“proefschrift” — 2004/11/30 — 11:33 — page i — #1

GAUGE THEORIES IN 3 & 1 DIMENSIONS

A STRING INSPIRED APPROACH TO SUPERSYMMETRIC GAUGE THEORIES, D0-BRANES IN A CURVED BACKGROUND

“proefschrift” — 2004/11/30 — 11:33 — page ix — #9

CONTENTS

1 General Introduction 1

I Non-perturbative results in supersymmetric gauge theories 3

2 Introduction and Motivation 5

3 Gauge Theory 11 3.1 Limitations of perturbation theory . . . . . . . . . . . . . . . . . . . . 11 3.2 Confinement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

4 Supersymmetry 19 4.1 Gauge theories with N = 2 supersymmetry . . . . . . . . . . . . . . 19 4.1.1 The Seiberg-Witten solution . . . . . . . . . . . . . . . . . . . 21 4.1.2 Confinement . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 4.2 Adding a superpotential . . . . . . . . . . . . . . . . . . . . . . . . . 27 4.2.1 Factorization of Seiberg-Witten curves . . . . . . . . . . . . . 27 4.2.2 Dijkgraaf-Vafa: a string theory inspired approach . . . . . . . 30 4.2.3 Confinement . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

5 Integrable systems 35 5.1 Symplectic geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 5.2 Integrability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 5.3 The periodic Toda chain . . . . . . . . . . . . . . . . . . . . . . . . . 37 5.3.1 Relation to Seiberg-Witten theory . . . . . . . . . . . . . . . . 39 5.4 Hitchin systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 5.4.1 Elliptic spin Calogero-Moser from Hitchin . . . . . . . . . . . 41 5.4.2 Periodic Toda from elliptic spin Calogero-Moser . . . . . . . . 43

6 Three dimensional supersymmetric gauge theories 45 6.1 Compactifying on a circle . . . . . . . . . . . . . . . . . . . . . . . . 45

“proefschrift” — 2004/11/30 — 11:33 — page x — #10

Contents

6.2 The Conjecture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 6.3 Towards a proof of the conjecture . . . . . . . . . . . . . . . . . . . . 47 6.3.1 The D-brane setup . . . . . . . . . . . . . . . . . . . . . . . . 48 6.3.2 How the brane setup leads to the Toda system . . . . . . . . . 51 6.4 Performing the calculation in three dimensions . . . . . . . . . . . . 53 6.4.1 Example: U(N) with quadratic superpotential . . . . . . . . . 55 6.4.2 Example: Integrating in the glueball fields . . . . . . . . . . . 56 6.5 Extending the conjecture to G_2 . . . . . . . . . . . . . . . . . . . . . 60 6.5.1 Classical field theory results . . . . . . . . . . . . . . . . . . . 61 6.5.2 Finding the quantum vacua . . . . . . . . . . . . . . . . . . . 61 6.5.3 Deriving the resolvent for G_2 . . . . . . . . . . . . . . . . . . 67

7 Conclusions 75

II D0 branes in a curved background 77

8 Introduction and Motivation 79

9 D0-branes in a flat background 83

10 D-geometry 87 10.1 The D-geometry axioms . . . . . . . . . . . . . . . . . . . . . . . . . 88 10.2 Matrix valued diffeomorphisms . . . . . . . . . . . . . . . . . . . . . 89

11 The principle of base-point independence 91 11.1 The background field expansion . . . . . . . . . . . . . . . . . . . . . 91 11.2 Shifting the base-point . . . . . . . . . . . . . . . . . . . . . . . . . . 95 11.3 A new symmetry principle . . . . . . . . . . . . . . . . . . . . . . . . 97

12 Applications and Checks 99 12.1 Applying base-point independence . . . . . . . . . . . . . . . . . . . 99 12.1.1 Second order in Ẋ . . . . . . . . . . . . . . . . . . . . . . . . 100 12.1.2 Higher order corrections: Fourth order in Ẋ . . . . . . . . . . 103 12.2 Checking T-duality . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

13 Evidence for a gravitational Myers effect 111 13.1 Correction terms and the Myers effect . . . . . . . . . . . . . . . . . 111 13.1.1 Tachyonic instabilities . . . . . . . . . . . . . . . . . . . . . . 112 13.2 Instabilities in curved backgrounds . . . . . . . . . . . . . . . . . . . 113

14 Conclusions 117

“proefschrift” — 2004/11/30 — 11:33 — page xi — #11

Contents

A Affine Lie Algebras 119 A.1 Simple Lie algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119 A.2 Affine extensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122 B A recurrence relation for P_N (x) 125 C Equations of motion for G_2 127

“proefschrift” — 2004/11/30 — 11:33 — page xii — #12

Contents

“proefschrift” — 2004/11/30 — 11:33 — page 1 — #13

CHAPTER 1

GENERAL INTRODUCTION

Among lay persons string theory is notorious for the extra dimensions it predicts (ten, eleven or even twenty-six?). This thesis will primarily deal with string theory inspired models that live in less than four dimensions. Two such theories will be discussed, one is a supersymmetric three dimensional gauge theory, the other a onedimensional bosonic gauge theory coupled to gravity. Each theory will be treated in a separate part.

Part one will deal with the supersymmetric gauge theories. These three dimensional gauge theories have the remarkable property that certain exactly calculable quantities predict exact quantum properties of a related four dimensional gauge theory. An important role is played by a classical integrable system, this role will be elucidated by relating the gauge theories to a D-brane setup.

Part two is about the interaction of D0-branes with gravity. The action for multiple D0-branes, a one dimensional gauge theory, is difficult to determine due to ordering ambiguities. The application of a new symmetry principle is used to reduce this problem. Also, evidence is found for interesting collective behavior of D0-branes in a curved background: a gravitational Myers effect.

“proefschrift” — 2004/11/30 — 11:33 — page 2 — #14

Chapter 1 - General Introduction

“proefschrift” — 2004/11/30 — 11:33 — page 3 — #15

Part I

Non-perturbative results in supersymmetric gauge theories

“proefschrift” — 2004/11/30 — 11:33 — page 4 — #16

“proefschrift” — 2004/11/30 — 11:33 — page 5 — #17

CHAPTER 2

INTRODUCTION AND MOTIVATION

The first part of this thesis will deal with gauge theories, supersymmetric gauge theories in particular. The goal of this chapter is to explain why these supersymmetric gauge theories are worth studying. One reason reason is one of the big open questions in high-energy physics: Finding an analytic description of the vacuum structure of QCD. Allthough the string theory inspired supersymmetric gauge theories, that will be presented in this thesis, are far from giving satisfactory explanations, they do provide a valuable laboratory where much can be learned about gauge theories in general. This chapter will start by briefly reviewing the main issues in QCD, gradually building up to recent advances in supersymmetric gauge theories.

QUANTUM CHROMO DYNAMICS

The gauge theory of the strong interaction, Quantum Chromo Dynamics or simply QCD, has the special property of asymptotic freedom: at very high energies the theory resembles a free field theory, at low energies the theory is strongly coupled. Precisely the strongly coupled nature of QCD in the infrared (IR) makes it difficult to give a satisfactory theoretical description of the low energy quantum dynamics. After all perturbation theory, the favorite tool of most high-energy physicists, becomes cumbersome at strong coupling.

At this point in time it is not even possible to derive the properties of the vacuum of QCD from first principles. However, from experimental data and general arguments,

“proefschrift” — 2004/11/30 — 11:33 — page 6 — #18

Chapter 2 - Introduction and Motivation

one knows some of the properties it should have. The first property that comes to mind is confinement: although the elementary fields in QCD are the quarks and gluons, physical states are always colorless (i.e. baryons, mesons or glue-balls).

A different property, although not completely unrelated, is the existence of a mass gap, which basically means that there are no states in the spectrum at zero energy. In particular this means that the strong force is a short-distance force (in reverse, in the absence of a mass gap, massless gluons would mediate a long-range force which does not speak in favor of confinement). A general consequence of a mass gap is the introduction of a mass scale in the theory. Note that classically, Yang-Mills theory in four-dimensions is scale invariant (and therefore cannot have an intrinsic mass scale classically), the introduction of a mass-scale is therefore a pure quantum effect.

The third property of the vacuum that is worth mentioning is that of chiral symmetry breaking. Take for example QCD for just two quarks (u and d), this has a global SU(2) symmetry that interchanges the two flavors. However, in the limit of massless quarks, this symmetry is enhanced to SU(2) × SU(2), since the left- and right-handed parts of the massless spinors can be rotated independently. This chiral symmetry is spontaneously broken in QCD, the Goldstone bosons being the pions. At high energy the chiral symmetry should be restored. Since the breaking of the chiral symmetry is intimately connected with the existence of a mass gap (and therefore also confinement), it will be interesting to understand the mechanism of chiral symmetry breaking and restoration more thoroughly.

The above three properties of the vacuum of QCD are still ill understood from the theoretical point of view. It will be a great challenge to solve these issues.

SUPERSYMMETRIC GAUGE THEORIES

This thesis will not be focused on QCD, but rather on supersymmetric gauge theories. Supersymmetric gauge theories are interesting for many reasons. Many Grand Unifying Theories (GUTs), for example, need supersymmetry to achieve gauge coupling unification. Extensions to the Standard Model often involve supersymmetry, not unimportant in this respect is the fact that supersymmetry can, via loop cancellations, control radiative corrections to particle masses and can therefore be a solution to the hierarchy problem.

One can also view supersymmetric gauge theories as a laboratory to study QCD, viewing QCD as a perturbation from a supersymmetric gauge theory. Knowledge of supersymmetric gauge theories can then possibly be used to learn something about QCD. String theory in the form of D-brane setups, provides many excellent laboratories. The D-brane setups, for example, provide alternative perspectives one can use

“proefschrift” — 2004/11/30 — 11:33 — page 7 — #19

Chapter 2 - Introduction and Motivation

to describe gauge theories.

Besides being physically interesting, supersymmetric gauge theories are also easier to deal with. Powerful symmetry arguments sometimes lead to exact non-perturbative results. Take for example the superpotential; using supergraph techniques one can show that the superpotential is not modified perturbatively. This result can also be derived using the fact that the superpotential is holomorphic in the fields and coupling constants [1]. Sometimes holomorphy in combination with global symmetries of the superpotential allows one to derive the exact quantum superpotential (as is the case for the Wess-Zumino model).

Supersymmetry thus constrains the quantum corrections to the superpotential. The kinetic terms however are not protected by holomorphy and can receive many perturbative and non-perturbative corrections. Thus the power of holomorhpy is the most useful in situtations where the kinetic terms are not important, such as in the study of the vacua of supersymmetric gauge theories.

More symmetry usually means more analytic control, this is the case with supersymmetric gauge theories as well. The gauge theory with extended supersymmetry (N = 2) can be shown to have an electric-magnetic duality symmetry. This symmetry interchanges the electric and magnetic charges in the theory and at the same time switches between strong and weak coupling. To understand electric confinement (such as the confinement of quarks and gluons, which are the ”electric” degrees of freedom) it is necessary to understand the low energy, strongly coupled regime of the theory. Using the electric-magnetic duality one can turn this into a problem in the weakly coupled dual theory, where one can use perturbation theory to address the problem of confinement [2].

Lagrangians for gauge theories with N = 2 supersymmetry are determined by the prepotential, a holomorphic function from which the Kähler potential, gauge couplings and scalar potential can be determined. Seiberg and Witten [2] showed that the problem of finding the non-perturbative prepotential can be turned into the problem of computing certain quantities on an elliptic curve. So out of this quantum gauge theory an effective geometry emerges that captures the strong coupling phenomena. For the gauge group SU(2) the elliptic curve is a torus, with modulus τ. This modulus can be identified with the gauge coupling, both are controlled by the vacuum expectation value of the scalar field of the N = 2 chiral multiplet.

RECENT PROGRESS

Phenomenologically N = 2 theories are not that interesting because N = 2 multiplets can not contain chiral fermions. N = 1 theories do allow chiral fermions,

“proefschrift” — 2004/11/30 — 11:33 — page 8 — #20

Chapter 2 - Introduction and Motivation

however since they have less supersymmetry it is also harder to deal with those theories. Still, having N = 1 supersymmetry does constrain the possible corrections to the superpotential significantly. It is well-known that the superpotential only has a one-loop perturbative contribution, all other contributions are non-perturbative. Determining those non-perturbative contributions can be quite difficult.

Surprisingly recent progress, by Dijkgraaf and Vafa [3], shows that it is possible to determine the exact superpotential by doing a perturbative computation in a onedimensional theory (a so-called Matrix Model). Roughly the argument is as follows. If one is interested in calculating the exact superpotential in a background of gauge fields, the path-integral can be reduced to such a form that only planar diagrams in the zero-momentum limit contribute: the path-integral reduces to a matrix integral in the ’t Hooft limit (the large N limit is not performed on the rank of the original gauge symmetry, therefore the results are valid for the gauge symmetry one started with). The superpotential can then be expressed, term by term, in the gauge field background. After minimizing this superpotential with respect to the gauge field background the superpotential can be expressed as a power series in the characteristic energy scale (the scale reminiscent of dimensional transmutation):

W ∼ Λ^3 + . . . ∼ Λ^3_0e^{− 8π} 2 g^2 + . . . ,

showing the non-perturbative nature of the calculations. Allthough the original calculation was done using a chain of dualities in string theory, the argument can be completely given in field theory terms [4].

Actually, it turns out this is only a special example of a more general scheme: d − 3 dimensional theories can be used to calculate superpotentials of d dimensional theories [5]. A zero-dimensional theory (or algebraic theory, no integrals) would be particularly easy to deal with. Such an algebraic theory would correspond to a threedimensional gauge theory, not a four-dimensional one. However, fortunately, some three-dimensional theories do predict the correct results for holomorphic quantities in related four-dimensional theories. The main focus of the first part of this thesis will be a specific example of such a three-dimensional theory: a four-dimensional N = 1 theory compactified on a circle. As will be shown the algebraic theory that underlies the three-dimensional theory (and hence aspects of the four-dimensional theory) is a classical mechanical integrable system.

The following series of chapters will start off by giving some necessary background material about (supersymmetric) gauge theories and integrable systems. All is necessary to understand the main result of this part of the thesis: Calculating fourdimensional superpotentials using an underlying integrable system. Chapter 3 will be used to review some relevant aspects of gauge theories, nothing new, but hopefully helpful to starters in the field. Things will become a bit more technical in the

“proefschrift” — 2004/11/30 — 11:33 — page 9 — #21

Chapter 2 - Introduction and Motivation

following chapters 4 and 5 dealing with necessary background material about supersymmetric gauge theories and integrable systems. These two chapters are necessary to understand the new material presented in chapter 6, which is about how to use integrable systems to calculate exact quantum effective superpotentials.

“proefschrift” — 2004/11/30 — 11:33 — page 10 — #22

Chapter 2 - Introduction and Motivation

“proefschrift” — 2004/11/30 — 11:33 — page 11 — #23

CHAPTER 3

GAUGE THEORY

In this chapter some time will be spent to review a few well-known results obtained in the theory of gauge fields. The material presented in this chapter is not new, but it is relevant background material for the following chapters.

(3.1) LIMITATIONS OF PERTURBATION THEORY

The reason why it is difficult to determine the vacuum properties of quantum gauge theories, QCD in particular, is that at low energy the theory is strongly coupled. This means that perturbation theory breaks down and non-perturbative effects become essential. A good example is the instanton solution, a single instanton contributes a factor e^{− 8π} 2 g2 to the path-integral. This expression does not have a Taylor expansion around g = 0, hence the instanton effect can never be seen in perturbation theory: perturbation theory is incomplete and exact quantities can never be obtained using this method.

One might hope that, at least, the summation over all Feynman diagrams yields results that capture all the non-perturbative physics. Even this is not the case since a perturbation series like_∞ ∑ n=0 a_ng^n

will only converge asymptotically since the number of Feynman diagrams at n-th

“proefschrift” — 2004/11/30 — 11:33 — page 12 — #24

Chapter 3 - Gauge Theory

order grows like n!, therefore a_n ∼ n!.

The fact that the number of diagrams at n-th order behaves like this can of course be checked using combinatorics. One can also make use of the fact that the pathintegral is a generating functional for all Feynman diagrams. Since only the number of Feynman diagrams is relevant, it is sufficient to simply evaluate the path-integral in the zero-momentum limit, reducing it to an ordinary integral. Take for example Φ^4 theory, the path-integral in this case reduces to (see [6])

Z(g) = 1 √ 2π ∫_∞ −∞ e^{− 1}2^{x2− 1}4^{gx4} dx = ∑ Z_kg^k. (3.1)

The numbers Z_k are an indication of the number of diagrams at k-th order. Remember that for this theory, the number of loops l is given by l = k − 1. The integral in equation 3.1 can be estimated for large k. Write

Z_k = 1 √ 2πk!

∫_∞ −∞ e^{− 12 x2} ( − x^4 4 )_k dx and note that this is an integral representation of the Γ function. In the limit of large k this can be written as Z_k ∼

(−1)^k π √ 2 4^k(k − 1)!,

confirming the large order behavior.

It was realized by ’t Hooft [7] that the perturbation series improve for SU(N) at large N, if one uses the coupling λ = g^2N. Then only planar diagrams contribute and the number of diagrams grows as a power law

a_n ∼ c^n.

Perturbation series in λ can be analytic and can have a finite radius of convergence, if there is no essential singularity at g = 0 (that is, any singularity must behave like a pole). One can use this technique to learn about QCD or other quantum gauge theories. To show that the number of diagrams indeed grows as a power law, the same strategy as above is used. Take the path-integral for Φ^4 theory, with Φ an N × N matrix. In the large N limit the path-integral is a generating functional for planar diagrams only [8]

e^{−N 2F (g)} = ∫ dΦe^{− 12 Tr Φ2 − gN Tr Φ4} ,

where F is the generating function for connected planar diagrams. Note that this integral can be evaluated and that at large order it results in

F (g)_k ∼ (48)^k

reflecting that number of connected planar diagrams grows as a power law.

“proefschrift” — 2004/11/30 — 11:33 — page 13 — #25

Chapter 3 - Gauge Theory

(3.2) CONFINEMENT

CONFINEMENT OR MAXIMAL SCREENING?

One of the most prominent features of QCD is confinement; the effective degrees of freedom are color singlets whereas the fundamental degrees of freedom carry color charge. Though ill understood from a purely theoretical point of view, this phenomenon is often attributed to the existence of flux tubes and a mass gap. However, the issue of confinement (as observed in experiments) is a bit more subtle. The subtlety is called “maximal screening”. Maximal screening is the ultimate form of the familiar Debye screening (see for example [9]). Consider two quarks and start to pull them apart slowly. At some point the distance between the quarks reaches the QCD scale, i.e. the scale at which the coupling becomes strong. The energy density of the gluon field between the quarks can then be estimated as follows

E ∼ g^2/r^4 ∼ g^2Λ^4_{QCD} ∼ Λ^4_{QCD}.

It turns out that this energy density is enough to create a quark–anti-quark pair, since m^4_q ∼ Λ^4_{QCD}.

This effect is called maximal screening, the original quark pair is screened completely because pulling apart the quarks creates a gluon field energetic enough to pair produce quarks. This game can even be played with QED, provided the coupling is high enough (which it isn’t in reality).

The question arises what is meant exactly with the confinement due to flux tubes. When flux tubes form the potential between the quarks becomes linear. This can be easily seen using a Gaussian surface around the flux tube (see figure 3.1):

Q_{enc} = ∮ S ⃗E · d ⃗A ⇒ E ∝ q/A ⇒ V ∝ d.

Here A is the surface of the Gaussion box. The linear potential due to the flux tube between the quarks means that it requires a constant force to keep them apart. As the coupling constant increases with increasing distance (asymptotic freedom), it is impossible separate the quarks completely. Now it is possible to state what is usually meant by “proving confinement”. Confinement is proven if the existence of flux tubes can be shown. So this is really confinement of flux and not solely the confinement of charges (which can also occur through the maximal screening mechanism discussed above).

“proefschrift” — 2004/11/30 — 11:33 — page 14 — #26

Chapter 3 - Gauge Theory

Figure 3.1: A flux tube between two color charges.

FLUX TUBES

Flux tubes can be characterized by their end-points (i.e. the representation R and R̄ of the quarks at both end-points, see figure 3.1). To characterize the flux tube it is not sufficient to give the representation R. This is because the representation is not a conserved quantity in the following sense. Gluon number is not a conserved quantity, therefore one can always take a gluon from the flux tube and combine it with the charge R to make it look like a different representation. This new configuration possibly has a lower tension (flux tube energy density), causing the system to decay to this energetically more favorable flux tube. One quantity is conserved however: the charge(s) under the center of the gauge group. Those charge(s) can be used to classify the flux tubes. As an example consider SU(N), the center consists of elements U = e^{2πik/N} I, k = 0, . . . , N − 1,

which together form the Abelian group Z_N . For SU(N) any representation can be built out of direct products of the fundamental N and anti-fundamental N̄ representations. Because the anti-fundamental representation is the complex conjugate of the fundamental representation, it has opposite charge. The adjoint representation is built out of N ⊗N̄, therefore it has charge zero. Combining any representation R with the adjoint representation in a direct product will not affect the total charge under the center. It will remain equal to the charge that corresponds to R.

To each R one can associate a flux tube and to each flux tube one associates a tension T_R. As explained above, labelling the flux tube using the representation R is awkward since one representation can turn into another simply by combining with one of the gluons in the flux tube. If this combination R ⊗ adj contains a representation belonging to a flux tube with lower tension, then it is energetically favorable for the system to decay to this less energetic flux tube. In the case the direct product contains a singlet, the flux tube dissapears alltogether. A special case is the adjoint representation, since adj ⊗ adj always contains a singlet, there cannot be any stable fluxtubes between adjoint matter. Groups that have a trivial center

“proefschrift” — 2004/11/30 — 11:33 — page 15 — #27

Chapter 3 - Gauge Theory

cannot have stable flux tubes at all.

THE MEISSNER EFFECT

Popular explanations of the existence of flux tubes in QCD use the so-called dual Meissner effect. The Meissner effect is a phenomenon of superconducting materials. In the superconducting phase pairs of electrons (Cooper pairs), described by a complex scalar field ϕ, condense. This superconducting condensate has some special properties: If an external magnetic field is applied a current is induced, creating a opposite magnetic field. The external magnetic field is expelled, although flux tubes form through which the magnetic field can penetrate the material. Within the flux tube the material is in the non-superconducting phase, allowing a magnetic field to be present. One can say that magnetic flux is confined in this system.

The flux tubes in this condensed matter system, Abrikosov vortices, can be described using a spontaneously broken U(1) scalar field theory. In the context of relativistic field theories a 2+1-dimensional Abelian Higgs model should be used. The existence of vortices in this theory was shown by Nielsen and Olesen [10]. The Lagrangian of the Abelian Higgs model reads

L = −^1_{4g2} F^2 + (Dϕ)^2 − V (ϕ^†ϕ). (3.2)

The potential is such that for field configurations satisfying

ϕ^†ϕ = v^2 ⇒ ϕ = ve^{iθn} (3.3)

the minimum is reached. In this minimum there are no massless degrees of freedom anymore. This means a Yukawa type potential for the electromagnetic interaction, hence electric fields are screened. There is a problem however with this vacuum configuration: it is not a finite energy configuration, as the kinetic energy of the scalar field is not finite E ≈ ∫ dV (∂_θϕ)^2 ∼ πn^2v^2 ∫ dr r → ∞.

A finite energy configuration can be created by modifying the value of the vector potential appropriately, such that the covariant derivative vanishes at infinity

D_θϕ =^1_r ∂_θϕ + iA_θϕ = 0 ⇒^1_r ∂_θϕ = −iA_θϕ.

From this equation one deduces that at infinity n is an integer and that

A_θ = −n/r ⇒ flux: Φ = ∫ rdθA_θ = −2πn,

“proefschrift” — 2004/11/30 — 11:33 — page 16 — #28

Chapter 3 - Gauge Theory

showing that the magnetic flux is quantized.

The spontaneous breaking from U(1) → I, allows the appearance of vortex solutions. A more fancy way of stating this result is that this configuration is described by a map from the boundary ∂S, a circle, to a U(1) phase. The tubes are topologically stable, with the topological charge being

π_1[U(1)] = Z.

In this case the topological charge is just the integer number n. The general mechanism is as follows. When the symmetry group G is spontaneously to broken to a subgroup H G → H,

then the topological charge is given by

π_1[G/H].

So, flux tubes exist if π_1[G/H] is non-trivial. If G is simply connected this is equal to π_0[H].

If the Higgs mechanism is applied to an adjoint scalar field the symmetry is broken to the center of the gauge group. For example if SU(N) is broken to its center Z_N , the topological charge is π_1[SU(N)/Z_N ] = Z_N ,

which corresponds to the charge classifying flux tubes, discussed before.

The central idea is now to copy this mechanism over to gauge theories with the electric and magnetic charges interchanged: a dual Meissner effect. The fundamental magnetic degrees of freedom will be magnetic monopoles, which will therefore be discussed before the mechanism of confinement in gauge theories is discussed.

MONOPOLES

For a theory to have monopoles á là ’t Hooft-Polyakov, a breaking pattern like SU(2) to U(1) should occur. The appropriate model is still the Abelian Higgs model, see equation 3.2, but now in 3 + 1 dimensions. For stable point-like topological charges to exist the second fundamental group of the vacuum manifold M should be nontrivial π_2(M).

At infinity fields should be pure gauge, so the field configuration there is characterized by a map from the sphere at infinity to the moduli space (vacuum manifold).

“proefschrift” — 2004/11/30 — 11:33 — page 17 — #29

Chapter 3 - Gauge Theory

If the gauge symmetry is broken from G to H then the vacuum manifold is given by M = G/H.

The ’t Hooft-Polyakov monopole solution with charge one is given by the following “hedgehog” configuration

ϕ(⃗r) = η

⃗r · ⃗σ r f(r), f(0) = 0, f(∞) = 1 (3.4)

⃗A(⃗r) = ⃗r × ⃗σ r^2 a(r), a(0) = 0, a(∞) = 1. (3.5)

This configuration can be gauge rotated to the form ϕ_∞ ∝ σ_3 if one uses the gauge transformation U(θ, φ) = exp(−iσ_2θ/2) exp(−iσ_3φ/2). (3.6)

One can then project onto the gauge field that corresponds to this direction in isospace:

⃗A_3 ∝ Tr ϕ ⃗A ∝ z gr ⃗∇φ.

In terms of this U(1) field, the monopole indeed carries one unit of magnetic charge

⃗∇ × ⃗A_3 = ⃗r gr^3 . Note that the gauge transformation becomes singular at the point where the gauge symmetry is restored (⃗r = ⃗0).

THE DUAL MEISSNER EFFECT: ABELIAN PROJECTION

The Meissner effect explains the confinement of magnetic flux due to the condensation of electric charges. In QCD one expects confinement of electric flux to take place. Perhaps a dual Meissner effect, in which electric and magnetic charges are interchanged, is responsible for confinement in QCD? Such a mechanism is indeed proposed by ’t Hooft (see [11] and references therein). The mechanism roughly works as follows (for SU(N))

• The non-Abelian gauge symmetry is fixed, leaving the Cartan subgroup U(1)^{N−1} unfixed.

• Point-like singularities in the gauge fixing condition show the existence of field configurations with magnetic charge. After the electric charges are integrated out, an Abelian theory with magnetic charges only is left.

• A electric-magnetic duality transformation is performed, describing the system in terms of electric charges.

“proefschrift” — 2004/11/30 — 11:33 — page 18 — #30

Chapter 3 - Gauge Theory

• If one can show that the Meissner effect occurs in this theory, one has proven confinement of electric charge in the original gauge theory.

This mechanism will be now discussed in a little bit more detail for SU(2). To fix the non-Abelian gauge symmetry completely one uses an adjoint scalar field. This scalar field can be a fundamental field of the theory, but it can also be a composite field (as has to be the case for pure Yang-Mills). This adjoint scalar field, called X, is subjected to the gauge fixing condition

X = diag(λ, −λ),

which obviously fixes the gauge symmetry to U(1). Then the following question arises: How can one spot a monopole? Suppose there is a point x_0 in space where λ = 0, resulting in an enhancement of the gauge symmetry to SU(2) at that point. For a generic adjoint operator X = ⃗x · ⃗σ, this means that there are three constraints. The solution space to these three constraints is, generically, a co-dimension three object. Therefore in three spacial dimensions these constraints describe isolated point-like objects. In other words, the enhanced gauge symmetry is expected only at points in space (or time-like curves in four dimensional space-time). Closely around the singularity (after gauge fixing) the configuration looks like

X = diag(ϵ, −ϵ) = σ_3ϵ.

After performing the inverse transformation of the one used for the monopole (equation 3.6) this configuration is turned into a hedgehog configuration. At x_0 the full gauge symmetry is restored, just as in the monopole case. This is enough information to identify the appearance of monopoles in this partially gauge fixed gauge. Around the singularity the field configuration is that of a monopole. The theory is now effectively described by

• one massless photon

• two massive charged vector fields

• one scalar field λ

• topological point-like objects with magnetic charge: monopoles

As mentioned before, if one can show that the monopoles condense one can argue that an electricmagnetic version of the Meissner effect (the dual Meissner effect) is responsible for the confinement of electric flux. Condensation of magnetic monopoles can be shown in N = 2 supersymmetric gauge theories [2], providing strong evidence for confinement of electric flux in that theory.

