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1. Notations and main result

The goal of this paper is to derive a disintegration formula which
could serve as a starting point for the spectral analysis of the Iwahori-
Hecke algebra. However, I have decided to postpone the treatment of
the more spectral analytic aspects of this formula to another paper.
The formula has a certain interest in its own right, and as a first ap-
plication we will give an explicit formula for the value of the trace on
the maximal Abelian subalgebra of the Hecke-algebra.

I hope to help the reader (and myself) by reviewing the setup and
definition of the Hecke-algebra, and the elementary theory of its mini-
mal principal series representations. This is mainly to fix the notations,
but also to give the reader an impression of the logical order of the basic
facts that are involved in the proof of the main formula of this paper.

At the same time, this hopefully provides a convenient basis for further
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papers in this direction. As a drawback, the material in the first sec-
tion, and parts of the second section is (very) classical and well known
to specialists.

In the first section we review the definition of the Iwahori-Hecke
algebra. We basically follow Lusztig’s paper [3] in this discussion.

1.1. The root datum

Let R = (X, Y, Ry, Ry, Fy) be a reduced root datum (I apologize for
the subscripts, but I have decided to reserve the notation R for the
affine root system which has to be introduced later). This means that

(a) X and Y are lattices, with a given perfect pairing
()X XY > Z,

(b) Ry C X, Rjy C Y are finite subsets with a given bijection
Ry — Ry, denoted by @ — «". (The elements of R, are
called “roots”, those of Ry are called “coroots”.)
(c) Fy C Ry (called the set of fundamental roots).
(d) (o, ") =2 for all @ € Ry.
(e) For any o € Ry, the reflection s, € GL(X) given by s,(z) =
x — (z,a")a maps Ry to itself. Similarly, s, € GL(Y') given
by sa(y) =y — (a,y)a¥ maps Ry to itself.
(f) FQ is linearly independent, and RO C ZZOFO U ZSOFO' (The
set Ry = Ro N Zxoky is called the set of positive roots.)
(g) For all @ € Ry, 2a ¢ Ry.
Put Q = ZRy and Q¥ = ZRy for the root lattice and the coroot
lattice respectively. The weight lattice P of R is by definition the
dual P = Hom(Q",Z). It follows from the definitions that there is
a natural map X — P whose restriction to ¢ C X is the natural
inclusion ) C P.

The group generated by the reflections s, is called the Weyl group of
R, denoted Wy. The set Sy = {so | @ € F'} is called the set of simple
reflections. It is well known that Sy generates Wy, and that (W, Sp) is
a finite Coxeter group.

We define the so called dominance (partial) ordering on Y by:

y>y ©y—y €ZxRy,.

1.2. The affine Weyl group

The affine Weyl group W is the semi-direct product

W:W()lXX.
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The elements of W are denoted wt,, with the multiplication rule wt, -
w'ty = ww'ty-1,,,. Clearly W acts on the set X. When we think of
Y X Z as a set of affine linear functions on X, we get the natural dual
action of W on Y x Z, defined by (wf)(z) := f(w 'x). Explicitly, this
amounts to:

wty(y, k) = (w(y), k — (z,y)).

The affine root system R is by definition the set Rf X Z C Y x Z. It
is the a W-invariant set in Y X Z containing the set of coroots Ry. It
is easy to see that R = Ry UR_ = R, U —R,; where:

Ry ={(a’,k) | k>0and a € Ry} U{(a",0)]a" € Ry, }.

Let S™ C Ry be the set of roots so that {S™}" is the set of minimal
coroots (with respect to the dominance ordering). It is clear that R,
is a simplicial cone, generated over Zx, by the set

F={(",1)]ae€S™Uu{(a",0)]|ac F}.

This is called the set of fundamental affine roots. For every affine root
a = (oY, k) we define a corresponding affine reflection s, : X — X by
the formula

sa() =z —a(z)a,
where a(x) = (z,a") + k. This is an element of W since s, = s4tga-
We put
S ={s,|a€F},
the set of affine simple reflections.
It follows easily that the subgroup of W generated by S equals W, Q.
This is a normal subgroup in W, which is an affine Coxeter group with

S as set of simple reflections. We shall sometimes think of S as the set
of vertices of the affine Coxeter diagram of (W,@), S).

1.3. The length function

The length function [, defined on elements w of Wy() as the mini-
mal length of a word in the alphabet S representing w, has a natural
extension to W. The extension is defined as follows:

(1.1)
l(wt,) =#{a € Ry | wt,(a) € R_}

= Z |(z,a") + 1] + Z |(z,a")|.

aERo,_;,_ﬁw—l(Ro,_) a€R0,+ﬂw—1(R0,+)



Indeed, the length of an element s, € S corresponding to a € F'is
equal to 1, since Ry N s,(R_) = {a}. It follows that for all w € W,

B l(w) +1if w™(a) € R,
Hsaw) = { H(w) —1if w'(a) € R
From 1.2 it is standard to derive that the restriction of [ to W@ indeed
coincides with the length function of this Coxeter group with respect
to the set of generators S.

Put X = {z € X | (z,a") > 0, Va € F,}, the set of dominant
elements of X. Observe that 1.1 implies that for all z € X+, w € Wy:
l(wt,) = l(w) + 1(t,)

= l(w) + 2(z, p*)

(1.2)

(1.3)

where p¥ € PV is defined by

1
pl=5 2 o
a€Ro,+

Similarly, when z € X" is strongly dominant and w € W, we have
the formula

l(tyw) = —l(w) + ().

