arXiv:2009.07916v1 [cs.Al] 16 Sep 2020

Causal Discovery for Causal Bandits utilizing
Separating Sets

Arnoud A.W.M. de Kroon Danielle Belgrave
Korteweg-de Vries Institute for Mathematics Microsoft Research
University of Amsterdam Cambridge, United Kingdom

Amsterdam, The Netherlands

Joris M. Mooij *
Korteweg-de Vries Institute for Mathematics
University of Amsterdam
Amsterdam, The Netherlands

Abstract

The Causal Bandit is a variant of the classic Bandit problem where an agent
must identify the best action in a sequential decision-making process, where the
reward distribution of the actions displays a non-trivial dependence structure that
is governed by a causal model. All methods proposed thus far in the literature
rely on exact prior knowledge of the causal model to obtain improved estimators
for the reward. We formulate a new causal bandit algorithm that is the first to
no longer rely on explicit prior causal knowledge and instead uses the output of
causal discovery algorithms. This algorithm relies on a new estimator based on
separating sets, a causal structure already known in causal discovery literature. We
show that given a separating set, this estimator is unbiased, and has lower variance
compared to the sample mean. We derive a concentration bound and construct a
UCB-type algorithm based on this bound, as well as a Thompson sampling variant.
We compare our algorithms with traditional bandit algorithms on simulation data.
On these problems, our algorithms show a significant boost in performance.

1 Introduction

In recent years, there have been several works on the Causal Bandit problem (Lattimore et al., 2016}
Sen et al., 2017} [Yabe et al., [2018; [Lee and Bareinboim), [2018]). This is a variant of the classical
multi-armed bandits problem, where an underlying structural causal model (Pearl, 2009)) is assumed
between observed variables.

In the bandit problem, we iteratively choose an arm from a set of arms to play, after which we observe
a reward variable conditional on the chosen arm. In classical bandits, the rewards for the arms are
assumed to be independent. If we assume the rewards are generated by a causal model, the rewards
are no longer independent. We can use this additional structure to improve our performance.

Consider the following example. We play a video game with two buttons A and B. The game is
played in rounds, and in each round we have to choose which combination of the buttons we push.
Then, the game program generates a randomly chosen cute animal S which appears on the screen,
for example a giraffe or a zebra, conditional on the buttons pressed. Afterwards, a random cuteness
score Y is generated by the program. The distribution of this score is conditional on the animal
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that appeared on the screen. Our goal is then to find out which combinations of buttons to press to
maximize the total cuteness score achieved over the course of this game. The generative process of
this game can be represented by a causal graph, which is depicted in Figure[]

This is an example of a causal bandit, where we choose actions and obtain rewards, but in addition
to a reward variable, we also observe additional variables after choosing our action. All observed
variables are generated through a causal mechanism. If the probability distributions for each button
combination of the animals that appear on the screen do not overlap, then the reward signals of the
buttons pressed are independent of each other and this game can be considered a classical bandit
problem. However, if the distributions overlap, we can share information of the reward signal between
these button combinations to better estimate the expected reward value of each combination.

As a concrete example, consider starting the game with no prior knowledge on the conditional
distributions. We press button A once, observe a giraffe, and gain 10 cuteness points, and then press
button B, again observe a giraffe, but now gain 5 cuteness points. A traditional bandit algorithm
would estimate the expected value of button A with the sample mean, which is 10. However, it is
intuitively obvious that it is a better strategy to separately model the distribution of the animal that
appears on the screen and the expected reward given the animal, thus obtaining an estimated value of
button A of 7.5. We will refer to this sharing of data between actions as ‘information leakage’.

Recent approaches to this problem have shown greatly improved regret bounds compared to naive
approaches that treat it like a classical bandit problem by leveraging information leakage (Lattimore
et al,2016; Sen et al.l 2017;|Yabe et al.,2018). However, they all rely on perfect prior knowledge
of the causal structure. In this work, we formulate a causal bandits algorithm which drops the
assumption of prior causal knowledge.

In the example, the screen S plays a core role. Once we know how the buttons influence what appears
on the screen, we no longer need to know what buttons were pressed to estimate the expected reward:
the screen separates the action from the reward. This corresponds with the separating set concept
known from the causality literature (Spirtes et al., 2000; Magliacane et al., 2018};|Rojas-Carulla et al.,
2018]), which (assuming faithfulness) is defined as a set S that renders a target variable Y independent
of a context variable I when conditioned upon: I I Y| S, where the context variable encodes which
interventions are performed. We formulate a Causal Bandit algorithm based on separating sets, where
we separately model how actions (i.e. interventions) influence the separating set S and the expected
reward given S. This will turn out to yield an unbiased estimator, with improved variance compared
to a naive sample mean estimator, on the condition that S is a correct separating set.

Formulating the algorithm in terms of separating sets allows us to combine it with any causal
discovery algorithm that can estimate separating sets from data, and thereby drop the assumption
of prior causal knowledge. We formulate a concentration bound for our estimator, and construct an
Upper Confidence Bound algorithm based on this bound. We then show greatly improved cumulative
regret performance compared to classical bandit algorithms in simulation studies.
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Figure 1: The causal graph for our example game. /4 and Iy are intervention variables encoding
interventions on buttons A and B, the screen content is encoded by .S, and Y is the reward (cuteness
score). {S} is a separating set for Y and {4, Ip}, since {Ia,Ip} Lg Y | S.

