7y(x)) = oy (O (z)) DRD
O (z +y) = 0u(z) + Ou(y) D3
Ou(z-y) = 0u(x) - 0u(y) D4

Table 24: Additional axioms for ACPY* (a,b € As, ¢ € A)

ngvGOl abs

(@
abs(z) Olbs (z)
abs(x) Ui ()
Uabs (z) = Uabs (z)

i F= (v Fllv]/i

)

Table 25: Definitions of discrete time operators (a € As)

5.3 Embedding ACP%'V in ACP**'Iv

In this subsection, we will show that ACP92tv/ can be embedded in ACPs*'Iv. We will
do so in the way outlined in Section 4.3. The explicit definitions needed are given in
Table 25. Notice that the operators o, v,,. and ¥,,, of ACP4%*/ are simply defined
as the operators o, , v,,. and T, of ACP**IV restricted in their first argument to
N. We will establish the existence of an embedding by proving that for closed terms
the axioms of ACP9*v are derivable from the axioms of ACP**Iv and the explicit

definitions given in Table 25. However, we first take another look at the connection
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between ACP***Iv and ACPtV by introducing the notions of a discretized real time
process and a discretely initialized real time process.

In Section 3.2, we have introduced the model M} of ACP**'Iv. The model of
ACPy outlined in Section 5.1 is isomorphic to the subalgebra of M generated
by the embedded constants and operators of ACPty/, The domain of this subal-
gebra consists of those real time processes, i.e. elements of the domain of M3, that
are discretized. We define the notion of a discretized real time process in terms of
the auxiliary discretization operator D : P* — P* of which the defining axioms are
given in Table 26. A real time process x is a discretized real time process, written

D) =4

D(a) =a

D(0%,,(@)) = oy (D(@))
D(z +y) =D(z) + D(y)
D(z-y) =D(z) D(y)
D(fyey F) = [yey DF)
D(yv.F) = \[v.D(F)

Table 26: Definition of discretization (a € Ay)

x € DIS, if z = D(z). The properties given in Table 27 express that the set of all
discretized real time processes is closed under the operators of ACP9ty/, integration
and discretization.

5,a€DIS

z €DIS = o} (), vl (z), Ui (), Ou(z) € DIS
z,y€DIS = z2+y,z-y, x| y,x |y, z|ye€DIS
(Vn € Ne F[n/i] € DIS) = /i.F €DIS

(Yp €V e Flp/v] €DIS) = [ . FeDIS
z € DIS = D(z) € DIS

Table 27: Properties of discretized processes (a € As)

For elements f of RTTS*(A), the discretization of f, D(f), is obtained as follows
(teRsp, g=p+rand ¢ =p+1r'):

1.

for each ¢, if (s,p) > (s/,p) in f(t), then (s,p’) = (s',p’) in D(f)(t) for each
P € llp); [p+1));

for each t, if (s,p) > (\/,p) in f(t), then (s,p’) = (/,p’) in D(f)(t) for each
prellpl lp+1]);

for each t, if (s,p) ~> (s,q) in f(t), then (s,p) y (s,q') in D(f)(t) for each
q € g, lg+1]);

for each ¢, if ID(s,p) in f(t), then ID(s,p) in D(f)(¢);

for each t, if neither ID(s,p) in f(t) nor either (s,p) % (s’,p) in f(t) for some

a,s" or (s,p) — (s,q) in f(t) for some r, then (s, p) y (s,q') in D(f)(t) for
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each ¢’ € (p, |p+ 1]).

Hence, for real time processes corresponding to discrete time processes, the following
holds: if an action can be performed at some time p such that n < p < n + 1, it can
also be performed at any other time p’ such that n < p’ <n + 1.

A real time process z is a discretely initialized real time process, written x € DIP,
if 2 = \}i.0(x). It follows immediately that z € DIP < z = \/v. valgsj (x). It
is easy to show by induction on the term structure that all discretized processes are
discretely initialized, i.e. € DIS = x € DIP. Not all discretely initialized processes
are discretized, e.g. \/Sv.aatgju( ) € DIP and \/v. O'al‘s:_lj( ) & DIS. This means that
for real time processes corresponding to discrete time processes, the initialization
time can always be taken to be a discrete point in time; and that there are real time
processes not corresponding to discrete time processes for which the initialization time

can always be taken to be a discrete point in time.

