Pencil and Paper Exercises Week 2
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Prove that a binary relation R is transitive iff Ro R C R.
Give an example of a transitive binary relation R with the property that Ro R # R.

Let R be a binary relation on a set A. Prove that RU{(z,z) | x € A} is the reflexive
closure of R.

Prove that R U R™ is the symmetric closure of R.
A partition P of a set A is a set of subsets of A with the following properties:

(a) every member of P is non-empty.
(b) every element of A belongs to some member of P.

(c) different members of P are disjoint.

If R is an equivalence relation on A and a € A then |a|g, the R-class of a, is the set

{b€ A|bRa}.
Show that the set of R-classes

{lalr [a € A}

of an equivalence relation R on A forms a partition of A.

. Give the euclidean closure of the relation {(1,2),(2,3)}.

Show that for any relation R, the relation R o (RUR")*o R is symmetric, transitive
and euclidean.

Prove by induction that if R is an euclidean relation, then R o (RU R")* o R C R.

Prove that
RU(R o(RUR)*0oR)
is the euclidean closure of R.

Hint: look at the example proof in the course slides, and use the results of the
previous exercises.

Prove that Ifp (AS.SU(S0S)) R is the transitive closure of R. (Ifp f c is the least
fixpoint of the operation f, starting from c.)

Prove that Ifp (AS.SU(S7 0 5)) R is the euclidean closure of R.

Give an example of a formula ¢ and a Kripke model M, with the following properties:
(i) M = ¢, and (ii)) M | ¢ I~ ¢. In other words, public announcement of ¢ has the
effect that ¢ becomes false.



