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Abstract. We construct parametrices for initial value problems of the form
(02 —iA(z, @, Dz) + B(z,2, Dz))u =0, 2> 20, u(20,") = uo, )

where (z,z) € R x R", A(z,x, Dz) is a family of order 1 pseudodifferential operators with homogeneous real principal
symbol a(z, x, £), and B(z,x, D) is a family of order v > 0 pseudodifferential operators with non-negative homogeneous
real principal symbol b(z, x, §). The parametrix is a family of pseudodifferential operators when A = 0, and a Fourier integral
operator with real phase function if A # 0. A priori this leads to symbols of type (p,d) = (1 — %, %), which limits our
construction to v < 1, and leads to operators with a complicated symbol calculus in the case v = 1. With an additional
assumption on B we obtain symbols of type (p,d) = (1 — %, %), for some L > 2. The assumption implies in particular that
the first L — 1 derivatives of b vanish where b = 0. Parametrices for (*) are constructed for the case when 2y < L.

Keywords: Fourier integral operators, pseudodifferential initial value problem

1. Introduction
In this paper we study pseudodifferential operators of the form
P=0,—iA(z,x2,D;) + B(z,z,D,). (D)

We assume that A and B satisfy

(i) A = A(z,x,D,) is a smooth family of pseudodifferential operators in Op S'(R" x R™), with
homogeneous real principal symbol a = a(z, , £).

(il) B = B(z,x, D) is a smooth family of pseudodifferential operator in Op S7(R"™ x R™), v > 0,
with non-negative real homogeneous principal symbol b = b(z, x, ). To be precise we assume b
homogeneous for || > 1, and smooth for |£| < 1.

(iii) The derivatives up to order L — 1, L > 2 of b and of B; = B — b satisfy

_ lal+18]
L

_ ol +18]
100020z, 2, &) < C(1+ [¢))T T2 (1 4 bz, 2, ) ,
lal + 18] < L, 2)
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lo]+]8]+2 _laf+18]+2
L

0% ¢ Bu(z 2. O < C(1+1€) T (1 4 bz, 6))! : 3)
la| + |8l +2 < L.

Without B the operator P would be a standard first order hyperbolic operator. The operator B introduces
damping into the equation. Because B is of order v > 0, this will lead to the suppression of singularities
propagating in a region where b # 0. The third assumption means that B increases slowly near points
where b = 0. It implies that the derivatives of b up to order L. — 1 vanish on the set of (z, z, ) where
b = 0. It is automatically satisfied for L = 2, v = 1 by the inequality b'> < 2b||b"|| L. By (ii) it is also
satisfied for |a| 4 || > L, with a constant C,, g depending on «, 3. We study the initial value problem
for P with initial value at some 2y € R, given by

Pu(z,-) =0, forz€lzy, Z[, u(zo, )= upg. 4)

Operators of this type appear in one-way wave equations, see [7]. Here B is assumed to vanish on a
large subset of (R x R™) x R", that has a non-empty interior. Outside this set the equation should not
admit the propagation of singularities and B is assumed to be non-zero. As a consequence B vanishes
to all orders at the boundary of the interior of the zero set. Operators of the type (1) also appear in drift
diffusion equations. Estimates for exponential decay in hyperbolic first order systems, with B = 0, were
given in [6].

The existence and uniqueness of solutions to (4) follows from the results in Section 23.1 of [3] for
v < 1. In Section 2 we extend this to the case where B satisfies (2), (3) with 2v < L. The solu-
tion operator will be denoted E : H*(R™) — C([20, Z]; H*(R™)). By E(z, zp) we will denote the map
uy — Fup(z, ).

The solutions will be related to those of the purely hyperbolic operator F, defined by

Py=0, —iA(z,z, D,). 5

By Fy and Ey(z, z9) we denote the solution operator to the initial value problem for F. It is well known
that F is a Fourier integral operator, and can also be defined for z < zy if A and B are defined there, see
[2] or a text on Fourier integral operators such as [1, Section 5.1] (note that A(z, x, D) is not strictly a
pseudodifferential operator in (z, =), but a z-family of pseudodifferential operators in z, but the argument
remains valid, see, e.g., Theorem 18.1.35 of [3].) Let py = po(z, z,(, &) = i( — ia(z, z, &) denote the
principal symbol of Fy. For B = 0 the singularities (elements of the wave front set of the solution) of
the solution propagate on the set py = 0 according to the Hamilton vector field of py /i, which reads

0 da O da O

3 a{@JF@'a_g‘ (6)

The solution curves to this field are called bicharacteristics. They can be parameterized by z. We de-
note the (z, &) components of the solution curve with initial values (x, &) at zg by (I(z, 20, o, o),
F{(zs 20, 70, &0))-

Let I = I(z, z, &) be the integral of B along a bicharacteristic with initial values x, £ at z (not at zg)

I(z,x,&) = /Z b(2 L2, 2,2,8), Te(, 2,2, ) d2'. 7

20
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Let @, ., denote the bicharacteristic flow on R™ x R™\ 0, i.e.,
¢Z,20(x, é) = (Fx(z, ZO’ w’ f)’ F{(Z’ ZO’ w’ f)) (8)

We also define I = f(z, z, &) by

1:(2', 2, ) =Uo0P,,)(2,2,8 = / b(z’, I(7, 20, 2, €), Fg(z’, 20, T, §)) dz'. 9

20

The factors exp(—I(z, z, £)), exp(—f (z,x,&)) will be used in the construction of solutions to (4).