Lemma 7 For each closed term t of ACPS*'1V generated by the embedded constants
and operators of ACPY'V, ¢t =/v. o (t).

abs

Proof. From the properties given in Table 27, we know that each process x generated
by the embedded constants and operators of ACPdat\/ is discretized, i.e. x € DIS.
Becausex € DIS = z € DIPand2 € DIP & = = /v. Uabs( x), the result immediately
follows. a

The following lemmas present other useful properties of discrete time processes.

Lemma 8 For each closed term t of ACP%2'1v generated by the embedded constants
and operators of ACPYy there exists a term t' containing no other free variable
than v such that for each p € R>q: UL (t) = Uabs(t’[p/v}), t'[p/v] = abs(t’[p/v]), and
if p€[0,1) and t # 6, t'[p/v] = t'[p/v] + ol (8) and TP, (t + &) = ob, (t'[p/v] + 9).

In subsequent proofs, we write ty, for a fized but arbitrary term t' that fulfills these
conditions.

Proof. Observe that, if p € [0,1) and t # §, TF, (t + 5) = oh (t'[p/v] + 9) follows directly
from 5, _(t) = of, (t'[p/v]) and t'[p/v] = t'[p/v] + ol ( 5). Observe further that, if ¢’ is
a term that fulfills all above-mentioned conditions but #'[p/v] = Tows(t'[p/v]), ’Uabs( t') is a
term that fulfills all conditions. Consequently, it suffices to prove that there exlsts a t’ such
that % (t) = o%.('[p/v]) and, if p € [0,1) and t # 4, t'[p/v] = t'[p/v] + ol P(5). Tt is
straightforward to prove this by induction on the structure of t. We present only the case
that t is of the form a. The other cases are simpler or similar to corresponding cases in the
proof of Lemma 3.
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65[’5(&) - Uabs(fwé[O 1) Tabs () e wel0,1) abs( o3bs(@)) =

fwe[O p) Uhs(0abs(@)) + fwep 1 vh (o abs(~)) SAIL,2,3,SAT3/

fwe[o,p) Ta(0) + fwe[p,l) ohe(@) =0 Oaps(0) + wa[Z’ 1) o (@) "=°
fwe[p’l) abe(. )+ fwe [p,1) 3bs(@) r fwe[p,l)( Thns (0 ) + oans(@)) =
Sty @5s(8) + Tlan(03 (@) "2 [ gy, 1) T8 + 3 (@) "2
fwe[p,l) T3bs (Tobs (@) PR Ofbs(fwe[p,l) O (@) = G'abs(wa[O,lfp) Tabs(@)) =
Jbe((wa[O,l—v) o.s(a@))[p/v]) and

fwe[O,l—p) ois(@) "= fwe[o,lfp) olhy(a+6) °=" fwe[o,lfp)(cr;f,s(d) + 0% () TE

INTS8

~ Y w (= 1—p %
S0, T35(@) + Jiuco1-p) T3k (0) =" [uicio,1-p) Tabs(@) + 25" (0) O

Lemma 9 For each p € R>q and closed term t of ACP**'1v generated by the em-
bedded constants and operators of ACPIty | there exists a closed term t’ such that
TP () = ob (t), t' = T4 (), and if p € [0,1) and t # 6, ' =t + 0. P(d) and

vh(t+0) = ol (T + 5) In subsequent proofs, we write t(, for a fived but arbitrary
closed term t' that fulfills these conditions — like in case of applications of Lemma 3.

Proof. This follows immediately from Lemma 8. O

Lemma 10 For each closed term t of ACPS*1V generated by the embedded constants
and operators of ACPYtV, there exists a closed term t' such that vi (t + &) =

fve[o,l) 0% (Vabs(t') + 0). In subsequent proofs we write t° for a fived but arbitrary
closed term t' that fulfills this condition.

Proof. It is straightforward to prove this by induction on the structure of t. We present
only the case that ¢ is of the form a - t””. The other cases are simpler.

Vabs (@ - "+ 8) = v3ps ([ c0.1) Ta6s(@) " + [oc0m) T35(9))
Uibs(fyepo.1) Tobs(@) - 8+ Vabs([, c 0.1) Tobs(0)) SATO2,3,6
(Jueo,n 73s(@) - £ + f cioy Tobs(®) "E [ 1) (0%s(@) ) + [ 1oy 05s(8) 2

ooy (@3s(@) - Tibs(87)) + [, o1y Tas(8) T

fve[o,l)((’:bs(a) : abs( )+ fve 0,1) ol (6) 527

fvE[O,l) Tabs (@ - Uabs(t[v] + fve 0.1) 0l (8) T

ot (O3 )+ o3 5 [ i)+ 5)

Jocio.1) Tobs (Vavs (@) - Dl (1)) + 8) "5 [ (0.1 Tabe (Vabs(@ - Dha(t11)) + 8) 0

SATO4,5

Lemmas 7-10 are used to shorten the calculations in the proof of Theorem 12. The
following lemma is also used in the proof of that theorem.

