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1 Introduction

A remarkable feature of the theory of the ordinary hypergeometric differential
equation is that one can explicitly determine the analytic continuation of a
basis of local solutions at a given singular point towards another singular point.
For example, one has the following Gauss-Kummer formula:

(L.1) F(a,b;c;z):%))“llz((i%z(l;Z)—aF<a,C__b;a_b+l;£_Z>
I'c)I'(a—b) _ . 1
m(lﬁz) "F(b,c—a,bva*&l,—l—_—z),

(Note that this formula in particular expresses that the exponents at oo are
a and b). If one uses Kummer’s list of 24 solutions of the hypergeometric equa-
tion, formula (1.1) is a direct consequence of the following special value of
F (the Gauss summation formula):

_I{c)T(c—a—b)

(L2 Fabie )= F = re 5

if c¢Z_, Re(c—a—b)>0.

For instance when Re(a—b)>0 we multiply both sides of (1.1) by (1 —z)* and
use the linear transformation F(a, b; c; z)=(1—2z)7°F (a, c—b;c; 1&) on the

left hand side. Now take the limit z— —oo and use (1.2) in order to verify
the first coefficient on the right hand side of (1.1). A similar argument applies
to the second coefficient on the right hand side of (1.1). Clearly, formula (1.1)
determines the monodromy representation of the multivalued function
F(a, b; c;.), but it contains more information than that. Formula (1.2) goes back
to Gauss [ 7], who proved this using a certain contiguacy relation for F,

In the theory of hypergeometric functions associated with a root system
R we study a system of differential equations on the complex torus H
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=¥ ®,C™ (where Q¥ denotes the coroot lattice (see Sect. 2)). Instead of the
parameters (g, b; ¢) the equations involve two sets of parameters of a different
nature: there is the spectral parameter AeCR and the multiplicity parameter
k which is nothing but a Weyl group invariant function on R (see Sect. 2 for
details and references). This setup is of course inspired by the theory of spherical
functions on a noncompact Riemannian symmetric space and their differential
equations. In the case where 2k is the multiplicity function for a certain Rieman-
nian symmetric space X with restricted root system R we recover the restrictions
to a Cartan subspace of spherical functions on X. The exponents at o of our
equations are the elements w/i+p(k), with we W (the Weyl group) and p(k)
=} Y k,2(R, <R a fixed choice of positive roots) (see (2.7)). Corresponding
aeR 4

to these exponents one has the following basis of solutions “at infinity”: {¢(w2
+pk), k; W)} wew, with @¢(wi+p(k), k; h) the solution which is analytic on
A_ < H (the negative Weyl chamber) and has a series expansion of the form
(see (2.9))

U+ p(k), ks =h**7® S A (L, k) h*.
KeQ

On the other hand there is the situation at the most singular point of the
hypergeometric equations, namely the identity element ¢ of H. The singularities
of the equations have nonnormal crossings at this point. One can show however
that generically there exists a one dimensional space of solutions which extend
holomorphically in a neighbourhood of e [13, Sect. 6]. Hence we may determine
a solution F(4, k) in a neighbourhood of e by the requirement that F is holo-
morphic at e and that F(/, k; e)=1 (in the case of a symmetric space this would
be a spherical function). The analog of (1.1) would be a formula of the form:

(1.3) FO ki)=Y é(wi k) p(wa+p(k), k; h)

weW
and again it suffices to calculate the limit (Re(4, &) <OVaeR ):

(1.4) Hm A= 2@ F( ks hy=2(), k).

A_sh—+

In the theory of spherical functions formula (1.3) is known as Harish-Chandra’s
asymptotic expansion for the spherical function [9] and in that situation it
is possible to obtain an explicit expression in terms of I'-functions for the limit
in (1.4). This is the well known product formula of Gindekin and Karpelevié¢
for Harish-Chandra’s c-function [8]. In this paper we will extend this formula
to the general case by showing that ¢ =¢, which is given by an explicit expression
(see (3.2)). (This is the content of Theorem 6.1). It should be remarked that
it is relatively easy to determine the ratios of the coefficients ¢ in (1.3) by means
of rank reduction, which was already done in [13, Theorem 6.7]. Also, Theo-
rem 6.1 was conjectured in [13, Conjecture 6.11]. We will use Theorem 6.1 in
order to obtain several other results on the values of solutions of the hypergeo-
metric equations at special values of the argument. Especially pleasing is the
result Theorem 6.3 which gives (under certain restrictions on the parameters
of course) an elegant explicit expression for the value of the series ¢ (A+ p(k), k; h)
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at e, which is at the boundary of the polydisk of convergence. This is related
to a well known combinatorial result for root systems due to Macdonald (see
formula (4.8)). For its proof we make use of a pairing between the solutions
of the hypergeometric equations with so called dual parameters. The matrix
of this pairing with respect to the bases of series solutions at infinity can be
obtained explicitly (see Theorem 4.9). On the other hand it is possible to interpret
the evaluation of solutions of the hypergeometric equations in terms of this
pairing. Corollary 6.10 gives a generalization of the Gauss summation formula
for hypergeometric functions of matrix argument due to Macdonald (see
Remark 6.11).

The paper is organized as follows. In the Sects. 2 and 3 we mainly review
some facts of the theory of hypergeometric functions that will be used in the
subsequent sections. In Sect. 4 we study in detail the pairing mentioned above
and we derive some results that we will apply in Sect. 6. Section 5 is devoted
to the proof of a technical result on the growth rate of F(/, k; ¢) as an entire
function of the variable k. This result plays a decisive role in the proof of
the main result Theorem 6.1. Finally in Sect. 6 we put everything together in
order to obtain our evaluation formulas.

2 Preliminaries

In this section we will review the basic setup of the theory of hypergeometric
differential equations associated with a root system as developed in the papers
{13, 10, 11, 12, 19, 20, 21]. Hopefully this will help the reader to find his way
through these papers, and to understand those properties of these equations
that are relevant in this paper.

