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abstract

The laws of black hole mechanics are reviewed in order to show that surfaces
orthogonal to generators of null hypersurfaces are related to the amount of en-
ergy passing through these null hypersurfaces. The energy is related to entropy
by T'dS = dQ. The holographic principle is introduced as the recognition of the
proportionality of surface areas with entropy. The holographic principle is then
assumed to be a fundamental principle of nature. A realisation of the principle
is the (generalised) covariant entropy bound. Local light sheets are constructed
for the generalised covariant entropy bound. The Einstein equation can be de-
rived if a holographic scaling of entropy is assumed. The Einstein equation is
derived in two settings, a thermodynamic setting, which is a generalisation of a
derivation given by Jacobson, and a holographic principle setting.
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Chapter 1

Introduction

Quantum field theory knows how to treat all forces except gravity. Quantum
field theory is renormalisable on background metrics, but it is not renormalisable
when gravity is given field equations of its own. The reason for this lies in the
fact that the coupling constant is not dimensionless, and therefore it cannot
be absorbed by field redefinition. Apparently gravity is not understood well
enough to be treated correctly as a quantised field. In order to acquire a better
understanding of gravity it is necessary to look at the regimes where the existing
theories break up. In this thesis the theory of general relativity is considered.
The theory of general relativity has as fundamental ingredient the principle
of equivalence. The principle of equivalence states that in any point in the space-
time a coordinate transformation can be found such that the gravitational field
is transformed away. Locally a free particle always sees a flat space-time, and as
long as gravity is a negligible force all particle interactions can be described in a
locally flat space-time. It is also possible to describe all particle interactions on
some background space-time metric if the interaction with gravity is negligible.
This is expected to break up at extremely small scales of the Planck length,

l, = \/@ The metric is expected to be quantised and the state of the metric
is a superposition of mutually orthogonal states.

At large scales the theory of general relativity breaks up when black holes
form. These objects are solutions to the Einstein field equations with a curvature
singularity. The physics of black holes is peculiar, because classically what goes
in doesn’t come out, it ends on the singularity. The classic black hole is an object
which can be in only one state. The information that went in appears to be lost,
because it can’t be encoded in the black hole state. However, it is possible to
derive thermodynamic laws for black holes. If the black hole can be described
by thermodynamics, then the black hole is a perfect absorber, which means that
it must radiate as a black body at some temperature. Quantum mechanically
this radiation can be understood as vacuum fluctuations, a negative energy
particle drops into the black hole, and a positive energy particle escapes, due to
conservation of momentum. Quantum field theory on a black hole background
indicates that black holes are unstable, they evaporate if the space-time outside
the horizon has lower temperature than the black hole itself.

At the extremely small scales near the Planck length there are quantum field
fluctuations of arbitrary high energy. This makes the gravitational field very dy-
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namic and very strong locally. Gravity will then certainly affect the interactions
between the fluctuations at these energy scales. Intuitively, high energy fluctu-
ations will collapse to micro-black holes, which are very hot. These micro black
hole states are expected to evaporate immediately, or instantaneously. This
intuitive picture may not be entirely correct, because as mentioned above the
metric is expected to be in a superposition of states when gravity is quantised.

If the existence of black holes at small scales is assumed, then an implication
of this is that there too the entropy must scale with black hole surface area.
If a fluctuation has enough energy it must collapse into a black hole with an
event, horizon, and the second law of black hole thermodynamics implies that
the entropy of this micro black hole is proportional to its horizon. If a unitary
evolution of the quantised fields is assumed, then this means that the number
of mutually orthogonal states of the quantised fields is less than quantum field
theory indicates, i.e. in quantum field theory the entropy scales with the volume
of a system. Not all black hole solutions to the Einstein equation have event
horizons, but in this thesis the cosmic censorship conjecture is assumed, i.e.
there are no naked singularities, they are all hidden behind an event horizon.
The formation of black holes appears to be a natural cut off for the maximum
amount of energy present in any region of space-time.

This thesis is divided into two parts, first there is a part about entropy
and geometry. Space-time can be interpreted as a manifold, and the laws of
black hole mechanics, which can be derived from geometric principles and the
Einstein equation, have a thermodynamic interpretation, thus relating entropy
and geometry. The second law of black hole thermodynamics can be elevated
to a fundamental principle holding for any region of any space-time, this is the
holographic principle. It is shown how dynamic local holographic screens and
local light sheets can be constructed.

The second part uses the holographic scaling of entropy as fundamental
input in derivations of the Einstein equation. In this part the Einstein equation
is derived locally in a thermodynamic setting. The derivation presented here is a
generalisation of a procedure proposed by Jacobson [I0]. The derivation is also
carried out in a holographic setting, using local light sheets. These derivations
can be performed on arbitrary manifolds. It is found that the holographic
principle is consistent with classical general relativity.

Notation

The following notation conventions are used in this thesis

e Greek indices k, A, ... in general run over four space-time coordinates in a
general coordinate system

e Greek indices a, 3, ... in general run over four space-time inertial coordi-
nates, index zero being the time coordinate.

e Repeated indices are summed.

e Cartesian three vectors are indicated by .

|
@Q
Il
=
=

e All quantities are expressed in Planck units, i.e. ¢ = h
conversion table to cgs units can be found in [2].



e Shorthands for the covariant derivative of a tensor T, are T}, .\ and
-D)\Tp,u‘.u

e Shorthands for the ordinary partial derivative of a tensor T),,... are Ty, x
and 8/\T;uz
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From black hole mechanics to
Holography
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Chapter 2

Mechanics of black hole
space-times

The purpose of this chapter is to illuminate the four laws of black hole me-
chanics, which are interpreted as the space-time analogue of the four laws of
thermodynamics. The Einstein equation is the fundamental input for these
laws of space-time mechanics, therefore the story begins with the original input
used in the derivation of the Einstein equation. After that the zeroth law is
derived explicitly, in order to show that the surface gravity over the horizon of a
stationary black hole is constant, just as the temperature is constant throughout
a system in equilibrium. Then the First law is derived in order to show that
surface area of a black hole horizon is a measure for the energy contained in
the black hole. The second and third law will be introduced only heuristically.
Since the laws are derived for stationary axisymmetric space-times which are
asymptotically flat, the Kerr-Newman space-time will be introduced to show
how it works in a physical environment. More on these subjects can be found
in e.g. [2] or [i].

2.1 The Einstein equation

The principle of equivalence states that in an arbitrarily strong gravitational
field there exists in every point p a general coordinate transformation such that
the metric in this point becomes flat, i.e. the metric g, is locally the Minkowski
metric, 743, with vanishing first derivatives, 1,8, (p) = 0. This means that in a
point z in the neighbourhood of p the metric 1,4 differs at most a factor (z—p)?
so strong gravitational fields are transformed to local weak gravitational fields.
The consequences for the local equations of motion are considerable, because in
the neighbourhood of p they reduce to ordinary linear differential equations. It is
much easier to solve the local ordinary differential equations and the equations of
motion in the strong field can be recovered by transforming back to the original
coordinates.

In the weak field limit Newton’s law of gravitation holds, which can be stated
in terms of metric components and energy momentum tensor components by

Vg0 = —8nToo (2.1)

13



14 Mechanics of black hole space-times

If the assumption is made that such an equation holds for all components of the
energy momentum tensor then one can write down the Lorentz covariant tensor
equation

Gap = —81T.p (2.2)

with Gog a tensor consisting of the metric and its derivatives. Upon transform-
ing this equation back to the strong field coordinate system this equation will
read

G = —8nl, (2.3)

The tensor G, is a tensor by definition, and because the energy momentum
tensor T}, on the right hand side has the properties that it is symmetric and
divergence free, the left hand side must have these properties too,

Gm/ = Guu (24)
™., = 0 (2.5)

Furthermore the tensor G, is assumed to be scale invariant, which means
that G, consists of terms containing two derivatives of the metric, i.e. terms
quadratic in first derivatives of the metric and linear in second derivatives of
the metric. The final requirement imposed on G, is that in the weak field limit
it reduces to the equation (2.I), so the time time component reads in this limit
Goo = V2900~
The only tensor which satisfies these requirements is [1j
G R L R

o = B =3 (2.6)
where R, is the Ricci tensor and R its contraction, see i3] for their definitions.
The Einstein equation for gravitational fields thus reads

1
RMV_§gMVR = 8T, (2.7)

or equivalentlyf[],
1 A
R,ul/ = _SW(TMV - igHVT )\) (29)

If terms of lower order in the derivatives are allowed, then the only possible
addition to G, is a term proportional to the metric itself, for it is always
possible to transform to a coordinate system where the first derivatives of the
metric vanish, the Einstein equation with such an addition is

1
R, — §gWR — A = —81T, (2.10)

where ) is the cosmological constant. This term must be very small if the tensor
G, has to satisfy the requirement that the time time component reduces to
V2goo in the weak field limit
LContraction of the Einstein equation (£:7) yields the identity
R = saT? (2.8)

inserting this into the Einstein equation will result in equation (4.9].
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2.2 Stationary axisymmetric space-time

In this section a stationary axisymmetric space-time f| will be considered, because
space-times with these properties posses infinitesimal isometries f] which yield the
well known conserved quantities energy and angular momentum.

Consider a metric g, associated with some stationary rotating axisymmetric
matter configuration and define coordinates

(:1707 "I"lﬂ ‘/1:27 ‘/ES) = (t7 807 T’ 0)
The metric is stationary,

m

=0 2.11
920 (2.11)
and axisymmetric,
v
=0 2.12
o (2.12)

so the metric hasn’t got any z° and x! dependencies and is written
Juv = gm,(:cQ, z3) (2.13)

A stationary axisymmetric metric is symmetric (form invariant) under the
mapping that reverses time, t — ¢ = —t, as well as the direction of rotationff
@ — @ = —p. The transformation law for a form invariant metric is, see

appendix (4

. oxP dx°
guV(x) = a@@gpo(x)

and this law yields goa = gos = g12 = 913 = 0, consider e.g.. the component gg2,
then

. oxP dx°

Jo2(x) = @ngo(x)

IO [EZ
= 2330 %goz(x) = (=1)(+1)go2(z) = —goz(x)

but the form invariance of the metric means §.,(z) = g (), and then gp =
Jo2 = —go2 = 0. Tt is concluded that the coordinate vectors % with i € {2,3}
are orthogonal to the coordinate vectors 2 with a € {0,1}. The components
gi; with i,j € {2,3} are a metric on a 2-dimensional Riemannian submanifold[]
and can be brought in diagonal form independent of the other components by
a coordinate transformation.

2Tt is possible to prove for black holes that the requirement that it is stationary implies
axisymmetry, [2].

3See appendix for more on isometries and the Killing vector fields related with them.

4Consider e.g.. the case in which only time is reversed, if the object rotated clockwise
before this reversal, then it will rotate counter clockwise after the reversal, and therefore time
reversal isn’t a symmetry. The same holds if only the direction of rotation is reversed.

51.e. a manifold with a metric of signature (1,1).
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The general form of the metric g, of a stationary axisymmetric space-time
is

ds? = —Adt? + B(dp — wdt)? + Cdz?® + Ddz?’ (2.14)

where A, B, C, D, and w are functions of the coordinates z2 en =3 only. These
functions are in terms of the metric components
2
= —9u+t Jip
e
e
922

= g33
_ e

e T aQaw »
1

e

This metric has g0 = 0 and g,,1 = 0, therefore the Lie derivativef] with
respect to the coordinate vector fields & = §," % and ¢ = §," % of the metric

vanishes, so these are the timelike and rotational Killing vector field respectively.

2.2.1 Constants of the motion

The Killing vector fields of a metric give rise to constants of the motion, this
can be seen from the equations of motion, consider a free particle with velocity
v#(7), then the equation of motion is

0 = wvuv"” (2.15)
= vuv" =17, 00" (2.16)

1
= V0" — §gny,uvgv” (2.17)

thus a stationary axisymmetric metric gives rise to 2 constants of the motion,

d 1
% =y, V" = igay’ov”v” =0 (2.18)
d 1
ﬁ =v 00 = igay’lv”v” =0 (2.19)

The energy E = vy = go,v” associated with the timelike Killing vector field [] ¢
and angular momentum J = v; = ¢;,v” associated with the rotational Killing
vector fieldf] ¢.

The third constant of the motion is the proper time 7 of the observer, proper
time runs constantly for the observer,

-C = guv' = Evt + Jv? + g™ " + ggev?v? (2.20)
where C' = —1 for a timelike observer (all physical observers are timelike), C =0
for a null observer (e.g.. a light ray), and C' = —1 for a spacelike observer (e.g..

a tachyonic particle).

6The Lie derivative can be found in section KI.T]for the Lie derivative.
"That is guv,0 = guw,2€* = 0.
8That is because Juv,0 = gW,Ago)‘ = 0.
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Note that local Killing vector fields give rise to local constants of the motion,
i.e. space-time is locally Minkowski, the metric is expressed on a basis of 4
local Killing vector fields, 1 timelike and 3 spacelike, which correspond to local
conservation of energy and momentum. Local Minkowski space-time in spherical
polar coordinates immediately shows that angular momentum is also conserved
locally.

In interactions one expects the energy and momentum to be conserved too,
but if for example 2 neutral massless point particles collide this can not be
described by a smooth vector field, e.g.. an elastic collision causes a kink in the
paths of the particles. The particles can be supposed to travel on geodesics as
long as they don’t collide, so the energy and momentum are only conserved if
the constants of the motion of both particles are taken into account. If this all
happens on some non stationary manifold then the energy will not be conserved
when the particles move outside each others neighbourhood.

2.2.2 Locally non-rotating observers

A stationary axisymmetric metric has, in general, non zero angular momentum,
so it is impossible for an observer to be at rest, the observer is dragged along by
the metric and cannot remain static. However there is a close analogy to static
observers, locally non rotating observers.

A locally non-rotating observer is an observer that is “static” with respect
to the hypersurfaces S which have timef] t = constant, i.e. the velocity u* of
a locally non-rotating observer obeys wu, o t,,. In other words, the locally non
rotating observers move on a world line orthogonal to a hypersurface. The events
happening on this hypersurface happen at equal time for the observer at infinity.
These “static” observers are instantaneously at rest, but their acceleration is in
general non zero, because the timelike vector field is £ is only orthogonal to
an equal time slice at infinity. Now follow some useful properties of locally
non-rotating obhservers.

The angular momentum J of the locally non-rotating observer is zero. That
is because the rotational Killing vector field is ¢* = 4"

J = guuty’ (2.21)
= U, xt,=0 (2.22)
The proportionality in the second line is because the locally non rotating ob-

servers are defined by u, o t,,.
The angular momentum J = 0 is also given by

J = gy’ = goou’ + goru' =0 (2.23)
and therefore
0

A (2.24)

u 911

The components of the velocity are given by
dz#

o= 2.25
Y dr ( )

9 The coordinate is called time coordinate, because static observers at infinity move on
the Killing vector field &, which is the generator of the time translations in a stationary
axisymmetric metric.
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where 7 is a parameter. Then

ul_%

T (2.26)
This means that the angular velocity % of the locally non rotating observers is
d
o _gm (2.27)
dt g1

A final consequence is that a locally non rotating lightlike observer with
velocity ut = (uo,ul,0,0)” can only exist if it has F = J = 0 and ;’% = Sg’%.
This is an immediate consequence of the equations of motion (:20], which can

only be solved if both J =0 and E = 0, for suppose that only J = 0, then
0 = guufu’ =FEu+ Ju' = Eud° (2.28)

but u® # 0. E = 0 means

0 = E=goou’+gou' (2.29)
S0
1
_ 90 _ io = _J0 (2.30)
gdo1 u g11

2.3 Conserved quantities: Komar integrals

Killing vector fields give rise to constants of the motion, e.g.. the energy of a
free particle in a stationary metric is conserved. It is also possible to define
conserved quantities for regions of space-time using Killing vector fields, the
quantities are charge and current. The conserved charge @ for a Killing vector
field &* is defined by the Komar integral. Consider a space-time volume V on
a spacelike hypersurface ¥ with boundary 0V. Every Killing vector field £* on
this hypersurface has a Komar integral associated with it,

= C—g Hnv . 2 1
V) = fo A5 (231)

where c¢ is some constant. The Stokes theorem[Y says that this expression is
equivalent to

Qe (V) = g—fr/vds’“‘ﬁ”w (2.32)

Killing vector fields have the property
gM?P;U = _R)\apugk (233)
Upon contraction this yields

é‘ﬂ;p;” = 7R)\p§)\ (234)

10The form of the Stokes theorem used here is also called Gauss theorem, see also [2]l
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and therefore

Ce¢
Vy = —— | dS,R"¢,
QE ( ) oy v I &
- / dS,J* (¢) (2.35)
1%
The J* defined here is a conserved current, because
Jhy = e (legl’);u
= cgR" & + e RME,,
= 0 (2.36)

The first term in this expression is zero because the Bianchi identity for the
curvature tensor,

1% 1 v
RY by = 59“ R..&

1
= ingu =0 (2.37)

The last equality holds because the metric can be expressed in coordinates such
that &* = 62‘ is a coordinate vector. The metric is independent of this coordinate

G nE* = guve = 0 and then R is independent of the coordinate associated with
&M too. The second term is zero because R* = R"* and &,,., = =&, SO

RME,., = —RME,,, =0 (2.38)
The fact J* , =0 can be stated alternatively as

19
V9 Oxt

The current J* is conserved so if J# vanishes at the boundary OV of the
domain of integration, then the charge Q¢ (V) is conserved. By way of the
Einstein equation with A = 0, equation (P.9)) this current can be stated in terms
of the energy momentum tensor,

(\/gJ") =0 (2.39)

1
Jh= (T = 59" TG (2.40)
or for non zero cosmological constant, that is using equation (2.10]
v 1 v 1 v
JHo= e (T - 59“ T°5)6 — 058_)\9# 3% (2.41)
7r

In particular asymptotically flat space-times satisfy the requirement that the
fields vanish at infinity, and then an asymptotically flat stationary axisymmetric
space-time has a Komar integral for total mass associated with £* and a Komar
integral for total angular momentum associated with ¢*, where the constants
are ¢ = —2 and c, = 1 respectively.