“proefschrift” — 2004/11/30 — 11:33 — page 19 — #31

CHAPTER 4

SUPERSYMMETRY

This chapter will give a brief review of and introduction to N = 2 and N = 1 supersymmetric gauge theories. Since the theories central in this thesis are N = 2 theories deformed to N = 1, N = 2 supersymmetry will be discussed first. After discussing the work of Seiberg and Witten on N = 2 theories, the more recent progress of Dijkgraaf and Vafa on N = 1 theories is presented. For a more complete and thorough treatment of supersymmetry and supersymmetric gauge theories the reader is referred to the following references: [12, 13].

(4.1) GAUGE THEORIES WITH N = 2 SUPERSYMMETRY

UNCONSTRAINED SUPERSPACE

Unconstrained N = 2 superspace has four commuting and eight anti-commuting coordinates, grouped in a single superspace variable z_M

z_M = {x^μ, θ_{αi}, θ̄^{α̇i}, i = 1, 2}.

The N = 2 supersymmetry algebra has an SU(2)_R inner-automorphism that acts in the fundamental representation on the index i of the anti-commuting coordinates θ^i. The N = 2 chiral superfield is obtained by imposing the following conditions on a generic N = 2 superfield:

D̄_{α̇i}Ψ(z) = 0 D^{αi}D^j_αΨ = D̄^i_{α̇}D̄^{α̇j} Ψ i, j = 1, 2

(4.1)

“proefschrift” — 2004/11/30 — 11:33 — page 20 — #32

Chapter 4 - Supersymmetry

leading to the following expansion in N = 1 superfields

Ψ(x_+, θ) = Φ(x_+, θ^1) + √ 2θ^{α2}W_α(x_+, θ^1) + θ^2θ^2G(x_+, θ^1).

The coordinate x^μ_+ is defined as x^μ_+ = x^μ + iθ_iσ^μθ̄^i, Φ is an N = 1 chiral superfield and W_α the N = 1 gauge superfield (containing the N = 1 vector superfield V ). The auxiliary superfield G can be expressed in terms of Φ and W as follows

G(x_+, θ^1) = − 1 2 ∫ d^2θ̄^1Φ(x_+ − iθ_1σθ̄^1)^†e^{−2V (x+−iθ1σθ̄1 )}. (4.2)

The N = 2 gauge superfield is defined by replacing the superderivatives D in equation 4.1 with their covariantized forms

D_{αi} = D_{αi} + iA_{αi}, D̄_{αi} = D̄_{αi} + iĀ_{αi}.

The A and Ā fields are supergauge fields that take values in the Lie algebra of the gauge group. The gauge superfield is similar in structure to the chiral superfield, therefore the gauge superfield is often referred to as the chiral superfield.

In terms of components the N = 2 chiral supermultiplet has a gauge field, two Weyl spinors and a complex scalar field, all in the adjoint representation of the gauge group. A_μ λ_+ λ_− ϕ The Weyl spinors λ_± form a Dirac spinor and transform under the fundamental of the SU(2)_R R-charge, therefore theories with N = 2 chiral multiplets are necessarily non-chiral. The gauge field and scalar transform trivially under the SU(2)_R. There is also an Abelian R-symmetry, acting only on the N = 1 chiral multiplet part of the full multiplet:

λ_− → e^{iα}λ_−, ϕ → ϕ.

This chiral U(1)_R symmetry is anomalous at the 1-loop level.

THE PREPOTENTIAL

To write the most general action invariant under N = 2 supersymmetry one uses a prepotential F, a holomorphic function of a chiral superfield. The action is then obtained by integration the prepotential over N = 2 superspace S = ∫ dzTr F(Ψ) + c.c.

“proefschrift” — 2004/11/30 — 11:33 — page 21 — #33

Chapter 4 - Supersymmetry

This can be written in N = 1 language by integrating over half of the anti-commuting variables θ^{α2}. The result is the general expression

L = −^1_2 ∫ d^2θ ∂F ∂Φ^a

G^a − ∫ d^2θ

∂^2F ∂Φ^a∂Φ^b

W^{aα}W^b_α.

After plugging in the definition (equation 4.2) for the auxiliary superfield one obtains L = −^1_2 ∫ d^2θd^2θ̄ ∂F ∂Φ^a e^{−2V} Φ^{a†} − ∫ d^2θ

∂^2F ∂Φ^a∂Φ^b

W^{aα}W^b_α.

So that the Kähler potential generated by the prepotential F reads

K(Φ, e^{−2V} Φ^†) = ∂F ∂Φ^a

(e^{−2V} Φ^†)^a

and the coupling constant matrix is given by

τ_{ab}(Φ) =

∂^2F ∂Φ^a∂Φ^b . For renormalizable N = 2 theories the classical prepotential is necessarily restricted to F_{class} =^1_2 τ_{class}Ψ^2.

In that case the scalar potential V (ϕ) is equal to

V (ϕ) =^1_{2g2} Tr [ϕ, ϕ^†]^2. (4.3)

Because of this relatively simple form the structure of the exact pre-potential can be determined exactly. The coupling constant g comes from τ =^{4πi}_{g2} +^θ_{2π} . Quantum corrections to the prepotential are built up out of the 1-loop contribution and nonperturbative instanton terms [14] F = i 2π Ψ^2 ln ( Ψ^2 Λ^2 ) + ∞∑ n=1 F_n ( Λ Ψ )_{4k}

Ψ^2. (4.4)

The instanton contributions determine the constants F_n. The energy scale Λ is set by the coupling constant via dimensional transmutation:

Λ^3 = Λ^3_0e^{2πiτ} .

(4.1.1) THE SEIBERG-WITTEN SOLUTION

The classical supersymmetric vacua are obtained by solving [2]

F_{μν} = 0, D_μϕ = 0, λ_± = 0, V (ϕ) = 0. (4.5)

“proefschrift” — 2004/11/30 — 11:33 — page 22 — #34

Chapter 4 - Supersymmetry

From this it is clear that ϕ is gauge equivalent to a constant. Furthermore, it has to obey [ϕ, ϕ^†] = 0.

Since ϕ takes values in the Lie algebra of the gauge group, this equation is satisfied if ϕ is a sum over the elements of the Lie algebra that commute with each other: the Cartan subalgebra. For SU(N), the classical vacua are then given by r = N − 1 complex parameters a_i: ϕ = r∑ i=1 a_iH_i. (4.6)

The parameters a_i ∈ C label different vacua. However not all different combinations of the a_i give inequivalent vacua. There are gauge transformations (that necessarily connect equivalent vacua) that only permute the elements of the Cartan subalgebra H_i, and therefore effectively permute that a_i’s. Those transformations are called Weyl transformations. Weyl transformations form the symmetry group of the Dynkin diagram that corresponds to the Lie algebra for this group. Thus two vacua a_i and a^′_i are equivalent if the a^′_i are a permutation of the a_i. The space of inequivalent vacua can then be written as M = C^r/Weyl. (4.7)

This moduli space is then parametrized by the Weyl invariant parameters u_i, implicitly defined by det(x − ϕ) = x^N + u_1x^{N−1} + · · · + u_r. (4.8)

The kinetic terms of the action are determined by the metric on the moduli space, which in turn is derived from the prepotential. For N = 2 theories it can be written as ds^2 = Im

∂^2F ∂a^i∂a^j da^idā^j . (4.9)

It is convenient to rewrite this using the dual parameters a_{D,i} = ∂F/∂a^i:

ds^2 = Im da^idā_{D,i}. (4.10)

The variables a and a_D can be seen as a section of a bundle X ∼ C^{2r}. The Kähler moduli space M is the base of this bundle. As the variable a determines the mass of the gauge bosons in the spontaneously broken vacuum, the dual variable a_D determines the mass of the monopoles

m ∼ |a_D| . (4.11)

In this language the coupling constants are expressed as

τ_{ij} =

∂^2F ∂a^i∂a^j = ∂a_{D,i} ∂a_j

. (4.12)

“proefschrift” — 2004/11/30 — 11:33 — page 23 — #35

Chapter 4 - Supersymmetry

Such an N = 2 theory has an interesting exact Sp(2r, Z) duality. Classically the theory is invariant under Sp(2r, R) rotations. To see this, consider the kinetic term, which is

L_{kin} ∼ ∂_μ ( ϕ ϕ_D

)_† ( 0 i −i 0 ) ∂^μ ( ϕ ϕ_D ) . This kinetic term is manifestly invariant under symplectic transformations. For the case r = 1 one then has ( a a_D ) → M ( a a_D ) , M ∈ Sp(2r, R)

generated by S = ( 0 −1 1 0 ) : τ →^{−1}_τ a → −a_D a_D → a

T_β = ( 1 β 0 1 ) : τ → τ + β a → a a_D → a_D + βa.

(4.13)

The shift in the θ-angle is only insignificant if they are shifted by amounts of 2π, therefore β must be an integer. This restricts the duality group to be

Sp(2r, Z) ⊂ Sp(2r, R).

A GEOMETRIC APPROACH

Since the a_i parameters do not label the inequivalent vacua properly, it is better to express the metric on the moduli space and the gauge coupling constants in terms of the good parameters on the moduli space u_i. This amounts to expressing the variables a and a_D in u. The goal is then eventually to express all physical quantities, such as the coupling constant and metric on the moduli space, in terms of the good variables u of the moduli space. One can then learn from these expressions how these physical quantities depend on the choice of vacuum.

The pair a, a_D has a monodromy in the u-plane, i.e. after going through a loop in the u-plane the a and a_D get shifted by an Sp(2r, Z) transformation. The monodromies for the theory with gauge group SU(2) are derived in great detail in [2], their results will be described here briefly. One of the main results of this paper of Seiberg and Witten is that there are three characteristic monodromies in the u-plane. One monodromy at infinity (looping through an infinitely large circle in the u-plane) and

“proefschrift” — 2004/11/30 — 11:33 — page 24 — #36

Chapter 4 - Supersymmetry

two monodromies associated with the points in the moduli space where monopoles become massless, i.e. when

a_D = 0 ⇒ u = ±2Λ^2.

As an example consider the monodromy at infinity. From the general formula 4.4 one can then see that for large values of u (and of a) the expression for the prepotential reduces to that of the one-loop contribution, therefore

a_D = ∂F ∂a = 2ia π ln a Λ + ia π . After traversing a full circle at infinity in the u-plane, ln u picks up an additional 2πi, which means for a(u) ∼ √ 2u ln a → ln a + πi.

Completing a full circle in the u-plane corresponds to half a circle in the a-plane: a → −a. This leads to the following monodromy

a_D → −a_D + 2a a → −a,

which is indeed an Sp(2, Z) transformation. Together with the other two monodromies these transformations form the Γ(2) subgroup of Sp(2, Z).

It turns out that the knowledge of the monodromies is enough to determine the complete solution to the problem. That is, it is possible to find a(u) and a_D(u) by using the monodromies and the fact that the metric on the moduli space has to be positive definite Im τ(u) > 0.

The solution can be written in terms of a family of hyperelliptic curves, implicitly defined by y^2 = (x^2 + u)^2 − 4Λ^4. (4.14)

This surface can be constructed by gluing together two complex planes (sheets) along two ”cuts” (see figure 4.1). One cut is running from u − 2Λ^2 to u + 2Λ^2, the other from −u − 2Λ^2 to −u + 2Λ^2. Then the planes are compactified in the same way one compactifies a plane to a sphere by adding a point at infinity (onepoint compactification). This curve becomes singular when u = ±2Λ^2, the points at which monopoles become massless. If the dynamically generated scale Λ goes to zero, one arrives at the classical limit where all cuts shrink to a point.

The modular parameter of this genus one Riemann surface (i.e. a torus) depends on u. Remarkably this modular parameter is exactly equal to the coupling constant of the N = 2 gauge theory τ(u) = τ_{torus}(u). (4.15)

“proefschrift” — 2004/11/30 — 11:33 — page 25 — #37

Chapter 4 - Supersymmetry

Figure 4.1: A sheet (left) with two cuts and the corresponding two sheeted cover (middle) with the cuts blown up. The Riemann surface (a torus) is formed by compactifying the two sheets separately (right).

The modular parameter can be expressed in terms of the periods of this Riemann surface. A crucial element is the Seiberg-Witten differential defined on this curve. This differential dω is a meromorphic one-form, such that ∂_udω is a holomorphic one-form. The dependence of a and a_D on u can then be calculated as follows

a(u) = 1 2πi ∮ A dω = √ 2 π ∫_1 −1 dx √ x − u √ x^2 − 4Λ^4

(4.16)

a_D(u) = 1 2πi ∮ B dω = √ 2 π ∫_u 1 dx √ x − u √ x^2 − 4Λ^4

. (4.17)

Here A and B form the canonical basis of one-cycles on the torus. From this the coupling constant can be derived

τ(u) =

∂_ua_D ∂_ua

. (4.18)

If a different basis of one-cycles is chosen the a and a_D are transformed by an Sp(2, Z) element.

The power of the approach put forward by Seiberg and Witten is that the difficult questions in gauge theory (how do the coupling constants and metric on moduli space depend on the choice of vacuum) can be completely and exactly answered by studying the well-known Riemann surfaces. For the general case (SU(r + 1)), the solution can be conveniently described in terms of a Riemann surface E of genus g = r. This Riemann surface can be represented as a hyperelliptic curve, or two complex planes joined along r cuts.

y^2 = P_N (x)^2 − 4Λ^{2N} , (4.19)

with P_N (x) = det(x − ϕ) = x^N + u_1x^{N−1} + · · · + u_{N−1}.

“proefschrift” — 2004/11/30 — 11:33 — page 26 — #38

Chapter 4 - Supersymmetry

In particular the bundle X (the space of all a_i and a_{Di}) can be described as the Jacobian of this hyperelliptic curve fibered over the moduli space of this curve. The complex dimension of the moduli space of a Riemann surface is r, likewise for the Jacobian. The Jacobian is defined by the period matrix of the Riemann surface E, it is the r-dimensional torus with modular parameter given by the period matrix. The formula used to obtain the coupling constants are easily generalized from equations 4.16 to 4.18: a_i =^1_{2πi} ∮ A_i dω

a_{Di} =^1_{2πi} ∮ B_i dω

τ_{ij} = ∂_{uk} a_{Di}(∂_{uj} a_k)^{−1}.

(4.1.2) CONFINEMENT

In the introductory chapters the issue of confinement was put forward as one of the main reasons to study supersymmetric gauge theories. In [2] Seiberg and Witten used the results of the geometric approach to argue that the dual Meissner effect occurs in the deformed N = 2 theory. For completeness an extremely short version of their derivation will be shown here. Interested readers are referred to [2, section 5.6].

First the N = 2 supersymmetry is broken to N = 1 by adding a superpotential

W = mTr ϕ^2 = m u(A).

Then it is argued that, around the point in moduli space where monopoles become massless, the quantum effective superpotential should be modified to include the effect of the light monopoles. To describe the monopoles as fundamental particles an electric-magnetic duality transformation is performed. All in all the exact quantum effective superpotential from which the quantum vacua can be derived can be written as W = √ 2A_DMM̃ + mu(A_D).

With M the chiral superfield representing the light monopoles and A_D the dual photon (magnetic charge). From this it is easy to derive the condition for a supersymmetric vacuum:

dW = 0 ⇒ M = M̃ = √ −^1_2 √ 2mu^′(0).

Showing that monopoles condense and that the magnetic Higgs mechanism is in effect. This is an explicit realisation of the dual Meissner effect proposed by ’t Hooft. It is strong analytical proof that confinement in this supersymmetric gauge theory can occur.

“proefschrift” — 2004/11/30 — 11:33 — page 27 — #39

Chapter 4 - Supersymmetry

Figure 4.2: A fourth order potential with eigenvalues distributed over the critical points. Note that the superpotential W (Φ) appears as W^′(ϕ)^2 in the scalar potential, so the eigenvalues are really localized at the minima of the scalar potential.

(4.2) ADDING A SUPERPOTENTIAL

(4.2.1) FACTORIZATION OF SEIBERG-WITTEN CURVES

The N = 2 is broken to N = 1 if a superpotential for the N = 1 chiral multiplet Φ is added to the Lagrangian L → L + ∫ d^2θTr W (Φ).

In order to have a vacuum configuration the scalar potential needs to be zero, therefore, in addition to equation 4.5 one should demand that the superpotential

W (Φ) = n+1∑ k=1 g_k k Φ^k

is extremized W^′(ϕ) = g_{n+1} n∏ k=1 (ϕ − w_kI) = 0.

Since the N = 2 vacuum conditions require ϕ to be diagonal, this basically means that the a_i can not be chosen arbitrarily anymore. Instead, they have to be picked from the set of w_k’s. Depending on the degeneracy of this choice, the gauge symmetry is broken to one or more subgroups, i.e.

U(N) → U(N_1) × · · · × U(N_n), with N_1 + · · · N_n = N.

The numbers N_i are called filling numbers and correspond to the number of a’s that are put equal to w_i.

Classically all expectation values involving the fermions only are zero. However, a one-loop effect in an instanton background gives a vacuum expectation value ⟨ λ^{2N}_− ⟩ ∼ e^{−Sinstanton} = e^{2πiτ} = Λ^{3N} ,

“proefschrift” — 2004/11/30 — 11:33 — page 28 — #40

Chapter 4 - Supersymmetry

breaking the U(1)_R symmetry to Z_{2N} . Special properties of the N = 1 supersymmetry algebra [15, 16] can be used to show that expectation values of chiral operators always factorize into 1-point functions of chiral operators: ⟨ λ^{2N}_− ⟩ = ⟨ λ^2_−

⟩_N ⇒ ⟨ λ^2_− ⟩ ∼ e^{2πik/N} Λ^3, k = 0, . . . , N − 1, (4.20)

with Λ^3 = Λ^3_0 exp(2πiτ_0/N). This means that the symmetry is broken to Z_2 due to the vacuum expectation value of the fermion bilinear. Also the N different values this expectation value can take, means that there are N distinct quantum vacua. This result appears to be coming from a contribution from an instanton with charge 1/N, since

e^{2πiτN} = e^{− 8π} 2 gN +i θ N . Therefore the breaking of U(1)_R to Z_2 is often referred to as a fractional instanton effect. The fact that this glueball field

S = λ^2_− =^1_2 ϵ_{αβ}λ^α_−λ^β_−

acquires a vacuum expectation value was used by Veneziano and Yankielowicz [17] to construct a superpotential for this chiral superfield S, known as the Veneziano- Yankielowicz term W_{V Y} (S) = NS [ 1 − log S Λ^3 ] . It is easy to check that extremizing this superpotential with respect to S gives the correct vacuum expectation value for S and the correct value for the U(1)_R anomaly.

Of the U(N_i) factors in the gauge group, only the SU(N_i) parts confine, therefore at the quantum level one expects to find a symmetry

U(N) → U(N_1) × · · · × U(N_n) → U(1)^k,

with k the number of N_i that are non-zero.

Adding a superpotential breaks the N = 2 supersymmetry to N = 1, therefore the approach of Seiberg and Witten can not be followed directly. That said, the N = 1 solution is contained in the N = 2 solution. Just like the classical vacua for the N = 1 theory are special cases of the N = 2 solution (the moduli are localized by minimizing the scalar potential), it turns out that this remains to be true in the quantum case. The procedure will be demonstrated here. First one looks for the submanifold in moduli space where N − k monopoles (or dyons) become massless. As explained before the curve degenerates (one-cycles becomes singular) when a monopole becomes massless

y^2 = P_N (x)^2 − 4Λ^{4N} = H^2_{N−k}T_{2k}(x). (4.21)

“proefschrift” — 2004/11/30 — 11:33 — page 29 — #41

Chapter 4 - Supersymmetry

H_{N−k} is a polynomial of degree N − k, T_{2k} a polynomial of degree 2k. The second step is to extremize the superpotential, by varying the Weyl invariant parameters u_i, on this submanifold. These extrema are the quantum vacua. To illustrate this procedure the most simple example U(2) with W (Φ) =^{g2}_2 Φ^2 will be treated. In this case the Seiberg-Witten curve reads

y^2 = P_2(x)^2 − 4Λ^4 = det(x − ϕ)^2 − 4Λ^4,

with ϕ = ( a_1 0 0 a_2 ) ⇒ P_2(x) = x^2 − u_1x + u_2 = x^2 − (a_1 + a_2)x + a_1a_2.

Since the superpotential is quadratic it has only one extremum, therefore classically the eigenvalues a_1 and a_2 all have to be put at the same extremum: U(2) is unbroken, so in the quantum case one is left with a single U(1). This means that the curve should have one double zero. The condition for a double zero can be written as

P^′_N (x) = 0, P_N (x)^2 = 4Λ^4.

From the first condition one can read off: x = u_1/2, together with the second this finally gives u_2 = u^2_1 4 + 2ηΛ^2, η = ±1. (4.22)

This relation defines the one dimensional submanifold in the moduli space where a monopole is massless. Therefore hyperelliptic curves satisfying equation 4.22 all have one massless monopole. After plugging this relation into the superpotential one gets Tr W (ϕ) = g_2 4 u^2_1 + 2g_2Λ^2.

Extremizing this with respect to u_1 one sees immediately that

u_1 = 0, u_2 = 2ηΛ^2, (4.23)

which are the exact quantum vacua for this gauge theory. As one can see there are two vacua, as expected on general grounds. In both vacua the superpotential takes the following value W_{vac} = 2g_2Λ^2.

As a check one can substitute these expressions for the u_i in the curve

y^2 = (x^2 + 2ηΛ^2)^2 − 4Λ^4 = x^2(x^2 + 4ϵΛ^2),

which indeed factorizes correctly. The regular part of the curve T_2(x) = x^2 + 4ϵΛ^2 can be written as T_2(x) =^1_{g2} W^′(x)^2 + f_0(x),

“proefschrift” — 2004/11/30 — 11:33 — page 30 — #42

Chapter 4 - Supersymmetry

with f_0(x) = 4ϵΛ^2. This is a special case of the general result

G_{n−k}(x)^2T^2_{2k}(x) =^1_{g2n+1} W^′(x)^2 + f_{n−1}(x). (4.24)

G_{n−k} and f_{n−1} are polynomials of degree n − k and n − 1 respectively.

As one can see, determining the exact quantum vacua in this case is a matter of simple algebra. In chapter 6 an even easier method for obtaining the quantum vacua will be described.

(4.2.2) DIJKGRAAF-VAFA: A STRING THEORY INSPIRED APPROACH

Although the Seiberg-Witten theory is very powerful and useful, it does not give any information about the glue-ball expectation values. In [3] Dijkgraaf and Vafa explain how to use a chain of string dualities to calculate the exact effective superpotential for the chiral glue-ball fields S. The chain of dualities involves D-branes wrapping Calabi-Yau manifolds, open and closed topological strings and a matrix model. Fascinating as these dualities are, strictly one does not need them (although without a string theory model of N = 1 gauge theories it would have been much harder to derive their results). The main result of their paper can be derived using field theory techniques only. It can be summarized as follows: To calculate the effective superpotential, including perturbative and non-perturbative contributions, it is sufficient to sum over planar diagrams generated by W treated as a classical Lagrangian, involving only zero-momentum scalar fields running around in the loops, with gauge fields as external legs. The remarkable thing is that the summation over Feynman diagrams, i.e. a perturbative calculation, yields non-perturbative results. These diagrams are conveniently described by a Matrix Model, that is a one-dimensional (time only) field theory involving an adjoint scalar field. The appearance of this Matrix Model can be seen using the chain of dualities, however a purely field theoretic proof can also be given [4].

In formula the main result is stated as

W_{ef f} (S_1, . . . , S_k) = ∑ i ( 2πiτ_0S_i + N_i

∂F_0 ∂S_i ) .

Here the S_i are the glueball chiral superfields, one for every U(1) factor that is left from each U(N_i) factor. The perturbative sum is over n colored planar Feynman diagrams given by the classical action W_{tree} and can be written as

F_0(S) = ∑ i −^1_2 S^2_i log ( S_i Λ^3_0 ) + ∑ k a_kS^k.

“proefschrift” — 2004/11/30 — 11:33 — page 31 — #43

Chapter 4 - Supersymmetry

Figure 4.3: A Feynman diagram with k loops that contributes to the S^k term of the effective superpotential. Every loop has one S insertion (made up out of two λ insertions).

The coefficients a_k can be determined by summing all planar Feynman diagrams with k-loops evaluated at zero momentum. Every loop has two λ insertions, each contributing a factor of S to the final result. If the k holes are colored i_1, . . . , i_k ∈ {0, 1, . . . , n − 1} then the graph gets multiplied by

S^k = S_{i1} · · · S_{ik} .

The Feynman rules are derived from the superpotential Tr W (Φ), now considered as the bosonic action of a zero-dimensional field theory, a matrix theory. Since only planar diagrams are included, the coefficients a_k ∼ c^k and that makes the (perturbative part) of F_0 analytic in the S_i.

Note that extremizing W_{ef f} enables one to the express the superpotential completely in terms of the dynamically generated scale Λ and the coupling constants g_i. Also the values of the S_i in the minimum of the superpotential give the quantum corrected correlators of the fermion bilinears S_i ∼ ⟨ Tr_iλ^2 ⟩ . The correlators take the form of fractional instanton expansions

dW_{eff} = 0 =⇒ S_i = ∑ b_kΛ^{3k}.

Hence non-perturbative results are obtained from perturbative calculations. For k = 1 the familiar fractional instanton result for the pure N = 1 supersymmetric gauge theory is reproduced: S_i ∼ Λ^3. Furthermore, if one calculates F up to k loops in graphs,the effects of up to k fractional instantons are taken into account.

Since the quantum theory has an Abelian U(1)^k symmetry, there is also an effective gauge coupling matrix τ_{ij} given by

τ_{ij} =

∂^2F_0 ∂S_i∂S_j .

“proefschrift” — 2004/11/30 — 11:33 — page 32 — #44

Chapter 4 - Supersymmetry

Figure 4.4: The two planar two-loop diagrams, with combinatorial weight^1_6 and^1_2 , that contribute to the order S^3 term in the free energy F0(S).

The whole procedure is best explained by working out an example. Consider the (renormalizable) superpotential

W (ϕ) = m 2 ϕ^2 + g 3 ϕ^3. (4.25)

This superpotential has two critical points, ϕ = 0 or ϕ = −g/m. In the vacuum where ϕ = 0 the SU(N) part of the gauge group U(N) confines

U(N)→^S →U(1).

The Feynman rules are easily obtained (remember that for a zero-dimensional field theory, all momentum dependence can be dropped):

propagator: 1 m cubic vertex: g 3 . Since ϕ is an adjoint field, the Feynman diagrams are so-called fat or ribbon diagrams. For such diagrams it is often convenient to use the ’t Hooft double line notation. Also, to the Feynman rules one should add the rule that every boundary loop gives a factor of S. The result up to two-loops is

F_0 = −^1_2 S^2 log(S/Λ^3) [VY] +^1_2 S^2 log(m/Λ) [one-loop]

+^2_3 g^2 m^3

S^3 [two-loop]

+ O(S^4).

(4.26)

The first term in F gives rise to the VY term, in the matrix model it comes from the volume factor in the path-integral. The second term comes from the one-loop diagrams, of which there is only one. The symmetry factor of the diagram is^1_2 , the

“proefschrift” — 2004/11/30 — 11:33 — page 33 — #45

Chapter 4 - Supersymmetry

log comes from the usual momentum integration of a one-loop diagram (with cutoff Λ), but now in the zero-momentum limit. The third term is more interesting, it corresponds to the two-loop diagrams. For the case at hand, there are only two two-loop diagrams (see figure 4.4). The first diagram diagram can be created in three different ways (remember that the lines in the fat diagrams have an orientation) and the symmetry factor is^1_2 , further the diagram has two vertices and three propagators, so this diagram contributes to F ( g 3 )^2 1 m^3 1 2 3S^3 = g^2 6m^3

S^3,

the second diagram can be created in nine different ways, the symmetry factor is^1_2 again, giving ( g 3 )^2 1 m^3 1 2 9S^3 = g^2 2m^3

S^3.

These two contributions indeed add up to the third term. As mentioned before, the free energy F can be effectively obtained using an auxiliary matrix model. In this matrix model one takes ϕ to be an Ñ × Ñ matrix, think of it as an element of the Lie algebra of U(Ñ). Note that Ñ is not to be confused with N, in fact Ñ is related to gaugino condensate S ∼ Ñ. The generating functional that will compute the quantum effective superpotential is a matrix integral Z = 1 volU(Ñ) ∫ dϕ e^{1g}s^{Tr W (ϕ)} = e^{Pg=0 g2g−2s Fg (S)}.

Here g_s is just an auxiliary parameter needed for picking out the planar diagrams (i.e. the genus zero diagrams, which are the diagrams contributing to F_0). It is not to be confused with the gauge coupling (in fact it has dimension −3). The eigenvalues of ϕ can again be distributed over the critical points of W^′, giving a partition Ñ = Ñ_1 + . . . + Ñ_n.

Now define the ’t Hooft couplings for the matrix model as follows

S_i = g_sÑ_i.

Since one takes the large Ñ limit, function F_0 will be analytic in the S_i. Thus it is possible to complexify the expression for F_0. So, if one can compute the matrix integral in the large Ñ limit, effectively one computed the function F_0 which, in turn, directly determines the exact quantum effective superpotential for the S_i. The appearance of this matrix model might seem a bit ad hoc. But remember the following. From the chain of dualities one learns that the superpotential is computed by zero-momentum planar diagram with λ-insertions. The matrix model can be seen as an effective tool to compute the amplitudes of those diagrams. To enforce that

“proefschrift” — 2004/11/30 — 11:33 — page 34 — #46

Chapter 4 - Supersymmetry

only planar diagrams contribute to the path-integral one can take the large Ñ-limit in the matrix model. To avoid any confusion: Ñ is not N, that is, one gets finite rank results for the gauge theory using a large Ñ matrix model.