Let a be a Euclidean space of dimension n and Rc<a* (the dual of a) be
an integral root system. We do not assume that R is reduced, and we will
write R° for the inmultiplicable roots in R and R, for the indivisible roots
in R. Denote by W the associated Weyl group. If ae R then we use the notation
2(a, A) y y
@) The set RV ={a¥}ca
is called the coroot system (and its elements are called coroots). We define
Q =7Z.R, the root lattice of R, and Q¥ =Q(R"). We will also need the so-called
weight lattice P= P(R)=Homg(Q ", Z) ca*. Let us denote by [y the complexifica-
tion C®ga of a. The complex torus H is given by H=0Q" ®, C*. We write
A for the real split part of H, and T for the compact part of H, so that we
have the decomposition H= AT The Weyl group acts on H in a natural way
(via the W-action on QV). If we put

oV ea for the element in a that satisfies A(x")=

(2.1) W H—>C*

h=x ®z—z*"

(where Aeb*, the dual of b), then this defines a single valued function if and
only if AePP(R"). The set {h*},.p exhausts the algebraic characters of H, and
the C-linear span of these characters is the ring of regular functions C[H]
of H. The regular points of H for the action of W are H™®={heH|A(h)
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& o4

= H (h 2—h2)%0}, where R. is a choice of positive roots (the function 4
ae RO,

is called the Weyl denominator). We also choose a basis {«y, ..., a,} for R,
and let {4, ..., A,} =P be the corresponding basis of dual weights. The subset
Q. cQ(P,<=P) is by definition the Z, —span of {«};-({A;}}=,) (where Z,
=0, 1, 2, ...) and is referred to as “the positive roots (weights)”. Corresponding
to these notions of positivity we also have a, (=R, -P(RV),), a* (=R, -P,),
A etcetera. It is well known that

(2.2) C[H1Y=C[zy, ..., 2,]

where

(2.3) = Y hTvh
weW/W2i

The map

(2.4) n: H->(C"

h—(z(h), ..., z,(h)

parametrizes the W-orbits in H, and is ramified along the discriminant of
R:{zeC"|d(z)=A4%(h)=0}. Let A be the so-called Weyl algebra of polynomial
differential operators on W\H ~C". Via the finite map n (see (1.4)) we will
often regard elements of A as W-invariant differential operators on H™ and
vice versa, an algebraic W-invariant differential operator on H*® can be regarded
as element of d A,

We are now in the position to introduce the foremost important differential
operator in this theory. Let # denote the vector space of W-invariant complex
functions on R, and let ke #". Then L(k)eA is given by (as operator on H*¥):

(2.5) L(k)= z": X — Y k(1+h)1—h)"10(X,).

i=1 aeR 4

Here we used the convention to write d(p)(peC[b*]) to indicate the constant
coefficient differential operator on H which comes from p by considering p
as an element of the universal enveloping algebra Sym (h) ~ C[h*] of h=Lie(H).
Moreover, we have chosen an orthonormal basis {X,} in a, and if Aeh* then
X, denotes the element of § that corresponds to . when we identify § and
b* via the bilinear form that comes from the inner product on a. This differential
operator L has the following series expansion, convergingon 4_ T

(2.6) L(k)= 2": OX ) —20(X,0)—2 Y, ke i W*o(X,),

i=1 aeR j=1

where

1
2.7 p(k)=—2- Y, kgo.
aeR +
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Formula (2.6) gives rise to the following important observation: we can find
many eigenfunctions for the operator L in the space of formal exponential series
on A_T More precisely, if we consider the eigenfunction equation (see [13,
formula (3.12)])

(2.8) Lk)p=(A+plk),L—pk) ¢ (Aeb* and ke fixed)
then there exists a unique solution ¢ = ¢ (4 + p(k), k) of the form

(2.9) dA+plk), k, y=h***® ¥ A (4, k) h*
KkeQ 4

provided that
(2.10) 204, 8)+ 0, )£0  Y.eQ \{0}.

The verification of these statements is not hard using formula (2.6), since one
obtains the following recurrence relation for the coefficients 4, of ¢(1+ p(k), k)
(see [13], and [20, formula (2.1)]).

@11 Q2i+rk ) dAk=2 Y K, i(/l+p(k)+x—ja,oz)Ak_ja(/l,k).

aeR 4 i=1

In fact one can show that these formal series converge locally uniformly in
(4, k) on the domain A _ U, where U < T denotes a connected, simply connected
open subset of T and this yields the following lemma (see [20, Corollary 2.3]).

Lemma 2.1 The function

(2.12) O hB*x A xA_U-C
(A kB = p(2 + p(k), k; h)

is a meromorphic function with poles only along the hyperplanes of the form
H.x A x A_U keQ,\{0}, where

(2.13) H,={Aeh*|2(4, 1)+ (x, ©)=0}.

Another interesting property of these series ¢(1+ p(k), k) is the following
fact. If one takes u=A1+p(k)eP_ then the series terminates, and results in a
W-invariant Fourier polynomial on H, which we denote by P(y, k) (see [13,
Lemma 3.12]). By formula (2.2} these so-called Jacobi polynomials on H can
also be considered as elements of C[z,, ..., z,]. Actually, the set {P(u, k)} ,cp_
is a C-basis for C[z,, ..., z,].

One of the miracles in the theory of the differential operator (2.5) is the
fact that its commutant within the algebra A is very large. This commutant
has the structure of a polynomial algebra in n generators (so in particular it
is a commutative subalgebra of A). For certain values of /e #" one can even
prove the existence of a slightly more general type of operators, the so-called
shift operators with shift [, which, by definition, are elements SeC[X# ] ® A
such that:

(2.14) S(k)-(L(K)+ (p k), p(R) =(L{k+ D+ (p(k +1), p(k+1))-S(k)
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(and thus the elements in the commutant of L are shift operators with shift ).
Let us define S(/) as the C[# ]-module of all such shift operators with shift
I. Tt is not difficult to see that (see [19, Proposition 2.5, and formula (2.4)7])
there exists a C[ 4] linear map (the generalized Harish-Chandra map):

(2.15) n=n): SO->CH*]®C[A]
such that
(2.16) SkYp(A+plk), k)y=n(SY( L, k)ydp(A+p(+k),k+1]), VSeS({.

Note that the map 5(4) is injective since (2.16) determines in particular the
image under S(k) of the Jacobi polynomials and the Jacobi polynomials form
a basis for the space C[z,, ..., z,]. In order to describe the basic existence
theorem for shift operators we introduce the following lattice inside #". Let

R=]] C; be the decomposition of R into minimal orbits for the action of
i=1

W, and denote by y;e# the characteristic function of C;. Denote by b,e %

the following vector: b;=y;if 2C;¢ R and b;=2y;—y)if 2C;=C;. Then Z = A"

is the Z-lattice generated by the {b;}. The following theorem was proven in

[20, Theorem 3.6] and later by completely elementary means in [12].

Theorem 2.2 (1) The map #(0) is an isomorphism from S(0) onto C[H* ¥ @ C[HA"].
(2) The space S(l) is nonzero if and only if le . In this case S(l) is a free rank
one S(0)-module via multiplication on the right hand side.

The above theorem has a lot of consequences for the theory of the eigen
function equation (2.8) and its solutions. For example, we have (see [13, Corol-
lary 3.93)

Theorem 2.3 Let Lebh* and ke A~ be arbitrary. The system of equations
(2.17) D(k)p=n(0)(D)(L k)¢ VDeS(0)

is holonomic of rank |W| on the space W\ H™8.