Corollary 1.1. The length is an additive function on the Abelian half-
group consisting of t,, v € X+.

Proof. Clear from 1.3. U

It is easy to see from the above description of the length function
that an element w € W has length 0 if and only if it maps F' to itself.
Thus the set of elements in W having length 0 is a subgroup 2 of W.
Using 1.2 it is clear that this is a complement for the normal Coxeter
subgroup Wy(). Hence 2 is Abelian, and isomorphic to the quotient

X/Q.

1.4. Root labels

In order to define the Iwahori-Hecke algebra we need to fix a length-
multiplicative function ¢ on W. In principle ¢ may take its values in any
Abelian half-group, but for our purposes it is appropriate to assume
that ¢ takes its values in R<;. In other words, we consider a function

qg: W — Ry,

such that ¢(ww') = ¢(w)g(w') whenever [(ww') = I(w) + 1(w").
Note that ¢ is identically equal to 1 on the group €2 of elements

of length 0. The function ¢ is therefore completely determined by its
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values on the set S of elements of length 1. On the other hand, any
function ¢ on S can be extended length-multiplicatively provided that
¢s = qs whenever s, s’ € S are conjugate in W.

We associate to such a function ¢ on W a W-invariant set of root
labels on the affine root system R by the following rules. First observe
that a translation ¢, with x € X maps a =o' +k € R to a — (z,a").
Hence a is in the orbit of oV, except when ¥ € 2Y and k is odd. Let
a=a'+keF. Ifa" ¢2Y, we simply put

e Q(Sa)-

When o € 2Y, let S(a) C S denote the connected component of the
Coxeter graph of the affine Coxeter group (Wo@, S). As Lusztig ([3],
Lemma 1.7) remarks, S(a) is of affine type C*T  and the correspond-
ing root datum R(a) of type (Q(B,) = Z", P(C,) = Z", B,,, C,,, {e1 —
€2y, En_1 — €n,€n}) is a direct summand of R. Let w, be the unique
nontrivial diagram automorphism of S which is trivial on the comple-

ment of S(a). We now define

Go = Q(Swa(a))-

Explicitly, we define for these fundamental roots in S(a): ¢i1_2, =
q(S2,) and goe, = q(s1-2¢,). We extend the affine root labels TW-
invariantly to all of R. It is clear that the affine root labels determine
q.

Finally, we can also describe ¢ by means of a Wy-invariant set of root
labels ¢,v, where « runs over the roots of the possibly non-reduced root
system R, defined by

Ry := RyU{2a | a” € Ry N2Y}.

We do this by restricting the affine root labels to Ry, and when oY € 2Y

we define:
d1+aVv

qav /2 =

aV
It is clear that this set of root labels on R, also contains the same
information as the function ¢. These definitions of root labels are in
compliance with Macdonald [4], except for the fact that we call roots
what he calls coroots!
We list some direct consequences of our notations:

Corollary 1.2. For allw e W,

gw)= J] s
a€ERyNw—IR_
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Corollary 1.3. For all w € Wy,

q(w) = 11 Gav-

aERnr,J,-ﬂw_anr,—

Definition 1.4. The Haar modulus 6 = 04 is the character on on X
given by
5(x) = b,() := g,

OﬁERur,+

Corollary 1.5. Whenz € X,
q(tz) = 0(x).

1.5. The Iwahori-Hecke algebra

Now we are ready to define the Iwahori-Hecke algebra H associated
to a root datum R and a set of root labels g,v with a € R,,;.

Definition 1.6. The Iwahori-Hecke algebra H = H(R,q) is the com-
plex associative algebra with basis T,,, w € W, and relations induced
by the following rules:

(a) If l(ww') = l(w) + (W) then TyTy = Ty

(b) If s € S then (Ts + 1)(Ts — q(s)) = 0.

Remark 1.7. It is well known that such an object exists.

This algebra can be equipped with a * operator, which is the anti-
linear anti-involution defined by

T =Ty

It is straightforward to check that this indeed extends to an anti-
involution on H.

The object of study in this note is the canonical trace function 7,
which is by definition the linear functional on H that has the following
values on the basis elements 1},:

lif w=e.
T(Tw) = { 0 else.

This functional corresponds to the evaluation at the identity element
when the Hecke algebra is interpreted as a subalgebra of the convolution
algebra of a semi-simple group of p-adic type. Therefore the following
lemma is natural:

Proposition 1.8. The trace 7 is central and positive.
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Proof.  Both statements are clear from the following obvious for-
mula:

(1.4) T(T Ty ) = Suwuwq(w).
O
The associated Hermitian inner product on H is given by the formula
(hy,h') :=T(h*K).

Observe that the basis T}, is orthogonal with respect to this inner prod-
uct because of 1.4.

1.6. The Bernstein-Zelevinski basis

The Hecke algebra H contains a large commutative subalgebra. For
x € XT we define

0, = o(—x)Y?T,, .
These elements form an Abelian half-group isomorphic to X because
of Corollary 1.1. By 1.5 they are orthonormal. For general z € X we
define:
0, = 0,0,
where y, z € X are such that x =y — 2.

The following result is very important, and due to Bernstein and
Zelevinski (unpublished work).

Theorem 1.9. (a) The elements Ty0,, w € Wy, x € X form a
basis of H.
(b) The elements 0, T,,, w € Wy, v € X also form a basis of H.
(¢) In particular, the subalgebra A = C[8,] C H is isomorphic to
the group algebra of X via v — 0,.