Lemma 11 Forp € [0,1), the equation o5, (8) = ol (9) is derivable from the azioms
of ACP**1v and the explicit definition of the constants and operators in Table 25.

Proof.

43



— — v < SAI6 — v s INT4
Uh.(0) = Ufbs(fve[o,l) obs(6)) = veo,1) Ul (0abs(0)) =
SAI3,SAI3’

fve[07p) Ufbs(o-:bs(s)) + fve[p,l) Ufbs(o-:bs(g)) -
U (=P—V [— % v /%y SAIL,SAI2
fve[()’p) Uabs(vfbs (Ugbs(‘s))) + fve[pJ) Uabs((s) =
v —ut v 7\ SAT2 : v /% INT5,8
fve[f%,m ”abs(affis ) + Joeppy "_abs(‘;) = Jocom Tas(9) + Jocppry Tibs(0) =
05, (8) + 0 (8) TN 61 (6) 0
The existence of an embedding of ACP4%*v in ACP**'Iv is now established by
proving the following theorem.

Theorem 12 (Embedding ACPYtv in ACP**1v) For closed terms, the arioms
of ACPYty qare derivable from the axzioms of ACPS*Iv and the explicit definitions
of the constants and operators a, o,.., Vpe, Uaps and jy in Table 25.

Proof. The proof of this theorem is given in Appendix A.2. The proof is a matter of
straightforward calculations. Lemmas 1 and 3 (pages 8-9) and Lemmas 7-11 (page 42-
43) are very useful in the proof. o

6 Concluding remarks

We presented real time and discrete time versions of ACP with both absolute timing
and relative timing, starting with a new real time version of ACP with absolute
timing called ACP®2*. We demonstrated that ACP%3" extended with integration and
initial abstraction generalizes the presented real time version with relative timing and
the presented discrete time version with absolute timing. We focussed on versions
of ACP with timing where execution of actions and passage of time are separated,
but explained how they can be combined in these versions. The material resulted
from a systematic study of some of the most important issues relevant to dealing with
time-dependent behaviour of processes — viz. absolute vs relative timing, continuous
vs discrete time scale, and separation vs combination of execution of actions and
passage of time — in the setting of ACP.

All real time and discrete time versions of ACP presented in this chapter include
the immediate deadlock constant . This constant enables us to distinguish timing
inconsistencies from incapabilities of performing actions as well as idling. This is
certainly relevant to versions with absolute timing because timing inconsistencies
readily arise. The usefulness of the immediate deadlock constant in practice is not
yet clear for versions with relative timing. Minor adaptations of the versions of ACP
with relative timing presented in this chapter are needed to obtain versions without
the immediate deadlock constant.

The discrete time versions of ACP presented in this chapter are conservative ex-
tensions of the discrete time versions of [7]. The real time versions presented in this
chapter, unlike the real time versions of [2] and [4], do not exclude the possibility of
two or more actions to be performed consecutively at the same point in time. This
feature seems to be essential to obtain simple and natural embeddings of discrete
time versions as well as useful in practice when describing and analyzing distributed
systems where entirely independent actions happen at different locations.
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We did not extend the different versions of ACP with timing presented in this
chapter with recursion, abstraction, and other features that are important to make
these versions suitable for being applied. This has been done for the earlier versions
of ACP with timing referred to in this chapter. Some of those versions have been
successfully used for describing and analyzing systems and protocols of various kinds,
see e.g. [16], [27], [31], [32], [40], [41] and [45], as well as for defining semantics of
programming and specification languages, see e.g. [12], [14] and [17].