2 Preliminaries

In this section we introduce the required preliminaries regarding causality and causal bandits.



2.1 Causal modeling and graph definitions

We will very briefly introduce the elements of the theory of graphical causal modeling that are used
in this work. An in-depth introduction can for example be found in [Pearl| (2009)).

We will denote tuples of variables with a bold capital letter, e.g. X = (X;)!"_,, and will use lower
case letter z for a value assigned to X. The domain of X is denoted by D(X). We assume that
we observe variables generated through an acyclic Structural Causal Model M = (V,E, F, P[E]),
with a tuple of endogenous variables V and a tuple of independent exogenous variables E with
probability distribution P[E]. The values of 'V are defined by the tuple of functions F, where for each
Vi € V thereis a fy, € F such that V; = fy, (pa(V;), E;). Here pa(V;) C V \ {V;} are the direct
causes (“parents”) of V; and E; C E is a subset of the exogenous variables. We explicitly allow for
confounders (since the E; can overlap), but exclude cycles, though it would be straightforward to
include them (see e.g. Mooij et al.,[2016). For simplicity, we assume all variables henceforth to be
discrete.

Each SCM has an associated graph G = (V, £), which is acyclic if and only if the SCM is acyclic,
where V is a set of nodes corresponding to the endogenous variables and £ is a set of edges. If
Vi directly influences V; according to fy,, then there is a directed edge V; — V; € £. There is a
bidirected edge V; <+ V; € & if they share independent noise variables, i.e., if E; N E; # (. We
adopt the default family relationships: pa, ch, an, and de for parents, children and ancestors and
descendants respectively, where for an and de we include the variable itself.

We may now reason about performing interventions on the variables V;. In the SCM causal modeling
framework, interventions are defined by altering the functional dependencies of the SCM. For example,
we may force the value of a variable to a specific value £. This is called a perfect intervention, and
the joint probability is then notated as P[V |do(V; = £)]. One may also define other types of
interventions, for example soft interventions which alter the functional dependency fy; but may keep
a functional relationship instead of just setting the variable to a value.

Here we make use of context variables (Mooij et al.,|2016) to model interventions. We introduce I
to be the set of context variables. We will consider graphs G = (V U1, £) with additional vertices
I corresponding to a different interventions. If I; € I encodes an intervention on nodes T; C 'V,
we set I; to @ if we do not perform this intervention, and to a different value ¢ for each possible
version of intervention I; (for example to different perfect intervention values in the domain of T).
Furthermore, we add an edge I; — V; to £ for each V; € T;. For example, we can model a perfect
intervention do(V; = () by intervention variable I; if we modify fy, to:

. _fc i1 =¢
o= {fvxpa(v;),E» i, =2

Then, if we perform some combination of interventions, this corresponds to choosing a vector of
values ¢, of the same size as the number of intervention variables, and where some values may be
@, resulting in P[V | do(I = ¢)]. Note that with this formalism, P[V |do(I = ¢)] = P[V |I = (],
because the intervention variables are exogenous.

We define a path between nodes Vj and V, as a tuple (Vo,e1, Vi, ea,...,e,,V,), with V; € V,
e; € £, where each node occurs at most once and e; is an edge with endpoints V;_1 and V;. V} is
called a collider on a path if there is a subpath (Vi._1, ex, Vi, €x+1, Vi+1) where the edges ey, and
ex+1 meet head to head on node Vj. Otherwise this node is called a non-collider. The endpoints are
also refered to as non-colliders.

Using the definition of paths and colliders, one defines d-separation:

Definition 1. (d-separation) We say a path (Vy, e1, ..., en, V) in graph G = (V, E) is blocked by
CCVif:

(i): Its first or last node is in C, or

(ii): It contains a collider on a node not in an(C), or

(iii): It contains a non-collider in C

If for sets A, B C 'V all paths from nodes in A to nodes in B are blocked by C C 'V, we say that A
is d-separated from B by C, and write A L g B|C.



Consider an acyclic SCM M with graph G. Let Py be the probability distribution induced by this
model. Then the Directed Global Markov Property holds for subsets A, B,C C V:

Alg B|C = Aly, B|C.

These conditional independencies are the core information provided by causal reasoning that we
exploit in this work. While our algorithm itself does not explicitly assume the converse (called
faithfulness), this is assumed by many causal discovery algorithms thus we henceforth assume
faithfulness as well.

2.2 Causal Bandit problem

The multi-armed bandit problem is one of the classic problems studied in sequential decision making
literature (Lai and Robbins} |1985)). In this setting, an agent decides on which arm to pull and receives
a reward corresponding to that arm. Classically, the rewards of the arms are considered independent
which gives rise to strategies like e-greedy, UCB (Auer et al.,2002; |Cappé et al., 2013)) and Thompson
Sampling (Thompson| |1933).

