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Abstract

We present a process algebra with conditional expressions of which the conditions
concern the enabledness of actions in the context in which a process is placed. With
those conditions, it becomes easy to model preferential choices. A preferential choice
of a process is a choice whereby certain alternatives are excluded if at least one of
the other alternatives is permitted by the context in which the process is placed.
Preferential choices are often modelled rather indirectly using a priority mechanism.
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1 Introduction

In Ref. [1], we started an investigation into the potentialities of conditional
expressions in the setting of the algebraic theory about processes known as
ACP [2,3]. The primary intention of the investigation is to find basic ways to
increase expressiveness. The main extensions of ACP introduced in Ref. [1]
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are ACP° (ACP with conditional expressions), ACP® (ACP® with signals) and
ACP" (ACP® with retrospective conditions).

In the current paper, we proceed with the investigation started in Ref. [1]. We
present ACP, a variant of ACP® in which the conditions concern the enabled-
ness of actions in the context in which a process is placed. Such conditions
are called coordination conditions in this paper because they are primarily
intended for coordination of processes that proceed in parallel. The merit of
ACP is primarily the following. If a process has different alternatives to pro-
ceed, some may be preferred in the sense that the others should be excluded if
at least one of the preferred alternatives is permitted by the context in which
the process is placed. Such preferential choices are often modelled rather indi-
rectly using a priority mechanism, see e.g. Ref. [4], but can easily be modelled

in ACP*.

In Ref. [5], ACP has been extended with a priority mechanism. However,
this priority mechanism, although suitable for dealing with interrupts, is un-
suitable for modelling preferential choices, because it does not feature local
pre-emption in the sense of Ref. [4]. The priority mechanism used in Ref. [4]
to model preferential choices does feature local pre-emption. Such a priority
mechanism can be added to ACP as well. However, the solution to model pref-
erential choices with a priority mechanism featuring local pre-emption lacks
the property that there is a close connection with a simple explanation of pref-
erential choices, such as the explanation given in the preceding paragraph. By
modelling preferential choices with coordination conditions, a close connection
with the simple explanation given in the preceding paragraph can be achieved.
This forms part of our motivation to develop ACP“.

Features for preferential choices are found in programming languages and pro-
cess algebraic formalisms. To the best of our knowledge, the first programming
language with a construct for preferential choices is occam [6]. The occam pro-
gramming language is based on CSP [7,8]. However, the construct for prefer-
ential choices included in occam, which is known as the PRI ALT construct, has
no counterpart in CSP. A counterpart of the PRI ALT construct in an extension
of CSP, with a formal semantics in CSP-style, is introduced for the first time
in Ref. [9].

A counterpart of the PRI ALT construct in an extension of CCS [10,11], with a
formal semantics in CCS-style, is introduced for the first time in Ref. [12]. It
appears that the counterpart of the PRI ALT construct introduced in Ref. [12],
which is known as the priority choice operator, has inspired the addition of
priority guards to CCS in Ref. [13]. In the latter paper, the basic idea is to
take action prefixes of the form U : a, where a is an action and U is a finite set
of actions, called a priority guard. This is meant to indicate that performing
a is blocked if at least one of the actions in U is enabled by the context. In



other words, performing a is made conditional on a condition concerning the
enabledness of actions by altering the syntax of action prefixes. An obvious
alternative for altering the syntax of action prefixes is adding an operator for
making behaviour conditional, together with operators for making conditions
out of other conditions. This is more in the spirit of process algebras with
general sequential composition instead of action prefixing, like ACP. All this
brings us to believe that it is worthwhile to elaborate on the modelling of
preferential choices in the setting of ACP°.

The presentation of ACP*® includes the axioms of ACP*® and the main models
of ACP“. Those models are based on labelled transition systems of which the
labels consist of a condition and an action, called conditional transition sys-
tems, and a variant of bisimilarity in which a transition of one of the related
transition systems may be simulated by a set of transitions of the other tran-
sition system, called splitting bisimilarity. The presented models cover finitely
branching processes as well as infinitely branching processes. We also extend
ACP®® with a preferential choice operator to show that it is easy to give defin-
ing equations for a preferential choice operator in the presence of conditional
expressions of which the conditions are coordination conditions. This exten-
sion of ACP® can be viewed as an application of ACP that remains entirely
within the domain of process algebra.

What is attained is primarily an extension of ACP that provides the possibil-
ity to model preferential choices in such a way that a close connection with
a simple explanation of preferential choices is achieved. In attaining this re-
sult, the introduction of coordination conditions is considered to be crucial.
Coordination conditions make it possible to abstract from the details of the
mechanism by which a process is brought to proceed at each stage according
to the enabledness of actions in the context in which it is placed. In the case of
a priority mechanism featuring local pre-emption, for example, the modelling
of a process that begins by making a preferential choice depends upon the
process of which it happens to be a subprocess. In the case of coordination
conditions, the modelling of a process that begins by making a preferential
choice concerns that preferential choice only.

The coordination conditions of ACP®® are similar to the priority guards added
to CCS in Ref. [13]. Priority guards can be regarded as coordination conditions
of a simple form which can only be used together with action prefixing. More-
over, unlike the priority guards, the coordination conditions do not assume
CCS-style communication. Therefore, we consider coordination conditions an
improvement on priority guards.

The preferential choice operator added to ACP is similar to the priority
choice operator added to CCS in Ref. [12]. The preferential choice operator is
defined for all possible operands, whereas syntactic restrictions are imposed on



the operands of the priority choice operator of Ref. [12]. Moreover, unlike the
priority choice operator, the preferential choice operator does not assume CCS-
style communication. Therefore, we consider the preferential choice operator
an improvement on the priority choice operator. Note that, because it is not
defined for all possible operands, the priority choice operator violates the basics
of an algebraic approach. The modelling of preferential choices in Ref. [4]
mentioned above is based on Ref. [12] and works only under the same syntactic
restrictions.

The structure of this paper is as follows. First of all, we introduce PA§®, a sim-
ple precursor of ACP® that does not support communication (Section 2). After
that, we introduce conditional transition systems and splitting bisimilarity of
conditional transition systems (Section 3) and the full splitting bisimulation
models of PA§®, the main models of PA§® (Section 4). Following this, we have a
closer look at splitting bisimilarity based on structural operational semantics
(Section 5). Next, we move from PA§® to ACP* (Section 6) and adapt the
full splitting bisimulation models of PA§® to full splitting bisimulation models
of ACP (Section 7). Then, we extend ACP* with guarded recursion (Sec-
tion 8). Thereupon, we extend ACP with the preferential choice operator
(Section 9). Following this, we give examples of the use of coordination con-
ditions and the preferential choice operator (Section 10). Finally, we make
some remarks about related work and mention some options for future work
(Section 11).

Some familiarity with the field of Boolean algebra is desirable. The definitions
of all notions concerning Boolean algebras that are used in this paper can, for
example, be found in Ref. [14].

2 PA; with Coordination Conditions

PA; is a subtheory of ACP that does not support communication (see e.g.
Ref. [3]). In this section, we present an extension of PAs with encapsulation,
pre-abstraction and guarded commands, called PA§®. Encapsulation was origi-
nally incorporated in ACP to encapsulate actions of a process from communi-
cation with actions from the outside (see Ref. [2]). Pre-abstraction was added
to ACP in Ref. [15] as a limited kind of abstraction: the actions from which
is abstracted are identified, but they remain observable as internal actions. !
Guarded commands are conditional expressions of the form ( :— p, where ¢
and p are expressions representing a condition and a process, respectively.
Guarded commands were added to ACP for the first time in Ref. [17].

1 This limited kind of abstraction was not given a name in Ref. [15]. The name
pre-abstraction originates from Ref. [16].



In PAS®, just as in PAs or ACP extended with pre-abstraction, it is assumed
that a fixed but arbitrary finite set of actions A, with § € A and t € A, has
been given. Action t is the internal action that replaces all occurrences of
actions from which is abstracted by means of pre-abstraction. Henceforth, we
write As for AU {0}.

If it is permitted by the context in which a process is placed to perform
an action a, we say that a is enabled in that context. In PAS®, we consider
conditions concerning the enabledness of actions. More precisely, conditions
are taken from the quotient algebra of the free Boolean algebra over {&, | a €
A} by the equivalence induced by the equation & = T. Henceforth, we write
C for this algebra and also for the domain of this algebra. The intuition is
that &, holds if action a is enabled in the context present. Because no context
can prevent the internal action ¢ from being performed, t is enabled in any
context. The elements of C are called coordination conditions.

The algebraic theory PA§® has two sorts:

e the sort P of processes;
e the sort C of conditions.

The algebraic theory PA§® has the following constants and operators to build
terms of sort P:

the deadlock constant 0 : P;

for each a € A, the action constant a : P;

the binary alternative composition operator +: P x P — P;

the binary sequential composition operator - : P x P — P;

the binary guarded command operator :— : C x P — P;

the binary parallel composition operator ||: P x P — P;

the binary left merge operator || : P x P — P;

for each H C A\ {t}, the unary encapsulation operator Oy : P — P;
for each I C A, the unary pre-abstraction operator t;: P — P.

The algebraic theory PA§® has the following constants and operators to build
terms of sort C:

the bottom constant L : C;

the top constant T : C;

for each a € A, the enabledness constant &, : C;

the unary complement operator —: C — C;

the binary join operator LI: C x C — C;

the binary meet operator M: C x C — C;

for each H C A\ {t}, the unary encapsulation operator dy : C — C;
for each I C A, the unary pre-abstraction operator t;: C — C.



Terms of sorts P and C are built as usual for a many-sorted signature (see
e.g. Refs. [18,19]). Throughout the paper, we assume that there are infinitely
many variables of sort P, including z, v, 2, x1, y1, T2, ¥o, . . . , and infinitely many

variables of sort C> inChlding ¢7 djv X5 ¢17 ¢1a /17 wlla ¢2a 77b27 ¢/27 ¢éa s

We use infix notation for the binary operators. The following precedence con-
ventions are used to reduce the need for parentheses. The operators to build
terms of sort C bind stronger than the operators to build terms of sort P.
The operator + binds weaker than all other binary operators to build terms
of sort P and the operators - and :— bind stronger than all other binary
operators to build terms of sort P. The operator - binds weaker than :— .

Let p and ¢ be closed terms of sort P, ¢ and & be closed terms of sort C,
a €A HCA\{t}, and I C A. Intuitively, the constants and operators to
build terms of sort P can be explained as follows:

0 can neither perform an action nor terminate successfully;

a first performs action a unconditionally and then terminates successfully;
p + g behaves either as p or as ¢, but not both;

p - q first behaves as p, but when p terminates successfully it continues by
behaving as ¢;

( :— p behaves as p under condition (;

p || ¢ behaves as the process that proceeds with p and ¢ in parallel;

p || ¢ behaves the same as p || ¢, except that it starts with performing an
action of p;

Ou(p) behaves the same as p, except that actions from H are blocked.
t;(p) behaves the same as p, except that it performs the internal action ¢
whenever p would perform an action in 1.