(4.2.3) CONFINEMENT

In the famous article by Veneziano and Yankielowicz [17] the effective superpotential, in terms of the glueball field S, for pure N = 1 Yang-Mills theory was constructed. Using the fact that the quantum effective superpotential should reproduce the U(1)_R anomaly, or rather a supermultiplet of anomalies, they arrived at

W_{V Y} = hS [ 1 − log S Λ^3 ] . Here h is the dual Coxeter number (for SU(N), h = N). The effective superpotential correctly reproduces the exact quantum vacua where the U(1)_R is broken

S = e^{2πik/h}Λ^3, h ∈ Z_h.

Now if one would expand the superpotential around this action one would learn that the glueball field S picks up an quadratic term: the field S becomes massive. If the Veneziano-Yanckielowicz result would be a genuine quantum Wilsonian action, which can only be true if S is the lightest field around, then one can argue that there is a mass-gap. A necessary condition and strong argument for confinement.

However it is not all obvious whether or not the glueball field is the lightest field around. This is something that the Dijkgraaf-Vafa approach does not really address. What it does address is what happens to the expectation value and mass of the glueball field if a classical superpotential is added to the problem. In that case one can use this approach to calculate the exact superpotential, a superpotential that reproduces the exact expectation values for the glueball field. In this sense the Dijkgraaf-Vafa approach extends the range of applicability of the argument of Veneziano-Yankielowicz.

“proefschrift” — 2004/11/30 — 11:33 — page 35 — #47

CHAPTER 5

INTEGRABLE SYSTEMS

Some key concepts of the theory of integrable system will be introduced. The integrable systems that appear in later chapters of this thesis are introduced one by one.

(5.1) SYMPLECTIC GEOMETRY

A symplectic manifold M is a manifold that can be endowed with a non-degenerate closed two-form ω (a symplectic form). The non-degeneracy of the symplectic form means that ω^n is proportional to the volume form. From this it is clear that the dimension of M is always even, dimM = 2n.

Tangent bundles are special cases of symplectic manifolds. The phase space of a classical mechanical system is a tangent bundle, therefore the phase space of a classical mechanical system is a symplectic manifold. In a classical mechanical system a Hamiltonian induces flow (i.e. the classical motion of the system) in the phase space. In the more general setting of symplectic geometry this corresponds to the notion of Hamiltonian vector fields. A scalar function h, the Hamiltonian, defined on the manifold defines a vector field, V_h, on the manifold:

ı_{Vh} ω = dh. (5.1)

Since the symplectic form ω is non-degenerate this relation can be inverted: given a Hamiltonian the corresponding flow can be calculated. The Hamiltonian dynamics of classical mechanical systems is often described using Poisson brackets. Since the

“proefschrift” — 2004/11/30 — 11:33 — page 36 — #48

Chapter 5 - Integrable systems

symplectic form governs the flow in phase space, it comes as no surprise that the symplectic form determines the Poisson brackets too

{f, g} = ω(V_f , V_g ),

where f and g are two function on the manifold, V_f and V_g are their associated Hamiltonian vector fields.

Sometimes a classical mechanical system possesses a symmetry that effectively reduces the dimensionality of the problem. For example, a test particle moving in a spherically symmetric three dimensional gravitational field is effectively described by a one-dimensional equation. This equation involves the radial coordinate only. In more technical terms such a reduction is called a symplectic quotient or Hamiltonian reduction. In the language of symplectic geometry it is described as follows. Suppose there is a flow ξ on the manifold that preserves the symplectic form L_ξω = dı_ξω = 0. This means that ξ is a Hamiltonian vector field: ı_ξω = dμ for some function μ, the moment map, invariant under the flow of ξ. The phase space of the reduced system is then given by the following quotient μ^{−1}(0)/S_ξ. Here S_ξ represents the action of the symmetry on μ. This quotient is again a symplectic manifold. To illustrate this procedure, consider a two-dimensional symplectic space R^2 with symplectic form ω = dq ∧ dp. This is invariant under the circular flow of ξ = q∂_p − p∂_q . This flow just rotates the coordinates p and q by an SO(2) rotation. The moment map is given by

ı_ξω = qdq + pdp =^1_2 d(p^2 + q^2 − R^2) ⇒ μ(p, q) =^1_2 (p^2 + q^2 − R^2)

for some constant R. The space μ^{−1}(0) is then given by p^2 + q^2 = R^2, simply a circle in phase space. Identifying this circle under the SO(2) action gives the symplectic quotient. In this case: a point.

(5.2) INTEGRABILITY

An n-dimensional classical mechanical system (the phase space being 2n dimensional) is called integrable if one can find n independent conserved quantities

I_i(q, p) i = 1, . . . , n.

If the Hamiltonian for this system is called H then this condition can be written as

İ_i = {I_i, H} = 0.

If all the conserved quantities mutually commute

{I_i, I_j } = 0,

“proefschrift” — 2004/11/30 — 11:33 — page 37 — #49

Chapter 5 - Integrable systems

the system is called completely integrable.

For integrable systems it is possible to describe the motion of the system in terms of action-angle variables. The action variables are the conserved quantities I_i, the motion of the angle variables θ_i is then completely linear θ̈_i = 0 ⇒ θ_i(t) = θ_i(0) + τ_iI_it.

The τ_i and θ_i(0) are integration constants. The action-angle variables are related to the canonically conjugate variables (p, q) via a canonical transformation. There is a class of systems that allows one to efficiently write down the equations of motion using just two n × n matrices L(p, q) and M(p, q) L̇ = [L, M].

The matrices L and M are called a Lax pair, after their creator [18]. Although it is generically hard to find a Lax pair, once it is found it is trivial to find the n conserved quantities. In fact they are given by I_k = Tr L^k, k = 1, . . . , n. (5.2) It is easy to see that traces of powers of the Lax matrix L are conserved İ_k = d dt Tr L^k = kTr (L̇L^{k−1}) = kTr ([L, M]L^{k−1}) = kTr (LML^{k−1} − ML^k) = 0, here the cyclic property of the trace and the equations of motion were used. Constructing a Lax pair for a system is therefore a sufficient condition for proving the integrability of the system. Note that not all integrable systems admit a Lax pair formulation.

(5.3) THE PERIODIC TODA CHAIN

A very relevant integrable system for the description of the quantum vacua of four dimensional N = 1 gauge theories is the periodic Toda chain. This integrable system is a classical mechanical system of n points on a circle. The dynamics of the Toda chain is described by the following Hamiltonian

H =^1_2 n∑ i=1 p^2_i + Λ^2 n∑ i=1 e^{qi+1 −qi} , q_{n+1} = q_1. (5.3)

“proefschrift” — 2004/11/30 — 11:33 — page 38 — #50

Chapter 5 - Integrable systems

Figure 5.1: The periodic Toda system describes beads connected by springs, providing the exponential interaction. The Dynkin diagram of the affine Lie algebra (Â^{(1)}_7 ) associated to this system is drawn on the right.

The q_i are the coordinates (angles) of the points along the chain, p_i the conjugate momenta. The equations of motion are given by

ρ̈_i = −Λ^2(2e^{ρi} − e^{ρi+1} − e^{ρi−1} ), with ρ_i = q_{i+1} − q_i.

After taking a closer look at these equations it becomes clear that they can be written more elegantly in terms of the Cartan matrix, A_{ij} , of the affine Lie algebra Â^{(1)}_{n+1}

ρ̈_i = −Λ^2A_{ij} e^{ρj} . (5.4)

Readers unfamiliar with affine Lie algebras are referred to appendix A for a crash course in affine Lie algebras. The special properties of the Cartan matrix are responsible for the integrability of the Toda chain. Also it is no coincidence that the Dynkin diagram of Â^{(1)}_{n+1} looks exactly like the Toda chain (see figure 5.1). This system is now easy to generalize, just replace the Cartan matrix with that of an other affine Lie algebra. It turns out that you actually get away with that, the resulting system is always integrable.

The use of the affine Lie algebra Â^{(1)}_{n+1} goes further than the appearance of the Cartan matrix. In fact the Toda chain admits a Lax formulation, and the Lax matrix L is given by the Chevalley generators of Â^{(1)}_{n+1}. In full generality (i.e. for arbitrary affine Lie algebra) the Lax matrix reads L = r∑ i=1 p_iH_i + ∑ α∈Δ_s

(y_iE^+_i + E^−_i ) + y_0 z E^−_0 + zE^+_0 , (5.5)

with z a complex parameter, r the rank of the algebra and Δ_s the system of simple roots α_i. The y_i are defined as y_i = Λ^2e^{αi·q} .

The inner product should be read as follows. The simple roots for any affine Lie algebra can be embedded in a r or r + 1 dimensional vector space. For Â^{(1)}_r one can

“proefschrift” — 2004/11/30 — 11:33 — page 39 — #51

Chapter 5 - Integrable systems

write α_i = e_i − e_{i+1}, i = 1, . . . , r α_0 = −(α_1 + α_2 + · · · + α_r) = −e_1 + e_{r+1}.

With the e_i a basis of R^r. Then the inner product becomes

α_i · q = q_i − q_{i+1}.

Note that the variables y are not all independent, in fact they obey the constraint

Λ^{2h} = r∏ i=0 y^{ai}_i , (5.6)

here h is the dual Coxeter number of the affine Lie algebra and the a_i are is the mark of the i^{th} root in the Dynkin diagram. This constraint basically follows from the definition of the affine root

α_0 = − r∑ i=1 a_iα_i.

For Â^{(1)}_r one has h = r + 1 and a_i = 1. Using appendix A it is now possible to write down an explicit form of the Lax matrix for Â^{(1)}r

L = p_1 y_1 0 . . . z

1 p_2 y_2 .. . 0 0 1 p_3 .. . 0 . . .. . .. . .. . y_r

y_0

z . . . 0 1 p_{r+1}

. (5.7)

(5.3.1) RELATION TO SEIBERG-WITTEN THEORY

The Lax matrix defined in equation 5.5 contains the complex parameter z, this parameter is usually called a spectral parameter. Lax matrices with a spectral parameter have an associated hyperelliptic curve, defined as follows (in the case the Lax matrix is an N × N matrix)

0 = det(x − L) = P_N (x)^2 + (−1)^N ( z + Λ^{2N} z ) . With P_N (x) a polynomial of degree N in x. After defining y = 2z + (−1)^N P_N (x) this can be cast into the standard form for hyperelliptic curves

y^2 = P_N (x)^2 − 4Λ^{2N} .

“proefschrift” — 2004/11/30 — 11:33 — page 40 — #52

Chapter 5 - Integrable systems

gauge group SU(r + 1) SO(2r) SO(2r + 1) Sp(2r) G_2 affine dual algebra Â^{(1)}_r D̂^{(1)}_r Â^{(2)}_{2l−1} D̂^{(2)}_{r+1} D̂^{(3)}_4

Table 5.1: The mapping between gauge group and affine algebra.

This curve is of precisely the same form as the Seiberg-Witten curve in equation 4.19. In [19] Martinec and Warner indeed argued that the Seiberg-Witten curve for gauge group G is given by the Toda system based on the dual affine Lie algebra of this gauge group. For G = SU(r + 1) this is simply Â^{(1)}_r , however for the other groups this is not so simple. In table 5.1 the affine algebras that reproduce the Seiberg- Witten curves are listed. The reason why one has to take the dual affine Lie algebra instead of the normal affine Lie algebra is rather easy to explain. Suppose one would take the affine extension of the Lie group belonging to the gauge symmetry. The spectral curve obtained that way would have a term Λ^{2h}, with h the Coxeter number. However the correct Seiberg-Witten curves have a term Λ^{2h∨} instead. The dual Coxeter and Coxeter numbers are interchanged when dualizing the affine Lie algebra (see appendix A). Therefore one is forced to take the dual affine Lie algebra. The fact that the spectral curve of the Toda system is equivalent to the Seiberg- Witten curve, already shows the relevance of the Toda system for Seiberg-Witten theory. However the question why the Toda system appears is a different story.

(5.4) HITCHIN SYSTEMS

There is a systematic way to associate an integrable system in combination with a gauge group to a Riemann surface. This construction, due to Hitchin, is based on the moduli space of principal bundles over a Riemann surface.

Take a Riemann surface of genus g and consider the space A of Lie(G)-valued (0, 1) forms A = A_{z̄}(z, z̄)dz̄. There is also an adjoint scalar field Φ defined as Φ = Φ_z(z, z̄)dz. The Hitchin construction starts with the co-tangent bundle T^∗A. Being a co-tangent bundle this space is naturally a symplectic manifold. The integrable system arises after constructing a symplectic quotient (or Hamiltonian construction). For this a Hamiltonian vector field is needed, i.e. a vector field that leaves the symplectic form invariant L_ξ ω = 0. The Hamiltonian function μ that corresponds to this vector field, dμ = ı_ξω,

is called the moment map. To be more specific, the moment map is given by:

μ = D̄_AΦ = ¯∂Φ + A ∧ Φ + Φ ∧ A.

“proefschrift” — 2004/11/30 — 11:33 — page 41 — #53

Chapter 5 - Integrable systems

The symplectic quotient is then constructed by identifying the zero locus of μ (i.e. μ^{−1}(0)) under the stability group of the equation μ = 0. In the case of a Hitchin system the stability group is the complete gauge group P = μ^{−1}(0) G . The quotient P is again a symplectic space. In fact it is T^∗N , with N = A/G the orbit space of A. For genus 0 and 1 systems the Hitchin construction by itself does not produce interesting dynamical systems. However if the construction is based on a marked Riemann surface (at the point z) one should solve for

μ = D̄_AΦ = 2πi δ^2(z)u.

This integrable system describes the moduli space of N = 2 supersymmetric Yang- Mills with a massive adjoint hypermultiplet [20]. The field Φ corresponds to the complex adjoint scalar from the hypermultiplet. In fact this integrable system is equivalent to a spin-Calogero-Moser system, from which one may derive the Toda system in an appropriate limit to describe the pure N = 2 theory.

(5.4.1) ELLIPTIC SPIN CALOGERO-MOSER FROM HITCHIN

As a simple, but relevant, example of a Hitchin system a torus T_τ (modulus τ) with one marked point is considered (the following derivation is an expanded version of [21, §7.12]):

z ∼ z + 1, z ∼ z + τ z ∈ C.

At the marked point, z = 0, an arbitrary element u from the Lie algebra of G is chosen. The integrable system is then given by solutions of the equation

D̄_AΦ = 2πi δ^2(z)u. (5.8)

To solve this equation one needs to find the space N , the orbit space of A, the space of gauge fields A. This comes down to finding all principal G-bundles over the torus. Such a bundle is defined by the transition functions between the various patches. The torus can be covered with two such patches:

U_0 = D_ϵ(0), U_∞ = T_τ − {0},

U_0 is a small disk around the marked point z = 0 and U_∞ is the whole torus except the marked point. For simplicity the field strength is taken to be zero, i.e. in every patch the following relation holds

A = h^{−1} ¯∂h,

“proefschrift” — 2004/11/30 — 11:33 — page 42 — #54

Chapter 5 - Integrable systems

for some Lie(G)-valued function h. To solve equation 5.8 in each patch separately one can use the fact that D̄_A is a covariant derivative. Since A is pure gauge, one can write D̄_AΦ = h^{−1} ( ¯∂_{A=0}Φ̂ ) h. With Φ̂ obeying

U_0 : ∂_{z̄}Φ̂_0 = 2πiδ^2(z)û, with û = h_0uh^{−1}_0 U_∞ : ∂_{z̄}Φ̂_∞ = 0.

Using a contour integral around z = 0 in the U_0 patch it becomes clear that Φ̂_0 has a simple pole at z = 0 with residue û. The solutions in the two patches are related by the transition function g_{0∞} = h_∞h^{−1}_0 .

For a torus the transition function takes the special form g_{0∞} = exp(q/z), with q an element in the Cartan subalgebra q = ∑ i q_iH_i.

So in the U_∞ patch the solution reads

Φ̂_∞ = e^{q/z} ( û z + O(1) ) e^{−q/z} . (5.9)

It is convenient to decompose Φ̂_∞ and û:

û = ∑ i û_i + ∑ α û_αE_α Φ̂_∞=∑_i Φ̂_iH_i + ∑_α Φ̂_αE_αdz.

(5.10)

Comparing this to equation 5.9 one sees that

Φ̂_i ∼ û^i z , Φ̂_α ∼ exp(α(q)/z)û_α/z. (5.11)

Here α(q) should be read as the N-dimensional root vector α acting on the collection of position of the nodes on the chain q_i. For example, for SU(N)

α_i = e_i − e_{i+1} ⇒ α(q) = q_i − q_{i+1},

where the e_i form an orthonormal basis of R^N . From the first condition, Φ̂_i ∼^{ûi}_z , one infers that û_i = 0 and Φ̂_i = p_i = constant,

“proefschrift” — 2004/11/30 — 11:33 — page 43 — #55

Chapter 5 - Integrable systems

since an elliptic function with a single pole of order one is a constant function. The second constraint in equation 5.11 has a unique solution for Φ̂, given in terms of the Lamé function^1:

Φ̂_α(q; z) = −û_α σ(z − α(q)) σ(z)σ(α(q)) e^{α(q)ζ(z)}. (5.12)

Here σ and ζ are the Weierstrass sigma and zeta functions, related to the Weierstrass p-function ℘ as follows:

℘(x; ω_1, ω_2) =^1_{x2} + ∑ (m,n)≠(0,0)

(_1

(x+2mω_1+2nω_2)^2 − 1 (2mω_1+2nω_2 )^2 )

℘(x) = ζ^′(x)

ζ(x) =^{σ′ (x)}_{σ(x)} (_{d2}

dz^2 − ℘(x) ) Φ(x; z) = 2℘(z)Φ(x; z).

All in all the expectation value of the adjoint scalar from the hypermultiplet is found to be Φ̂ = ( ∑ i p_iH_i + ∑ α Φ̂_α ) dz, (5.13)

which is exactly the Lax matrix of the elliptic spin Calogero-Moser system with Hamiltonian: H = ∑ i p^2_i − ∑ α ℘(α(q))(û_αû_{−α}). (5.14)

This is just like the ordinary elliptic Calogero-Moser system except here there is a different coupling strength (û_αû_{−α}) for each node of the periodic chain.

(5.4.2) PERIODIC TODA FROM ELLIPTIC SPIN CALOGERO-MOSER

It is well known that the Toda system can be obtained as a special limit of the elliptic Calogero-Moser system. The Hamiltonian of the ordinary elliptic Calogero-Moser system reads: H =^1_2 p^2 −^1_2 m^2 ∑ α ℘(α(x); ω_1, ω_2). (5.15)

The periods ω_1 and ω_2 of the torus are now explicitly written. The periodic Toda system is recovered by sending the real part of ω_2 to infinity while keeping ω_1 fixed:

ω_1 = −iπ, Re (ω_2) → ∞. (5.16)

1Lamé functions are the elliptic equivalents of the spherical harmonics.

“proefschrift” — 2004/11/30 — 11:33 — page 44 — #56

Chapter 5 - Integrable systems

The coordinates q_i and the coupling parameter m are changed

q_j = Q_j + 2ω_2j/N, m = Me^{ω2/N} , (5.17)

while Q_j and M are kept fixed. After taking the limit one is left with the Hamiltonian for the Toda system. For the gauge group SU(N) this is

H =^1_2 p^2 −^1_2 M^2 ∑ i e^{αi·Q} =^1_2 p^2 −^1_2 M^2

(_{N−1} ∑ i=1 e^{Qi+1−Qi} ) −^1_2 M^2e^{QN −Q1} . (5.18)

Note that for the Toda system one only sums over the simple roots of the Lie algebra, for the Calogero-Moser system one needed to sum over all roots.

Taking the limit of the elliptic spin Calogero-Moser system is essentially the same, however, in that case there are multiple coupling parameters

m_α = û_αû_{−α}.

The û’s have to be chosen such that the m_α’s are non-zero if α is a simple root (since those are the only terms that give a contribution to the Toda Hamiltonian). In the limit all m_α go to M_αexp(ω_2/N), leading to a Toda system with different couplings for each interaction between two nodes. The difference in the couplings can be canceled by shifting the coordinates Q appropriately.

“proefschrift” — 2004/11/30 — 11:33 — page 45 — #57

CHAPTER 6

THREE DIMENSIONAL

SUPERSYMMETRIC GAUGE THEORIES

After having introduced supersymmetric gauge theories, Seiberg-Witten theory, the Dijkgraaf-Vafa approach and integrable systems, it is time to put everything together. Starting from section 6.2 till the end of the chapter, original work published in [22, 23, 24] will be presented. The work entails the calculation of the non-perturbative quantum superpotential using a classical mechanical system. This calculation involves a conjecture that will be tested in several ways.

(6.1) COMPACTIFYING ON A CIRCLE

Before embarking upon the study of three-dimensional gauge theories it is in order to explain why one should be interested in three-dimensional theories in the first place. The upshot is that certain quantities calculated in three-dimensional gauge theories can be used to determine four-dimensional quantities. The central argument is due to Seiberg and Witten [25, section 3].

The starting point is the familiar four-dimensional N = 2 theory compactified on R^{1+2} × S^1. For convenience the discussion in this section will be limited to SU(2). If the radius R of the circle is much greater than the distance scale set by Λ, the theory is effectively four dimensional and the results obtained in chapter 4 apply. In

“proefschrift” — 2004/11/30 — 11:33 — page 46 — #58

Chapter 6 - Three dimensional supersymmetric gauge theories

that case the effective theory has a U(1) symmetry; the moduli space is described by a complex scalar u. The effective action is then given by the familiar kinetic and topological terms one can write down for a U(1) gauge field

S_{ef f} = ∫ d^4x 1 4g(u)^2

F_{μν} F^{μν} + iθ(u) 64π^2 ϵ_{μνρκ}F^{μν} F^{ρκ}.

The coupling constant and theta-angle can be easily read-off once τ(u) is determined using the Seiberg-Witten method introduced in chapter 4.

This action still contains the full four-dimensional fields. In order to write down the effective three dimensional action one rewrites the gauge field in terms of two scalars b and σ. First, the fourth component of the gauge field is evidently a scalar from a three dimensional perspective

A_4 = b πR . It so happens that the remaining three-dimensional gauge field is dual to a scalar

∂_ασ = ϵ_{αβγ} F^{βγ} , α, β, γ = 0, 1, 2.

The effective action in three-dimensions can then be written as [25]

L_{ef f,3d} = ∫ d^3x 1 πRg^2

|∂b|^2 + g^2 64π^3R | |∂σ −^θ_π ∂b | |^2 . (6.1)

From this effective Lagrangian one can read-off that this three-dimensional gauge theory has two additional real moduli: b and σ. Since the two extra moduli are periodic, the complete moduli space can be seen as a torus fibered over the u-plane. For a more general gauge group the moduli space is a hyper-Kähler manifold of dimension 4k, with k the number of left-over U(1) factors. The general structure of this moduli space is that of a k-torus fibered over the u_i-plane. Although the moduli space, being hyper-Kähler, has three different complex structures, the one inherited from the complex u_i-plane plays a special role. In [25] it is argued that this complex structure is independent of the radius R.

(6.2) THE CONJECTURE

It turns out that this R independent complex structure, inherited from the u-plane, is exactly the complex structure that appears in the breaking of N = 2 to N = 1 by adding a superpotential. This means that to calculate the quantum effective superpotential in four-dimensions one can also calculate the three-dimensional quantum

“proefschrift” — 2004/11/30 — 11:33 — page 47 — #59

Chapter 6 - Three dimensional supersymmetric gauge theories

effective superpotential. The question now is: how does one calculate the quantum effective superpotential in three dimensions. First of all, there are no fractional instanton contributions, only regular ones (coming from the monopoles in the fourdimensional theory). Further in four-dimensions one has the difficulty of monopoles becoming massless, making it necessary to alter the quantum effective superpotential to include their effects. In three dimensions there are no monopoles to become massless, hence the classical superpotential is not corrected. The only thing left to do is to identify the variables in which to express the superpotential such that when extremizing the superpotential with respect to these variables one obtains the correct quantum vacua. The conjecture, put forward in [22], says that the “right” variables are given by the Lax matrix of the Toda system one can associate to this gauge symmetry (see table 5.1). The conjecture is now easily stated

W_{ef f} = W_{tree}(L). (6.2)

That is, substitute the Lax matrix for the adjoint scalar in the superpotential. Since the Lax matrix contains a spectral parameter z, the final result could contain terms depending on z. These terms are simply dropped. Then after minimizing with respect to the variables, p_i and y_i, of the Toda system one finds the exact quantum vacua.

The idea of using an integrable system to calculate quantities in a supersymmetric gauge theory is not new in itself, see for example: [26, 27, 28, 29].

(6.3) TOWARDS A PROOF OF THE CONJECTURE

The way the Lax matrix of the Toda system pops-up out of the blue in this conjecture, is quite unsatisfactory. In this section a D-brane configuration, describing some supersymmetric gauge theory, will be used to show how the Toda system comes into play. The line of reasoning is based on a paper by Kapustin [30]. In this paper a D-brane setup of NS5-branes and stacks of D4-branes is used to show that the vacua of this system can be described by a Hitchin system, an integrable system. This is where the paper of Kapustin stops, however one can push his results a bit further. The D-brane system describes a gauge theory with adjoint hyper multiplets. To get rid off those one can take a limit in which these hypermultiplets become infinitely massive. It will be the goal of this section to show that in this limit the Hitchin system turns into the Toda system and that the vacuum expectation value of the adjoint scalar Φ is equal to the Lax matrix of the Toda system, thereby giving an explanation for the appearance of the Lax matrix. Note that no superpotential is added here. Since adding a superpotential in the brane picture would correspond

“proefschrift” — 2004/11/30 — 11:33 — page 48 — #60

Chapter 6 - Three dimensional supersymmetric gauge theories

to bending branes in directions that are irrelevant in the following derivation, it is assumed that the derived results will also be of some relevance if a superpotential is present.

(6.3.1) THE D-BRANE SETUP

Take k NS5 branes extended in the 0, 1, 2, 3, 4, 5 directions with stacks of D4-branes suspended between those NS5-branes extending in the 0, 1, 2, 3, 6 directions (see figure 6.1). The gauge symmetry of this system is SU(n_1) × · · · × SU(n_{k−1}). Here n_i is the number of D4-branes suspended between the i-th and i + 1-th NS5-brane. Since the stacks of D4-branes can move freely on the NS5-branes along the 4, 5 directions it is convenient to define v = x^4 + ix^5. The coordinate x^6 is taken to be periodic with period 2πL. The bosonic fields living on the D4-branes are a gauge

0 1 2 3 4 5 6 7 8 9 NS5 – – – – – – · · · · D4 – – – – · · – · · ·

Figure 6.1: Stacks of D4-branes suspended between NS5-branes.

field and five real adjoint scalars, corresponding to the fluctuations of the brane in the x^{4,5,7,8,9} directions. Since the D4-branes are of finite size in the x^6 direction, the world-volume theory is basically 1 + 3 dimensional. The five dimensional theory then effectively becomes the four dimensional N = 4 super Yang-Mills theory.

The geometry of the brane-setup breaks supersymmetry to N = 2. The N = 4 vector multiplet decomposes into an N = 2 vector multiplet and an N = 2 hyper

“proefschrift” — 2004/11/30 — 11:33 — page 49 — #61

Chapter 6 - Three dimensional supersymmetric gauge theories

multiplet. However, since the D4-branes end on the NS5-branes, the boundaries of the D4-branes are not free to fluctuate in all directions. In this case the Dirichlet boundary conditions, disallowing fluctuations in the x^{6,7,8,9} directions at the intersection between the D4 and NS5-branes, set the hyper multiplet to zero. The vector multiplet remains untouched.

In the case there are several stacks of D4-branes on one single NS5-brane, there can be strings stretching between those stacks. Those strings would, in a way, restore the degrees of freedom in the hypermultiplet. Each end-point of the strings would transform in the fundamental representation belonging to the stack it ends on.

To summarize, the D-brane system describes a d = 4, N = 2 gauge theory with gauge symmetry SU(n_1) × . . . × SU(n_{k−1}). The strings stretching between two adjacent D4 stacks give k bi-fundamental hypermultiplets Q_α. The Q_α hypermultiplet transforms in the (n_α, n̄_{α+1}) representation. The complex adjoint scalar in the N = 2 vector multiplet corresponds to the movement of the D4-branes on the NS5-branes (i.e. the x^{4,5} directions). The two complex adjoint scalars in the hypermultiplet correspond to movement in the x^{6,7,8,9} directions. For D4-branes suspended between NS5-branes, only the vector multiplet survives as the D4-branes cannot move off the NS5-branes in the x^{7,8,9} directions. The bi-fundamental hyper multiplet arises because strings stretching between stacks of D4-branes ending on a single NS5-branes cause fluctuations in the x^{6,7,8,9} directions at the intersection of the D4 and NS5- brane.

The next step is to compactify the x^3 direction. This allows the use of a kind of mirror symmetry that relates the Coulomb branch of this three dimensional theory

0 1 2 3 6 4 5 7 8 9 D4’ – – – · · – – · · · D4 – – – – – · · · · ·

Table 6.1: The D4’-D4 brane setup (note the unusual order of the labels).