We will construct a parametrix for (4), in the form of a family of pseudodifferential operators if
A = 0, or a Fourier integral operator with real phase function if A # 0. The factor exp(—I) will be part
of the amplitude. A complication is that exp(—1I) is not a standard symbol in S°. Instead we need the
symbol classes SZ s(R™ < R™) of type p, 6. By definition a function f in C°°(R"™ x R™) is in the space
SZ s(R™ x R™) of symbols of order y and type p, d, if there are constants C, g such that

10207 f(a, )] < Ca(1 +[e)* 171, (10)

The case p = 1,5 = 0 is the standard case. For v = 1 and without additional assumptions on B the
problem (4) leads to operators of type (p, ) = (%, %). For example, when A = 0 and B is independent of
z it is known that E(z, z9) = exp(—(z — 20)B(z, x, D)) is in Op S?/z,l/z (see the remarks in [9, p. 515]).
This case has also been analyzed using Fourier integral operators with complex-valued phase function
[4,5].

Symbols of type p, § do not always lead to a good calculus of pseudodifferential and Fourier integral
operators. For pseudodifferential operators many of the usual results hold when p— 4 > 0. If on the other
hand p — é = 0 then the commutator of two pseudodifferential operators is no longer of lower order.
In that case a more refined analysis is required, which we will not discuss here. For Fourier integral
operators one has p = 1 — §, and the requirement becomes % < p < 1,see, e.g., Theorem 2.4.1 in [1].

Here we show that when (2), (3) are satisfied with 2v < L, then we have symbols in classes

Si‘ﬂ JLy/L> SO that a good calculus exists. A first indication of such behavior is that, if f is a sym-
bol [0,c0[— R, i.., satisfies |f®(y)| < Cp(1 + y)°~*, then f o b is a symbol in Gmax(@.0) The

I—y/Ly/L
proof (almost immediate) is given in Section 2, where we also show that a pseudodifferential square

root v/1 + B exists modulo a regularizing operator. Our first main result is the following theorem about
the solution operator E to the initial value problem (4). When we write that W is a bounded family
of pseudodifferential operators in Sﬁ% with 9JW in Sﬁg, then it will be understood that 3 W is also a
bounded family in this class.

Theorem 1. Let A and B satisfy (1)—(iii), and assume ‘that 2~y < L. Then there are bounded families
of pseudodifferential operators W = W (z,x, D) and W = W(z,z, D) in Op S?—y/L,w/L(Rn x R™),

with 3JW and 91W inOpS{?_ | (R™ x R™), such that

Wz, z, Dy)Ey(z, z0) = E(z, z9) = FEo(z, Zo)W(Z, z, D). (11D
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The symbol W (z, x, &) can be written as an asymptotic sum

W = (1 +> K(j)> exp(—I) + R, (12)
j=1

where R is a smooth family of symbols in S™°(R" x R™), and the KV satisfy

KY is a smooth family of symbols in S~ DR"™ x R™), z € [z, Z], and (13)
KY exp(—1) is a bounded family of symbols in S_j(l_%)(R" x R™), z € [29, Z],

21 R (KD axp(—TY) in SFI—I0—2)(RP 5 R™
with 07(K"Y exp(—1)) in S L/(R™ x R"™). (14)

Furthermore, K9(z,z,6) = 0 for (2, z, &) such that I(z, z, €) = 0. The same is true for W(z, x, &) with
I instead of I.

When I(z,z,£) > 0 for some point (z, z, £), then exp(—1(z, x, A§)) and its derivatives decay expo-
nentially for A — oo, and exp(—1) is in S~°°. Hence for a bicharacteristic with some finite part in the
region of cotangent space where B > 0, the factor W is in S~°°, and the solution operator becomes
regularizing. The difficult part is therefore the behavior near the boundary of the region B > 0.

For each z derivative our estimate of W (z, x, ) worsens by a factor (1 + |£])?. It turns out that in fact
there is a better estimate. Let C'y denote the canonical relation of F

Co = { (2, (2, 20, 20, &), az0, 20, 0), Te(2, 20, 20, £0); 0, &0) |
(J?(),go) c R” x R™ \ 0,z > Zo}. (15)

Theorem 2. The symbols W and W are in S?—V/L 7/L((]zo, Z[xR™) x R™), and the map E is a Fourier
integral operator in If_léjL(]zo, Z[xR™ R™; Cp).

Recall that a symbol in S Z s((Jzo0, Z[xR™) x R™) is assumed to satisfy estimates like (10) only locally.
A function f = f(z,2,£) is in Sﬁ(;((]zo, Z[xR™) x R™) if for each «, 3 and each conically compact
subset K of (Jzp, Z[ xR™) x R"™) there is a constant C,, g i such that

102,02 (2,2, 8| < Coprc (1 + )TV (20,6 e K. (16)

There need not be constants such that (16) is valid globally. Indeed we find bounds for the z-derivatives
of W(z, x, £) that blow up when z — 2.

The organization of the paper is as follows. In the next section we discuss the well-posedness of the
problem (4). We then study the case A = 0. In Section 3 we estimate various quantities in terms of
powers of (1 + [£|) and (1 + I), and we discuss symbols estimates for functions with a factor exp(—1)
that result from this. We then prove Theorem 1 for the case A = 0 in Section 4. In Section 5 we use
this result and Egorov’s theorem to prove the case A # 0. We then prove the Fourier integral operator
property in Section 6. In the final section we discuss a choice of b that satisfies the assumption (2).