Intuitively, the constants and operators to build terms of sort C can be ex-
plained as follows:

&, is a condition that holds if action a is enabled in the context present;
L is a condition that never holds;

T is a condition that always holds;

—( is the opposite of (;

(UEis Cor¢&;

e (M¢is both ¢ and ¢&;

e 0y(() is ¢ with all enabledness conditions &, with a € H replaced by L;
e 1;(¢) is ¢ with all enabledness conditions &, with a € I replaced by T.

In PA§®, the enabledness of actions is affected only by encapsulation and pre-
abstraction. Encapsulation places a process in a context in which the encap-
sulated actions are disabled and pre-abstraction places a process in a context
in which the pre-abstracted actions are enabled.



Table 1
Axioms of Boolean algebras

pUL=¢ BAl ¢NT=2¢ BA5
pU—¢p=T BA2  ¢M—¢=1 BA6
pUY =19 Ue BA3  ¢Ny=v¢Ne BA7

oUW x) = (¢Uy)(oUx) BA4 ¢ (YUx) = (M) U (pMy) BAS

Some earlier extensions of ACP include conditional expressions of the form
p <(> q; see e.g. Ref. [20]. This notation with triangles originates from
Ref. [21]. We treat conditional expressions of the form p <1( > g, where p
and q are terms of sort P and ( is a term of sort C, as abbreviations. That is,
we write p <> q for (:—p+ —(:—q.

The axioms of PA§® are the axioms of Boolean Algebras (BA) given in Table 1
and the additional axioms given in Table 2. Several axioms given in Table 2
are actually axiom schemas: a stands for an arbitrary element of As, ¢ stands
for an arbitrary element of A, H stands for an arbitrary subset of A\ {¢}, and
I stands for an arbitrary subset of A.

The axioms of BA given in Table 1 have been taken from Ref. [22]. Several
alternatives for this axiomatization can be found in the literature. If we use
basic laws of BA other than axioms BA1-BAS in a step of a derivation, we
will refer to them as applications of BA and not give their derivation from
axioms BA1-BAS.

The axioms of PA§® include the axioms of PA; (A1-A7 and M1-M4), the usual
axioms for encapsulation (D1-D4) and the usual axioms for pre-abstraction
(I1-14), see e.g. Ref. [16]. Axioms GC1-GC8 have been taken from Ref. [20],
but in the case of GC5 and GC8 with adaptation to conditional expressions
of the form ( :— p. Axioms ET, GC11E, GC12E, ED1-ED7 and EI1-EI7 are
new. Axiom ET expresses that the internal action ¢ is enabled in any context.
GC11E is not, like GC1-GCS8, merely the adaptation of an axiom taken from
Ref. [20] to conditional expressions of the form ¢ :— p. That adaptation alone
would yield ¢ instead of Oy (¢) in the right-hand side of GC11E. The reason for
the additional adaptation is that encapsulation places a process in a context
in which the encapsulated actions are disabled. Similarly, the reason for the
appearance of ty(¢) in the right-hand side of GC12E is that pre-abstraction
places a process in a context in which the pre-abstracted actions are enabled.
The defining axioms of encapsulation and pre-abstraction on conditions are
ED1-ED7 and EI1-EI7, respectively.

We will use the sum notation Y,c7 p;, where Z = {iy,...,i,} and p;,,...,p;,
are terms of sort P, for p;, +...+p;,. The convention is that },.7 p; stands for
0 if Z = (). Note that the sum notation is not used for alternative composition



Table 2
Axioms of PA§®

r+y=y+zx Al Ti—»z==x GC1
(x+y)+z=x+ (y+2) A2 R GC2
rhr=2x A3 pimd=0 GC3
(x4y) - z=z-2+y-z A4 p—(r+y) =¢p:—ax+¢:—y GC4
(oy) 2= (y-2) AS i (aey) =iy GC5
r+d=ua A6 o (Wi—maz)=¢NY oz GC6
d-x=94§ A7 pUY —mx=¢p:—max+¢p:—ax GCT
pi—ally=¢:—(z[y) GC8
(¢ :—x) =0n(¢) :— du(z) GCIlIE
clly=zly+yl= M1 tr(¢:—x) =t1(¢) :— ti(x) GCI2E
allr=a-x M2
a-zl|ly=a-(z]vy) M3 op(L)=_1 ED1
z+y) lz=z|z+ylle M4  Op(T)=T ED2
(&) =&, ifc¢ H ED3
Ola) =a ifag H DI 0y(&) =L ifce H EDA
Op(a) =0 ifacH D2 Ou(—¢)=—0u(s) ED5
Or(z+y) =0u(x)+9u(y) D3 Ou(pUy) = 0u(¢) U Ou(¢) EDG
On(r-y) = Ou(x) - Ouly) D4 On(oMy) = 0u(¢) Nou(v) ED7
tr(a) =a ifag I 11 tr(L)=1 Ell
t1(a) =t ifacl I2 t(T)=T EI2
tr(z +y) =tr(x) +t1(y) 13 tr(&) =& ifcg I EI3
tr(x-y) =tr(x) - tr(y) 14 tr(&) =T ifcel EI4
tr(—=¢) = —tr() EI5
tr(oUy) =tr(o) Utr(v) EI6
&=T ET tr(oNy) =tr(e) Nir(v) EI7

over an infinite set of alternatives.

An interesting subtheory of PA§" is BPAS®. This subtheory is obtained by
removing the parallel composition operator, the left merge operator, the en-
capsulation operators and the pre-abstraction operators from the signature of
PA§® and removing all axioms in which these operators occur from the ax-



ioms of PA§® — in other words, the axioms of BPA§® are BA1-BAS8, A1-A7,
GC1-GC7, ET.

To prove a statement for all closed terms of sort P from the language of
BPA§*, it is sufficient to prove it for all basic terms. The set B of basic terms
is inductively defined by the following rules:

0 € B;

if ( is a closed term of sort C and a € A, then ( :— a € B;

if ¢ is a closed term of sort C, a € A and p € B, then ( :—a-p € B;
if p,q € B, then p+ q € B.

The basic terms are exactly the closed terms of sort P from the language of
BPAj® of the form

Y G aipi+ Y &ii—b,

<n i<m
where ag, ..., an_1,b0,..., b1 € A, (o, -+, (1,80, -- -, Em_1 are closed terms
of sort C and py, ..., p, 1 are basics terms (n, m > 0). We can prove that all

closed terms of sort P from the language of BPA§" are derivably equal to a
basic term.

Lemma 1 (Elimination for BPAS®) For all closed terms p of sort P from
the language of BPAY®, there exists a basic term q € B such that BPAS = p =

q.

PROOF. The term rewriting system consisting of axioms A4-A7 and GC1-
GCT7 oriented from left to right is strongly normalizing. This can be proved by
using the method of lexicographical path ordering of Kamin and Lévy (see e.g.
Ref. [23]), making the signature one-sorted, taking the ordering :— > - > +,
:— > J, :— > T, and giving the lexicographical status for the first argument
to - and the lexicographical status for the second argument to :—. Moreover,
it is easy to see that each normal form is a basic term. O

We can also prove that all closed terms of sort P from the language of PA§°
are derivably equal to a basic term.

Lemma 2 (Elimination for PAS®) For all closed terms p of sort P from
the language of PA§", there exists a basic term q € B such that PAS* +p =q.

PROOF. In the proof use is made of the weight of a term p, written |p|. Tt
is inductively defined as follows: |Og| = 1 for constants &g, [<1(p)| = |p| for



unary operators <1, [p<sq| = |p| + |g| for binary operators ¢4 not in {+, U},
and |p O ¢| = max{|p|, |q|} for Og in {+,U}.

The term rewriting system consisting of all axioms of PAS®, except BA1-BAS
and A1-A3, oriented from left to right is strongly normalizing. This can be
proved by using the method of lexicographical path ordering of Kamin and
Lévy, making the signature one-sorted, ranking the operators || and || by the
sum of the weights of their arguments as in Ref. [24], taking the ordering
s> >l >+, = >0, = >, 0y > —, 0p > 1,
8H>—,8H>I_I,t[>:—>,t1>t,t1>—|—,t1>—,t1>|_|,forallH§A\{t}
and I C A, and giving the lexicographical status for the first argument to -
and the lexicographical status for the second argument to :—. Moreover, it is
easy to see that each normal form is a basic term. 0O

Moreover, we can prove that PA§® is a conservative extension of BPA§C.

Lemma 3 (Conservative extension) Ifp and q are closed terms of sort P
from the language of BPAS®, then BPAS® - p = q iff PAS* - p =gq.

PROOF. The implication from left to right follows immediately from the fact
that the axioms of BPA§® are included in the axioms of PA§®. The implication
from right to left is proved as follows. Let p and ¢ be closed terms of sort
P from the language of BPA§® such that PA§° F p = ¢. Because it is left-
linear and non-overlapping (see e.g. Ref. [23]), the term rewriting system used
in the proof of Lemma 2 is confluent modulo axioms A1-A3 and BA1-BAS.
Consequently, the reductions of p and ¢ by means of this term rewriting system
yields the same normal form modulo axioms A1-A3 and BA1-BAS8. Moreover,
the reductions of p and g only use axioms A4-A7 and GC1-GC7, oriented from
left to right, because the additional operators of PA§® do not occur in p and
¢, and no rewrite rule introduces occurrences of those operators that were not
already there in its left-hand side. Hence, the reduction of p into its normal
form followed by the reverse of the reduction of ¢ into its normal form is a
proof of p = ¢ in BPA§". O

The preceding three lemmas will be useful in the completeness proof of PA§®
for the full splitting bisimulation models of PA§® that will be introduced in
Section 4.

Terms of sort C are interpreted in C as usual (see e.g. Ref. [14]), the association
of operations with the extra-Boolean operators dy and t; excepted. With
the operator Jy is associated the unique endomorphism of C extending the
function Oy on {&, | a € A} defined by 0y (&) = L if a € H and 0y(&) = &

if a ¢ H; and with the operator ¢; is associated the unique endomorphism of

10



C extending the function ¢; on {&, | a € A} defined by (&) = T ifa €
and t;(&) = & if a ¢ I. It follows automatically that axioms BA1-BAS,
ED1-ED7 and EI1-EI7 constitute a sound and complete axiomatization of
the expansion of C with the operations dy and t; defined above. Henceforth,
we loosely write C for this expansion of C. In the above, and in subsequent
sections, the constants and operators to build terms of sort C are also used at
the meta level as names for the elements of C and operations on C associated
with them.