(the “electric” theory) to the Higgs branch of another theory (the “magnetic” theory) [31]. The Higgs branch doesn’t receive any quantum corrections, so calculations will be much easier there. The Higgs branch and Coulomb branch are interchanged under an S-duality. In this case the winning combination of dualities is a T ST duality:

a) First apply a T-duality on x^3, the NS5-branes become IIB NS5-branes, the D4- branes become D3-branes.

b) Then apply the S-duality, turning the NS5-branes into D5-branes and leaving the D3-branes invariant.

“proefschrift” — 2004/11/30 — 11:33 — page 50 — #62

Chapter 6 - Three dimensional supersymmetric gauge theories

c) Finally apply a T-duality on x^3 again. The D5-branes end up as D4’-branes extending in the x^{0,1,2,4,5} directions. The D3-branes eventually are turned into the original D4-branes again (i.e. they are left invariant by the duality sequence).

So one is left with D4-branes wrapped around a torus T^2 (x^3, x^6), the world-volume theory of these D4-branes is essentially three dimensional. The D4’-branes manifest themselves as impurities in this three dimensional theory, localized at points on the torus. As said, this three dimensional theory in the Higgs branch does not receive quantum corrections, hence it can be treated completely classically. One might wonder how this classical theory is able to encode the non-trivial coupling constant dependence of the original theory in the Coulomb branch. The answer is that results in the magnetic theory will depend non-trivially on the modulus of the torus, which in turn is related to the coupling constant of the electric theory due to the several duality transformations that are performed: τ = L λ , where L is the period of the x^6 directions and λ is the coupling constant in the electric theory.

According to [30] the theory is solved by the following equations on the torus

F_{zz̄} − [Φ_z , Φ^†_z] = 0 D̄_AΦ_z = −^π_{RL} ∑^k_{α=1} δ2(z − z_α) diag(m_α, −μ, . . . , −μ). (6.3)

This precisely defines a Hitchin system on a marked torus (see figure 6.2). The field A is a gauge field on the torus (more precisely it is a U(N) connection). This gauge field comes from the D4 branes wrapping the torus. The adjoint scalar field Φ parametrizes the location of the D4-branes along the D4^′-branes in the x^{4,5} directions. These moduli correspond to the moduli of the adjoint scalar field in the vector multiplet of the original “electric” theory. Hence the scalar field appearing in 6.3 can be identified with the adjoint scalar from the vector multiplet. The parameters m_α correspond to the masses of the hypermultiplets located at the impurities (i.e. the D4’-branes). The parameter μ corresponds to a deformation of the system. On the electric side it is caused by a non-trivial background geometry [32], whereas on the magnetic side it corresponds to a Fayet-Iliopoulos parameter. This deformation is necessary to allow for a massive hypermultiplet in the case of a single NS5-brane. To see this suppose for a minute that μ = 0. Since the x^6 direction is compact, the D4-branes (intersecting and breaking at the NS5-branes) should eventually come back to itself, suggesting that the following should hold ∑ α m_α = 0.

“proefschrift” — 2004/11/30 — 11:33 — page 51 — #63

Chapter 6 - Three dimensional supersymmetric gauge theories

Figure 6.2: The punctured torus of the Hitchin system, the black dots represent the location of the D4’-branes.

This means that in the case of just one NS5-brane, the hypermultiplet is massless. However after turning on the parameter μ the background geometry is twisted in such a way that the D4-brane does not have to come back on itself, it fails a distance μ. This in effect allows for a non-zero hypermultiplet mass, even in the case of just one NS5-brane, since the condition now reads ∑ α m_α = (N − 1)μ.

The brane setup required to reproduce the pure N = 2 theory is then seen to consist of one NS5-brane with one stack of D4-branes with a non-zero parameter μ. Ultimately this is described by a Hitchin system satisfying

D̄_AΦ_z = − π RL δ^2(z) m diag(1, −^1_{N−1} , . . . , −^1_{N−1} ). (6.4)

In the limit of m → ∞ the hypermultiplets decouple and the Hitchin system should, if the conjecture is correct, approach a Toda system.

(6.3.2) HOW THE BRANE SETUP LEADS TO THE TODA SYSTEM

To show that the Toda system in fact describes the pure N = 2 theory two things need to be proven:

1. One needs to show that the Hitchin system derived from the brane setup corresponds to the Hitchin system from which the spin Calogero-Moser system is derived (see section 5.4).

2. The limit in which the N = 2 theory with bi-fundamental hyper-multiplets becomes a pure N = 2 theory should be the limit in which the spin Calogero- Moser system becomes the Toda system.

“proefschrift” — 2004/11/30 — 11:33 — page 52 — #64

Chapter 6 - Three dimensional supersymmetric gauge theories

The Hitchin system that will lead to the desired spin Calogero-Moser system is discussed in section 5.4.1. The Hitchin system that describes the D-brane system is characterized by a zero fieldstrength corresponding to the gauge field A and certain restrictions on the “spin” variables u. In order to be able to derive the Toda system from the Hitchin system one needs to make sure none of the couplings in the spin Calogero-Moser system, that connects the two systems, become zero. Specifically this means that:

û_i = 0 and Tr û_αû_{−α} ≠ 0 ∀_{α∈Δs} , (6.5)

where Δ_s are the simple roots. The Hitchin system under consideration with just one marked variable (see equation 6.3) becomes

D̄_AΦ_z = − π RL δ^2(z) diag ( m, −^m_{N−1} , . . . , −^m_{N−1} ) = 2πiuδ^2(z). (6.6)

The right-hand side corresponds to the variable u, which after some (yet undetermined) gauge transformation can be brought into the form

û = huh^{−1} = ∑ i û_i + ∑ α û_αE_α. (6.7)

If û still satisfies equation 6.5 then the Hitchin system derived from the D-brane setup is of the correct form.

The equation 6.6 is solved as explained in section 5.4. The solution will be a Lamé function, expressed in the parameters u, q and z (see equation 5.12). Here the role of u is replaced by a single parameter m, which controls the mass of the bifundamental hypermultiplets as well as the strength of the deformation.

To get rid off the effect of the bi-fundamental hypermultiplets usually their masses are tuned to infinity, which in this case also means tuning the deformation parameter m to infinity. How exactly those masses are tuned to infinity shouldn’t really matter, therefore one can perform the limit as is necessary to recover the Toda system. Using this freedom, the q’s are shifted according to equation 5.17. In this limit the Toda system will be recovered, thereby proving that the solution of the “electric” gauge theory is obtained from the Lax matrix of the Toda system:

vector multiplet: Φ_{quantum} = Lax matrix of corresponding Toda system (6.8)

Until now the way the entries of the Lax matrix are related to the moduli of the gauge theory was not discussed at all. In principle there are 2N complex variables in the Lax matrix: p_i and Q_i. These correspond to the parameters of the moduli space of the three-dimensional gauge theory (which is indeed 4N dimensional). So the end result is that the moduli space of the three dimensional theory is described by the Lax matrix of the Toda system. Combining this result with the fact that the three

“proefschrift” — 2004/11/30 — 11:33 — page 53 — #65

Chapter 6 - Three dimensional supersymmetric gauge theories

Figure 6.3: A schematic overview of the relation between the periodic Toda system and the N = 2 gauge theory.

dimensional superpotential only needs to be written down in the “correct” variables to describe the exact four dimensional superpotential, one has a good argument in favor of the conjecture.

(6.4) PERFORMING THE CALCULATION IN THREE DIMEN-

SIONS

There are several ways to check the conjecture (besides proving it). The first method is to compare the results with results obtained from Seiberg-Witten theory. The Seiberg-Witten curve is given by the Lax matrix (see section 5.3.1)

y^2 = (det(xI − L))^2 − 4Λ^{4N} .

Then, according to the conjecture, one has to extremize the superpotential with respect to the variables of the Lax matrix. The solutions that are a result of this should then be substituted into the Seiberg-Witten curve. If the curve factorizes as in equations 4.21 and 4.24 one can be certain that one has found the correct quantum vacua. In [23] a general proof for the correct factorization, in the case of an U(N) gauge group, is given. Note that the y_i variables in the Lax matrix are not all independent, instead they obey the constraint (for U(N), see 5.6 for the general result)

Λ^{2N} =

N−1∏ i=0 y_0 · · · y_N .

“proefschrift” — 2004/11/30 — 11:33 — page 54 — #66

Chapter 6 - Three dimensional supersymmetric gauge theories

It is technically easier to treat the y_i variables as unconstrained and use a Lagrange multiplier ℓ to enforce the constraint

W_{ef f} = W_{tree}(L) + ℓ log ( Λ^{2N} ∏_{N−1} i=0 y_0 · · · y_N ) . (6.9)

This superpotential is then supposed to be extremized with respect to ℓ, p_i and all of the y_i.

The second method to check the conjecture is to try to reproduce the results of the Dijkgraaf-Vafa method. One could compare the value of the superpotential in the vacua (thus expressing the superpotential in terms of the energy-scale Λ and the coupling constants only). However it is more interesting to reproduce the superpotential expressed in terms of the glueball fields S. The problem here is to figure out how the glueball field S enters the superpotential. In the maximally confining case, i.e. when U(N) breaks to a single U(1) factor, there is only one S field. In this case one can use the “integrating in” procedure [33]: find the value of the superpotential in the vacuum W_{min}(g_i, Λ)

and replace it by

W_{min}(g_i, Ω) + S log ( Λ^{2N} Ω^{2N} ) . By integrating out Ω one finds W_{min} in terms of S, Λ and the coupling constants g_i. If one takes a closer look at W_{min}(g_i, Ω) one can see that Ω appears only in the log-term

W_{min}(g_i, Ω) = W_{tree}(L_{min}) + ℓ log ( Ω^{2N} Π_iy_i ) . Having realized this one can combine the two log-terms

S log ( Λ^{2N} Ω^{2N} ) + ℓ log ( Ω^{2N} Π_iy_i )

and integrate out Ω explicitly to obtain

W_{tree}(L_{min}) + S log ( Λ^{2N} Π_iy_i ) . Comparing this with equation 6.9 reveals that the Lagrange multiplier can be identified with S. This remarkable result will be used in some of the examples to reproduce the Dijkgraaf-Vafa results. If there is more than one glueball field, the Lagrange multiplier can be identified with the sum of the glueball fields ℓ = ∑ i S_i.

“proefschrift” — 2004/11/30 — 11:33 — page 55 — #67

Chapter 6 - Three dimensional supersymmetric gauge theories

The rest of this chapter is devoted to giving some of the examples that support this conjecture. More examples can be found in [22, 23, 24, 34].

(6.4.1) EXAMPLE: U(N) WITH QUADRATIC SUPERPOTENTIAL

The analysis for a U(N) theory with a quadratic superpotential,

W = g_1Tr (ϕ) + g_2 2 Tr (ϕ^2) + ℓ log ( Λ^{2N} y_0 . . . y_{N−1} ) (6.10)

can be done for general N. Substituting the Lax matrix for the adjoint scalar ϕ into the superpotential gives the following effective superpotential

W_{eff} =

N−1∑ i=0 (g_2y_i + g_1p_{i+1} +^1_2 g_2p^2_{i+1}) + ℓ log ( Λ^{2N} y_0 . . . y_{N−1} )

with the equations for the extrema

y_0 . . . y_{N−1} = Λ^{2N}

g_2 − ℓ y_i

= 0 ⇒ y_i = ℓ g_2 g_2p_i + g_1 = 0. (6.11) From the second equation one can learn that the y’s are all equal, making it possible to solve for ℓ using the first equation

ℓ = ϵg_2Λ^2, ϵ^N = 1. (6.12)

Substituting ℓ into the equation for y_i yields

y_i = y = Λ^2ϵ.

As expected there are N different solutions

ϵ = e^{2πik/N} , k = 0, . . . , N − 1.

Further, from equation 6.11 follows that all the p’s occupy the root of the tree-level superpotential x = −g_1/g_2 of W^′(x)

W^′(x) = g_2(x + g_1 g_2 ). The p’s should always occupy the roots of W^′(x) classically (Λ → 0), but here it is even true in the quantum case. The superpotential in the extrema is then

W_{extr} = N(y − g^2_1 2g_2

) = N(Λ^2e^{2πikN} − g^2_1 2g_2 ).

“proefschrift” — 2004/11/30 — 11:33 — page 56 — #68

Chapter 6 - Three dimensional supersymmetric gauge theories

To compare with field theory results the characteristic polynomial P_N (x) = det(x1_N − Φ) needs to be computed. According to appendix B this is either a Chebyshev polynomial of the first or of the second kind. By evaluating P_1(x) and P_2(x) one can see that one has to pick the polynomials of the first kind

P_N (x) = 2y^{N/2}T_N

(_{x+ g1g} 2 2 √ y ) . These P_N (x) are in perfect agreement with field theory results

P_N (x)^2 − 4Λ^{2N} = 4Λ^{2N} ( T^2_N

(_{x+ g1g} 2 2 √ y ) − 1 )

= 4Λ^{2N}

((_{x+ g1}

g_2 2 √ y )2 − 1 ) U^2_{N−1}

(_{x+ g1g} 2 2 √ y )

= Λ^{2(N−1)}ϵ^{N−1}

(_1

g^2 (W

′)^2 − 4Λ^2ϵ ) U^2_{N−1}

(_{x+ g1g} 2 2 √ y ) . Here T_N and U_N are the Chebyshev polynomials of the first and second kind respectively. The form of this curve is in correspondence with the general expectation equations 4.21 and 4.24. The appearance of the Chebyshev polynomials was first demonstrated, using completely different techniques, in [35].

(6.4.2) EXAMPLE: INTEGRATING IN THE GLUEBALL FIELDS

U(2) WITH CUBIC SUPERPOTENTIAL

In this example the conjecture will be tested by reproducing the Dijkgraaf-Vafa superpotential for a cubic tree-level superpotential

W (x) = x^3 3 − a^2x. (6.13)

Since the gauge group is U(2) the Lax matrix reads L = ( p_1 y_1 + z 1 + y_0/z p_2 ) . This superpotential has extrema at x = ±a. Since the integrating in procedure can be used to integrate in a single glueball field S, the discussion is necessarily limited to the maximally confining case in which the gauge group is broken a single U(1). As discussed before the chiral field S has to be equal to the Lagrange multiplier ℓ in that case: ℓ = S.

“proefschrift” — 2004/11/30 — 11:33 — page 57 — #69

Chapter 6 - Three dimensional supersymmetric gauge theories

As explained above, the S-dependence can be recovered from the superpotential

W_{ef f} = W (p_1) + W (p_2) + (y_0 + y_1)(p_1 + p_2) + S log ( Λ^4 y_0y_1 )

by integrating out the p’s and the y’s degrees of freedom. This means solving for the extrema of the superpotential by varying it with respect to the p’s and y’s. Note that, since S should not be integrated out, the equation of motion for S, y_0y_1 = Λ^4, should not be used. In general the maximally confining vacua are obtained by using the following ansatz y_j = y ∀_j , p_i = p ∀_i. (6.14)

This ansatz is proven in [22, section 4.4], but in this case one can check it explicitly. Using this ansatz one has to solve only two equations ∂W ∂p = 0 and ∂W ∂y = 0.

Under the simplification equation 6.14 the superpotential becomes

W_{ef f} = 2W (p) + 4yp + S log ( Λ^4 y^2 ) . The equation for p yields p = √ a^2 − 2y. (6.15)

Plugging this into the superpotential yields

W_{ef f} = − 4 3 (a^2 − 2y)^{32} + S log ( Λ^4 y^2 ) . (6.16)

The next step is to integrate out the y’s ∂W ∂y = 0 ⇒ S^2 = 4y^2(a^2 − 2y). (6.17)

To solve equation 6.17 it is useful to rewrite it slightly in such a way that only the combination S/2a appears. To this end one defines ξ = S 4a^3 and y(S) = A(ξ) S 2a . Then 6.17 can be written as

A^2(ξ) − 4ξA^3(ξ) = 1.

In principle there are three solutions for A(ξ), however not all solutions have the right classical limit (Λ → 0). To identify the unphysical solutions a scaling argument

“proefschrift” — 2004/11/30 — 11:33 — page 58 — #70

Chapter 6 - Three dimensional supersymmetric gauge theories

is used to determine the low energy form of the solution (i.e. Λ close to zero but not equal to zero). The glueball field scales as Λ^3, the variable y as Λ^2 and the coupling constant a as Λ. From equation 6.17 it is then clear that at low energy one has

S^2 = 4y^2a^2 ⇒ y = ± S 2a (low energy).

As expected there are two choices since on general grounds one expects two vacua (see the discussion surrounding equation 4.20). For the rest of the discussion the solution y =^S_{2a} is selected. Thus: y = S 2a + O(S^2), hence A(0) = 1.

The solution for A(ξ) (with A(0) = 1) is (see for example [36])

A(ξ) = ∞∑ n=0 2^{2n} n + 1

(_{3n−1} 2 n ) ξ^n = 1 12ξ + 1 6ξ sin (_1 3 arcsin ( 216ξ^2 − 1 )) (6.18)

yielding the following expression for y

y(S) = S 2a ∞∑ n=0 2^{2n} n + 1

(_{3n−1} 2 n ) ( S 4a^3

)_n

= − a^2 6 ( −1 + 2 sin ( 1 3 arcsin ( 1 − 27S^2 2a^6 )))

= S 2a + S^2 4a^4 + 5S^3 16a^7

+ O(S^4).

(6.19)

Substituting this solution into the effective superpotential yields, in principle, a closed expression valid to all orders in S. However the form of this expression is rather cumbersome, therefore the superpotential is expanded in S

W_{eff} = −

4a^3 3 + 2S ( 1 − log ( S Λ^2m )) − ( S^2 2a^3 + S^3 3a^6 + 35S^4 96a^9

+ . . . ) , (6.20)

here m = 2a is the mass of the fluctuations of ϕ around the classical extremum ϕ = a. It is interesting to note that the Veneziano-Yankielowicz term (the log term) appears automatically in this effective action. The reason that this term (which is sometimes difficult to reproduce in Matrix Models) appears is because of the integrating in procedure, which effectively assumes that the Veneziano-Yankielowicz term should be present [37]. This means that the Veneziano-Yankielowicz term is introduce via a backdoor: the integrating in procedure.

To test the conjecture this result should be compared with the four dimensional answer [38]. According to the Dijkgraaf-Vafa method the superpotential has the

“proefschrift” — 2004/11/30 — 11:33 — page 59 — #71

Chapter 6 - Three dimensional supersymmetric gauge theories

following general from (for gauge group U(N))

W_{eff} = NS ( 1 − log ( S Λ^3 )) − NS log ( Λ m ) − N ∂F ∂S . For a superpotential W =^g_3 Φ^3 +^m_2 Φ^2 (i.e. m = 2a, g = 1) the function F is given by F = 2 3 g^2 m^3

S^3 + 8 3 g^3 m^6

S^4 + 56 3 g^4 m^9

S^5 + . . . ⇒ 2 ∂F ∂S = S^2 2a^3 + S^3 3a^6 + 35S^4 96a^9

+ . . .

This shows that equation (6.20) is in excellent agreement with the four-dimensional answer.

U(4) → U(2) × U(2) WITH CUBIC SUPERPOTENTIAL

In this section the gauge group is U(4) and the superpotential as in equation (6.13). The goal is to calculate the quantum corrections around the following (classical) vacuum p_{1,3} = a p_{2,4} = −a.

Classically this vacuum breaks the U(4) to a U(2) × U(2) symmetry. So in this case there are two chiral superfields involved: S_1 and S_2. However, it is not known (yet) how to integrate in these glueball fields. Only for the sum S = S_1 + S_2 it is known how to integrate it in: identify it with the Lagrange multiplier. To integrate in S the same approach as in the previous section is used.

Using the U(4) Lax matrix

L = p_1 y_1 0 z 1 p_2 y_2 0 0 1 p_3 y_3 y_0/z 0 1 p_4

and plugging it into the tree-level superpotential gives

W_{ef f} = 4∑ i=1 W (p_i) + y_{i−1}(p_{i−1} + p_i), with p_0 = p_4.

Extremizing the superpotential with respect to the p’s gives the following four equations p_1 = √ a^2 − y_0 − y_1 p_3 = √ a^2 − y_2 − y_3

p_2 = − √ a^2 − y_1 − y_2 p_4 = − √ a^2 − y_0 − y_3.

“proefschrift” — 2004/11/30 — 11:33 — page 60 — #72

Chapter 6 - Three dimensional supersymmetric gauge theories

After substituting this into the superpotential, the superpotential is expressed in terms of the y’s only. In principle one should proceed to integrate out the y’s, however the algebra involved is rather messy, therefore it is easier to expand the superpotential as a power series in the y’s. Up to second order the superpotential then reads W_{eff} = S log(

Λ^8_4 y_0y_1y_2y_3 ) − 1 m (y_0 − y_2)(y_1 − y_3) + . . .

Integrating out the y’s yields

y_0 = Sm 2y_3

, y_1 = −y_3, y_2 = − Sm 2y_3

and leads to the following effective superpotential

W_{eff} = S ( 2 + log ( 4Λ^8_4 m^2S^2 )) . The scale Λ_4, corresponding to the U(4), can be related to the scales of the U(2)’s Λ_2 (using the notation Λ^3_2 = mΛ^2)

Λ^6_2 =

Λ^8_4 m^2

= m^2Λ^4 ⇒ Λ^2_4 = mΛ.

So finally one arrives at

W_{eff} = 2S ( 1 − log ( S 2mΛ^2 )) . (6.21)

In order to compare this with the four dimensional result [38]

W_{eff} = 2 ( −S_1 log ( S_1 mΛ^2 ) − S_2 log ( S_2 mΛ^2 ) + S_1 + S_2 + . . . )

this effective superpotential should be expressed in terms of S = S_1 + S_2. This means the difference S_1 − S_2 needs to be integrated out. Since action is expanded only to first order in the chiral superfields, the two chiral superfields don’t mix and integrating out S_1 − S_2 is trivial. The result is that S_1 = S_2 = S/2, substituting this in the superpotential gives back equation (6.21).

(6.5) EXTENDING THE CONJECTURE TO G_2

The conjecture has been tested for U(N) [22, 23] and the other classical gauge groups SO(N), Sp(2N) [34] pretty well. A further test for the conjecture would be to test it for the exceptional gauge groups, of which for example G_2 is the simplest.

“proefschrift” — 2004/11/30 — 11:33 — page 61 — #73

Chapter 6 - Three dimensional supersymmetric gauge theories

There are field theory results known to check the results of the conjecture against. However in a way this conjecture can be used to generate new results. For example, the effective superpotential expressed in the glueball field S is not known for G_2. Using the integrating in procedure it is, in principle, possible to derive this using the previously described method.

(6.5.1) CLASSICAL FIELD THEORY RESULTS

In this section a brief overview of the field-theory results of the quantum vacua of G_2 gauge theory will be given. More details can be found in [24]. Central in the discussion is the characteristic polynomial of the adjoint G_2 scalar field

P_{G2} (x) = 1 x det(xI − ϕ) = x^6 − 2ux^4 + u^2x^2 − v. (6.22)

The adjoint scalar field ϕ is represented by the seven dimensional representation. In a vacuum, the D-term equations allows this field to be chosen diagonally

ϕ_{class} = diag(ϕ_1 + ϕ_2, 2ϕ_1 − ϕ_2, ϕ_1 − 2ϕ_2, 2ϕ_2 − ϕ_1, ϕ_2 − 2ϕ_1, −ϕ_1 − ϕ_2, 0).

However the two variables ϕ_{1,2} are not suitable to parametrize space of classical vacua. Instead the two quantities u =^1_4 Tr ϕ^2, v =^1_6 Tr ϕ^6 −^1_{96} (Tr ϕ^2)^3 parametrize the two-dimensional moduli space. They can also be used to write down a tree-level superpotential W_{tree} = g_2u + g_6v. (6.23)

The theory with this superpotential has two classical vacua. In the first vacuum the symmetry is not broken

ϕ_1 = ϕ_2 = 0 ⇒ P_{G2} (x) = x^6.

In the second vacuum it is broken to SU(2) × U(1)

ϕ_1 = ϕ_2 = e = ( − g_2 4g_6

)_{1/4} ⇒ P_{G2} = (x^2 − e^2)^2(x^2 − 4e^2).

(6.5.2) FINDING THE QUANTUM VACUA

THE DUAL AFFINE LIE ALGEBRA OF G_2

The calculation of the quantum vacua can not be done without knowing the Lax matrix for the G_2 system. In order to find the Lax matrix a suitable explicit representation for the affine dual of the G_2 Lie algebra should be constructed. Since this

“proefschrift” — 2004/11/30 — 11:33 — page 62 — #74

Chapter 6 - Three dimensional supersymmetric gauge theories

Figure 6.4: The Dynkin diagram of the D4 algebra. The S3 permutation symmetry interchanges the outer most nodes.

is not exactly standard material, a procedure to do this will be described here (also see appendix A). First of all the dual affine Lie algebra of G_2, (G^{(1)}_2 )^∨, is equivalent to a twisted version of the affine SO(8) Lie algebra: D^{(3)}_4 . In order to construct the D^{(3)}_4 algebra one first constructs a Chevalley basis of D_4, then one adds the affine root to make it a affine algebra. The D_4 algebra has a special property called triality. The origin of this property is the S_3 symmetry of the Dynkin diagram of D_4 (figure 6.4). Twisting the algebra means identifying the algebra under the action of the symmetry of the Dynkin diagram: permutations of the roots α_1, α_3, α_4. The subalgebra invariant under these permutations is an G_2 algebra and will be the horizontal algebra of the affine algebra under construction. This G_2 horizontal algebra is easily constructed

h_1 = H_1 + H_3 + H_4 e^+_1 = E^+_1 + E^+_3 + E^+_4 (6.24) h_2 = H_2 e^+_2 = E^+_2 . (6.25)

The Cartan matrix of the horizontal G_2 subalgebra is

A_{G2} = ( 2 −3 −1 2 ) . and the Cartan matrix of D^{(3)}_4 is

A = 2 −1 0 −1 2 −1 0 −3 2

. (6.26)

To get the full D^{(3)}_4 algebra the only thing that needs to be done is to find the Chevalley generators corresponding to the affine root. The element of the Cartan subalgebra corresponding to the affine root is given by

h_0 = −(a^∨_1 h_1 + a^∨_2 h_2) = −2h_1 − 3h_2, (6.27)

where a^∨_i are the co-marks derived from 6.26 (remember that for an affine Lie algebra the co-marks are the eigenvalues of the Cartan matrix). By demanding the

“proefschrift” — 2004/11/30 — 11:33 — page 63 — #75

Chapter 6 - Three dimensional supersymmetric gauge theories

canonical commutation relations for the Chevalley generators

[h_i, e^±_j ] = ±A_{ij} e^±_j , [e^+_i , e^−_j ] = δ_{ij} h_i, (6.28)

it is easy to find e^±_0 . Note that allthough the fundamental of G_2 is seven dimensional the Lax will be an 8 × 8 matrix since the whole construction will be based on the fundamental of D_4. The explicit form of the Lax matrix that will be used reads

p_1 + p_2 y_2 0 0 0 y_1 −z 0 1 2p_1 − p_2 0 ay_1 by_1 0 0 −z 0 0 p_1 − 2p_2 −a b 0 0 y_1 0 a −ay_2 0 0 −a ay_1 0 0 b by_2 0 0 b by_1 0 1 0 0 −ay_2 by_2 2p_2 − p_1 0 0 −^{y0}_z 0 0 a b 0 p_2 − 2p_1 y_2 0 −^{y0}_z 1 0 0 0 1 −p_1 − p_2

,

with a = √ 1/2, b = √ 3/2. The constraint the y’s need to obey is

36y_0y^2_1 y_2 = Λ^8.

The unusual normalization is kept here in order to comply with literature.

USING THE LAX MATRIX

In order to compute the quantum vacua, according to the conjecture, all that needs to be done is to plug-in the Lax matrix into the tree-level superpotential (equation 6.23). This is still true except for a subtlety. The discriminant of the characteristic polynomial Δ = −4u^3v + 27v^2,

is invariant under the duality transformation

v → −v + 4 27 u^3.

This means that it is not clear which superpotential to use, equation 6.23 or the dualized version W_{dual} = g_2u − g_6v +

4g_6 27 u^3. (6.29)

It turns out that, for reasons related to the fact that the dual affine algebra plays a role, the dualized superpotential should be used to calculate the quantum vacua in the presence of a tree-level superpotential like equation 6.23.

“proefschrift” — 2004/11/30 — 11:33 — page 64 — #76

Chapter 6 - Three dimensional supersymmetric gauge theories

The Seiberg-Witten curve also has a different form if compared to the U(N) case. For G_2 the spectral curve is given by

P_{quan}(z, x) = 3 ( z − Λ^8 36z )_2 − x^2 ( z + Λ^8 36z ) (6x^2 − 2u) − x^2P_6(x, u, v) = 0,

where P_6(x, u, v) = x^6 − 2ux^4 + u^2x^2 − v.

Note that this curve is not of the hyperelliptic type. A proposal for a hyperelliptic curve will be introduced later on.

The quantum vacua are now obtained and checked as usual. First the W_{dual} is extremized dW_{ef f} (L) = 0,

then the results are plugged into the spectral curve

det (xI − L) = 0

and the factorization of this curve is checked. This procedure is worked out in detail in [24, section 3], complete agreement with known field theory results is found.