Definition 2.4 For (4, k)eb* x #" we denote by .Z (4, k) the rank |W| local system
of local holomorphic solutions to the Eq. (2.17) on the space W\ H™®.

Corollary 2.5 If A¢H, YkeQ\{0} and A is regular then {¢p(wi+p(k), K)},cw
is a basis of £ (4, k)(A_U).

Proof. If A satisfies the above conditions then the series ¢(wl+ p(k), k) is well
defined and convergent on A_U (see Lemma 2.1). These series are solutions
of (2.17) as a result of (2.16) and the fact that #(0)(4) is W invariant in A (Theo-
rem 2.2). By looking at the leading exponents of the series we see that {¢(wi
+p(k), k)}wew is a linearly independent set if 4 is regular. But the local solution
space has dimension |W| by Theorem 2.3, so we are done. []
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3 The monodromy representation and regular singularities

In this section we briefly review some basic facts of the monodromy representa-
tion of the local system .#(4, k) which are used later on in this paper. Let
us first of all give a description of the fundamental group of the space W\ H* ¢,
due to van der Lek [14, p. 69]. (In fact we will content ourselves with a simplified
version here). Choose a base point Xoea_ and let hoe A_ and zoe WN\H™®
be its images. Clearly the fundamental group of H with respect to the base
point z, is isomorphic to Q¥ if we map Ze€Q ™ to the loop

T,(O)=(Z®e*™V " 1) .h,,  te[0,1].

This group is mapped injectively into IT (W H™%, z) and the image is denoted
by IT,(e0). The image of T, is denoted by t,. Furthermore, let s; be the image
in IT, (W\H", z,) of the following curve S, in b (r; denotes the simple reflection
in the simple root «)):

Si(t)=(1 1) Xo+1tr; X0~<ZI/T1 sin m) %, te[0,1].

(This loop s; is the inverse of the one used in [13]. This is the cause of some
minor differences in the presentation of results on the monodromy representation
between [13] and this paper). We will use the notation I1,(e) for the subgroup
of IT, (W\ H"™®, z,,) generated by the loops s;, i€ {1, ..., n}.

Theorem 3.1 (1) The fundamental group IT,(W\H"™*, z,) is generated by the sub-
groups I, (o0) and IT, (e).

(2) The subgroup I1,(e) is the local fundamental group of W\ H"'® at the identity
element e of H.

(3) A complete set of relations for I (e) is given by: s;s;s;... =s5;8;5s;... (my; factors
on both sides, where m;; is the order of r,r;,e W). Hence Il (e) is isomorphic
to the braid group related to W.

Proof. See [14, p. 69] for an even more detailed description. It should be noted
that (3) goes back to Brieskorn (see [5]). [J

The following elementary property of the monodromy of #(4, k) is a direct
result of the fact that the defining differential equations can be rewritten as
a system of first order equations depending polynomially on (4, k)eh* x 4. Its
precise proof can be found in [22, Corollary 3.87.

Lemma 3.2 Let us denote by u(2, k) the monodromy representation of the local
system £ (2, k). With respect to a suitable basis for ¥, the matrices u(s)
(VselIl [ (W\H™, z,)) are |W|x |W|-matrices with coefficients in the ring O(bh*
x A’) of entire functions on h* x A,

The monodromy representation of . (4, k) has the property that it behaves
nicely with respect to reduction to lower rank subsystems, and this elementary
fact was exploited in [13] to derive the following result (loc. cit. Corollary 6.8).

Lemma 3.3 The images u(2, k)(s;) satisfy the following quadratic relations:
(4, k) (s)— D)(pl2, k) (s) — g) = 0.
Here q;=q,,=exp2n]/ — 13—k, —k; ).
3%
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Therefore one is led to consider the Hecke algebra Hy (q) (where g=g(k)
is the element of 2 as described in Lemma 3.3), which is by definition the
complex algebra with generators d;, ie{1, ...,} and relations:

(1)6;6;6;...=6;0,9; ..., m;; factors on both sides.
(2 (6;—1) (6;—g)=0.

By Lemma 3.3 the monodromy representation gives rise to a representation
v(4, k) of Hy(q). The next result is an easy corollary of the description of the
monodromy u(4, k) for generic parameters as given by Heckman (see [11])
or could be proved similar to [22, Corollary 5.5] using the Lemmas 3.2 and
3.3.

Lemma 3.4 For generic parameters (A, k) the representation v(A, k) is equivalent
to the regular representation.

In view of Corollary 2.5 it is interesting to consider the monodromy with
respect to the basis {¢ (Wi +p(k), k)},ew of Z (4, k). In order to do so we intro-
duce the Harish-Chandra c-function: Let VaeR . ,

(=40 )+4ky)
N7 — 2
Ca(/b,k) F(—(/"L,lxv)+%k£+ka))
2

and define the following meromorphic function on b* x .#":

(3.1) &= 1] é.

asR;

Finally Harish-Chandra’s c-function is given by:

Z(, k
(3.2) dLM:Egﬁﬁ?T

The next result is also proven by reduction to rank one subsystems (see [13,
Theorem 6.7]).

Proposition 3.5 Suppose that the conditions of Corollary 2.5 are fulfilled. Then.:
(1) Clearly the series ¢(w 4+ p(k), k) are eigenvectors for u(A, k)(tz) with eigenvalue

exp(2nl/ —1(wi+p(k), Z)).
(2) The functions

C(A, k) p(wh=+p(k), k)+E(r; A, k) p(r;w A+ p(k), k)

(ri=r,, is the reflection in the simple root ;) are invariant for the action of
14, k) (sy).

For the goals we have in mind, it will be quite important to have some
insight in the behaviour of the sections of our local system % (4, k) in the vicinity
of the singular locus. The following lemma is of fundamental importance. Its
proof is analogous to that of [22, Corollary 4.2] as far as the points of the
discriminant are concerned, and is standard for the points at infinity (see {13,
Sect. 3]).
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Lemma 3.6 The system of hypergeometric differential equations (2.17) has regular
singularities on W\ H™2.

Combining this and Lemma 3.5 gives the following result (also see [13, Theo-
rem 6.9] and [10, Theorem 7.5]).

Corollary 3.7 If (4, k) are generic then the function

FL k=Y c(wi k) ¢pwi+p(k), k)

weW

extends to a W-invariant holomorphic function on A-U.

Let us recall some useful properties of F.

Proposition 3.8 (1) The function F(4, k; h)=&(—~ p(k), k) F(, k; h) is a holomorphic
Junctiononh* x A x A-U

(2) The function F(4,k;e) is an entire function on b* x X, and is periodic with
period lattice 9 with respect to the variable ke 4.

