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Abstract

We prove the main rules of causal calculus (also
called do-calculus) for interventional structural
causal models (iSCMs), a generalization of a
recently proposed general class of non-/linear
structural causal models that allow for cycles, la-
tent confounders and arbitrary probability distri-
butions. We also generalize adjustment criteria
and formulas from the acyclic setting to the gen-
eral one (i.e. iISCMs). Such criteria then allow to
estimate (conditional) causal effects from obser-
vational data that was (partially) gathered under
selection bias and cycles. This generalizes the
backdoor criterion, the selection-backdoor crite-
rion and extensions of these to arbitrary iSCMs.
Together, our results thus enable causal reason-
ing in the presence of cycles, latent confounders
and selection bias.

1 INTRODUCTION

Statistical models are governed by the rules of probabil-
ity (e.g. sum and product rule), which link joint distribu-
tions with the corresponding (conditional) marginal ones.
Causal models follow additonal rules, which relate the ob-
servational distributions with the interventional ones. In
contrast to the rules of probability theory, which directly
follow from their axioms, the rules of causal calculus need
to be proven, when based on the definition of structural
causal models (SCMs). As SCMs will among other things
depend on the underlying graphical structure (e.g. with or
without cycles or bidirected edges, etc.), the used func-
tion classes (e.g. linear or non-linear, etc.) and the allowed
probability distributions (e.g. discrete, continuous, singular
or mixtures, etc.) the respective endeavour is not immedi-
ate.
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Such a framework of causal calculus contains rules about
when one can 1.) insert/delete observations, 2.) exchange
action/observation, 3.) insert/delete actions; and about
when and how to recover from interventions and/or selec-
tion bias (backdoor and selection-backdoor criterion), etc.
(see [1L13,14,112,118-21,123,124/128-30]]). While these rules
have been extensively studied for acyclic causal models,
e.g. (semi-)Markovian models, which are attached to di-
rected acyclic graphs (DAGs) or acyclic directed mixed
graphs (ADMGs) (see [[1113}14}[12, 181211231 24, 28430]),
the case of causal models with cycles stayed in the dark.

To deal with cycles and latent confounders at the same
time in this paper we will introduce the class of inter-
ventional structural causal models (iSCMs), a ‘“condi-
tional” version of the recently proposed class of modu-
lar structural causal models (mSCMs) (see [8.9]) to also
include external nodes that can play the role of parame-
ter/action/intervention nodes. They have several desirable
properties: iISCMs allow for arbitrary probability distribu-
tions, non-/linear functional relations, latent confounders
and cycles. They can also model non-/probabilistic ex-
ternal and probabilistic internal nodes in one framework.
Furthermore, the class of iSCMs is closed under arbitrary
marginalisations and interventions. All causal models that
are based on acyclic graphs like DAGs, ADMGs or mDAGs
(see [[7,125]) can be interpreted as special acyclic iSCMs.
Thus iSCMs generalize all these classes of causal mod-
els in one framework, but also allow for cycles and exter-
nal non-/probabilistic nodes. Also the generalized directed
global Markov property for mSCMs (see [8,19]) general-
izes to iSCMs, i.e. iSCMs entail the conditional indepen-
dence relations that follow from the o-separation criterion
in the underlying graph, where o-separation generalizes
the usual d-separation (also called m- or m*-separation,
see [[7L1702142533]]) from acyclic graphs to directed mixed
graphs (DMGs) (and even HEDGes and o-CGs) with or
without cycles in a non-naive way.

This paper now aims at proving the mentioned main rules
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of causal calculus for iSCMs and derive adjustment criteria
with corresponding adjustment formulas like generalized
(selection-)backdoor adjustments.

The paper is structured as follows: We will first give
the precise definition and main constructions of interven-
tional structural causal models (iISCMs) closely mirroring
mSCMs from [8,19]. We then will review the definition
of o-separation and generalize its criterion from mSCMs
(see [8L9]) to iSCMs. As a preparation for the causal calcu-
lus, which relates observational and interventional distribu-
tions, we will then show how one can extend a given iSCM
to one that also incorporates additional interventional vari-
ables indicating the regime of interventions onto the ob-
served nodes. We will then basically show how the rules of
causal calculus directly follow from the existence of such
an extended iSCM and the o-separation criterion applied to
it. Finally, we will derive the mentioned general adjustment
criteria with corresponding adjustment formulas.

2 INTERVENTIONAL STRUCTURAL
CAUSAL MODELS

In this section we will define interventional structural
causal models (iISCMs), which could be seen as a “con-
ditional” version of modular structural causal models
(mSCMs) defined in [8, 9]. We will then construct
marginalized iISCMs and intervened iSCMs. To allow for
cycles we first need to introduce the notion of loop of a
graph and its strongly connected components.

Definition 2.1 (Loops). Let G = (V, E) be a directed
graph (with or without cycles).