Lattimore, Lattimore, and Reid| (2016) introduced the Causal Bandit problem as follows. Consider
an agent in a sequential decision making process consisting of 7' trials. In each trial, the agent
chooses an assignment of values ¢ to intervention variables I (also referred to as choosing an arm).
It then observes variables from P[V |I = (], according to an SCM M = (V,E, F, P[E]) with
corresponding graph G = (V U1, £). One of the endogenous variables Y € V is the target variable.
Thus, when choosing an arm for trial N + 1, the agent has observed data DY = {(¢", v™)}_ |,
which are pairs of intervention node values ¢ and realizations of V. In this paper, we assume all
variables to be discrete and for Y to be binary. Let Y™ denote the target variable observed in trial n.

The goal is then to minimize the cumulative regret R = 25:1 Y™ —max. E[Y |I=(]].

As a convenience, we will introduce notation to count the number of samples in our data for which
a certain predicate p holds. Let Np~(p) = [{(¢"™,v") € DV | ({",v") F p}|. For example,
Npn~ (Y = 1,1 = ¢) is the number of samples in dataset DV for which we performed intervention ¢
and observed the value 1 for reward variable Y.

2.3 Related Work

Two types of algorithms have been proposed to solve this problem, those relying on information
leakage and those that prune the action space based on the structure of the causal graph. The initial
paper by [Lattimore et al.|(2016) was able to give improved bounds for simple regret for the causal
bandit problem compared to traditional methods which assume independent arms. This was done by
utilizing information leakage: the reward obtained under one intervention may provide information
about other interventions. The authors construct an importance sampling estimator based on this
principle that assumes full prior knowledge of the probability distribution of all variables besides the
target variable. Using this, the authors derive an improved simple regret bound. Sen et al.| (2017)
focused on applying more advanced techniques from the Bandit literature. For example, they analyze
gap dependent bounds and apply dynamic clipping, where they divide the T trials into phases and
apply a different clipping constant for each phase. These advances lead to sometimes exponentially
better regret than the algorithm by [Lattimore et al.| (2016).

Yabe et al.| (2018) extend Lattimore et al.’s work in a different direction. They consider only binary
variables and perfect interventions on subsets of nodes. They use the full knowledge of the graph to
estimate the probabilities p(V' | pa(V'),I = ) for each node V' € V. Interestingly, they only require
prior knowledge of the graph and estimate all required probability distributions from data acquired
from the actual bandit.

More recently, |Lee and Bareinboim| (2018) introduced a new method for the causal multi-armed
bandit problem. They consider perfect interventions on subsets of nodes of the causal graph. Because
they only consider perfect interventions, it is sometimes impossible for some interventions to perform
better than other interventions more downstream, and thus they may be pruned.

One thing that all existing approaches have in common is that they assume the causal relationships to
be known beforehand, an assumption that is often not met in practice.



3 Separating sets lead to improved estimators

In this section, we generalize the intuition we had about the example game in the introduction to
an estimator based on a separating set with favorable properties compared to direct sample mean
estimation. We then derive a concentration bound for this estimator.

3.1 The information sharing estimator

The core strategy we have seen in Causal Bandits in previous work is to exploit very specific
knowledge about the causal structure in order to construct estimators that share information between
arms. In order to make Causal Bandits suitable for causal discovery, we introduce a novel information
sharing estimator that relies on less specific knowledge about the causal graph, exploiting information
leakage to share data between interventions.

Recall our initial example. The core realization we made is that we may separately estimate the
relationship between the combination of buttons pressed and the screen and between the screen and
the score. More generally, we say that a set of variables S is a separating set for intervention variables
I and target variable Y if I 1 g Y |S. By the Markov property and faithfulness, this is equivalent to
the conditional independence I L p,, Y| S.

If S is a separating set, we have for all possible interventions do(I = ¢) the following identity by the
law of total expectation, where the second equality uses the independence:

EY |[T=(] =E[E[Y |S,I=(][T=(]
=E[E[Y [S][T=(].
We introduce separate estimators /i(s) for E[Y | S = s] and p(s| ¢) for P[S = s|I = ¢]. Inspired by
the above identity, we then propose the following information sharing estimator for E[Y |1 = (]:
irs(CDN;8) == > i(s|DN)p(s| ¢, D). (1)
s€D(S)

Since S is discrete and Y is binary, the sample percentages and mean are the obvious candidates to
estimate these quantities. Thus we define:

_NDN(S:S,I:C)

~ Ny .
~ N __NDN(Yzl,S:S)
AEIDN) i= =P (3)

To further understand the proposed estimator, we estimate its bias and variance. In the appendix we
show that the following theorem holds:

Theorem 3.1. If we calculate ji;s((|DN;S) from dataset DN as defined above, I Lp,, Y | S and
there is at least one sample from each possible intervention, then the information sharing estimator
is unbiased and there exists a constant o* € [0, 1) such that its variance conditional on the
number of samples from each intervention is given by:

1

Nprn(I=()

+ (10" (€. DY) Bansisapq [EIVIS = (1 - BYIS =) ).