The next result is due to Bernstein and Zelevinski in a special case,
and to Lusztig in the general case. It tells us how the multiplication
works in terms of the basis just described in the above theorem.

Theorem 1.10. Let x € X and o € Fy. Let s = s,,. Then

(1.5)
est - Tses(a:) =
(av — 1) g if 20 & Ry,

0 —05(s .
{ ((an/Qqav — ]_) + q;</2/2(qav — I)Q,Q)ﬁ if 2a € Rnr-

One important consequence of this theorem is the precise description

of the center Z of H. This result is also due to Bernstein and Zelevinski.
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Theorem 1.11. The subalgebra A C H is a Wy module via the action
of Wy on X. In this sense, the center Z equals Z = A0,

The behavior of the elements 0, with respect to the * operator is not
very complicated:

Proposition 1.12. Let wy € Wy denote the longest element.
9; = Twoefwo(a:)Tq;ol-

Proof. We may assume that x € XT. We need to show that
T;_,Twy = TwoTi_,,,,- This is obvious since l(wot_yy () = l(wo) +1(ts)
(see 1.3) and wot_ g (z) = t—zWo. d

1.7. The main result

Let 7" = Hom(X, C*) be the complex torus of characters of X. Let
us introduce the c-function, following Macdonald [4]. For a € Ry, and
t € T define
1 — quagait(—a)

1= guipt(—)

(In this notation it is understood that gy = 1 whenever 3 ¢ R,,, and
that we take the positive root of gov/2). When a € Ry we put

cla,t) ==

co(a,t) = c(a, t)c(2a,t).

It is convenient to introduce the reduced root system R; = {« € Ry, |
2a € Ry }. We define for o € Ry:

c1(a,t) = c(a, t)c(a/2,t).

Clearly, when o € Ry N R; we have ¢y(«,t) = ¢1(a,t). On the other
hand, when o € Ry — Ry, then 2o € Ry, and ¢y(a, t) = ¢1(2a,t). We
have for a € Ry:

1

1—q_yt(—a) .
W) =0 i i e
e = e if 20 € R

With these notations we define:

Definition 1.13.

c(t) :== H cla,t) = H cola, t) = H c1(B,1).

QERnr + a€Ro 4+ BER +
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We introduce a partial ordering < on the real split part T,, =
Hom(X,R;) of T by

t < ty & Va € ROH‘ : tl(a) < tQ(Oé).

Here is the main result of this paper, a generating function for the
values of 7 on A:

Theorem 1.14. We have the following identity of formal Laurent se-
ries (t € T):

S r(0)t(—2) = (g(wo)e()et™)) . -

zeX

The right hand side of the equality means the expansion of the rational
function 1/(q(wo)c(t)c(t™1)) as a power series in t; = t(a;), where Fy =
{ai,...,a,}. Notice that this expansion is convergent on {t € T |
Re(t) < 6-1/2},

Remark 1.15. In particular, this implies that 7(0;) = 0 unless x €
0.

Example 1.16. The simplest possible case is when the root datum is
of type Ay, i.e. R = (Z,Z,{£2},{£1},{2}). Put Sy = {s}, ¢ = q(s),
and w = t1s. Notice that w € €2, the group of elements of length 0 in
W. Now consider @ = ¢ /T, = ¢ '/*T,,T,. The above theorem states
that T(0") = 0 unless n = —2k with k € Z>,, and when k > 0 we have

oy (a=D)(¢* —q7")
(0 = g+1

The reader is invited to verify this formula directly.

=(@+q ' =2)(¢" "+ T+

Lemma 1.17. Let o € Ry, and k € Zxy. We define a rational function
d(as k) in q;/VQ/Z and q.v by

Z d(o; k)tF = (qave(a, t)e(a, t_l));qlp,+ '
k=0

Then d(a;0) =1, and for k > 0 we have:

(Qav - 1)(QaV/ZQaV - 1) ((Q,iéz/ng’)k - (Q,iéz/ng’)_k)

dlas k) =
(aa ) (qav/2q(21\/ _ 1)

Corollary 1.18. We can reformulate the main result as follows. Let
v e X. Wecalm = (To)aeR,, . @partition of v if (1) 7, € Z>o and (2)
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T = ZaERm+ mo. Then the trace of 0, can be written as a weighted
partition function:

(1.6) m(0.) =Y [ dlo;ma),

where the sum s taken over all the partitions ™ of —x.

Corollary 1.19. Suppose that q(s) > 1, Vs € S. Then 7(6_,) > 0,
forall k € Q4.

2. The minimal principal series and their Intertwin-
ing operators

2.1. Definition of the minimal principal series

The holomorphic minimal principal series are simply defined by in-
duction from A. Let ¢t € T denote a character of X.

Definition 2.1. The (holomorphic) minimal principal series I; is the
induced module I, = Ind’}(t) = H @4 C; (where C; denotes the one
dimensional module of A corresponding the character t).

As an Hy module, I; ~ Hy via T, ® 1 — T, (w € Wy). (Here Hy is
the subalgebra of H generated by T, s € Sp.)
Definition 2.2. The image of an element h € ‘H in End(1l;) is called
its Laplace transform h(t). By the natural identification of I, with Ho
we will always consider h(t) as an element of End(H,).

We list some basic properties of I;:

Proposition 2.3. (a) The center Z ~ A" acts by scalars on I,
according to the character t of A.
(b) Ewvery irreducible module over H is a quotient of some I;.
(c) If h(t)(T.) = 0 for all t in some Zariski-dense subset of T,
then h = 0.