We proceed to the presentation of the structural operational semantics of PA§°.
The following relations on closed terms of sort P from the language of PA§®
are used:

e for each £ € (C\ {L}) x A, a binary relation -;
e for each £ € (C\ {L}) x A, a unary relation 5 /.

We write p lola, q instead of (p,q) € {29, and P loa, / instead of p €

L), /- The relations -/ and 5 can be explained as follows:

e IoJa, /1 p is capable of performing action @ under condition o and then

terminating successfully;
o p lofa, q: p is capable of performing action a under condition « and then

proceeding as q.

The structural operational semantics of PAS® is described by the transition
rules given in Table 3. We will return to this structural operational semantics
in Section 5.

3 Transition Systems and Splitting Bisimilarity for PA§"

In this section, we introduce conditional transition systems and splitting bisim-
ilarity of conditional transition systems. In Section 4, we will make use of
conditional transition systems and splitting bisimilarity of conditional transi-
tion systems to construct models of PA§®. In Section 5, we will show that the
structural operational semantics presented in Section 2 induces a conditional
transition system for each closed term of sort P from the language of PAS°.

Conditional transition systems are labelled transition systems of which the
labels consist of a condition different from L and an action. Labels of this kind
are sometimes called guarded actions. Henceforth, we write C~ for C \ {L}.

A conditional transition system T consists of the following:

11



Table 3
Transition rules for PA§®

e, y e, L, Ba Bla,
x+yﬂ>\/ x+ym\/ x+y£>a: x+yﬂ>@/
$m\/ o L LAY
vy Gy ey Ay

azm\/ e e,
waM)/zmw?u o evAdib A
xm\/ y[¢]a\/ z L, y&y
sy 2%y oy 2o oy BBy oy HSay

e, w o a
vy Ay a |y Ay

:):&\/ z 149, 4

aH(ZII) [On (®)] a \/

T [¢]a V [¢]a

adlti(¢)#L
tl( ) [t1(¢)]a \/ !

s, e

ag]vtl(gb)#J—

CC/

€T tr(¢) # L
oy T 1)

a€lt(p)# L

a set S of states;
aset 5 C 9 x 39, foreach ¢ € C x A;
a set i>\/§ S, for each £ € C~ x A;

an initial state s° € S.

If (s, 5') € 5 for some £ € C~ x A, then we say that there is a transition from s

to s’. We usually write s 2%

(o,

of s € 129, /. Furthermore, we write — for the family of sets (-5

—/ for the family of sets (5

\/)ZEC—XA-

s" instead of (s, 8") €

(ova), dode, /instead

)EGC x A and

and s —

The relations %/ and < can be explained as follows:

o 5 oo, /1 in state s, it is possible to perform action a under condition «,

and by doing so to terminate successfully;

[a]a

e s —

12
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and by doing so to make a transition to state s’.

A conditional transition system may have states that are not reachable from
its initial state by a number of transitions. Connected conditional transition
systems are transition systems without unreachable states.

Let T = (S, —,—+/,5") be a conditional transition system. Then the reacha-
bility relation of T' is the smallest relation — C S x S such that:

® 5 —»5;

e L
e if s = s and s’ — s”, then s — s”.

We write RS(T) for {s € S | s° — s}. T is called a connected conditional
transition system if S = RS(7"). Henceforth, we only consider connected condi-
tional transition systems. This often calls for extraction of the connected part
of a conditional transition system that is composed of connected conditional
transition systems.

Let T = (S,—,—+/,5") be a conditional transition system that is not nec-
essarily connected. Then the connected part of T, written I'(T'), is defined as

follows:

F(T) = (S,’ -/, —>\/> 50) )

where

S’ =RS(T),

and for every £ € C~ x A:
L =509 xS,
Ly =5ynS.

It is assumed that for each infinite cardinal £ a fixed but arbitrary set S, with
the following properties has been given:

e the cardinality of S, is greater than or equal to k;
o if 51752 - S,.@, then Sl L‘USQ - S,.; and Sl X SQ - 85.2

2 We write AW B for the disjoint union of sets A and B, i.e. AW B = (A x {0})U
(B x {{0}}). We write p; and ps for the associated injections p; : A — AW B and
w2 : B — AW B, defined by ui(a) = (a,0) and us2(b) = (b, {0}).

13



Let x be an infinite cardinal. Then CTS,. is the set of all connected conditional
transition systems 7' = (S, —, —+/, s°) such that S C S, and the branching
degree of T is less than k, i.e. for all s € S, the cardinality of the set {(¢,s) €

(C"xA)xS|(s,8)eLYu{leC xA|se 5/} is less than .3
The condition S C S, guarantees that CTS, is indeed a set.

A conditional transition system is said to be finitely branching if its branching
degree is less than Ny. Otherwise, it is said to be infinitely branching.

Remark 4 We consider both finitely branching and infinitely branching con-
ditional transition systems. Infinitely branching conditional transition systems
cannot be described by means of the constants and operators of PAS®, not even
together with guarded recursion (see Section 8). Like in Ref. [1], we prefer to
consider not only finitely branching conditional transition systems in order to
make later generalizations possible. For example, we are semantically prepared
for removing the restriction that the set A of actions is finite and introducing
an operator for alternative composition over an infinite set of alternatives.

Conditional transition systems that differ only with respect to the identity of
the states are isomorphic.

Let Ty = (S1,—1,—+/},8%) and Ty = (S2, —2, — /5, $9) be conditional tran-
sition systems. Then T7 and Ty are isomorphic, written T} = T,, if there exists
a bijective function b:S; — S5 such that:

o b(sh) = s5;
o 51 5y 8 iff b(sy) 5 b(s)):;

® 5£>\A iff b(s) i>\/2-

Henceforth, we always consider two conditional transition systems essentially
the same if they are isomorphic.

Remark 5 The set CTSy is independent of S.. By that we mean the follow-
ing. Let CTS, and CTS!, result from different choices for S,. Then there exists
a bigection b: CTS,, — CTS!, such that for all T € CTS,, T = b(T).

Bisimilarity has to be adapted to the setting with guarded actions. In the
definition given below, we use a well-known notion from the field of Boolean
algebra: the partial order relation C on C defined by

aC g iff aupg=p4.

3 In Ref. [1], the definition of CTSy is given for an arbitrary set of atomic conditions.
In the case where the set {&, | a € A} is taken as the set of atomic conditions, that
definition and the definition given here are essentially the same.
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Moreover, we use the notation | | A, where A = {aq,...,a,} CC, for a;U...U
Q.

Let T = (S1, —1,—+/4, 1) € CTS,, and Ty = (Ss, —2, — /5, 59) € CTS,, (for
an infinite cardinal k). Then a splitting bisimulation B between T) and T, is
a binary relation B C S} x Sy such that B(s!,s9) and for all sy, s, such that
B(Sl, SQ)I

o if 59 Ml s}, then there is a set C'S, C C~ x Sy such that o C | ]dom(C'S})
and for all (o, s}) € C'Sh, 55 %1%, s and B(s}, sy); 4

o if s, &2 sh, then there is a set C'S] C C~ xSy such that o C | Jdom(C'S})
and for all (o/,s)) € CS], s1 dofa, sy and B(s), s});

o if 59 HELN /1, then there is a set " C C~ such that o C | |C” and for all
o € s9 HCSCN Vo

o if sy loJa, Vo, then there is a set " C C~ such that o C | |C” and for all

o€, s 10

Two conditional transition systems 11,7, € CTS, are splitting bisimilar, writ-
ten T = Ty, if there exists a splitting bisimulation B between 77 and 75. Let
B be a splitting bisimulation between 7} and T5. Then we say that B is a
splitting bisimulation witnessing T <= T.

It is easy to see that & is an equivalence on CTS,. Let T' € CTS,. Then we
write [T']|o for {T" € CTS, | T = 1"}, i.e. the &-equivalence class of T. We
write CTS, /< for the set of equivalence classes {[T | | T' € CTS,}.

In Section 4, we will use CTS, /<= as domain of a structure that is a model
of PA§°. As domain of a structure, CTS, /& must be a set. That is the case
because CTSy is a set. The latter is guaranteed by considering only conditional
transition systems of which the set of states is a subset of S.

Remark 6 The question arises whether S, is large enough if its cardinality
1s greater than or equal to k. This question can be answered in the affirmative.
Let T = (S, —,—+/,s") be a connected conditional transition system of which
the branching degree is less than k. Then there exists a connected conditional
transition system T' = (S, —', — /', s") of which the branching degree is less
than k such that T < T" and the cardinality of S’ is less than k.

It is easy to see that, if we would consider conditional transition systems

with unreachable states as well, each conditional transition system would be
splitting bisimilar to its connected part. This justifies the choice to consider

4 If for some sets A and B, R C A x B, then we write dom(R) for the domain of
the relation R, i.e. dom(R) ={a € A|3be Be(a,b) € R}.
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only connected conditional transition systems. It is easy to see that isomorphic
conditional transition systems are splitting bisimilar. This justifies the choice
to consider conditional transition systems essentially the same if they are
isomorphic.

The name splitting bisimulation is used because a transition of one of the
related transition systems may be simulated by a set of transitions of the other
transition system. Splitting bisimulation should not be confused with split
bisimulation [25]. We think that splitting bisimulation can be reformulated
in a style that is similar to the style in which probabilistic bisimulation is
formulated in Ref. [26]. We refrain from such a reformulation because it would
require the introduction of various auxiliary notions and notations. At the
end of this section, we sketch how splitting bisimilarity is related to ordinary
bisimilarity.

Remark 7 At first sight, splitting bisimulation resembles (early and late)
symbolic bisimulation as introduced in Ref. [27]. However, the resemblance
1s incidental. Symbolic bisimulation concerns symbolic transition systems. The
states of a symbolic transition system play the role of open terms and the tran-
sittons are labelled by “symbolic guarded actions” which evaluate to guarded
actions, with T or L as condition, for each assignment of values to free vari-
ables. Thus, the concrete transitions from a state are assignment dependent.
Splitting bisimulation concerns conditional transition systems in which vari-
ables ranging over values play no part at all. The differences between standard
bisimulation and splitting bisimulation find their origin in the fact that a tran-
sition of one of the related conditional transition systems may be simulated by
a set of transitions of the other conditional transition system. The differences
between standard bisimulation and symbolic bisimulation find their origin in
the fact that a state of one of the related symbolic transition systems may cor-
respond to different states of the other symbolic transition system under differ-
ent assignments of values to free variables. Taking these different origins into
account, it 1s surprising that splitting bisimulation resembles symbolic bisim-
ulation at first sight. However, the resemblance is disturbed by the following
difference between splitting bisimulation and symbolic bisimulation: splitting
bisimulation is a binary relation on states, whereas symbolic bisimulation is
a family of binary relation on states indexed by a set of Boolean expressions.
Being such indexed families of relations happens to be the essence of symbolic
bisimulations.

