THE LEMPERT FUNCTION AND THE PLURICOMPLEX GREEN FUNCTION ARE NOT EQUAL IN THE BIDISC

MAGNUS CARLEHED AND JAN WIEGERINCK

Abstract. We give a counterexample to Coman’s conjecture stating that in convex domains the pluripolar Green function with several poles and weights equals the corresponding Lempert function.

1. Introduction

The pluricomplex Green function with several poles is introduced as follows. Let Ω be a domain in C^n , and

A = {(w_1, ν_1), . . . , (w_p, ν_p)} ⊂ Ω × R^+ ,

where R^+ = [0, ∞). Define U_{A,Ω} = {u ∈ P SH(Ω) : u(ζ) − ν_j log |ζ − w_j | ≤ C_u, ζ → w_j , j = 1, . . . , p}, and the pluricomplex Green function g(z, A) = sup{u(z) : u ∈ U_{A,Ω}, u ≤ 0}.

We also introduce the Lempert function. Let D be the unit disc, Ω and A as before. For each point z ∈ Ω, we let F_z denote the family of all mappings f : D → Ω such that f(0) = z and there are points ζ_1, . . . , ζ_p with f(ζ_j) = w_j , j = 1, . . . , p. We call these mappings as well as their images analytic discs. Then for f ∈ F_z we define d(f) = ∑_p j=1 ν_j log |ζ_j| and the Lempert function δ(z, A) = inf{d(f) : f ∈ F_z }. It is easy to see that δ(·, A) ≥ g(·, A) with equality if and only if δ is plurisubharmonic. A remarkable theorem of Lempert [Lem] says that this is indeed the case if Ω is convex and p = 1. Much later Coman [Com] showed that it is also the case when Ω is the unit ball, p = 2, and the weights are equal. He conjectured that in convex domains the inequality δ(·, A) ≥ g(·, A) is always an equality.

The Lempert function and its relation to the Green function have recently been studied by Wikström [Wik], Paper V and VI. One result is the following. Define δ^A(z) = min_{∅≠B⊆A} δ(z, B). Theorem 1.1. [Wik], Paper V, Corollary 2.3. Let Ω be a bounded taut domain in C^n , and let A be as above. Then for every z ∈ Ω there exists an analytic disc f, such that f(0) = z, passing through a (non-empty) subset {w_{j1} , . . . , w_{jm} } of {w_1, . . . , w_p}, such that d(f) equals the infimum in the definition of δ^A(z) = δ(z, {(w_{j1} , ν_{j1} ), . . . , (w_{jm} , ν_{jm} )}). Motivated by this theorem, he makes the following definition. If δ(z, A) = d(f) for some disc f passing through z and a non-empty subset of A, f is called an extremal disc for z and A. Then he characterizes the extremal discs in convex domains, thereby generalizing a theorem of Lempert. However, 1

2 MAGNUS CARLEHED AND JAN WIEGERINCK

he points out that the weights are invisible in the characterization, which indicates that the conjecture might be problematic, or at least not possible to prove by that method.

The purpose of this note is to give a counterexample to Coman’s conjecture. In fact we have the following theorem.

Theorem 1.2. Coman’s conjecture fails for the bidisc when the poles lie on a coordinate axes and the weights are unequal.

The corresponding Green function was computed in our earlier work [Car-Wie]. The failure of Coman’s conjecture in our example is largely due to the fact that it concerns a Green function that is not an extreme point in the cone of negative PSH functions. It is therefore tempting to modify the conjecture in the sense that one restricts to Green functions that are extreme points of this cone. However, we feel that presently there is not enough support to make any conjecture at all.

2. The example

The following theorem was proved in [Car-Wie].

Theorem 2.1. Let Ω = D × D be the bidisc in C^2 , and assume that w_j = (a_j , 0), j = 1, . . . , p. Define T_j(z_1) = log |^{z1−aj}_{1−āj z1} |, j = 1, . . . , p. Without loss of generality, we assume that 1 = ν_1 ≥ ν_2 ≥ . . . ν_p. Then the pluricomplex Green function is g_ν = g_{(1,ν2,... ,νp)} = ν_ph_p(z) + p−1∑ j=1 (ν_j − ν_{j+1})h_j (z),

where h_j (z) = max{T_1(z_1) + . . . + T_j (z_1), log |z_2|} is the Green function for D × D with weight 1 at w_1, . . . , w_j .

We will also use the following result.

Theorem 2.2. [Wik], Paper V, Theorem 2.4. Let Ω be a bounded convex domain in C^n , and let A be as above. Then δ^A(z) = δ(z, A) for all z ∈ Ω.