Proof. (a) and (b) are trivial, and (c) follows directly from Theorem
1.9. U

To study the modules I, more seriously, we need to involve inter-
twining operators.

2.2. The intertwining operators

The action of Wy on A can “almost” be realized by inner automor-

phisms of H. Here the word “almost” means that one needs to pass
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to some formal completion of H in order to make certain elements of
‘H invertible. The elements which realize this Wy-action by means of
conjugation (in a completion of #H) are called intertwining elements.
We do not want to study the formal completions of H here, since the
non-invertibility of the intertwiners in H is at the heart of the study of
representations of H.

Let us first discuss the construction of the intertwining elements
themselves. Their definition is closely related to Lusztig’s relation 1.10.

Definition 2.4. When s = s, € Sy (with a € Fy), we define the
intertwining element R as follows:

Ry =

_ { (1= 0-0)T5 + (1 — gav) (20 & Ruy)
B (1 - 9—2&)Ts + ((1 - QaV/ZQOcV) + Q;</2/2(1 - QQV)Q—a) (2& € Rnr)
B { To(1 = 60) + (o — 1) (20 & Ruy)
= Ts(l — Gga) + ((Qav/2qav — 1)02a + q;</2/2(qav — 1)0(1) (20! € Rnr)

Definition 2.5. We introduce the following notation. Let £W, be
the group Wy U —W,. Assume R is a ring equipped with £Wy-action
+w: f— ¥, Suppose we are given an equivariant set of elements fg

of R (i.e. fiuwp = fﬁi“’), indexed by the roots B € Ry. When w € Wy,

we put
fw = H fﬁ-

ﬂER1,+ﬂ’w71R1,_

We simply write f instead of f.,,, where wy denotes the longest element
Of Wg .

Example 2.6. When we define s = qgvqapv € Ry (with the trivial ac-
tion of £W, ), then we get the usual ¢(w) = G,. We apply the notation
of Definition 2.5 frequently to the following cases:
(1) Ag:=1—-0_p€ A,
(2) ¢ == e1(8,) € C(T),
(3) ng = qsA_g(-)c_p(:) € C[T] (hence we may and will consider
ng as an element of A, by sending the character x of T to
0, € A),
(4) Dﬂ =ngn_g.

Lemma 2.7. In the situation of Definition 2.5 we have the following
stmple rules:

(1) When l(uv) = l(u) +1(v), then fu, = 2 fo.

(2) In particular, fiy ., fo1r = fu, = f-

(3) faowfus = fuy = 1"
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(4) fu = f5.

Theorem 2.8. Let s = s, € Sy with o € Fy, and let f € Ry be the
unique element of Ry which is a positive multiple of a. (For conve-
nience, we shall write s = sg with f € Fy in the sequel). Then:

(1) ROy = 050\ Rs.

(2) The R, (s € So) satisfy the braid relations corresponding to

the Cozeter graph Sy.
(3) R? € A, and in fact R?> = D,.

Proof. (1) is a direct reformulation of Theorem 1.10. (3) is proved
by (tedious, but straightforward) direct computation, and is left to the
reader. To prove (2) we need to show that if w = s;...s,, is a reduced
word in W), then the element R, = R, ...R;, € H indeed only
depends on w, and not on the chosen reduced word representing w. Let
us suppose R, is obtained in the same way as R,,, but using a different
reduced word for w. Let t € T and define r,,(t) = R, (t)(T.) € H,, and
similarly 7/ (¢). By Proposition 2.3(c), in order to show R, = R], it
suffices to show that r,(t) = r! (t) for generic t € T. Now observe that
both r,(t) and 7! (¢) are of the form

(2.1) Au(t )Ty + Y cunTo

u<w
On the other hand, both r,(t) and 7 (¢) are in the A weight space of
I; with eigenvalue w(t), by (1). Since the dimension of I; is |Wy|, it
is clear that these weight spaces all have dimension equal to 1 when
t € T, Therefore r,(t) and r] () are scalar multiples of each other.
But then they have to be equal by 2.1. ([l

Definition 2.9. Let w € Wy, and let w = s1...5s,, be a reduced word.

~

Define Ry, = R, ...Rs, € H, and ry(t) = Ry,(t)(T.) € Ho. Notice

. Sm

that (see Example 2.6):
Top=1 (W) T4 (1) = 1y ()1 (271)
= D, (t).
Corollary 2.10. From the above proof we conclude that for every w €
W, the weight space It of weight wt in I; has dimension 1 when t is

regular. The elements 1, (t) € Hy (with w € Wy) form a basis of Hy in
this case.

Corollary 2.11. We have the relation

R0, Ry-1 = Dy-10,,.
13



Definition 2.12. When n,(t) # 0, we introduce normalized intertwin-
ing elements 1°(t) € Hy by
(2.2 (0) = (mu(8) ru ).
Corollary 2.13. The elements r,(w't) € Hy (w,w' € Wy) are well
defined if n(t)n(t™1) # 0. They satisfy the Wy-cocycle relation (u,v €
Wy arbitrary):
(2.3 PR (D) = 8, 1)
Definition 2.14. Define, for w € Wy, t € T, and x € Hy =~ I,
R(w,t) : It — th
x = ary-1(wt)
Corollary 2.15. This defines intertwining maps such that
(1) R(w™, wt)R(w,t) = Dy, (t)Idy,. In particular, R(w,t) is an
isomorphism when D,,(t) # 0.
(2) R(u,vt)R(v,t) = R(uv,t) when l(uv) = l(u) + (v). (Equiva-
lently, ry(vt)r,(t) = ryp(t) in this situation.)
(3) By Corollary 2.13,
~ ny(vt)n,(t)

ro(vt)r, (t) = () Tuw(t).
Therefore we have:
ot Rlv. 1) = Tl ® p
R(u,vt)R(v,t) s (1) R(uwv,t).