To denote a constant we will use the letter C'. The value of C' can change between equations.
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2. Well-posedness

In this section we construct the square root v/1 4+ B, modulo a smoothing operator. Using this square
root we show that the problem (4) has unique solutions satisfying energy estimates. The following lemma
concerns the square root.

However, we first show that if f: [0, co[— R is a symbol of order §, that is for each k there is a CY

such that | f®(y)| < Cr(1 + )°*, then f o bis a symbol in Sinf’;(}sf,)v L A simple computations shows
that 0%

(2,x)

6? f(b) is a sum of terms of the form
k N .
cf® T 02,00, (17)
j=1
where c is a constant, }; a; = «, 3°; 8; = (B and (o, ;) # 0. By (2) this is less or equal than

_ gy lel+8] _lal+18] max(8,0)— B Ll +16l
Cloas(LH1E)TT T 704005 < Crap(l + [¢)™ 0277 (18)

PR max(d,0)
hence f o bisin Sl—v/L,w/L‘

Lemma 3. Assume that B is selfadjoint and satisfies (ii) and (iii) and that 2~y < L. Then there is a
smooth family of pseudodifferential operators

Q(z.x,Dp) €0pS)2 | (R" x R")

with agQ(z, x,D;) € Op 5171277?7//LL(R" x R™), such that Q) is selfadjoint and Q> =1+ B+ R, with
Re S~

Proof. The proof is a variant of the standard construction as an asymptotic sum (see, e.g., Lemma I1.6.2
in [8])

Q=00+ QW .... (19)

In this construction the first term satisfies Q@ = (1 + b)!/2 + L.o.t. A remainder is defined

k—1 2
R® = (Z QU‘)) —(B+ 1D, (20)

j=0

and this is used to define the symbol of the next term, such that
1
QY =S +b RV + 1ot 1)

We must show that the Q) defined in this way are symbols of decreasing order.
As an induction hypothesis we assume that R* is selfadjoint and a sum of terms of the form

K’ l
el +b I [[o B, [ 020¢b (22)
j=1 j=k'+1
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modulo S~ and with }_; o[+ k" = 37, [8;| + k" > k. By (2) and (3) each of these terms is a bounded

family of symbols in 57_(Zj laij/)(l_zV/L)(R” x R™). Set Q) equal to the —%(1 + b)~1/2 times the
sum of the terms with 3, |aj| + k' = k, and make it selfadjoint by averaging with the adjoint. Then
Q™ is a sum of terms of the form (cf. Lemma 18.1.7 on adjoints of pseudodifferential operators in [3])

4 l
1 +b)2 [0 B, [ 020¢b (23)
j=1 j=k'+1

modulo S~°. Tt follows that R**+1 is again a sum of terms (22), now with o lagl+k =32, 18| +K =
k + 1. The Q™ are bounded families of symbols in §?/2~*F1=27/L)(R™ x R™)i_y/ L/ With 92Q%) in

SYZ 2;/”;4 /LLfk(lfzﬂ// L)(]R” x R™). It follows that the asymptotic sum () exists and satisfies Q> = 1+B+R,

with R€ S7>°. O
Next we consider the well-posedness of the Cauchy problem
Pu=f, 0<z<Z; u = ug, whenz=0. (24)
For convenience we have set zy = 0 here. To show the well-posedness of this Cauchy problem we use the
previous lemma and follow the argument in [3], Lemma 23.1.1 and Theorem 23.1.2, with minor modi-

fications. Let 4 = max(1, ). We have the following equivalents to Lemma 23.1.1 and Theorem 23.1.2.

Lemma 4. Suppose A and B satisfy (1), (ii) and (iii) with 2 < L. If s € R and if X is larger than some
number depending on s, we have for every v € C'([0, Z]; H*) N C°([0, Z]; H¥*Y) and p € [1, oc]

(3 1

with the interpretation as a maximum when p = oo.

P >1/P < w0, )| —|—2/Ze)‘z||PuH - dz (25)
Hs X 5 Hs o Hs s

Theorem 5. Suppose A and B satisfy (i), (i) and (iii) with 2~y < L. For every f € L'(]0, Z[; H®)
and ug € H?, there is then a unique solution u € C([0,T]; H®) of the Cauchy problem (24), and (25)
remains valid for this solution.

Proof of Lemma 4 and Theorem 5. With the operators () and R from Lemma 3 we find that for some
constant ¢

Re((iA(z, @, Dy) + B(z,x, Dg))v,v) = Re((iA(z, z, Dy) + R — 1)v,v) + (Qu, Qu)
> —c(v,v), veH, (26)

where to estimate Re(iA(z, x, D)v, v) it is used that A — A* is pseudodifferential of order 0 and hence
L?-continuous. The case s = 0 now follows from the arguments of the proof of Lemma 23.1.1 in [3].
For s # 0 we set F4(D,) = (1 + |Dx|2)5/ 2 It follows from the composition formula for symbols and
the assumptions (2), (3) that Ey(D,)A(z, z, D,)E_s(D,) and E(D,)B(z,x, D,)E_s(D,) satisfy the
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same assumptions as A and B. For s # 0 the estimate (25) now follows from the same estimate with s
replaced by 0, P replaced by Es(D,)PE_¢(D,), and u replaced by E;(D,)u.