We did not give explicit consideration to other algebraic concurrency theories that
deal with time-dependent behaviour. In general, they have urgent actions and relative
timing. This is, for example, the case with ATP [37], the different versions of CCS with
timing [19, 35, 44] and TIC [39] — TIC is rooted in LOTOS [46]. We claim, on the basis
of the connections described in [6], that there are indeed close connections between
these theories and the versions of ACP with relative timing presented in this chapter,
i.e. ACP** and ACPY*. We also claim that there is a close connection between
TPL [26] and ACP%*, only TPL is based on testing equivalence instead of bisimulation
equivalence. Timed CSP [21], which is based on timed traces and timed failures, has
urgent actions and relative timing as well. In [20], the CCS-like process algebras
with timing of [26], [35], [36] and [44] are compared. For comprehensive overviews
of existing algebraic concurrency theories that deal with time-dependent behaviour,
having their roots in ACP, CCS, CSP, LOTOS or others, the reader is referred to
Chapter 12 of [30] and Chapter 8 of [42]. These overviews include discussions of
interesting connections with the versions of ACP with timing presented in earlier
chapters of [30] and [42], respectively.
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A Proofs of theorems

A.1 Theorem 6

Theorem 6 (Embedding ACP*" in ACP**'V) For closed terms, the azioms of
ACP**t are derivable from the azioms of ACP%2%V and the explicit definitions of the
constants and operators a, 0.y, V,es Uyers and Vrel in Table 19.
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Proof.

To begin with, we show that the axioms of BPA®™® are derivable for closed terms. Throughout
this proof we do not expound the trivial cases.

SRT1:  oQ(t) = \[v. T4 (t) "= \fv.t 2" ¢
SRT2: o (o (1) = viv T3P (w T3l (1) "= v TR (@ (1) =

rel\Z rel o a_Es abs abs abs
v TP () = ot 1)
SRT3 : 0 +Ure|( N=(v. g:l;rp ) + (Vw. 7:(3;%17( ) S1AS

VLU (TP () 4 Ths (VL w . TP () P22 (Lo (TP (8) + o (TP () E
VLU (TP () + TP () "= Lo TP+ ) = ol (t + 1)

SRTA: o)1 = (4o 7)€ 2 R0 ) 2 o o0 0) =
rel t t
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S

SIA8
abs ) =

Lo (O (0) + T w - 0% (8)) 27
Vv (T () + 03s(8) TE Vv (00t (1) + o3 (8) T
\/SU . (U:bs( abs( )) + Uabs(6)) SA:T3 \/S’U . Uabs( gs( ) + 6) AGEAb
\/S’U . O—:bs(o—;bs(t)) ng \/S’U . U:l:srr(t) Lemma4 \/U 7:[::4(75) = Urel (t)
ATSR: 8-t = (Vv 0%s(8)) -t 27 \[v. (035(0) - £) "2° ([0 (05s(8) - Ths(1)) """

\/U ( abs( ) : U:bs(t)) SAZTS \/sv . U:bs(s 'ﬁgbs(t)) AEA \/sv . abs( ) 5

)
UL (T () 4 Tl (054 (B))) P2
"t

T SAT2

+
(~

\/s

bs

49



SRTOO0 :

SRTO1 :
SRTO2 :

SRTO3 :

SRTO4 :

SRTO5 :

SRIO :

SRI1 :
SRI2 :

SRI3 :

SRI4 :

SRI5 :

v = vl a(8) %végzgp<oabs<é>> o
\/’U Uabs( abs(s)) - ° \/sv . U:bs(S) :0 \/51) . 7:bs(.) - \/

reI ) \/U Uabs abs(t)) Sél \/S'U . Uabs .) SA_IO \/ . abs(.) SI:AI \/SU . 6 SI:A4 5

(@) = V[0 0T (O (w0 - 0(@))) "2 VL0 0T (e (02 ())) *2E
\/’U Uabs ( abs(a‘)) SAEOB \/S’U . abs( abs(a‘)) SAEOZ’ \/SU . Jabs(a') = g"

U (ohy (1) = Vv ot (O (Vw o (1)) T

v+p+ v+ SI2 v4+p+ v+
\/SU . Uabsp q(vabs(vabsp(t))) \/S’U . Uabsp q( absp(t ) =
S14 SAIO — SRTOl
Case q= 0: = \/ . :I;:p( ) = \/S’U . U:ljs—p( ) O-li ( ) O el (U:Zel (t))
S12 v v —v SI1
Case q> 0: = \/s . al;i;p+q (Ual;:p(valjs»p(t)))