Corollary 2.16. When t is reqular and D, (t) # 0, then I, is irre-
ducible. (In fact Kato [2] has given a precise description of the set of
allt € T such that 1, is irreducible. In the case where X = P, Kato’s
result implies that I, is irreducible if and only if Dy, (t) # 0. These
results are much deeper, but we will not need them here.)

2.3. A nondegenerate sesquilinear pairing

We identify the module I; with Hy by T, ® 1 — T, (w € Wy), as we
did before. We define a nondegenerate sesquilinear pairing between I,
and ]g—l by
Li-x I, — C
2.4 -
(24) x y — (z,y)=71(2"y)

where =, y € H,.

Corollary 2.17. This pairing satisfies (z,yz) = (zz*,y) = (y*z, 2)
when x, y and z are in Hy.
14



Lemma 2.18. The element r,,(t) € Ho satisfies 1, (t)* = ry-1(wi™r).
Hence the intertwining operator R(w, t) satisfies: R(w,t)* = R(w™' wi™),

Proof. 1t is sufficient to prove this for w € Sy, and in this case it is
an easy direct computation. Use Corollary 2.17. 0

Theorem 2.19. The pairing between Iz—1 and I; respects the x opera-
tor: Yr € H, y, z € Ho we have

(@*(t7)y, 2) = (y,2(t)2).

Proof. When x € Hy. this is just Corollary 2.17. Hence it is
enough to verify the relation when = € A. It suffices to do so for ¢
in some Zariski-dense set, and thus we may and will assume that ¢
is regular. By Corollary 2.10, (74, (%))wew, is a basis of eigenvectors of
0. (), with eigenvalues z(wt). Likewise, using Proposition 1.12, we have
that Ty rwge(f1) is 02(F!) eigenvector with eigenvalue vi(z). Hence
we just need to show that for v # w:

(Tworwov(f_l)a rw(t)) = 0.
But, using Corollary 2.15 and Lemma 2.18, we have:
(TwoTwou (t:l)a Tw(t)) = T(Ty=1we (Wot) Ty T (t))
(2.5) = T(Tw (t)rvflwo (wovt)Two)
= const.T(Twp=1w (WoUt) Tipg)-

By equation 2.1 this last expression is 0 when v # w, as was claimed.
O

Proposition 2.20. In addition to the proof of the previous theorem we
see that, since [(w) + l(w twy) = l(wy),

(2.6) (TowoTwoo(E 1) 70 (1)) = 0ywq(wo) Awt).

2.4. Matrix elements of the minimal principal series

We denote by H* the linear dual of H, the space of all complex linear
functionals on H. Given an endomorphism ¢ € End(H,) we define the
corresponding matrix element F(1,t) € H* of the minimal principal
series module [; by

(2.7) E(4, t)(h) := try, (0(2)).
The character x(I;) of I; is by definition the matrix element E(Id, ).

The intertwiners and the pairing discussed above give rise to two func-

tional equations for the matrix elements:
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Proposition 2.21. (1) E(y*,t=1)(h*) = E(¢,t)(h).
(2) E(R(w,)pR(w™", wt), wt) = Dy (t) E(1),1).
With the pairing of the previous subsection at our disposal, we define
an important collection of matrix elements of the minimal principal
series modules.

Definition 2.22. For u,v € W, we define the linear functional E,,

onH by (h € H):

(2.8) B (h) = (Tugrweu( 1), h()ro(t))-

In other words, E,, = E(wuv( ), t) where 1, ,(t) € End(H,o) is defined

by uw(t)(h) = (T rwou(t™ ), h)ry(t).

Proposition 2.23. (1) The function t — E;"’(h) is a regular
function on T, for all u,v and h.

(2) B/ (0, h0s,) = u(t)(22)(8)(22) B (h).

(3) When t is regular and c(t)c(t™") # 0, {E""} C H* is a col-
lection of linearly independent linear functzonals on H.

(4) If the stabilizer Wy of t is generated by reflections, then the
dimension of the linear space Hf = {¢ € H* | ¢(zh) =
z(t)p(h), Vz € Z, h € H} is equal to [Wo|*. In particu-
lar, {E;""} € H* is a basis for this space when t is regular and
c(t)e(t™) £ 0.

Proof. (1) is obvious, (2) is straightforward, and (3) follows from
(2), if we know in addition that E,"* # 0 when ¢ is regular and
c(t)e(t™') # 0. This follows from the multiplication rules in Corol-
lary 2.13 for the normalized intertwining elements 7°(¢) (u € W,), and
equation 2.6.