For the theorem we follow the proof of Theorem 23.1.2 in [3]. In the proof of the uniqueness in
Theorem 23.1.2 we replace s — 1 by s — 7. For the existence we find that the constructed solution
u € C'([0, Z]; H*~%Y). Thus (on page 388) s is replaced by s+27 instead of s+2, and the approximating
solution w,, should be in C'([0, Z]; H**7). The theorem then follows. O

3. Symbol estimates for exp(—1)

In this section we will establish symbol estimates for functions of the form K exp(—I) =
Kz, x,8exp(—I(z,x,£)), z € [z, Z]. Differentiation of exp(—1I) brings out a derivative of I that
is of order (1 + [£|)Y. We will improve on this by using the property (iii). We will first estimate the
derivatives of I by powers of (1 + |£]) and I. After that symbol estimates are obtained using the fact that
(1 4+ y)° exp(—y) is bounded for y > 0. We study the case A = 0, where the bicharacteristics of P, are
the straight lines (x, £) = constant and the integral I reduces to

I(z,2,8) = /z b(2, x,€)dz’. 27

Lemma 6. There are constants C,, g such that

|o]+18] || 48]
1+ D'

0007 1| < Cap(1+ ) 7H 2 . 2 €20, 7] (28)

Proof. This is true automatically for || + |3| > L. So suppose || + |3| < L. By definition
22087 = [ 000Ph( w6 d, €] > 1 (29)
rrET T o V¢ s L s .

The Holder inequality implies that

? —y | leltiBl
[riey ave' " e
20
— 17“1‘+|5|
S +IEDTTA+D) T | pya—darsionsoHizzll pr/dal+is)
lal+18l (‘2 — 2o + I -t ol +18] 1+1 1 el
=(z—2z2) L (7()) <C(z—2) L (7> , (30)
T NaEED v \asiey

—L . . .
where I, . is the indicator function and the L IeI+15 norm is taken on a z-interval in R, for fixed (z, §).
This inequality and (2) imply the estimate

| +15] loe|+18] lal+18]

00071 < Cap(1+16) T 7@ —2) T 1+ D' F, ol +16| < L, (31)

from which (28) follows. O
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Lemma 7. Suppose there is a constant . such that for each «, 3, j, there are constants Cy, g j and pq, g,
such that

. _ o +18] - )
000000 K (2,2, )| < Capg(1+ [€)* T (14 12,2, 6)7, 2 € [20,2). (32)

Then K(z,x,&)exp(—I(z,x,£)) is a bounded family of symbols in S{L_W/LW/L(R" x R™), with

I (K exp(—1)) in Sfj]m LR X R,

Proof. For the derivative of an exponential we have

02907 (K exp(—1))

|ae|+18]+37

= 2 2 2 Do Cmaalmy B0, GO, . j)

m=1  oW4...paM=q D 4...4BM=3 jD4...4 j(m) =5

xexp(—D3 "0 01 K (2., ) T 0202 01" (- . (33)
=2

Here 3.4 jom—; is the sum over all m-vectors with non-negative integer components satisfying
GV 44§ = 4, and for 3. | qem—q the o) are itself multi-indices, and the sum is such that
(@®, 80, j) # 0 for | > 2. From the inequality (28) and the fact that 839,077 < C(1 + |¢[)~ 1 it
follows that

. m 4 _ lal 4181
ag“)a?(”ag“’f((z, - f)Hag‘”af(”ag(”(—I) < C’(l T |€|)u 1B+ +])’Y(1 + 1) (34)
1=2
for some ¢. Since (1 + y)° exp(—y) is bounded for any &, y > 0 it follows that

la|+]8]

1000704 (K exp(—D)| < C(1 + |¢f)* T, (35)

This completes the proof. O

The lemma shows in particular that the function exp(—I) is a bounded family of symbols in
S?_V/LW/L(R" X R”)., wij[h 0l exp(—1I) a pounded family in .sz,y/Lﬂ/L(R" X R”?. o '

The class of K satisfying the assumption of the lemma is closed under multiplication and taking
derivatives. That is, if K’ satisfies the assumptions of Lemma 7, with constant y/, then its derivative
agagagK’(z,x,@ satisfies the assumption with y = ¢’ — 8] + ((Ja| + [B])/L + j)v. If K" satisfies
the assumption of the lemma with constant y”, then the product K'K” satisfies the assumptions with
constant u' + p”.

4. Parametrix for the case ¢ = 0

In this section we prove Theorem 1 for the case A = 0, for which the operator F is given by
FEy(z, z9) = Id. An important part of the proof is an order by order construction. We first prove a lemma
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that is important for the induction step. As usual # denotes the composition of symbols. From now on
we will write B® = b, B = B —b.

Lemma 8. Assume 2y < L. Suppose K = K(z,x,&) is a smooth family of symbols in S™(R"™ x R")
that satisfies the estimate (32) with constant u. Then B#(K exp(—1)) can be written as an asymptotic
sum

Bz#(K(2)exp(—1(2))) = > MY exp(—1(2)) + R, (36)
j=0

with R a smooth family in S=°, M© = bK and MY a smooth family of symbols in SMTYHIO—D(R™ x
R™) that satisfies (32) with constant i/ =+~ — j + 1. The integral [; M U(2")dz! satisfies (32)
with i/ = p — j(1 — 27).