V{jirs(¢[DN:8)] = (vswmszslzq [E[Y]S = 5] )

Proof. See appendix. O

It is easy to see that if (¢, DY) = 0 (which for example happens if no data with I # ¢ is available)

then V[ii;5(¢|DN;S)] = E[Y‘I}C](;(_I]Egu:d), which is the variance of the naive sample mean
o~ (=

calculated only from data where I = (. Thus the information sharing estimator always performs
at least as well as the sample mean. We can therefore see the variance of the information sharing

’Here, we abuse notation by omitting explit conditioning on {Npn (I = ¢)}.



estimator in equation (I2)) as a decomposition of the sample mean variance into first term which can
only be reduced by adding more data where I = ¢, and the second term which can also be reduced
by data where I # . Indeed, the first term equals the variance of our estimator if /i(s|DV) would be
perfect estimates for the expectations E[Y'|S = s].

The second term can be reduced by adding data where I # ¢, depending on the overlap in distributions
on S between the interventions. In the appendix we provide lower bounds on a* (¢, DY) under
different assumptions to better understand when this estimator behaves well, e.g. we show that if
we condition on that Np~ (S =s) > ¢ Npn (S =s,I =) for all s and some positive ¢, then

a*(¢, DY) > 1%

3.2 Concentration bound for information sharing estimator

The true mean 1(¢) = E[Y|I = (] is a function of parameters p(s) = E[Y|S = s] and p(s|¢) =
P[S = s[I = (] through the relation 11(¢) = >_sc p(s) P(S|C)(s). We derive a concentration bound
by constraining p(s|¢) and u(s) individually with high probability using Hoeffdings bound and the
bound on multinomial variables from [Weissman et al.|(2003). We may then use a union bound on
these individual events to obtain a simultaneous multidimensional region © of high probability for all
parameters. We can then solve the maximization problem:

P < max
He) = (u*(s),p*(s|€))€®

D psIOut(s) | < P[(u(s),p(sIC)) € O]

seD(S)

to obtain a concentration bound. For § > 0, let us define ucb(fi(s|DV)) = f(s|DV) +
V10g(2|D(S)[/5)/(2Np~ (S = s)). Moreover, let As(¢) = +/|S|log(4/5)/(2N (I = ¢)). Then

the following theorem holds:
Theorem 3.2. If we calculate jirs(¢|DN;S) as in from dataset DN and 1 L g Y | S, then:

PlENI= (> 30 a5 DY uk(aisip™) )
seD(S)
+85(0) (%) weh(is[D")) i ucb(ﬂ(s'mN)))] <.
Proof. See appendix. O

4 Separating Set Causal Bandit Algorithms

With a concentration bound in hand, we may now define our Separating Set Causal Bandit UCB
algorithm. Note that while the bound of equation (1)) is often tighter than the standard bound used in
UCB for Bernoulli variables, this is not always the case. Therefore, our algorithm will choose the
tightest bound available to it, and will fall back to just the sample mean figps(¢|DY) if the bound of
equation (2I)) is not tighter than the standard UCB bound. To reduce computational cost, we run the
causal discovery algorithm once every time the number of iterations has increased by 25%. Each
iteration, for each possible intervention, we calculated the normal UCB and for each separating set
we calculate the UCB based on equation (2I)). We then choose as index the UCB which is closest to
its corresponding estimate (i.e. it has the smallest width). We then pick the action with the highest
index. The full description of the algorithm is in the appendix. Since our UCB algorithm has the
same confidence level as used in normal UCB and the bound is at least as tight, we can show the
following theorem:

Theorem 4.1. [If we run the separating set causal bandit UCB algorithm as defined in the appendix
on dataset DN and if 1 I g Y | S, it has the same cumulative regret upper-bound as normal UCB.

Proof. See appendix. O

In practice, as we will see in section 5, this algorithm may perform much better than normal UCB.
We also test a Thompson sampling variant of the Separating Set Causal Bandit algorithm. Here,



instead of using an index based on an upper confidence bound, given a separating set, we model
the parameters P[S = s|I = (] using a Dirichlet prior and the parameters P[Y = 1|S = s] using a
Beta prior. We can then apply Thompson sampling, by sampling the parameters from their posterior
distributions, and calculating the resulting expected value. Given a sample ({,s,Y’), we can update
each of the posteriors separately and naturally. A full specification of this variant is in the appendix.

We may combine our novel algorithms with any causal discovery algorithm which outputs separating
sets. The methods we used in our experiments are described in the following subsections.

4.1 Direct Independence Testing

Since we have full interventional data, we can directly test for all sets S whether they have the
separating set property, i.e., whether I L p,, Y | S. Our baseline causal discovery method is then to
directly test for separating sets from data in this way. We here make use of the G-test for conditional
independence of discrete variables (Neapolitan, 2004) with p-value threshold o = 2.5/ V'N.

4.2 ASD-JCI123kt

A state-of-the-art causal discovery algorithm for small numbers of variables is ASD-JCI123kt (Mooij
et al., 2016). It is a particular implementation of the Joint Causal Inference framework (Mooij et al.,
2016)), which pools data over contexts. This allows it to simultaneously handle data from different
sources, e.g. different interventional distributions. ASD-JCI123kt is a hybrid causal discovery
algorithm that scores how well each hypothetical causal graph matches the (strengths of the) observed
dependences in the pooled data, giving more weight to stronger dependences. As an independence
test, we again make use of the G?-test for conditional independence of discrete variables with p-
value threshold o = 2.5/+/N. Contrary to the direct testing baseline, ASD-JCI123kt combines all
conditional independence test results in order to score the underlying causal graph(s). Since the
algorithm makes use of an Answer Set Program (ASP) building on work by Hyttinen et al.| (2014), it
is straightforward to query the ASP optimizer for separating sets (e.g., how much evidence is there
that variable V; is independent of V; given S), by applying the feature scoring approach proposed by
Magliacane et al|(2016). We accept a set S as a valid separating set if for all I € I, the confidence
score for the independence I L p,, Y | S output by ASD-JCI123Kkt is positive.