VU D (REPTI @R (1) 27 o o (w ol (1)) =
Ot (Vi (1))
Urel (t + t ) \/U U:btp( abs(t + t’ )) = \/sv . U:ljs—p(@:bs(t) + 6;)bs(tl)) SA£O4
\/51) ( :b_:p(vabs( )) + U:!;:p( abs(tl))) =
Case p= O . SIiAfS \/S’U . o’abs(d) SAIO,SIAI,SIA4 5 IE’) 5 + 5 SR;OI rEI( ) + Urel( )
Case p > 0: Z o (0P (Tss(t) + vt (Dahs (Tas(£))) 2
VL0 - (V3P (T (1)) + T (Vi ? (Tas (1)) =7
Vv ( :Jsp( bs(1)) + Vi (Vw0 - VP (02, (1)))) "2
(Vv vy (O abs( ) + (Vw . vl P (00 ())) = vl () + vl (t)
rel(t t’ ) \/v v ljs_p( abs( ! t/)) = \/ :t;:p( abs(t) . tl) =

Vv (03P (05s(1)) - ) "2 (\/sv-va,fs”(vabs(t))) th=vg(t) -t

oh,(6) = \/U U:l;:pggabs(s)) P L0 TP (00 (0%(8) F
. 10a v .

Vv TotP (D9 (8)) ~= Vv Uabtp((S) =o" (9)

T (t) = VLV - Ut (Tas (1)) S VLV Tabs(2) = Vvt 2y

rel( ) \/5 U;}b:T( abs(\/w Uabs(a‘))) 822 \/sv . U:I;:T(U;}bs(o—:bs(d))) SA:IS/
Vv T3 (03s(@)) 2 v 7 2bs (Vabs (TVabs (@) VAR Ui’bs(_ﬁlbs(&)) =
VL0 0G(006(8)) P V[0 o3 (8) PE L0 Tt (6) = 0l (d)
DEFU(0h, (1)) = VLv Tt P (O (L w . TP (1)) 2
VAR U:bt”q (Vs (O (1) Z Lo Dt (Ot P (37 (1)) 27
Vo TP (w T (U5 (1))) = ol (07 (1))
Tt + 1) = Vv UL (Wt + ) P2
\/U ( :btp Uabs( ) :bJSrP abs( ))) S:IZ R
\/SU ( :tjs_p UU ) + Uabs( :tjs_p(vabs(t,)))) SLZ
Vv (T )+Uabs(\/w TP (Us(1)))) 2
(Vv T ) + (Vw0 (k1)) = 0y (t) + Ol (1)
ﬁil(t ) \/ :;s—p( abs(t t )) SA215 \/sU . (U:;;p( abs(t)) . tl) SI;Q
(V- TP (Tap(0) - = DL (8) - ¢

S(t
U;)bs (t
@;}bs (t

ST

(
(
(
(

Next, we show that the additional axioms for ACP®"* are derivable for closed terms.

CF1SR :
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Vv o5& = & i y(a,b) = c
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CF2SR :

CM2SRID :

CM3SRID :

SRCMI1ID :

SRCM2ID :

CM5SR -

The proof is similar to the proof of axiom CF1SR — axiom CF2SA is
used instead of axiom CF1SA.
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The proof is similar to the proof of axiom CM2SRID — axiom CM3SA
is used instead of axiom CM2SA.

ora(t) || (nalt’) +90) = i
(0Tt (0)) L (Vv o ans(t))) + (Vv oms(8)) "E"
V- (T3 (E) || (ks (vabs () + s (8))) ¥

V0 (055 (8) | ot (vans(t) + 8)) 2 v U:bs(g) =9
o) L (i (t) + ol (t")) =

(Vv U:btp(t)) L (Vv vpet? (Das(t)) + (v 7;1?( ) TET

(
VU B (8) | (Vi (B3 (#)) + T (¢))) 22
|_L ))) SACMZ

Vv (ahP (L) <;1,tp( Le(t) + ol Pt
[v.on P [ ) TE Lo Tt (L) = ,e.<tw>
G t]h= (V. 0%s(@) 1) | (Vv ol(b)) =25

)
b

(03n(3) - 1) | o3 (B) 02
(U:bs(~) g bs( )) | Uabs(b)) =
~ )) SA!

CM5 CMS:! SA
) \/U Uabs(a vabs( ) | b) =

Vv (
Viv - (
VAN

( abs(a‘ | b) abs( )) Lemma_4 s

Vi ots((@ D) - :%s( ) "= (@l D)
Vv (0%s(@ | ) - 1) 27 (Vv ot(@ | B)) - ¢ T
(Vv 03s(@) | (v o%s(B) -t = (@] B) -t

CM6SR and CMT7SR :

SRCM3ID :

SRCMAID :