The difference between the conserved quantities defined using Komar in-
tegrals and the N&ther theorem lies in the fact the Néther conserved charges
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and currents are found from a variational principle. A system which posses
a continuous local symmetry, for example invariance under infinitesimal time
translations, has an action which is stationary under small time variations. The
charge is the energy of the system, and the conserved current is the momentum.
The Komar integrals relate the Killing vector field on the boundary of a system
to a charge contained in that system. Note that for a time translation Killing
vector field £# the energy momentum current is the p#* = TH0 — g“OTA/\, whereas
the energy momentum current associated with the Nother charge is p* = TH0.

2.4 Kerr-Newman space-time

The Kerr-Newman metric is the stationary axisymmetric solution to the vacuum
Einstein Maxwell equations,

G = =8nT,, (F) (2.42)
=0 (2.43)

1 1
T (F) = = (FM)FP,, — ZQWFPUFM) (2.44)
Fo = Apy — Avy (2.45)

i.e. the Kerr-Newman space-time is empty except for electromagnetic fields.
The Kerr-Newman metric in Boyer-Lindquist coordinates is [7] 2]

A — 2 a2 2 2 _ A
ds® = —ﬂdﬂ — 2asin? HLdtdw
by by
2 4 a%)® - Ad?sin® 6 )
(rF +a?)” — Ad?sin®0 0d? + Zdr? + 246 (2.46)
by A
where
Y = r2+a’cos?l

A

2 —2Mr+a®+ e
The Maxwell 1-form of the metric is

Qr ((dt), — asin®0(de),) — Pcosf [a(dt), — (r? + a?) (dy),]

e by
Note that the metric is asymptotically flat, i.e. the limit r — oo yields the
Minkowski metric. The Kerr-Newman solution to the Einstein equation reduces
to the Kerr solution for e = 0, it reduces to the Reissner-Nordstrom solution for
a = 0, and to the Schwarzschild solution for a = e = 0.

The Kerr-Newman metric depends on the four parameters M, a and e =
Q? + P2?. The Komar integrals can be used to show that M is the total mass[]
of the space-time,

A

.
- — ds*v¢,., = M 2.47
= (247

Tn an empty space-time the only matter present is the matter associated with the gravi-
tational field permeating the space-time, which has the black hole as its source. So M is the
mass of the black hole.
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a= A—J4 with J the total angular momentum of the space-time,
1
— dS" ey, = Ma=J (2.48)
167 oV ’

and e the total electric and magnetic[7 charge, Q and P respectively, of the
space-time,
L ds*A,., = e (2.49)
8 % i ’
as long as the boundary 9V for all these integrals is placed in the asymptotically
flat region of the space-time.
The metric has a true singularity at > = 0 and a coordinate singularity at
A =0. If M? > a? 4+ €2, then A = 0 has two solutions, which are

re =M+ M?2—a?—e? (2.50)

If M? = a2 +e?, then there is one solution, the coordinate singularity is at 74 =
M. In the case M? < a? + €? then there are no solutions to A = 0. This means
that there is no coordinate singularity and therefore no event horizon. The
singularity is called naked. This is deemed unphysical, and usually one assumes
the cosmic censorship hypotheses to rule out this case as physical solution to
the Einstein equation.

The outer event horizon, the one at r,, will be the only one under consid-
eration, for an observer outside the black hole will never see the inner horizon,
unless he goes into the black hole, but he will never be able to report what it is
like in there so this horizon is not of practical importance.

The area A of the horizon is

A :/ d0de\/gopg00 = A4n(ri +a®) (2.51)
T=Tr4

2.4.1 Ergosphere

The Kerr-Newman black holes can have an ergosphere, i.e. a region outside the
black hole where the Killing vector field £# becomes spacelike. This vector field
is timelike at infinity and is associated with the mass of the space-time. In the
region where it becomes spacelike it can no longer be associated with the flow
of energy. The norm of the vector field is

2.2
et = asmzﬂ A (2.52)

and the ergosphere is the region outside the horizon where the vector field is
spacelike,

1
re<r<M+ (]V1'2 —e% — a®cos? 9)? (2.53)

At 74 the vector field is spacelike too. In the Schwarzschild case the ergosphere
is not present because a = e = 0, so the vector field £* is timelike everywhere

12No magnetic charge is known to exist, but it is a theoretical possibility.
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except on the horizon, where it is null. An observer always travels on a timelike
orbit, the tangent u* to a timelike orbit satisfies by definition w,u* < 0. The
only term on the left hand side which can be negative in the ergosphere is
2go1uul, all other terms are positive.

The horizon corotates with the black hole, i.e. the horizon is locally non

rotating, and its angular velocity is wy = ,g% = ﬁ The horizon is the
1 T a
null hypersurface[d generated by the null Killing vector field
Xt = &4 wgept (2.54)

Often the spatial surface orthogonal to the generators of the null hypersurface
is called the horizon too.

2.5 The 4 laws of black hole mechanics

The event horizons in black hole space-times, i.e. stationary axisymmetric space-
times, are null hypersurfaces generated by a Killing vector field. In the next
sections the zeroth and first laws of black hole mechanics will be derived, and
the second and third will be introduced heuristically.

2.5.1 The zeroth law

Consider the black hole horizon, i.e. a null hypersurface, H generated by a
Killing vector field x* orthogonal to H. The following statements are true on
H

XX = 0 (2.55)
X“oxY o= kX! (2.56)
Xu;uX# = —KRXv (257)

where & is an arbitrary scalar function, is interpreted as the surface gravity [
The second equality holds because x* is hypersurface orthogonal on[J H, and
the last holds because of the Killing condition. If the Lie derivative [% A of the
second equation is taken with respect to x* then it follows immediately that

Ak = 0 (2.58)

for x* is a Killing vector field. In other words, x is parallel transported along
orbits of y*.

The geodesic congruence k* with affine parameter A generating the null
hypersurface can in a local inertial system be defined by []

k¢ = e "PxH (2.59)

13See appendix for more on null hypersurfaces.

4 Heuristically this follows from the fact that the second equation is the geodesic equation
in non affine parameterisation. The term at the right hand side is the acceleration of a locally
non rotating observer on this world line. The norm of x* is zero, it describes a photon which
tries to stay on the horizon. A more acceptable line of reasoning may be the fact that the
Schwarzschild black hole has x* = &, and then timelike static observers satisfy near the
horizon {‘ﬂufl’ = R&HF. In the limit » — r4 the & becomes k.

15See appendix [K.6

16See for the Lie derivative.

17See appendix 7, where the function f is x, which can differ from geodesic to geodesic,
but it will be shown that it is constant on the entire null hypersurface.
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The parameter p of the Killing vector field depends on the affine parameter A,

dA
wp 2.60
S0
A o e (2.61)

An explicit expression for k on the null hypersurface can be derived using
the Frobenius theorem[T, which states that a vector field x* is orthogonal to a
hypersurface if and only if it satisfies the condition (on the hypersurface)

XuwXe = 0 (2.62)

A Killing vector field has x(,;,) = 0 and this equation is equivalent to

XuwXp T XpiuXv — XpwXp = 0 (2.63)
Contracting this with the tensor x*.” yields
X X Xe = —2X" XpsuXo (2.64)
= =2, X"Xpiu (2.65)
= _2’€Xp;uxu (2.66)
= —2r%x, (2.67)

which only holds on the null hypersurface. The explicit expression for « on the
horizon is

1
K2 = —ix“;”xw, (2.68)

In a Kerr-Newman space-time the value of « is

W2 — a2 — o2
_ 2.69
2M?2 +2M/M? — g2 — e2 — ¢2 ( )

Now consider the flow diagram, see figure [8] of the orbits of x* for x # 0.
The precise expression for y* can be chosen such that[®] x* = wkM\k*, with
A = £e"P. If the Killing parameter p runs from —oo to oo either only the area
with negative A or only the area with positive A is covered. That is, on H, there
is a fixed point in the flow diagram at A = 0. This fixed point is actually a fixed
two sphere. For x = 0 this fixed point is not present, so this case will be treated
later. For k # 0 one finds that if there is a fixed point, i.e. where x* vanishes,
then k is constant on every orbit of x*, and all these orbits end on the fixed
point. So if x is constant on the fixed point, then k is constant on the entire
null hypersurface. Parallel transport of x? along an arbitrary tangent vector on
the fixed point (the two sphere) v#* yields

H2;pvp = 7XM;VXu;u;prp (270)
= xX"R?,,,Xo0" (2.71)
0 (2.72)

183ee [0] for a proof of this theorem.
195ee appendix K7
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Killing horizon

Bifurcation
2-sphere, B

- orbits

Figure 2.1: The dotted lines are the flow lines of the vector field x*. The fixed
point, or bifurcation point is a two-sphere.

for on the fixed point x* = 0. The tangent vector v* to the fixed point is
arbitrary and therefore k is constant on the entire horizon.

If kK = 0 then x* is a geodesic itself and no fixed point is present. In that
case k is constant on the entire horizon if the energy momentum tensor satisfies
the dominant energy condition which states that the vector

JE = TRy (2.73)

is timelike or null, J,J* < 0, and future directedfJ. However a null geodesic
congruence satisfying the Killing condition has

0 = Tux"x"=—-J.x" (2.74)

because of the Raychaudhuri equation, see equation (3.63] together with the
Einstein equation (B.I0), and therefore J* can be expanded as a vector propor-
tional to x* and an infinitesimal displacement vector in the 2-dimensional space
orthogonal to the null geodesic congruence, so J,J* > 0, and then J,J" = 0.
This means that J* oc x*. Then, because x.X» — XvXu = 0,

0 = Juxv —Xudv (2.75)
= ~TuX"xv + XuTopx” (2.76)
= —RupX’xv + XuBupX” (2.77)
= —KuXv + EuXu (2.78)
= —XpDukr (2.79)

thereforef k., o X, and x* is parallel transported along an arbitrary tan-
gent vector v* to H, so x,,v* = 0, and thus & is constant on the entire null
hypersurface.

20This condition means that energy cannot propagate faster than the speed of light.
21k is defined only on the horizon, so all these equations hold only on the horizon. The
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This result is known as the zeroth law of black hole mechanics
stationary horizon = surface gravity x = constant (2.80)

and it is the space-time analogue of the zeroth law of thermodynamics, which
states that the temperature throughout a system in thermodynamic equilibrium
is constant. Note that a null hypersurface which is generated by vector fields
with a fixed point the surface gravity is constant without invoking the Einstein
equation.

2.5.2 The first law

With the use of Komar integrals an expression for the mass in a stationary
axisymmetric asymptotic flat space-time can be derived. In this derivation the
possible electromagnetic charge of the black hole is assumed to be negligible,
for a black hole shall selectively attract matter with opposite charge, so that on
average the black hole will be electrically neutral. However, a charged particle
in the neighbourhood of a local horizon will notice if an electric charge has just
crossed the horizon and this small charge associated with the local horizon could
determine the fate of the particle, i.e. it could mean the difference between
crossing the horizon because of a small attractive electric force, or escaping
because of a small repulsive force.

The total mass of the space-time is defined by an observer at infinity by the
Komar integral for the Killing vector field &*, for the observer at infinity is in
the asymptotically flat region and will perceive this vector field as the Killing
vector field generating time translations.

1
— —_— pev
M = ] 45 (2.81)
~ 2 / Avnh g, — - ]4 s, ., (2.82)
\% 87 Ju

where J* is the matter current associated with £*, and V' is the volume of the
space-time with normal n#, which has the black hole horizon H as boundary.
Use the horizon generator x* = {* + wye* to obtain for the last term of

2382

j{dSqu;u - de“”Xumwa%dSNwam (2.83)
H H big

The second term in this equation is proportional to the angular momentum
Jy of the horizonFZ, for ¢ is a rotational Killing vector field, and the angular
momentum associated with this rotation is defined by the Komar integral, see
section P=3. The second term is then

—wH% dS* .., = —16rwpJy (2.84)
H

equations must be differentiated tangent to the horizon. To resolve this the derivative may
be projected on the horizon, but for horizons there exist no unique projection operator. The
space-time volume element contracted with the horizon generator, \/— det(gHv)x, is tangent
to the horizon, \/— det(g*¥)xuxr = 0, and thus, see section , \/— det(g*)xu Dy with
D,, the covariant derivative can be applied to all equations holding on the horizon. This
expression is equivalent to xp, D), so if X(pDy)k = 0, then & is constant on the horizon.

22This is the angular momentum of the black hole, or rather the angular momentum of the
gravitational field of the black hole.
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The first term of (E:83)) can be evaluated easily with the following choice for
the surface element on the horizonf3,

dSm = dA(Y"N¥ — x*N") (2.85)

where dA is the area of the surface element on the horizon and x* and N* are
null vector fields orthogonal to the horizon such that x,/N* = —1. The first

term of (R:83)) is

j[dSWXu;u = %dA(x“NV—X”N“)X,,W (2.86)
H H
= 2/{% dAx"n, (2.87)
H
- o 7{ A (2.88)
JH
= 24 (2.89)

When (E:84) and (E:89) are inserted in the original expression (2.82] for the
total mass M in the space-time, then

1
M = 2/ dvntJ, — —?{ dS* €. (2.90)
\% 81 Ju

1
2/ an“J# + —rkA+2wyJy (291)
v 4n

For a vacuum stationary axisymmetric space-time the energy momentum
tensor vanishes, and then equation (£.40) shows that the current J* = 0. The
mass My of the gravitational field of a vacuum space-time is ] itself is defined
by

1 f y
My = —— ¢ dS"™¢,, (2.92)
8T H

1
—rA+ 2wyJy (293)
47

By examining the scaling properties of the different quantities it is possible to
acquire a local differential equation for the matter near the null hypersurface.
As equation (P-92) shows the mass of the horizon is a function of A and J.
These parameters describe the electrically neutral rotating object of mass M
completely. Note that both parameters have dimension M?2. Therefore for every
1 > 0 one has,

pM(A,J) = M(u*A,u*J) (2.94)

i.e. M is a generalised homogeneous function P Differentiating to parameter pu

23See section BH for the construction of a metric on the horizon.
24This is the mass of the black hole.
25 A function h(zx,y) is called a homogeneous function if, for all A > 0, it satisfies

Ah(z,y) = h(Nz,\Py) (2.95)

for appropriately chosen values for p and q.
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yields
_ 4 24 .2
_ 9 2, 2 9 2, 2
= ZMAaMQAM(u A p J)+2/LJ8M2JM(;L A psJ) (2.97)
0 M(A,J) 0 M(A,J)
= 2uUA——+2uJ———~= 2.98
Y — +2ud 55 . (2.98)
0 0
= 2A—M(A 2J—M(A 2.
DIM(A,]) 427 5= M(A, ) (2.99)
1
= —rA+2wyJ (2.100)
4

Since A and J are independent parameters it is found that

oM K
— = — 2.101
0A T (2.101)
oM
— = 2.102
37 wH (2.102)
The first law of black hole mechanics reads thus
AM = 8idA twpd] (2.103)
T

and it represents conservation of energy in a black hole space-time.