5 Experimentation

We now proceed to simulate several Causal Bandit problems. For each experiment, initially all
algorithms uniformly pick arms 10 to ensure that all statistical tests are well behaved. Both causal
discovery algorithms have hyperparameters in the form of a test threshold «, and ASD-JCI123kt
furthermore has a score threshold parameter ¢. We only test one set of these parameters, where we
set a = 2.5/+/N (which is somewhat reasonable from experience) and ¢ = 0, due to the high cost
of hyperparameter tuning in this setting. We leave hyperparameter tuning as a further optimization
challenge for the future. We compare to UCB and Thompson Sampling baselines, as well as versions
of our algorithm with knowledge of a separating set, namely the parents of the target variable.

5.1 Simulation study design

First, we simulate data inspired by our running example game. We generate data as follows. We
consider two buttons A and B, with corresponding intervention nodes /4 and Ig. If Iy = @ or
Ip = @, we let our younger brother decide whether to press the corresponding button, which he
does independently with 50% probability. If we set 14 to 0 we intervene such that button A is not
pressed (i.e., do(A = 0)), if we set I4 to 1 we press the corresponding button (i.e., do(A = 1)).
Similarly for I5. Thus there are 32 = 9 possible actions in this bandit. The screen is a binary variable,
generated according to P[S = 1|A = a,B = b| = 1%‘“’. Finally, we generate Y according to

PlY =1]8 =s] = 1=,

Furthermore, we generated all acyclic causal graphs G = (V, £) over 4 binary variables with no
confounders and compare the cumulative regret, with a similar sampling strategy. We allow perfect
interventions on all subsets of variables excluding the target variable, and thus there are 3° = 27
possible actions. We only generate graphs where Y has at least 1 parent (otherwise the regret is
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Figure 2: (a): Simulation results on the game example causal bandit over 150 runs. Shaded areas are
estimated standard errors. (b): Sensitivity and false positive rate for our causal discovery methods.
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Figure 3: (a): Simulation results on all DAGs of 4 nodes. We generated a parameter sample for each
of the 234 graphs. Shaded areas are estimated standard for errors. (b) Sensitivity and false positive
rate for our causal discovery methods.

always 0). Permutations of the variables excluding Y are disregarded. Full simulation details are
provided in the appendix, including a final simulation study on larger graphs.

5.2 Results

Results for the experiments are shown in figure (2) and {@). As can be seen, traditional UCB is
outclassed by all our information sharing (IS) based algorithms that rely on causal discovery. In
regimes where the causal discovery methods perform well, Thompson sampling (TS) is also clearly
beaten by our IS TS variants and beaten sometimes by our IS UCB variants. The video game example
is a structure which seems particularly easy to identify, and therefore the performance of all our IS
algorithms is superior on this problem after our causal discovery methods converge.

Unfortunately, in the experiment with all DAGs of 4 nodes, the sensitivity of ASD-JCI123kt converges
poorly, likely due to suboptimal hyperparameter settings. Compared to traditional UCB, even with
somewhat unreliable causal knowledge our methods show increased performance. However, TS seems
to converge quickly for our parameterization strategy after which the mistakes by ASD-JCI123kt are
comparatively too costly. Direct testing does converge and therefore our methods using direct testing
perform very well, with the TS variant almost immediately converging. We see that surprisingly, even
somewhat unreliable causal knowledge may lead to great performance gains, and that this is clearly
a very fruitful direction to pursue. However, when the causal discovery methods do not converge
properly our estimates are not unbiased and thus in that case there are no convergence guarantees.

6 Conclusion

We have shown that exploiting separating sets in causal bandit problems may yield significantly
improved performance compared to traditional UCB and Thompson Sampling. We proved that given
correct separating sets, our algorithm has the same regret bound as UCB. In case the causal graph



(and hence, the correct separating sets) is not known, we employed causal discovery algorithms to
estimate separating sets from the data in an online fashion. In our simulation experiments, we found
that when the causal discovery methods perform reasonably well, our algorithms that rely on them
clearly outperform their baseline bandit counterparts.