To be more explicit the superpotential is written out (expanding u and v):

W = g_2u + g_6(−v + 4 27 u^3) = 1 4 g_2Tr (Φ^2) − 1 6 g_6Tr (Φ^6) + 11 864 g_6Tr (Φ^2)^3 . (6.30)

When the Lax matrix L is substituted for the adjoint scalar Φ in this expression, some term that explicitly depend on z appear. It is convenient to get rid off those, therefore the superpotential used for calculations is corrected such that the z dependent terms disappear W = 1 4 g_2Tr(M^2) − 1 6 g_6Tr (L^6) + 11 864 g_6Tr (L^2)^3 − 5 2 g_6Tr (L^2)(z + y_0y^2_1 y_2 z ) + ℓ log ( y_0y^2_1 y_2 Λ^8/36 ) . (6.31)

Here we have also imposed the constraint on y_i using a Lagrange multiplier ℓ. The equations for the extrema of this superpotential are written down in appendix C.

As said before, some new results can be obtained as well. These results, discussed below, are the superpotentials in terms of the glueball field S. Both qualitatively different solutions, broken and unbroken gauge symmetry, will be discussed.

“proefschrift” — 2004/11/30 — 11:33 — page 65 — #77

Chapter 6 - Three dimensional supersymmetric gauge theories

CASE 1: UNBROKEN GAUGE SYMMETRY

Using a, by now familiar, procedure one can obtain the equations for the extrema of the superpotential. For G_2 these equations are too difficult (see appendix C) to solve in generality. However, solutions can be found by trial and error. It is not too difficult to see that a solution is given by

p_1 = p_2 = 0, y_1 = 2 3 y, y_2 = 1 3 y, y_0 = y, (6.32)

where y = 3^{1/4}Λ^2/2. This solution corresponds to the situation in which the gauge group is classically unbroken. In this case gauge invariant parameters read u = 3^{1/4}2Λ^2 and v = 4/3^{1/4}Λ^6.

In order to integrate in the glueball field S one needs to forget, for a moment, that a solution for the y_i has been found. That is, one discards the fact that y is known and treats it as an undetermined variable. In that case, the superpotential reads

W = 4g_2y − 32 27 g_6y^3 + S log ( 3Λ^8 16y^4 ) . (6.33)

The next step is then to integrate out y ∂W ∂y = 4g_2 − 32 9 g_6y^2 − 4 S y = 0 , (6.34)

which is an equation that can be used to solve for y in terms of S. In fact the solution can be given in power series of S. Up to O(S^8) one finds y = 1 g_2 S + 8 9 g_6 g^4_2

S^3 + 64 27 g^2_6 g^7_2

S^5 +

2048 243 g^3_6 g^{10}_2

S^7 . (6.35)

Plugging the above expression for y into the effective superpotential one gets

W = −4S ( log ( 2S 3^{1/4}g_2Λ^2 ) − 1 ) − 32 27 g_6 g^3_2

S^3 − 128 81 g^2_6 g^6_2

S^5 −

8192 2187 g^3_6 g^9_2

S^7 . (6.36)

up to order eight in the glueball field S. If the conjecture is correct and valid for G_2 then this would be the superpotential in terms of the glueball superfield S.

CASE 2: G_2 BROKEN TO SU(2) × U(1)

The equations of motion coming from the potential (6.31) also have another solution. In fact it can also be seen that the following ansatz solves the equations given in appendix C

p_1 = p, p_2 = 2p, y_0 = ±

4Λ^4 9e^2

, y_1 = −

3e^2 4 , y_2 = ±

Λ^4 9e^2

, (6.37)

“proefschrift” — 2004/11/30 — 11:33 — page 66 — #78

Chapter 6 - Three dimensional supersymmetric gauge theories

where e = (−g_2/4g_6)^{1/4} and p is given by

p^2 = − 1 12 ( e^2 ±

10Λ^4 27e^2 ) . (6.38)

Looking at the limit Λ → 0, one can see that this solution corresponds to the situation where the gauge group is classically broken to SU(2) × U(1).

The gauge invariant parameters are found to be

u = 3e^2 ∓

Λ^4 2e^2

, v = ∓4e^2Λ^4 +

Λ^8 3e^2 ∓ Λ^{12} 54e^6

, (6.39)

and therefore the quantum superpotential reads

W = 3g_2e^2 + 4g_6e^6 ± 2 √ −g_2g_6 Λ^4 , (6.40)

which is the same as the one found in the field theory [24].

Since quantum mechanically the gauge symmetry is broken to U(1), one would expect a free parameter in the solution. Note that the situation differs from the U(N) case, there a center of mass U(1) exists that did not manifest itself in the solution. Because G_2 is a simple Lie group it does not have this center of mass U(1). Thus one would expect to see one free parameter in the solution. Obviously the solution 6.37 does not have a free parameter, which means that the ansatz p_2 = 2p_1 = 2p somehow fixes this parameter. This leads to the conclusion that the solution is merely a special case in a one-parameter family of solutions.

Nevertheless one can still see the existence of the free parameter by considering flows in the integrable system. For G_2 there are two independent flows, generated by the Hamiltonians Tr L^2 and Tr L^6, or equivalently by u and v. The flows of the dynamical variables ξ ∈ {p_i, y_j } are calculated by considering the Poisson brackets

F_k(ξ) = ∂ ∂t_k ξ = {ξ, Tr L^k}. (6.41)

The t_k is the time associated with the Hamiltonian Tr L^k. To calculate the Poisson brackets one has to identify the coordinates that correspond to the conjugate momenta p_i; these are the x’s appearing in

y_i = exp(α_i · x), (6.42)

with the α_i the simple roots of D^{(3)}_4

α_0 = −(2α_1 + α_2), α_1 = (0, √ 2), α_2 = ( 1 2 √ 6, − 3 2 √ 2). (6.43)

“proefschrift” — 2004/11/30 — 11:33 — page 67 — #79

Chapter 6 - Three dimensional supersymmetric gauge theories

The Poisson brackets then read

{p_i, y_j } = (α_j )_iy_j , (6.44)

where (α_j )_i is the i-th component of the j-th root in the basis (6.43). Using these brackets it is straightforward to calculate the flows F_k(ξ). The result is that for all ξ ∈ {p_i, y_j } the two flows F_2 and F_6 are related in the following way:

F_6(ξ) = − 9 4 ( 3 g_2 g_6

+ 176Λ^4 + 2112Λ^8 g_6 g_2 ) F_2(ξ). (6.45)

So, indeed, there is exactly one independent flow and therefore precisely one free parameter in the solution. This establishes the fact that the symmetry is broken down to a single U(1).

(6.5.3) DERIVING THE RESOLVENT FOR G_2

In this section an alternative, but very useful, way to calculate the quantum effective action will be discussed. This method uses the so-called resolvent, a function that encodes the vacuum expectation values of operators of the form

Tr ϕ^k , k = 0, . . . , ∞.

The resolvent R(x) is usually defined as

R(x) := ⟨ Tr 1 x − ϕ ⟩ = ∞∑ k=0 ⟨ Tr ϕ^k ⟩ kx^{k+1}

. (6.46)

Since the superpotential is expressed in terms of traces of powers of ϕ, knowing the resolvent also means knowing the quantum effective superpotential. In the case of U(N) the resolvent can be expressed in terms of the characteristic polynomial P_N that defines the Seiberg-Witten curve

R(x) =

P^′_N (x) √ P_N (x)^2 − 4Λ^{4N} , with P_N (x) = det(xI − ϕ) = x^N + u_1x^{N−1} + · · · + u_N .

In the classical limit the resolvent can be written as

R_{class}(x) =

P^′_N (x) P_N (x)

= ∂_x log P_N (x) = ∂_x log det(xI − ϕ).

“proefschrift” — 2004/11/30 — 11:33 — page 68 — #80

Chapter 6 - Three dimensional supersymmetric gauge theories

Inspired by this simple looking classical expression one can write the exact quantum result in a similar way

R_{quant}(x) = ∂_x log ( P_N (x) + √ P_N (x)^2 − 4Λ^{2N} ) . (6.47)

This equation can be generalized to G_2 and used to calculate properties of the quantum vacua. The generalization is based on the integrable system solution of section 4 in [23]. By know it should be familiar to the reader that the Seiberg-Witten curve has an underlying integrable system. The integrable system is characterized by the existence of a complete set of action-angle variables. In terms of these variables the evolution in the phase-space of the classical mechanical system becomes quite simple, half of the variables are conserved and the other half (the angle variables) evolve with constant velocity. Further, to the integrable system one can associate a Riemann surface, which is equivalent to the Seiberg-Witten curve. The conserved quantities then correspond to the moduli of this surface and the angle variables are coordinates on the Jacobian of this Riemann surface. In general, only a subset of the moduli correspond to action variables, and the number of flows need therefore not be equal to the dimension of the Jacobian. The equations of motion of the integrable system correspond to linear flows on the Jacobian.

The main idea of section 4 of [23] is that the superpotential is at an extremum if the velocities of the flows on the Jacobian are zero. The velocities of the flows are expressed in terms of the superpotential W (x) and the one-forms ω_k (see [39]):

v_k (W ) = res_{x=∞} (W^′(x)ω_k ) . (6.48)

The one-forms ω_k are just the Seiberg-Witten forms. For U(N) they are given explicitly by

ω_k = x^{N−k}dx √ P_N (x)^2 − 4Λ^{2N}

, k = 0, . . . , N − 1.

Residues can also be used to conveniently express the superpotential in terms of the resolvent:

W_{quantum} = res_{x=∞} (W (x)R(x)) .

It turns out to be possible to express both the one-forms ω_k and the resolvent in terms of a single function:

Ω(x, u_k) = (log det(x − L(z)))|_z0 , (6.49)

by which the z-independent part of log det(x − L(z)) is meant. Further, L(z) is the Lax matrix (with spectral parameter z) of the integrable system that underlies the Seiberg-Witten curve and the u_k are the moduli of this curve. As it stands, Ω is not well defined, because the z-independent part of some complicated function

“proefschrift” — 2004/11/30 — 11:33 — page 69 — #81

Chapter 6 - Three dimensional supersymmetric gauge theories

with branch cuts has to be extracted. One way to define Ω is as follows. Since the characteristic polynomial det(x − L(z)) is symmetric under the interchange of z and 1/z, one can write

det(x − L(z)) = a^2_0 r∏ t=1 (a_t − z)(a_t − 1/z)

which allows the following definition

Ω ≡ 2 r∑ t=0 log a_t.

Having defined Ω, the resolvent is given by R(x) = ∂_xΩ(x, u_k) (6.50) and the one-forms by ω_k = ∂Ω ∂u_k dx. (6.51) Actually, the definition of Ω still suffers from minus sign ambiguities, which will be fixed by demanding that the resolvent that follows from this Ω has the expansion

R(x) = ∞∑ i=1 tr(L(z)^{i−1})|_z0 x^i

. (6.52)

In order to show that this proposal makes sense, the resolvent and one-forms for U(N) will be calculated. From the curve for U(N)

det(x − L(z)) = P_N (x) + (−1)^N (z + 1 z ) one easily derives that a^2_0 = 1/a_1 and a_1 = (P + √ P^2 − 4)/2.

This yields for the function Ω Ω = log((P + √ P^2 − 4)/2), from which the usual resolvent follows

R(x) = ∂_xΩ =

P^′(x) √ P (x)^2 − 4

(6.53)

and the one-forms ω_k = ∂_{uk} Ωdx = x^{N−k} √ P (x)^2 − 4 dx. (6.54)

“proefschrift” — 2004/11/30 — 11:33 — page 70 — #82

Chapter 6 - Three dimensional supersymmetric gauge theories

In order to apply this procedure to G_2 the roots a_t for the G_2 curve must be computed first. The algebraic curve for G_2 is given by (see equation 6.5.2) 3 ( z − Λ^8 36z )_2

− x^2 ( z + Λ^8 36z ) (6x^2 − 2u) − x^2P (x) = 0 (6.55)

written in terms of y = z +^{Λ8}_{36z} this reads

3y^2 − x^2y(6x^2 − 2u) − x^2P (x) −

Λ^8 3 = 0. (6.56)

This equation has two solutions:

y_± = x^2 ( x^2 − u 3 ) ± 1 3 √ x^4(3x^2 − u)^2 + 3x^2P (x) + Λ^8, (6.57)

yielding the four roots of the algebraic curve

z_{+±} = 1 2 y_+ ± 1 6 √ 9y^2_+ − Λ^8, z_{−±} = 1 2 y_− ± 1 6 √ 9y^2_− − Λ^8. (6.58)

To write down Ω one has to make a choice for the roots. One should pick one root from {z_{++}, z_{+−}} and one from {z_{−−}, z_{−+}}, so there are four possible choices:

Ω = η(log z_{++} + ϵ log z_{−−}), with ϵ^2 = η^2 = 1

= η(log ( 1 2 y_+ + 1 6 √ 9y^2_+ − Λ^8 ) + ϵ log ( 1 2 y_− + 1 6 √ 9y^2_− − Λ^8 ) ) (6.59)

with the choice η = 1, ϵ = −1 the resolvent reads

R(x) = ∂_xΩ =

3∂_xy_+ √ 9y^2_+ − Λ^8 − 3∂_xy_− √ 9y^2_− − Λ^8

. (6.60)

The expansion of the resolvent around x = ∞ should have the form of (6.52). Indeed the choice η = 1, ϵ = −1 was correct, since after doing the expansion one ends up with

R(x) = 8 x + 4u x^3 + 4u^2 x^5 + 4u^3 + 6v

x^7 + 4u^4 + 16uv +^{20Λ8}_3 x^9 + 4u^5 + 30u^2v + 30uΛ^8

x^{11} + 4u^6 + 48u^3v + 6v^2 +^{250}_3 Λ^8 x^{13} + O ( 1 x^{15} ) . (6.61)

One can check that the coefficients in this expansion correspond to the traces of powers of the Lax matrix. Classically, one could write for the resolvent :P^′_6(x)/P_6(x),

“proefschrift” — 2004/11/30 — 11:33 — page 71 — #83

Chapter 6 - Three dimensional supersymmetric gauge theories

this would generate the correct expansion if one would set to zero the terms in the expansion that explicitly depend on Λ. Apparently this naive guess for the resolvent is correct up to order 1/x^7.

Next the flow equations (6.48) are used to determine the minima of the superpotential. One therefore has to calculate the one-forms ∂_{u,v} Ω

ω_u = ∂_uΩ = ∂_ua(x)R_1(x) + ∂_ub(x)R_2(x) (6.62) ω_v = ∂_vΩ = ∂_v a(x)R_1(x) + ∂_v b(x)R_2(x). (6.63)

The conditions that the flows on the Jacobian vanish (v_l = 0) then imply:

x^2R_2(x)W^′(x) = r_v (x) + ∑ l=1 c_l x^{2l+1} ( − x^2 3 R_1(x) + 4x^4(2u − 3x^2)R_2(x) ) W^′(x) = r_u(x) + ∑ l=1 d_l x^{2l+1}

. (6.64)

The polynomials r_u and r_v are the regular parts of the expansion. The flow equations for the U(N) case allowed the factorization of the gauge theory and Matrix model curve (see [23] section 4) to be derived, in a similar spirit equations 6.64 should somehow define the analog of the Matrix model curve for G_2. Unfortunately, equation 6.64 is hardly a manageable equation, and it is therefore hard to draw general conclusions from these equations. In section 5.2 of [24] the factorization of the Matrix model curve for a superpotential with terms up to order six is worked out.

The remaining part of this section will be used to show that (6.64) is indeed equivalent to minimizing the superpotential. For definiteness the superpotential will be chosen to be W^′(x) = g_2x + g_6x^5. The values of u and v in the minimum determine the Seiberg-Witten curve completely and therefore also the factorization properties of this curve. To study the factorization properties it is useful to consider the conditions for the curve to develop a double zero:

P_6(x_0) = ±2Λ^4(x^2_0 − u/3) (6.65) P^′_6(x_0) = ±4Λ^4x_0, (6.66)

these equations can be used to solve for u and v in terms of x_0. So there is only one free parameter, not two. Therefore the two equations (6.64) are replaced by the single equation res_{x=∞} (∂_{x0} ΩW^′(x)) = 0. (6.67)

This equation can be used to solve for x_0, which allows the u and v to be expressed in terms of the coupling constants and the energy scale Λ. One can then substitute u and v into equation (6.65) and study its factorization properties. For the superpotential W^′(x) = g_2x + g_6x^5, three classes of solutions are found:

“proefschrift” — 2004/11/30 — 11:33 — page 72 — #84

Chapter 6 - Three dimensional supersymmetric gauge theories

First Solution

x_0 = 0 ⇒ P_6(x) − 2Λ^4(x^2 − u/3) = x^4(x^2 − 2 √ 2Λ^2)

Second Solution

x_0 = η ( 8 3 )_{1/4}

, η^4 = −1 ⇒ P_6(x) − 2Λ^4(x^2 − u/3) = (x^2 ± 2i √ 2 3 Λ^2)^3.

This factorization has the same form as one would expect for a superconformal point.

Third Solution

x_0 = ϵ ( Λ^4 − 6e − 5 33 √ 9 e^2

− 66

Λ^4 e + 22Λ^8

)_{1/4} , ϵ^4 = 1, e = g_6 g_2

⇒ P_6(x) − 2Λ^4(x^2 − u/3) = (x^2 − α)(x^2 − β)^2

α and β can be expressed in terms of e and Λ.

In order to check the claim that equation (6.67) is equivalent to minimizing the superpotential, if suffices to minimize W = g_2 2 u + g_6 6 v + A(P_6(x_0) ± 2Λ^4(x^2_0 − u/3)) + B(P^′_6(x_0) ± 4Λ^4x_0) (6.68)

with respect to u, v, A, B and x_0. The Lagrange multipliers A and B are there to enforce the formation of a double zero. The calculations are pretty straightforward and complete agreement is found, suggesting that Ω indeed generates the one-forms as described.

The resolvent derived in this section also hints at the existence of a hyper-elliptic curve for G_2. This can be seen as follows. The resolvent can be written in the form

R(x) = r(x) x^2 √ P_6(x)^2 − 4Λ^8(x^2 − u/3)^2

(6.69)

with r(x) some function without poles. Comparing this resolvent to that of U(N) suggests that y^2 = P_6(x)^2 − 4Λ^8(x^2 − u/3)^2 (6.70)

is in fact a hyper-elliptic curve for G_2. Indeed, in analyzing the factorization of the G_2 curve, expressions like P_6(x)±2Λ^4(x^2 −u/3) pop up everywhere. As it turns out, this hyperelliptic curve is just a small modification of an earlier (rejected) proposal for a hyperelliptic curve for G_2 (see [40]).

“proefschrift” — 2004/11/30 — 11:33 — page 73 — #85

Chapter 6 - Three dimensional supersymmetric gauge theories

Note that the resolvent of the gauge theory contains arbitrarily high powers of the adjoint scalar field. The precise definition of such operators in the quantum theory depends on a choice of UV completion of the theory. The integrable system approach prefers one particular UV completion over the others. This choice is basically set by the following requirement that was imposed:

tr(Φ^i) ≡ tr(L(z)^i)|_z0 . (6.71)

In the case of U(N), this was also the UV completion preferred by string theory. Here, the integrable system provides a natural UV completion for the exceptional gauge groups as well. It would be interesting to explore other UV completions. Other UV completions can be obtained by using a different representation for the Lax matrix. Previously the fundamental representation was used to describe the Lax matrix, choosing a different one will yield a different UV completion.

“proefschrift” — 2004/11/30 — 11:33 — page 74 — #86

Chapter 6 - Three dimensional supersymmetric gauge theories

“proefschrift” — 2004/11/30 — 11:33 — page 75 — #87

CHAPTER 7

CONCLUSIONS

In the first part of this thesis a method was proposed to calculate the exact quantum vacua of four dimensional N = 2 supersymmetric gauge theories deformed to N = 1 by a superpotential. The effective superpotential could be calculated in the theory compactified on R^{1+2} × S^1. In the three dimensional limit the superpotential was easy to calculate, no quantum correction had to be calculated. It was only a matter of finding the right variables to minimize the superpotential to. Those variables were conjectured to be given by a classical mechanical system: the Toda system. This system is an integrable system with a Lax matrix description. The adjoint scalar field should be substituted with the Lax matrix of the Toda system. In formula

W_{ef f} = W_{tree}(L).

Ample evidence for various gauge groups was found for this conjecture [22, 23, 34, 24]. Much of the evidence came from comparing the results with field theory calculations, Seiberg-Witten curve factorizations to be more specific.

Using a special technique, ”integrating in”, it was also possible to obtain the superpotential in terms of the glueball field S. This made it possible to compare the results with the recent progress known as the Dijkgraaf-Vafa method. Because the use of the integrable system involves no integrals, some results were very easy to obtain. Exact agreement was found with known results, sometimes new results were obtained. Among the new results is the exact expression equation 6.19.

The conjecture was also extended to the gauge group G_2. Although of academic interest only, being an exceptional gauge group it is particularly interesting because one cannot take a large N limit of an exceptional gauge group cannot be defined. Matrix Model methods usually rely on taking a large N limit, something that is not

“proefschrift” — 2004/11/30 — 11:33 — page 76 — #88

Chapter 7 - Conclusions

possible for the exceptional gauge groups (see for example [41]). If the conjecture is correct and extentable to G_2, the proposed method can be used to obtain completely new results. As far as known results are concerned, agreement was found, strengthening the confidence in the conjecture. A proposal for the resolvent, an effective way to summarize vacuum expectation values of chiral operators, was put forward and tested, finding a hyperelliptic Seiberg-Witten curve for G_2 along the way.

This thesis began by reviewing confinement and supersymmetric gauge theories. The following question naturally arises: ”Did we make progress?”. It is certainly true that the use of integrable systems is useful in studying non-perturbative aspects of supersymmetric gauge theories. Although non-perturbative knowledge is necessary in order to understand confinement, current methods are still not powerfull enough to proof it. The closest thing to an analytical proof is that of Seiberg and Witten for a mass deformed N = 2 theory [2]. The calculation of the superpotential in terms of the fermion bilinear glueball field S is sometimes used to give an argument for confinement. In those arguments the mass of the glueball field in the quantum vacuum is determined. Usually the glueball field is massive, signaling a mass gap (and hinting at confinement) if the glueball field is the field with lowest mass. The question of the existence of a mass gap is then turned into the question whether or not the glueball field is the lightest field. The results obtained in this thesis do not shed light on that question. However the use of integrable system does allow one to answer non-perturbative question using a completely algebraic approach. In fact the quantum effective superpotential is determined by the dynamics of a classical mechanical system.

“proefschrift” — 2004/11/30 — 11:33 — page 77 — #89

Part II

D0 branes in a curved background

“proefschrift” — 2004/11/30 — 11:33 — page 78 — #90

“proefschrift” — 2004/11/30 — 11:33 — page 79 — #91

CHAPTER 8

INTRODUCTION AND MOTIVATION

Often string theory is proposed to be a candidate for a theory of everything, by which is meant a quantum theory of the four fundamental fources. Before 1995 string theory was in the embarassing situation of having at least five possible candidates. However, all these string theories are related to one another through a web of dualities. In 1995 it was realized that all string theories could be derived from one big elusive theory: M-theory. The string theories can be seen as special limits of Mtheory. Although many properties of M-theory are still ill understood, the M-theory picture has proven to be quite useful in understanding string theory.

In the literature M-theory is often defined in the following way:

• its low energy (compared to the Planck scale) description is d = 11 supergravity.

• compactified on a circle with radius R, it is equivalent to type IIA string theory with coupling g_s = R/l_s.

This part will deal mainly with the second defining property of M-theory. Type IIA string theory has, besides closed strings, many extended objects in its spectrum: the D-branes. The simplest of those, the D0-branes, are point-like BPS objects charged under the Ramond-Ramond one-form. The BPS property relates the mass and the charge of the D0-branes: m_{D0} = q = 1 l_sg_s

. (8.1)

One can wonder what the corresponding objects are in M-theory. It turns out that

“proefschrift” — 2004/11/30 — 11:33 — page 80 — #92

Chapter 8 - Introduction and Motivation

D0-branes correspond to M-waves (the quantum counterparts of the supergravity pp-waves). The momentum of the M-waves in the compactified dimension translates into RR one-form charge from the ten dimensional string theory perspective. The easiest way to see this is to use the supersymmetry algebra of d = 11 supergravity. Rewriting this algebra in terms of ten dimensional spinors reveals that the momentum in the compactified dimension becomes a central charge in the ten dimensional supersymmetry algebra. This leaves us with the following formula for the mass (and charge) of a D0-brane:

m_{D0} = q = 1 R . (8.2)

Combining equations (8.1, 8.2) yields the relation between the string coupling and the radius of the circle: g_s = R/l_s. One should be able to recover M-theory by taking the decompactification limit (i.e. taking R → ∞). In that limit the D0-branes become massless and, since this limit takes the system to a strong coupling regime, the D0-branes dominate the dynamics. This reveals that the physics of D0-branes should be able to capture the physics of M-theory, and therefore of all the string theories. It is well known that the low energy dynamics of D0-branes is described by supersymmetric Yang-Mills theory in 9 + 1 dimensions, reduced to 0 + 1 dimensions. The dimensionally reduced theory is a theory of supersymmetric matrix quantum mechanics, it is sometimes referred to as: Matrix theory.

There is something puzzling about this, there is a mismatch between the ten dimensional space-time the D0-branes live in and the eleven dimensional nature of M-theory. The puzzle is resolved by considering the nine dimensional transverse space of the D0-branes as the transverse space of M-theory in the infinite momentum (or light-cone) frame. In the infinite momentum frame (IMF) only objects with momentum in the compactified dimension survive, which means that only objects with RR one-form charge survive (the D0-branes). This is the essense of the Matrixtheory conjecture: D0-branes capture the full physics of M-theory in the IMF.

Although not explicitly mentioned, the discussion about Matrix and M-theory was for a flat background. If one wants to address any cosmological questions in Mtheory, then a description of M-theory in a curved background must be given. A natural starting point would be to try to describe D0-branes in a curved background. Since the arguments that lead to the Matrix theory conjecture did not mention the background explicitly, it is tempting to generalize the conjecture to hold for arbitrary background. Hence D0-branes in a curved background will capture the physics of Mtheory in that same background. This is the main motivation for studying D0-branes in a curved background.

Before discussing the interplay between D0-branes and gravity, the theory of D0- branes in a flat background will be reviewed in chapter 9. To set the stage the

“proefschrift” — 2004/11/30 — 11:33 — page 81 — #93

Chapter 8 - Introduction and Motivation

D-geometry axioms will then be discussed in chapter 10, followed by an extension of these axioms in the shape of a new symmetry principle to be discussed in chapter 11. Finally the D-geometry axioms and symmetry principle will be put to work in chapter 12. Evidence for interesting collective behavior of D0-branes in a curved background will be presented in chapter 13.

“proefschrift” — 2004/11/30 — 11:33 — page 82 — #94

Chapter 8 - Introduction and Motivation

“proefschrift” — 2004/11/30 — 11:33 — page 83 — #95

CHAPTER 9

D0-BRANES IN A FLAT

BACKGROUND

The low energy action for a collection of D0-branes in a flat background can be derived from the d = 9 + 1 supersymmetric Yang-Mills theory. To be more specific, to describe N D0-branes one takes the gauge group U(N). The field content of this supersymmetric field theory is a gauge field A^a_μ and an adjoint Majorana-Weyl spinor λ^a_α. The field strength and covariant derivatives are defined as follows (in a basis where the gauge field is Hermitean):

F_{μν} = ∂_μA_ν − ∂_ν A_μ + i[A_μ, A_ν ] (9.1) D_μλ = ∂_μλ + i[A_μ, λ]. (9.2)

The action is just that of the spinor minimally coupled to the gauge field:

S_{SYM} = −1 2g^2_{SYM} ∫ d^{10}x Tr

(_1 2 F_{μν} F^{μν} + iλ̄Γ^μD_μλ ) . (9.3)

To dimensionally reduce the theory to 0 + 1 dimensions one has to compactify the theory on a nine dimensional torus with a volume V = (2πR)^9 and drop all dependence on the compact dimensions. This then leads to the following simplifications:

F_{0i} → ∂_0A_i + i[A_0, A_i] = D_0A_i, F_{ij} → i[A_i, A_j ], (9.4) D_iλ → i[A_i, λ]. (9.5)

“proefschrift” — 2004/11/30 — 11:33 — page 84 — #96

Chapter 9 - D0-branes in a flat background

Here, the A_i and λ are Lie algebra valued N × N matrices. Substituting these simplication into the action and rewriting it in terms of X_i = 2πl^2_s A_i gives:

S_{D0} = V g^2_{SYM} ∫ dtTr ( 1 2(2πl^2_s )^2

Ẋ_iẊ^i + 1 4(2πl^2_s )^4

[X_i, X_j ]^2 + i 2 λλ̇ + 1 4πl^2_s λ̄Γ^i[X_i, λ] ) . (9.6)

The A_0 = 0 gauge is chosen here, turning the covariant derivatives into ordinary ones. This action has the following form:

S_{D0} = ∫ dtTr

(_m

2 Ẋ^2_i +^{λ2}_4 [X_i, X_j ]^2 +^i_2 λλ̇ +^1_{4πl2s} λ̄Γ^i[X_i, λ] ) , (9.7)

from which one can infer (using m = 1/(g_sl_s)) that λ^2 = 1/(4π^2l^3_s ) and 1/g^2_{SYM} = 4π^2l^3_s /(V g_s). At a first glance it might seem odd that N point-particles are described by nine N × N matrices instead of N nine-dimensional vectors. This is easily explained if one remembers the string theory origin of the D0-branes. The diagonal components of the matrices form N nine dimensional vectors, describing the position of the D0-branes. The off-diagonal elements correspond to the open strings stretching between the D0-branes. The effect of these strings is captured by the potential, the [X, X]^2 term.