2.5.3 The second law

The second law states the surface area of an event horizon can only increase
over time.

§A>0 (2.104)

This statement is certainly true if it holds for each element of the horizon, and
the horizon elements increase in size if the expansion 6 of the generators of
the horizon is greater than or equal to zero, because an area element changes
according tofY

da
dX

It has been discovered that black holes can evaporate over time because of
particle creation near the horizon, see Z.6] This would be a violation of this
second law. However, this law is interpreted as a statement on entropy, and
together with the usual second law of thermodynamics the entropy will increase
over time, because the thermal radiation resulting from the evaporation carries
more entropy than the original black hole.

Classically the second law of black hole mechanics is true by intuition, no
energy can go faster than light, so it is impossible to escape out of a black
hole, and then the size cannot decrease. A precise formulation and proof of the
Hawking area theorem can be found in [Z].

= fa (2.105)

26See for a derivation of this equation
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2.5.4 The third law

The third law is, just as the zeroth law, a statement about the surface gravity.
If the surface gravity goes to zero, then the black hole horizon area goes to a
constant finite value, which needn’t be zero, e.g. consider an extreme black hole,
that is a Kerr-Newman black hole with M? = a? + e2. Such a black hole has
x = 0 but a finite surface area.

An alternative version of this law states that it is impossible to reach surface
gravity zero by a physical process, but this is easily seen to be violated, for if
a black hole evaporates by particle creation near the horizon, then the surface
gravity will go to zero, for eventually the black hole will end its existence.

According to Wald [2], calculations show that it is very hard to make an
extreme Kerr black hole, i.e. the closer one gets to a Kerr black hole, the harder
it is to get even closer. If k is interpreted as the black hole temperature, then the
thermal radiation produced in the evaporation process preserves the generalised
third lawf?] will still be true, for the emitted radiation has non zero temperature.

2.6 Hawking radiation

The Schwarzschild black hole equilibrium is unstable. Consider quantum fields
on the SchwarzschildP¥ black hole background. If a Wick rotation is made to
imaginary time, t — 7 = 4t, then the metric has a Euclidean signature, it
becomes

-1
ds? = (1 - 2M) dr? + <1 - QM) dr? 4+ r2dQ? (2.106)
T T

where dQ? is the metric on the sphere S2. The metric is singular at r = 2M,
this is the location of the Schwarzschild black hole horizon. Near the horizon
the metric can be approximated by a Euclidean Rindler metric, i.e. the Rindler
metric (A40) with imaginary time, then

1
ds? ~ (kR)>dr?+dR? + 4—2d§22 (2.107)
K

This metric is acquired under the following identifications,

R2
2M
<1_T) ~ (kR)? (2.109)
dr? = (kR)?dR? (2.110)

K is the surface gravity of the Schwarzschild black hole, k = ﬁ. The metric is
Euclidean Rindler times S2. The Euclidean Rindler part of the metric can be
identified with the Euclidean plane in polar coordinates if the imaginary time
is identified as an angle,

2
0<r< " (2.111)
K

27Which is the combination of this law with that of thermodynamics.
28The Schwarzschild black hole solution is the Kerr-Newman solution with a = e = 0.
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The singularity at R = 0 is a coordinate singularity 9.
The Euclidean path integral can now be taken over fields ¢ with periodic
boundary conditions, ¢(7) = ¢(1 + 2X)

Z = /dme*S (2.112)

where S is the action in imaginary time. This is the path integral representation
of the partition function for fields with period Y 3

Z = Tre PH (2.113)

In statistical mechanics § = %, but ( is the period § = %’T, so the fields near
the black hole have temperature 7' = 5-. This temperature is known as the
Hawking temperature.

The black hole is in equilibrium with a heat bath of nearby quantum fields
if it is at the Hawking temperature. Is such an equilibrium stable? No, if a
quantum field enters the black hole, then the black hole temperature decreases,
because the Schwarzschild surface gravity is inversely proportional to the black
hole mass. By absorbing heat (the quantum fields) the black hole cools itself, i.e.
the black hole has negative specific heat. Therefore the black hole equilibrium is
unstable. If the fields near the black hole have lower temperature than the black
hole, then the black hole must radiate energy in order to achieve equilibrium
with the heat bath which is composed of the quantum fields near the horizon.
The black hole will heat up when it radiates and start to radiate more, until it
eventually evaporates. The quantum state in equilibrium with the black hole at
the Hawking temperature is known as the Hartle-Hawking vacuum.

2.7 Unruh temperature

For self gravitating systems, such as a Schwarzschild black hole a local tem-
perature can be defined. The observers hovering near the horizon move on
the Euclidean Rindler geodesicsf] ¢# = §_#. If Ty is the temperature seen by
observers at infinity, then the local observer hovering near the self gravitating
system will measure temperature 7' defined by

V=9u&teT = Ty (2.114)

For an observer near a Schwarzschild black hole the local temperature is,
using the Rindler coordinates near the horizon

KRT = - (2.115)
27

29Tf an identification is made with a different period, then the 2-dimensional Euclidean
Rindler space-time looks like a sheet of paper folded into a cone. The curvature of the metric
does not blow up, but at the tip of the cone a point is missing. This point is a 2-sphere in the
case presented here. The imaginary time variable is periodic, because the analytic continuation
of the time variable in any Green’s function of a quantum field theory is symmetric under
rotations in 4-dimensional Euclidean space, see [4]. More on quantum fields in curved space
can be found in e.g. [5].

30See for a derivation e.g. [6].

31The geodesics of the metric (£.107)
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or

-1
r = B (2.116)
2
For an observer hovering near a black hole R = constant, and @ = R™! is the
proper acceleration for the observer.
The same result for local temperature is also obtained in quantum mechanics,
see [[f]. An observer who accelerates uniform with acceleration a observes a heat

bath at

T = 2 (2.117)

This local temperature is known as the Unruh temperature.

An observer at infinity in a space-time in which a Schwarzschild black hole
is in equilibrium with quantum fields will measure the Hawking temperature as
his local temperature.



Chapter 3
The holographic principle

This chapter is about the holographic principle. It begins with an introduction
to the holographic principle, some of the arguments put forward in favour of
the principle are discussed and possible arguments against the principle. The
covariant entropy bound and the generalised covariant entropy bound are stated
as implementations of the principle. These bounds are statements about the
amount of entropy passing through geometrical constructs called (local) light
sheets. Then the Raychaudhuri equation is derived, that is the equation which
describes the expansion of light sheets. Finally local light sheets are constructed.

3.1 Introduction to the holographic principle

The holographic principle is the idea that the information contained in a (d—1)-
dimensional region in a d-dimensional space-time can be encoded on the (d—2)-
dimensional surface enclosing the region. This principle was first put forward
in 1993 by 't Hooft, [8]. His original statement was for regions surrounding
black holes, and the information in this region could be stored on the black hole
surface area.

The entropy in a region of space-time is a measure for the information in
that region. The entropy of a system is defined as the logarithm of the number
of accessible states to that system, [8]. In statistical mechanics the entropy of a
system scales with the volume of system, to see this an example will be given.

Consider a volume V and divide the volume in a bunch of cubes of unit
volume. Suppose each unit volume can contain either a zero or a one. The
number of accessible states available to a unit cube is 2, and the number of
accessible states of a volume V composed of these cubes is 2¥. The entropy is
V'In 2, it scales with the volume of the system.

This example appears to contradict the holographic principle, but this sys-
tem is not very physical. In a physical system the zero and one state may be
considered as a vacuum state of zero energy and an excited state at some energy
E > 0. The states with energy E will gravitate, and when enough states in the
volume are excited then the system is expected to collapse to a black hole. This
black hole will have entropy proportional to its surface area according to the
second law of black hole thermodynamics, see section I.5.3] This can mean 2
things, either information is lost in the black hole, or the entropy of the original

31
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system was no more than its surface area dictated.

The laws of quantum mechanics are time reversible. If gravity is to be de-
scribed by a quantum theory, then the laws of quantum gravity may be expected
to be time reversible too. The black hole is expected to evaporate without in-
formation loss, unless there is some sort of symmetry breaking.

In his article 't Hooft assumed that quantum gravity is time reversible, and
speculated that the information contained in three dimensional space can be
stored on a two dimensional surface like a holographic image. The idea evolved
in an article of Susskind, [@]. In this article light rays where used to project all
information present in a space-time on a distant 2-dimensional screen.

Many indications have been found for a holographic bound on entropy. An
example of a cosmological space-time satisfying the bound has been found by
Fischler and Susskind, [[5], the space-time for which they found the bound to
hold was flat and negatively curved space-time. For positively curved close uni-
verses the bound was violated. However, the bound implemented was not the
covariant entropy bound, which thus far has not been disproved by counterex-
amples.

The covariant entropy bound was introduced by Bousso [I3], the definition
of the bound will be given in section §2] This bound has been proven for semi-
classical systems by Flanagan, Marolf and Wald in [I4]. In the same article
a generalisation of the covariant entropy bound was proposed. This bound
is known as the generalised covariant entropy bound, see section I3]for its
definition. The advantage of the generalised bound is that it implies black hole
thermodynamics.

The holographic principle is to be new input for quantum theories of gravity,
constraining the dynamical degrees of freedom of the metric in the hope that
a resulting quantum theory of gravity is renormalisable. Another point of view
is that the holographic principle should follow from a new theory of gravity.
String theory is such a theory, and in the case of AdSs x S° it is found that
4-dimensional Yang-Mills theory lives on the boundary of AdSs, see the review
of Bousso for more on this, [IZ2].

3.2 The covariant entropy bound

The current version of the holographic principle is the covariant entropy bound,
which is stated for space-time manifolds of arbitrary dimension d. It was first
stated by Bousso, see his review article [IZ] for more on this and other bounds.

Let A be the area of an arbitrary (d — 2)-dimensional spacelike surface B.
Consider the null hypersurfacesf] which are generated by null vector fields (light
rays) orthogonal to B. As long as the expansion 6 of the generatorsf], which
start at B, of the null hypersurface is non-positive the null hypersurface is called
a light sheet L of B. The light sheet starts at the surface B and terminates
when 6 > 0. In general there are two null hypersurfaces orthogonal to B, so
there are four potential light sheets.

The covariant entropy bound is a statement about the entropy S passing

LA null hypersurface is a (d — 1)-dimensional submanifold, see
2The expansion of the generators of a hypersurface is governed by the Raychaudhuri equa-
tion, this equation is treated in §4]
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throughf] the light sheet L,

A(B)
Al

S(L) < — (3.1)
P
where [, = ,/% is the Planck length, given here with the Planck constant A,

the gravitational constant G and the speed of light ¢, which are all 1 in the units
used in this text.

The spatial surface B can be considered as a holographic screen, the entropy
on the light sheet can be projected on B with a density of less than one bit per
Planck area.

3.3 The generalised covariant entropy bound

There exists a more general form of the covariant entropy bound. What hap-
pens if the light sheets are incomplete, i.e. if they are terminated before 6 > 07
For such cases the generalised covariant entropy bound applies, which was first
stated by Flanagan Marolf and Wald in their semi-classical proof for the covari-
ant entropy bound [[4]. The bound is

A(B) — A(B)

<
S <=

(3.2)

where A(B) is the area of the spacelike surface B on which the light sheet
terminates. This generalised bound implies both the covariant entropy bound
and the generalised second law of thermodynamics.

The generalised form can be used to construct local holographic screens.
The physics on local light sheets can be described by a theory on the boundary
of the light sheet. Adding all the local holographic screens may then yield a
global holographic screen.

3.4 The Raychaudhuri equation

The Raychaudhuri equation governs the expansion of geodesic congruences. In
this section the Raychaudhuri equation is derived for both timelike and null
geodesic congruences. First the term congruence is clarified, then the Ray-
chaudhuri equation for timelike geodesic congruences is derived, and after that
the Raychaudhuri equation for null geodesic congruences is derived. Timelike
geodesic congruences can be used to construct light sheets, the light sheets
themselves are generated by null geodesic congruences. Some useful properties
of special null geodesic congruences are derived, and for the null geodesic case a
practical choice for a projection operator on the orthogonal space will be given.
With this projection operator a formula for the expansion of a surface element,
is derived. Finally some special cases of null geodesic congruences are studied.
Some of this material can also be found in [Z 7.

3In many references, e.g. [[2] authors talk about the entropy on the light sheet. Tt is
unclear what entropy on the light sheet is, if it is the integrated entropy density on the light
sheet then it would always be zero. What these authors mean is the entropy passing through
the light sheet.
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3.4.1 Congruences

It is often useful to slice the space-time manifold into submanifolds, or hyper-
surfaces. These hypersurfaces can be generated by vector fields, see section A6
For example equal time slices are useful. If a space-time is symmetric under
time translations, then energy is conserved in that space-time. If on top of that
the vector field generating the time translations is orthogonal to a family of
hypersurfaces, then the space-time is static and then it can be sliced in equal
time slices. The paths of static free particles in that space-time are generated
by the vector field generating the time translations, and the collection of these
paths is an example of a congruence of curves.

A congruence of curves in an open submanifold S of some manifold M is
a family of curves such that through every point p in S passes precisely one
curve of this family. Two corollaries of this definition are that the tangents to
a congruence form a smooth vector field v*, and conversely that every smooth
vector field v* generates a congruence A congruence is a timelike or null con-
gruence if the associated vector field v* is timelike, v,v* < 0, or null v,v* =0
respectively. A congruence is a geodesic congruence if the associated vector field
vk satisfies the geodesic equation, v, v” = 0.

3.4.2 Geodesic deviations

Consider a geodesic v, of some geodesic congruence. In general the neigh-
bouring geodesics will not remain parallel, e.g. the meridians on the globe are
geodesics, but meridians cross at the poles. The meridians are a geodesic con-
gruence except on the poles. At the equator they are parallel, but the closer
one gets to the poles, the closer the geodesics are to each other.

Consider, in order to find out how a geodesic in the family behaves with
respect to another geodesic in the family, an infinitesimal displacement vector
n* measuring the displacement of one geodesic v* with respect to the others in
the congruence.

Both v* and n* can be chosen such that they are elements of a coordinate
basis, and therefore

N =ty = 0 (3.3)

in other words, the Lie derivative of n* with respect to v* is zero.
This can be stated by

nIL;VU’/ = BH/;V"?V (3'4)
where the tensor field B, is defined by
B, = vuw (3.5)

B,,, is a measure of how the infinitesimal displacement vector 7" changes if it
is parallel transported along v*, it is a measure of geodesic deviation

A neighbouring geodesic of v* can be specified by an infinitesimal displace-
ment vector n*, but this specification is not unique, for 7* = n* 4+ cv*, with ¢
a constant, is a displacement to the same geodesic. It is possible to give unique
specifications for timelike geodesic congruences and for null geodesic congruences
in terms of displacement vectors. First I shall treat the unique specification for
timelike geodesics, and I will show that this specification doesn’t work for null
geodesics, then I will give a unique specification for null geodesics.
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3.4.3 Expansion of timelike geodesic congruences

Consider a congruence of timelike geodesics &* with affine parameter 7. The
vector field §# satisfies by definition §#.,§” = 0 and £,£" = —1. Introduce the
notation B, = &,.,.

The unique specification of a displacement to a neighbouring geodesic in
terms of n* is acquired by requiring the displacement vector to be orthogonal
to the geodesics,

&t =0 (3.6)

This yields a clear physical interpretation of the tensor B,,, because this
tensor is in both indices orthogonal to the timelike geodesic congruence &*,

B}U/SV = Su;ugy =0 (37)
B;WEIL = fu;uiﬂ = % (5,“45#);1/ = (71),1/ =0 (38>

That is, the tensor field is spacelike, so the deviations can be classified in ex-
pansion, shear, and twist (or rotation).
The 3-dimensional spacelike subspace orthogonal to the timelike geodesics

in which all these deviations happen has as (Euclidean) metric h,,,

hm/ = guu"‘g,ugu (39)

where g,,,, is the metric of the 4-dimensional space-time. Thus is A, = g"’h,,
the projection operator on the subspace orthogonal to &*. By means of this
projection operator the tensor B, can be expanded in expansion 6, shear o,
and twist wy,,

1
B, = gehliy+aity+w,,,y (3.10)
0 = h,B" (3.11)
1
Op = B(W)—geh,“, (3.12)
W = By (3.13)

The expansion measures if the neighbouring geodesics come closer, or move away
from the geodesic under consideration. The shear measures the deformation of
the congruence, e.g.. if a square is parallel transported along the congruence it
will deform to a diamond if the shear does not vanish. The twist measures of
neighbouring geodesics twist around the geodesic.