Proof. By the composition formula the symbol B(2)#(K (z) exp(—1(z))) is given by an asymptotic sum
(withj =0or1)

el
3¢ ;)' 98 BY(2)0% (K (2)exp(—1(2))) + R, 37)
a,j ’

with R a smooth family in ST*°(R" x R™). We let

_j)lal o
MP@ = Y %exp([(z)) 0¢ BV (2)05 (K (2) exp(—1(2))), (38)
aj. lal+j=k

so that (36) is satisfied. Each term in the sum (38) is a product of a constant, a factor O?B(j )(2), a factor

ag’K (2) and a factor exp(] (z))ag” exp(—1(2)), with o’ 4o’ = &. These are smooth families of symbols
of order y — j — |&|, pv and ||y, which shows the first statement about the M. Also, they satisfy the

o] ||

assumption of Lemma 7 with constant  equal to v — |&| — j, u + 7~ and -, respectively. The
remarks following the proof of Lemma 7 about the multiplication of such functions show that each term
satisfies the assumptions of this lemma with constant p + v — |&| — j + %'y. Since for M® we have
k = |@| + j it follows that the M*) satisfies (32) with constant ;' = p + v — j + %7.

Let K' be given by K' = [* M O(!, x,€)d7, for some [. For K’ we must estimate the multiple
derivative agaf I K'(z,,6) If j # 0, then this is equal to a multiple derivative of M®, given by
agaf oI-'M ®, and the result follows from the result already proven for M®. Next suppose that j = 0.

In this case aga?agK’(z, x, &) is a sum of terms
Z ! -~ / - " /1 ~
c / 02149 BY exp(1)9g" 3] T (K exp(—I)) d2, (39)
20

where cis a constant and o/ + o’ = «, '+ " = (3. For such term we can put outside the integral a factor
Cc(1+ !§|)“_‘5H|_|5‘|+ el 7(1+I)P that is an upperbound for exp(I)ag‘” E)?/Urd(K exp(—1)). Thus
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we obtain

gt e 118 [+
0002 K| < C(1 + ey T (4
z | Lo/ +al |6 +2)
L

(116D [+l T+

20

d?/, (40)

if |o/| + |a] + || + 25 < L. The integral on the right-hand side can be estimated as in (30). Since
| = j+|a| this yields that K’ satisfies (32) with p¢ given by pi/ = p—1(1—%7).If |o/ +&|+|8'|+25 > L,
then

18" —|&| 4 L 118 116 18—

Then

lo|+]&|+]8"|+25

(I+le) < (+leh =7
so that again K’ satisfies (32) with p given by pi/ = 1 — I(1 — #). O

Proof of Theorem 1 for the case A = 0. In this case Ey(z, 29) = Id, and we can write & = W, where
we view the family of pseudodifferential operators W as mapping functions of z € R to functions of
(z,x) € [20, Z] x R™. We construct a bounded fami}y of pseudodifferential operators W (z), z € [z, Z]
in S?ﬂ JLyy e With 0J W (2) a bounded family in 57 '_Yﬁ/ 1.1 Satisfying

W (20, z, D) = 1d, 42)
and
PW is a bounded map H* (R") — Ck([zo, 20+ 2], H*H (R™)), (43)

for any k, s, [. After that we show that W — Wisa smoothing operator. From the construction of Wit
will also follow that W has the properties described in the theorem.

The operator W will be constructed as an asymptotic sum of W@ with decreasing order W =
32520 WY, The symbols WY(z, z, €) will be of the form

WOz, 2,8) = KV(z, 2,8 exp(—1(z,x,8)), (44)

with K© = 1 and the K@, 7 = 1, to be determined. We will assume that the K @) will satisfy the
assumptions of Lemma 7 for y = —j5(1 — %7), and are symbols of order j(2vy — 1).

The compositions aﬁ/ and BW are again a family of pseudodifferential operators. We have

@

azw(j) =Op ( 0K

. exp(—1) — bKY exp(—I)) . (45)
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Hence
. )
PWY =0p ( 0K exp(—I)>
0z
+ Op(B(z,,€)) Op(KY exp(—1I)) — Op(b(z, z, ) K exp(—1)). (46)

We define operators R = PW and R®, given by

k—1
R® =Py W9, (47)
j=0

We denote by MY* the operators M® from the previous lemma, applied to K = KU~ For k = 1
we can write, using (46)

R®) _ i P50 (), 48)
=0
with
P — A s (49)
P10 10 %Z(O) _b—0 (50)

For k£ > 1 we have (48) if we set

pUh=14D — k=Lk=1+D) () (51)

plhk=1) _ (k=1k=1) o 7 rk0) | KZU _ pI kD) L= %ﬁl) (52)
Assume that ) = 0,7=0,...,k— 1. Then let

KP(z) = - / TR a, (53)

20

By the previous lemma this is a bounded family of symbols in S*?Y=D_ Tt also satisfies the assumptions
of Lemma 7 with 1 = —k(1 — 2~). By (52) it follows that then 7**1*) = 0. Thus by induction we

S k2
find a series of K® such that R® is a bounded family of symbols in SY_,YL/ L’:(/l I LV), for z € [z0, Z].
It follows that, for fixed z, R is continuous H*(R") to H**/(R"*!), uniformly in z. The operators 3J R

are bounded families of symbols in S U.J“l)'yf%(]R x R). The terms in their asymptotic expansions also
vanish. Hence is 9/ R is also continuous H*(R™) to H stL(R™), for any s, [. This shows (43).