1. A set of nodes S C 'V is called a loop of G if for every
two nodes vi,vo € S there are two directed paths
— vy and vy — - - - —> vy in G such that
all the intermediate nodes are also in S (if any). The
sets S = {v} are also considered as loops.
The set of loops of G is written as L(Q).
3. The strongly connected component of v in G is defined
tobe:  Sc€(v) := Anc®(v) N Desc(v).
Remark 2.2. Let G = (V, E) be a directed graph.

1. We always have v € Sc%(v) and Sc® (v) € L(G).
2. If G is acyclic then: L(G) = {{v}|ve V}

Ul""'

N

In the following, all spaces are meant to be equipped with
o-algebras, forming standard measurable spaces, and all
maps to be measurable.

Definition 2.3 (Interventional Structural Causal Model).
An interventional structural causal model (iSCM) by defi-
nition consists of:

1. a set of nodes V' = VUUU.J, where elements of V
correspond to observed variables, elements of U to la-
tent variables and elements of J to intervention vari-
ables.

2. an observation/latent/action space X, for every v €
VE X =] ep+ Xo
3. aproduct probability measure Py = Q)
latent space Xy = HueU X,
4. a directed graph structure Gt = (V' ET) with the
properties:
Gt
(a) V.=Ch* (U),
(b) PaS (U UJ) =10,
where Ch®" and Pa®" stand for children and parents
in GT, resp.,
5. a system of structural equations g = (9s) se(c+)

SCV
gs: H Xy — H XU,H

vEPaCGT (S)\S veSs

e P, on the

that satisfy the following global compatibility con-
ditions:  For every nested pair of loops S’ C
S C V of G" and every element Tpact(syus ©
HvePaG+ ($)uSs X, we have the implication:

95(Tp,at (spns) = s
- gS/(‘TPaG+(S’)\S’ s,
where Tp,at (587 and x g denote the corresponding

components of Ty, -+ (s)us"

The iISCM will be denoted by M = (G+, X, Py, g).

Definition 2.4 (Modular structural causal model, see [8.9]).
A modular structural causal model (mSCM) is an iSCM
without intervention nodes, i.e. J = (.

Remark 2.5 (Relation between iSCMs and mSCMs).
Given an iSCM M = (G*,X,Py,g) with graph Gt =
(VOUUJ, ET) we can construct a well-defined mSCM
by specifying a product distribution P; = ®j€J P; on
Xy = HjeJ Xj;. For every node j € J we can decide
to change j either to a latent node (U) or to an observed
node (V). In the latter case we then formally need to add
a latent node u; to U and an edge u; — j to G*, put
Xy, = X; and 9{iy == idX]. and consider P; to live on
the latent space X, ; (corresponding to u; rather then to j
directly).

The actual joint distributions on the observed space Xy and
thus the random variables attached to any iSCM will be
defined in the following.

Definition 2.6. Let M = (G, X, Py, g) be an iSCM with
Gt = (VOUUUJ,E*). We fix a value x; € Xj. The

following constructions will depend on the choice of x ;.

To have a “reduced” form of the latent space one can in ad-
dition impose the condition: Che" (w1) & Che’ (u2) for every
two distinct uq, u2 € U. This can always be achieved by gather-
ing latent nodes together if che" (u1) C Che" (u2).

2Note that the index set runs over all “observable loops” S C
V., S € L(G"), not just the sets {v} forv € V.
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1. The latent variables are given by (X, )ucv ~ Py, i.e.
by the canonical projections X,, : Xy — Xy, which
are jointly Prr-independent. These are still indepen-
dent of © 5, but we put XS"(””) = X,.

2. For j € J we put X;lo(m) = xj, the constant vari-
able given by the j-component of x j.

3. The observed variables (XS"(””))UGV are inductively
defined by:

do(zy) . do(x
X320 = 95,0 (X" yepact (s015)

where S =S¢ (v) := Anc®” (v) NDesc®" (v) and
where the second index v refers to the v-component of
gs. The induction is taken over any topological order
of the strongly connected components of GT, which
always exists (see [8]]).

4. By the compatibility condition for g we then have that
for every S € L(GT) with S C V the following
equality holds:

do(x do(z
XS = g5 (X0 ) )

where we put X4 =[] Xy and X 4 = (Xy)vea
for subsets A.

5. We define the family of conditional distributions:

vEA

Py(Xa|Xp, Xy =1xs)
Py (Xa|Xp,do(X; =z,))
= Py(X3"C X ),

for A,B C V and x; € X;. Note that in the follow-
ing we will use the do and the do-free notation (only)
for the J-variables interchangeably.

6. If we, furthermore, specify a product distribution
P; = ®j€J IP; on Xy, then we get a joint distribution
P on Xy yyg by setting:

P(Xv, XJ) = ]P)U(Xv| dO(XJ))PJ(XJ).

Remark 2.7. Let M = (GT, X Py, g) be an iSCM with
Gt = (VUUUJ, ET). For every subset A C V we get a
well defined map ga : Xp, o+ (AnA X4, by recursively
plugging in the gg into each other for the biggest occuring
loops S C A by the same arguments as before. These then
are all globally compatible by construction and satisfy:

XjO(CEJ) _ gA(XdO(IJ) ).