The rate of change of 6, 0, and w,, can be derived from the parallel trans-
port of B, along &,

B,“,;pf" = guw;pgl)

= fu;pn/fp - fchUWpfp
(@t;pgp);u o gp;ufu;p — Royp€7¢”
= Ruaupgagp - BPVBMP

where towards line (B.I5)) the commutation relation for covariant derivatives was
used and in line (B.I6]) the first term is zero because of the geodesic equation.
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The trace of this equation yields the rate of change of the expansion,

d6 1
0,6 =2 = _592 — 0O+ W™ + Ry EREY (3.18)

This is called the Raychaudhuri equation for timelike geodesic congruences.

The traceless symmetric part of (§.I7) will yield the rate of change of the
shear, whereas the antisymmetric part will yield the rate of change of the twist
of the timelike geodesic congruence,

2
O pl’ = —gﬁaw — 0up0”, +wyw’, + 3 (o0 — wpew??)
1 1
+ Cuevp€’&’ + éh/,,yh,,an” - ihw,hWR"p (3.19)
Wi plf = —gﬁww - 20p[ywu]p (3.20)

The tensor C),, is the Weyl tensor, see .3} Note that the twist of the con-
gruence either vanishes everywhere or nowhere.

3.4.4 Expansion of null geodesic congruences

Consider a congruence of null geodesics k* with affine parameter \. By definition
this vector field has the properties k,k* =0 and k" k" = 0.

The orthogonality condition for the displacement vectors n* to neighbouring
timelike geodesics doesn’t yield a unique specification for null geodesic congru-
ences, for the 3-dimensional subspace orthogonal to k* also contains k* itself,
ie. if g* = n* 4 ck*, then

ﬁuk# = nukﬂ + Ck“k# = W;L/f“ (3.21)

because k,k* = 0. This problem can be resolved by considering equivalence
clagses of displacement vectors. Displacement vectors are equivalent if they
differ by a multiple ¢ of k*,

n* o~ n¥+ck? (3.22)

This identification clearly is an equivalence fl.

The orthogonality condition yields a 3-dimensional subspace orthogonal to
the null geodesics, the equivalence removes another dimension of this subspace,
and therefore together they yield a 2-dimensional spacelike subspace 1% orthog-
onal to the null geodesics, with metric iLW.

To acquire the rate of change of the expansion of the geodesics, again one
introduces the tensor B, = k,,,, but now it must be projected on V,

By = h,/Byh” (3.23)

v

4The relation ~ is reflexive for ¢ = 0, n* ~ nt, it is symmetric, i.e. if nt + ck* ~ n* then
n# ~ nt4ckt, and it is transitive, if n* +ck* ~ n* and n ~ n+ck*, then n* 4ck# ~ nt+4ckH.
These differences are merely a multiple of k*.
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This tensor is effectively 2-dimensional and can be expressed in terms of the
2-dimensional expansion 6, shear 6, and twist @,

B, = %éh#,,wwww (3.24)

6 = huB" (3.25)
G = B ;éﬁw (3.26)
Gu = By (3.27)

In fact the hat on the expansion can be dropped, but it is kept to indicate that
a null geodesic congruence is under consideration.

Along the same lines as in the case of timelike geodesics one obtains the
expression for rates of change of the expansion shear and twist, but now the
final projection is not on a 3-dimensional space, but a 2-dimensional space, i.e.
the equation has hats on the appropriate terms.

Buupk? = thmkp*];puéup (3.28)

The trace of (B:28) again yields the rate of change of the expansion,

dé 1o .
08" = 3% = —592 — 60" + D™ + R kM kY (3.29)
and that is the Raychaudhuri equation for null geodesic congruences.
Just as in the timelike case the equation (3.28) yields the rates of change for
shear and rotation for the traceless symmetric and antisymmetric parts respec-
tively,

Guvipk® = Cugupk?k® — 06, (3.30)
Ouph? = =00, (3.31)

Note again that the twist vanishes either everywhere or nowhere in the congru-
ence. Here a few terms extra vanish compared with the timelike case, this has to
do with the fact that the vectorspace is 2-dimensional instead of 3-dimensional.

A projection operator

There is no natural way to embed the 2-dimensional subspace. A convenient
way to erect the 2-dimensional subspace is by introducing a vector field n* which
is not orthogonal to k*, but is chosen such that

n,n' = 0 (3.32)
nkt = -1 (3.33)

These two expressions have to be satisfied for all )\, so an extra requirement is
that n# is parallel transported along k*,

nt. k" =0 (3.34)
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The subspace is 2-dimensional if only the displacement vectors n* orthogonal
to both k* and n* are considered,

nat = 0 (3.35)
kua' = 0 (3.36)

The associated metric fLW is
Pow = G + npk + (3.37)

and lAz“;l, = g“”fzpl, is a projection operator on the 2-dimensional subspace.

Expansion of a surface

The expansion of a surface element of a null hypersurface generated by a null
geodesic congruence can be determined explicitly using the previous choice for
the metric. A surface element a, spanned by two linear independent displace-
ment vectors (* and n* is given by

a = " k,n,(ne (3.38)
The rate of change of a is
da
— wk” .
Y a (3.39)
= E'uupa‘k,un’/ (C/);Hk,{/r]a + Cpna';;‘ik’i) (3'40)

Note that every displacement vector ﬁ”;yn” = p*, which leads, in conjunction

with the definition of BW, to

whk = By (3.41)

The rate of change becomes thus

da vpo » K » K
o= Sk, (B,mg Mo + CoBown ) (3.42)
ek, n, (B,m(“ng — {aépﬁn“) (3.43)
= fa (3.44)

The last step can be taken because n* and (* are linear independent vectors
spanning a 2-dimensional vectorspace on which B, is a 2 X 2 matrix.

Special cases of null geodesic congruences

Consider a congruence of null geodesics k* orthogonal to a null hypersurface. In
this section it will be proven that such a congruence has vanishing twist, @,, =0
on the null hypersurface. Furthermore it will be shown that if %k:” = x",

with (X + Xvin) oo = 0 and ¢ a constant, then B(W)b\:o = 0 on the null
hypersurface.
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The Frobeniusf| theorem states that a vector field v* is (locally) orthogonal
to a hypersurface if and only if

Uty = 0 (3.45)

For the null geodesic congruence k* the Frobenius theorem states

0 = Kk (3.46)
= Bk, (3.47)

Note that
Biwkp = Bk (3.48)

because using the given projection operator iL/w one finds,

By, = By +k, (0B, +n°Bynk,) + Bk, (3.49)
where it was also used that k,.,k” =0 and k, k" = 0. So

n’ By kuky +nf Bpon®kykuky + kpkaBy,n” = 0 (3.50)

because the first term is symmetric in two indices so the antisymmetric part of
this tensor is equal to zero, the second term is clearly completely symmetric,
and the last is again symmetric in two indices. Using this knowledge one obtains

0 = B,k (3.51)
= Wk (3.52)
The vector n* satisfies n, k" = —1, as well as ©,,n" =0 = ©,,n*, because

Wy 18 projected on the subspace orthogonal to n#*, so contracting (B.52) with
n* yields,

0 = 3dpknt (3.53)
= nMOuk, + Opuntky + @y pkunt (3.54)
= Gy, (3.55)

in other words, the rotation on the null hypersurface vanishes. Intuitively this
result is not unexpected, if a vector field in the plane has rotation around the
origin then the vector field has a singularity at the origin.

Now consider the case in which the null geodesics k* in the congruence can
be written as k* = fx*. Consider the symmetric part of BW,

B h,Ph,Bp0) (3.56)
= h h7 ke (3.57)
= iL,up;Lqu;(rTXp) (358)
=0 (3.59)

where in it was used in the step towards line (3.58) that on the null hypersurface
X(p;o) = 0, and in the last step it was used that h,”x, = 0, because hy,, projects
on the space orthogonal to x*.

5See 2] for a proof this theorem
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Summarising, null hypersurfaces generated by null congruences which are
approximate (local) Killing vector fields have vanishing expansion, shear and
rotation on the null hypersurface. Furthermore the expansion disappears in the
entire congruence if the vector field satisfies the Killing condition everywhere,
for

gk = —9"ku, =0 (3.60)
9 kpwipk” = —g" ki pk” =0 (3.61)

For congruences orthogonal to null hypersurfaces also the shear and rotation
disappear for all A\ because of the equations (§55) and (§:59), this results in

dé

0 = — =R,Kk'E 3.62
d)\ 13 ( )

By means of the Einstein equation (£.I0) this is equal to
0 = T,k'E" (3.63)

Note that R, k*k" =0 =T, k"Ek" if along the congruence B;w =0, so if B%,,
is zero in the points right next to A = 0, then no energy flux crosses the horizon

near A = 0. If only B, (0) = 0, then
df
£2(0) = R, k'K 64
o0 =Ry #0 (3.64)

Focusing theorem

For a null hypersurface orthogonal null geodesic congruence @,, = 0, and all
other terms in the Raychaudhuri equation are negative if T}, k*k” > 0. The
condition T}, k*k" > 0 is known as the weak, strong or null energy condition,
and holds for classical matter. The energy momentum density transported along
the geodesics is positive. If this condition is met, then the inequality

dé 1
= < _2p? .
dx — 2 (3.65)
holds. Now the focusing of the generators can be calculated,
dg—! 1
— < = .
dx  — 2 (3.66)
so for initial value 6; = 6(0),
1
ot > o7t + 5 (3.67)

if #; < 0 then 6~ passes through zero for A <
within finite affine parameter.

‘02,|, which means that § — —oco

3.5 Construction of local light sheets

Local light sheets or local horizons can be constructed by considering the con-
gruence of curves of local uniform accelerated observers. This explains the use
of the term horizon, the local light sheet is the past or future horizon for ob-
servers which accelerate uniform with respect to local inertial observers. The
other advantage of the physical interpretation for the congruence of curves is
that it respects the thermodynamic interpretation of the holographic principle.
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3.5.1 Light sheets and uniform accelerated observers

Consider a local inertial system in spherical polar coordinates (* = (t,7,0, ).
The equation of motion for a uniform accelerated observer moving on trajectory
(1) is,

dz® da?

d2z# .
e 369

The curve is parameterised by observer time 7 and g is the acceleration vector.
Time runs constantly for the observer, so for all 7

da# dx”
Guv dr dr = -1 (369)
and this can only be satisfied if
d dx* dx” dx”
0 = — y—— | = 2g,,9" —— 3.70
dr {g“ dr dr } 9 dr ( )

i.e. the acceleration is orthogonal to the velocity .

The equation of motion will be looked at in local coordinates, this means
that the result is valid to first order in 7. In order to make it valid to higher
order a coordinate condition is necessary to fix higher order terms of the metric
tensor or the space needs to have symmetries in a larger region.

The observer is accelerated in the radial direction, and the initial velocity is
also in this direction. In the local coordinates ¢ this means that

- <gj)2 N ((31:)2 (3.71)

which implies that the velocity along the curve locally has the appearance

dt

— = Zcosh .72
= cosh (c7) (3.72)
dr_ +sinh (c7) (3.73)
dr

with ¢ some constant, the plus signs are for observers moving to the future and
away from the origin. At 7 = 0 the orthogonality condition, equation (5.70) is

,dz? dt
0 = mapg”—=—9' (3.74)

which means that ¢° = 0, the acceleration is purely spacelike. The acceleration
is uniform, so at 7 =10

dg® dz® A3z

— = (C,0,0,0)0*=C—— = —— 3.75

dr (€,0,0,0) dr dr3 (3.75)
61t is also possible that gt o %, and then the equation of motion .m) is simply the

geodesic equation in non affine parameterisation. In that case a rescaling of the parameter
will make g#* = 0, and then the proper time runs constantly for an observer on a geodesic.
A non affine parameterised observer can be interpreted as an observer accelerating along a
geodesic.
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with C a constant[]. This is a Lorentz covariant statement, so in local coordinates
this holds for all 7 in the neighbourhood. The solutions for ¢¢ and x® are, with
C =c? and A%, B, and C® constant vectors,

a d2xa 2 «a for
9" = gz =¢ (z*+C%) (3.77)
x® = A%sinh (er) + B cosh (er) — C* (3.78)

The constant vectors A® and B® immediately follow from equations (§.72)

and (B.73),
1 1

A% = (E,O,O,O)a, B* = (0, 270,0)0‘ (3.79)
The length of the acceleration vector g is n,59%g”° = ¢?, and since at 7 = 0
the acceleration is purely spacelike this implies that c is the acceleration along
the curve of the uniform accelerated observer. The vector C'% can be used to
fix the location of the observer at 7 = 0, if the observer is at 7 = 0 a distance
4 away from the origin, then C* = (0, 1=%,0,0)".

Now the coordinate system used by the accelerated observer can be deter-
mined. At 7 = 0 the time coordinate of the local coordinate system used by the
observer at rest coincide, so then the uniform accelerated observer uses the coor-
dinate system z®(0,()®, and at other 7 the coordinates are simply the Lorentz
boosted coordinates with boost velocity —c7, so the coordinates are,

d d
z® = ((r—=)sinh(cr), (r — =) cosh(er) +d, z%, 2%)® (3.80)
c c
and the line element for the accelerated observer is
Napdz®dz?® = —(cr —d)?dr? + dr? +r2d6* 4 r*sin® 0dp?  (3.81)

This metric is a general form of the Rindler metric in spherical polar coordinates.
The Rindler metric in the usual Cartesian form describes observers accelerating
away from a plane through the origin with acceleration c,

ds? = —c?2%dr? + da? + dy? + dz? (3.82)

The singularity of the metric (§.81I) at ¢r = d is a coordinate singularity,
because it is always possible to extend this metric back to the local inertial
coordinates which are not singular there. The other singularities are the usual
coordinate singularities of the spherical polar coordinates.

All the radial accelerated observers together make a congruence of curves, as
long as the origin is cut out of the neighbourhood, for that is where the curves
intersect. The point of intersection is known as the focal point or caustic. At

"For radial motion all affine connection components are zero, i.e. the non zero components
of the affine connection contract with the 6 and ¢ components of the vector. The equation of
motion in the local inertial spherical polar coordinates for radial motion is therefore

d2ze

dr2
This is actually the statement that the object is spherically symmetric, i.e. radial motion is
nothing more than motion in the 2-dimensional -t plane.

g° (3.76)
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the points where c¢r = d the coordinate singularity in the metric occurs, this is
the location of the local horizon or holographic screen. The vector field € = 0,
which represents (proper) time translations for the accelerated observers is a
null vector field at ¢r = d, and it generates the local horizon, or local light
sheet. The local holographic screen is the spatial cross section orthogonal to
&F at observer time 7 = 0. By choosing an appropriate value for d a local
horizon can be constructed with arbitrary positive Gaussian curvature, for the
local horizon looks like a surface element of a sphere with radius %. The phys-
ical interpretation of the created metric is a spherically symmetric (artificial)
gravitational field.

A flat local horizon can be constructed by considering the congruence of
curves of all uniform accelerated observers along an axis in local Cartesian co-
ordinates, the local metric is the Rindler metric (§.82).

3.5.2 Holographic screen with local angular velocity

It is possible to rigidly rotate the metric (§.:8T) with constant velocity (as seen by
the accelerating observer) in order to describe a local rotating horizon. The new
metric will describe a stationary axisymmetric rotating (artificial) gravitational
field. The new congruence is formed by the curves of observers which accelerate
radial to infinity, but with non zero initial angular velocity. The problem will
be tackled by rigidly rotating the metric. The local light sheet is constructed
at cr = d, just as in the non rotating case. The local holographic screen is the
spatial surface orthogonal to the light sheet generators at observer time 7 = 0.
The infinitesimal rotation is

v — Pp=p+e(n) (3.83)

inserting this in the metric yields, with w = g—i and dropping the tildes,

ds? = —(cr —d)2d7? + dr? + r2d0? 4+ r2sin? 0 [dp — wdr]”  (3.84)
= —[(er — d)? — w¥r?sin® Odr? — 2wr? sin? Adrdyp
+  r?sin? 0dp? + dr? + r2d6? (3.85)

This is the line element used by the local radial accelerating observers with
initial angular velocity w. Note that it is consistent with the general expression
for stationary axisymmetric space-times, (2.14).

The orbit velocity v = wr must remain well below the speed of light to if
the metric is to be interpreted as a physical (artificial) rotating gravitational
field, and such a physical interpretation is necessary in order to do local ther-
modynamics. However, it is not necessary to have a physical interpretation of
the congruence generating the holographic screen in order to do holography.
Therefore it is always possible to create a rotating local holographic screen with
arbitrary angular velocity.