In the remainder of this section, we sketch how splitting bisimilarity is related
to ordinary bisimilarity.

Let T = (S, —,—+/,s%) € CTS, (for an infinite cardinal ). We write ~ for

the maximal splitting bisimulation witnessing 7' < T' (such a relation always
exists). It is easy to see that ~r is an equivalence relation on S. It identifies
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states of T that can simulate the conditional transitions of each other. The
condition-normal form of T, written CN(T'), is defined as follows:

CN(T) = (S’ -/, —>\/7 50) )

where for every (a,a) € C~ x A:

(ava) /

— :{(s,s’) 3Bes L g A

Oé:l_l{ﬁ, s (S/ ~p 8”/\8&8//)}},

M)\//:{S'aﬁ.sm\//\aZU{ﬁ' Sﬂ%\/}}'

It is easy to see that CN(T") € CTS, and T'<= CN(T'). We have T' = CN(T)
iff T has the following properties:

. a|a a
o if 59 Lus’l, s1 &3’1’ and s| ~p s{, then a = f;

o if 5 &\/ and sy ﬂ\/, then a = .
We say that T is condition-normal it T = CN(T).

Let T1 = (Sl, —1, —>\/1, 8(1)) € CTSH and T2 = (SQ, —9, —>\/2, 88) € CTSH (fOI'
an infinite cardinal k). Then a bisimulation B between T; and T is a binary
relation B C S; x Sy such that B(sY,s9) and for all sy, s, such that B(sy, s2):

o if 51 5 ), then there is a s} € S such that s, 5 s} and B(s/, s});
o if 5, 5, s, then there is a s/ € S such that s; 51 &) and B(s/, s});
® S L\/l iff S9 i>\/2

Two conditional transition systems Ti,7, € CTS, are bisimilar, written
T1 <= T, if there exists a bisimulation B between T; and T15. We have
CN(T}) & CN(T3) iff CN(T}) & CN(T3). So, splitting bisimilarity and ordi-
nary bisimilarity coincide on condition-normal conditional transition systems.
It is worth mentioning that we do not have this result if we replace s’ ~p s”
by s’ = s” in the definition of CN.

4 Full Splitting Bisimulation Models of PAj*

In this section, we introduce the full splitting bisimulation models of PAS°.
They are models in which equivalence classes of conditional transition sys-
tems modulo splitting bisimilarity are taken as processes. The qualification
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“full” originates from Ref. [28]. It expresses that there exist other splitting
bisimulation models, but each of them is isomorphically embedded in a full
splitting bisimulation model.

There is a full splitting bisimulation model of PA§® for each infinite cardinal. To
obtain the full splitting bisimulation model of PA§" for a fixed infinite cardinal
Kk, we associate the set CTS, /< with the sort P, an element of CTS, /< with
each of the constants § and a (a € A), and an operation on CTS, /< with
each of the operators +, -, :—, ||, ||, 0y (H CA\{t}) and ¢; (I CA).?
We begin by associating elements of CTS, and operations on CTS,, with these
constants and operators. The result of this is subsequently lifted to CTS, /<.

It is assumed that for each infinite cardinal x a fixed but arbitrary choice
function ch, : (P(S,)\0) — S, such that for all S € P(S,)\ 0, ch.(S) € S has
been given. The function ch, is used whenever there is a need to get a fresh
state from S.,..

We will use the abbreviation s % s'1s” for s % 'V (s & /As’ = s"). Usually,
s” is a state that takes the place of s’ in the case of termination. This is useful
where termination has to be turned into a state, as with parallel composition

of conditional transition systems.

We associate with each constant ¢ mentioned above an element ¢ of CTS,, and
with each operator f mentioned above an operation f on CTS, as follows.

* S: ({SO}>®7®780> )

where

sY = ch.(Sy) .

® a= ({50}>®7—>\/’ 30) )

where

s° = ch.(S,) ,
L, = {5}

and for every (a,a’) € (C~ x A)\ {(T,a)}:

L/ =0.

5 In this paper, we loosely include the operation associated with the operator :—
in the operations on CTS, /<. Actually, it is an operation from C x CTS,/< to
CTS,/=.
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s9) € CTSy for i = 1,2. Then

77

s = ch(Se \ (S1W S2))
S ={s"U (S ¥S,),

and for every (o, a) € C~ x A:

=]

/N /N TN TN
=
i
—~
V)
S~—"
T T
—

(a,a)

F

2

<

1 c Cc C |
V)
=
D
V)

c C C

lontun N outun N et N et W e N e g Y

o Let T, = (Si, —i, —+/;, 8Y) € CTS,, for i = 1,2. Then

Tl/'\TQ - P(S7 _)7_>\/7 SO) )

where
S =55,
s = Ml(S?) )

and for every (o, a) € C~ x A:

ZIEDIEE
O {(mi(5), ma(s9)) | s 1% vy}
o

o) | 5 1450 8}
0 = {a(s) | s 5 V)
e letacCand T = (S,—,—+/,s") € CTS,. Then

a =T =T(S,—"—,s",
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where for every (o/,a) € C~ x A:

( s/\a—al’lﬁ)}
FECILN s/\s;«és}

"
{

M)\//:{SO‘Hﬁ (0[’6 \//\oz—ozl_lﬁ)}
{S’SM\//\S#S}.

o Let T; = (S;, —i, —+/;, 8Y) € CTS,, for i = 1,2. Then

|| Ty = (S7H>—>\/750) )

s = (5(1)73(2)) )

sV = chy (S, \ (S1US)),

S =((S1U{sV}) x (S2U{sV}) \ {(sV,8V)},

and for every (o, a) € C~ x A:

{ 51, 82), ( ’ GS/\lelles“}
U{ 51,82 s 51,82 ‘ ES/\52 LQ 3225\/}7
M>\/: (s1,8Y) ‘31 }

{ v 82 ‘ S92 —> } .
o Let T; = (Si,—i, —+/;,89) € CTS, for i = 1,2. Suppose that T} HTQ =

(S, —,—+/,s") where S = ((S; U {sV}) x (Sa U{sV})) \ {(sY,sY)} and
sV = ch, (S, \ (S1US3)). Then

T[T =T1(8,—, =),
where

sY = ch.(S:\ S),

S ={s"}yus,

and for every (o, a) € C~ x A:

L0 (%, (s, 9)) | 88 L1y sqsvu L
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Let T = (S, —,—+/,s%) € CTS,. Then
5;I(T) = F(Sv -, _>\//7 SO) )
where for every (a,a) € C~ x (A\ H):

(), _ {(8, s/)

Jo e (3 oa, sSNa= aH(O/))} )
2y = {53 (s v e = ula)}

and for every (a,a) € C~ x H:

(0‘70‘) / — @ ’
(a,a) \// —0.

Let T'= (S, —,—+/,s") € CTS,. Then
i (T) =T(S, ~', =, s") ,
where for every (o,a) € C~ x ((A\ 1)\ {t}):

(), _ {(8, s/)

S/ s (s 195 S Ao =i(a)) ]
2y = s [ 3 (s BV na = (@)}

and for every v € C™:

[@]a

(01),/ Jo'ae (s 5 s Aae TU{t} Aa=ti(a))}

2 ={(s9)

Lo, = {s|3aae (s 2% nae TU T Ao =)},

and for every (a,a) € C~ x (I\ {t}):

(Oc,a) / — @ ,
(a,a) T
— \/ ot @ .

In the definition of alternative composition on CTS,;, the connected part of
a conditional transition system is extracted because the initial states of the
conditional transition systems 7; and T, may be unreachable from the new
initial state. The new initial state is introduced because, in 77 and/or T5, there
may exist a transition back to the initial state. In the definition of sequential
composition on CTS,, the connected part of a conditional transition system
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is extracted because the initial state of the conditional transition system 75
may be unreachable from the initial state of the conditional transition system
Ti, due to absence of termination in 77.

Remark 8 The elements of CTS,;, and the operations on CTS, defined above
are independent of ch,. Different choices for ch, lead for each constant to
isomorphic elements of CTS, and lead for each operator to operations on
CTS,. with isomorphic results.

We can easily show that splitting bisimilarity is a congruence with respect to
alternative composition, sequential composition, guarded command, parallel
composition, left merge, encapsulation and pre-abstraction.

Lemma 9 (Congruence) Let k be an infinite cardinal. Then for all
T, 15,1, Ty € CTS, anda € C, Ty 2 T} cdeQ =T, zmplyT1+T2 <:>T'+T2’,
T T2 <:>T/AT2/, « —>T1 e —>T/ T1 || T2 <:>7ﬁ/ || TQI, T1 UTQ <:>’7ﬁ/ uTé,
51\{(711) = 5;1(T1,) and 17 (Th) & E(Tll)

PROOF. Let T; = (S;, =, —+/;,s9) and T = (5], =%, —+/;,8%) for i = 1, 2.
Let R; and Ry be splitting bisimulations witnessing 77 < 77 and Ty, & T’ o
respectively. Then we construct relations Ry, Ry R~ R”, R R and R,
as follows:

o Ro = ({(s,5”)} Upi(R1) U pa(R2)) N (S x S'), where S and S are the sets
of states of T} + Ty and 17 F T}, respectively, and s and s are the initial
states of T} + Ty and T} + Ty, respectively;

o Ro= (pu1(Ry)Upa(Re)) N (S xS, where S and 5" are the sets of states of
T, ~Ty and 7|~ T3, respectively;

¢ R~ =Ry N(S x5, where S and S’ are the sets of states of a 7= 77 and
a = T7, respectively;

o Ity = {((s1,82),(8],85)) € S xS"| (s1,8]) € Ry URY,(s9,85) € Ry URY},

where S and S’ are the sets of states of T} HTQ and T} ﬂTé, respectively, and
RY = {(chy(Sx \ (81U S52)), chu(Se \ (51U S))))}

o Ry = ({(s% ")} U R) N (S x 8"), where S and S are the sets of states

of Ty HTQ and T HTQ’, respectively, and s and s are the initial states of
Ty || Tz and T7 || T3, respectively;
® Ry~ = RiN(Sx5'), where S and S’ are the sets of states of 0y (T}) and

8H( 1), respectively;
o R~ = RiN(SxS), where S and 5" are the sets of states of t; (T1) and

tr (T ), respectively.