The proofs are similar to the proof of axiom CM5SR — axioms CM6SA
and CMT7SA are used instead of axiom CM5SA.
(vrai(t) +8) | o7 (') =
v —vdtr DISTR
(Vv s (vans (1)) + (v - 035(8))) | (;{f Ui (1) =
v vtr T3,Lemma 4
VL - (03 (Vabs (1)) + 03(8)) | Dt " (1)) =
VL (05 (Vs () + 0) | o3l (1) TS 0. 03(8) =3
The proof is similar to the proof of axiom SRCM3ID — axiom SACM4’
is used instead of axiom SACM3'.
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SRCMS5 :

DISR :

D2SR :

SRD :

SRUO :
SRU1 :

SRU2:

SRU3 :

SRU4 :

v v DISTR|,SI11
Orel( ) ‘ irel( ) (\/'U vab—:p( )) | (\/U Uab-:p( )) =
\/’U U:bsp(t|t) rel(t|t)
(@) = O (Vv - 0ls(@) "= L0 ol (O (@) P
Vv.ows(@)=a ifag H
The proof is similar to the proof of axiom D1SR — axiom D2SA is
used instead of axioms D1SA.

Ou(o(1) = (v DR (1) "B o w0 (1) =

Vrel((.s) = \/S'U - J:bs(yabS(S)) SAvZAAI \/SU -@:bs(‘;) SRS 5
Vel (@) = VLV . O s (Vabs (VLW - 05 (@))) SIAle

VL - Ol (VLW - Vabs (0254 (@))) P27 L0 08 (Vabs (05 (@) * =
VLU - O (Vabs(@) "= v . ol (@) = &

Vel (0721(£)) = V[V . 0ls (vabs (V[ w . Tlpa " (1)) *=°

VLU - O (VW - vabs (Tl 7 (1)) "B L0 - 0l (Vabs (T (£))) 2"
\/SU . Uabs(l/abs( abs(t))) S \/U Uabs( ) - 5

Viei(t + ) = V[0 . 0o (vans(t + 1)) TTEN

\/SU (Uabs(yabs(t)) + U;’bs(VabS(t/)))

VL0 - (03 (Vabs () + Tabs (05s (Vabs(t'))))

VL0 - (03 (Vabs () 4 Tabs (VL w - 05bs(Vabs(t'))))
(V. aabs(vabs(t))) + (Mw . o3 (Vans(t'))) = vrei(t) + trei(t')
Veel(t - 1) = VLU . Oghs (Vabs (t - t')) = VLU . O s (Vabs(2) - t') bemmn s

VLU - (0% (Wabs(t) - 1) "B (L0 . 0% (Vabs(t))) - ' = Lrai(t) - 1/

SA13/
SIA2

SIA8

A.2 Theorem 12

Theorem 12 (Embedding ACP*v in ACP**1v) For closed terms, the arioms
of ACPty qre derivable from the axzioms of ACPS*Iv and the explicit definitions
of the constants and operators a, o

Proof.

To begin with, we show that the axioms of BPAY* are derivable for closed terms. Throughout

and v, in Table 25.

abs? Yabss Vabs

this proof we do not expound the trivial cases.
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DATT:  ohe(®) "2 [ o) o;’bs(5) =4

A6DAa:  a+ 0= [ 1) 0abs(@) + [oep,1) Tabs(9) R Jocion (@abs(@) + olhs(9)) =7
AGSAd
va[O,l) oabs (@ + 5) f

v€El0,1) abS( )
DATO2: o3 (a) = v (f, o) 7)) 2" fve[o,n i (@) L

abs abs
n4+1—v/~\\ SATO2 ~

fve[o,l) U;}bs(vabrl (a)) = fve[o,l) U:bs(a) =a

_ _ ~\\ SAI6 _ ~\y\ SAI13/
DAIL : ’Ugbs(g) = Ugbs(fug[oyl) O:bs(a)) = fvE[O,l) ’Ugbs(o-:bs(a’)) =

fve[o,l) U:bs(a) =a

—n v =\ SAI6 —n v /~\y\ SAI3
DAI2: ot (a) = Uab-:l(fve[o 1 Oohs(@)) "= vel01) Ut (05 (@) *=

v ~ SAT1 o _w/~\y SAI2
fvE[O,l) Tabs(T ;:)Jsrl " (TUghs (@) = ve[0,1) Uabs(U:bil Y(a)) =
n+l—v/ &y SAT2 n+l/8& INTS 41,8
fue[oyl) U;)bs(o-abs (6)) - fve[o,l) Uabs (6) - Uabs (5)
Next, we show that the additional axioms for ACP" are derivable for closed terms.