The metric is singular at (cr—d)? = w?r?sin? §, and it is possible to construct
a null hypersurface H there, but the tangents to the congruence of the radial
accelerating observers are not null there [, but rather at the horizon or rotating
holographic screen H at c¢r = d. In the non rotating case the vector field £ = 0,

8The term —2wr?sin? < 0, and this keeps the accelerated observers on timelike curves
at the new coordinate singularity.
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generates the horizon at c¢r = d, but now this vector is not orthogonal to the
horizon H. This is clear if the vector ¢ = 0, is considered, which is tangent to
the horizon since the surface is ¢ independent

G " | = —2wr?; sin® 0 (3.86)

As ¢ is not orthogonal to &, except at § = 0 or § = 7, the conclusion must be
that € is not the horizon generator.

The horizon H in the non rotating case was at cr = d, at this location there
is a null vector field x* = &* + C¢" in the rotating case, and the constant C'
follows from

0=guwX"X"|lz = 900&°" +2901C&p" + g11C%p" o' (3.87)
At cr = d this requirement reduces to
0 = w?—2wC+C? (3.88)
so there
C = w (3.89)

just as in the Kerr-Newman case. The generator of the holographic screen can
be found for arbitrary radius %, and the vector field exists for all values of w.

Since the screen is generated by a superposition of the local Killing vector
fields £ and ¢ with constant coefficients, the vector field x is also a local Killing
vector field. Note however that the constructed smooth vector fields are Killing
vector fields at an instant of time, as the local rotating Rindler space-time is
constructed in a local inertial system at a point p on the space-time manifold.
The true difference between this scenario and the Kerr-Newman scenario is the
fact that Kerr-Newman scenario is globally stationary, and this is stationary
only in a neighbourhood on an arbitrary manifold.

The generator y of the holographic screen has zero expansion, shear and
twist at 7 = 0, because at 7 = 0 the vector field coincides with a Killing vector
field, and it is hypersurface orthogonal.

Artificial ergosphere

At the new coordinate singularity a null hypersurface H can be constructed,
but this is not the natural hypersurface of the congruence of curves under con-
sideration, as the congruence under consideration is not at H.

The null vector field generating H, must also contain a part in the ¢ di-
rection. That is because it must be orthogonal to all tangents of H, and the
location of H is independent of ¢. Suppose the vector field orthogonal to H is
X" = & + Cpt, then on H,

0=0uwX"Y"lg = 900" +2g01CEp" + g11C%p" ! (3.90)
As goo = 0 on H, the requirement is

0 = 2901 +g115' (3.91)
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so the constant is
C = 2w (3.92)

This vector field is clearly not tangent to the congruence of curves under con-
sideration.

A comparison with the Kerr-Newman metric (246} learns that the null hy-
persurface H looks more like the boundary of the ergosphere than a horizon, i.e.
goo vanishes and the 6 dependence of H are the same as for the Kerr-Newman
metric. The ergosphere of the Kerr-Newman black hole is interpreted as frame
dragging due to the concentration of mass in the black hole, but here there is
no mass associated with the rotation. The coordinate frames are not dragged
by matter in this case, but accelerated by hand.

3.5.3 Other local holographic screens

Two families of local holographic screens have been constructed, rotating and
non rotating local holographic screens. Actually this might as well be consid-
ered just one family, as the rotating case is the non rotating case for w = 0.
In 4-dimensions, i.e. 1 time and 3 spatial dimensions, the non rotating holo-
graphic screens can be divided into two subclasses, the local flat screens and the
screens with positive local curvature. Are there screens with a negative local
curvature? The answer is no. A null geodesic congruence of curves may perhaps
be constructed such that the space orthogonal to the congruence has negative
curvature may be found, but then the expansion of the geodesics that extend
away from the surface will immediately become positive and therefore no light
sheets extend from these surfaces.

The two families of local holographic screens constructed here can be used
to construct any finite size holographic screen by patching local screens with
the right curvature and right angular velocity together.
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Derivation of the Einstein
equation
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Chapter 4

A thermodynamic
interpretation of space-time

In this chapter the generalised laws of thermodynamics are assumed to hold
for all matter in the space-time. The generalised laws will be summarised and
the important quantities are defined. Assuming the generalised laws of thermo-
dynamics a derivation is given of a local Einstein equation. If this is the true
way to derive the Einstein equation, then it could mean that gravity should
not be quantised at all, but that it should be treated as a many particle effect,
such as water or sound waves. This issue is left open to debate in this thesis,
because any local field description of gravitational interactions at (extremely)
small scales can only lead to a better understanding of gravity. Only after the
theory is developed which describes local gravitational self-interactions and in-
teractions with matter the answer to this question is known. At this point in
time there is absolutely no experimental information to give a solid foundation
for any answer to this issue.

The derivation of the Einstein equation presented here is a more general
derivation than the one originally proposed by Jacobson in 1995, [I0]. Jacobson
considered locally static horizons, which he calls local Rindler horizons. He
created locally accelerated observers in order to model information entering the
space-time through the local past horizon of the local Rindler space. He was led
to the conclusion that the Einstein equation does not describe a fundamental
force, but rather an effective field description of same more fundamental fields.
The effective field description breaks down when the local equilibrium condition
fails. In a later article he declared that this interpretation no longer has his
favour [T, but this doesn’t affect the derivation itself.

In the derivation presented here locally stationary horizons are considered
instead of static horizons. These are rotating versions of local Rindler horizons.
The equivalence principle, which is usually invoked to transform the gravita-
tional field away, is a starting point for the local thermodynamics. This means
that local gravitational waves are described by the model, which propagate on
some arbitrary background space-time manifold.

49
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4.1 Observers and information

Consider an observer in some space-time. In general the observer cannot observe
the entire space-time, for the information present in the space-time can only
travel at finite velocities, velocities which are on average less than the speed
of light. Only information within the past light cone of the observer can reach
him, and he can only send information to the region within his future light cone.
The part of the space-time from which an observer can obtain information is a
spacelike hypersurface with boundary, where the boundary is a null hypersurface
which is the horizon of the observer. Events happening outside his horizon are
a spacelike distance away from the observer. The information actually seen by
the ohserver is the boundary, for only on the light cone travel the photons which
reach his eyes.

In particular uniform accelerating observers will be unable to see all of space-
time, see figure A5l and observers in a space-time with a black hole will not
be able to acquire information from beyond the black hole horizon unless they
enter the black hole themselves. These observers are in space-times in which
there are what are sometimes called causality barriers. These are a kind of one
way streets for information, in one direction the information will experience no
barrier, in the other direction it experiences a wall through which it cannot pass,
for they will have to accelerate to velocities greater than the speed of light to
get through the barrier, which is possible only for tachyons, which are assumed
not to exist.

4.2 The postulates of space-time thermodynam-
ics

In chapter B the laws of black hole mechanics have been introduced, and these
laws have a thermodynamic interpretation. Together with the usual laws of ther-
modynamics these form the generalised laws of thermodynamics. In this chap-
ter the generalised laws of thermodynamics are the postulates of what might be
called geometric statistical mechanics, and these laws will be used to derive the
Einstein equations. The Einstein equations can then be interpreted as equations
of state. The original laws of thermodynamics have been explored thoroughly by
experimental and theoretic means, but the generalised laws can’t yet be tested
experimentally and have neither been explored thoroughly by theoretic means.
Here the generalised laws are studied near local horizons. Local horizons can
be created by considering local uniform accelerated observers, see section 351
The quantities of importance in the laws of thermodynamics are heat @,
temperature T, entropy S, work W, and internal energy U. It is not evident
what these quantities are in geometry, but the generalised laws interpret surfaces
in space-time to be proportional to entropy and the gravity associated with these
surfaces as temperature. The surfaces associated with entropy are supposed to
be local event horizons, which form the boundary of the observable space-time.

4.2.1 The laws of thermodynamics

In order to clarify the generalised laws of thermodynamics, i.e. the usual ther-
modynamic laws and the extra black hole laws, I will summarise both sets of
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laws here.
The laws of thermodynamics are, the zeroth law,

local thermodynamic equilibrium < 7T = constant (4.1)

so two volume elements in thermal equilibrium have equal temperature.
The first law, which expresses conservation of energy, is

AU = dQ+dw (4.2)

i.e. the increase of internal energy of a system is equal to the supplied heat to
the system plus the work done on the system. The heat transferred to a system
is defined by

dQ = TdS (4.3)

Entropy is the logarithm of the number of accessible states. Adding heat to a
system means adding degrees of freedom to a system, whereas work does not
change the number of accessible states of the system.

The second, with S the change of entropy in a closed system,

5S > 0 (4.4)

or the entropy of a closed system increases over time.
Finally the third law,

T—-0 = 65—0 (4.5)
which means that the entropy will go to a constant value when the temperature

goes to zero.

4.2.2 The laws of geometric dynamics

The laws of black hole thermodynamics are assumed to describe the geometry
of space-time. The laws are the zeroth,

local stationary horizon < x = constant (4.6)

i.e. two pieces of horizon in equilibrium have equal surface gravity. The identi-
fication of surface gravity with temperature is made.
The first law, which describes conservation of energy is

AU = adA (4.7)

where « is a constant of proportionality[], and A is the area of the horizon. U
is the energy hidden by the horizon, sometimes referred to as the energy of the
horizon. In chapter £ the first law was

dM = 8idA +wydJ + ®yde (4.8)
7

where M is the mass hidden by or on the horizon, J is the angular momentum
of the horizon, or all objects hidden by the horizon, and wpg the angular velocity
1

« is constant in equilibrium, i.e. when the surface gravity is constant.
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of the horizon. @y is the corotating electric potential of the horizon and e is
the total electric charge hidden by the horizon. dA is an area element of the
horizon. The angular momentum term and the electromagnetic charge term
are in [Z] interpreted as work terms, and the mass is interpreted as the internal
energy of a black hole. The area is interpreted as a measure of entropy. The
interpretation of work and heat in the scenario presented here is treated in
section 3], but only in a scenario without electric charges.
The second law is

da >0 (4.9)

which means that the area of an area element a = dA of a local horizon increases

in every process, just as the entropy of a closed system increases in any process.

The entropy hidden by horizons is proportional to the surface area of the horizon.
Finally the third law

k—0 = da—0 (4.10)

The surface of the horizon is constant for zero surface gravity.

The generalised laws of thermodynamics are the same as the laws of thermo-
dynamics with the requirement that the horizon thermodynamics is taken into
account, i.e. the temperature of a horizon is proportional to its surface gravity
and the entropy of the horizon is proportional to its area. In local equilibrium
the heat in a region of space-time with a boundary is the heat hidden by the
boundary and the heat carried by matter present in the region,

dQiot = dQun +dQpu (4.11)
TindSin + TedSH (4.12)

where in equilibrium the thermodynamic temperature Ty and the horizon tem-
perature Ty are equal, Ty, = Ty. A problem with a thermodynamic interpre-
tation of space-time is how heat and work are defined in a geometric setting.
The quantities appearing in the postulates will be explained in section 4:3]

4.3 Interpretation of the thermodynamic quanti-
ties

What is the meaning of the postulates of geometric statistical mechanics? A
satisfactory interpretation should be given of each quantity appearing in the
postulates. The original thermodynamic laws have a clear interpretation in the
absence of gravity, so these laws shall not be treated, as the thermodynamics
of the interactions of gravity with matter is described by the laws geometric
dynamics.

4.3.1 Work

Usually work is associated with external parameters describing the system, and
heat is defined as energy flow between the system and a heat bath, or thermal
reservoir. The notion of heat and work are not trivial in space-time. The metric
can’t just be put in a box and it is not clear what the external parameters are
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if the system can’t be isolated. This can be illustrated with the Kerr-Newman
space-time.

The Kerr-Newman space-time is asymptotically flat, so an observer at infin-
ity (outside the space-time) will interpret the angular momentum of the space-
time as external parameter, which can be changed by somehow adding angular
momentum to the space-time. What happens if the outside observer adds an-
gular momentum to the space-time? The initial system is described by the 4
parameters of the Kerr-Newman metric. The outside observer will only change
one parameter, the total angular momentum of the space-time J. The external
observerf] adds a little angular momentum §.J. After some time the space-time
will return to an equilibrium configuration with angular momentum J = J+4.J.
The outside observer is bored [] with his new space-time, and decides he preferred
the original one, therefore he adds angular momentum f] —6.J. Again after some
time the space-time will settle down to an equilibrium, which has angular mo-

mentum J = J—4&J = J and the system has returned to its original configuration
without generating entropy.

The outside observer at infinity sees an isolated system and would perhaps
naively use the vector field £* as the vector field generating time translations,
but in the ergosphere of the black hole this vector field is no longer a timelike
vector field. An observer within the ergosphere will certainly not experience this
field as the generator of the time translations. The local observer does not see
an isolated black hole and cannot interpret the angular momentum as external
variable, for if the angular momentum of the black hole is varied, then also the
angular momentum of the gravitational field is changed. The observer in the
ergosphere near the horizon would use y* as the timelike vector field, he has to
accelerate in that direction to remain at a fixed distance from the black hole,
because he is dragged by the rotating black hole. The local observer cannot just
increase the angular momentum of the black hole and then decrease it again to
its original value without angular momentum dissipating to the gravitational
field of the black hole. The local observer would perform a Penrose process to
decrease the angular momentum of the black hole, but this is a non local process.
The energy of the black hole has decreased if positive energy leaves the space-
time at infinity. In other words he cannot return to the original configuration
and repeat the process, thus a transfer of angular momentum is an irreversible
process.

The Kerr-Newman metric can be interpreted as a closed system by observers
at infinity, and can be by external parameters. Observers which are far enough
awayf] from the black hole may also give a good description of the black hole
with these parameters. An observer which is near the horizon can’t use these
parameters to describe a closed system, because the gravitational itself carries
the mass and angular momentum, which can be assigned to the black hole only
by observers at infinity. The conclusion must be that work can only be defined
for isolated systems.

2This observer is apparently some sort of deity

3As usual the creation (the observer) was created as an image of its creator, i.e. in this
case me.

4 Angular momentum can be extracted from a black by a Penrose process, see [2].

5Far enough would be the region of space-time where metric is approximately flat
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4.3.2 Temperature and surface gravity

It is not manifest what the surface gravity of a horizon is. The horizon of a
Rindler space-time for example has a surface gravity that is observer dependent.
For a global Rindler space-time the surface gravity must be zero, as Rindler
space-time can be extended to Minkowski space-time. Thus no matter is present,
to generate the gravitational field, although it is possible to define a surface
gravity for the observer as his own acceleration. How does a local observer
know what the true surface gravity is? It turns out that it doesn’t matter what
the true surface gravity is, for it will be shown that in the definitions used here
both the heat and the temperature contain the surface gravity x and therefore
drop out of the thermodynamic relations.

The temperature of a local patch of space-time in instantaneous equilibrium
will be the Unruh temperature, defined by

T = (4.13)

in which s is the acceleration of the observer with respect to a vacuum space-
timefl. An accelerated observer with velocity v* has as equation of motion
v*. v” = kv*, in other words, he moves on a non affine parameterised geodesic.

4.3.3 Entropy, heat, and internal energy

A local observer hovering near a black hole does not see the horizon, and can’t
define a black hole as a closed system, unless if he knows the global space-
time metric. He can look at matter falling towards the black hole and define
a comoving volume element falling with the matter as long as the matter has
not entered the black hole. He will see this matter fade to black within a finite
time, see [, so he does notice that matter disappears from the space-time. The
comoving volume element appears to flatten as it falls towards the horizon when
it is described by the outside observer. An observer falling with the matter does
not see this flattening, for he would measure using a local Minkowski metric.

The vector field to be defined as the local (approximate) Killing vector field
generating the infinitesimal time translations is the vector field generating the
local horizon (null hypersurface), at the horizon this is a null hypersurface or-
thogonal vector field.

The entropy can only be defined for a closed system, here the closed system
is a comoving volume element, a volume element which moves along with the
the energy which moves towards the horizon. The entropy leaves the space-time
through the local horizon, and the entropy in the volume element scales with
the surface area of the local horizon. That is because the generalised second law
is assumed and the volume element which falls towards the horizon is flattened
as seen by the observer hovering outside the horizon. Just before it fades out of
existence the volume element will have vanishing width [].

80ne can also call it the gravitational acceleration an observer experiences when he hovers
at some point outside the gravitating object.

7A volume element falling to the horizon with the shape of a ball will evolve into a volume
element which looks like a pancake with the same radius as the ball had for observers which
hover near the horizon of a black hole.