PaGt(A)\A

Similar to mSCMs (see [18,9]]) we can define the marginal-
isation of an iISCM.

Definition 2.8 (Marginalisation of iSCMs). Let M =
(GT,X,P,g) be an iSCM with Gt = (VUUUJ, ET)
and W C 'V a subset. The marginalised iSCM M\W

w.rt. W ocan be defined by plugging the functions gg re-
lated to W into each other. For example, when marginal-
izing out W = {w} we can define (for the non-trivial case

w e Pa®’ (9)\ 9):

gS’,U('rPa(G+)\W (S’)\S’) i

95.0(Tpact (s)\(sUgw}) 9w} (Tpac () fw)))>

where (GT)\W is the marginalised graph of G+, S’ C
V\W .= V' \ W is any loop of (GT)\W and S the cor-
responding induced loop in GT.

Similar to mSCMs (see [8./9]) we now define what it means
to intervene on observed nodes in an iSCM.

Definition 2.9 (Perfect interventions on iSCMs). Let M =
(GT,X,P,g) be an iSCM with G+ = (VUUUJ, E™).
Let W C V U J be a subset. We then define the post-
interventional iSCM Mgy w.rt. W:

1. Define the graph G:{O(W) by removing all the edges

v — w for all nodes w € W and v € Pac’ (w).
2. Put Vdo(W) =V \ W and Jdo(W) =JUWw.
3. Remove the functions gs for loops S with SOW # ().

The remaining functions then are clearly globally compat-
ible and we get a well-defined iSCM M g,

3 CONDITIONAL INDEPENDENCE

Here we shortly generalize conditional independence for
structured families of distributions. The main application
will be the distributions (Py(Xv|do(X; =2,))), cx,
coming from iSCMs, but the following definition might be
of more general importance.

Definition 3.1 (Conditional independence). Let Xy :=
[Loev Xvand X; =[], ; X;j be product spaces and

P:.= (]Pv(XV|$J))mJeXJ

a family of distributions on Xy (measurablyﬁ)
parametrized by X;j. For subsets A,B,C C VUJ
we write:
XA JPL Xg|Xc
if and only if for every product distribution Py = ®j6J P;
on Xywehave: Xa lLp, ,Xp|Xc, ie:
Pyvus(XalXB, Xo) = Pvus(XalXe) Pyus-as.,

where PVUJ(XVUJ) = ]P)V(XV|XJ)PJ(XJ), the distri-
bution given by X j ~ P and then Xy ~ Py (_| X ).

3We require that for every measurable F C Xy the map
X7 — [0,1] given by z; — Py (Xy € Flzs) is measurable.
Such families of distributions are also called channels or (stochas-
tic) Markov (transition) kernels (see [14]).
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Lemma 3.2. Let the situation be like in[3.1] If A, B, C are
pairwise disjoint, ANJ = () and J C B U C then we have
the equivalence:

1. X4 1pXp|Xc, ifand only if
2. Py(Xa|Xp = 2, X¢c = z¢) is only a function of
xc (for every setting of X a).

Proof. Since the latter does not depend on the choice
of P; it clearly implies the former. Now assume
the former. For every two values zp # 25 €
Xp and every xTyus\p € XVUJ\B put P; =

Q;cnny (%5%. + %6I;) @@ ;e\ p 0, Since the former
holds for every P; of product form we get:

Pv(XA|XB,Xc) = ]P)VUJ(XA|XC) PV)J-a.S.

with Py given by Py (Xv | X ;)Ps(X ) using P; from
above. The claim follows:

Py (XalXp =2p,Xc =2x0)
:Pv(XA|XB::Z?/B,Xc:xc). O

Remark 3.3. 1. Lem. shows that definition 31l gen-
eralizes the one from [20]].

2. Thm. 4.4 in [2]] shows that definition31lalso general-
izes the one from [2]].

3. In contrast with [2|[31126]] definition 3.1 can accom-
modate any variable from V or J at any spot of the
conditional independence statement.

4. 1 p satisfies the semi-graphoid/separoid axioms (see
[BIT1V22] or see rules 1-5 in Lem. . for 1 p) as
these rules hold for any distribution and are preserved
under conjunction.

4 o-SEPARATION

In this section we will define o-separation on directed
mixed graphs (DMG) and present the generalized directed
global Markov property stating that every iSCM will en-
tail the conditional independencies that come from o-
separation in its induced DMG. We again will closely fol-
low the work in [9].

Definition 4.1 (Directed mixed graph (DMG)). A directed
mixed graph (DMG) G consists of a set of nodes V to-
gether with a set of directed edges (—>) and bidirected
edges (+). In case G contains no directed cycles it is
called an acyclic directed mixed graph (ADMG).

Definition 4.2 (c-Open path in a DMG). Let G be a DMG

with set of nodes V- and C C V" a subset. Consider a path
win G withn > 1 nodes:

v, = - ﬂvnﬂ

*The stacked edges are meant to be read as an “OR” at each
place independently. We also allow for repeated nodes in the
paths.