(4). Note that #; can be identified with the dual of H/(Z,H),
where Z; denotes the ideal in Z of elements vanishing in ¢ € 7. But
H/(TH) ~ Ho ® A/(Z;A), thus it is sufficient to show that A/(Z,.A)
has dimension |Wy| if the stabilizer of ¢ is generated by reflections. For
t' € Wyt, let my denote the maximal ideal of ¢’ in A, and let M =
Ht’eWot my. Note that Z,.4 D MP* for suitably large k, because the ring
A/T,A’is finite dimensional over C. Hence A/T,A ~ A, /T, Ay, where
Ay denotes the M-adic completion of A. By the chinese remainder
theorem, flM ~ Gat’EWot-/Ztmt/- Furthermore, we have Itflmt, ~ jtfflmt,,
Where Jy denotes the ring of Wy-invariant elements of A vanishing in

. Given f € Jy and any k € N, it is possible to find a F' € Z; such

that ef € F+mb with e € Am, invertible. ThlS implies the claim,

since mf, is contained in both ItAmt, and Jy Ay, if k is sufficiently

large.
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Since Wy is generated by reflections, we see by the theorem of Cheval-
ley that the dimension of A,,,/JyAn,, equals |[Wy| = [W;| for each
t' € Wyt. Whence the result. O

We now list some straightforward consequences of Proposition 2.20,
Proposition 2.21 and Corollary 2.15.
Proposition 2.24. (1) E"(T.) = 6upq(wo)A(ut).
(2) x(1r) = q(wo) ' 3o ey, Alwt) T B,
(3) " (h) = B (T, 10T,

wp _ n(t)n,, —1(wt) quw=tow!
(4) B = =t Lot

Definition 2.25. The element E;° € H* plays a predominant role,
and will be denoted by Ej.

Corollary 2.26. The character x(I;) equals q(wo) ™" >, cppy Alwt) ™ By

2.5. Macdonald’s spherical function

Let T, denotes the central idempotent of H, corresponding to the
trivial representation T,, — ¢q(w ) In other words,

0 - PU Z T’w;
weWy
where Fj is the so called Poincaré polynomial
Po(g) = > q(w)
weWo

of the Weyl-group W,. Macdonald’s spherical function ¢, € H; is the
matrix coefficient E (1", t) for the endomorphism

Y (h) = Po(g)(Ty7, WTY
Note that the chosen normalization is such that ¢;(7%,) = Try, () = 1.
It is not difficult to express ¢, in terms of the basis E;"" we introduced
in the previous subsection.
Lemma 2.27. (1) Yw € Wy, T (t) = Ty .
(2) Ty = 52905, clwhr, (0).
Proof. (1) is a simple direct computation.
(2) Write
(2.9) Ty = bu(t)r
weWo

Using (1) we find that b,(t) = by, (wowt). We compute by, by the
remark that the only summand on the right hand side of 2.9 that
17




contributes to the coefficient of Ty, is by, (£)r° (¢). Now recall that,

wo

modulo the space spanned by T, with w # wy,

0 = 20,

Comparing coefficients leads to the required result. O

Clearly, ¢; is completely determined by its values on the subalgebra
HT =T, HT, . This important -subalgebra of # is isomorphic to the
center of H by the so-called Satake-isomorphism, via the map

Z — HF

(2.10) z = Tz

It is also clear that the elements 0 = T,70,T," with x € X form a
linear basis of H*. Let us determine the spherical function by com-
puting its values on this basis. The result is the well known formula of
Macdonald for the spherical function.

Theorem 2.28. (Macdonald [4]) When x € X,

o) = a(wo) c(wt)wt(z).
¢t( :r) PO(Q) w;;vo ( ) ( )
Proof. Use the above lemma. O

It is now easy to relate ¢, to the matrix element F:

Proposition 2.29.
B (T ) = &

Proof.

U

The basis 0] (x € Xt) of HT is orthogonal. We need the following
(standard) notation to formulate the result. When z € X, let W,

denote the stabilizer of x in W. Let W* be the set of shortest length
18



representatives for the right cosets of W, in Wy. It is well known that
q(uv) = q(u)q(v) and that T, = T,/ T, when v € W?® and v € W,.

Definition 2.30. Let Py(q) = >_, cyy, ¢(w), and P*(q) = >, o= q(w).
Note that Py = P*P,. Likewise, define T,;m = Py(q)™" Y cw, Tw and
To% = P*(q) 'Y pews Tw- Then Tgh =TT}, Finally we write w,
for the longest element in Wy, and w* € W? for the element such that
wy = wrw,.

Proposition 2.31. When x,y € X, we have:

+ pt Oz,yq(w")
O=:0%) = B Pe)

Proof.  Notice that 6 is a linear combination of elements of the
form T, with u € Wy and v € W¥*. In fact we have:

9+ — 5( 1/2T+Tt T+
( 1/2Tx -l—T T-l—

S0 Paw) s~

Py(q)P*(q) wEWe weWy

To verify the last line, notice first that the sum on the right hand side
is invariant for multiplication by 7,5 on either side. So we only need
to check the coefficient of one, suitably chosen element T, ,. Choose
Twet,wy- With the above expression for 6 at our disposal, it is easy to
compute (6, 60F7) = 6(—y)/(6;,T,,). O

)y

x)
(2.11) ?)

3. Eisenstein series for the Hecke algebra

Consider the vector space of formal sums ZwEW cwT,,. Notice that
this vector space carries a natural structure of a left and right H mod-
ule, since multiplication (on the left or the right) with finite sums is
always well defined. Also the trace 7 has a natural extension to the
vector space of formal sums. When ¢ = > . c,T,, we shall thus
define a linear functional ¢ on H by ¢(h) = 7(¢h). In other words,
we define ¢(Ty,) = g(w)c,-1. In this way we will identify the algebraic
dual H* with the vector space of formal sums. We equip H* with the
weak topology.

Now let us consider, for ¢t € T, the sum

Er=> t(—x)0,.

zeX
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If this sum is convergent in H*, it will clearly satisfy:
E(0:h) = E(hb) = t(x)E(h).
By Proposition 2.23 this implies that
&= (t)Et;

provided that the left hand side converges. We want to compute the
function f, but let us first treat the question of convergence.