4.3 Interpretation of the thermodynamic quantities 55

There is no work in this scenario, see £3-1] and the entropy dS in the volume
element is related to the internal energy U of the volume element by

TdS = dQ (4.14)
U (4.15)

The internal energy in geometric dynamics is proportional to the surface area
of the horizon, and this means that the entropy hidden by the local horizon is

TdS = adA (4.16)

where a = g~ if the postulated laws of geometric dynamics have exactly the
same form as described in chapter ]

4.3.4 The composition of internal energy

The internal energy of a part of space-time is proportional to the mass and
angular momentum content of that part of the space-time. In a more general
case also the energy of electromagnetic charges and fields etc. must be added
if they are present in the part of space-time under consideration. Locally the
internal energy satisfies

AU = dM —wydJ (4.17)

With equation (fLT15) this means that the quantities M and J which have the
interpretation of mass and angular momentum respectively are transferred over
the horizon as heat.

Infinitesimal geometric quantities mass dM and angular momentum dJ of a
local patch of the horizon may be defined for the [ by

AM = £,,dS" (4.18)
dJ = pudS* (4.19)

with & a local stationary Killing vector field and " a local rotational Killing
vector field. The surface element dS*” of the horizon can be given by nl#m*IdA,
where n* and m” are null geodesics orthogonal to the horizon chosen such that
gum*m” = —1, see section B for the construction of a metric on the horizon.

It is also possible to define these geometric quantities for the local metric
in a volume near the horizon, but this definition is even less obvious than the
previous definition for the horizon.

M = ¢,,dv* (4.20)
dJ = ¢¥,,dV* (4.21)

where dV# = n#dV is the volume element of the space-time region with normal
n*. These definitions are related if the Stokes theorem is applied, but only
when the horizon encloses the region V' of space-time and the vector fields can
be identified with each other.

8There are two reasons for these definition, the first is that these Killing vector fields have
these constants of the motion associated with them, see 2.2.T] and the second (related) reason

is that the Komar integrals will be reproduced if one integrates over a closed horizon which is
the boundary of some region of space-time, cf. black holes.
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4.4 The Einstein equation

The quantities appearing in the generalised thermodynamic laws have now been
identified and in this section the generalised laws will be used to derive the
Einstein equation. The derivation is done locally, the resulting Einstein equation
describes the local interaction of the metric with matter present locally on the
metric.

The principle of equivalence states that in any point p in the space-time it
is possible to find a local coordinate system in which the metric is Minkowski
at p with vanishing first derivatives. This means that locally the gravitational
field, i.e. the affine connection, vanishes in p. In a local Minkowski space-
time no horizons are present, but a local horizon can be created by considering
Lorentz boosted observers near p, see section B.5. The horizons created in this
way are called local Rindler horizons, and the rotating version may be called
a rotating local Rindler horizon. The local Rindler space-time possesses local
symmetries, i.e. instead of the usual global Killing vector field generating the
Lorentz boost in a global Rindler space-time, the local Rindler space-time has
the Killing vector field property only instantaneous fl. The rotating local Rindler
space-time is an instantaneously stationary axisymmetric space-time, with the
instantaneous Killing vector fields associated with these symmetries.

In this way not only an event horizon in an arbitrary gravitational field can
be described locally, but any local interaction of matter with the metric can
be described by the space-time thermodynamics. The only requirement is local
thermodynamic equilibrium. As long as the principle of equivalence holds, local
thermodynamic equilibrium exists. That is because Minkowski space-time is a
flat vacuum space-time. If a transformation can be found such that the space-
time is Minkowski at a point, then the space-time is vacuum around that point,
and a local vacuum is in local equilibrium.

A locally accelerating observer will see a local Rindler space-time, and a heat
bath at the Unruh temperature, see section £.7] The local Rindler space-time
is also in local equilibrium, because it can be transformed to a local Minkowski
space-time, but it does have a matter current, and the thermodynamics is non-
trivial in the local Rindler space-time.

4.4.1 Einstein equation derived using a local horizon

The Einstein equation will now be derived in the neighbourhood of a local
rotating Rindler horizon using the generalised laws of thermodynamics. The
original derivation of Jacobson, see [I], was for a non rotating local Rindler
horizon, which is a special case of this derivation. The key ingredients in the
derivation are the equalities dQ) = T'dS and dS = ndA, where n = 7.

Consider an observer in a local rotating Rindler space-time, see section J:5-2]
and let xy* = &* + wy* be the generator of the local rotating horizon. The
vector field £€# generates the motion towards the horizon, and wg* generates a
rigid rotation of the horizon with angular velocity wpy. The case wy = 0 repre-
sents the case treated by Jacobson, the non rotating local Rindler horizon. The

9The vector field satisfies the Killing property only in a spacelike neighbourhood of p, the
vector field exists in the future and past of p, but there it doesn’t satisfy the Killing property.
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vector field y*is timelike outside[ the local horizon. At point p, i.e. the point
in the local Minkowski frame where the horizon is constructed, it is normalised
such that x,x" = —1 and it is future directed, i.e. it points in the direction of
the flow of time. The timelike vector field x* is a geodesic of the local rotating
Rindler space-time in non affine parameterisation, x*.,x" = xx*. The vector
field x* can be interpreted as a local boost vector field generating the energy
(matter) flow over the horizon [.

On the local rotating horizon x* is null and it is orthogonal to the horizon,
for the horizon is the null hypersurface generated by x*. Vector fields which are
null hypersurface orthogonal have the property that they satisfy the equation
for non affine parameterised geodesics[4. Therefore on the local rotating horizon
the boost vector field satisfies x,x* = 0 as well as x*, x” = rkx* with the scalar
function x a constant scalar due to the generalised zeroth law which states that
the surface gravity is constant on a local stationary horizon. The horizon is in
this case generated by the local stationary axisymmetric vector field x", and is
indeed a local stationary horizon.

The x* can be reparameterised such that they are geodesics of the local
rotating Rindler space-time. The geodesics k* are defined by, see appendix A77]

xX* = —krAK! (4.22)

where A is the affine parameter, which is zero in the neighbourhood of point p
where the local inertial frame is constructed, and is negative to the past of p.

The heat d@ in the comoving volume element dV which falls towards the
horizon, as seen by the accelerating observers outside the local horizon on the
vector field x*, is equal to the energy dU in that volume element. The energy
moving along with the volume element is the energy transported along the vector
field x*. The energy current p* seen by the observers on x* is

N (4.23)
= KT,k (4.24)

The volume dV is the volume of the spacelike hypersurface generated by the
timelike geodesic vector field k*, this is the natural normal vector to the volume.
The energy in the volume element is

AU = —kAT, krE"dV (4.25)

Near the horizon the volume becomes flatter and flatter, as seen by the observer
on x*, the volume element infinitesimally close to the horizon is

dV = dAdA (4.26)

Infinitesimally close to the horizon the energy or heat moving towards the hori-
zon is given by

dQ = —kAT,, Kk k"dAd) (4.27)

10Qutside the local horizon means that the vector field x* is considered to be farther away
from the origin of the local metric (§:85) than the local horizon

11 A rotating black hole drags matter along with it, this scenario is artificially created when
local rotating Rindler horizons are constructed.

125ee appendix .6
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Although the observer does not see it, the heat is expected to cross the horizon.
The amount of entropy that will cross the horizon at observer time A is the heat
divided by the Unruh temperature

d@
= —_— 4.2
as 7 (4.28)
= —27\T,, kMEYdAdA (4.29)

Note that the surface gravity has disappeared from the equation for entropy. The
accelerated observer ohserves a local heat bath which is homogeneous, therefore
the scalar quantity 7}, k*k" has the following expansion in A,

T k"K' (A) = T k"k"(0) + O(\%) (4.30)

The change of entropy is proportional to the change in horizon area, dS =
nda. The change in the horizon area a is[,

da
— = fa 4.31
with 6 the expansion of the congruence of null geodesics k*, which generates
the horizon.

The vector field k* is instantaneously stationary at A = 0 and has the
property

Bulyeg = BPLRVEN,|_ =0 (4.32)

where h,, is the projection operator on 2-dimensional space[] orthogonal to the
geodesics k.

The horizon area element at affine parameter M is

a(\) = agelo N (4.33)
A2 df

ao <1 +20(0)+ 5 o (0)) = ag <1 + /\;ka“k”> (4.34)

Q

where ag = dA, the surface element of the horizon at A = 0, and to obtain the

term % (0) the Raychaudhuri equation for null geodesic congruences was used,

equation (B.29), in conjunction with the fact B*, (0) = 0, see equation (f.32).
Thus the local increase of horizon area da is

da = AR E'EYdADA (4.35)

and the increase of the entropy hidden by the horizon at observer time A\ is equal
to

dS = nda=nAR, E"'k"d\dA (4.36)
and therefore % = dS is equivalent to

— 2 AT, k'EYdAdA = nAR, E'K"dAdA (4.37)

13 A derivation for this equation is in section
14See section B-4.4] note that the hats have been dropped here. The equation (4:32] is also
proven for the null geodesic congruences under consideration here.
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When X # 0 then the expression can be divided by nAdAdA,

2
—%ka“k”d)\dA = R, k"k’dAdA (4.38)

Ag the k* are null vector fields there is freedom to add a term proportional
to the metric to this equation. The term fg,, k*k", with f a scalar function is
added to the right hand side,

2
T kR = R kK + fguktkY (4.39)
1
or
2w
0 = <7—]TW + Ry + fg,“,) Kk (4.40)

This equation holds for all null vector fields on the horizon, for the first law
d@ = TdS does not depend on any special family of geodesics. Therefore the
term between brackets must be zero,

2
0 = %TW+RW+ Fom (4.41)

Now the function f can be found by taking the the divergence of this equation [,
0 = R™ , + fug" (4.42)

The Bianchi identities, (R’“’ — %g’“’) b= 0, then yield

, R
f = -5 +C (4.43)
with C some constant. The resulting equation relating the metric to the energy
momentum density of matter on the metric is

1 27
Rl»“/ — §g,u1/R + Cgl“/ = _FTMV (444)
Compare this with the Einstein equation (£.10),
1
R, — §9WR -Agy = =817, (4.45)

The Einstein equation is recovered when the constant C' is identified with the
cosmological constant, C' = —A, and 7 is identified as n = %.

Higher order in A

Both the change in area and heat flux were given to first order in . The solution
to the equation of motion for the local observers generating the horizon was also
valid to this order. Still it is nice to know if the Einstein equation is recovered if
terms at higher order are considered, e.g. if a space-time is considered in which

15The energy momentum tensor is divergence free by definition, 7", = 0.
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there is a higher order neighbourhood in which the solutions to the equation of
motion hold to higher order in A.
The )\ expansion of the area variation is to A* inclusive

a(\) = dAeli N (4.46)

A A2 do A3 %0 A a3
dA <1 + ﬂ9(0) RECTIETY (0) + T2 0) + T e (0)> (4.47)

Q

These terms are easily evaluated using the expressions for the parallel transport
of the B,,,, see equation (B-30) together with the fact B, (0) =0,

d2e P

SO = Rk (4.48)
3¢ o v vy\2

S5O = R KRR = (R b k)

— 20,00, C*™ T kP ki (4.49)

Thus the higher order area variations are

A2 L 1.V

O()‘Z) = nTiRuu;kapkl k (450)
A3 A\

o) = 77T§ (Ruu;p;o — RywRpo — QC,W,\,)CH# V) kPO EFEY (4.51)

The tensor Ciy .. is the Weyl tensor, i.e. the traceless symmetric part of Ry,
and it measures the deformation of the manifold.

The heat flux terms to higher order in A are, under the assumption that
Kk = constant,

2

0(\%) = —H%Tuy-’pk‘pk’“ky (4.52)
)\3

O(/\B) = _HgTuugp;akPkakuk” (453)

These expressions are simply the terms in the Taylor expansion of the function
F = —kXT),, k*EY. If the assumption k = constant is dropped, then terms with
derivatives of k need to be added, and the relation between y* and k* will no
longer be a factor A.

The first order terms gave the Einstein equation which connects 7}, and
R,,,. In the second order equation there is also the freedom to add new terms.
The new equality is, with C' = 2¢

n
0 = N[CTup+ Ruvip + Ungup + VoGuw + Wogpu KPR"E" (4.54)
Contracting the term between brackets with g¢"” yields

0 = CT", ,+R,+U,+4V,+ W, (4.55)
= (CT",+R), + X, (4.56)

where X, = U, + 4V, + W,. The Einstein equation is recovered for

X, = 2R, (4.57)
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A good choice for the three vectorsis U, =W, =0, and V,, = %R;#.

The third order terms will yield a tensor (.0, which is defined as a sum of
all permutations of indices of terms P,,g,,, because there are now that many
ways to contract the metric tensor with the vector field k*. The new relation is

0 = A3 [CTMW + Ryvipo — RuvRpo — 2002, C" 0 + QWM] P EC kP kY

n v

Due to the symmetries of the other terms the tensor @,.,, has the symmetries

Q;J,ypa = Q;wap = Quuop = Q;wpa (458)

The Einstein equation is recovered for

Quupe = RipoGuw — Rpo Ry — 2Ckan,C° 1, (4.59)

The vector X* and tensor .., can be chosen such that the Einstein equa-
tion is satisfied, it is expected that this is possible to all orders in .

Stability under gravitational disturbances

Consider a gravitational disturbance,

Jur — G = G + 69;w (4‘60)

What is the effect of such a disturbance on the Raychaudhuri equation for a null
geodesic congruence k*7 An observer on a geodesic in the congruence will see
the other geodesics in the congruence deviate differently than before, the distur-
bance affects the space orthogonal to the geodesics. The varied Raychaudhuri
equation is

dsé

o= 060 — 261 66 1, + 201 66y, + SRy KM EY (4.61)
= 2B""6B,, + R k"k" (4.62)

The variation of the Ricci tensor is well known, this yields the Palatini identity,
see e.g. M, so only the variation of B,,, will be treated here,

5BMV = 5hltl)BpUiLrw + H}L[)BPJ(SB(TV (4.63)
= 09upB" hoy + 1,y B 390, (4.64)
= 6glt>\é)\y + Bu/\(sg)\u (465)

This is clearly proportional to Buw and since BW = 0 the only non vanishing
term in the Raychaudhuri equation is the disturbed Ricci tensor,

dsé
— M 1.V 4.
"IN R, kMK (4.66)
and thus the varied expansion is
30 = MR, k'K +C (4.67)

with C some constant which is set to zero using appropriate boundary condi-
tions.
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The disturbance of the heat transfer is
0Q o< AR, KMEY (4.68)

so the first order Einstein equations are recovered, i.e. the disturbed metric also
satisfies the Einstein equations.

If a second order disturbance is considered nothing changes, now there are
terms proportional to 5B“”5BW, B‘“’52BW, and (62R,, )k*k”. The only vari-
ation not proportional to B,“, is again the varied Ricci tensor, so again nothing
new happens.

The conclusion is that the local thermodynamic description of gravity is
independent of external gravitational waves passing through the local volume
element.

4.4.2 Discussion

The state of a system is only well defined if the system remains infinitesimally
close to equilibrium, does this system satisfy that property? Yes, for space-time
is locally empty (or a local vacuum) if the local inertial system is considered, so
the local infinitesimally accelerated observer observes a space in local equilib-
rium.

The infinitesimal Lorentz boost can be interpreted as a thermal fluctuation
of the vacuum. A fluctuation immediately causes a local acceleration horizon
to appear. The surface gravity may be interpreted as the reacting force of the
thermal bath which the boosted particle crashes into, thus it experiences a force
which pushes it back to its original location. Another interpretation for x is
to interpret it as a measure for the probability for the fluctuation to happen, a
larger acceleration is less likely to happen than a small one.

One can also consider the fluctuations as quantum fluctuations, then the
origin of the pull back force can be interpreted as the gravitational pull which
comes from the antiparticle created at the same time as the particle. The
gravitational acceleration felt by the created particle measures the mass of the
anti particle. Again the acceleration is a measure of the size of the fluctuation.

Since the local equilibrium is the configuration in which the highest entropy
is attained (together with the lowest energy), the entropy seen by the infinitesi-
mally boosted particle must be infinitesimally close to the equilibrium entropy,
the process is isentropic.