By definition W (%)) = 1 and W% = 0, j > 1. We can assume the asymptotic sum of symbols
is such that (42) is satisfied. (Because W is a bounded family, with continuous symbol, it follows that
W (2)uy is a continuous function of z with values in H?, for any uy € H?.)
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Eq. (43) and the energy estimates for this problem (see Section 2) imply that
W —W e 5 (([z0, Z] x R") x R"), (54)

It follows that Egs. (11) are satisfied.
From the construction of W it follows that (13) and (14) are satisfied. It is clear that when I(z, x, &) =

0, then b(%, x,£) = 0, 2’ € [0, 2], and then all the KY(z, x, €) are zero. O
5. The case A # 0

In this section we complete the proof Theorem 1, by proving the case A # 0. The general case will be
derived from the case A = 0, by using Egorov’s theorem (see, e.g., [8, p. 147]). Consider the transformed
function u defined from u by

Wz, ") = Fo(z, z0) 'u(z). (55)

Of course we have

?(2,20) —iA(s, 2, Dy) (2, 7). (56)
z

We will use the notation

B(z,2,D,) = Ey(2,20)" ' B(z, 2, Dy) Eo(z, 20). (57)
The pseudodifferential equation now becomes

(3. + B(z,2,D,))i = 0. (58)

By Egorov’s theorem Bisa pseudodifferential operator of order v with homogeneous real non-negative
principal symbol

b=bod, . (59)
We have
I(z,2,&) = / bz, z,&)dz. (60)
20

The following lemma states that the properties (2), (3) and (12)—(14) are conserved under the mapping
B — B.

Lemma 9. The symbol B, defined by (57) is a smooth family of symbols in S7(R™ x R™) satisfying (2)
and (3) with b instead of b, if and only if B has these properties. Let W (z, x, D) be a bounded family of
pseudodifferential operators. Then W (z) = exp(z, 20)~' W (2) exp(z, z) satisfies (12)—(14) if and only
if W satisfies (12)—(14).
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Proof. We use Egorov’s theorem in the form given by Taylor [8, p. 147]. Taylor assumes that the sub-
principal symbol A — a is polyhomogeneous, but it can be checked from the proof that this assumption
may be omitted, and that the result applies to our case as well. The map Q — Q = E(z, 20) " 'QE(z, )
maps a bounded set of symbols Q(z, &) to a bounded set of symbols, where the principal symbol is given
byaqu@z,zo- _

To apply this to a family of symbols B = B(z, z, £), observe that the derivatives 3] B are given by

0B = E(z,2) " (3. —i[A, 1) BE(z, %). (61)

It follows that if B is a smooth family of symbols in S7(R™ x R™) then B is a smooth family of symbols
in ST(R™ x R™). N R

_It follows from (59) that B has homogeneous, real, non-negative principal symbol b. To establish that
B, b satisfy the properties (2), (3) we recall the construction of the asymptotic series for B in the proof
of Egorov’s theorem in [8, p. 147]. Consider the transformation of a symbol () independent of z. From
the transformation Q = E(z, 20) " 'QE(z, ) a z-family of operators () is obtained, that satisfies the
differential equation

0:,Q(20) = i[Az0, 7, D), Q(20)],  Q(2) = Q. (62)
The asymptotic series is obtained by solving a series of differential equations for the @U), 7=0,1,...,

02 — H)QY (20, 2,6) = a1, (63)

with initial condition

) Q@ 8, atz=z j=0,
Q (ZOa 36,5) - {O, at 20 = 2, ] 2 1’ (64)
where a_; = 0 and
1 ‘04|+1 o
a; = {A —a, QU)} + Z aaAaaQ(J) a?Q(”a;’A). 65)
|| >2

Thus @(0) is constant along the integral curves of 0, — H,, hence we have

Q2,76 = Q(P3.(x,9). (66)

For 7 > 1 we find

@(j)(zo,x,é) = —/ aj_l(Z,,@(ZO,Z/)_I(CU,@)' ©7

20

It follows that we can write the asymptotic series for () as

(Z Saﬂaga?cg) o P, (68)
a0
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where S, 3 are smooth families of symbols of order — || + | (|| + |5])/2] and Spp = 1.

This shows that (2), (3) are satisfied at least when the z-component of « is 0. For terms with a non-zero
number of z-derivatives it follows using (61). N

This shows the if part. The map B — B has an inverse given by B = E(z, 20)BE(z, z9)~', which
satisfies a similar differential equation in 2. The only if part is obtained by applying similar arguments.

The statement about W follows from (12) and the expression for the asymptotic series (68). O

Proof of Theorem 1 for the general case. By the previous lemma, and the proof of the theorem for
A = 0 it follows that (58) has a solution operator E that is a family of pseudodifferential operators
W (z, z, D) with the properties of the theorem. By the definition of % it follows that

E(z,20) = Eo(z, 20)E(z, 20). (69)
This yields the second equality in (11). Obviously we have

E = Ey\EEy 'E,. (70)
By Lemma 9, EOEEO_ "is a family of pseudodifferential operators W (z, z, D) with the properties of
given in the theorem. This yields the first equality in (11). O
6. The Fourier integral operator property

In this section well establish the Fourier integral operator property. So far we had that for each z

derivative the bounds for symbols of the form K exp(—1) increased with a factor (1 + |£])?, uniformly

in z. To obtain symbols estimates also w.r.t. the z-derivatives we establish improved bounds in the
following lemmas.