In the rest of this paper we will only consider the following special case. We choose two poles (a, 0) and (b, 0), a ≠ b and a, b ≠ 0, and a point z = (0, γ), such that |ab| < |γ| < min{|a|, |b|}. We let g_{μ,ν} denote the Green function with weight μ at (a, 0) and ν at (b, 0), evaluated at z, and similarly for δ_{μ,ν} . Note that, according to Theorem 2.1, g_{1,1} = log |γ|, g_{1,0} = log |a|, and g_{2,1} = g_{1,1} + g_{1,0} = log |γ| + log |a|.

We can now prove our theorem.

Proof of Theorem 1.2. It suffices to show that δ_{2,1} > g_{2,1}. We already know that δ_{2,1} ≥ g_{2,1}. Suppose that equality holds. Then g_{2,1} =g_{1,1} + g_{1,0} ≤ δ_{1,1} + δ_{1,0} = inf{log |ζ_1| + log |ζ_2|} + inf{log |ζ_1|} ≤ inf{2 log |ζ_1| + log |ζ_2|} = δ_{2,1} = g_{2,1}, (1) where all the infima are over the same family F_z . Hence all the inequalities are in fact equalities. Now, by Theorems 1.1 and 2.2, the last infimum is attained by an extremal disc f that passes through (a, 0) or (b, 0) or both.

LEMPERT AND GREEN FUNCTION 3

It follows that f must be extremal for δ_{1,1} and δ_{1,0} as well. However, this is impossible, as the following lemma shows. The contradiction gives the theorem.

Lemma 2.3. If |ab| < |γ| < min{|a|, |b|}, there are no common extremal discs for δ_{1,1} and δ_{1,0}.

Proof. We first characterize all extremal discs for δ_{1,0}. Let f = (f_1, f_2) : D → D × D be such a disc. By definition there is a ζ_1 ∈ D such that f_1(ζ_1) = a and f_1(0) = 0. Now, we have g_{1,0} = log |a|, and we see that this also equals δ_{1,0}, since the disc ζ → (ζ, γ a ζ − a 1 − āζ ) gives that value. Hence |ζ_1| = |a|. The Schwarz lemma now gives the conclusion that a disc passing through (a, 0) and z is extremal for δ_{1,0} if and only if it is a rotation in the first variable.

Fix now such a disc ζ → (αζ, f_2(ζ)), where |α| = 1, and assume that it is extremal for δ_{1,1}. By Theorem 1.1 there are now two cases. If the disc passes through just one pole, it must be (a, 0) which would be the image of ζ_1 = a/α. Hence we get δ_{1,1} = log |a/α| = log |a|. On the other hand, if the disc passes through both poles, they would be the image of ζ_1 = a/α and ζ_2 = b/α respectively. Hence δ_{1,1} = log |a/α| + log |b/α| = log |ab| in this case.

To finish the proof we will prove that δ_{1,1} = g_{1,1} = log |γ|, which will rule out both cases. We have |γ| < |a| < |a/b|, hence |γb/a| < 1. Similarly we get |γa/b| < 1. Hence we can find ζ_1 ∈ D such that ζ^2_1 = γa/b. Define ζ_2 = γ/ζ_1, and β = a/ζ_1. Then ζ_2 ∈ D, since |ζ_2|^2 = |γb/a|, and β ∈ D since |β|^2 = |ab/γ|. We now define an analytic disc by f : ζ → ( βζ, ζ − ζ_1 1 − ζ̄_1ζ frac ζ − ζ_21 − ζ̄_2ζ ) . It is easy to verify that it maps ζ_1 onto (a, 0), ζ_2 onto (b, 0), and 0 onto (0, γ). Hence d(f) = log |ζ_1| + log |ζ_2| = log |γ|, which completes the proof of the lemma.

References

[Car-Wie] Carlehed, M., Wiegerinck, J.: Exemples de points extrémaux dans le cône des fonctions plurisousharmoniques négatives, preprint, Laboratoires de Mathématiques Emile Picard, Université Paul Sabatier, Toulouse, 1999.

[Com] Coman, D.: Pluricomplex Green functions and the complex Monge-Ampère operator, thesis, University of Michigan, 1997.

[Lem] Lempert, L.: La métrique de Kobayashi et la représentation des domaines sur la boule, Bull. Soc. Math. France 109 (1981), 427-474.

[Wik] Wikström, F.: Jensen measures, duality and plurisubharmonic Green functions, Doctoral thesis No 18, Umeå university, 1999.

E-mail address: magca@itn.liu.se,janwieg@wins.uva.nl

Linköping University, ITN, Campus Norrköping, 601 74 Norrköping, Sweden, Faculty of Mathematics, University of Amsterdam, Plantage Muidergracht 24, 1018 TV, Amsterdam, The Netherlands