Proof. For (1) we refer the reader to [20, Theorem 2.8]. (Note that the remaining
poles along S, (notation as in [20]) are cancelled by the multiplication with
&(—p(k), k). In order to prove the assertion on periodicity in (2) one uses the
existence of shift operators for shifts in the lattice 4, see Theorem 2.2. We refer
the reader to [21, Theorem 5.1] for a similar argument. Once the periodicity
is established it is easy to see that F(4, k; e) is entire using (1). O

We want to close this section with a review of the notion of exponents
of the differential equations (2.17) at the identity element ee H. This subject
was studied in [22, Sect. 7] for a somewhat simpler system of differential equa-
tions. The above lemmas make sure that we may conduct exactly the same
analysis for the Eq. (2.17). Let £=(¢,, ..., £,) be coordinates in some ball B
that is contained in an affine hyperplane in b that does not contain the origin,
and let D*={teC|0<]f|<1}. Let C be the open complex “cone” C
={tb|teD™, be B}. Then we consider (t, &)=(t, {,, ..., &,) as a set of coordinates
on C via the map D™ x B—} defined by (¢, b) - tb. Assume that 0 is the only
singular point of (2.17) inside the closure of C. We will refer to such a system
of coordinates as a set of conical coordinates near the origin, and we will often
think of these as coordinates on H (in the natural way).

Definition 3.9 A complex number ¢ is called an exponent at e H for the system
(2.17) if there exists a set of conical coordinates (¢, £) and a (multivalued) solution
¢ of (2.17) on the corresponding cone such that ¢ has the following form (for
some h):

$(t, O)=1"((log )" P (2, )+ ... + ¢o(t, &)
where ¢,(t, &) is holomorphic at t =0 and (¢,(0, &), ..., $4(0, {)F(O, ..., 0).

If p denotes a point close to e H then we denote by %;(4, k) the closure
in %,(4, k) of the set of solutions of (2.17) at p that have the exponent ¢ at
the identity. Clearly this is a linear subspace of %,(4, k) and %;(4, kyc Z5 (4, k)
if &, ¢ are exponents such that ¢—¢'eN. Define the multiplicity of an exponent
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& by u(e)=dim(Z; (4, k) —dim({ ) - £7*¥(4, k)). The following result was proven
ieN

in [22, Corollary 7.12 and Remark 7.17].

Proposition 3.10 Let 5= {qeC[h]|0(p) g=0VYpeC[b*]" such that p(0)=0} be

the |W| dimensional space of harmonic polynomials. The exponents of (2.17) at

the identity are equal to the eigenvalues of the linear operator (r, denotes the

reflection in o)

=

Xz*e(Xt)“ Z ka(l_ra)

1 aeR ¢

1

acting on 3 (counted with multiplicity).

Note that this operator is equivariant for the action of W on #, so that
the eigenspaces are themselves W-invariant. Therefore there is precisely one
exponent that does not depend on k, namely the one that corresponds to the
trivial representation contained in . Hence (since the trivial representation
occurs only in degree 0 in #’) this exponent is equal to 0 and has multiplicity 1.
We refer to this as the trivial exponent.

Definition 3.11 We write /', = {ke | F Re(s(k))>0 Ve a nontrivial exponent}.

Remark 3.12 Note that A" > {ke #'|Re(k,)<0 VaeR° "R, and Re(k,+k, <0

YaeRO\R,}. It is also not hard to sec that ', =ypo— . Less obvious is
the following fact (that can be concluded from the results of [22, Sect. 97: if

.. . . 1 .
k=a-ygo then the condition for k to be in #_ is that Re(a)<--, where h is

h
the Coxeter number of W,

From the above we see that if ke #" then any solution of (2.17) has a
finite limit towards the identity element ¢ when it is continued analytically
along any curve in H™® with end point at e. From [22, Proposition 8.2] we
see that this limit is independent of the choice of the curve locally in a neighbour-
hood of e Hence this limit towards e defines a local section
E. (4, k)e £* (4, k)(V"®) of the dual local system .#*(J, k) where V is some open
neighbourhood of e. Finally note that the system (2.17), when considered on
H, is invariant for translations along the lattice 2711/——71Pv where PY =P(RY)
is the coweight lattice. Hence we may define local sections E,(Z, k) of £*(/, k)
if pe2n]/ —1PY in a similar way, provided of course that ke #"_.

Definition 3.13 The local section E (4, k) of £*(4, k) is called evaluation at

p(Vpe2rn|/ —1PY).

Remark 3.14 1t seems likely that evaluation at p defines a local section of #*(4, k)
in a neighbourhood of p for any pe W\ H when the parameter k is in some
suitable region (depending on p) of #". For instance, when p is regular then
this is obviously the case for any k.

4 Evaluation and duality

In the last section we have seen that evaluation of local sections of the local
system ¥ (4, k) at special singular points p of (2.17) defines a local section in



Hypergeometric functions related to root systems 323

the dual £*(4, k) in a neighbourhood of p. It turns out to come in handy
later on to study this in more detail.

Definition 4.1 If ke #" then we call k'=ygo—k the dual parameter. The dual
of a pair (4, k)eh* x A" is given by (—4, k).
Let us introduce some notations. We put

@.1) sk hy= T (2 —h2)?*e.

aeR

Let, if D is a differential operator on H™®, ‘D denote the formal transpose
of D, (ie. the map D —'D is the unique anti automorphism generated by
(f)=/f for functions f on H™%, and "(0(X}))= —3a(X))). Let 0 be the anti
automorphism of the algebra of differential operators on H™® defined by 0(D)
=3d(—Lyro)o'D=3(% xro) (0 is the transpose on W\ H).

Proposition 4.2 With the above notations we have:

(1) D(K)=6 (#%(X)OD(k)oé ((22")) YDeS(0).

(2) VDeS(0): 8(D(k)eS(0, k'Y and has the property n(Q)@D)(—4, k)=
n(0)(D)(Z, k).

Proof. Using the Harish-Chandra isomorphism #(0) (see Theorem 2.2(1)) it is
clear that it suffices to prove the asserted transformation properties in both
(1) and (2) in the special case where D= L. These properties for the operator
L(k) are consequences of the following formula, which was proven in [ 13, Propo-
sition 2.2]:

k k
o (3)- L+ ok, oty 5(—3)

L

=Y P(X)+
i=1 4

S ky(1—k,—2k,) (0, @) sinhz(g—>.

aeR

Now use that the operator on the right hand side is symmetric on b and invariant
for the substitution (k—k'). [

As an immediate consequence of (1) we have:

Corollary 4.3 The series solutions (2.9) of (2.17) satisfy

5 (_ 2 ?f‘)) PU+p(k), k)= Ut p(k), k).