Here, we write p;(R;) for {(u(s), pi(s")) | Ri(s, ')}, where p; is used to denote
both the injection of S; into S; WSy and the injection of S into S| W S5. Given
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the definitions of alternative composition, sequential composition, guarded
command, parallel composition, left merge, encapsulation and pre-abstraction,
it is easy to see that R;, R~ R RH’ R R and R~ are splitting bisim-

ulations witnessing T1 n T2 e T ¥ TQ, T1 T2 <:> T’ATQ’, a—=T2a=1T],
T1 || T2 = T/ || Té, T1 I_LTQ = T/ HTQI, 8H(T1) = OH(T’) and t[ (Tl) = t[ (T/)
respectively. O

The full splitting bisimulation models B<°, one for each infinite cardinal , are
the expansions of C with: 6

for the sort P, a non-empty set P;

for the constant §, an element & of P;

for each constant a (a € A), an element a of P;

for the operator + , an operation F:PxP—P;

for the operator -, an operation~: P x P — P;

for the operator :— , an operation :—:C x P — P;

for the operator ||, an operation ||: P x P — P;

for the operator || , an operation [ P xP —P;

for each operator 9y (H C A\ {t}), an operation d : P — P;
for each operator ¢; (I C A), an operation t; : P — P;

where those ingredients are defined as follows:

P =CTS, /&, ai=[Nle =la—=TNls,
5 = [0l (T [ [TB)e = [T T2)e

a = [l , (Tie [[T2)e =T [ T2le
[Th]e +[T2]e =[Th + T2l ou([Ti)e)  =[0n(Th)]s,
[Ti]e"[T2]e =[N Thle, t([(T)e)  =[t(M)]s

Alternative composition, sequential composition, guarded command, parallel
composition, left merge, encapsulation and pre-abstraction on CTS, /< are
well-defined because < is a congruence with respect to the corresponding
operations on CTS,.

The structures B are models of PA§°

6 Here, the expansions involve the addition of a domain because they go from a
one-sorted algebra to a two-sorted algebra.
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Theorem 10 (Soundness) For each infinite cardinal k, we have P |=
PA§.

PROOF. Because ‘B¢ is an expansion of C, it is not necessary to show that
the axioms of BA are sound. The soundness of all remaining axioms follows
easily from the definitions of the ingredients of P¢¢. O

The axioms of PA§® constitute a complete axiomatization of the full splitting
bisimulation models.

Theorem 11 (Completeness) Let k be an infinite cardinal. Then we have,
for all closed terms p and q of sort P from the language of PAS®, B = p = ¢
implies PAS = p = q.

PROOF. By Lemma 2, for each closed term p of sort P from the language of
PA§®, there is a closed term ¢ of sort P from the language of BPA§® such that
= ¢ is derivable from the axioms of PA§®; and by Lemma 3, all equations
between closed terms of sort P from the language of BPA§® that can be derived
from the axioms of PA§® can be derived from the axioms of BPAS§°. Therefore,
it is sufficient to prove that the axioms of BPA§® constitute a complete axiom-
atization of the restrictions of the full splitting bisimulation models of PA§"
to the constants and operators of BPA§®. To prove this, we adapt the proof of
completeness of the axioms of BPA, for the graph models of BPA, given in
Ref. [24].

We use two functions relating basic terms and finite acyclic elements of CTS,.
We write CTS® for the set of all finite acyclic elements of CTS,. Let cts: B —
CTS® be a function such that for all p € B, cts(p) is a representative of the
interpretation of p in P, and let term:CTS® — B be a function such that for
all T = (S, —, —+/,5%) € CTS®?, term(T) is term(s®), where for every state

[041} a1

s € S, term(s) = Y<jcp Qi i ;- term(s;) + Yicjem G5 by if s 5 s,
, s Aondan, o and s 200 /0 s LBndbe / are all transitions from state

s, and for every a € C, a is a closed term of sort C of which the value in C is
a. It is clear that the functions cts and term are not uniquely defined, but it
is easy to see that BPAS® - term(cts(p)) = p for all p € B.

We proceed with the crucial step of the proof. We introduce a reduction rela-
tion »» on the set of finite acyclic elements of CTS,. The one-step reductions

are sharing of double states as in Ref. [24] and two variants of joining of tran-
lefa,

sitions: (a) replacing s —— s” and s —— §” by s Lefla, o and (b) replacing
s Lole, V/ and s == Lla, V/ by lofla, ———— /. The one-step reduction relation — on

CTS™ is defined by T — T' iff T' reduces to T” by one of the above-mentioned
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one-step reductions. We write »» for the reflexive and transitive closure of
s, and »— for the reflexive and transitive closure of »— U »—~1,

The following are important properties of —:

(1) » is strongly normalizing;
(2) for all T, T € CTS®, T »» T implies T' < T";
(3) for all T, T" € CTS™ that are in normal form, T < T" implies T = T";
4) for all T,7" € CTS®, T » T" implies BPAS® F term(T") = term(T").
K 4

Verifying properties 1, 2 and 4 is trivial. Property 3 can be verified by proving
the property

for all T € CTS® that are in normal form, any splitting bisimulation
between T and itself is the identity relation,

together with property 3 simultaneously by induction on the number of tran-
sitions of the conditional transition systems concerned. This is similar to the
proof of Theorem 2.12 from Ref. [24], but is easier.

It follows immediately from properties 1, 2 and 3 that, for all T, 7" € CTS®,
T < T iff T = T". From this, property 4, the fact that P = p = ¢ implies
cts(p) = cts(q) and the fact that BPAJ® - term(cts(p)) = p for all p € B,
it follows immediately that for all basic terms p and ¢, B = p = ¢ implies
BPAS® = p = ¢. This results extends to all closed terms p and ¢ of sort P from
the language of BPAS® by Lemma 1. O

As to be expected, the full splitting bisimulation models are related by iso-
morphic embeddings.

Theorem 12 (Isomorphic Embedding) Let k and £’ be infinite cardinals
such that k < &'. Then P is isomorphically embedded in BC5.

PROQOF. The proof is analogous to the proof of the corresponding property
for the full splitting bisimulation models of ACP¢ given in Ref. [1]. O

5 SOS-Based Splitting Bisimilarity for PAj§

It is customary to associate transition systems with closed terms (of sort
P) from the language of an ACP-like theory about processes by means of
structural operational semantics and to identify closed terms if their associated
transition systems are equivalent by a bisimilarity-based notion of equivalence.
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The structural operational semantics of PA§® presented in Section 2 deter-
mines a conditional transition system for each closed term of sort P from the
language of PA§°. These transition systems are special in the sense that their
states are closed terms of sort P from the language of PA§".

Let p be a closed term of sort P from the language of PA§". Then the transi-
tion system of p induced by the structural operational semantics of PA§®, writ-
ten CTS(p), is the connected conditional transition system I'(S, —, —+/, s%),
where:

e S is the set of closed terms of sort P from the language of PAS*;

o 129, C 9 xS and M\/QS,foreachaEC\{J_} and a € A, are the
smallest subsets of S x S and S, respectively, for which the transition rules
from Table 3 hold;

e 5" € S is the closed term p.

Let p and ¢ be closed terms of sort P from the language of PA5°. Then we say
that p and g are splitting bisimilar, written p = ¢, if CTS(p) = CTS(q).

Clearly, the structural operational semantics does not give rise to infinitely
branching conditional transition systems. For each closed term p of sort P
from the language of PAS®, there exists a T' € CTSy, such that CTS(p) = T'. In
Section 4, it has been shown that it is possible to consider infinitely branching
conditional transition systems as well.

Remark 13 Let p be a closed term of sort P from the language of PAY".
Then [CTS(p) s is the interpretation of p in the full splitting bisimulation
models of PA§®. In other words, the structural operational semantics of PA§
Just provides a way to associate with each closed term of sort P a representa-
tive of the interpretation of that term in the full splitting bisimulation models
of PA§®. With the incorporation of communication below, it becomes trouble-
some to present a structural operational semantics. Therefore, we focus in
this paper with respect to semantics on the full splitting bisimulation models.
The structural operational semantics of PAS® is presented as well, because it
15 considered to be intuitively clear.

6 ACP with Coordination Conditions

In order to support communication, we generalize the parallel composition
operator of PAS® resulting in ACP.

Just as in PA§®) it is assumed that a fixed but arbitrary finite set of actions
A, with 6 ¢ A and t € A, has been given. In ACP°| it is further assumed that
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a fixed but arbitrary commutative and associative communication function
|:As x As — As, such that 6 |a = d and ¢t |a = ¢ for all a € As, has been given.
The function | is regarded to give the result of synchronously performing any
two actions for which this is possible, and to be ¢ otherwise.

The theory ACP“ has the constants and operators of PA§®, with the exception
of the left merge operator, and in addition:

e foreach £ C Awitht € E, the unary enabledness update operator Vg :C —
C.

Let ¢ be a closed term of sort C, and let £ C A with ¢t € E. Intuitively, the
enabledness update operators can be explained as follows:

e V() is ¢ with all enabledness conditions &, with a ¢ E replaced by L and
all enabledness conditions &, with a € E replaced by T.

In PA§®, the enabledness of actions is affected only by encapsulation and pre-
abstraction. In ACP“, the enabledness of actions is affected by parallel compo-
sition with another process as well. Parallel composition with another process
places a process in a context in which each a € A is either enabled or disabled,
depending upon the capability of the other process to perform an action b € A
such that a|b is an enabled action in the context in which the whole is placed.

The axioms of ACP are the axioms of PA§®, with axioms M1-M4 and GC8
replaced by axioms CME and EE1-EE7 from Table 4. Several axioms given
in Table 4 are actually axiom schemas: ay, by, al, b}, as, by, al, b, ... stand for
arbitrary elements of Ay, ¢ stands for an arbitrary element of A, and F stands

for an arbitrary subset of A that contains ¢. In axiom schema CME, for every
UV,W CAwith t € U V,W, &y yw iff for all u e A\ {t}:

ueV e Jj<n o (Vyw()=TAul|d;€U)
VIj<m e (U () =TAul|b; €U)

and

wueEW S Ji<ne Uy(G)=TAa;|uel)
VIi<me (Uy(§)=TAb |uel).