Lemma 10. Let b be as in (i), (iii). Suppose I is given by (27). Then there are constants C, C' such that

b, 2,6) < Oz — 20) T (1 4 [¢]) T (2,2, )T 1)
and
b2 2. 6) < O'(1+1€)"(1 + (2 — 201 +€7) " TF (1 4 [z, €))7 T71 (72)

when z € )z, Z] and 2" € [z, z]. There are constants Ca,3,j such that

Jtlal+8] j+lal+8]

10202001| < Copy (1 + 16D N1 =2 + 1)) 7T A+ DT, (73)

when z € |z, Z].

Proof. An assumption on b is that

—~|0b DV |
(1+1¢]) ”5]<C((1+15\) n)E (74)
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It follows from this that for some constant C,

((1+1€) BT — ((1+ 1) 0" E < Cil! — 2. (75)

Assuming for the moment 2’ > 2”, it follows that

(1+1€)77bG) = (((1+ 1) BE) E — Cu — 2" (76)
Let

> ((1+|£|) (') T

+ = C .

Denote I(z, 29, x,&) = | ZZO b(z',x,£)dz’. By integrating the previous inequality over z” it follows that

1

LTt )70 2. 0) T (77)

(L+[&) "1 72, 2,8 >

With z” > 2’ we find the same inequality for (1 + |£))~71(Z4, 2/, x, ) by a similar argument. Hence if
z2—20 < C((1+ €D, , 5))L then

I I(z_ 2"

= > Cb, (78)
zZ— 2 Z =z

while if Z — 29 > 2 — 29 > C((1 + |€))77b(2, 2, €)) T, then by (77)

L+1

(1) T2 C((1+1e) 7B T (79)

It follows that

I T
(e ((z zO><1+|£|)v> ‘ (80)

The inequality (71) follows from this.
Of course we also have that b < C(1 + [£])7, hence

b< O+ |E) T+ DTF min((1 4 |€])7, (2 — 20)~") F57. 1)

The minimum on the right-hand side can be estimated by

min((1 —i—]{\) (z—20)7") <

—1
) ol )

1
((1 e ¢ TIT AT E =z

Thus we have (72).
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Suppose first that j + |a| + |3] < L. If j = 0 the inequality (73) follows from (31). In case j > 1 we
have for the derivatives w.r.t. (2, x, £) of

029011 = 870,081 'b(z, 2. £). (83)

From (2), (72) and (83) it follows that

) _ —L—1+j+|a|+|8] Lt1—j+|a|+|B]
peofelr| < CU+1e) 1+ -1+ [E)T) " T a+DT . (84
The inequality (73) follows, using that

1+1
1+ (z — 20)(1 + [¢])

is bounded. For any («, (3, j) there is a constant C' such that
00001| < Oz — z)(1 + [¢))" 7. (85)
This implies that (73) is also true when j + |a| + || = L. O
Analogously as in Lemma 7, symbols estimates for functions of the form K exp(—1) in
S{L_y/L,W/L((]ZO’Z[XRW x R™)
follow if K satisfies certain estimates in terms of powers of (1 + I):

Lemma 11. Suppose I is given by (27). Suppose that there are 1 and k such that for each o, (3, j there
are constants Cq, g j and p g j such that

000000 K (2,2,6)| < Cagy(1 +[¢])* 7

Jtlel+18]

x(1+(z—zo)(1+|§y)7)“‘j+ L (1L + I(z,2,8))"™%, 2z €]z, Z]. (86)

Then there are constants C’(’l 8. such that

1020707 (K (2, 2, &) exp(— (2,2, €)))]

o Ll 18]

<L (14 1ED 71 4 2 = 200 (1 + [€])7) . zelu 2, 87)

and hence K exp(—1)) € S{ij/'zﬁ/L((]zo, Z[xR™) x R™).

The class of K satisfying the assumption of the lemma for some p and & is closed under multiplication
and taking derivatives. That is, if K’ satisfies the assumptions of Lemma 11, with constant u' and &/,
then its derivative 6%6? 09I K'(2, z,¢) satisfies the assumption with = p/ — |3 and k = K — j +
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(J + || + |8)/ L. If K" satisfies the assumption of the lemma with constant x”” and ", then the product
K'K" satisfies the assumptions with constants p' + p” and x” 4+ ”. From Lemma 10 it follows that I
satisfies the assumption of Lemma 11 with 4 = x = 0, and b with y = yand Kk = —1 + %

. _i=x
Proof of Theorem 2. To show that the W are in Sl_](vl/ Lfy/) 1 ((Iz0, Z[xR™) x R™), we first give an

improvement of Lemma 8. We will show that in fact the M@ satisfy (86) with constants (y1+v—j, —1+
(1 +4)/L), and that the integral [ M9, 2, z,€) d2’ satisfies (86) with constants (i, & + 25 /L).