3.1. Convergence in H*

Lemma 3.1. Let u,v € Wy, and v € X. Then
(1) 7(T,0,1,) =0 unless x € Q_.
(2) Ve > 1, 3C, > 0 such that Vz € Q_,
(3.1) 17(T,0,T,)| < C.OY*(—x).

€q

Proof. (1) When x € X it is clear that T,,0,T, will be a linear
combination of T,, with w in the double coset Wyt,W,. Hence this will
not have a constant term, unless x = 0. For general + € X, we denote
by C,(z) the convex hull of the W, orbit of z, intersected with the
cone = + (). We claim that for every = € X:

(3.2) T.0,T, € Y. HobyH,.

yeXtNCy(z)

Let us prove 3.2. When z ¢ X, we can choose a fundamental root
a € Fy such that (z,a") < 0. Apply Lusztig’s formula (Theorem 1.10)
with s = s,v, and we see that we can express 6, as follows:

b€ Y,  HobyH,.

yeCy(a), y#a

When there still are elements y € X\X™ in this sum, we repeat this
procedure for those y. After k steps, we have expressed 6, as an element
in the sum of double coset spaces Hy0,H,, with y either in the set
X*TNCy(x), or otherwise in {y € C(x) | (y —z,p") > k}. By the
finiteness of C'; (z), this last set will be empty if £ is sufficiently large.
(2) We use induction on the height —(z,p") for x € Q. First we
choose N € N such that Va € Fj:

N €0avdav/2(qav — 1) + qavgavye — 1 <

3.3) (2qavqqv/2—1 av) 1.
(33) (2t o) e ) Y+ LG e
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We use the usual convention that v/, = 1 if o ¢ 2Y', in which case
condition 3.3 reduces to

qov — 1

— < 1.

(3.4) (2qqv — 1)(6qav)_N + <
€Gav — 1

Write p¥ = > e la”. Choose M € N such that
M > N|Fg|m&X{la}a6F0.

Consequently, if —(z, p¥) > M then 3a € F, such that —(z, ") > N.
In order to start the induction, choose C. > 0 such that equation
3.1 holds Vz € Q_ for which —(x,p") < M (a finite subset of Q_).
Let z € @_ with —(x,p") > M, and assume by induction that 3.1
holds Vy € @_ such that (y,p¥) > (x,p’). Choose a € Fy such that
—(z,a") > N, which is possible by our choice of M, and let s = s4v.
We write (assuming o € 2Y', the other case being similar and easier):

=T, 1,(T 0, T,)T T,
= T,T,(0.,6 )T, ' T, +

1— )
1 (e 104 a9 )0
11— 97204
Now we note that
(3.6)
T,T, = Tus if L(us) = I(u) +1

(gavdav /2 — )Ty + qavqav 2 Tyus  if L(us) = 1(u) — 1
and that, similarly,
(3.7)
T { Tso if [(sv) =1(v) — 1
s (G20 dav o — DT + quv gy pTew if I(s0) = 1(v) + 1
Now 3.5 leads directly to the desired result when we use the simple

equations 3.6 and 3.7, together with the induction hypothesis, the fact
that —(x, ") > N, and the inequality 3.3. O

Corollary 3.2. & is weakly convergent if Re(t) < 6~'/2. Here we use
the ordering on the space T,; = Hom(X,R) of real characters of X,
given by t; < ty & t1(a) < ta(a)Va € Ry 4.

Proof.  On a basis element 7,0, we have to show that

> Ity — @)l|7(T.6.)]

zeX
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is convergent. By Lemma 3.1 it is enough to check the convergence of
Z Re(t 51/ ().
TEQ+

This is clear when we choose € sufficiently small. 0

Definition 3.3. The series & € H* will be called “the Fisenstein se-
ries” for H.

3.2. Meromorphic continuation of &,

The formal series & has meromorphic continuation to 7', and is in
fact a rational function. This simple fact is proved in the next lemma.

Lemma 3.4. Recall the notations of Fxample 2.6. The functional
D(t)& (with Re(t) < 5‘1/2) can be written as:

=Y Dy RuE Ry,
weWy

where

=Y t—wx)b,.
zeXtwewe
In particular, Vh € H, t — D(t)E;(h) extends to a reqular function on
T.

Proof. This is clear from the relation given in Corollary 2.11, since

D(t)gt = Dgt
= Z Dy wDu Z tH(—ww) by
weWy zeXtwew?®
= Z Dy wBuw ( Z t(—wx)9$> R,-1.
weWy zeXtwew®

O

Theorem 3.5. Recall Definition 2.25 of the matrix element E,. We
have:

D& = At 1) E,.

Proof. As we already remarked in the beginning of this section, it
is clear that E; and &; are proportional. In order to find the ratio of
proportionality, we project both of them onto Macdonald’s spherical

function ¢;. In the case of F; this was done in Proposition 2.29.
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Now let us concentrate on &,. We write
D(t)&(0;) = DE(0;)
= 7(1y DET,0,)
= Y (T DY Rl R Ty 0,).

wow

(3.8)

weWo

Before we continue, it is convenient to introduce some more notation.
Let f and g be elements in H*. We say that f and g are asymptotically
equal if there exists an N € N such that f(Ty,) = 9(Twe,), Yw € Wy
and Vz € X that satisfy the condition: Yoo € R, |(z,a")| > N. This is
an equivalence relation on H*, which we shall denote by f ~ g. Note
that ~ is respected by the left and right H module structure of H*,
and that the equivalence class of 0 € H* contains H C H*.