Another application of Proposition 4.2 is the existence of a pairing of the
solution spaces of (2.17) associated with dual parameters. This can be proved
using some elementary homological algebra in combination with (2) of Proposi-
tion 4.2. The proofs of the similar statements [22, Corollary 3.11 and Corol-
lary 3.12] can be applied here almost without change. Let us introduce one
more notation. Denote by #* the linear subspace of C[h] that corresponds
to s when we identify C[b*] and C[b] using the bilinear form on .
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Corollary 4.4 Choose a basis {q;} of #* consisting of homogeneous elements.
There exist elements o; ;€ C[H™® x b* x "] such that for any pair of local sections
by of LA, k), by of L(—4, k') the expression

(4.2) {¢1’¢2}=Zaija(qi)(¢1)a(qj)(¢2)

is constant on H'%, and such that {-,-} gives rise to a nondegenerate pairing
of m Y LA k) with = L(—L k) V(4 k)eb* x #". Moreover, the coefficients
a;; are uniquely determined up to a common complex multiplicative constant by
these conditions.

Proof. The proof of the existence of {+,-) is similar to [22, Corollary 3.11 and
Corollary 3.12], but with the minor difference that we work on H™® rather
than on W\H"™® this time (in order to avoid some technical difficulties). As
a consequence we have to use 0 instead of the ordinary transpose when we
are converting left and right modules for the algebra of differential operators
on H™E. The uniqueness follows from the fact that generically n~' .2 (4, k) is
an irreducible local system, as one easily concludes from Proposition 3.5 com-
bined with Corollary 4.3. [

Using this we see that there should exist a local section of #~ ' Z(—4, k')
that corresponds to E,(4, k) via{-,-}. Of course this local section should be,
up to a multiplicative constant, the hypergeometric function F(4, k). With a
little bit of extra effort we obtain the following result (see [22, Theorem 8.3]).

Corollary 4.5 There exists a rational function ac C(X"), having neither poles nor
zeros inside the set A _, such that if ke #_ then

{¢, F(—4,K)} =a(k) F(—4,K;e) E.(¢)

Sfor any local section ¢ of £ (4, k) defined near e.
Corollary 4.6 The pairing {-,+} is in fact a pairing of £ (4, k) with £ (— 4, k).

Proof. In view of Corollary 44 we only need to show that W acts trivially
on {-,-} in the following sense: let ¢€.L (4, k)(U) and ye £ (—4, k')(U) for
some open set Ue H™¢, and let we W. Then {¢, Y/} = {¢ow, Yy ow}. By the unique-
ness assertion of Corollary 4.4 this equality certainly holds up to some constant
depending on w only. But by Corollary 4.5 this constant has to be 1 since
both F(4, k) and E,(/, k) are invariant for this action of W. []

Example 4.7 (The case of the ordinary hypergeometric function) The hypergeo-
metric function associated with the rank one root system BC, is, up to some
notational differences, equal to the ordinary hypergeometric function. The differ-
ential equation (2.8) is classically written as follows (the ordinary hypergeometric
equation for the parameters (a, b, ¢)):

4.3) 2(z—1)02¢p+(c—(1+a+b)z)d,¢—abp=0.
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We refer the reader to [13, Sect. 4] for all the details. The relation between
the parameters (a, b, ¢) and the parameters (/, k) is given by:

a=(A+pk),av)
b=(—A+pk),a™)

c=1+k; +k,.
~2~a(

The notation of dual parameters in the classical notation is given by the follow-
ing: (a, b,c)=(1—a,1—-b,2—c). Now let ¢ be a (local) solution of (4.3) and
¥ for the same equation but with (a, b, ¢) replaced by its dual. Then it is not
hard to verify that one may define the pairing in this situation by the expression:

@ u}=(1—-)+la+b—-1)2) p(2) ¥ (2)
+2(z—=1)(¢' (D) Y (2)— b (2) ¥ (2)).

Theorem 4.8 It is possible to normalize the bracket { .-} in such a way that:
(1) { 0w+ p ), K, (—w At k), KN} =5y e [ (o a¥).

xeRQ
(2) The rational function acC(A") as described in Corollary 4.5 is given by the
formula

lp(k), —k)

W= e (—p ), k)

This is actually a polynomial.

Proof. Using Proposition 3.5(1) it is obvious that {¢p(wi+p(k), k), p(—w'A
+p(k'), k')} =0, w f (W4, k) for some function f. Now take the limit for h— o
with he A_ and use the formulas (2.9) and (2.11) together with expression (4.2)
in order to obtain that f is rational in 4 and polynomial in k. We claim that
f is in fact W-anti invariant. Namely if we use the action of u(4, k)(s;) and
u(—4, k')(s;) and Proposition 3.5 and Corollary 4.3 we see that:

{EWA, k) p(wA+p(k), k)+C(r; wi, k) ¢ (r; wi+ p(k), k),
E(—wh k) p(—waA+p(k), k) +(—r;wA k) ¢p(—r,wi+p(K), k)} =0.
This yields (since ¢(w4, k) é(—w 4, k) is W-invariant):
EWALK)E(—wALR) (f(wh ky+f(r;wi k)=0

proving our claim. But then it is also clear that f is in fact independent of
k since the nondegeneracy of the pairing now implies that f(4, k) cannot have
zeros as a function of k when A is fixed, A¢ H, ¥V ke Q\{0}. In view of Corollary 3.7
this result leads to the following formula:

(FOLK,F(— LK)} =f() T (= D'™e(wi, k) c(—wh k).

weW
On the other hand one has, as a result of Corollary 4.5:

{F(4, k), F(— A, k) =a(k) F(2, k;€) F(— A, K'; ).
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Hence:

(4.4) Y (= 1)™e(wi, k) c(—wi, k'):f’ﬁ‘lF(z,k;e)F(~z, K'e).

weW f(;")

This formula can be simplified as follows. A straightforward computation (using
the definition of the ¢-function and the reflection formula for the I'function)
yields:

sinm((— A4, oY) +1k, +k,)
2

@5 dAkeE(—4K)=[1 Ga*) ' T]

xeRO aeR Sinn((_/ﬂb,av)+%k%

In a similar but slightly different way we rewrite

(4.6) &(—p(k), k) E(—p(k), k)= A(k) ™" &(—p(k), k) E(p(k), —k)
where A(k):g%%. This is a polynomial, as one may see for example

from the fact that this expression is equal to the constant term of the shift
operator G(— yyo, k') (see [21, Proposition 3.2, formula (3.5) and Corollary 3.5]).
From (4.6) we now get, again using the reflection formula for the I'-function:

sin 7 ((p (k), ocv)+%k%+ k)
sinn((p(k),a¥)+3k,)

@47 é(—plk), k) e(—p(k) ky=1W| (k)" []

aeR .