Our estimator and algorithm may be applied whenever we know of a separating set. This furthermore
makes it applicable with pre-existing knowledge less specific than a full causal graph. Furthermore,
there is potential in extending this work to contextual bandits and more general reinforcement learning
if we formulate an equivalent definition of separating set in these settings. Our approach also turns
the Causal Bandit into an interesting task in which to utilize and compare different causal discovery
algorithms.
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Appendix

A Proof of theorems

In this appendix section, we set out to prove the theorems stated in the main paper. Here it is
convenient to introduce vectorized notation for the relevant quantities. Let us consider our estimator
given a particular separating set S with domain D(S). We define the following vectors indexed by
D(8S), such that the value at index s € S is given by:

(ps(¢IDM)), = (s | ¢, DY), (6)
(Ps({)s =P[S=s|I=(], (7)
(as(DY)), = i(s | DY), ®)
(ns), =E[Y =1|8S =5, 9)
(Nspn(p)), = Npv (S =sAp). (10)

With this in hand, we can write the definition of our information sharing estimator (I)) as an inner
product:

irs(¢|DN;S) = pE(¢IDY) fas (DY), (11)
A.1 Proof of Theorem 3.1

We set out to prove the theorem:

Theorem 3.1. If we calculate ji;5(¢|DY;S) from dataset DY as defined in , Ilp, Y|Sand
there is at least one sample from each possible intervention, then the information sharing estimator
is unbiased and there exists a constant a* € [0, 1) such that its variance conditional on the
number of samples from each intervention is given by:

-
Np~(I= ()

(1 - 0"(C DY) Eanrissir—q) [EIY]S = s](1 — E[Y]S = sm).

Vijirs(¢|DY;8)] = (VSNP[S—SI—C] [E[Y]S = s]] (12)

We consider the information sharing estimator (IT)) calculated from data generated under the random
process of the interaction of the policy of a learner with a bandit environment, which we’ll denote P,,,
where we assume we have at least one sample from each possible intervention ¢ € D(I). We first
show that the vectors in @ are uncorrelated, which has as immediate corollary that the information
sharing estimator is unbiased. This follows from the law of total expectation:

Ep, [f%(CIDN)/ls(DN)]:Eu»,[EP[ LCIDY ) <DN>|NSDN<I—<;>,NS,DN<I¢<>]]

s, [ﬁ»g@mN)EP,, [4s(DY) | Ng.px (I = ¢), Ng o (I # <>]]

= Ep, [f’é(C\DN)] us
=pL (DY )us =E[Y [I=(]

where in the second line we use that p§(¢|D?) is deterministic conditional on Ng p~ (I = ¢) and
thus it factors out of the inner expectation. On the third line, we use that conditionally on the counts
Npn (S = s) (which is a deterministic function of the vectors we condition on), fi(s | D) is just the
mean of Np~ (S = s) Bernoulli variables and thus unbiased, and thus the inner expectation evaluates
to the vector of true means g (D) and factors out. The exact same conditioning argument using the
law of total expectation can be used to show that Ep, [[LS (DN )] = pg, from which it follows that
the expectation factors and thus the vectors are uncorrelated. Finally in the fourth line, the elements
of pL(¢|DY) can be seen as the mean of at least one Bernoulli variable (by assumption) and thus are
unbiased, from which the unbiasedness of the information sharing estimator follows.
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We analyze the variance using a similar strategy, where we add conditioning through the law of total
variance. Let us consider conditioning on the number of samples for each intervention, i.e. we add
conditioning on the set {N' (I = ¢)}¢ep(n:

Ve, [1s(¢|D";8)] = Ep, [Vp, [s(¢IDY;S) [ {NT = )} eenm)]]
+ Ve, [Ep, [fis(CIDY:S) | {NT = O)}eenm)]]
=Ep, [Vp, [11s(¢[DN;S) [ {N (T =) }eenm]]

where on the first line, the second term is 0 since the estimator is unbiased if we have at least one
sample for each possible intervention, which holds by assumption. Thus it suffices to analyze the
estimator conditioned on {N'(I = ¢)}¢cp(r). and then analyze the expectation of the resulting
expression w.r.t. I, and the random variables {N (I = ¢)}¢cp(r) for a given policy and bandit. We
omit explicit conditioning on {N'(I = ¢{)}¢cp(r) to reduce clutter, and analyze the inner variance:

Ve, [1s(CIDY;8) [ {N (T =) }eenw)] = Vi [furs(¢IDY;8)] .

Again, we use the law of total variance, adding the same conditioning we did to show unbiasedness:

Vi [fus(¢IDY;8)] = Ex [Vi [BL(CIDY)ias (DY) | N px (I=¢),Ng p~ (I# ¢)]]
+ V1 [Ex [f’é(dDN)ﬂS(DN) | Ng,pv(I=¢),Ngpv(I#C)]].

Now note, in both terms, p& (DY) is non-random. In the second term this vector factors out because
of linearity of expectation. In the case of the first term, the individual elements of fig are uncorrelated
with each-other since they are calculated from disjoint sets of data, thus this vector factors out of the
variance element wise squared. This yields:

Vi [us(¢IDY:8)] = Er | (B3 (¢ID™))” Vi [ias(D™) | Ns o (T =€), Ns pv (1 £ €)] | (13)
+ Vi [BE(CIDY)Er [fas(DY) | Ng pa (I =€), Ng pn (I# ¢)]]

where the square of the vector in the first term is elementwise, and the variance of a vector
in the first term is just the vector of diagonal elements of the covariance matrix, i.e. there
are no covariance terms. In the second term, we may now again use that the inner expecta-
tion is unbiased following the same argument as before. For the first term, the variance vector
V1 [ﬂs (DN) | NS7DN (I = C), NSﬁ'DN (I #* C)} =us® (1 - [1,5) @NS7'DN (T) is also well defined
as the variance of a sample mean of a set of Bernoulli random variables, where ® is elementwise
product, @ is elementwise division and Ng p~ (T) = Ng p~ (I = ¢) +Ng pn (I # €). Substituting
this into (T3) yields:

Vi [jus(¢IDY;8)] = Bx [(S(CIDY)’ 0 Nspn(T)] s @ (1= ps)  (14)
+ Vi [BE(CIDY ) us]

Interestingly, the second term corresponds to our information leakage estimator if we were given
perfect oracle estimates pg. Since the advantage gained by the information sharing estimator is
through better estimation of pg, this term can be seen as a base error that cannot be reduced through
information leakage.