The path will be called C-o-open if:

1. the endnodes vy, v, ¢ C, and
2. every triple of adjacent nodes in T that is of the form:
(Ll) collider: Vi1 ¥ v; = Vi41,
satisfies v; € C,
(b) left chain:
satisfies v; ¢ C orv; € C'N SCG(’Ui_l),
(C) I'ight chain: Vi1 = v; — Vi+1,
satisfies v; ¢ C orv; € C'N SCG(le),
(d) fork: Vim1 * U T Vigl,
satisfies v; ¢ C or
v; €CN SCG(’UZ'_l) n SCG(’UH_l).

Vi—1 v; 3 Vi+1,

Similar to d-separation we define o-separation in a DMG.

Definition 4.3 (o-Separation in a DMG). Let G be a DMG
with set of nodes V. Let A, B,C' C V be subsets.

1. We say that A and B are o-connected by C' or not o-
separated by C' if there exists a path  (with some n >
1 nodes) in G with one endnode in A and one endnode
in B that is C-c-open. In symbols this statement will
be written as follows:

AL B|C.
G

2. Otherwise, we will say that A and B are o-separated
by C and write:

A1l B|C.
G

Remark 4.4. 1. In any DMG we will always have that
o-separation implies d-separation, since every C-d-
open path is also C-c-open because {v} C Sc®(v).

2. If a DMG G is acyclic, i.e. an ADMG, then o-
separation coincides with d-separation (also called
m- or m*-separation in this context).

It was shown in [8] that o-separation satisfies the
graphoid/separoid axioms (see [I5,L1L[22]]):

Lemma 4.5 (Graphoid and separoid axioms). Let G be a
DMG with set of nodes V and A, B,C,D C V subsets.
Then we have the following rules for o-separation in G
(with L standing for 1 7.):

1. Redundancy: A L B| B always holds.

2. Symmetry: A 1L B|D — B 1 A|D.

3. Decomposition: A 1. BUC|D = A 1L B|D.

4. Weak Union: A L. BUC|D = A 1L B|CUD.

5. Contraction: (A L B|CUD)AN(A L C|D)
= A1 BUC|D.

6. Intersection: (A L B|CUD)A(A L C|BUD)
— A1 BUC|D,

whenever A, B, C, D are pairwise disjoint.

7. Composition: (A L B|D)A (A L C|D)

= A1 BuUC|D.
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It was also shown that o-separation is stable under
marginalisation (see [89]):

Theorem 4.6 (o-Separation under marginalisation, see [}
9. Let G be a DMG with set of nodes V. Then for any
sets A,B,C CVand L CV \ (AU BUC) we have the

equivalence:
Al B|C < A 1 B|C,
G G\L

where G\I is the DMG that arises from G by marginalising
out the variables from L.

5 A GLOBAL MARKOV PROPERTY

The most important ingredient for our results is a gen-
eralized directed global Markov property that relates the
graphical structure of any iSCM M to the conditional in-
dependencies of the observed random variables via a o-
separation criterion. Since we have no access to the la-
tent nodes u € U of an iISCM with graph G+ we need to
marginalize them out. This will give us an induced directed
mixed graph (DMG) G.

Definition 5.1 (Induced DMG of an iSCM). Let M =
(GT,X,Py,g) be an iSCM with G = (VUUUJ, ET).
The induced directed mixed graph (DMG) G of M is de-
fined as follows:

1. G contains all nodes from V U J.

2. G contains all the directed edges of Gt whose
endnodes are bothin'V U J.

3. G contains the bidirected edge v < w withv,w € V
if and only if v # w and there exists an uw € U with
v,w € Che” (u), i.e. v and w have a common latent
confounder.

The following generalized directed global Markov property
directly generalizes from mSCMs (see [8,9]) to iISCMs.

Theorem 5.2 (o-Separation criterion). Let M be an iSCM
with induced DMG G. Then for all subsets A, B,C C V' U

J we have the implication:
AJGLB|C' == XAJIPLXB|XC.

In words, if A and B are o-separated by C' in G then the
corresponding variables X 4 and Xp are conditional in-
dependent given X ¢ under P, i.e. under the joint distribu-
tion Py (Xv | do(X 5))Ps (X s) for any product distribution

Py = ®jeJ Pj.

Proof. As mentioned, after specifying the product distri-
bution P; the iSCM M constitutes a well-defined mSCM
with the same induced DMG G. So the o-separation cri-
terion for iSCMs directly follows from the mSCM-version
proven in [8L9]. O

Remark 5.3. Note that, since o-separation is stable under
marginalisation (see [8,\9]) also the o-separation criterion
is stable under marginalisation.

Remark 5.4 (Causal calculus for mechanism change). The
o-separation criterion[3.2] can be viewed as the causal cal-
culus for mechanism change (also sometimes called “soft”
interventions, see [16,l15116}121]]). As an example consider
A, BCV,ICJandz, € X1, x5 € X;. Then we have:

A j:% I|BUJ\I)
= Py(XalXp,do(X;=u1z))
= PU(XA|XB,dO(X[ Zx}),dO(XJ\] Z.”L'J\])).