The axioms of ACP do not include axioms CM1-CM9 of ACP (see e.g.
Ref. [2]), i.e. the axioms of ACP for parallel composition, left merge and
communication merge, and axioms GC8-GC10 of ACP® (see e.g. Ref. [1]), i.e.
the additional axioms of ACP¢ for left merge and communication merge. The
reason for this is that these axioms cause problems. The point is that applying
them leads to changes of the context in which the processes involved in the
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Table 4
Axioms for ACP¢

xzz¢i:—>ai'xi+zwi:—>bi/\y: Zqﬁ;:—wz;--yj—l— ng = b =

i<n <m j<n’ j<m/’
zly= > MNucv &M ueavw =& =
(e i ) +
<n
Z\I/\/(wz) —b; Y+
<m
D W (¢) i a) - (]| yy) +
j<n’
> Wy () =V x+
j<m/’
D Wy(o) MWw () = (as | af) - (@i ]| y;) +
i<n,j<n’
> Tu() N (d)) = (bi | a)) -y +
i<m,j<n’
D W) N Ww(¢)) = (ai [ 0)) - i +
<n,j<m/’
S W) N T () i (b | b;)) CME
<m,j<m/’
Up(l)=1 EEL Up(—¢) = —VE(s) EE5
Up(T)=T EE2 Vep(pUy) =Vg(o)UVep(y) EE6
Up(&)=1 ifcg E EE3 V(o) =Ve(o)N¥p(y) EET
Up(&)=T ifccE EE4

parallel composition are placed. This point will be illustrated below, but first
CME, the axiom schema that replaces CM1-CM9 and GC8-GC10 in ACP**,
is explained.

Consider processes p, ¢ and p || g. The process p and the context in which p || ¢
is placed form parts of the context in which ¢ is placed; and the process ¢
and the context in which p || ¢ is placed form parts of the context in which p
is placed. Any subset of A that includes ¢ may be the set of all actions that
are enabled in the context in which p || ¢ is placed. Suppose that U C A with
t € U is the set of all actions that are enabled in the context in which p || ¢ is
placed. Furthermore, suppose that V C Awitht € V and W C Awitht € W
are the sets of all actions that are enabled in the contexts in which p and ¢,
respectively, are placed. Then the following must hold for all a € A\ {t}:

e a € V iff g, with exactly the actions in W enabled, can perform an action b

28



such that a | b € U (because a is enabled in ¢ together with the context in
which p || ¢ is placed);

e a € W iff p, with exactly the actions in V' enabled, can perform an action b
such that a | b € U (because a is enabled in p together with the context in
which p || ¢ is placed).

V and W determine whether the conditions under which p and ¢ can perform
their initial actions evaluate to T or L. In the case of p, for example, the basis
is that &, evaluates to T if a € V', and L otherwise. All this is made precise
in axiom schema CME. Notice that V' and W need not exist for each U: the
behaviour of p and ¢ may inhibit proper mutual enabling of actions for p || g.
In such cases, p || ¢ is considered to be incapable of doing anything. In other
words, if V' and W do not exist for some U, p || ¢ is considered to behave the
same as 0 in the event of U being the set of all actions that are enabled in the
context in which p || ¢ is placed.

We proceed with giving a few examples. In the examples, we take A such that
A=AuU{a|ae A} U{t} for some set A such that ¢ ¢ A. Moreover, we take
| - As x As — As such that, for alla € Aand b€ A, a|la =t a|b=24if
b#a,alb=473if b# a, and t|b = 4. This kind of communication is what we
call CCS-style communication. We start with giving an example of processes
p and ¢ of which the behaviour inhibits proper mutual enabling of actions for
p || ¢, whatever actions are enabled in the context in which p || ¢ is placed.
Consider the processes p = &, :— b and ¢ = —&; :— a@. The behaviour of these
processes inhibits proper mutual enabling of actions for p || ¢ whatever actions
are enabled in the context in which p|| ¢ is placed: if a is enabled by ¢, then b
is enabled by p and consequently a is not enabled by ¢; and if a is not enabled
by ¢, then b is not enabled by p and consequently a is enabled by ¢. Hence,
we have

& —b|| & —a=9. (1)

More precisely, for all U C A with ¢t € U, there do not exist V.W C A
with ¢ € V and t € W such that ®yy . Using this, equation (1) follows
immediately from CME. We proceed with giving an example of processes p
and g of which the behaviour does not inhibit proper mutual enabling of
actions for p || ¢, whatever actions are enabled in the context in which p || ¢ is
placed. Consider the processes p = &, :—b+¢and ¢ =a+ & :— c. There is a
unique proper mutual enabling, viz. the mutual enabling in which exactly the
actions a and ¢ are enabled by ¢, and exactly the actions b and ¢ are enabled
by p. Hence, we have
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(& —b+70) || (@+&:—c¢)
=b-(@a+c)+c-(@+c)+a-(b+¢)+c-(b+7)+t. (2)

More precisely, for all U C A with ¢t € U, &y yw iff V = {a,c} and W = {b, c}.
Using this, equation (2) follows easily from CME, EE4, GC1, GC7 and BA.
Finally, we give an example of processes p and ¢ of which the behaviour is such
that there are two proper mutual enablings of actions for p||¢, whatever actions
are enabled in the context in which p || ¢ is placed. Consider the processes
p=&:—b+—-& :—cand q = &:—a+—&:—¢. There are two proper mutual
enablings, viz. the mutual enabling in which only the action a is enabled by ¢
and only the action b is enabled by p, and the mutual enabling in which only
the action c is enabled by ¢ and only the action ¢ is enabled by p. Hence, we
have

(& i—=b+-& —0o) | (&G —a+—-&:—7)
=b-at+a-b+c-c+c-c+t. (3)

More precisely, for all U C A with ¢t € U, ®yyy iff V = {a} and W = {b}
or V= {c} and W = {¢}. Using this, equation (3) follows easily from CME,
EE3, EE4, EE5, GC1, GC2, GC7 and BA.

Axioms similar to the axioms of ACP and ACP® for parallel composition
are too much to expect for ACP®. The mutual enabling of actions involved
in the parallel composition of two processes is a matter which can only be
resolved by looking at the processes as a whole. As a case in point, let us
consider the process dg((a + b) || & :— b), where H = {a,a, b, b}, with CCS-
style communication. Using CME, we derive as intended

Or((a+0b)||&:—b)=0u(a-b+b-b+b-(a+b)+t)=t.

If we could use axioms CM1-CM9 of ACP, then we would be able to derive
Or((a+0b) || &:—b)=0y(a|| & —b+b|| &G:—b+&:—b| (a+b) +a
E:—b+b|&:—b). Applying CM4, CMS8 and CM9 leads to splitting up the
context in which & :— b is placed. The main problem with that is the loss
inb| &:—band b|& :— b of the enabling of @ by a + b. If we could use
axioms GC8-GC10 of ACP® as well, then we would even be able to derive
On((a+0) || &:—b) =0u(&:—(a-b+b-b+b-(a+b)+1t)) =4. Applying
GC8-GC10 leads to moving the condition & outwards. The problem with that
is that it gets lost that the condition & concern the enabledness of action a
in a different context.

Note that, in the example just given, axioms CM1-CM3 and CM5-CM7 do
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not cause any problem. In fact, we can extend ACP*® with the auxiliary op-
erators || and | and axioms CM1-CM3 and CM5-CM7. However, we cannot
obtain a finite axiomatization of the parallel composition operator || in that
way, whereas the usual reason to introduce || and | is to obtain such a finite
axiomatization.

Like in the case of PA§®, we can prove that all closed terms of sort P from the
language of ACP are derivably equal to a basic term.

Lemma 14 (Elimination for ACP) For all closed terms p of sort P from
the language of ACP, there exists a basic term q € B such that ACP*“ Fp =

q.

PROOF. CME is in the shape of an implication. Let CME’ be the equation
obtained from CME by taking the right-hand side of this implication and
replacing every occurrence of x and y by the right-hand side of the equation
for x and y, respectively, at the left-hand side of this implication. Let CME" be
CME' with the conditions [,c;r & MMyea\r —& moved inward (applying GC4)
and combined with the conditions Wy (¢;) MWy ((}), Yy (&) MW w((}), Yy (G) M
Wy (&) and Wy (&) M Wy () (applying GC6). The term rewriting system
consisting of all axioms of ACP, except BA1-BA8 and A1-A3 and with
CME replaced by CME”, oriented from left to right is strongly normalizing.
This can be proved by using the method of lexicographical path ordering
of Kamin and Lévy, making the signature one-sorted, taking the ordering
o> >4 > >0, > >, 0 >:—, 0y > 1,0y >—, 0y > U,
ty > =, tr >ttt >T,tr>—tr>U || >a, || >&, || >—, || > Vg,
for all H C A\ {t}, I CA a € Aand F C A with ¢t € F, and giving the
lexicographical status for the first argument to - and the lexicographical status
for the second argument to :—. Moreover, it is easy to see that each normal
form is a basic term. O

We can also prove that ACP is a conservative extension of BPA§®.

Lemma 15 (Conservative extension) If p and q are closed terms of sort
P from the language of BPAS, then BPAS" F p = q iff ACP“ F p=gq.

PROQOF. The proof is analogous to the proof of Lemma 3. O

The preceding two lemmas will be useful in the completeness proof of ACP*
for the full splitting bisimulation models of ACP*® that will be introduced in
Section 7.
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Remark 16 The priority guards added to CCS in Ref. [13] are similar to the
coordination conditions of ACP, but subject to the restriction that CCS-style
actions must be taken. Take CCS-style actions, i.e. A= AU{a|a € A} U{t}
for some set A such thatt ¢ A. Let a,b € A, ay,...,a, € A\ {t}, and let
p and q be terms of sort P. Then —(& U ... U &) :— a - p, where @ = a,
is written {a,...,a,} : a . p with priority guards. The following shows an
inconvenience of priority guards: —(Ez U ... U &) :— (a-p+b-q) must be
written {ay, ..., a,}:a.p+{aq, ..., a,}:b.q with priority guards. The following
shows a limitation of priority guards:  :— a - p, where C is of a form different
from — (& U ... U &), cannot be written with priority guards. A consequence
of the limitations of priority guards is that splitting bisimilarity can be replaced
by the simpler strong offer bisimilarity of Ref. [13].

Remark 17 ACP includes pre-abstraction, but not abstraction. Abstraction
is usually based on observation equivalence [11] or branching bisimulation
equivalence [29], which both abstract from both the structure of finitary internal
activity and its presence. That way, a process without internal actions can be
equivalent to a process with internal actions. For example, a-b = a-t-b under
observation equivalence and branching bisimulation equivalence. However, a-b
cannot always be replaced by a-t-b in ACP: with CCS-style communication,
a-bl|-(&EU&) —c=a-b-c,buta-t-b|| - (&EUE) —cF#a-b-c.

Terms of sort C are interpreted in C as in the case of PA§®, the association of
operations with the extra-Boolean operators Vg excepted. With the operator
U is associated the unique endomorphism of C extending the function Vg
on {& | a € A} defined by V(&) = T ifa € F and V(&) = Lifa &
E. Tt follows automatically that axioms BA1-BAS, ED1-ED7, EI1-EI7 and
EE1-EE7 constitute a sound and complete axiomatization of the expansion
of C with the operations dy, t; defined in Section 2 and Vg defined above.
Henceforth, we loosely write C for this expansion of C.