We evaluate the variance of the second term. Let sy, ..., Sa/(1=¢) be the one-hot vector encoded
values of S observed in the subset of our data where I = (. These are i.i.d. categorical variables, and
since p§(¢[DY) = x—=gy folN (=9 ... the second term becomes by independence:
N (=
1 NDN (I:C)
Vi [pL¢IPY)ps] = Vi | ——— SLHs
PRl =W =g &
- Vy[sTps]
= == Vi[s{us
Npx(I=¢) "1
1
=—— V. prg_si—¢ [E[Y]S = s]]. 15
Now (L= ¢) ' =FIs=si= [E[Y]S = s]] (15)

11



Let us now turn our attention to the first term of equation (I4). This is an inner product between
vectors, where the left factor is an expectation of a vector. Let us consider an element of this
expectation vector at index s € D(S):

a2 N
(500 o (1], =1 2]

[ B(s|¢, DY) N (S =s,I=C>}
_N'DN (I = C) NDN (S = S)

_ o [D(s]¢, DY) Npx (S =s,1#¢)
=k | Npy(I=() (1_ DNDN(S =s) )]

:]EI

B mEl [p(s1¢, DY) (1 - afs,¢,DY))] (16)
where:
a(s,C,DN) . NDN(S:SvI?éC)_ (17

NDN (S = S)

Note that a(s, ¢, DY) equals 0 if Np~ (S = 5,1 # ¢) = 0 (i.e. there is no additional data to use
where I # ¢ for information sharing for this value of s), and goes 1 if Npn (S = 5,1 # () goes
to oo and we keep Npn (S = s, I = () fixed, since in the denominator Np~ (S = s) = Npn~ (S =
SaI = C) +NDN(S = Sa:[ 7é C)

Substituting (I5]) and into (14), the variance of the information sharing estimator then becomes

Vi [ﬂIS(C|DN; S)} = m (EI [ﬁS(CaDN) ®(1- a(CaDN)))}T ps @ (1— ps)
+ Varisman V]S = 5] (19)

where we define (¢, D) as the vectorized version of a(s, ¢, D™V) indexed by s € D(S) such that
(a(¢, DY) = afs,¢, D). Let us now consider the term which has a(¢, D)) as a factor when
we expand the parenthesis inside the expectation of the first term. From its definition, we see that
a(¢, DY) is elementwise upper bounded by 1 (at an infinite of samples where I # ¢ and a finite
number of samples I = ¢) for all values of s), and elementwise lower bounded by 0 if we have no
samples where I = . Therefore, since all values are positive, if we define:

E1[ps(¢, DY) ® (¢, DY))|Tps ® (1 — ps)
E1[ps(¢. DY) @ 1]Tps © (1 — ps)
then a* (¢, D) is upper bounded by 1 since from its definition we see that (¢, D)) is elementwise

upper bounded by 1 in which case the numerator and denominator are equal. Furthermore, a* (¢, D)
is lower boundedao since all values are nonnegative. Then a* (¢, D™) € [0, 1) and substitution of
(18

a*(¢, D) = (19)

a*(¢, DY) into (18) yields:

Vi [us(¢DY;8)] = ((1 — (¢, DV))Er[ps(¢. DY) @ 1]Tps @ (1 — ps)

o
Npx(I=¢)

+m%%4mmmwszﬂ)

= m ((1 —a*(¢, DV))PE(Qps @ (1 — ps) + Veups—sji=¢) [E[Y[S = S]])

1
= m (VSNIP’[s—sI—g] [E[Y‘S = SH

+ (1= a*(¢, DY) Esupis=sii=¢ [E[Y |S = s](1 ~ E[Y[S = S])})- (20)

which is what was to be shown. The value of a* (¢, DY) is a complicated inner product depending
on the model parameters, and is a measure of the expected relative sizes of Np~ (S = s|I = ¢) and
Npn (S = s|I # ¢) for the values of s where P[S = s|I = (] is large.
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It is easy to see that a* (¢, DY) > ming afs, ¢), since then a(¢, DY) > ming afs, ¢)1 elementwise
and we may then factor o* (¢, DV) out of the expectation in the numerator of (19)) after which the
fraction cancels. An interesting case is if we condition on knowing {Np~ (S =5,I= () }scp(s)-
Let us define c to be the largest real number such that for all s € D(S), it holds that Np~ (S = 8,1 #
¢) > eNpn (S = 8,1 = ¢). From its definition , we see that then a(s, ¢, DY) > —<-, and thus