So the graphical independence of the intervention nodes
implies that the conditional probability is independent of
the actual intervention on I.

6 CAUSAL CALCULUS FOR PERFECT
INTERVENTIONS

6.1 The extended iISCM

In this section we want to consider (perfect) interventions
onto the observed nodes and improve upon the general
rules mentioned in For an elegant treatment of this
we need to gather for a given iSCM M all interventional
iSCMs Myo(wy, where W runs through all subsets of ob-
served variables, and glue them all together into one big
extended iSCM M. To consider all interventions at once
we will need to introduce additional intervention variables
I, to the graph G, v € V, which indicate which interven-
tional mechanisms to use. Such techniques were already
used in the acyclic case in [18,[19,21]. The definition will
be made in such a way that M will still be a well-defined
iSCM. So all the results for iSCMs will apply to M, most
importantly the o-separation criterion (Thm.[5.2)).

Definition 6.1. Let M = (G*,X,Py,g) be an iSCM
with G+ = (VOUULL, E+). The extended iSCM M =
(G, X, Py, g) will be defined as follows:

1. For every v € V define the interventional domain
T, = X,U{&,}, where &, is a new symbol cor-
responding to the observational (non-interventional)
regime. For a set A CV we put Ty := [[,c 1L and
Ba = (Fy)vea-

2. Let G be the graph G with the additional interven-
tion nodes I, and directed edges 1,, — v for every
v € V. For a uniform notation we sometimes write I;
instead of j for j € J. So we have:
Ji=JU{l,|veV}={l,|weVUJ}

3. Forevery A C V we will define the mechanism:

ga: Xp,otapa = LaxX&p et g4 = Xa = Xa.

First, for kg € Ty we put I(za) = {v € Alx, #
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&y }. Consider the subgraph of G :

+
H(.’L‘A) = (PaG (A) U A)do([(xA)).

Then define recursively for v € A:
gA,'U ((EA, xpaG+ (A)\A)

,_{ Ty if vel(ra),
Tl 9sw(@panearspns) i v EI(za),

where S := Sc™ () (v) is also a loop in G

4. These functions then are again globally compatible
and M constitutes a well-defined iSCM.

5. All the distributions in M then are given by the gen-
eral procedure of iSCMs (see Def.[2.0). We introduce
the notation for C CV and (xc,xy) € o X Xy:

Pu(Xvllc =xc, X5 =x1) =

Py (Xv|do((Ic, Iv\c, X75) = (zc, Zv\c,27))-

6. The extended DMG G of Gt is then the induced DMG
of G7, i.e. the induced DMG G with the additional
edges I, — v for everyv € V.

The following result now relates the interventional distri-
butions of the iSCM M with the ones from the extended
iSCM M. These relations will be used in the following.

Proposition 6.2. Let M = (G, X, Py, g) be an iSCM
with Gt = (VUUUJ, E1) and M the extended iSCM. Let
A, B,C CV be pairwise disjoint set of nodes and xcj €
Xcug. Then we have the equations:

Py (Xa|Xp,do(Xcus = zcur))
=Py(Xa|Xp,Ic =xc,X;=12y)
=Py(Xa|Xp,Ic =xc,Xc =20, X7 =2y).

Proof. Consider the first equality. For any subset D C
V' the variable Xgo(ch =%cu7) was recursively de-
fined in Myo(cy via g using Gjo(c), whereas the vari-

)

do((Ic,Iv\c X 5)=(zc,Bv\ort))

able X, was recursively de-

fined in M via the same g but using I(zc, 2v\c)
+ .

and GdO(I(zc_’gv\c)). Since x¢ € Xco we have that

I(zc, 2v\¢) = C and thus G

do(I(zc,Bv\c)) do(C)"
It directly follows that:

X%O(XCUJZICUJ) _ Xgo((lcJV\c7X.J):(Ic-,ﬂv\c,m.f))'

This shows the equality of top and middle line. For the
equality between the middle and bottom line note that:

rxocEXo

Ic =2 =" X¢ =2zc. O

6.2 The three main rules of causal calculus

Notation 6.3. Since everything has been defined in detail
in the last section we now want to make use of a simplified
and more suggestive notation for a better readability.

1. We identify variables X 4 with the set of nodes A.
2. We omit values xv and the subscript in Py. E.g. we
write P(Y |Ip, T, Z, do(W)) instead of

Py (Xy|Ir = z7, X7 = 27, X7,do(Xw = zw)),
where the latter comes from the extended iSCM of the
intervened iSCM Mao(wy = Maow\g) of M.

3. We write Y LpT|Z,do(W) for
Xy JI—IP’U(_| do(Xw=zw)) XT|Xz, etc..

4 We write Y LG Ix|X,Z,do(W) to mean
Y L UGdo(W) Ix|X,Z, where Gaowy is the ex-
tended DMG of the intervened graph G-}

do(W)*
Theorem 6.4 (The three main rules of causal calculus). Let
M be an iSCM with set of observed nodes V' and interven-
tion nodes J and induced DMG G. Let X,Y,7Z C V and
J CW CV U.J be subsets.