Associating transition systems with closed terms of sort P from the language
of ACP®® by means of structural operational semantics is troublesome (see also
Remark 21). Moreover, the structural operational semantics of ACP* would
just provide a way to associate with each closed term of sort P a representative
of the interpretation of that term in the full splitting bisimulation models of
ACP®, which are presented in Section 7. For these reasons, we refrain from
presenting the structural operational semantics of ACP*.

7 Full Splitting Bisimulation Models of ACP*

In this section, we adapt the full splitting bisimulation models of PAS® to
ACP®. In order to cover communication, the operation on CTS, /< associated
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with the operator || has to be adapted.

~/
Like before, we begin by associating an operation || on CTS, with the operator

o Let T; = (S;, —4, —+/;,8Y) € CTS, for i = 1,2. Then

70

Tl “\/ T2 = F(S7 g _>\/7 SO) ’

where

s = (s, 53) ,

sV = ch, (S, \ (S1U %)),

S =((S1U{sV}) x (S2U{sV})) \ {(s¥,sv)},

33



and for every (o, a) € C~ x A:

29 = {((s1,52), (4, 52)) | (5, 52) € S A
\/ (51 ﬂq EREAA
te?f\e/c‘/\_/CA Q)UVW(81782) /\

Muev €u MNueavv =& =aA
Uy(a) =T)}
U {((s1,52), (51, 55)) | (51, 55) € S A
\/ (32 ﬂ@ sh1sY A
a’eCc—,

/
teU,V,WCA q)U,V,W(ShSZ) A

Mucv & M ueaw =& = a A

\Pw(0/> = T)}
U {((s1,52), (51, 58)) | (s, ) € S A
Voo (s S ssy Asy 5 s s A

o ,B'eCc—,a’ b EA,
tEU,V,WCA (I)U,V,W(Sla So) A

Mucv & T MNueavw =& =a
Wy (o) MUy (3) =T Ad [V =a)},

M)\/: {(sl,s“) ‘ 51 M\/l}
{(S‘/,Sz) ‘ So M\/Q}

\/ (SIL\A i, —— Vo A

o ,B'eCc—,a’ b EA,
teU,V,WCA q)U,V,W(Slv 82) A

Muev &M MNueavv =& =aA
Uy (o) MWy (8) =T Ad [V =a)}.

and for every U, V,W C A with t € U,V,W and for every (sq,$2) € S,
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Oy (51, 82) iff for all uw € A\ {t}:

uevVe

[ //]a

dao”,a", 5" e (52 — 0 " AUy (o) =T Aul|d € U)

[a//

V3o a" e (52 —>\/2 ANVUw(@)=TAulad" € U)
and

ueWwWs

[ //] all

da”,a", 5" e (51 — 1 AUy () =T Ad" |u € U)
vV 3a" a" e (31 —a>\/1/\\I/V(o/’) =TAd |ue U) :

We can show that splitting bisimilarity is a congruence with respect to parallel
composition.

Lemma 18 (Congruence) Let k be an infinite cardinal. Then for all Ty, Ty,
~/ ~/
T, T, € CTS,, ' 2T and Ty 2 Ty imply T | To =T || Ts.

PROOF. Although parallel composition as considered in the setting of ACP“
differs from parallel composition as considered in the setting of PA§®, a witness-
ing splitting bisimulation can be constructed in the same way as in the proof of
Lemma 9. It is straightforward to show that the constructed relation is a split-
ting bisimulation indeed. However, it is not so easy as in the proof of Lemma 9.
The most important complication is that we have to verify whether the con-
structed relation, say R, has the following property: R((s1, s2), (s}, s5)) implies
Dy yw (81, 82) iff @ yy (), 85) for all UV, W C A with t € U, V,W. O

The full splitting bisimulation models P of ACP®, one for each infinite
cardinal k, are the restrictions of the full splitting bisimulation models ¢
of PA§® to the constants and operators of BPA§® expanded with an adapted

operation ﬂ, on CTS, /< for the operator ||. The operation ﬂ, is defined as
follows:

[Tl]gﬂ/ [Th]e=[T1 ﬂ/ T ]e

The operation H on CTS /@ is well-defined because & is a congruence with
respect to the operation || on CTS,.

The structures ¢~ are models of ACP*“.
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Theorem 19 (Soundness) For each infinite cardinal k, we have P |=
ACP*.

PROOF. Because all changes with respect to ¢° concern the operation as-
sociated with the operator ||, it is sufficient to show that axiom schema CME
from Table 4 is sound. The soundness of CME follows easily from the defini-
tions of the ingredients of Be°. O

The axioms of ACP constitute a complete axiomatization of the full splitting
bisimulation models.

Theorem 20 (Completeness) Let r be an infinite cardinal. Then we have,
for all closed terms p and q of sort P from the language of ACP*, B |=p = ¢
implies ACP“ = p =q.

PROOF. By Lemma 14, for each closed term p of sort P from the language
of ACP®, there is a closed term ¢ of sort P from the language of BPA§" such
that p = ¢ is derivable from the axioms of ACP’; and by Lemma 15, all
equations between closed terms of sort P from the language of BPAS® that
can be derived from the axioms of ACP can be derived from the axioms of
BPAj". Therefore, it is sufficient to prove that the axioms of BPA§® constitute
a complete axiomatization of the restrictions of the full splitting bisimulation
models of ACP to the constants and operators of BPA§". In the proof of
Theorem 11, it is shown that the axioms of BPA§® constitute a complete
axiomatization of the restrictions of the full splitting bisimulation models of
PAj§® to the constants and operators of BPA§®. Because the restrictions of the
full splitting bisimulation models of PA§® to the constants and operators of
BPAj§® coincide with the restrictions of the full splitting bisimulation models
of ACP*“ to the constants and operators of BPAS, the proof is completed. O

It is easy to see that Theorem 12 goes through for .

In this section, the full splitting bisimulation models P¢¢ of PA§® have been
adapted to obtain the full splitting bisimulation models ¢ of ACP“. Hence-
forth, we loosely write P for P

Remark 21 Associating transition systems with closed terms of sort P from
the language of ACP® by means of structural operational semantics is trou-
blesome. The main problem is to define by means of transition rules, for every
U VW CAwitht € UV, W, a binary relation on closed terms of sort P that

~/
corresponds to @y as in the definition of || above. This requires, among
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other things, stretching the style of structural operational semantics. Transi-
tion rule schemas, i.e. transition rules in which meta-variables standing for
arbitrary members of some set occur, are quite usual. However, here a “transi-
tion rule schema schema”, i.e. a transition rule schema in which “meta-meta-
variables” standing for arbitrary members of some set occur, is needed. These
meta-meta-variables stand for sets that serve as index sets of indexed families
of meta-variables. A complicated side-condition, involving both meta-variables
and meta-meta-variables, is needed as well.

8 Guarded Recursion

In order to allow for the description of (potentially) non-terminating processes,
we add guarded recursion to ACP*.

A recursive specification over ACP is a set of recursive equations £ = {X =
tx | X € V} where V is a set of variables and each tx is a term of sort P from
the language of ACP that only contains variables from V. We write V(E)
for the set of all variables that occur on the left-hand side of an equation in E.
A solution of a recursive specification E is a set of processes (in some model
of ACP*) {Px | X € V(E)} such that the equations of E hold if, for all
X € V(F), X stands for Py.

Let ¢t be a term of sort P from the language of ACP containing a variable
X. We call an occurrence of X in t guarded if t has a subterm of the form
a - t' containing this occurrence of X. A recursive specification over ACP* is
called a guarded recursive specification if all occurrences of variables in the
right-hand sides of its equations are guarded or it can be rewritten to such
a recursive specification using the axioms of ACP and the equations of the
recursive specification. We are only interested in models of ACP* in which
guarded recursive specifications have unique solutions.

For each guarded recursive specification F and each variable X € V(F), we
introduce a constant of sort P standing for the unique solution of E for X.
This constant is denoted by (X|E). We often write X for (X|E) if E is clear
from the context. In such cases, it should also be clear from the context that
we use X as a constant.

We will also use the following notation. Let ¢t be a term of sort P from the
language of ACP® and E be a guarded recursive specification over ACP.
Then we write (t|E) for ¢ with, for all X € V(F), all occurrences of X in ¢
replaced by (X|E).

The additional axioms for recursion are given in Table 5. Both RDP and
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Table 5

Axioms for recursion

(X|E) = (tx|E) ifX=tx € E RDP
E=X=(X|E) fXecV(E) RSP

RSP are axiom schemas. Side conditions are added to restrict the variables,
terms and guarded recursive specifications for which X, tx and F stand. The
additional axioms for recursion are known as the recursive definition principle
(RDP) and the recursive specification principle (RSP). The equations (X |E) =
(tx|E) for a fixed E express that the constants (X|E) make up a solution of
E. The conditional equations F = X = (X|FE) express that this solution is
the only one.

In the full splitting bisimulation models of ACP*‘, guarded recursive specifi-
cations over ACP have unique solutions.

Theorem 22 (Unique solutions) For each infinite cardinal k, guarded re-
cursive specifications over ACP have unique solutions in PB<°.

PROOF. In Ref. [30], a proof of uniqueness of solutions of guarded recursive
specifications in the graph models of ACP, is given. That proof can easily
be adapted to the full bisimulation models of ACP introduced in Ref. [28].
The proof consists of the following three steps: (i) proving that two transition
systems are bisimilar if at least one of them is finitely branching and all their
finite projections are bisimilar; (ii) proving, using the result of step (i), that
every guarded recursive specification has a solution that is finitely branching;
(iii) proving, using the result of step (i), that the solution from step (ii) is
bisimilar to any other solution. Steps (ii) and (iii) remain essentially the same
in the case of conditional transition systems and splitting bisimilarity. It is
straightforward to define a normal form of elements of CTS,, such that: (a) each
element of CTS, is splitting bisimilar to its normal form and (b) two elements
of CTS, are splitting bisimilar iff their normal forms are bisimilar (cf. the last
two paragraphs of Section 3). This enables us to adapt step (i) easily to the
case of conditional transition systems and splitting bisimilarity. O

Thus, the full splitting bisimulation models B¢ of ACP* with guarded recur-
sion are simply the expansions of the full splitting bisimulation models ¢¢ of
ACP*® obtained by associating with each constant (X|F) the unique solution
of E for X in the full splitting bisimulation model concerned.
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Table 6
Axioms for preferential choice

d+r==x PC1

a-rxty=a-x+—-&:—y PC2
(z+y)Pz=c+(y+2)+y+(x+z) PC3
proxpy=¢:—(r+y)+—¢:—y  PC4

9 Preferential Choice

In the presence of conditional expressions of which the conditions concern the
enabledness of actions in the context in which a process is placed, it is easy to
give defining equations for a preferential choice operator. In this section, we
extend ACP with the binary preferential choice operator + : P x P — P.