CF1IDA: alb= (fve[o b ohl(@)) | (f 5 :bs(g)) INT14,15

0
INT3,4,11
) =

Q“l—‘

fveOI) waOI)( abs( ) ‘ Uabs(~ ~

va[O 1) fwe 0 q_;)( abs( ) | Uabs b) + va 0, 1) abs( ) ‘ U:bs(b)) +
7 ieeI 1T III

fvE 0,1) fwe(u 1)( abs( ) | Uabs( ))

INT11 SATS

fvE 0,1) Tabs(0) + fvE 0,1) Tabs(a | b) b + va 0,1) Tabs ( )
Joero,1) Tabs( 5 b4 8) MET [ Ohe
Lo (@ = if 2(ab) = o
I. Supposep € [0,1), ¢ € [0,p).
Then o%,,(a) | aabs(b> PUA 0L (@) | ol (van(®) + 5) P2 01, 0).
By INT6, [, (0. (T2s(@) | oais( 5 =/, vefo,p) Tabs (6 "=° ?-fbs(‘;)'
By INT6, [0 1) focio.0)(@%5s(@) | 72() = [1i0.1) %5 0).
II. Suppose p € [0,1), ¢ = p.
Then 0%, (@) | oabs(é) S or (@] b). i
By INT6, [, 1) (0@ | 7200(0)) = [y 0.1, sl | B).
III. Suppose p € [0,1), g € (p, 1).
Then o, () | aabsa?) LI o (ans(@) +8) | 0% (B) U2 7, (8).
By INT6, f c(p,1) (0aps(@) | U:l)as(l;)) = fuie(p,n Ufbs(s) = fffbs(s)~
By INTS, f €[0,1) fwe(v 1)( Tabs(@) | oabs(D)) = fvg[o,l) Tabs(0)-

CF2DA : The proof is similar to the proof of axiom CF1DA — axiom CF2SA is
used instead of axiom CF1SA.

CM2DA : Forp € [0,00), ¢ € [0, 1),
Vhe (02,5(@)) || Dhs(t + 8) =" 08, (08,4(@)) - (¢ + 9).

By INT6,
fvE[O,l)(Ufbs( abs(a)) |.|_Uabs (t+9) = f'u €[o, 1) abs abs(&)) : (t + é))
By SI10, SAT5, 6, INT12,13, T%, (a | (t + 8)) = U5 (a - (t + ).

By SIA5, a || (t+98) =a- (t+9).

@| ) CF1SA

(=32
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CM3DA :

L. Suppose p € [0,q], g € [0,1), t # 4.
Then U3, (03,(8)) L 0 (4 0) 72" 00, (0, (4) uoﬁ’bsu o +3)
ol (@) || ob, (t + 8) SAT2,SACM2 b (097 (@) | (tp ~)) Lemma 1,516
o8P (@) L (V5 (b + 0) + DL P (b + 0) + Oabs P(5))) b
(@) [ (v3e” (tp) + 5) + O ((t[p + 5)[q o)+ Ugbsp(g))) SAT3, SACM2
(@[l (o + 5)[(1—17] + 5))) et
gt;p(d . ((t[p + 8)[(1 . + 5))) SATI,SAII,SIAG
(
(
s (4

S
3

q
3

q

SA‘TB 5

@ Dgos((tp] + 0)iq—p] + 0)))

o
7]

(agbsp((t[P] + 5) la-p]) T T ibs (5))) =
S16,S1A6

)
) (Vs (tp) + 5) + Ol (5))) =
a-

TETETETETETET
7]

Q9 9 9 9

SA 5 ~
(t[P] + 6)) Ufbs(agbsp(a)) abs( [p] + 6)
SIAG6, SAT2 SA13/ —p

Tabs(Taps” (@) - Uy (t + 0) Vs (05hs(@)) - (£ 4 9)
II. Suppose p € [0,q], ¢ € [0,1), t = 4.
Then U3, (034:(@)) | Ugps(t + 5) S 54 (@) | The(0)
0% (@) L ogus(8) T 08 (@ | 03, ( >) N g1 @ k() T

0%, (@) - ols(8) TP aabsu (t + 8) 2 T8, (02,,(@)) - (t + §)

abs

o
7] 7]
AAAA,_\/_\,_\,_\

o
o
7]

Lemma 11

III. Suppose p € (g,00), q € [0,1).
— ~ — emma 9 ~ T\ SAIL,2,3
Then v}, (05,,(@)) |L D5s(t +9) i ’ U, (02b5(@)) (L 0345 (tp) +0) =0

ngs(gfbsq( )) U_Uabs(t[P] + 5) SATz)SACgm e Ufbs(é) SA:TG
0B (8) - (¢ + 8) *Z7 0% (o5, 2(8)) - (t + 8) TNETT T, (08,(a)) - (t + )

The proof is similar to the proof of axiom CM2DA — axiom CM3SA is
used instead of axiom CM2SA.