1. Insertion/deletion of observation:

If YJ;LX|Z,do(W) then:

P(Y|X, Z,do(W)) = B(Y|Z, do(W)).

2. Action/observation exchange:

If YJ;LIX|X,Z,do(W) then:

P(Y|do(X), Z,do(W)) = P(Y|X, Z, do(W)).

3. Insertion/deletion of actions:

v j;g Ix|Z.do(W)  then:
P(Y|do(X), Z,do(W)) = P(Y|Z, do(W)).

Proof. 1. Thm.[5.2lapplied to Gqo(w) gives:

Y j;g X|Z,dow) 22 y 1 X|Z,do(W),
The latter directly gives the claim:
P(Y|X, Z,do(W)) = P(Y|Z,do(W)).

2. The o-separation criterion[3.2] w.r.t. to édo(w) gives:
Y j;L Ic|X, Z,do(w) 22 y 1L Ix|X, Z,do(W).
Together with Prp. (applied to Myo(w)) we have:

P(Y|do(X), Z, do(W))
02 P(Y|Ix, X, Z, do(W))

Y L Ix|X,Z,do(W) P(Y|X, Z,do(W)).
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3. As before we have:
Y j;% Ic|1Z,do(w) 22 y 1 Ix|Z,do(W),

And again: P(Y|do(X), Z, do(W))

> P(Y|Ix, Z,do(W))

YA B2AW) iy 7 do(W)). O

Remark 6.5. The conditions for aboves rules are usually
phrased in terms of further graph transformations. E.g. for
rule 3 in the acyclic setting one requires Y 1L d X|Z,Win
the graph G 4o (wy that is further mutilated on the set X (Z),
the set of all X -nodes that are not ancestors of any Z-node
in Gao(w) (see [I8Il19)21)]). When reduced to those acyclic
settings they will be equivalent to the our formulation via
o-separation including the intervention nodes.

We presented the above only in terms of o-separation in
the extended iSCM because in this form it was clear how to
generalize to arbitrary iSCMs. We also believe that the for-
mulaic expressions in terms of o-separation will be easier
to parse and to remember as their relations to the claims
and implications are directly visible.

6.3 The general adjustment criterion

Notation 6.6. Let M = (GT,X,P,g) be an iSCM
with Gt = (VUUUJ,ET). The following set of
nodes/variables will play the described roles:

1. Y: the outcome variables,

2. X_: the treatment or intervention variables,

3. Zy: the core set of adjustment variables,

4. Zy: additional adjustment variables,

5. L: “latent adjustment variables”,

6. Z = Zy\U Z,: all actual adjustment variables,
7. C': context variables,

8. W: default intervention variables containing J,
9. S: variables inducing selection bias when S = s.

We are interested in finding a “do(X)-free” expression
for the (conditional) causal effect P(Y'|C, do(X ), do(W))
only using data for C, X, Y, Z that was gathered under se-
lection bias S = s and intervention do(W') and additional
unbiased observational data for C, Z given do(W). The
task can be achieved via the following criterion, which is a
generalization of the acyclic case of the selection-backdoor
criterion (see [1]), the backdoor criterion (see [18./19,[21])
and its extensions (also see [3123/24/28])) to general iSCMs.

Theorem 6.7 (General adjustment criterion and formula).
Let the setting be like inl6.61 Assume that data was col-
lected under selection bias, P(V|S = s,do(W)) (or under
P(V|do(W)) and S = 0), but there are unbiased samples
from P(Z|C,do(W)). Further assume that the variables

satisfy:

1. (Zo, L) j;L Ix |C,do(W), and

2 Y J;L (Ix, Z4)| C, X, Zo, L, do(W), and
Y J;L S|C, X, Z,do(W), and

4L J;L X |C, Z,do(W).

Then one can estimate the conditional causal effect
P(Y|C,do(X), do(W)) via the adjustment formula:

P(Y|C, do(X), do(W))
= /]P’(Y|X, Z,C, 8 = s,do(W)) dP(Z|C, do(W)).

Proof. Since C, do(W') occur everywhere as a condition-
ing set, we will suppress C, do(WV) in the following every-
where. Then note that the o-separation criterion[5.2implies
the corresponding conditional independencies in following
when indicated. The adjustment formula then derives from
the following computations:

P(Y|do(X))
_ / P(Y|Zo, L, do(X))
dP(Zo, L| do(X))
.2 /]P(YUX,X, Zo, L) dP(Zo, L|Ix)

Y L Ix|X,Zo,L;
(Zo,L) L Ix
[ dP(Z4|Zo,L)=1

/]P’(Y|X, Zy, L) dP(Zy, L)

//P(Y|X, Zo, L)

dP(Z4|Zo, L) dP(Zo, L)

VAR RV IX, 20,24, L) dB(20, 20 L)