Recall that the M%) were defined in (38). Each term in the sum (38) is a product of a constant, a factor
O?B(j)(z), a factor ag/K(z) and a factor exp(I(z, zo))ag” exp(—1(z, 2p)). These satisfy the assumptions
of Lemma 11 with constant (u, ) equal to (y — |&| — 7, —1 + (1 +2j + |&|)/L), (u, k + |&/|/L) and
(0, ||/ L), respectively. The remarks following the proof of Lemma 11 about the multiplication of such
functions show that each term satisfies the assumptions of this lemma with constants (1 + v — |&| —
4, =1+ +25 +2|al)/L). Since for M® we have k = |a| + j it follows that the M® satisfies the
assumptions of Lemma 11 with constants (¢ + v — k, —1 + (1 + k)/L).

Let K’ be given by K' = [* M D!, z,€)d7’, for some [. For K’ we must estimate the multiple
derivative 0% 6? I K'(z,2,€). If j # 0, then this is equal to a multiple derivative of M©, given by
agaf 977" M®, and the result follows from the result already proven for M. Next suppose that j = 0.

In this case aga?agK’(z, x, &) is a sum of terms
SN N W
c / 049 BY exp(1)92" 8] " (K exp(—1)) d2, (88)
20

where cis a constant and o'+ = «, 3'+ 3" = (3. For such term we can put outside the integral a factor

" 1" ~
oy 21218 110

C(L+[E)" (14 (2 — 20)(1 + [¢])7) 1+ IyP

that is an upperbound for exp(/ )ag”a§ ”er(K exp(—1I)). Thus we obtain
ot Lo 118" 416
000K/ (2,2, < C(1+ €N (1 + (z — 20 (1 + [€))" £

_ /| +1E+18" [ +25
L

(1+1y

x(141¢))7 /Z((l F1EN) T + b)) dz'. (89)

20

The integral on the right-hand side can be estimated as in (30). Since [ = j + |&]| this yields that K’
satisfies the assumptions of Lemma 11 with x4 and x given by ¢/ = pand ' = k + %l
1—32)

Since the W are in S —Jv /1.5 /1» We can assume that also the asymptotic sum W= Y2 WP is in

S(l)—'y/L,v/L((]ZO’ Z[xR™) x R™). Then by (54) the S}inbol of W is also in S(l)—'y/L,'y/L((]ZO’ Z[xR™) x
R™). By the Egorov theorem and (61) it follows that W is also in S?_WL v/L((]ZO’ Z[XR™) x R™).
Let ¢, € C§°(Jzo, Z[) be a function of z only. It is sufficient to show that for each such 1), the oper-

ator 1, I is a Fourier integral operator. Let ¢, € C5°(]zo, Z[) be 1 on supp(¢;). Let x = x(D., D,) be
in Op SO(R™+! x R™*1), with symbol x(¢, £) that is 1 on a small conic neighborhood of £ = 0,( # 0,
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and 0 for ((, ), with [((,£)| > 1 and outside a larger conic neighborhood of £ = 0,( # 0. We assume
in particular that y = 0 on a neighborhood of the set { = a(z, x, £). Since v, is only a function of z it
commutes with W, and we have

ViE =W (1= X) + X) 2 Eo. (90)

The operator xi»Ej is a smoothing operator. The proof of Theorem 18.1.35 of [3] shows that
YW (1 — x) is a pseudodifferential operator in Op S?_ /Ly L(}R"Jrl x R™1). Since E, is a Fourier

integral operator in 11_1/4(]20, Z[xR™ R™; Cp), it follows that 1o; W ((1 — x)y» Ey is a Fourier integral
operator in [ f _14 ‘; 1. Uz0, Z[xR"™, R"™; Cp). Thus 4 E' is a Fourier integral operator. [

7. Symbols b satisfying the assumption

We discuss a class of examples such that (2) holds for b. Let h be a scalar function h:R —
[0, ool : y — h(y) that satisfies

hisC®; h(y)=0 fory<0; h(y) >0 fory>O0. 91)

We assume that for || > 1, b is given by

lolen )

|£] > 1, where p and W are real valued C'*° functions.
For h we assume that there are an interval [—(, 3] an integer L and a constant C' such that on [—(3, ]

b(z,x,&) = |{TW (z x,

' (y)‘<Ch(y)l L i=1,...,L—1. (93)

We have in mind the well known example

[0, y <0,
hy) = {eXP(—l/y), y > 0.

It can be seen that this choice of & satisfies the properties (91) and (93) by computing the successive
derivatives and using that 47 exp(—(1 — «)/y) is bounded for each j, « < 1 and y > 0. We have the
following proposition.

By computing the derivatives of b and the assumption (93) we have the following proposition.

(94)

Proposition 12. Let h be given by (94) or otherwise let h satisfy (91) and suppose that there are 3 > 0,
an integer L and a constant C' such that on [— 3, 3] the inequalities (93) hold. Suppose p = p(z,x,£/|&])
and W = W(z,x,&/|€|) are real valued C* function such that

W( '] £|> constant > 0. 95)

Let b satisfy (92) for || > 1. Then b satisfies (2).
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Proof. We can use new local coordinates (i, \) in a subset of R?" x R instead of (z, z, £), such that y
depends only on (z, x,£/|£]), and X = |£]. We simply write b(A, y), W (y), p(y) for the functions b, W, p
considered as functions of the new coordinates. Then b(\, y) = A7W (y)h(p(y)). For the derivatives of b
we have

e _lol+i

194028] < OXNIRID (p(y) < CA+ N TN Wh(p))' T L. (96)

Going back to the original coordinates leads to (2). O
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