General Relativity

Take Home Set 2
Hand in on November 1

Problem 1

Consider the following metric on R?
ds? = e?@Y) (da? + dy?).
a) Compute the Christoffel symbols and Riemann curvature tensor for this metric.

b) Next we take the metric on the plane induced by the stereographic projection, i.e.
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Compute [ [po \/gdzdy and [ [po /gR dzdy.

c¢) Suppose we add to ¢ a function of x,y that decays very rapidly at infinity. Would
either of the two above integrals change? Explain your answer.

d) Consider geodesics in the above metric. Show that if a geodesic is a straight line, that
straight line points everywhere in the direction of the gradient of ¢(x,y).

Problem 2
a) Show that in four dimensions, the Einstein equations imply
Ry = 6(Tpw — %Tg,“,). (1)
Here, T' = g"'T},,.
b) What is R, in terms of T}, if d # 47
Problem 3 (Carroll 3.10)

Define the Weyl tensor C)5,,, in terms of the Riemann curvature tensor by

2
Coopw = Rpopw — (n—2) (gP[MRV]U - QO[MRV]p)
2
+mgp[p,gu]aR- (2)

Recall that the notation [uv] indicates antisymmetrization in the two indices, as e.g. in
Flu) = $(Fu — F,y,). Show that in dimension n > 4,

(n—3) 1
VoClow = 20— Viulbe + 50—y 900V R ) - (3)
(OPTIONAL) Problem 4 (Carroll 3.9)

Consider an arbitrary metric tensor g,(ﬁ,) and another metric gl(f,,) that is related to g

by an overall rescaling, gﬁ,) = w? (x)gf},,) Notice that w?(x) does not carry any indices. In
this case we say that the two metrics ¢ and ¢ are conformally equivalent. Show that

the Weyl tensor for the metric (") is identical to that for g(.