Z:Z:+UZ0 /]P’(Y|X, Z, L) d]P)(Z7 L)
_ / / P(Y|X,Z,L)dP(L|Z) dP(Z)
L LX)z //P(Y|L,X, 7)
dP(L| X, Z) dP(Z)
_ / P(Y|X, Z) dP(Z)

YA SRs /]P’(Y|X, Z,8)dP(Z). O

Remark 6.8. Note that the adjustment formula in theorem
does not depend on L. This thus allows us to even
choose variables for L that come from an iSCM M’ that
marginalizes to M, e.g. L C U or by extending directed
edges v — w by v — £ — w with ¢ € L. This technique
was used in [28] to find all adjustment sets in the acyclic
case with S = C' = (), see below.
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@)

Figure 1: An induced DMG G with intervention node [x
(the others are left out for readability). The variables satisfy
the general adjustment criterion for P(Y'|C, do(X)) with
L = {Ly,L2} and Z; = {Z1,Z>}. Note that Ly could
also have been a latent variable.

Corollary 6.9. Let the notations be like inl6.6land[6.7 and
W = J = 0. We have the following special cases, which
in the acyclic case will reduce to the ones given by the in-
dicated references:

1. General selection-backdoor (see [3)]): C = 0, and
(a) (Zo, L) JGL Ix, and

(b)Y J;L(IX,Z+)|X, Zo, L, and
Y j;g S| X, 7, and
d L j;L X | Z, implies:
P(Y|do(X)) = /]P’(Y|X, 2,8 = ) dP(Z).

2. Selection-backdoor (see [I]]): C = L = (, and
(a) Zy JGL Ix, and

b)Y j;g (I, 7+, 8) | X, Zo implies:
P(Y|do(X)) = /]P’(Y|X, 2,8 = ) dP(Z).
3. Extended backdoof (see [2328]): C = S5 =0,
(@) (Zo, L) j;L Ix, and
(b)Y J;L(IX,Z+)|X, Zo, L, and
(¢c) L J;L X | Z, implies:
P(Y|do(X)) = /]P’(Y|X, 7)dP(2).
4. Backdoogr(see [I8[19121]): C=S=L=2, =1,
(a) Z JGL Ix,

(b)Y JGL Ix | X, Z implies:

SIn the acyclic case it was shown in [28] that when L is al-
lowed to represent latent variables in a graph G’ that marginalizes
to GG then this criterion actually characterizes all adjustment sets
for G and P(Y'| do(X)).

P(Y|do(X)) = / P(Y|X, Z) dP(Z).

A generalization of the crition for selection without (or only
partial) external data of [3l14] is given in the appendix.

Remark 6.10. The conditions in theoreml6.Zland corollary
are in the acyclic setting usually phrased in terms of
sub-structures of the graph G (see [[I18l[19121]]). E.g. for the
backdoor criterion for a DAG G instead of L 1 é Ix we
could have written that L does not contain any descendent
of X; and for'Y JL’éIX | X, Z that Z blocks all “back-
door paths” from X to Y. As before, we presented the
results only in terms of o-separation because the relations
to their use is directly indicated (e.g. in the proofs). Fur-
thermore, the formulaic framework of o-separation makes
the generalization to arbitrary iSCMs possible.

7 TWIN NETWORKS AND
COUNTERFACTUALS

We shortly want to mention that with iSCMs one can
do counterfactual reasoning as well. Given an iSCM M
with graph G = (VUUUJ,EY), aset W C V U
J and zw € X and the corresponding intervened
iSCM Myo(w) with graph GIO(W) and distribution d,,
on W one can construct a (merged) twin iSCM Miyin
similarly to the acyclic case (see [21]). This is done
by identifying/merging the nodes, mechanisms and vari-

ables from the non-descendents of W, NonDescG+(W)

and NonDesc%de(w) (W), which are unchanged by the ac-
tion do(xyw ). Then one has the two different branches

DescG’ (W) and DescCaotw) (W) in the network. This
construction then allows one to formulate counterfactual
statements like in the acyclic case (see [21]]), but now for
general iSCMs. E.g. one could state the assumption of
strong ignorability (see [21,27]) as:

(YdO(X:g)’YdO(X:z)) jl_ X | Z
Giwin

All the causal reasoning rules derived so far can thus also
be applied to reason about counterfactuals.

8 CONCLUSION

We proved the three main rules of causal calculus and gen-
eral adjustment criteria with corresponding formulas to re-
cover from interventions and selection bias for general iS-
CMs, which allow for arbitrary probability distributions,
non-/linear functional relations, latent confounders, exter-
nal non-/probabilistic parameter/action/intervention nodes
and cycles. This generalizes all the corresponding results
of acyclic causal models (see [1113,/18}/19,211123L24,128]) to
general iISCMs. Future work might address completeness
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questions (see [12,121,29]) and extensions of Tian’s algo-
rithm for identifiability (see [10L12,[13[21,126}130H32]]) to
general iSCMs.
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SUPPLEMENTARY MATERIAL

A  MORE ON ADJUSTMENT CRITERIA

The following generalizes the adjustment criterion of type
I'in [3].