Given t € T, we introduce a right and a left evaluation map, denoted
h — h(t) and h — (t)h respectively, from H to Hy. These maps are
defined on basis elements by:

(T,,0.)(t) = t(z)T,
and
(t)(0:T) = t(x)T.

Of course, the right (left) evaluation is the unique homomorphism of
left (right) #o modules extending the usual evaluation map 0, — t(z)7,

on A.
With these notations it is clear that

DY wRuE' Ry=1 ~ Dyg(w " t) Ry (w 1) E (w ) Ryy—1)

wow

Moreover, using the Definitions 2.4 and 2.9 we easily find:
Ry(w™t) = ry(w™t)

and
(W 'Ry =7y (1) ] (—(B)).
BERL,+NWRy,

After this simplification we can deal with the left and right multiplica-
tion by T, that occurs in 3.8. We can use the fact that T, is central
in Hy, and that, by Lemma 2.7 and Lemma 2.27, we have:

T re(w™") = ny 1 ()T

and

Tw-1 (t_l)T0+ = T0+nw71 (t_l).
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Now continue equation 3.8, to obtain for x € X very far from walls:

D(t)&(0)) =
=Y (T DY, R} Ry Ty 0,)

weWy

=> { JI (~t(8)}Dugw(t)ne— (7)1 (T5 1T 6,)

weWp 6€R1,+|’1wR1,,

= >0 II B Hnuw (0™ Ony 1 (7))

weWy ﬂ€R1,+ﬂ’wR1,_

{ g (W™ )01 (71} Y H(—wy)7(6;6,)

yeXt

II )i @ni ) (wow t)()

’wEWo BERL,+NWRy,

(using Lemma 2.7 and Proposition 2.31)

_ §0w0;2A(t)A(t_l)c(t) > c(wtywt(x)

weWo

- Q(w°)2A(t)A(t—l)c(t)qﬁt(HI )

- Pﬂ(q)A(fl)n(t*)d)t(ﬁi)

Comparing this result with Proposition 2.29 finally gives the desired
result. U

Remark 3.6. Surprisingly, the result of the above computation is cor-
rect for all strongly dominant x in D(t)E,(6;)). This is better than one
would expect, at first sight, from this method of computation!

3.3. Proof of the main theorem

By Theorem 3.5 we may write, when Re(t) < §~1/2;

39 E=3 o= <q(w52<t>> <(I(w0)0(1t_1)0(t)>

The main Theorem 1.14 follows by taking the trace 7 in formula 3.9,
using Proposition 2.24.
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3.4. A disintegration of the trace

The formula for the trace we have now derived is only a simple
formal consequence of formula 3.9. Formula 3.9 is itself of fundamental
interest, since it is the starting point for the spectral analysis of 4. This
may be illustrated by the following obvious disintegration formula : if
ty € Ty, € Hom(X, R), the split real form of T, with t, < §~'/2, then

T, = Z/t t(—x)0,dt

zeX etOTc

tEtOTc

Thus, when we use 3.9, and interpret formula 3.10 as a weak integral
of a function with values in H*, we obtain:

(3.10)

Theorem 3.7.

(3.11) T= /teton <q(w§tA(t)> q(wo)c?ttl)f/‘(t)'

Here T, = Hom(X, S'), the compact form of the algebraic torus T,
and dt denotes the holomorphic n-form on 7' which restricts to the
normalized Haar measure on 7.. This formula might be called “the
Laplace inversion formula” for H. In order to refine this formula to
the level of a spectral resolution of 7, we need to carry out a contour
shift, sending t; to e € T,;. The resulting formula will be an integral
of tempered characters of H, against a positive measure. This refine-
ment of Theorem 3.7 requires several techniques, and will be discussed
elsewhere.

Macdonald’s spectral resolution [4] of the trace function of the al-
gebra H™ can be recovered easily from Theorem 3.7, by applying the
projection onto the spherical function as in Theorem 3.5. We find:

tEtOTc

1 dt
(3.12) e / )
1 dt

= B@) Jrer, Vet

We can send %y to e in T,; without meeting poles of the integrand,
because the projection of & onto ¢; created a “window” in the set of

poles. This step is crucial, and explains the simplicity of the spherical
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harmonic analysis. In particular there is only continuous spectrum in
this case.
We resume the computation of 3.12:

1 dt

WolPo(0) #

Ther = c(wt=1)

weW, teTe

1 dt
~ T o (Z C“"”) )

weWy

B 1 / s dt
[Wolg(wo) Jier, tC(t)C(t_l).

More difficult is the formula that one obtains after projection onto
the anti-spherical function ¢; defined by ¢; (h) = Py(q)(Ty, h(t)Ty),
with 7 the central idempotent of H, corresponding to the sign repre-
sentation T, — (—1)1®) of H,. Here one obtains:

tetoTe

1 o dt
B Py(gt) /tetoTC ? @

This time, the window in the set of poles of the integrand is in the
direction of the positive chamber of 7T, so we cannot avoid the poles
when we shift the contour. Nonetheless, the structure of the set of
poles which one has to deal with, is essentially simpler than in the case
of Theorem 3.7. The anti-spherical case was dealt with in [1]. It gives
insight in the anti-spherical Plancherel measure, in particular in the
formal degrees of the discrete spectrum (with anti-spherical vector!).

We expect that it is possible to find similar information for the full
tempered spectrum, starting from Theorem 3.7.

(3.13)
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