The classical vacua are easily determined from equation 9.7, the potential reaches it minimum when the matrices X^i all commute:

dV = 0 ⇒ [X^i, X^j ] = 0 ∀_{i,j} .

Configurations for which all the matrices X^i commute are configuration in which the D0-branes are all on top of each other, hence the matrices X^i are proportional to the unit matrix.

D-branes in general carry RR charge, a single D0-brane can couple naturally to the RR one-form S_{CS} = ∫ C^{(1)} = ∫ dτC^{(1)}_i dX^i dτ . In the presence of an NSNS two-form B-field or an open string gauge field background, one can even have couplings to the other RR forms as well

S_{CS} = ∫ P [∑ C^{(n)}e^B ] e^{2πl2s F} .

The expression was generalized to the case of more D0-branes by Myers [42], additional terms proportional to commutator terms appear

S_{CS} = ∫ P [ e^{iλiX iX} ∑ C^{(n)}e^B ] e^{2πl2s F} . (9.8)

“proefschrift” — 2004/11/30 — 11:33 — page 85 — #97

Chapter 9 - D0-branes in a flat background

Here i_X is the inproduct operator as is common in the theory of differential forms, that is i_X C^{(1)} = X^iC^{(1)}_i .

The effect of the extra commutator terms in the action for D0-branes will be studied in chapter 13.

“proefschrift” — 2004/11/30 — 11:33 — page 86 — #98

Chapter 9 - D0-branes in a flat background

“proefschrift” — 2004/11/30 — 11:33 — page 87 — #99

CHAPTER 10

D-GEOMETRY

In the previous chapter it was shown that the action for D0-branes in a flat (gravitational) background can be derived from Yang-Mills theory in ten dimensions. To derive the action for D0-branes in a curved background one would perhaps be tempted to use Yang-Mills theory in a curved background and follow the same procedure as for the flat case. This procedure however uses T-duality, which requires isometries in the nine spatial directions. Generically a curved space does not have these isometries, rendering the T-duality method useless.

Also there is no obvious generalization of the action of a single D0-brane to that of multiple D0-branes since one is confronted with difficult ordering problems. How would one for example generalize the following expression S = ∫ dτg_{ij}ẋ^iẋ^j = ∫ dτ x^2δ_{ij}ẋ^iẋ^j .

Would this be S = ∫ dτ δ_{ij} Tr X^2Ẋ^iẊ^j ,

or would it be S = ∫ dτ δ_{ij} δ_{kl}Tr X^kẊ^iX^lẊ^j .

Ordering problems like this make it extremely difficult to find an action for D0- branes in a curved background. In fact there could be completely new terms that should be added, terms that vanish in the point-particle case such as any expression involving commutators. Of course, it turns out that this is exactly the case [43][44][45]: finding the correct action for multiple D0-branes is more than an ordering problem, new terms have to be added.

“proefschrift” — 2004/11/30 — 11:33 — page 88 — #100

Chapter 10 - D-geometry

It should be clear by now that one has to look for alternative methods. The most direct method would be to calculate the β-functions of the superstring with some D0- branes present. This method is troublesome because of the massive strings stretching between the D0-branes. If direct methods do not work, or are technically too difficult, there are indirect methods that have proven to be very powerful. One method is to list all the requirements for a sensible action of D0-branes in a curved background.

(10.1) THE D-GEOMETRY AXIOMS

In [46] Douglas compiles a list of rules, axioms, the action for D0-branes in a curved background should satisfy. The idea behind this, in his own words, is to “state the problem in a self-contained way which we could give to a mathematician”. The main idea behind his axioms is to view the degrees of freedom of the D0-brane, d N × N matrices, as ordinary coordinates in a larger dN^2 dimensional space endowed with a metric:

matrix: X^i → coordinate: X^I with I = iab, a, b = 1, . . . , d.

The geometry of this space describes the D0-branes, hence he coined the term Dgeometry. The action for D0-branes can then be written compactly as S = ∫ dτ G_{IJ} Ẋ^IẊ^j − V (X). (10.1)

Here G_{IJ} is the metric on the dN^2 dimensional space and V (X) is the potential. Of course this is just another way of writing the action, no new information was added to it. The action is supposed to satisfy the following axioms [46]

• The action is assumed to have an U(N) isometry.

• G_{IJ} is a metric on the dN^2 dimensional space.

• The classical moduli space of the action for N D0-branes is equal to the space of N unordered points on the d dimensional space.

• If the D0-branes are partitioned into groups of D0-branes that are on top of each other in the following way: N = N_1 + · · · + N_n, then the unbroken gauge group is equal to U(N_1) × · · · × U(N_n).

• Strings stretching between two D0-branes have a mass equal to the geodesic distance between the two D0-branes.

• The action is single trace.

“proefschrift” — 2004/11/30 — 11:33 — page 89 — #101

Chapter 10 - D-geometry

According to Douglas these axioms should be enough to determine the action completely. In practice however, one takes into account all known properties of the D0-brane action, axiomatic or not. The action is well known if all the D0-branes are on top of each other (it reduces to the action of a regular point-particle). Also, there are partial results when the action is reduced to terms linear in the Riemann tensor [47].

(10.2) MATRIX VALUED DIFFEOMORPHISMS

Even after a quick look at the axioms it seems that one obvious ingredient appears to be missing. If one tries to write down the coupling of D0-branes to gravity, wouldn’t it be logical to impose diffeomorphism invariance, the gauge symmetry that corresponds to gravitational couplings? For the point-particle action this procedure is very successful, impose diffeomorphism invariance there, completely determine the coupling of a point-particle to gravity (see [43] for a short review).

In [43] an attempt is made to impose diffeomorphism invariance on the action for D0-branes. This is far from straightforward since it is not clear what diffeomorphism invariance means in D-geometry. Of course, one has the diffeomorphism invariance in the dN^2 dimensional: since G_{IJ} is a metric and Ẋ^I a vector the combination

G_{IJ}Ẋ^IẊ^J

is diffeomorphism invariant. However what is required is invariance under diffeomorphims of the d dimensional space. It is not at all clear how those diffeomorphisms act on the X^I . Take for example the d dimensional diffeomorphism (diff)

x^i = f^i(x) = x^i + f^i_{jk}x^j x^k + f^i_{jkl}x^j x^kx^l + . . . (10.2)

and its generalization to dN^2 dimensional diffeomorphisms (DIFF or matrix valued diffeomorphisms)

X^I = F^I (X) = X^I + F^I_{JK} X^J X^K + F^I_{JKL}X^J X^K X^L + . . . (10.3)

If one wants to impose diff invariance in the action for D0-branes one has to lift the transformation 10.2 to DIFF. That is, given f^i construct a unique F^I . In [43] it is shown that this is not possible. To understand why this is not possible one has to note that diff can be seen as a quotient of DIFF

diff =

DIFF C . (10.4)

The operation C equates all elements in DIFF that differ by terms that involves commutators (and hence go to zero in the limit N → 1). One can only find a lift from

“proefschrift” — 2004/11/30 — 11:33 — page 90 — #102

Chapter 10 - D-geometry

diff to DIFF if the diff are actually a subgroup of DIFF. It turns out that this is not the case [43], any attempt of assigning some F^I to a certain f^i will destroy the homomorphism property of the map, making it impossible to lift diff to DIFF. From this one can conclude that imposing general coordinate invariance in D-geometry is far from straightforward. In the next chapter a new symmetry principle will be put forward, a symmetry principle that implements general coordinate invariance.

“proefschrift” — 2004/11/30 — 11:33 — page 91 — #103

CHAPTER 11

THE PRINCIPLE OF BASE-POINT

INDEPENDENCE

Given the fact that it is impossible to lift d dimensional diffeomorphisms to diffeomorphisms in the larger dN^2 space, an alternative way to implement diffeomorphism invariance is discussed in this chapter: base-point independence.

The principle of base-point independence is usually based on the background field expansion. This tool, which is useful regardless of base-point independence, will be introduced first.

(11.1) THE BACKGROUND FIELD EXPANSION

As explained in chapter 10, the action for D0-branes is written as a non-linear sigma model (NLσM) in dN^2 dimensions

S[X] = ∫ dτ G_{IJ} (X)Ẋ^IẊ^J . (11.1)

Here X(τ) is a map from the manifold M (of dimension one) to the target space Σ, a manifold of dimension dN^2:

X : M → Σ.

It so happens that this NLσM is precisely of the same form as the bosonic action using in string theory. Now, it turns out that it is hard to do calculations with this

“proefschrift” — 2004/11/30 — 11:33 — page 92 — #104

Chapter 11 - The principle of base-point independence

action that yield manifestly covariant results. The reason is the following. Suppose one wants to calculate the effect of quantum fluctuations π around some classical background configuration X̄, i.e. one writes

X = X̄ + π.

Since X is a map from the space-time M to a point in the target-space Σ, the quantum fluctuation π = X − X̄ is a difference of two-points. Although X can be viewed as a coordinate on Σ and therefore has well defined transformation properties, the difference of two points has no nice geometrical meaning in curved space. The consequence of this is that the expansion of the action S in terms of π will not be manifestly covariant under diffeomorphisms of Σ. The background field expansion is a solution to this problem. Actually the solution is very simple: connect the background field X̄ with the full quantum field X using a geodesic in the target-space.

The problem of finding a covariant expansion is now turned into the problem of finding a general expression for the geodesic. For the geodesic λ(t) one can write the following boundary value problem

λ(0) = X̄ λ(1) = X d^2λ^I dt^2

+ Γ^I_{JK} dλ^J dt dλ^K dt = 0.

Instead of specifying the end-points of the geodesic it is a lot simpler to specify the starting point and the initial velocity

λ̇^I (0) = ξ^I ,

with a judiciously chosen vector ξ. In fact the choice of ξ is such that the length of the geodesic is given by the length of ξ

s^2 = G_{IJ} ξ^I ξ^J .

The advantage of this, seemingly unimportant, change of boundary conditions is that the solution to the geodesics equation can be written as a power series in the vector ξ. This ultimately leads to a manifestly covariant expansion of the NLσM action in terms of ξ. In order to derive an explicit expression for the geodesic solution expanded in terms of ξ one first writes the geodesic solution as a formal power series in the parameter t

λ^I (t) = λ^I (0) + ∞∑ k=1 1 k! d^kλ^I (t) dt^k | | | t=0 t^k. (11.2)

“proefschrift” — 2004/11/30 — 11:33 — page 93 — #105

Chapter 11 - The principle of base-point independence

The k = 1 term of this expansion can be written as

dλ^I (t) dt | | |_{t=0} t = ξ^I t.

After plugging this expression into the geodesic equation the second term of the expansion can be expressed in terms of ξ

d^2λ^I dt^2 | | |_{t=0} = −Γ^IJK dλ^J dt dλ^K dt | | |_{t=0} = −Γ^IJK ξ^J ξ^K .

One can continue this process by differentating the geodesic equation with respect to the parameter t. This procedure results in the following expansion

λ^I (t) = X̄ + ξ^I t − ∑ k=2 1 k! Γ^I_{J1...Jk} (X̄)ξ^{J1} . . . ξ^{Jk} t^k. (11.3)

The generalized Christoffel symbols Γ^I_{J1...Jk} are defined as follows

Γ^I_{J1...Jk} = ∇_{Jk} · · · ∇_{J3} Γ^I_{J2J1} ,

where the covariant derivatives act solely on the lower indices. The generalized Christoffel symbols are evaluated at the background point X̄.

With this power series solution it is possible to express π covariantly in terms of the tangent vector ξ

π^I = λ^I (1) − X̄^I = ξ^I − ∑ k=2 1 k! Γ^I_{J1...Jk} ξ^{J1} . . . ξ^{Jk} (11.4)

If this expression is used to expand the action in, then the expansion will be manifestly covariant. The vector ξ can also be used as a coordinate. Such a coordinate system will have a base-point, a point of origin, located at X̄. Since the length of ξ is equal to the length of the geodesic, geodesics are straight lines in these coordinates (see figure 11.1). Straight lines obey the differential equation

d^2λ^I dt^2

= 0.

Comparing this with the geodesic equation one learns that, in this coordinate system the Christoffel symbol evaluated at the base-point vanishes

Γ^I_{JK} (X̄) = 0.

As a consequence of this the generalized Christoffel symbols vanish too

Γ^I_{J1...Jk} (X̄) = 0. (11.5)

“proefschrift” — 2004/11/30 — 11:33 — page 94 — #106

Chapter 11 - The principle of base-point independence

Figure 11.1: Changing to Riemann Normal Coordinates straightens geodesics.

A choice of coordinates satisfying equation 11.5 are called Riemann Normal Coordinates (RNC). Such a coordinate system has very convenient properties. For example, since the Christoffel symbol vanishes, partial derivatives are equal to the covariant derivatives:

ξ^{K1} ξ^{K2} ∂_{K1} ∂_{K2} G_{IJ} = ξ^{K1} ξ^{K2} ∇_{K1} ∇_{K2} G_{IJ} = −^1_3 ξ^{K1} ξ^{K2} R_{IK1JK2} . The background field is also called the base-point of the Riemann Normal Coordinate system. Both terms will be used. When the term background field is used the fact that X̄ is a field over M is emphasized. The term base-point stresses that X̄ is also a point in Σ.

To covariantly expand the action in equation 11.1 one can now proceed as follows:

1. Write a Taylor series for the metric and convert “ordinary” derivatives acting on the metric into covariant derivatives acting on (combinations of) the Riemann tensor.

2. Substitute π^I = ξ^I .

3. Collect terms of the same order in ξ.

This is a rather lengthy and technical procedure, but due to the systematics in this procedure it boils down to remembering a few simple rules [48]. The rules are most easily described using an operator Δ, implicitly defined by

• Δ(Ẋ^I ) = ξ̇^I • Δ(ξ̇^I ) = R^I_{JKL}ξ^J ξ^KẊ^L • Δ(T_{I1 ...Ip} ) = ξ^M ∇_M T_{I1...Ip} for a tensor T

“proefschrift” — 2004/11/30 — 11:33 — page 95 — #107

Chapter 11 - The principle of base-point independence

• Δ(O_1O_2) = O_1Δ(O_2) + Δ(O_1)O_2.

The background field expansion is then obtained by systematically writing out the following expression S = ∫ dτ e^Δ ( G_{IJ} (X)Ẋ^IẊ^J ) . The first few terms of this expansion are [49]

S[X̄ + π] = ∫ dτ (G_{IJ} (X̄) +^1_3 R_{IKLJ} (X̄)ξ^K ξ^L

+^1_6 ∇_M R_{IKLJ} (X̄)ξ^K ξ^Lξ^M )ξ̇^Iξ̇^J .

(11.6)

(11.2) SHIFTING THE BASE-POINT

From the previous section it is clear that RNC are a useful tool in constructing a manifestly covariant background expansion of the action for the non-linear sigma model. However the split of the full quantum field X in a background (base) and a fluctuation part is an arbitrary one. This means that the action should always be invariant under a change in the background compensated by a change in the fluctuations. In terms of RNC this means that the action should be invariant under a shift of the base-point.

On a formal level this is obvious, expressing the action in terms of a RNC system at X̄ with tangent vector ξ

S = S[X̄, ξ, G(X̄), R(X̄), . . . ]

or at a different base-point Ȳ and tangent ζ

S = S[Ȳ , ζ, G(Ȳ ), R(Ȳ ), . . . ]

does not matter. The functional form of both expressions is exactly the same (after all, the two expressions are related by simply renaming the variables). However to test the invariance explicitly one needs to relate the two coordinate systems. That is, the tangent vector ξ in the X̄ system should be expressed in terms of the Ȳ system. The way to relate the two systems is by realizing that both systems should describe the same point in M, that is X̄ + π = Ȳ + ρ,

with ρ the fluctuation around Ȳ and π the fluctuation around X̄. Now the relation 11.4 can be used to relate ξ to ζ. After having chosen RNC in X̄ one gets

X̄^I + ξ^I = Ȳ^I + ζ^I −^∞ ∑ k=2 Γ^I_{J1...Jk} (Ȳ )ζ^{J1} . . . ζ^{Jk} . (11.7)

“proefschrift” — 2004/11/30 — 11:33 — page 96 — #108

Chapter 11 - The principle of base-point independence

If the two base-point are chosen close (infitesimally) to each other X̄ = Ȳ − ϵ one can express ξ in terms of ζ and tensors in the X̄ system:

ξ^I = ϵ^I + ζ^I − ϵ^L ∞∑ k=2 ∂_LΓ^I_{J1...Jk} (X̄)ζ^{J1} . . . ζ^{Jk} ,

where

Γ^I_{J1...Jk} (Ȳ ) = Γ^I_{J1...Jk} (X̄) + ϵ^L∂_LΓ^I_{J1...Jk} (X̄) + O(ϵ^2) = ϵ^L∂_LΓ^I_{J1...Jk} (X̄) + O(ϵ^2)

was used. Since the ∂Γ expressions are evaluated in RNC it is possible to convert them to manifestly covariant expressions

ξ^I = ϵ^I + ζ^I − ϵ^L ∞∑ k=2 1 (k+1)! RJ1 (LI)J2...Jk (X̄)ζ

J_1 . . . ζJ_k , (11.8)

with R_{J1 (LI)J2...Jk} =^1_{k!} ∇_{(Jk} . . . ∇_{J3} R_{J2|LI|J1)} + (L ↔ I).

As an example the procedure will be applied to the action for the NLσM with Σ a one-dimensional manifold, expanded up to first order in the Riemann tensor (and no covariant derivatives)

S[X̄ + π] = ∫ dτ ( G_{IJ} (X̄) −^1_3 R_{IK1JK2} (X̄)ξ^{K1} ξ^{K2} )˙ ξ^Iξ̇^J ,

which after plugging in equation 11.4 becomes S = ∫ dτ ( G_{IJ} (Ȳ ) −^1_3 R_{IK1JK2} (Ȳ )ζ^{K1} ζ^{K2} )˙ ζ^Iζ̇^J

−^2_3 R_{IK1JK2} (Ȳ )ϵ^{K1} ζ^{K2}ζ̇^Iζ̇^J −^2_3 R_{IK1JK2} (Ȳ )ϵ^J ζ̇^{I d}_{dτ} ( ζ^{K1} ζ^{K2} ) . Here the fact that, in this approximation, g(X̄) = g(Ȳ ) and R(X̄) = R(Ȳ ) is used. The last two terms should vanish, leaving the expression S = ∫ dτ ( G_{IJ} (Ȳ ) −^1_3 R_{IK1JK2} (Ȳ )ζ^{K1} ζ^{K2} )˙ ζ^I ζ̇^J

which is precisely the action expressed in RNC around Ȳ . Hence

S[X̄ + π] = S[Ȳ + ρ]

thereby proving base-point independence for the NLσM (in this approximation, the general proof is similar but more technical).

“proefschrift” — 2004/11/30 — 11:33 — page 97 — #109

Chapter 11 - The principle of base-point independence

(11.3) A NEW SYMMETRY PRINCIPLE

Since the base-point is essentially a base-point in d dimensional space, this shift imposes some kind of d dimensional diff on the action for D0-branes. Although this diff cannot be lifted to the DIFF (see chapter 10) it is possible to lift base-point shifts in the d dimensional space to base-point shifts in D-geometry. To see this, look at the base-point transformation equation 11.8. If one chooses the base-point such that all the D0-branes are on top of each other X̄ = x̄I and restricts the shifts to be diagonal as well ϵ^I = ϵ^iδ^{ab}, then all tensors evaluated at the base-point decompose in a tensor over the ddimensional space and a tensor in the matrix indices: R_{IJKL}(x̄I) = R_{ijkl} (x̄)T_{aibi aj bj ak bk albl} . (11.9) This leaves the tensor T undetermined. These matrix-tensors can be determined by imposing base-point invariance as a self-consistency condition, together with the D-geometry axioms. In [43] the following results were found

R_{IJKL} = R_{iaibi jaj bj kak bk lal bl} = R_{ijkl} Δ_{Symaibiaj bj ak bk albl} , (11.10) with the tensor Δ defined by Δ_{ai biaj bj ak bk albl} = δ_{bi aj} δ_{bj ak} δ_{bk al} δ_{blai} .

The tensor Δ basically takes for four matrices, multiplies them and takes the trace: Δ_{ai biaj bj ak bk albl} X^{iaibi} X^{jaj bj} X^{kak bk} X^{lalbl} = Tr X^iX^j X^kX^l.

From this it is now easy to see that equation 11.10 defines a completely symmetric tensor R_{IJKL}X^I X^J X^K X^L = R_{ijkl}Str X^iX^j X^kX^l.

The symbol Str is defined as the symmetrized trace, i.e. Str ABC =^1_6 Tr (ABC + ACB + . . . ) The symmetrized trace prescription remains valid for the ∇R tensor ∇_M R_{IJKL} = ∇_{mambm} R_{iaibi jaj bj kak bk lal bl} = ∇_mR_{ijkl} Δ_{Sym(aibiaj bj ak bk albl aambm)}. (11.11)

“proefschrift” — 2004/11/30 — 11:33 — page 98 — #110

Chapter 11 - The principle of base-point independence

Beyond this order (i.e. tensor of type ∇^nR, n > 1) the symmetrized trace presciption is no longer valid [43].

To summarize: Implementing base-point invariance as described above, lifts a symmetry from the d dimensional space to the dN^2 dimensional space. Since the basepoint symmetry in the d dimensional space is equivalent to diff invariance [43] one can take the base-point invariance in D-geometry as a definition of diff invariance in D-geometry.

“proefschrift” — 2004/11/30 — 11:33 — page 99 — #111

CHAPTER 12

APPLICATIONS AND CHECKS

(12.1) APPLYING BASE-POINT INDEPENDENCE

After having introduced the concept of base-point independence it is time to apply the technique to D-geometry. The basis of this D-geometry is the realization that the final action must be a constrained form of a dN^2-dimensional non-linear sigma model (NLσM). S = ∫ dτ G_{IJ} (X)Ẋ^IẊ^J . (12.1)

Each index I describes a triplet I = {i; ab} built from a d-dimensional space-time index i and two U(N)-indices a, b. The dN^2-dimensional metric G_{IJ} (g_{ij} , R_{ijkl} , . . . , X) is a functional of the d-dimensional metric g_{ij} and its derivatives. Using a dN^2- dimensional expansion in normal coordinates, one must impose the following conditions to obtain the d-dimensional base-point independent action for matrix normal coordinates [43]:

(a) When functionally expressed in terms of the d-dimensional constituents the dN^2 dimensional metric, Riemann tensor, and covariant derivatives thereof must obey all the usual identities of symmetry/antisymmetry, Bianchi identity, commutation relations of covariant derivatives, etc.

(b) The U(N) indices must be such that the action is a single trace; i.e. no traces may occur within the functional expressions.

(c) It should have the right U(1) limit for diagonal matrices.

(d) At linearized order the symmetrized ordering should emerge.

“proefschrift” — 2004/11/30 — 11:33 — page 100 — #112

Chapter 12 - Applications and Checks

(e) Most importantly, base-point independence follows from the requirement that the “trace” of the dN^2-dimensional covariant derivative, acts as the d-dimensional covariant derivative:

δ^{ab}∇_{i;ab}(anything) = ∇_i(anything) . (12.2)

For instance at order 4 and 5 in matrix normal coordinates X^{i;ab} the two relevant dN^2-dimensional tensors are the Riemann tensor and its covariant derivative. Imposing the above matrix-geometry constraints one finds that in terms of d-dimensional curvature tensors, they are R_{IJKL} = R_{ijkl}Σ_{ai biaj bj ak bk albl} , ∇_M R_{IJKL} = ∇_mR_{ijkl} Σ_{ambmaibi aj bj ak bk albl} , (12.3) where Σ_{a1 b1...anbn} is the object that when contracted with n-matrices returns the symmetrized trace Σ_{a1 b1,...,anbn} O^{i1 a1 b1} · · · O^{in anbn} = Str(O^{i1} · · · O^{in} ) .

At order six, the fully symmetrized ordering is no longer consistent with the identity [∇_N , ∇_M ]R_{IJKL} = R^P_{NMI} R_{P JKL} + . . .

This illustrates why the symmetrized approximation corresponds to the linearized approximation.

(12.1.1) SECOND ORDER IN Ẋ

To explicitly show how the matrix-geometry generates a base-point independent action, the application for the kinetic term — order two in derivatives— to order O(X^4) will be reviewed, i.e. it is shown that the action

L_2 = −^1_2 (δ_{ij} tr(Ẋ^iẊ^j ) +^1_3 R_{iklj} Str(Ẋ^iẊ^j X^kX^l)) + O(X^5) (12.4) is base-point independent. Writing the action in terms of a dN^2 NLσM L = −^1_2 η_{AB} Π^AΠ^B , (12.5) with Π^A = E^A_I Ẋ^I .

Capital letters refer to a multi-index notation in which a matrix Π^i is represented as Π^I = Π^{iαβ} . Sometimes it is easier to work in a local-Lorentz frame, in this case the matrix is written as: Π^A = Π^{ıab}. The vielbein relating the Π^I and the Π^A, Π^A = E^A_I Π^I ⇒ Π^{ıab} = ∑ iαβ E^{ıab}_{iαβ} Π^{iαβ} ,

“proefschrift” — 2004/11/30 — 11:33 — page 101 — #113

Chapter 12 - Applications and Checks

has a convenient flat space representation:

η_{AB} = η_{iab,jcd} = δ_{ij} δ_{ad}δ_{bc}.

The flat metric is defined in such a way that:

tr(X^iX^j )δ_{ij} = η_{IJ} X^I X^J ⇒ η_{IJ} = η_{iαβ,jγδ} = δ_{ij} δ_{αδ} δ_{βγ} .

The metric for curved space is the given by:

G_{IJ} = E^A_I E^B_J η_{AB}

The metric η_{AB} is a twisted version of the SO(dN^2) invariant metric; ’twisted’ means that it equals a Wick-rotated SO(dN^2) metric up to a similarity transformation. E.g. for N = 2, one finds

η_{iab,jcd} = δ_{ij}

1 0 0 0 0 0 1 0 0 1 0 0 0 0 0 1

with rows (columns) labeled by ab = {11, 12, 21, 22}. Hence in the N = 2 case the twisted metric is that of SO(3d, d). Note that this is slightly different from the convention used in [43]. Expanding in RNC the vielbein equals:

E^A_I = δ^A_I + 1 12 R^A_{(P Q)I} X^P X^Q +^1_{24} ∇_P R^A_{(QR)I} X^P X^QX^R + . . . (12.6)

Substituting this into equation 12.5, and using 12.3, we recover equation 12.4. By virtue of the fact that eq. 12.3 is the solution to the matrix-geometry constraints, this action is basepoint independent. For this simple case, one can check it explicitly [43].

An instructive illustration of the power of the matrix-geometry method, is the following exercise. Although from the flat space limit it is clear that the one-form Π^A should be contracted with the tangent space metric η_{AB} of eq. 12.1.1, it is possible to start off with a more general form

L_2 = −^1_2 M_{AB}(X)Π^AΠ^B . (12.7)

Expanding in RNC as prescribed one obtains the action (with the base-point X̄, see [48] for a convenient algorithm):

−2L_2 = { M_{AB}|_{X̄} + ∇_C M_{AB}|_{X̄} X^C

+^1_2 (^2_3 M_{QB} R^Q_{CDA} + ∇_D ∇_C M_{AB}) | | |_{X̄} X^C X^D + . . . } Ẋ^AẊ^B. (12.8)

“proefschrift” — 2004/11/30 — 11:33 — page 102 — #114

Chapter 12 - Applications and Checks

Comparing with the flat space case one reads off: M_{AB}|_{X̄} = η_{AB} . Assume that it is possible to set ∇ . . . ∇ M|_{X̄} = 0, then one has M(X)_{AB} = η_{AB} (remember: in RNC partial and covariant derivates are the same). This results in the action:

−2L_2 = (η_{AB} +^1_6 R_{B(CD)A}X^C X^D)Ẋ^AẊ^B = η_{AB} Π^AΠ^B .

(12.9)

Given that the vielbein is constructed from tensors obeying the matrix-geometry constraints, the properties the action needs to have can be checked without explicit calculations. The only thing that needs to be verified is that M_{AB} also satisfies the matrix-geometry constraints. Single traceness of the action follows from the fact that M_{AB} = η_{AB} has no internal U(N) contractions. The correct U(1) limit follows from the vanishing of all the covariant derivatives ∇ . . . ∇M = ∇ . . . ∇η = 0. The crucial property to check is base-point independence. Note that, since the expansion of M_{AB} is SO(dN^2) covariant, it is manifest that the action is invariant under any matrix valued diffeomorphism. However, the tensor M_{AB} should also be a functional of the d-dimensional metric, and its derivatives. This functional will be consistent with base-point independence, if under a shift in base-point, it is parallel transported in the d-dimensional sense. As before, this is guaranteed if

ϵ^kδ^{ab}∇_{kab} = ϵ^k∇_k, (12.10)

on the tensor M_{AB}. For M_{AB} = η_{AB} this is obviously so, so that the result is indeed base-point independent. Note that this is a truly non-trivial constraint that does not follow from the fact that the Lagrangian L_2 is a scalar quantity under matrix valued diffeomorphisms.