Theorem A.1 (General adjustment without external data).
Let the setting be like inl6.61 Assume that data was col-
lected under selection bias, P(V|S = s). Further assume
that the variables satisfy:

1LY J;L S[do(X),

2 7 1 Ix |8,

3.Y 1 241 %,5,do(X),
4. YJ;LIX|X,Z,S.

Then one can estimate the causal effect P(Y|do(X)) via
the following adjustment formula from the biased data:

P(Y|do(X)) = /me, 7,8 = s)dP(Z|S = s).

Proof. First note that the o-separation criterion[5.2limplies
the corresponding conditional independencies in following
when indicated. We implicitly make use of proposition[6.2]
when needed. The adjustment formula then derives from
the following computations:

P(Y|do(X))
Y L S:do(X) Y|S, dO(X))
chain rule P(Y|Zo, S, do(X)) dP(Z|S, do(X))
Zo L Ix|S
! P(Y|Zo, S, do(X)) dP(Zo|S
= (Y|Zo (X)) dP(ZolS)

[dP(Z4|Z0,S)=1

Y 1L Z+ IE{),S,dO(X)

A=A P(Y|Z, S, do(X)) dP(Z|S)

P(Y|Z,S,X)dP(Z|S).

—_— =

O

The following theorem generalizes the adjustment criterion
of type IIl in [4]. For this we have to introduce even more
adjustment sets: Z()“, Zég, Zf‘, ZP, 7y, Z3 and Ly, L.

Theorem A.2 (General adjustment with partial external
data). Assume that data was collected under selection bias,
P(V|S = s), but we have unbiased data from P(Z2)).
Further assume the conditions that are indicated on the

P(Y|Z07 S? dO(X)) dP(Z+a Z0|S)

P(Y|Z+, Zo, S,do(X)) dP(Z4, Zo|S)

equality signs in the proof. Then we have the adjustment
Sformula: P(Y]do(X)) =

//]P’(Y|S =s,2,X)dP(Z\Z2,|S = 5, Z2)) dP(ZZ,).

Note that this formula does not depend on Ly and Ly. So
Ly and Lo can be chosen in a graph G' that marginalizes

to G.

Proof.
P(Y]do(X))
chain rule / P(Y|Lo, Zo, do(X))
dP (Lo, Zo| do(X))
(Lo.Zo) L Ix /
2 P(Y|Lo, Zo, do(X
= (Y|Lo, Zo, do(X))
dP(Lo, Zo)
fomge [ e(viLe, Zodo(x))
251:ZOUZ1
dP(Lo, Z<1)
YA [pyiL, 2, do(X))
dP(Lo, Z<1)

chain rule

Z,1=23,0Z8,

/P(Y|L0, ZSl; dO(X))

dP(Lo|Z<1) dP(Z2,|Z5,)
dP(Z2))
z4 1 S|zE
S (et za, o)
dP(Lo|Z<1) dP(Z2,|S, Z5,)
dP(ZZ,)
/P(Y|LQ,Z§1,dO(X))
d]P)(LQ|Z§1,dO(X))
dP(224,18, Z5,) dP(ZE))
[ BvIZ21,do()
dP(224,1S, Z5,) dP(ZE,)
/]P’(Y|S, Z<1,do(X))
dP(224,18, Z5,) dP(ZE))

Lo L Ix|Z<:
6.2

chain rule
Y L S|Z<i,do(X)

chain rule

/P(Y|L1, ZQ, S, Z§1; dO(X))

d]P)(Ll, Zng, Zgl, dO(X))
dP(Z2,|8, Z2,) dP(ZZ;)
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Z<a=Z<1UZ

/P(Y|L1,S, Z<2,do(X))
dP(Ly, Zs|S, Z<1,do(X))
dP(Z2,|S,Z2,) dP(ZE))
/]P’(Y|L1,S, Z<2,do(X))

dP(Ly, Z5|S, Z<1)
dP(Z2,|S, Z2,) dP(ZZ))

(L1,Z2) L Ix|8,Z<:
0.2

Yol B /P(Y|L17 S, Z<,Z3,do(X))
[ B(Z5|L1,8,Z<2)=1 <
dP(Llu 227 Z3|S, ZSl)

dP(Z%,S, 22,) dP(ZZ;)

chain rule
B / P(Y|L1, S, Z, do(X))
dP(L+|S, Z)
dP(Z \ ZEZ,|S, 2Z,) dP(ZE))
Ii L Ix 152 /IP’(Y|L1, S, Z,do(X))
0.2
dP(L1|S, Z,do(X))
dP(Z\ Z2,|S, Z2,) dP(ZZ,)
mae RS Z,do(x))

dP(Z\ Z2,|8,22,) dP(ZZ,)

/ P(Y|S, Z,X)
dP(Z \ Z2,|8, Z2)) dP(ZZ)).

Y I Ix|X,S,Z

O
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