Forget the second law of black hole thermodynamics for a moment, and
consider only the second law of ordinary thermodynamics. This law states
that the entropy in a closed system can not decrease. Consider the closed
system to be a local Minkowski neighbourhood of space-time. This system is
in local equilibrium, and it is a local vacuum, therefore define its temperature
and entropy to be zero. A Lorentz boosted particle in this local Minkowski
system observes a heat bath, and an entropy transfer over the horizon. This is
against the second law, the entropy, which is a scalar and is therefore invariant
under coordinate transformations, of the local Rindler space-time ohserved by
the particle must be infinitesimally close to the entropy of the local Minkowski
space-time experienced by an inert particle. Apparently the entropy lost over the
horizon is equal to the entropy which is created by accelerating, i.e. the entropy
of the observed heat bath. The total entropy in the original Minkowski volume
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was zero, and therefore the entropy hidden by the local horizon of the boosted
particle must cancel the entropy of the heat bath observed by the particle. The
entropy hidden by the horizon is the entropy which is seen to cross the horizon by
the accelerated particle. The entropy which the particle observes to disappear
from his local space-time is contained in a volume element, which is flattened
to a surface element on the horizon. This gives an upper bound for the total
entropy for a system in local equilibrium, it has to be proportional to the area
of surfaces rather than volumes, for any fluctuation will generate a local horizon
over which entropy is lost. Following this line of reasoning the ordinary second
law of statistical mechanics actually implies a scaling of entropy proportional to
horizon area for any system with Lorentz symmetries.

The classical statistical mechanics is consistent with this relativistic theory,
because for small fluctuations the horizon is far away, and the created horizon lies
outside the local system. Therefore entropy is in classical processes, i.e. in low
energy processes, proportional to volumes. However, if the fluctuation becomes
arbitrarily large, then the horizon comes arbitrarily close to the fluctuation,
and then the entropy of the heat bath observed by the fluctuation has to be
proportional to an area. Apparently the number of states at high energy reduces
at such a high rate that the entropy in a region does no longer scale with the
volume, but rather the entropy increases proportional to the area.

Taking this reasoning a step further, a lightlike fluctuation happens on the
acceleration horizon, lightlike fluctuations describe the electromagnetic interac-
tions, for these are propagated by photons. All force mediators in the standard
model are lightlike (on shell). The space-time a lightlike object experiences
is 2-dimensional, i.e. the dimension of the spatial surface orthogonal to the
propagation null vector of the photon.

The general theory of relativity can thus be interpreted as a statistical theory,
and the principle of equivalence is actually the statement that the neighbour-
hood of each point in space-time is in local thermodynamic equilibrium. That
the general theory of relativity is a statistical theory could have been expected,
as Einstein is well known for his work on black body radiation.



Chapter 5

Holographic derivation of the
Einstein equation

In this chapter the holographic principle is used to derive the Einstein equation
locally, in particular the generalised covariant entropy bound is the holographic
bound used in this chapter which is

A(B) — A(B)
4

See section B3] for a description of the quantities appearing in the bound.

S(L) < (5.1)

5.1 infinitesimal light sheet

The generalised covariant entropy bound is supposed to hold for the entropy
passing through a local light sheet L connecting the local infinitesimal holo-
graphic screens dA and dA which are separated by an infinitesimal affine pa-
rameter distance A as measured along geodesics which generate the light sheet.
It will be seen that this is a good measure for the length of a light sheet, as the
affine parameter on the null geodesic congruence generating the light sheet is
associated with the proper time of the natural family of observers which gener-
ate the light sheet. The generalised covariant entropy bound for this scenario
is

dAy — dA
s < % (5.2)
The reasoning in this section will be very much like that of section £4] First
the entropy S passing through the light sheet will be considered. The entropy
passing through the light sheet is by definition related to the heat d@ passing

through the light sheet,
TdS = d@Q (5.3)

By definition no work is done on the light sheet, i.e. it is a geometrical con-
struction, not a physical object, ergo no work can be done on it. The entropy
is related to the energy dU passing through the light sheet

TdS = dU (5.4)
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A local light sheet would be constructed in a local Minkowski space-time. The
local temperature and energy of Minkowski space is zero, and this equality is
empty. However, the local light sheets constructed in section J5-2]come with a
natural family of accelerated observers, and the temperature on the light sheet
should be the local temperature observed by the accelerated observer, which is
the Unruh temperature.

The local holographic screen generator x* = &* + we! is proportional to
the null geodesic k*, just as in the thermodynamic scenario, x* = —xAk*, with
A the affine parameter and k the acceleration of the observers. The Unruh
temperature is

T = =& (5.5)

The energy current seen by the observers is

pto= ThXY (5.6)

v

= —rATH KY (5.7)

The volume element infinitesimally close to the light sheet containing the energy
that will cross it in proper time interval dA\ is

AVH = k*dAdA (5.8)

The heat or energy U passing through the local light sheet is the energy
which these observers see leaving the observable part of their space-time at
proper time A is

AU = —kAT,, K"k dAd) (5.9)

The entropy transferred through the light sheet is
1
ds = TdU = 27w \T,, K"KV dAdA (5.10)

The accelerated observer sees a local homogeneous heat bath and therefore the
term 7, k*k" can be considered constant for small A, the first correction being
of order \2.

Now the area difference of the holographic screens is considered.

dA)\ — dA() = da (511)
= [Ru K"k a0 AdAdA + O(\?) (5.12)

The area variation da = dA) — dAg of an area element is given by equation
(E33). The area element is infinitesimal and therefore the term R, kMkY at
proper time A\ = 0 can be considered constant on an infinitesimal area element.
The entropy bound is an equality for the holographic screen, the entropy
scales proportional to the area because of this bound, and the coefficient must
also be the same, otherwise it is possible to either state a tighter bound, or the
bound is not true. For example, if the entropy scales with volume, then it is
always possible to construct a system with low entropy density large enough
such that its total entropy breaks the bound. Also no work is done, all energy
passing through the light sheet contributes to the number of accessible states.
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The resulting equality is,
1
— 21T, k"' EVdAdN = ZRWk“k”)\d)\dA (5.13)

For A # 0 this implies
0 = (87T + Ru)k'E” (5.14)
Just as in the thermodynamic derivation there is freedom to add fg,. k*k",
0 = (87T + Ruw + fuu )R (5.15)

The generalised covariant entropy bound does not depend on a special family
of geodesics, the equation must hold for all null vector fields on the light sheet.
This means that the term between brackets must be zero.

0 = 8T, + R+ fou (5.16)

The scalar function f can be established by taking the divergence of this equa-
tion. The energy momentum tensor is divergence free, T"", =0, so the diver-

gence of (B.10)) is
0 = (B"+[fg")u (5.17)
The Bianchi identity (R* — & g“”),u = 0 now fixes f up to a constant C,

R
o= —5+C (5.18)
The resulting equation relating the metric to the energy momentum density

of matter on the metric is

1
R, — §gWR —Agy = 81Ty, (5.19)
and this is exactly the Einstein equation with A = —C the cosmological con-

stant.

5.1.1 discussion

The derivation, carried out for local holographic screens, is similar to the deriva-
tion in section E.471], the generalised covariant entropy bound implies the gen-
eralised second law.

What is important is that this holographic derivation is more general than
the thermodynamic derivation. The screens constructed here are purely geo-
metric. For example, black hole horizons have a physical interpretation and it
may be argued that work can be done on black holes, and therefore also on
the local horizons. It remains possible to give a classic physical interpretation
of the holographic screen in certain cases, i.e. when the congruence of curves
represents physical observers, then the screen might be interpreted as a patch
of the horizon of a rotating black hole, even a non stationary one. The local an-
gular velocity is the angular velocity of the curves used to generate the horizon.
The mass of the hidden black hole must be determined from the local uniform
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acceleration along the curves, because the global space-time manifold will not
be asymptotically flat.

The great advantage of this derivation of the Einstein equations is that the
holographic screens remains a valid construction even if the natural family of
curves which generate the light represents unphysical observers which move
faster than the speed of light. This fact can be used in the construction of finite
dynamical light sheets on a finite patch of the space-time manifold. An arbitrary
dynamic finite holographic light sheet may be constructed by smoothly patching
together local rotating light sheets with the right angular velocities.

The construction of holographic screens remains valid to arbitrary small
length scales, as long as a local inertial system can be found. That is nothing
more than requiring space-time to be a smooth manifold and this is not an
unusual assumption. Near the Planck length scales the metric is expected to
be in a superposition of metrics. In that case there is no transformation to
a local inertial frame and the construction of local holographic screens breaks
down. A possible way out is to consider the expectation value of the metric,
and construct screens on the averaged metric.

5.2 finite holographic screen

The Einstein equation can also be derived from the generalised entropy bound
for finite holographic screens A and A which are an infinitesimal distance dA
apart. The bound is then

Ax — Ao
S < 1

and the bound is again an equality for the holographic screens.

For each patch of the light sheet exists a natural family of accelerated ob-
servers, and all these observers see infinitesimal comoving volume elements
which will cross the horizon. Now all the energy in these volume elements
needs to be added up to calculate the entropy moving through the light sheet.
The metric h,,, see section §. 4.3}, on the hypersurface orthogonal to the timelike
geodesic congruence k* is

(5.20)

hyw = guw +kuk, (5.21)

The local volume element of a spatial volume orthogonal to a timelike geodesic
congruence is the determinant of the metric on the hypersurface,

VhdPez = /det(hy,)d3z (5.22)

x are the coordinates on the hypersurface. The vector field k* is the normal to
the hypersurface.

The total entropy S in a closed comoving finite volume moving towards the
horizon is

S =—2r / AT, kP ke Vhd3 e (5.23)
\4

The quantity 7, k*k" can no longer be considered constant, therefore the av-
erage will be taken, the average of any scalar p in the volume V is defined
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Jy pVhdx
Jo Vi

The light sheet under consideration has infinitesimal affine parameter length
dA. The entropy passing through the light sheet in observer time X is the
entropy contained in the volume with the horizon as boundary on one side and
has thickness d\ orthogonal to the boundary. The direction orthogonal to the
boundary is k#, and the volume element of this volume near the horizon can be
expanded for small A,

Vhd*z ~ /h(z,0)d%zd) + O(N\?) (5.25)

and /h(z,0) is the metric on the boundary of the volume. The metric hy,,
on the boundary has been defined in section §5] The ) is coordinate is in the
boundary orthogonal direction k*.

The average of a scalar in a volume of thickness A near the holographic screen

<p> = (5.24)

is

Iy J pVhd2wdx

<p>g = g (5.26)
[y Vhd2a [, dA
where B is the boundary of V at the holographic screen.
The scalar T}, k*k" is parallel transported along k*,
(T k"k”),pk? = 0+ 0(N) (5.27)

i.e. T}, k"k" can be considered constant with respect to A in a neighbourhood
of A = 0. The average of \T},, k*k" near the screen is

T, kP kY hd2zd
< AT kP > N - Vhdz (5.28)
[y Vha2z [, d
Tk ke Va2 [, AdA (5.29)
[y Vhd2a [, dX '
[, AdA
= < T kME” A )
<T, >0 IR (5.30)
The entropy passing through the light sheet is found to be
S = =21 <T, k'K > /)\d/\/ Vhd?z (5.31)
A B

The next step is the area difference, the area A of the spatial surface B
orthogonal to the light sheet at proper time A is

/ \/Md% (5.32)

B(\)

= [ i) (5.33)
B(0)

/B(1+/AR’WMV(I)M’\)*AO(A2>dA> N

A(N)

%
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In the second line the expression for the rate of change of each area element was
used, see section B5 and in the third line[] it was used that the expansion, shear
and twist of the congruence vanish at A\ = 0, and therefore the expansion near
A =0 can be approximated by

0(z,\) ~ AR, k'K (z,0) +O(\?) (5.34)
The area difference is for screens an infinitesimal distance A apart,

A — A(0) = /A /B AR kP RV idd ) (5.35)

The average of AR, k*k” for a volume of infinitesimal thickness near the holo-
graphic screen isfl

AdA

CARLEE >0 = < R, kMK > I (5.36)
Jyd
With that the right hand side of the entropy bound (§.20) has become

A(N) — A0 1 =

AN=ZAO) L e / AdA / Vid’e (537
4 4 A B
The equations (531 and (§-37) now yield the equality

— 81 < T, kPE" >0 = < R kMEY > (5.38)

A zero term < fg,, k"k" >¢ can be added, f is a scalar function, the result is
— 87 < T k""" >0 = <R kMkY >0+ < fguk"k” >¢  (5.39)

The sum of averages is the average of a sum, for all the averages here are
supposed to be finite,

0 = <8I, k"E" + R, k'E" + fguk!k” > (5.40)
= < 87Ty + Ry + fgu) KMEY >0 (5.41)
= < Hk'E” >¢ (5.42)

The geodesic generator k* of the light sheet is not unique. This relation must
hold for all tangents to the light sheet. The average (§.42) is zero for all these
tangents,

0 = <HLK'E" >¢ (5.43)
5 Hu bk Vhd?a
I Vhd2z

Since the k# are arbitrary, and the surface area of B is non zero and finite, this
can only be true if

(5.44)

0 = H,, (5.45)
= 87T + Ry + [ (5.46)

INote that the third line has only explicit dependence on \. The surface integral is evalu-
ated at A = 0 and the scalar R, k*k” too.
2The derivation is exactly the same as the one for AT}, k*E".
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The same steps as in the previous derivation [] are taken again and therefore the
most general solution for f is

f=—gR+A (5.47)

and the Einstein equation is again recovered.

5.2.1 discussion

By considering the average entropy passing through a finite screen an effective
description of the behaviour of the metric has been found for finite regions of
space-time. Note that the regions have infinitesimal thickness. In order to
acquire a volume of finite thickness a whole lot of light sheets of infinitesimal
affine parameter length can be constructed. This new light sheet is then bounded
by two surfaces a finite distance A apart, and the entropy passing through the
light sheet is the sum of contributions of each light sheet of infinitesimal length.
The size of the light sheet is ultimately determined by the convergence condition
imposed on the null geodesics generating the light sheets. If two light sheets of
infinitesimal length are patched together, then they are patched in such a way
that the new light sheet extends orthogonally away from the surface on which
the old light sheet terminated orthogonally. The generators of the patched
light sheet will be smooth vector fields. The termination surface can always be
chosen such that the null geodesic congruence terminates orthogonally, because
of equation (B.31)), i.e. the vector field will never develop a twist.

Is this derivation of the Einstein field equations more fundamental than the
usual derivation, see section £.I] and [1]?7 As the boundary area of the light
sheet in the generalised covariant entropy bound is described by the Raychaud-
huri equation, the fact that the field equations have only second derivatives of
the metric and terms proportional to the metric is implicit in the covariant en-
tropy bound. Therefore the derivation is not more general, as the only other
assumption in the usual derivation is that it reduces to the Newtonian theory
for weak fields, but this requirement is dropped for the Einstein equation with
cosmological constant.

If the entropy is supposed to scale with volume, as in ordinary thermody-
namics then one might expect that a covariant entropy bound may hold using
timelike geodesics, which begin orthogonal on a spatial volume (hypersurface).
This will not yield the Einstein equation, unless the trace of the energy momen-
tum tensor is added by hand in the expression for the heat in the volume. That
is because in that scenario it is impossible to add a scalar function for free, the
inner product of timelike geodesics is not zero. Also the cosmological constant
must be added by hand in such a scenario. This may be another indication that
the holographic principle is actually correct.

The covariant entropy bound is time reversal invariant, it can equally well
describe the decrease of a horizon surface area due to entropy entering a space-
time over the past horizon, see figure K5 It may therefore be used in a unitary
microscopic description of quantum gravity.

An advantage of the holographic derivation over the thermodynamic deriva-
tion is that the Einstein equations derived in this way is independent of a phys-
ical interpretation of the geodesics generating the light sheet.

3See the derivation under equation (§.16).



Chapter 6

Conclusion

The Einstein equation and the laws of black hole mechanics imply a scaling of
entropy with area. Together with the assumption that black hole formation and
evaporation proceed in a time reversible manner, this scaling of entropy with
area implies a bound on the total entropy passing through null hypersurfaces,
it is less than the surface area orthogonal to the null hypersurface generators.
The surface area can contain less than one bit per Planck area if the bound is
correct and the number of states of a system can be in is finite.

Reversing the logic, i.e. assuming a holographic entropy scaling either as
thermodynamic principle or in the form of the holographic entropy bound, leads
to the Einstein equation. This means that a holographic scaling of entropy is
consistent with classical general relativity.

There is no a priori reason to assume that the number of degrees of freedom
available to the metric at the quantum scale is larger than at large scales. If
the number of degrees of freedom available to the metric is reduced, then this
reduces the dimension of the divergences in quantum gravity, and it may become
renormalisable. Holography is a new symmetry in the theory, but it is not local,
a boundary has to be specified on which the information in a region of space-
time is projected. the implementation of the symmetry in a quantum theory
therefore is nontrivial, it is not possible to define a Nother current, which exists
for local symmetries. It is also debatable if it makes sense to talk about a
boundary on such small scales that the metric is in a superposition.