(here we also used the formula (see [21, formula (4.6)]):
((p(k), 0¥ )+1ky+ k)
Il o

r.  (p(k), o)+ 3ky)

Putting (4.5) and (4.7) together we obtain the following expression for the left
hand side of (4.4):

A(k) sinn((—w;l,av)+%k%+ka
(4.8) {W}{Z T i) 41k }

weW acR 4

=W

Q
xe R

sin w((p(k), ¥ ) +3ky +ko)y -
2
{aER sinn((pk),a¥)+1k,) }
2
Now invoke the following formula due to Macdonald [17, formula (2.4 nr) and
(28 nr)]): (uex)

1 1
1—u2u, exp(—wa) 1—uZu, "
2 2

4.9) Y II o =11

1
weW aeR 1_u2a CXp(—WCXV) aeR 4 1_u%‘uh_t(11 )
z 2

(In Beerends’ thesis [1, Theorem 1 of Chap. 2]) it was observed that this formula
is in fact a disguised version of the denominator formula of Weyl. This gives
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a very short proof). Formula (4.9) reduces the left hand side of (4.4) (see 4.8))
to the expression [W| ™! A(k) | Jacra (4, @) ™', Therefore (4.4) becomes:

A(k) _a(k) . o
W] H ()_,av)_f()b)F(;‘vkve)F( Ak e)
asR9

But in view of Proposition 3.5(2) this implies that F(4, k; e) F(—4, k'; e) is inde-
pendent of k, and thus (when we take k=0) we get: F(A, k;e) F(—/4, k'; e)=1.
Now it is clear that we may take f(A)= [] (4, a¥)and a(k)=|W|" ' A(k), proving
both (1) and (2). [ aeRY

Remark 4.9 The polynomial a(k) has a very simple explicit form when k= ¢y go,
namely (see the remark after (4.6), and [21, formula (7.2)]):

n —

(4.10) a(& yro) = ]_[ U

Jh

(Where the integers d; denote the primitive degrees, as usual).

Corollary 4.10 The entire function F(J, k; e) satisfies the functional equation
F(l, kye) F(—2,K;e)=1.

In particular, this function is nonvanishing.

Remark 4.11 In Sect. 6 we will prove that in fact F(Z, k; e)=1. Unfortunately
we will need more serious analysis than the above formal manipulations in
this proof. The nonvanishing of F(/, k; e) (Corollary 4.10) will be one of the
ingredients. This could have been proven without the use of the pairing {-,-}
in Sect. 3 but since this would not have simplified the proof of Theorem 4.8
we have omitted this in Sect. 3.

Remark 4.12 Suppose that the conditions of Corollary 2.5 are fulfilled. Then
one may define a nondegencrate pairing of £ (4, k) and ¥ (—4, k'} by Theo-
rem 4.8(1). Using Proposition 3.5 it is then completely obvious that this pairing
is invariant for the monodromy action. It is quite surprising however that this
pairing extends to give a nondegenerate pairing for all choices of (4, k).

5 Order of growth

In this section we will be dealing with a preparatory result. Namely we will
give an upper bound for the order of growth of the entire function F(4, k; e)
(see Proposition 3.8) as a function of the variable kex". This result will be
used in the next section in order to prove that (see [13, Conjecture 6.11])
F(4, k; e)=1. We will proceed as follows. First, we will obtain an upper bound
for the growth order of the series ¢(4+p(k), k; h) as a function of k and with
heA_U Then we will use a result from the theory of analytic functions of
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several complex variables to obtain the required upper bound for the growth
order of F (4, k; e).

First let us recall the basic definitions and facts of the theory of growth
scales for entire functions. An excellent reference for this material is the book
of Lelong and Gruman [15].

Definition 5.1 Let 2<C” be a domain. A function ¢: @—>RuU{— w0} is called
plurisubharmonic (PSH) on @ if:

61) ¢ is upper semi-continuous, and ¢ + — co.
(2) For any complex line L=C" ¢|, is subharmonic on every component of
L~ Q.

Note that PSH () = S{€2), the subharmonic functions on 2. The most impor-
tant example of a subharmonic function on a domain @ is the function
z—log|f(z)l, where fe( (), the holomorphic functions on €. Based on this
example one has the following well known lemma.

Lemma 5.2 Let Q< C” be a domain, and let fe 0(Q x C™), f£0. For zeQ, reR
we define M ((z, r)= sup log| f(z, z'). Then the function

lFz" | =»
QxC-o>Ru{—ow}
(Z’ S) —"Mf(z’ ISD

is in PSH(Q x C).

Proof. The upper semi-continuity is clear, so we only have to look at (2) of
Definition 5.1. Observe that

My(z,5)= sup log|f(z sa)

ffefl =1

and that for all xeC™, the function log|f(z, sa)| is PSH in (z, s)e 2 x C. Hence
M ((z, s) satisfies the required mean value inequality on complex lines LcQx C
because it is the supremum of a locally bounded family of functions with this

property. [

Definition 5.3 Let Q<= C" be a domain. A subset EcQ is called Q-pluripolar

if 3¢ e PSH(RQ) such that Ec ¢ ™' (— o).

Corollary 5.4 Pluripolar sets have Lebesque measure 0.

Proof. It is well known that PSH-functions are locally Lebesque integrable. [
We now come to the definition of the scale of growth orders.

Definition 5.5 The order p of a positive real valued function @ on C” is given by

. log M (r)
plim sup g

where M, (r)= sup |a(z)|.
Hzll gr
By abuse of language we will say that an entire function fe@(C") has order
of growth pe[0, o] if the PSH-function log™ | f|=sup(0, log|f}) is of the order
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p. We can now state the theorem on exceptional sets for growth conditions
(see [15, Theorem 1.417).

Theorem 5.6 Let QcC" be a domain and let fePSH(Q2 x C). For a fixed ze{2
we denote p(z)=order of (s—f(z, ). If for some Q < Q such that Q' =Q there
exists a §'-pluripolar subset M < Q' such that p(z)< oo, YzeM, then p is locally
bounded on Q and, in addition, the regularization p*(z):=lim supp(z’) is PSH

on Q. #oE
We will use this theorem in the following form:

Corollary 5.7 Let Q be a domain, and FeC (2 x C™). Denote the growth order
of (2 —f(z, Z)e@(C™) by p(z), ze Q. Suppose that p(z) < ReR . outside an analyt-
ic subset of Q. Then p(z)SRVzeQ. -

Proof. Apply Theorem 5.6 to the function ((z, s) > M ,(z,|s]))e PSH(Q x C) (see
Lemma 5.2). We get that p*ePSH(Q)<=S(R2) and of course we still have the
inequality p* <R in the complement of an analytic subset of Q. But then, as
a consequence of the mean value inequality, we have p* <R everywhere in
Q. But p<p* so we are done. [

We not return to the theory of the hypergeometric function. The next lemma
is of crucial importance in this section.

Lemma 5.8 Let i¢H,, V,.eQ . \{0} and let he A_ U (see Sect. 2). The function
(k= d(A+p(k), k; h)) is entire (see Lemma 2.1) with growth order at most 1.