CM5DA, CM6DA and CMT7DA :

DACMS3 :

DACM4 :

D1DA :

D2DA :

The proofs are similar to the proof of axiom CF1DA — axiom SIAG is
used in addition and axioms CM5SA, CM6SA and CM7SA are used
instead of axiom CF1SA.

(Vs (8) + 0) | e () "7 (s (1) + v3bs(8)) | 05t (#)
n 4 Lemma10 v ° % n INTS5,11,14
abs( + (S) ‘ Gabjl( ) = (ny[O 1) Uabs(yabs(t ) + 6)) ‘ Uabtl(t/) =
n sAcM3’ v (%
fvg[()’l)(o-abs(l/abs( ) + 5 | Uab_:l( )) =" fve[o,l) Uabs(é) =4

The proof is similar to the proof of axiom DACMS3 — axioms INT15 and
SACM4’ are used instead of axioms INT14 and SACM3’.

v~ ;SA ) ~
f}H@ = ffr(g{ve[o,l) i(g);{ PR [ o) 9 (O (@) "=
vel0,1) Opsl@) =4 1T a

The proof is similar to the proof of axiom DIDA — axiom D2SA is used
instead of axioms D1SA.

Finally, we show that the additional axioms for discrete initial abstraction are derivable for
closed terms.
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DIA1 :

DIA2 :
DIA3 :

DIA4 :
DIA5 :

DIAG6 :

DIAT :
DIAS :

DIA9 :

DIA10 :

Vi -G = w. Gllw] /4] "2 v Gllw]/fllv/w] = v G[lv]/] =

Vv Gli/dlllv] /i) = i - Gli/j]

Tis(vhi - F) = Tle(v[v . Fl|v]/i]) "2° 0l (F[|v] /il[n/v]) = Us(F[n/d])

Vit (i F) = v (fw. Fllw]/i)lv]/i] =

Vv (w . Fllw]/illl] /i) "2 o Pllw] /5)[[v] /i]lv/w] =

Vv Fllo)/illlv] /il = Vv Fli/dl[lv]/i] = v4i - Fli/j]

G®Z [v.G=[v.G[v]/i]=i.G

Suppose p € R>o and Vn € N e U1 (F) = Tlhs(F).

Then 05, (F) "7 08, (/v . 04, (F)) "2 0l (0,8 (F)) = vl (0,8 (7)) 2

abs Uabs Vabs abs\ “abs abs

abs(\/v ’Uallfsj( )) e mmd7ﬁfbs(F/)'
By SIA5, F = F'.
U:\Lbs(g) B = Oabs(fve[o 1) abs(d)) - F
oo (md (@) - TR (fw wh (1)) 2
fvE[OJ)(U:b:v(a) Uabs(F)) AT INTlO " U;LbS(fue[O,l) U:bs(a)) ) @;ES(F) =
O5bs(a) - Tps (F)
s (Vi - F) = 0ls(\Lv - Fl[v]/i]) 27 ol (F[[v] /i][0/v]) = o7 (F[0/i])
(Vyi.F) + G = (\[v.F[lv]/i]) + G =7
(Vv Fllo)/i) + (v 551 6) =Y Lo (P[lv) /i) + o5 (6) =
Vv (F 4 05ps(G))[[v] /3] = i - (F + Ulps(G))
(Vi F)-G=(\[v.Fllv]/i])-G°Z" \[v.(F[lv]/i]-G) =
Vv (F-G)[v]/i] = i (F-G)

Ulhs (Vi1 - F) = vlhs (Vv - F[0] /i]) "2 [0 0l (F[|0] /i]) =
Vv vabs(F)[[0] /1] = i@ vgbs (F)

INT10,12,SAT2 f

. Lemma 7,SIA6
ve[o,l)(anﬂ’(a) - F) al

abs

DIA11, DIA12, DIA13 and DIA14 :

DIA15:

The proofs are similar to the proof of axiom DIA8 — axioms SIA11,
SIA12, STA13 and SIA14 are used instead of axioms SIAS.

The proof is similar to the proof of axiom DIA10 — axiom SIA15 is used
instead of axioms SIA10.
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