Focussing on M_{AB} alone, these results can be extended to arbitrary order in X; at all orders ∇ . . . ∇M can be set to vanish consistent with the matrix-geometry constraints. In particular, the non-trivial identity

∇_{[C} ∇_{D]}M_{AB} | X̄ = R^Q

CDA M_{QB} |_{X̄} + R^Q_{CDB} M_{QA}|_{X̄} = R_{CDBA} + R_{CDAB} = 0. (12.11)

and higher order analogues are satisfied. For these, it is crucial that M_{AB} evaluated at the base-point is equal to the tangent space metric. In section 12.1.2, where the consistency of the base-point independence approach for higher derivative terms is discussed, it will be shown that these non-trivial identities do impose constraints. Thus the two-derivative action (12.5) is recovered here. The lesson is that basepoint independence and the other constraints of matrix geometry are automatically satisfied when ∇ . . . ∇M can be put to zero. The power of the above argument , by generalization, is that the expansion of the action in RNC allows to, almost, read off whether the action is base-point independent and therefore a candidate for the non-Abelian generalization of the DBI-action.

“proefschrift” — 2004/11/30 — 11:33 — page 103 — #115

Chapter 12 - Applications and Checks

(12.1.2) HIGHER ORDER CORRECTIONS: FOURTH ORDER IN Ẋ

In section 12.1.1 the covariant expansion approach was used as a straightforward approach to determine the crucial properties of the action. Therefore this route will be pursued for the action L_4, the part of the DBI-action of fourth order in Ẋ, as well. Before doing that, it will be instructive to show explicitly why the symmetrized trace approximation starts to fail at this order. If the action would be the symmetrized trace, then it could be written as:

L_4 = −^1_8 Str (g_{ij} (X)g_{kl}(X)Ẋ^iẊ^jẊ^kẊ^l) = −^1_8 (δ_{ij} δ_{kl}Str (Ẋ^iẊ^jẊ^kẊ^l) +^2_3 R_{imnj} δ_{kl}Str (X^mX^nẊ^iẊ^jẊ^kẊ^l)) + . . . . (12.12)

Substituting the base-point transformation (a constant shift ϵ) (the explicit expression follows from the geodesic equation in matrix space, which follows from L_2.) : ΔX_i = ϵ_i +^1_6 ϵ^kSym (Z^{p1} Z^{p2} )R_{p1 (ki)p2} , (12.13)

one gets for the variation (schematically and up to first order in the Riemann tensor):

ΔL_4 ∝ ϵRStr (Ż^3Sym (ŻZ)) + ϵRStr (Ż^4Z). (12.14)

From this it is obvious that the two combinatorial structures cannot be combined, hence the symmetrized trace prescription does not yield a base-point independent action.

To determine what is the correct ordering, the same steps are followed as before. The starting point is an action of order four in one-forms Π^A contracted with an arbitrary symmetric four-tensor M_{ABCD}(X):

L_4 = −^1_8 M_{ABCD}(X)Π^AΠ^B Π^C Π^D . (12.15)

Expanding in RNC up to second order in X, one finds

−8L_4 = { M_{ABCD}|_{X̄} + ∇_F M_{ABCD}|_{X̄} X^F

+^1_2 (^4_3 M_{QBCD}R^Q_{EF A} + ∇_E ∇_F M_{ABCD}) | | |_{X̄} X^E X^F } Ẋ^AẊ^BẊ^CẊ^D.

(12.16)

The lesson from section 12.1.1 is whether one can put ∇ . . . ∇ M|_{X̄} = 0? This would ensure the correct U(1) limit and base-point independence. Suppose it is possible. In that case the action would be:

−8L_4 = { M_{ABCD}|_{X̄} +^2_3 M_{QBCD}R^Q_{EF A} | | |_{X̄} X^E X^F } Ẋ^AẊ^BẊ^CẊ^D (12.17)

“proefschrift” — 2004/11/30 — 11:33 — page 104 — #116

Chapter 12 - Applications and Checks

From the flat space limit,^1

−8L^{f lat}_4 = M_{ABCD}|_{X̄} Ẋ^AẊ^BẊ^CẊ^D = Str (Ẋ^iẊ^jẊ^kẊ^l)δ_{ij} δ_{kl}, (12.18)

one learns that:

M_{ABCD}|_{X̄} ≡ η_{ABCD} = δ_{ab}δ_{cd}Σ_{α1β1...α4 β4} ≠ η_{AB} η_{CD}, (12.19)

Note that the single trace requirement means that the tensor M is not proportional to two tangent metrics. This will be important.

The cruical question is: Are all the requirements (a)-(d) of matrix geometry satisfied? Since the assumption was that all covariant derivatives on M can be put to zero, the U(1) limit is automatically right. The single trace condition is met, by construction. What about the base-point independence? This is also guaranteed if one can truly put all covariant derivatives on M to zero (evaluated in the base-point). It therefore remains to test this assumption. Because M is not the tensor product of the metric tensor, it is not clear that a covariantly constant M_{ABCD} exists. The litmus tests are the identities involving commutators of covariant derivatives on M_{ABCD}; the simplest being

∇_{[E} ∇_{F ]} M_{ABCD}|_{X̄} = 2(R^Q_{EF A} M_{QBCD} + R^Q_{EF B} M_{QACD}

+R^Q

EF C MQABD + R Q EF D MQABC ) | | |_{X̄} .

(12.20)

This directly shows that a covariantly constant M, not proportional to the metric, is not consistent since the right-hand side of the equation will not evaluate to zero. Recall that in the two derivative case, this was explicitly tested. There M_{AB} equalled the metric, and this problem did not occur since

∇_{[C} ∇_{D]}M_{AB} | X̄ = R^Q

CDA M_{QB} |_{X̄} + R^Q_{CDB} M_{QA}|_{X̄} = R_{CDBA} + R_{CDAB} = 0. (12.21)

The mathematical cause for the inconsistency of a covariantly constant M_{ABCD} is the single trace requirement. It was responsible for the fact that M_{ABCD} could not equal two tangent space metrics.^2

Lacking a deeper insight in the requirements on M_{ABCD}, one is forced to check base-point independence by hand. Recall that the base-point transformation is given by: ΔX_i = ϵ_i +^1_6 ϵ^kSym (Z^{p1} Z^{p2} )R_{p1 (ki)p2} . (12.22)

1The flat space limit follows indirectly from explicit string computations which show that the nonabelian DBI-action at order F^4 is given by the symmetrized trace [50, 51, 52, 53]. This breaks down at higher orders; see [54] for the latest status.

2One might object that the identity (12.21) appears to be irrelevant as in the action ∇_E ∇_F M_{ABCD} is contracted with the symmetric combination X^E X^F . The remaining discussion will show why this is not so.

“proefschrift” — 2004/11/30 — 11:33 — page 105 — #117

Chapter 12 - Applications and Checks

Using this transformation calculate the variation of L_4 with M_{ABCD} ≡ η_{ABCD}:

−8L_4 = η_{ABCD}E^A_I Ẋ^I E^B_J Ẋ^J E^C_KẊ^K E^D_L Ẋ^L = δ_{ij} δ_{kl}Str (Ẋ^iẊ^jẊ^kẊ^l) +^1_3 R_{i(kl)j} δ_{mn}Str (Ẋ^iẊ^mẊ^nSym (Ẋ^j X^kX^l)), (12.23)

−ΔL_4 =^1_8^{4·2}_{3·2} ϵ^kR_{β(kα)p2} Str (Ż^αŻ^2Sym (Ż^β Z^{p2} )) +^2_{3·8} R_{k(αβ)p2} ϵ^kStr (Ż^αŻ^2Sym (Ż^βZ^{p2} )) =^1_6 ϵ^kStr (Ż^αŻ^2Sym (Ż^β Z^{p2} )) { R_{β(kα)p2} +^1_2 R_{k(αβ)p2} } . (12.24)

Note that Sym (. . .) expressions are treated as one block within the symmetrized trace. Using (note A_{(ab)} = A_{ab} + A_{ba}),

R_{α(p1 β)p2} = −^1_2 R_{p1 (αβ)p2} +^3_2 R_{αβp1p2} ,

this simplifies to (with the notation A_{p1 ...pn} = A_{1...n}):

ΔL_4 = −^1_4 ϵ^6R_{3456}δ_{12}Str (Ż^1Ż^2Ż^3Sym (Ż^4Z^5)) ≠ 0. (12.25)

So the proposed action is indeed not base-point independent. To see that the single trace requirement is responsible — and hence the correlated inconsistency of choosing M_{ABCD}(X) = η_{ABCD} — look at the corresponding calculation for L_2. The steps are analogous and the L_2 result comes down to removing the δ_{12}Ż^1Ż^2 part in the L_4 result and adjusting some factors:

ΔL_2 ∝ ϵ^6R_{3456}Str (Ż^3Sym (Ż^4Z^5)). (12.26)

Then make use of the identity

Str (ABCD . . .) = Tr (ASym (BCD . . .)). (12.27)

This makes it possible to write ΔL_2 as:

ΔL_2 = ϵ^6R_{3456}Str (Ż^3Ż^4Z^5), (12.28)

which is obviously zero. In the case of ΔL_4 the identity in equation 12.27 is of no use, because of the extra δ_{12}Ż^1Ż^2 factor. If one had not insisted one a single trace result and used M_{ABCD} = η_{AB} η_{CD}, then the variation of ΔL_4 would have had the structure:

ΔL_4 = ΔL_2δ_{12}Str (Ż^1Ż^2) = 0. (12.29) So, as claimed, the single trace property spoils base-point independence. As a result of this the importance of the identity (12.21) is confirmed. ∇_E ∇_F M_{ABCD}|_{X̄} should not be zero if one insists on base-point independence.

“proefschrift” — 2004/11/30 — 11:33 — page 106 — #118

Chapter 12 - Applications and Checks

Fortunately is it not terribly difficult to find an correction term to L_4 that renders the action base-point independent while keeping the correct U(1) limit. One possible answer is:

L^C_4 = αR_{1356}δ_{24}Str (Ẋ^1Ẋ^2Sym (Ẋ^4X^5)Sym (Ẋ^3X^6)). (12.30)

Since R_{1356} is antisymmetric in 1 and 3, this result vanishes in the U(1) limit. The variation of L^C_4 equals

ΔL^C_4 = αR_{1356}δ_{24}Str (Ż^1Ż^2Ż^4ϵ^5Sym (Ż^3Z^6))

+ αR_{1356}δ_{24}Str (Ż^1Ż^2Sym (Ż^4Z^5)Ż^3ϵ^6) = αϵ^6R_{1465}δ_{24}Str (Ż^1Ż^2Ż^3Sym (Ż^4Z^5)) = 4αΔL_4.

(12.31)

Requiring base-point independence determines the constant α to be −^1_4 . The obvious next question is what is the value for ∇ . . . ∇ M_{ABCD}|_{X̄} that corresponds to L^C_4 . Since there is no O(X) term in the U(1) limit, it seems logical to try to maintain this property for the non-abelian case: require that there is no ∇_F M_{ABCD}|_{X̄} X^F term in the action. For the ∇_E ∇_F M_{ABCD}|_{X̄} X^E X^F part one can only determine the part symmetric in EF and ABCD from L^C_4 . It is determined by: ∇_E ∇_F M_{ABCD}|_{X̄} X^EX^F Ẋ^AẊ^BẊ^CẊ^D = 4R_{1456}δ_{23}Str (Ẋ^1Ẋ^2Sym (Ẋ^4X^5)Sym (Ẋ^3X^6)) (12.32)

Write this schematically as

∇_E ∇_F M_{ABCD}|_{X̄} X^EX^F Ẋ^AẊ^BẊ^CẊ^D =^1_{48} s_{(ABCD)(EF )}X^E X^F Ẋ^AẊ^BẊ^CẊ^D (12.33)

with s_{ABCDEF} = s_{123456} = 4R_{1456}δ_{23}Σ_{1278}S^7_{45}S^8_{36}. (12.34) The object Σ is defined such that:

Σ_{a1b1 ,...,anbn} O^{i1 a1b1} · · · O^{in anbn} = Str(O^{i1} · · · O^{in} ).

Another object S takes a set of matrices and combines them (symmetrically) into one matrix:

S^{a1 b1}_{a2 b2...anbn} O^{i2 a2b2} · · · O^{inanbn} = Sym(O^{i2} · · · O^{in} )^{a1 b1} . (12.35)

“proefschrift” — 2004/11/30 — 11:33 — page 107 — #119

Chapter 12 - Applications and Checks

As already shown explicitly, the action thus obtained is base-point independent. However, consistency of the more general approach demands that base-point independence can also be shown by proving the following:

ϵ^iδ^{ab}(∇_{iab}∇_F M_{ABCD}|_{X̄} ) = ϵ^i(∇_i∇_F M_{ABCD}|_{X̄} ). (12.36)

In order to check this one has to know what the right-hand part of the previous equation is. It corresponds to the variation of the ∇_F M_{ABCD}|_{X̄} X^F term. Since this term vanishes, one concludes that the right-hand side of equation 12.36 should be zero in the action. Recall that ∇_E ∇_F M_{ABCD}|_{X̄} can receive several contributions, of which only the S part contributes to the action. Of course, if it vanishes as a single formal tensor, that would be the more satisfactory. Using the explicit representation for s_{ABCDEF} (equation 12.34), we find for the left-hand side of eq. (12.36):

ϵ^iδ^{ab}S_{1234 iab 6} = ϵ^iδ^{ab}(R_{14i6}δ_{23}Σ_{1278}S^7_{4 ab}S^8_{36} + . . .) = ϵ^i(R_{14i6}δ_{23}Σ_{1248}S^8_{36} + . . .)

∝ ϵ^i(R_{14i6}δ_{23}Σ_{1248}S^8_{36} + ϵ^iR_{41i6}δ_{23}Σ_{1248}S^8_{36} + . . .) = 0.

(12.37)

This confirms the base-point independence. The other contributions to ∇∇M, such as the parts anti-symmetric in E, F , are of no concern since these vanish in the action. It is, however, possible to add other corrections terms to M such that equation 12.36 is zero, even as a formal tensor.

Presumably hese results can be generalized to arbitrary order in the velocity Ẋ. However, the extension to higher order in X is far from trivial due to the complications from the inability to put ∇ . . . ∇M to zero in matrix geometry. For every order in X it is necessary to find the appropriate tensor ∇∇ . . . ∇ M|_{X̄} , which is beyond present capabilities. The fact that it is possible to do so for fourth order in derivatives does give confidence that this is possible in general. This computation does explicitly show that at the first corrective order in derivatives the symmetrized trace approximation is no longer consistent with the single trace requirement in the presence of gravity.

(12.2) CHECKING T-DUALITY

One of the consequences of the non-abelian nature of the coordinates X is that new terms can be present in the action, proportional to commutators, which have no U(1) equivalent. Indeed for non-abelian D0-branes in flat space, string theory requires that at lowest order in derivatives there is a potential equal to

V = −

T λ^2 2 Tr([X^i, X^j ][X_i, X^j ]) . (12.38)

“proefschrift” — 2004/11/30 — 11:33 — page 108 — #120

Chapter 12 - Applications and Checks

The form of the potential is dictated by consistency with T-duality. Under this stringy symmetry the potential and kinetic term are exchanged. T-duality holds for any spacetime with isometries, and the curved space analogues of both the potential and the kinetic term should be consistent with the duality. In addition to constructing a base-point independent kinetic term, in [43] a potential for D0-branes in a curved background was also put forward. This conjectured potential passed a strong consistency test. It satisfied the non-trivial D-geometry constraint that fluctuations around a diagonal background have masses proportional to geodesic lengths. In this section it will be shown that the conjectured form of the potential reproduces the kinetic term after a T-duality transformation. This is strong confirmation that the proposed form of the potential is correct.

To generalize the expression 12.38 to curved space an analogue of the vector Ẋ^I , which can be contracted with the vielbein E^A_I , is needed. Define the “commutation” operator

D(X)^{icb;ad} ≡ δ^{ab}X^{icd} − δ^{cd}X^{iab} . (12.39)

Acting on a matrix M_{da} it returns the commutator

D(X)^{icb;ad}M_{da} = [X^i, M]^{cb} . (12.40)

Commutators obey the Leibniz rule and act as a derivation on the space of matrices. Analogous to the standard time derivative Ẋ, one can expect any X^{iab} appearing inside a commutator to transform as a vector under matrix coordinate (i.e. base-point) transformations. The matrix-valued “commutation operator” D(X)^{I,ad} can therefore be pushed forward to the tangent space with the SO(dN^2) vielbein. Supporting and consistent with the notion that the “commutation” operator is the covariant building block of the potential, is the expression for flat space potential 12.38 in terms of D(X)^{I,ab}. A small calculation shows that it is equivalent to four building blocks contracted with exactly twice the SO(dN^2) metric [43].

V_{f lat} = −

T λ^2 4 η_{IK} η_{JL}D(X)^{I,ab}D(X)^{J,bc}D(X)^{K,cd}D(X)^{L,da} = − T λ^2 4 η_{IK} η_{JL}TrD(X)^I D(X)^J D(X)^K D(X)^L . (12.41)

In the last line the trace is only over the explicit U(N) indices of the matrix valued SO(dN^2) vector D(X)^{I,ab}.

The generalization to curved space is now straightforward. Simply insert the appro-

“proefschrift” — 2004/11/30 — 11:33 — page 109 — #121

Chapter 12 - Applications and Checks

priate number of vielbeins into the flat space potential:

V_{curved} = −

T λ^2 4 η_{AC} η_{BD}E^A_I E^B_J E^C_K E^D_L Tr D(X)^I D(X)^J D(X)^K D(X)^L = − T λ^2 4 (η_{AC} η_{BD} + 4 12 R_{C(P Q)A}X^P X^Qη_{BD} )Tr D(X)^AD(X)^B D(X)^C D(X)^D

+ O(∇^2) = − T λ^2 4 (Tr ([X^i, X^k][X^j , X^l])δ_{ij} δ_{kl} + 1 3 R_{i(kl)j} δ_{mn}Str (X^kX^l[X^i, X^m][X^j , X^n])) + . . . , (12.42)

The last two steps shows that in the linearized approximation it correctly reproduces the symmetrized result from [55], as is expected.

Under T-duality the parallel’ part of the curved space potential 12.42 must transform into the kinetic term 12.5. To check this, assume that the d-dimensional geometry is a product of a (d−1)-dimensional piece times a circle along the direction i = 9. This is not sufficient to test the full nature of T-duality, but in this situation everything is tractable and certainly should work. The following expression for the dN^2 metric can then be written down

G_{iαβ,jγδ} (X^i) = ( G_{μαβ,νγδ}(X^ρ) 0

0 δ_{αδ}δ_{βγ} ) μ, ν, ρ = 1, . . . , d − 1. (12.43)

The expression in the lower right corner is a simply a consequence of the non-trivial form of the flat-space metric:

G^{f lat}_{iαβ,jγδ} = η_{iαβ,jγδ} = δ_{ij} δ_{αδ}δ_{βγ} . (12.44)

Because the space-time is chosen to be a direct product form, the tangent space decomposes trivially:

η^{d−dim}

aαβ,bγδ = ( η^{(d−1)−dim}

mαβ,nγδ 0

0 δ_{αδ}δ_{βγ} ) . (12.45)

In particular, the component of the vielbein E^A_I along the circle is

E^{a;ϵζ}_{9αβ} = δ^a_9 δ^ϵ_αδ^ζ_β . (12.46)

In this background the potential splits into three parts. One has no tangent-vectors lying along the isometry direction; this will become the potential in the T-dual case. A second term has all components along the circle: since the flat limit corresponds

“proefschrift” — 2004/11/30 — 11:33 — page 110 — #122

Chapter 12 - Applications and Checks

to the commutator squared, this term will vanish. The crossterm with half the components along the circle is the interesting part. Using that the vielbein is trivial in the ninth direction, it equals

V^{cross}

curv = −

T λ^2 2 η_{9ab,9cd}η_{BD}E^B_J E^D_L TrD(X)^{9ab}D(X)^J D(X)^{9cd}D(X)^L . (12.47)

The triviality of the vielbein allows the use of the following contraction identity,

η_{IJ} D(X)^{I,ad}D^{J,ef} = 2(X^k)^{af} (X_k)^{ed} − δ^{af} (X^2)^{ed} − δ^{ed}(X^2)^{af} , (12.48)

in the direction of the circle. Thus

V^{cross}

curv = −T λ

2η_{BD}E^B_J E^D_L [ Tr ( X^9D(X)^J ) Tr ( X^9D(X)^L ) −Tr ( D(X)^J ) Tr ( X^9X^9D(X)^L )] . (12.49)

Due to the defining property 12.40 of the commutation operator, the last term vanishes as Tr(D(X)^I ) = [X^i, I] = 0. The remaining term yields

V^{cross}

curv = −T λ

2η_{BD}E^B_{jαβ} E^D_{ℓγδ} ( [X^j , X^9]^{αβ} [X^ℓ, X^9]^{γδ} ) . (12.50)

Upon using the standard T-duality rule which replaces commutators with derivatives, iλ[X^9, F(X)] → ∂_9F,

the kinetic term equation 12.5 is recovered exactly. Notice that the vielbeins have basically just gone along for the ride. The proof of T-duality in a flat background would be identical. This clearly shows the power of the matrix-geometry approach.

“proefschrift” — 2004/11/30 — 11:33 — page 111 — #123

CHAPTER 13

EVIDENCE FOR A GRAVITATIONAL MYERS EFFECT

(13.1) CORRECTION TERMS AND THE MYERS EFFECT

The flat-space action (equation 9.7) derived from the supersymmetric Yang-Mills theory is only valid for low energies (in fact Ẋ^2 ≪ 1) and receives different types of corrections if one tries to extend the validity of this action.

Higher derivative corrections come in the form of the Dirac-Born-Infeld (DBI) action

S_{DBI} = m ∫ dτTr √ −η_{μν} ∂_τ X^μ∂_τ X^ν ,

it is easy to see that in the limit Ẋ ≪ 1 the kinetic term as in equation 9.7 is recovered. R.C. Myers [42] showed that, in order for this action to be consistent with T-duality in a background of constant RR 4-form fieldstrength F^{(4)}, the potential must receive further contributions of the form (see also equation 9.8):

V = −^{λ2}_4 Tr ( [X^i, X^j ]^2 ) −^i_3 λ^2Tr ( X^iX^j X^k ) F^{(4)}_{0ijk} .

These type of corrections have very interesting consequences. To see this, take the following constant background field:

F^{(4)}_{0ijk} = { fϵ_{ijk} i, j, k ∈ 1, 2, 3 0 otherwise

. (13.1)

“proefschrift” — 2004/11/30 — 11:33 — page 112 — #124

Chapter 13 - Evidence for a gravitational Myers effect

The minima of the potential are now given by configurations that satisfy

[X^i, X^j ] = ifϵ_{ijk}X^k. (13.2)

If the background flux was turned off somehow, the matrices X^i would have to be proportional to the unit matrix, hence all D0-branes would be on top of each other. This configuration would have zero energy. However, with f not equal to zero this configuration does not minimize the potential anymore. Configurations that do minimize the potential are given by:

X^i =^f_2 α^i,

with α^i a N × N matrix representation of the SU(2) algebra. Instead of sitting on top of each other, the D0-branes are now separated. To get an idea for how far the D0-branes are separated one can calculate the following quantity: R = √_{P3}

i=1 Tr (X^i)^2

N =^f_2 √ N^2 − 1.

The surprising thing is that this configuration actually has a lower energy than the diagonal configuration:

V = − λ^2f^2 6 N(N^2 − 1). (13.3)

So, due to the background flux, the D0-branes find it favourable to blow up in three directions to form a higher dimensional extended object that couples to the background flux. This effect is called the Myers effect. As an analogy one can think of this as a dielectric effect.

(13.1.1) TACHYONIC INSTABILITIES

The fact that the configuration of having N D0-branes on top of each other is not the lowest energy configuration in a RR four form background means that there must be tachyonic modes signalling the instability. To find those tachyonic modes one calculates the spectrum of quadratic fluctuations around this configuration. As an illustration the case of two D0-branes will be worked out (see [44]).

As the background configuration the D0-branes are not taken exactly on top of each other, instead the following is used

X̄^i = ( x̄^i 0 0 x̄^i + Δ^i ) . In the end Δ can always taken to be zero. The fluctation δX is writen as

δX^i = ( a^i b^i d^i b̄^i ) .

“proefschrift” — 2004/11/30 — 11:33 — page 113 — #125

Chapter 13 - Evidence for a gravitational Myers effect

Pluggin X = X̄ + δX into equation 13.1 gives

δ^2V | |_{X=X̄} = ∫ dτb^i(δ_{ij} λ^2Δ^2 + iF_{0ikj} Δ^k)b̄^j .

In this calculation the Gauss law (the equation of motion for A_0 that still needs to be imposed) [Ẋ^i, X^i] = 0,

states that only fluctuations transverse to the static diagonal background are dynamical. Physical fluctuations therefore satisfy [δX^i, X̄^i] = 0. This means that the physical fluctuations are orthogonal to the D0-brane separation Δ^i ≡ (x^i_1 − x^i_2). Therefore the physical fluctuations are the b^i.

Note that there are only quadratic fluctuations in the off-diagonal elements, representing the strings stretching between the branes. To determine to existence of tachyonic modes it is necessary to calculate the eigenvalues of the mass matrix that follows from this expression. Taking the flux background to be (in accordance with equation 13.1) F_{0ijk} = λ^2ρϵ_{ijk},

the eigenvalues become (listed as (eigenvalues)_{degeneracy}):

(Δ^2)_2, (Δ^2 − ρΔ)_2, (Δ^2 + ρΔ)_2.

By judiciously chosing Δ (small) and ρ (close to unity) one can make two of the eigenvalues negative, signaling an instabilities in the off-diagonal components of X: a hint for the Myers effect. An interesting aspect of this instability is that it does not occur if Δ is exactly zero. One could interpret this as the instability being marginally stable, having the D0-branes on top of each other is a stable configuration, but even the slightest perturbation will cause the system to expand into the Myers configuration. However one should be careful with such line of reasoning since technically the action that is used to derive these results is not valid if the D0-branes are taking exactly on top of each other [44]. Therefore the end-conclusion remains, there is an instability that causes a blow-up of the D0-brane configuration if the D0-branes are separated slightly.

(13.2) INSTABILITIES IN CURVED BACKGROUNDS

One can ask the question if there exists gravitational backgrounds that cause a Myers effect, i.e. causing an instability in D0-brane configurations. Since the action of D0-branes in a curved background is under discussion it is difficult to find exact solutions one can trust. However one can try, within the limits of applicability, to

“proefschrift” — 2004/11/30 — 11:33 — page 114 — #126

Chapter 13 - Evidence for a gravitational Myers effect

find the tachyonic instabilities. Those instabilities are a necessary condition for the Myers effect to occur.

The action for D0-branes is known in a certain approximation, that of low velocity (Ẋ ≪ 1) and weak curvature (such that terms quadratic in the Riemann tensor can be ignored), also known as the linearized approximation. In this approximation the ordering of all terms is completely symmetric. The computation is essentially the same as in section 13.1.1, however in the case of a gravitational background it is also necessary to take into account the fluctuations of the kinetic term. The result of this calculation is (see [44] for a complete derivation)

δ^2S = − ∫ dτ [b^ν ( 2λ^2g_{μν} (x̄)g_{αβ} (x̄)Δ^αΔ^β

−m(R_{αμνβ} (x̄) + R_{ανμβ} (x̄))( ˙x̄^α ˙x̄^β +^1_{12} Δ̇^αΔ̇^β ))b̄^μ ]

≡ − ∫ dτb^ν m_{νμ}(p)b̄^μ.

(13.4)

Because the metric is positive definite by definition, the static configurations of D0- branes clearly have no tachyonic modes. Therefore one has to look at configurations where D0-branes move along the geodesics of the curved background.

To illustrate the method the computation will be done for D0-branes moving on a positive curvature background, a sphere, and a negative curvature background, a hyperboloid. An interesting distinction between the two will be found.

To facilitate the computation, the metric of the sphere is written in RNC. Since the sphere is a homogeneous space the transformation from the standard metric to RNC is easily found and one obtains the metric:

ds^2_S2_{,RNC} = dz^2_x + dz^2_y − 1 3D^2

(z_xdz_y − z_ydz_x)^2 + O(z^3). (13.5)

One easily checks that geodesics through the origin z^i = 0 can be written as z^i = v^iτ as required. Furthermore one immediately reads off the Riemann tensor at the origin z^i = 0:

ds^2_{RNC} = η_{μν} dx^μdx^ν +^1_3 R_{μαβν} (0)x^αx^β dx^μdx^ν + . . . ⇒ R_{xyyx}(0) = − 1 D^2 . (13.6) Consider a system of two D0-branes both moving along the same great arc through the origin, but slightly separated along this arc. If one chooses the z^x-axis as this arc, this implies that ż^y_i = 0, Δ^y = 0 and b^x is the unphysical fluctuation. Substituting this data into equation 13.4 leads to:

δ^2S = − ∫ dτ [ b_x ( 2λ^2Δ^2 )¯ b_x + b_y ( 2λ^2Δ^2 + 2m D^2 ( ( ˙z̄^x)^2 +^1_{12} (Δ̇^x)^2 )) b̄_y ] . (13.7)

“proefschrift” — 2004/11/30 — 11:33 — page 115 — #127

Chapter 13 - Evidence for a gravitational Myers effect

Again the mass-matrix for the unphysical fluctuation b^x is that given by D-geometry and strictly positive definite. For the physical b^y fluctuation the mass matrix is explicitly positive semidefinite, and there is no tachyon in this case. The physical picture explains this in simple terms. There are two forces acting: the force due to the geodesic deviation and the force of open string between the branes. In this positive curvature background the geodesic deviation works in the same direction as the force by the stretched open strings, leading to a stable configuration.