Proof. In Lemma 2.1 we already saw that this function is entire. Recall that
(see (2.9))

(A +p(k), k) =h** 20 % A (4, k) h*

keQ 4
where the coefficients 4,.(4, k) are determined by (see (2.11))
(5.1) (22+x, )AL K)=2 ) k, > (A+pk)+r—jo,0) 4, ;o4 k).
xeR 4 Jj=1

In particular, if 4 satisfies the conditions stated in the lemma, then the coefficients
A, are polynomials in k. Now let ac A_ be fixed. We claim that there exists
a constant DeR,, depending on the choices of 4 and a only, such that (where
Il « || denotes some norm on 47):

(52) 144, K S DA+ [[k)P)?PIM g™ (VkeQ,).

It is clear that this proves our lemma. In order to prove (5.2), note that we
can choose positive constants C, and C,, depending on A only, such that

(5.3) (A+pR)+1,0)|=C(1+ [kl +ht(r)) VaeR.,teQ,, keX
and

(5.4) 122+ 1) ZCa(ht()*  VieQ,\{0}.
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Here, as usual, ht (Z nia,):: Y n; (bt is the height function on Q). Hence,
) i=1 i=1
if we put C:= c L we get from (5.1) (for x % 0):

2

(5.5) 44K =Clk| (k| bt() 2 +ht(x)" 1) Y e jul2 Kl

xeR ., jz1
The constant DeR , mentioned in the formulation of our claim (5.2) is defined by

(5.6) D=max(C Y %1

aeR ., jz1

As an intermediate step towards proving (5.2), we show by induction on ke,
(with respect to the partial ordering <)

(5.7) [4, (2 IS DA+ KM a7 (YeeQy).

Indeed, (5.7) is true for k=0, and the necessary induction step can be made
using (3.5):

|4, K SCLk| (kI bt() > +ht() ") Y |dejuld K]
aeR ., j=1
SCU+K® X (D(I+ [k])Heoiai

aeR 4,521

SSOUHIEPPIOC T 2a

xeR,,jz1

SOA+[kpHea =
as desired. On the other hand, from (5.5) it is also clear that

(58 4GRS

b > 4e- (A k) ifksatisfies ht(xk)=2D [[k]|.

aeR,,j21

Now we prove (5.2) by induction on ht(x). Namely, if ht(k)<2D| k| then we
see that (5.2) is true by using formula (5.7) so that we may assume that
is such that ht(k)>2D| k|l in the induction step. But then we can use formula
(5.8) in combination with the induction hypothesis:

Ax%k)lé% Y (DO+[kE gl

acR4+,j=1

<1+ KPP ™. O

Corollary 5.9 For all eb* he AU fixed, the entire function (k- F (4, k; h)) has
growth order at most 1.

Proof. From the explicit formula (3.1) for the é-function it is clear that for
A outside some locally finite set of hyperplanes this is an entire function of
k of growth order 1. Using Corollary 3.7, Proposition 3.8(1) and the previous
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lemma we therefore obtain that (k — F (4, k; b)) has growth order 1 as a function
of k at least when (4; &) is outside a certain analytic subset of h* x AU Now
apply Corollary 5.7. [

Corollary 5.10 For any complex line Lo 4, the growth order of (k
- F(4, k; e))|, eC(L) does not exceed 1.

Proof. From the definition of order it is clear that the order of the product
of two entire functions can not exceed the larger of the orders of the factors.
Also true, but (far) less obvious, is the same statement for an entire function
of one variable that can be written as the quotient of two entire functions
(see [16, corollary of Theorem 127]). We obtain the desired result if we apply
this fact to the identity F(4, k; e)=&(—p(k), k) "' F(4, k; e), restricted to L, and
use the explicit definition of ¢ in combination with Corollary 5.9. []

6 Summation formulas

In this final section we will combine the results of the previous sections in
order to obtain explicit formulas for the values of certain solutions of the hyper-
geometric differential equations at certain singular points. The main formula
is (also see [13], Conjecture 6.11):

Theorem 6.1 F(i k;e)=1.

Proof. Let Lc 2 be a complex line which is rational with respect to the lattice
of (real) periods 4, and let z denote a coordinate on L. For the sake of simplicity
we write, by abuse of language, F(z):=F(4, z; ¢) (where Aea* is arbitrary but
fixed). Let us list the properties of F(z) that we have derived so far:

(1) F is periodic (see Proposition 3.8). Let us choose z in such a way that the
period is real.

(2) F(z) #0 VzeC (see Corollary 4.11).

(3) F(z)eR VzeR.

(4) The growth order of F is at most 1 (see Corollary 5.10).

(Note that (3) is simply due to the fact that for real values of 4 and k, F(4, k)
is a real function on A). If we now use Hadamard’s factorization theorem for
entire functions of finite growth order (see for instance [6, Chap. XI]) together
with (2) and (4) we obtain that we can write F =exp(f) where f is a polynomial
in z of degree at most 1. But then the combination of (1) and (3) implies that
F is constant. [

Hence we obtain from Corollary 4.6 and Theorem 4.9:
Corollary 6.2 If ke then

o E_(P LkL:k)
{0 F = 2N = 3 = 00, k)

E.(¢)

Jor any local section ¢ of L (4, k) defined near e.

In particular we have:
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Theorem 6.3 (The generalized Gauss summation formula) Let ke 4" . Then

B 6(—2,k’)
B9+ o0, K)=lim (00 ks =1WI(TT (ot o5

Proof. Combine the previous corollary with Theorem 4.9(1). [

Example 6.4 (The case of the ordinary hypergeometric function) In this case
one can express the series solution (2.9) as an ordinary Gaussian hypergeometric
function by using one of the well known linear transformation formulas. Explicit-
ly (see [13, Sect. 4):

d(A+p(k), k; h)=2_2“(—z)“'F(a, 1+a—c;1 +a—b;§)
—2a —a 1
=2"%*1~z)"°Fla,c—b;14+a—b;—).
11—z
(The relation between (g, b; ¢) and (4, k) as in Example 4.8, and z=1—1(h+h " 1)).
By using the ordinary Gauss summation formula (1.2) we obtaln (if Re(1—¢)
=Re(}—k,—kq)>0:
2
(6.1) lim ¢p(A+p(k),k; ))=2"2F(a,c—b;14+a—b;1)
h—1

L T +a—b)I(1—c)
I'l+a—c¢)Ir(1—-56)

On the other hand, by using the relation between (4, k) and (a, b; ¢) and the
duplication formula for the I'-function we obtain that:

22€=91/7 (a—b)
T(l+a—c)I(1—b)

&p (), — i

ri—

(=M k)=

and

When we substitute these formulas in the expression given in Theorem 6.3 and
use that |W|(4, «¥)=a—b we indeed recover formula (6.1).