71



Chapter 7

Acknowledgments

What would have become of this thesis without all the people around me during
my work on it? Although I do not know the exact answer to this question, I do
not think that I would have studied holography if Jan de Boer had not presented
it as a subject for a thesis. Since then we had quite a few discussions on this and
related subjects. It would be hard to claim that he hasn’t influenced it. Then
there are my room mates at the ITF, and of course the other master students
without whom the lunch and coffee breaks would not have been what they were.
You have been sources of inspiration. I should not forget everyone else at the
faculty with whom I had discussions on physics in general and holography in
particular. Neither should I underestimate the influence of all my friends and
family. I do not think I could have been working on my thesis in a good mood
if I hadn’t had the pleasure of being with them when I wasn’t working on the
thesis. I shall not name you all, because I believe you know who you are. So to
all of you a great big

Thank you!

72



Appendix A

Tools

In the appendix some facts from general relativity are summarised. Thorough
treatments can be found in [0 7.

A.1 Tensors

Type (") tensors, i.e. m contravariant and n covariant indices, are defined by
their transformation law

m

- . A7\ 1 [ Oz
T#lmﬂmul...yn (I) = H <8{Ep‘> H (8%"1‘ ) Tplmpmal...an (I) (A]-)
. i

=1

For example, a type (3) tensor transforms according to

N ~K L~ Y~ y7} v
T4 (3) = oz" Jz? 9zt Ozv

" (2) (A.2)

QP DT> da™ 9V~ 7Y

A.1.1 General infinitesimal coordinate transformations

Consider a general infinitesimal coordinate transformation

zt — ot =2t + dat (A.3)
Tt is often useful to express the transformed tensor, e.g.. T}, (i), in the old
coordinates, i.e. one would like to know T, ().
The partial derivatives required to transform the tensor are

ox# odzt
— e
Oxv o+ Oxv
ox" , oda” 9
o 6," — Dk + O (dz?) (A.4)

The transformed tensor is

~ oxP 0x°
TW(x) = 9ik opv ,,,,(:z:)

odzx? odx?
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The Taylor expansion of the transformed tensor is

Ty () = Ty (z+de)

= () + P )

These facts yield the transformed tensor in old coordinates,

da* + O (da?) (A.6)

v (7) — 5A( )d"\+0(dx2)

‘R’ﬂz

T (z) =

odx? odzx? ()
= 71/LV (I) - jju‘a (ZC) W - pr (I) 81‘“ — g X dl')\ + O (dl'z)
= T (2) — Agy Ty (z) + O (dz?) (A7)

where Ay, T}, (x) is the Lie derivative with respect to the vector field dz*.
The Lie derivative can be expressed in covariant derivatives instead of coor-
dinate derivatives because the affine connections cancel against each other,

Tadz = Tyoda® + 17 Teda? + %, Tyeda?
Tuedz®, = Tyeda”, —T7,T)da?
Tppda®, = Teda®, —I%), T da?
AaTp = Tuypada* +Tpeda”, + Typda”, (A.8)
= Tupada* + Tyeda™,, + Trpda”, (A.9)

The Lie derivative for tensors of arbitrary type can be derived in the same
manner, however note that transforming a contravariant index will yield a sign
difference.

A.2 Equation of motion in general relativity

The principle of equivalence states that at every point p in an arbitrary space-
time it is possible to find a local inertial system in a sufficiently small region
around p, such that the laws of nature take the same form as in the absence of
gravitation. Sufficiently small means that the gravitational field in that region
is constant for all practical purposes.

A free particle in a local inertial frame £* with local metric 1, moves in a

straight line,
d2§a
— =0 A.10
dr2 ( )

Under a general coordinate transformation to coordinates x* this equation be-
comes
dz” da?

d2z
e © O -

The affine connection T'*_, is defined by

g oer
O™ 9Pz

., = (A.12)
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The metric tensor is defined by

dE> 9P

uv = @@naﬁ (Alg)

The metric determines distances in the space-time, but it is not positive definite,
distances can be negative, null or positive. The negative distances are timelike
distances, the null distances are lightlike distances (the distance traveled by
light rays), and the positive distances are spacelike distances.

The proper time 7 is defined by

dr? = nupdeede’ (A.14
= guudmudxy (A15)
and it is invariant under general coordinate transformations.
The affine connection can be expressed in the metric tensor
1
v = 20" {9 + D — Grrw) (A.16)

2

The comma in the expression is defined by g, ) = Orgu = % Guv- The affine
connection is the field that determines the gravitational field strength, which can
be seen from the equation of motion for a free particle in a general coordinate
system. The deviation from movement on a straight line is determined by the
affine connection.

The path of a free particle extremises the proper time, a free particle can
be interpreted as a particle moving on a geodesic on some manifold. Therefore
gravity can be interpreted geometrically, space-time is a manifold on which free
particles move along geodesics. The metric on the manifold is g¢,,, and the
metric defines the affine connection, i.e. the gravitational field strength.

The curve z* has a tangent vector field v#,

ot = da’ (A.17)
dr

The derivative does not transform as a tensor, a general coordinate trans-
formation causes an affine connection to appear. The covariant derivative D,
of a tensor does transform as a tensor, and is defined for vector fields by

Dot = ok, (A.18)
vt )
= — 4+T* " Al
T (A19)
Dy, = vy (A.20)
ov .
= ami — F HV’U,{ (A.21)

The covariant derivative itself is not a tensor. The covariant derivative for
vectors v* defined only along a curve z* is

Do# do* dx”

— = — 4+ TH* " A22
Dr dr R dr v ( )
Dv, dv,, dx”

—r = £ _T" A2
Dr dr o dr v (A.23)

When v* is the tangent to a curve these are simply the equations of motion for

a particle on that curve, a free particle has %”: =0.
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A.3 Curvature

The Riemann-Christoffel curvature tensor R’\MW is

or* or
A — pyo [adad n A 1M A
R, = T N + 17,0, =TT, (A.24)
This is the only tensor that can be constructed from the metric tensor and its
first and second derivatives. Two other tensors can be obtained by contraction
of indices, namely the Ricci tensor and the curvature scalar.

The Ricci tensor R, is

Rll,K, = RA/LXK, (A25)

The curvature scalar (also known as the Ricci scalar) R is the trace of the
Ricci tensor
R=g¢""R,. (A.26)
The trace free symmetric part of the Riemann-Christoffel curvature tensor
is called the Weyl tensor Cjy,,. This tensor measures the deformation of the
space-time, cf. the shear of geodesic congruences (3.12].
For space-times dimension N > 3 the Weyl tensor is defined by the equation

1

R)\,uw-c = m (g)\l/R;u-c - g)\liR[l,V - g,uuR)\ﬁ + g,uf-cR)\u)
R
m (9rvGur — 9reGur) + Crpwn (A.27)
The Weyl tensor is trace free, that is
Clax = 0 (A.28)

A.4 Isometries and infinitesimal isometries

In geometry the mappings which leave distances invariant, isometries, are of
considerable importance, so what are the coordinate transformations that leave
distances in space-time invariant? In this section the isometries and infinitesimal
isometries are studied.

Consider a space-time with metric g,,. If space-time is invariant under a
coordinate transformation then the metric is said to be form invariant under
this mapping. More specific, a metric g, (z) is form invariant under a given
coordinate transformation z — z if

g;w(y) = g;w(y) Yy (A'29)
that is g, () = guw(z) or equivalently g,.(Z) = g,.(%).
In an arbitrary point p(x) = p(Z) the transformed metric is
oxP 01° _ .
Juv () = @wgpo(x)
Therefore a form invariant metric g,, (Z) necessarily satisfies
0xP 01° .
Guv (@) = @@gm(fﬂ) (A.30)

Clearly a form invariant metric under some coordinate transformation yields
the same distances in both coordinate systems.
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A.4.1 Killing vector fields

Consider an infinitesimal isometry, i.e. an isometry generated by an infinitesimal
coordinate transformation,

zH =t 4 gt (A.31)

where € € R is an infinitesimal independent parameter. Consider the equation
(BT for the metric g, instead of T),,, then it is clear that the metric is form
invariant if and only if the Lie derivative, equation (.9}, vanishes with respect
to &*. The Lie derivative is zero if and only if

gll.;l/—i_é-l/;;t = 0 (A32)

If a vector field satisfies this condition it is called a Killing vector field.

In general a Killing vector field of the metric g, () is a vector field &, (x)
which satisfies the Killing condition

0="C¢op+ &0 (A.33)

In this thesis smooth vector fields are considered which satisfy the Killing con-
dition only in a neighbourhood on a spatial hypersurface, these vector fields
are called local or instantaneous Killing vector fields, because they satisfy the
Killing condition at an instant of time.

To acquire all isometries of the space-time it is necessary to discover the
Killing vector fields allowed by the metric. A linear combination of Killing
vector fields with constant coefficients is again a Killing vector field, so the space
spanned by the Killing vector fields determines the isometries of the metric.

Consider the commutator of covariant derivatives of a Killing vector field.
The cyclic sum rule for the Riemann-Christoffel curvature tensor leads to the
following identity for Killing vector fields,

gu;p;a = _RAgpl_LfA (A34)

This identity makes it possible to express all higher order derivatives in terms
of £,(p) and &,,,(p), given &, (p) and &,,,(p) in some point p. So every Killing
vector field can now be expressed as

Eula) = A7 (2,p)6 () + B, (2,0)éx (p) (A.35)

A.5 Rindler space-time

Here the transformations are given that lead to the Rindler space-time. Rindler
space-time is the way Minkowski space-time is seen by a uniform accelerating
observer, the time coordinate is the proper time of this observer. These trans-
formations also apply in the infinitesimal case.

The Minkowski metric in Cartesian coordinates is

ds? = —dt* +da?® +dy? +d2? (A.36)
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Consider a coordinate transformation to light cone coordinates,

1
t = 3 U-Vv)

1
1

dt = 3 (dU — dV)
1

dz = 3 (dU +dV)

The new metric is
ds? = dUdV +d2? +dy? (A.37)

Transform again, restricting the U and V coordinates to R

U = ¢

vV = ¢
dU = e“du
dV = edv

So only the positive wedge of the original Minkowski space-time is now under
consideration. The metric is

ds® = e“"dudv + dz? + dy? (A.38)

Finally transform to

u = —-T+InZz
= T+InZz
1
du = —dT + =dZ
« = (ar+a2)
dv = dT-l—le
N Z

The resulting metric is the Rindler metric, which is
ds? = —Z72d7? + dz? + dy? + d 22 (A.39)

In the original Minkowski coordinates this metric covers only the wedge with
positive z coordinate, see figure A5 with Rindler or acceleration horizons given
by z = t and z = —t. Events happening beyond the line z = ¢ will never be
known to the accelerating observer, nor can the observer influence the space-
time beyond the line z = —t.

The Rindler horizons are generated by the vector field & = O, this can easily
be verified in the U, V coordinates, then £ = V3y — Udy. The horizons are
given by U = 0 and V = 0 and the vector field ¢ satisfies £2|p—g = 0 = £2|y 0.

The acceleration along each geodesic of the Rindler space-time can be made
explicit by transforming T — T = ¢T, but this acceleration is not uniquely
determined. The resulting general form is

ds? = —¢g?Z2dT? + da? + dy? + d 722 (A.40)
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Figure A.1: The Rindler space-time is a wedge of the Minkowski space-time.

These metrics have the horizons intersecting at the origin, but it is trivial to shift
this intersection to some other point on the Z axis, the most general Rindler
metric is

ds?* = —(gZ+ C)*dT? +da? + dy* + d2? (A.41)

with C some constant, this form can be obtained by shifting the Z — Z = Z— %.
coordinate.

A.5.1 Rotating observer in Rindler space-time

Consider the Rindler metric in spherical polar coordinates,
ds*> = —(cR—d)?dT? + R*d#* 4 R?sin? fdy® + dR? (A.42)
and perform an infinitesimal rotation,
o — Pp=p+e(T) (A.43)

the resulting metric in old coordinates is

ds? = —R2dT?+ R?sin®60[dp — wdT)? + dR? 4+ R?d¢>
where
de
- & A4
w 7 (A.44)

A.6 Manifolds and hypersurfaces

A smooth n-dimensional manifold M has an algebraic description. A manifold
is given by the function

f(a:o,xl,...,:c”_l) =0 (A.45)
of which the gradient is required to be non zero,

ﬁf (mo,xl,...,xn_l) #0 (A.46)
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A family of hypersurfacesf] S in this manifold M is given by a smooth function
S(xo,xl,...,xnfl) = (A.47)

which yields a hypersurface for each value of .

The gradient of this function yields a vector field orthogonal to each hyper-
surface S = A. That this does indeed yield a submanifold becomes clear if the
function ¢ is considered which gives the algebraic description of the manifold,

g=S—-X=0 (A.48)

The gradient of g has to be non zero in order to acquire a smooth manifold.
However, the inner product of the gradient with itself can be zero for non Eu-
clidean manifoldsf. If the inner product of the gradient of g with itself is equal
to zero then the hypersurface is degenerated and is called a null hypersurface.
The general expression for vector fields orthogonal to a family hypersurfaces is

n* = h(z)g"” (2)0,S(x) = hg"”'S., (A.49)

where the scalar function is non zero, h(x) # 0.

Vector fields n* orthogonal to null hypersurfaces satisfy the geodesic equa-
tion in non affine parameterisation. Consider parallel transport of n* along
itself,

nt n’ = (hg”)‘S;A);y n"
= h.,g"*San” + hg"*S..,n”
= h.,g"San” + hg"*S.,.an”
= h7hyntn* + hgt? (h_ln,,):/\ nY
= hilh;un”n” + g”)‘hh_l;)\nl,n” + g“)‘ny;AnV

1
= h th,ntnt + g“’\hhfl;)\n,,n” + 59“’\ (nun”).,  (A.50)

The term proportional to n,n# vanishes by definition, and the last term satisfies
for arbitrary tangent t* to the null hypersurface the equality (nun");y t¥ =0,
again due to the fact that n,n* = 0 everywhere on the null hypersurfacef].
Since t# is an arbitrary tangent vector field to the null hypersurface this means
that (n,n") , is a null hypersurface orthogonal vector field too, and is therefore
proportional to n* on the null hypersurface,

(nunt)., = 2n"n,,, = —2nn, (A.51)

where 7 is some scalar function.
The final expression for parallel transport along itself is on the null hyper-
surface

n*,n" = (b hyn” —n) n# (A.52)

v

LA hypersurface is a n — 1 dimensional submanifold S C M.
2E.g. consider the Minkowski metric.
3(nun#)., # 0, unless each member in the family hypersurfaces is a null hypersurface.



A.7 Geodesics in non affine parameterisation 81

which is proportional to n*, so it is the tangent vector along a geodesic curve
z* in non affine parameterisation.

The vector field can be brought into affine parameterisation. If the vector
field n* is in affine parameterisation the scalar function A is such that n*, n” =
0, and then

n=h"th,n" (A.53)

A.7 Geodesics in non affine parameterisation

Consider a geodesic in a non affine parameterisation, u# = % and the same
geodesic in affine parameterisation, v* = ddiu, the equations of motion are
T
Du*
— = fu* A54
5 = (4.54)
Do#
— =0 A55
Dr ( )

with f a scalar function. In alocal inertial frame in some point P these equations
reduce to the linear differential equations

"

% = fut (A.56)
"

% = 0 (A.57)

Now the relation between u* and f is determined, the first equation is for
every [,

dInu*
dp

=f = lnut= /dpf—f—c*“ (A.58)

with ¢** a constant (not a vector) belonging to the component p. The solution
is

ut = el I (A.59)

*poo, . . . . . .
where ¢* = e " is a constant vector. The solution for v* is simple, i.e. it is a
constant vector,

o = (A.60)

The relation between the parameters p and 7 can be determined with

dzt dr da*

- - L= A6l

dp dp dr (A.61)
= ctel W = i—;&“ (A.62)
o 97 ey (A.63)

dp
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with C' a constant. For a constant scalar function f = fy the last equation
becomes

dr

— = Celor A.64
and the solution for 7 is
T = gef“p +C (A.65)
fo

If no boundary conditions are given then a convenient choice for the constants
is C =+ fy, and C' = 0, for then

dr

— = Hfeelor A.
O Joe (A.66)
T = =elor (A.67)

This choice can be made due to the freedom to translate the parameter p.
Summarising the result for constant function fj

e (A.68)

where the freedom remains to let p run in the same, the + case, or opposite,
the — case, direction of 7.
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