Let p and ¢ be closed terms of sort P. Intuitively, the preferential choice
operator can be explained as follows:

e p+> g behaves as p if the context in which it is placed permits it to behave
as p, and as ¢ otherwise.

The additional axioms for preferential choice are the axioms given in Table 6.

Axiom PC2 is actually an axiom schema: a stand for an arbitrary element of
A.

From the axioms of ACP and axioms PC1-PC4, we can easily derive that the
equation (¢p:—a-x+1:—b-y)+z = p:—a-x+:—b-y+—((¢N&E)U(YNE)):—z.
The following generalization of this result gives a full picture of the preferential
choice operator.

Proposition 23 (Characterization) From the axioms of ACP* and ax-
toms PC1-PCY, the following is derivable for alln,m >0, for all ag, ..., a,_1,
bo, NN 7bm71 € A:

<Z¢z = a; T+ Z% = bi) +y

<n <m

= Z¢z = Tt sz — b

<n <m

+ = (Uicn(9i M &) Ullicm (i M &) =y
PROQOF. Easy, by induction on n +m. 0O

A corollary of Proposition 23 is that the preferential choice operator is asso-
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ciative.

Corollary 24 (Associativity) For all closed terms p, q, v of sort P from the
language of ACP extended with preferential choice, p+ (q+r) = (p+q)+r
is derivable from the axioms of ACP* and axioms PCI1-PCj.

Another corollary of Proposition 23 is that all occurrences of the preferential
choice operator can be eliminated from closed terms.

Corollary 25 (Elimination) For all closed terms p of sort P from the lan-
guage of ACP® extended with preferential choice, there exists a closed term q
of sort P from the language of ACP® such that p = q is derivable from the
axioms of ACP and axioms PC1-PCY.

Remark 26 The priority choice operator added to CCS in Ref. [12] is similar
to the preferential choice operator of ACP, but subject to the restrictions that
CCS-style actions must be taken and the initial actions of the operands of the
priority choice operator must be input actions. Take CCS-style actions, i.e.
A=AU{a|ae€ A} U{t} for some set A such thatt ¢ A. An action a € A is
called an input action if a € A. Let a,b € A\ {t}, and let p and q be terms of
sort P. If both a and b are input actions, then a-p+b-q is written a.p+b.q
with priority choice as well. Otherwise, a - p + b - q cannot be written with
priority choice. Note that a -p—+ b-q can be written a . p + {a} : b . q with
priority guards, also if not both a and b are input actions.

Remark 27 Preferential choices do not need the full expressiveness of ACP.
The additional expressiveness is among other things found in terms of the form
&M&:—(a-p+b-q). Terms of this form express that there is a proper choice:
if not both a and b are enabled, then there is not really a choice. The additional
expressiveness is also found in terms of the form a-p+ & :—c-q. An example
using a term of this form is given in Section 10.

The full bisimulation models of ACP® with preferential choice are the expan-
sions of the full bisimulation models P of ACP obtained by first associating
with the operator + a corresponding operation on CTS, and then lifting the
result of this to CTS, /<. This calls for extraction of the initial guarded actions
of a conditional transition system.

Let T = (S,—,—+/,s%) € CTS,. Then the initial guarded actions of T,

[a]a

written I(T), is the set {(a,a) € C™ x A|Js € Ses® —= sV s loJa, v}

We proceed with associating with the operator 4+ an operation + on CTS,
as follows.

40



o Let T; = (S;, —4, — s9) € CTSy for i = 1,2. Then

Tl '/i:) T2 = F(Sa - _>\/7 80) ’
where
sY = ch (S, \ (S1WS,)),
S = {80} U (Sl G| Sg) s
and for every (o, a) € C~ x A:
R (MO RS
U {(SO,,[LQ(S)) ‘ 35 e (sg Lla,, s A
@ = _(U(a’,a’)eI(Tﬂ(O/ M ga/)) M ﬁ)}

We can show that splitting bisimilarity is a congruence with respect to pref-
erential choice.

Lemma 28 (Congruence) Let k be an infinite cardinal. Then for all
Ty, Ty, T), Ty € CTS,, Ty & T} and Ty & Ty imply T} + Ty & T, + Ty,

PROOF. Although preferential choice differs from alternative composition
(being a non-preferential choice), a witnessing splitting bisimulation can be
constructed in the same way as in the proof of Lemma 9. It is straightforward
to show that the constructed relation is a splitting bisimulation indeed. As
compared with alternative composition, all we have to do more is to show
that 77 = 17 implies U anerer) (@' T &) = Uaranyern (@ ME). O

The operation 4+ on CTS, /& is defined as follows:

[Tl]ﬁ-': [TQ]QZ [Tl ":T2]3‘
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10 Examples

In this section, we give an example of the use of the preferential choice operator
and an example of the use of coordination conditions where the preferential
choice operator is inadequate.

The first example is adapted from Ref. [5]. The example concerns a printer
with a control panel. The printer will print an infinite sequence (cy, c1, ca, . . .)
of characters from a finite set of characters C, but can be interrupted by
means of the control panel. The control panel has two buttons, a start button
to indicate that the printing must be started and a stop button to indicate that
the printing must be stopped. Whenever a button is pushed, a corresponding
message is sent to the printer. The printer prints characters from the infinite
sequence, but can also receive messages from the control panel. The recursive
specification of the control panel is as follows:

C = b(start) - s(start) - C + b(stop) - s(stop) - C';

and the recursive specification of the printer is as follows (i > 0):

P = WO )
W; = r(start) - P; + r(stop) - W; |
P, = (r(start) - P, 4+ r(stop) - W;) + p(c;) - Piyq -

In this example, we take | : As x As — A; such that s(start) | r(start) =
c(start) and s(stop) | r(stop) = c(stop), and in all other cases it
yields 6. The whole system is described by t;(0x(C || P)), where H =
{s(start),r(start), s(stop),r(stop)} and I = {c(start), c(stop)}.

In the recursive specification of the printer, the preferential choice operator
is used in the equation for P; to describe that receiving a message from the
control panel must be given preference to printing a character. It follows from
the axioms for preferential choice that the preferential choice operator can be
eliminated from this equation. This yields the following equation:

Pz' - T(Sta’rt) : R + T(Sto]?) : Wz + _<g'r(sta7"t) U 5r(stop)) — p(cz) : Pi—l—l .

From the axioms of ACP, the additional axioms for preferential choice and
RSP, we can derive that t;(0g (C'|| P)) is the solution of the following recursive
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specification (7 > 0):

4 =48,
Z¥ = b(start) -t - ZP + b(stop) - t - Z2
Z! = b(start) -t - Z +b(stop) -t - Z{ + ple;) - Zyy -

This shows that the reaction to button pushing is immediate: printing of char-
acters never takes place between button pushing and the reaction to button
pushing.

The second example concerns a sender of messages and two receivers. The
sender will send an infinite sequence (mg, my, ma, . ..) of messages from a finite
set of messages M. Each message from M is either secure or not. One receiver,
say R, receives only the messages that are secure and files them after receipt.
The other receiver, say R, receives only the messages that are not secure and
discards them after receipt. Whenever receiver R is ready to receive a message,
but the message that the sender is ready to send is not secure, receiver R sends
a request to receiver R’ to take over the receipt of the message. Receiver R’
receives messages only after receipt of a request from receiver R. The recursive
specification of the sender is as follows (i > 0):

S = SO )
Si = S(TI’LZ) . Si+1 )

the recursive specifications of the two receivers are as follows:

R = Zr(m)-f(m)-R+ |_| Emy i —sr- R,
meSM m'eM\SM
R=r- Y rm) R.
m/e M\SM

In this example, we take |: As X As — As such that s(m) |r(m) = ¢(m) for all
m € M and sr|rr = cr, and in all other cases it yields 6. Moreover, we write
SM for the set of all messages from M that are secure. The whole system is
described by t;(0y (S| (R|| R'))), where H = {s(m),r(m) | m € M}U{sr,rr}
and [ = {c(m) | m e M} U {cr}.

From the axioms of ACP® and RSP, we can derive that ¢;(0g(S || (R || R)))
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is the solution of the following recursive specification (i > 0):

Z :Zo,
Zi=t-Zi if mi & SM .

This shows that all messages from the infinite sequence (mg, my, mo,...) are
either filed or discarded. In other words, no deadlock occurs.

Note that R cannot be specified by means of the preferential choice operator:
the coordination condition needed concerns the enabledness of actions that do
not belong to the initial actions of R, whereas the preferential choice operator
concerns the disabledness of actions that belong to the initial actions of a
process.

11 Concluding Remarks

We have presented ACP, an extension of ACP with conditional expressions of
which the conditions concern the enabledness of actions in the context in which
a process is placed. The presentation includes the axioms of ACP and the
main models of ACP. To the best of our knowledge, there is almost no work
in the field of process algebra on conditions of this kind. The closest related
are the priority guards added to CCS in Ref. [13]. However, priority guards
are much simpler, are restricted to CCS-style communication, and can only be
used in combination with action prefixing. There are several extensions of ACP
that include conditional expressions of some kind. ACP is a variant of a recent
extension of ACP with conditional expressions called ACP¢ [1,31], which in
turn is based on earlier extensions of ACP with conditional expressions that
can be found in Refs. [20,32,33].

A striking point of ACP® is that its axioms do not include axioms similar
to the axioms of ACP for parallel composition (axioms CM1-CM9, see e.g.
Ref. [3]). Such axioms are too much to expect: the mutual enabling of actions
involved in the parallel composition of two processes is a matter which can
only be resolved by looking at the processes as a whole. The same need of
a global approach makes it troublesome to associate transition systems with
closed terms in the style of structural operational semantics.

We do not have a clear notion of the applications of ACP“. We have treated
an application of ACP that remains within the domain of process algebra:
the extension of ACP® with a preferential choice operator. This operator
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generalizes the priority choice operator added to CCS in Ref. [12].

ACP includes pre-abstraction, but not abstraction. Abstraction is usu-
ally based on observation equivalence [11] or branching bisimulation equiv-
alence [29], which both abstract from both the structure of finitary internal
activity and its presence. That way, a process without internal actions can be
equivalent to a process with internal actions. This is undesirable in the setting
of ACP®. Orthogonal bisimulation equivalence [34], an equivalence introduced
recently, abstracts from the structure of finitary internal activity, but not from
its presence. This equivalence looks to be better suited to the setting of ACP.

One option for future work is development of an extension of ACP® with
abstraction based on orthogonal bisimulation equivalence. Another option for
future work is investigation into ways to combine the kind of conditions con-
sidered in ACP*® with other kinds of conditions, in particular with the retro-
spective conditions of ACP* [1].
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