We may use Theorem 6.3 in order to evaluate the hypergeometric function
itself at certain special points. Let Vpeb the point on H that corresponds to
p be denoted by exp p.

Corollary 6.5 Let pe2n)/—1PY. If we continue F(4, k) analytically along a
path inside a_ +|/ — L a joining the origin in by with p then:
sin((—wi, ov)+3k,+k,)
2

(wi, p)
2 e [] sinn((—wi av)+4k,)
2

weW acR 4

6.2) F(1, k; exp p)= sin 7 ((p(k), %) + kg +k,)
2

—(p(k), p) I |
€ . osinm((p(k), av)+1k,)
2

aeR
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Proof. In order to prove this result one has to use the following obvious formula:
¢(A+p(k), k; hexp p)=e* PP § () p(k), k; h).
Hence by using Corollary 3.7 and Theorem 6.3 we get:

(6.3) F(.kiexpp)=W| T (hav) Y (= 1) ematotn

ae RO, weW
_ EWA k) E(—wi k')
&(—plk), k) e(pk), —k)’

The desired result now follows by using the formulas (4.5) and (4.6), (4.7). [

Remark 6.6 As a function of 1 the apparent poles in formula (6.2) all cancel.
Indeed, when we multiply the numerator of (6.2) by the Weyl denominator
xY 2

[1 ez —e T) then the result is a W-anti invariant polynomial in the ele-
ae RO

ments e ge2n]/ —1P". Hence this can be divided by the Weyl denominator
again, and the resulting quotient (the original numerator) is a W-invariant polyn-
omial in the functions e?, ge2n]/ —1PY. Moreover it is easy to see that the
lowest term occurring in this numerator is *°? (with wq such that wy pe)/ —1la.)
and the coefficient of this term is exp(}/ —1n Y k,). The denominator is

aeR

obtained from the numerator by substituting .= — p(k).

When peZn]/jPV is a point of the fundamental alcove for the action
of the affine Weyl group Won [/jlu then formula (6.2) simplifies considerably.
These special pean/?le are “minuscule” (see [4, chap. VI, par. 2, exer-

cise 5]). They correspond bijectively to the elements of the so-called central
subgroup of H {see [13, formula 3.87).

Corollary 6.7 Let ke K _ and let pe2n[/:_1PV be minuscule. If we continue
F(A, k) analytically via a path inside the regular part of the fundamental alcove
Jrom the origin to p then:

z eW4.p

(6.4) F(l,k;exp p)= i—zwm

weW

Proof. This easily follows from the arguments used in Remark 6.6 since a satu-
rated set of coweights having a minuscule coweight p as maximal element con-
sists only of the elements Wp.

Remark 6.8 Note that (6.4) applies to all the vertices of the fundamental alcove
in the case of the root system A,,.

Finally we consider the somewhat peculiar case of the root system BC,.
Although the central subgroup is trivial in this case it turns out that the series
solutions ¢(4+ p(k), k) have a nice transformation property with respect to the
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action of the central subgroup of the reduced subsystem C,” < BC,’ (recall that
(BC,)°=C, and (BC,),= B,).

Lemma 6.9 Let R be of type BC, and choose an orthonormal basis (e, ..., e,)
in a such that the roots are given by +x;, +2x;, +x; +x; (where (x,, ..., X,)
are the coordinates associated with the basis (ey, ..., e,)). Let po=]/ —1zale, +...

+e,) be the minuscule element in 2]/ —1PY (Cn):>27r]/—'IPv (BC,). One now
has:

B+ p(K), ks h exp po) =T o®29) § (3 + p(K), K3 h)
where (ky, Ky, k)™ =(ky, ky+ks, —ks) if ky =ky s, ky=ka, and ky=k,,.

Proof. 1t suffices to prove the appropriate transformation property for the second
order operator L(k) (see (2.11)). This is a straightforward calculation. []

Corollary 6.10 Use the same notations as in Lemma 6.9. If ke A_ then:

i & TR+ 3k +3) T(—pi(K)+ T ks + 1)
F(4, kiexppo)=]] T4tk DAt ikt

i=1

Proof. By the previous lemma it is clear that (similar to formula (6.3)) (note
that (k) =(k')™):

(6.5)  F(4k;exppo)=IW| [] (4,27)
26Cp. +

. )W) plwi +p (k) po) cwi, k)c(—w4, I?)~ .
L Ue (= p(k). ) E(p k), — )

We are going to relate this expression to formula (6.3) for the root system
R=C,=(BC,)°, endowed with the multiplicity function k defined by k, =k,
and k,=k,+4k,. Let us denote by ¢° the é-function of the root system C,.
A straightforward calculation shows that

n ,n2v2k3

€6 ewdbel=wh =11 G T s D it 1t D)

i=1

O (WA, k) &0 (—wi, k).

Using (6.6) we also get:

a—mumamm~%=a—mmmamm?(“””“B)

&(p(k), k)
EO(P(E)_, *_k—))
& (p(k), k)

w22k

E cos mpy(k) I(py(k) + 3 k3 +3) I'(—pi(k) + 1 k3 +3)
(= p(k), k) &°(p(k), —k).

a-mumammﬁw

I
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Substituting this and (6.6) in (6.5) gives:

"ocos mpi(k) F(py(k)+ ks + 1) I'(—pi(k)+ 1ks+3)
F(Ak; =W ;
(o ksexp po) =W | = Tt Ty +3) F(— At 3Ky 1 1)
H (Lav) z (_I)I(W)e(wi+p(k).po)

aeCh, + weW
EO(W;“’ E) EO('—W/L ]?)A
& (—p(k), k) (p(k), —k)’

Now apply formula (6.3) and (6.4) to finish the proof:

~ " cos wp;(k)
2k == L, K ARG A
F( ak»eXpPo) FC"()!k’eprO)EI;[l COSTC/L-
pik)+ Tk +H I(—pi(k) + 3k3+4)
T+ 3k +H I(— 2+ 1k +3)
(W po)
2 " cos mp;(k)
- ST el po) 1—_11 COS T 4;
weW -
Tpik)+ ks +3) T(—pi(k)+ 3 k3 +1)
TGt 3k + D T(— A+ Ty +3)
:n (pi(k)+ ks +3) I'(—pi(k)+ T ks +3) 0
=1 Tt 3k + D) I(= 7+ 1ks+14)

Remark 6.11 The result Corollary 6.10 was conjectured by Beerends [2]. It gen-
eralizes the Gauss summation formula for so-called hypergeometric functions
of matrix argument due to Macdonald [18]. (Namely by Theorem 4.2 of [3]
this summation formula of Macdonald corresponds to the case where AeC(x,
+ .o+ X))
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