As promised the same procedure will be applied to a negatively curved space. For two nearly coincident D0-branes on a two-dimensional hyperboloid, the mass-matrix of fluctuations is simply equation 13.7 with the substitution D^2 → −D^2. The gravitational tidal force has changed sign and can now counterbalance the attractive string potential. Specifically there is a tachyonic instability in the spectrum if and only if the D-brane separation is small compared to the velocity times the curvature:

2λ^2Δ^2 ≪ 2m D^2 ( ( ˙z̄^x)^2 +^1_{12} (Δ̇^x)^2 ) , (13.8)

Note, however, that for large separations the attractive force of the open strings dominates the repelling force of the background geometry, and the tachyon disappears.

To truly test whether a tachyonic instability is found, one question remains. The tachyon appears to be evident for large speeds or small separations. Both extremes, however are outside the range of validity of the action [44]. Large speeds violate the truncation to second order in derivatives, while separations Δ must be larger than the eleven-dimensional Planck length. One needs to check whether the inequality 13.8, signaling the instability, can be satisfied within these bounds. Without loss of generality, one may simplify the inequality by approximating Δ̇^x ≃ 0. Substituting ż^x = v with |v| ≪ 1, expressing m and λ in string units g_s, ℓ_s and multiplying both sides of equation 13.8 by ℓ^2_s, one obtains

Δ^2 ℓ^2_s

≪ v^2 ℓ^2_s D^2

≪ 1 . (13.9)

In words, the condition for a tachyon to be present is that the separation in string units must be less then the velocity times the curvature in string units. Also used here is the implicit weak gravity and Born-Infeld condition: both sides must be less than unity. Most importantly, however, the separation Δ must also be larger than the eleven dimensional Planck length

g^{1/3}_s ℓ_s ≪ Δ^i ≪ ℓ_s . (13.10)

The window where equation 13.9 can be satisfied within the range of equation 13.10 is when the velocity times the curvature is much larger than the eleven dimensional

“proefschrift” — 2004/11/30 — 11:33 — page 116 — #128

Chapter 13 - Evidence for a gravitational Myers effect

Planck length:

g^{2/3}_s ≪ v^2 ℓ^2_s D^2

. (13.11)

This is easily satisfied for very weak string coupling. The region where the “individual” geodesic solution is unstable thus falls easily within the region of validity of the action. This is evidence for the existence of a lesser energetic stable configuration. It appears that a purely gravitational Myers effect exists.

“proefschrift” — 2004/11/30 — 11:33 — page 117 — #129

CHAPTER 14

CONCLUSIONS

The D-geometry axioms put forward by Douglas do not seem to be sufficient to derive the action for D0-branes in a gravitational background. Perhaps in principle they are, but in practice certainly not. Therefore a method that has proven to be successful in theoretical physics is used: imposing a symmetry constraint. The symmetry closest to gravity is that of general coordinate or diffeomorphism invariance. Since the diffeomorphism invariance, of the space the D0-branes move around in, can not be lifted to the group of coordinate transformations in the larger matrix space, essential in the D-geometry formulation, imposing this symmetry is not straightforward.

Finding inspiration from the manifestly covariant background field expansion, a new symmetry principle is used to implement a kind of diffeomorphism invariance in the D-geometry formulation. In short this symmetry principle entails the expansion of the action around some base-point and the independence of the expansion of the choice of base-point. This base-point independence can be taken as a definition of diffeomorphism invariance in D-geometry.

The base-point independence can be successfully applied to the action of D0-branes in a curved background. Results obtained using other methods are found to be consistent with base-point independence. However the a common claim that the symmetrized trace prescription is a general solution to the ordering problem in action for D0-branes is not consistent with base-point independence. The inconsistencies are found when trying to extend the action to be valid for higher velocities (expansion in Ẋ) or higher curvatures (expansion in R). Non-symmetrized trace corrections, rendering the action base-point independent, can be found. However those corrections terms are not uniquely determined by this new symmetry principle.

“proefschrift” — 2004/11/30 — 11:33 — page 118 — #130

Chapter 14 - Conclusions

D0-branes can exhibit interesting collective behavior. Since there are strings stretching between the branes one would think that it is always energetically favorable to put the D0-branes on top of each other. However in a special background (a Ramond-Ramond four form flux) the D0-branes tend to blow up into a spherical configuration. This is usually referred to as the Myers effect [42]. This is very peculiar since a single D0-brane is insensitive to this coupling. It turns out that a system of multiple D0-branes can couple to this flux. One can wonder if gravitational couplings can also show such collective behavior. Evidence for this is found [44] in the sense that D0-branes moving along geodesics on a negatively curved space experience an instability (tachyon) in the modes that represent the strings stretching between the D0-branes, just like in the original Myers effect. Of course it may happen that the instability does not lead to a nearby stable vacuum. To decide about the fate of the instability on would have to extend the validity of the action for D0- branes in a curved background. Hopefully it is clear by now that this is not an easy thing to do.

“proefschrift” — 2004/11/30 — 11:33 — page 119 — #131

APPENDIX A

AFFINE LIE ALGEBRAS

This appendix provides the necessary background in affine Lie algebras, needed to understand part one of this thesis. Familiarity with Lie algebras is assumed, only the more advanced topics will be explained. Excellent introductions into the theory of (affine) Lie algebras can be found in [56][57][58].

(A.1) SIMPLE LIE ALGEBRAS

Central in the discussion of Lie algebras is the Cartan matrix. The Cartan matrix defines literally all the properties of the Lie algebra. Because of the importance of the Cartan matrix, its properties will be discussed here. A simple Lie algebra of rank r has associated to it an r × r matrix A, the Cartan matrix, satisfying the following properties

1. A^{ii} = 2

2. A^{ij} = 0 ⇔ A^{ji} = 0

3. A^{ij} ∈ Z and A^{ij} < 0 for i ≠ j

4. detA > 0

5. It cannot be brought in block diagonal form by rearranging columns and rows.

There is also a graphical representation of the Cartan matrix: Dynkin diagrams. A Dynkin diagram is a diagram with r nodes. Two nodes i and j are connected by one or more lines if A^{ij} is not equal to zero. The number of lines connecting the nodes i

“proefschrift” — 2004/11/30 — 11:33 — page 120 — #132

Appendix A - Affine Lie Algebras

Figure A.1: The Dynkin diagram of G2.

and j is given by the formula

A^{ij} A^{ji} (no summation).

In the case that | |A^{ij} | | ≥ | |A^{ji} | | one draws an arrow pointing from node i to j. As a simple example consider the following matrix

A = ( 2 −3 −1 2 ) .

It is easy to check that this matrix satisfies all the above listed properties a Cartan matrix should satisfy. Therefore this matrix is the Cartan matrix of some simple rank two Lie algebra. The Lie algebra is called G_2. The Dynkin diagram of this Lie algebra is shown in figure A.1. The Cartan matrix for the Lie algebra of SO(8), D_4 is

A_{D4} =

2 −1 0 0 −1 2 −1 −1 0 −1 2 −1 0 −1 −1 2 .

“proefschrift” — 2004/11/30 — 11:33 — page 121 — #133

Appendix A - Affine Lie Algebras

The Cartan matrix for the Lie algebra of SU(r + 1), A_r is given by a tri-diagonal matrix

A_{Ar} =

2 −1 −1 . . . . . . . . . . . . −1 −1 2 .

There is a particularly useful basis of the Lie algebra in which the role of the Cartan matrix becomes very clear. In this basis, the Chevalley basis, the whole algebra is generated by 3r elements h^i, e^i and f^i satisfying the following algebra [ h^i, h^j ] = 0 [ h^i, e^j ] = −A^{ij} e^j [ h^i, f^j ] = A^{ij} f^j [ e^i, f^j ] = δ^{ij}

(A.1)

All the other elements of the algebra are then generated by computing all Lie brackets possible for the elements h, e and f. The h-elements form an Abelian subalgebra, called the Cartan subalgebra. The e^i and f^i form pairs similar to the raising and lowering operators of the SU(2) algebra (A_1).

It is more common to define the Cartan matrix in terms of the root system like this

A^{ij} = 2 α^{(i)} · α^{(j)} α^{(j)} · α^{(j)} . Where the α^{(i)} are the simple roots. Knowing the root system is therefore equivalent to knowing (in principle) everything about the Lie algebra. The highest root of the root system is given by the following expression θ = ∑ i a_iα^{(i)}.

The natural numbers a_i are called the marks (or Coxeter numbers) of the Lie algebra. For G_2 the marks are θ = α^{(1)} + 2α^{(2)}.

Of course, one can calculate the marks by constructing the highest weight. However it is much easier to use the affine extension of the Lie algebra, to be introduced in the next section.

The Coxeter number is easily calculated once the marks are known

g = 1 + ∑ i a_i. (A.2)

“proefschrift” — 2004/11/30 — 11:33 — page 122 — #134

Appendix A - Affine Lie Algebras

Likewise, for the dual Coxeter number

g^∨ = 1 + ∑ i a^∨_i . (A.3)

(A.2) AFFINE EXTENSIONS

Affine Lie algebras are obtained by allowing more general Cartan matrices. For affine Lie algebras the condition detA > 0

is replaced by detA_{{i}} > 0 for all i = 0, . . . , r. (A.4)

The matrices A_{{i}} are the principal minors of A, obtained by removing the i-th row and column. One can associate a Dynkin diagram to these Cartan matrices using exactly the same rules as for the simple Lie algebras. The condition in equation A.4 then corresponds to the following statement: removing a single node from the affine Dynkin diagram should result in the Dynkin diagram of a semi-simple Lie algebra.

The Chevalley basis for the affine Lie algebra is still given by equation A.1, however now the index is running from 0 to r (r is the dimension of the Cartan matrix, is not the rank anymore). So the description of the affine Lie algebra in terms of the Chevalley basis is just as simple as for the simple Lie algebras. However in the affine case the algebra does not close: it is infinite dimensional.

The marks and co-marks for the affine Lie algebra are particurlay simple to calculate. The co-marks are given by the eigenvector of the affine Cartan matrix ∑ j A^{ij} a^∨_j = 0.

The a_j are fixed by requiring that the co-mark for the affine node is zero: a^∨_0 = 1. To find the marks one uses the transposed affine Cartan matrix ∑ j (A^T )^{ij} a_j = 0.

Again, a_0 = 1 is required. The Coxeter numbers are now given by g = r∑ i=0 a_i, g^∨ = r∑ i=0 a^∨_i .

To every simple Lie algebra one can associate an affine extension, defined by the fact that the marks of the affine extension reproduce the marks for the simple Lie

“proefschrift” — 2004/11/30 — 11:33 — page 123 — #135

Appendix A - Affine Lie Algebras

Figure A.2: A^{(1)}r , the affine extension of Ar .

Figure A.3: G^{(1)}_2 , the affine extension of G2.

Figure A.4: The Dynkin diagram of the dual affine Lie algebra of G2, or G^{(1)}_2 = D^{(3)}_4 . Compared to the Dynkin diagram of G^{(1)}_2 only the direction of the arrow is reversed.

algebra. For the A_r series the affine extension is obtained by adding a node and connecting it to the outermost two nodes. See figure A.2 for the affine extensions of A_r and G_2. The Cartan matrix of the affine extension of G_2 is

2 −1 0 −1 2 −3 0 −1 2

. (A.5)

THE DUAL ALGEBRA

In this thesis the notion of a dual algebra appears. In terms of the Cartan matrix the dual algebra is very easy to define. The only thing one needs to do is to take the transpose of the Cartan matrix. Thus, if A is the Cartan matrix of Lie algebra g, then A^T is the Cartan matrix of the dual Lie algebra g^∨. The A_r and D_r series are self-dual, the B_r and C_r series are each others dual.

TWISTED ALGEBRAS

Sometimes the dual algebra can also be obtained by twisting another algebra. The twisting procedure will be described briefly here. Consider a Dynkin diagram of a simple Lie algebra. Generically this diagram has some discrete symmetry group Γ. This symmetry group interchanges nodes of the Dynkin diagram. On the level of the Lie algebra this means that this symmetry interchanges generators in the Chevalley basis. The twisted algebra is obtained by constructing a subalgebra, invariant under the symmetry group Γ. The relevant example in this thesis is D_4. Is has an S_3

“proefschrift” — 2004/11/30 — 11:33 — page 124 — #136

Appendix A - Affine Lie Algebras

symmetry, the invariant subalgebra being a G_2 algebra (see the discussion in section 6.5.2). After this twisting one can add an affine root to the algebra to obtain the D^{(3)}_4 algebra, which happens to be equivalent to the G^{(1)∨}_2 algebra (see figure A.2). The Cartan matrix of this algebra is

2 −1 0 −1 2 −1 0 −3 2 ,

which is indeed the transpose of equation A.5.

“proefschrift” — 2004/11/30 — 11:33 — page 125 — #137

APPENDIX B

A RECURRENCE RELATION FOR

PN (x)

In this appendix a recurrence relation for characteristic polynomial of the Lax matrix

for U(N) is derived. This characteristic polynomial is defined as

P_N (x) = det(xI_N − L), (B.1)

written out more explicitly

P_N (x) =

| | | | | | | | | | x − p_1 −y_1 0 . . . 0 −z

−1 x − p_2 −y_2 0 . . . 0

0 −1 x − p_3 −y_3 0 . . 0

. . . . . . . .

. . . . . −1 x − p_{N−2} −y_{N−1}

−^{y0}_z 0 . . . . −1 x − p_{N−1}

| | | | | | | | | | . (B.2)

This determinant can be expressed in terms of determinants of the following form

G_N (x) =

| | | | | | | | | | | x − p_1 −y_1 0 . . . 0 0

−1 x − p_2 −y_2 0 . . . 0

0 −1 x − p_3 −y_3 0 . . 0

. . . . . . . .

. . . . . −1 x − p_{N−2} −y_{N−1}

0 0 . . . . −1 x − p_{N−1}

| | | | | | | | | | | . (B.3)

“proefschrift” — 2004/11/30 — 11:33 — page 126 — #138

Appendix B - A recurrence relation for P_N (x)

Expanding P_N (x) along the bottom line and keeping only z-independent terms one gets

P_N (x) = (x − p_{N−1})G_{N−1}(x) − (−1)(−y_{N−1})G_{N−2}(x) + (−1)^{N+1}(− y_0 z )(−1)^N (−z)G^+_{N−2}(x) = (x − p_{N−1})G_{N−1}(x) − y_{N−1}G_{N−2}(x) − y_0G^+_{N−2}(x),

(B.4)

here G^+_N (x) is equal to G_N (x) with shifted p’s and y’s (i.e. p_i → p_{i+1}, y_i → y_{i+1}). The G_N (x) and G^+_N (x) are tri-diagonal and therefore satisfy the recurrence relations G_N (x) = (x − p_{N−1})G_{N−1}(x) − y_{N−1}G_{N−2}(x) (B.5) G^+_N (x) = (x − p_N )G^+_{N−1}(x) − y_N G^+_{N−2}(x). (B.6) As a special case, take all the y’s and p’s equal, then G^+_N (x) = G_N (x) and the recurrence relation for P_N (x) is P_N (x) = (x − p)G_{N−1} − 2yG_{N−2} = G_N (x) − yG_{N−2}, in this case it is easy to show that the P_N satisfies the same recurrence relation as the G_N P_N (x) = (x − p)P_{N−1}(x) − yP_{N−2}(x), (B.7) which is, up to some rescaling, the Chebyshev recurrence relation. Therefore the P_N (x) (with all y’s and p’s equal) are given by the Chebyshev polynomials of the first or of the second kind.

“proefschrift” — 2004/11/30 — 11:33 — page 127 — #139

APPENDIX C

EQUATIONS OF MOTION FOR G2

Here the equations of motion for G_2 with the potential given in (6.31).

For p_1 one gets

0 = 3g_2(2ϕ_1 − ϕ_2) + 2g_6 ( − 27y_2y_1ϕ_2 + 9y_1y_0ϕ_2 − 12y_2y_0ϕ_2 + 4 3 y^2_0 ϕ_2 − 12y_0ϕ^3_2

+ 9y_0ϕ^2_1ϕ_2 − 81ϕ^3_2ϕ^2_1 + 54ϕ^2ϕ^3_1 + 1 3 y^2_0ϕ_1 + 6y_0ϕ_1ϕ^2 + 27y^2ϕ_1 + 54y_1ϕ^2ϕ_1

− 81y_2ϕ^2_1ϕ_2 + 54y_2ϕ_1ϕ^2 − 6y_2y_0ϕ_1 − 27y_1ϕ^3_2 + 27ϕ^4_2ϕ_1 ) . (C.1) For p_2 one has

0 = 3g_2(2ϕ_2 − ϕ_1) + 2g_6 ( − 8 3 y^2_0 ϕ_2 + 27y^2_1ϕ_2 − 27y_2ϕ_1y_1 + 9y_0ϕ_1y_1 − 12y_2y_0ϕ_1 + 4 3 y^2_0 ϕ_1 − 36y_0ϕ_1ϕ^2 + 3y_0ϕ^3_1 − 81ϕ^2ϕ^3_1 + 27ϕ_2ϕ^4_1 + 6y_0ϕ^2_1ϕ_2 + 24y_0ϕ^3_2 + 54y_1ϕ_2ϕ^2_1

− 27y_2ϕ^3_1 + 54y_2ϕ^2_1ϕ_2 + 24y_2y_0ϕ_2 − 81y_1ϕ^2ϕ_1 − 12y_1y_0ϕ_2 + 54ϕ^3_2ϕ^2_1 ) . (C.2) For y_0 one finds ℓ y_0

= g_2 + g_6 ( − 16 3 y_0ϕ^2 + 4 9 y^2_0 + 8 3 y_1y_0 + 18y_1ϕ_1ϕ_2 − 24ϕ_1ϕ_2y_2 − 12y_1y_2 + 16 3 ϕ_1y_0ϕ_2 − 24ϕ^3_2ϕ_1 + 6ϕ^3_1ϕ_2 + 2 3 y_0ϕ^2_1 + 6ϕ^2ϕ^2_1 + 12ϕ^4_2 + 12y^2 − 6ϕ^2_1y_2

+ 24ϕ^2y_2 − 12y_1ϕ^2 − 16 3 y_2y_0 ) . (C.3)

“proefschrift” — 2004/11/30 — 11:33 — page 128 — #140

Appendix C - Equations of motion for G_2

For y_1 one gets 2ℓ y_1

= 3g_2 + g_6 ( 54y_1ϕ^2 + 4 3 y^2_0 − 54ϕ_1ϕ_2y_2 + 18ϕ_1y_0ϕ_2 − 12y_2y_0 + 54ϕ^2ϕ^2_1

− 54ϕ^3_2ϕ_1 − 12y_0ϕ^2 ) . (C.4)

For y_2 one gets ℓ y_2

= 3g_2 + g_6 ( − 54y_1ϕ_1ϕ_2 − 24ϕ_1y_0ϕ_2 − 12y_1y_0 + 54ϕ^2_1y_2 + 24y_2y_0 − 54ϕ^3_1ϕ_2

+ 54ϕ^2ϕ^2_1 − 6y_0ϕ^2_1 + 24y_0ϕ^2 − 8 3 y^2_0 ) , (C.5)

and finally for ℓ one has y_0y^2_1 y_2 = Λ^8/36.

“proefschrift” — 2004/11/30 — 11:33 — page 129 — #141

BIBLIOGRAPHY

[1] N. Seiberg, Naturalness versus supersymmetric nonrenormalization theorems, Phys. Lett. B318 (1993) 469–475 [hep-ph/9309335].

[2] N. Seiberg and E. Witten, Electric - magnetic duality, monopole condensation, and confinement in n=2 supersymmetric yang-mills theory, Nucl. Phys. B426 (1994) 19–52 [hep-th/9407087].

[3] R. Dijkgraaf and C. Vafa, A perturbative window into non-perturbative physics, hep-th/0208048.

[4] R. Dijkgraaf, M. T. Grisaru, C. S. Lam, C. Vafa and D. Zanon, Perturbative computation of glueball superpotentials, Phys. Lett. B573 (2003) 138–146 [hep-th/0211017].

[5] R. Dijkgraaf and C. Vafa, N = 1 supersymmetry, deconstruction, and bosonic gauge theories, hep-th/0302011.

[6] J. Zinn-Justin, Large order estimates in perturbation theory, Phys. Rept. 49 (1979) 205–213.

[7] G. ’t Hooft, A planar diagram theory for strong interactions, Nucl. Phys. B72 (1974) 461.

[8] E. Brezin, Planar diagrams, Phys. Rept. 49 (1979) 221–227.

[9] M. J. Strassler, On confinement and duality, . Prepared for ICTP Spring School on Superstrings and Related Matters, Trieste, Italy, 2-10 Apr 2001.

[10] H. B. Nielsen and P. Olesen, Vortex-line models for dual strings, Nucl. Phys. B61 (1973) 45–61.

[11] G. ’t Hooft, Under the spell of the gauge principle, Adv. Ser. Math. Phys. 19 (1994) 1–683.

“proefschrift” — 2004/11/30 — 11:33 — page 130 — #142

Bibliography

[12] J. Wess and J. Bagger, Supersymmetry and supergravity. Princeton University Press, 1992.

[13] E. D’Hoker and D. H. Phong, Lectures on supersymmetric yang-mills theory and integrable systems, hep-th/9912271.

[14] N. Seiberg, Supersymmetry and nonperturbative beta functions, Phys. Lett.

B206 (1988) 75.

[15] V. A. Novikov, M. A. Shifman, A. I. Vainshtein and V. I. Zakharov, Instanton effects in supersymmetric theories, Nucl. Phys. B229 (1983) 407.

[16] F. Cachazo, M. R. Douglas, N. Seiberg and E. Witten, Chiral rings and anomalies in supersymmetric gauge theory, JHEP 12 (2002) 071 [hep-th/0211170].

[17] G. Veneziano and S. Yankielowicz, An effective lagrangian for the pure n=1 supersymmetric yang-mills theory, Phys. Lett. B113 (1982) 231.

[18] P. D. Lax, Integrals of nonlinear equations of evolution and solitary waves, Comm. Pure Appl. Math. 21 (1968) 467–490.

[19] E. J. Martinec and N. P. Warner, Integrable systems and supersymmetric gauge theory, Nucl. Phys. B459 (1996) 97–112 [hep-th/9509161].

[20] R. Donagi and E. Witten, Supersymmetric yang-mills theory and integrable systems, Nucl. Phys. B460 (1996) 299–334 [hep-th/9510101].

[21] O. Babelon, D. Bernard and M. Talon, Introduction to Classical Integrable Systems. Cambridge University Press, 2003.

[22] R. Boels, J. de Boer, R. Duivenvoorden and J. Wijnhout, Nonperturbative superpotentials and compactification to three dimensions, JHEP 03 (2004) 009 [hep-th/0304061].

[23] R. Boels, J. de Boer, R. Duivenvoorden and J. Wijnhout, Factorization of seiberg-witten curves and compactification to three dimensions, JHEP 03 (2004) 010 [hep-th/0305189].

[24] M. Alishahiha, J. de Boer, A. E. Mosaffa and J. Wijnhout, N = 1 g(2) sym theory and compactification to three dimensions, JHEP 09 (2003) 066 [hep-th/0308120].

[25] N. Seiberg and E. Witten, Gauge dynamics and compactification to three dimensions, hep-th/9607163.

[26] N. Dorey, An elliptic superpotential for softly broken n = 4 supersymmetric yang-mills theory, JHEPwef 07 (1999) 021 [hep-th/9906011].

“proefschrift” — 2004/11/30 — 11:33 — page 131 — #143

Bibliography

[27] N. Dorey, T. J. Hollowood and S. Prem Kumar, An exact elliptic superpotential for n = 1* deformations of finite n = 2 gauge theories, Nucl. Phys. B624 (2002) 95–145 [hep-th/0108221].

[28] N. Dorey, T. J. Hollowood, S. Prem Kumar and A. Sinkovics, Exact superpotentials from matrix models, JHEP 11 (2002) 039 [hep-th/0209089].

[29] A. Gorsky, I. Krichever, A. Marshakov, A. Mironov and A. Morozov, Integrability and seiberg-witten exact solution, Phys. Lett. B355 (1995) 466–474 [hep-th/9505035].

[30] A. Kapustin, Solution of n = 2 gauge theories via compactification to three dimensions, Nucl. Phys. B534 (1998) 531–545 [hep-th/9804069].

[31] J. de Boer, K. Hori and Y. Oz, Dynamics of n = 2 supersymmetric gauge theories in three dimensions, Nucl. Phys. B500 (1997) 163–191 [hep-th/9703100].

[32] E. Witten, Solutions of four-dimensional field theories via m-theory, Nucl. Phys.

B500 (1997) 3–42 [hep-th/9703166].

[33] K. A. Intriligator, R. G. Leigh and N. Seiberg, Exact superpotentials in four-dimensions, Phys. Rev. D50 (1994) 1092–1104 [hep-th/9403198].

[34] M. Alishahiha and A. E. Mosaffa, On effective superpotentials and compactification to three dimensions, hep-th/0304247.

[35] M. R. Douglas and S. H. Shenker, Dynamics of su(n) supersymmetric gauge theory, Nucl. Phys. B447 (1995) 271–296 [hep-th/9503163].

[36] On-line encyclopedia of integer sequences,

http://www.research.att.com/~njas/sequences/ sequence number A078531.

[37] K. A. Intriligator, ’integrating in’ and exact superpotentials in 4-d, Phys. Lett.

B336 (1994) 409–414 [hep-th/9407106].

[38] R. Dijkgraaf, S. Gukov, V. A. Kazakov and C. Vafa, Perturbative analysis of gauged matrix models, Phys. Rev. D68 (2003) 045007 [hep-th/0210238].

[39] M. Kac and P. van Moerbeke, A complete solution of the periodic Toda problem, Proc. Nat. Acad. Sci. U. S. A. 72 (1975), no. 8 2879–2880.

[40] M. Alishahiha, F. Ardalan and F. Mansouri, The moduli space of the supersymmetric g_2 yang-mills theory, Phys. Lett. B381 (1996) 446–450 [hep-th/9512005].

[41] M. Aganagic, K. Intriligator, C. Vafa and N. P. Warner, The glueball superpotential, Adv. Theor. Math. Phys. 7 (2004) 1045–1101 [hep-th/0304271].

“proefschrift” — 2004/11/30 — 11:33 — page 132 — #144

Bibliography

[42] R. C. Myers, Dielectric-branes, JHEP 12 (1999) 022 [hep-th/9910053].

[43] J. De Boer and K. Schalm, General covariance of the non-abelian dbi-action, JHEP 02 (2003) 041 [hep-th/0108161].

[44] J. de Boer, E. Gimon, K. Schalm and J. Wijnhout, Evidence for a gravitational myers effect, Annals of Physics 313/2 (2004) 402–424 [hep-th/0212250].

[45] J. de Boer, K. Schalm and J. Wijnhout, General covariance of the non-abelian dbi-action: Checks and balances, Annals of Physics 313/2 (2004) 425–445 [hep-th/0310150].

[46] M. R. Douglas, D-branes and matrix theory in curved space, Nucl. Phys. Proc.

Suppl. 68 (1998) 381–393 [hep-th/9707228].

[47] I. Taylor, Washington and M. Van Raamsdonk, Multiple d0-branes in weakly curved backgrounds, Nucl. Phys. B558 (1999) 63–95 [hep-th/9904095].

[48] S. Mukhi, The geometric background field method, renormalization and the wess-zumino term in nonlinear sigma models, Nucl. Phys. B264 (1986) 640.

[49] L. Alvarez-Gaume, D. Z. Freedman and S. Mukhi, The background field method and the ultraviolet structure of the supersymmetric nonlinear sigma model, Ann. Phys. 134 (1981) 85.

[50] E. Bergshoeff, M. Rakowski and E. Sezgin, Higher derivative superyang-mills theories, Phys. Lett. B185 (1987) 371.

[51] M. Cederwall, U. Gran, B. E. W. Nilsson and D. Tsimpis, Supersymmetric corrections to eleven-dimensional supergravity, hep-th/0409107.

[52] M. Cederwall, B. E. W. Nilsson and D. Tsimpis, D = 10 super-yang-mills at o(alpha**2), JHEP 07 (2001) 042 [hep-th/0104236].

[53] E. A. Bergshoeff, A. Bilal, M. de Roo and A. Sevrin, Supersymmetric non-abelian born-infeld revisited, JHEP 07 (2001) 029 [hep-th/0105274].

[54] A. Sevrin and A. Wijns, Higher order terms in the non-abelian d-brane effective action and magnetic background fields, JHEP 08 (2003) 059 [hep-th/0306260].

[55] I. Taylor, Washington and M. Van Raamsdonk, Multiple dp-branes in weak background fields, Nucl. Phys. B573 (2000) 703–734 [hep-th/9910052].

[56] J. Fuchs, Affine Lie Algebras and Quantum Groups. Cambridge Monographs On Mathematical Physics. Cambridge University Press, 1992.

“proefschrift” — 2004/11/30 — 11:33 — page 133 — #145

Bibliography

[57] J. Fuchs and C. Schweigert, Symmetries, Lie algebras and representations : a graduate course for physicists. Cambridge Monographs On Mathematical Physics. Cambridge University Press, 1997.

[58] G. Bäuerle and E. de Kerf, Lie algebras: finite and infinite dimensional Lie algebras and applications in physics Part One. Studies in mathematical physics, vol. 1. Elsevier Science Publishing Company, 1990.