ESRE
a*(¢, D) > 4.
The relative sizes of Vg ps—s1=¢] [E[Y|S = s]] and Esps—s1=¢] [E[Y|S = s](1 — E[Y[S = s])]
signify how well additional data from N (I # ¢) helps in estimating E[Y |I = (]. Interestingly, not
always it is even beneficial to share data through information leakage. Specifically, if E[Y|S =
s](1 — E[Y|S = s]) = 0 for all s in the support of P[S = s|I = (], then there is no error due
to misestimation of E[Y|S = s| (since they are then deterministic thus if we have just 1 sample
this is enough) and all error of the information sharing estimator stems from misestimation of
P[S = s|I = ¢]. In this case, no amount of additional data from I # ¢ may help. In the best case
however, the term Vg _pjs—s1—¢][E[Y'|S = s]] may be 0 in which case all error is reducible through
information leakage. This happens for example if P[S = s|I = (] is deterministic, in which case
there is no error due to misestimation of these probabilities.

A.2 Proof of Theorem 3.2

We now set out to show the following theorem:
Theorem 3.2. If we calculate i;s(¢|DV;S) as in from dataset DN and 1 L g Y | S, then:

PIEVI=¢I> 3 o516 DY )ucd(a(slD") @
seD(S)
+25(0) (g web@(siD™) = min web(a(s'D) ) | <.

Given that S is a separating set, the true mean p(¢) = E[Y|I = (] is a function of the true parameters

ps(¢) and ps:
1(¢) = ps(¢)Tus.

We will construct an upper bound for x(¢) by constraining the parameters to some set with high
probability, i.e. with high probability (ps(¢), us) € © = Op x O,,. Then:

P [M(C) < sup (pE)Tui&] > P(ps(¢); ps) € O], (22)
(pg,p3)€®

We construct O by using existing concentration bounds for individual elements of (¢)’s decomposi-

tion. Let us first consider pg. We construct an estimator fig(D") for these parameters, where each

element of this vector is a sample mean of Npn (S = s) of Bernoulli variables. Thus, we can use the

standard Chernoff-Hoeffding bound for each individual index s € D(S) of the vector:

l0g(1/du(¢))
Won (S =) | =

Then, we can take the union bound of this event over the indices, to obtain a vectorized complementary
version:

P |(ps)s > (Bs(DY))_ +

P

R 1
ps < pis(DV) + \/2 log(1/6,(¢))1 @ Ng pn (T) | <1 —|D(S)[d,(¢)

where the square root and the inequality are elementwise, i.e. a < b implies that for
all s it holds that agz < bg. We will refer to the complement of the event inside prob-
ability as B,. We now turn to bounding ps(¢). This is a multinomial variable, i.e.

ps(¢DN) ~ mMultinomial(NDN(I =(),ps(¢)). Then by [Weissman, Ordentlich.

Seroussi, Verdu, and Weinberger| (2003)):

. 2|D(S)|log(2/0ps)
u»[ps@mzv)ps(onlz\/ 2 ]gaps.
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We will refer to this event as By,. Then P [B,, U Bp] < |D(8)[0,,¢) + dps := 0. It is an interesting
optimization problem to choose the values of §,,¢) and dj¢ in order to minimize the width of the
resulting confidence interval. However, out of convenience we will just pick these such that the
confidence is ‘evenly spread out’, i.e. we set |D(S)[0,,(¢) = dpg and set all §,,¢) equal to eachother.
So then, if we define regions corresponding to the complement of B, and By:

@pz{ps@) | IIﬁs(CIDN)—ps(C)|1<\/2ID(S)bg(4/5)}7

Npv (=)

0, = {us | s < ps(DY) + \/; log (Q'Dé(s)') 1 ®Ns,DN(T)}-

indeed by union bound:
Pl(ps(¢), us) €©] 21 -4 (23)
It then remains to maximize ps(¢)Tpus over © = O, x O,. Let us define ucb(fs(DV)) =

as(DN) + \/é log (W) 12 Ngp~(T)and Ap(C) = 4 /%. We will prove the

following lemma:

Lemma A.1. The optimization problem:

sup  (Ps)THs:
(Pg,pg)EO

under constraints (where inequalities are element-wise):

ps = 0,
Ipslli =1,
is upper bounded by:
LI Juch(s(DY) + 85(¢) ( mas (ueb(s(P™)), ~ min (ueb(s(D"), )

Proof. First note that since all elements of p§(¢) are nonnegative, and we have element-wise upper
bounds for p§, to maximize w.r.t. ug we can always just pick the maximum possible value for each

element of p% in ©,,, which are given by ucb(fis(D")). Thus our maximization problem reduces
to:

sup  (p§)Tps = sup (pg)Tucb(is(DY)) (24)
(P5,HE)EO P5€Op

Let us define Apg = pg — PL(¢|DY). Let A, be the positive elements of Apg and A_ be the

absolute value of the negative elements of Apg. Then p§ = ps(¢|D) + A4 — A_. Substituting
this into (24) yields:

sup (pg)Tuch(is(DY)) = sup (PS(¢IDY) + AT — AT )uch(is(DV)) (295

P5€Op P5€Op
Now, since ||p§lli = 1 and ||ps(¢)|li = 1 and all values are positive, it follows that
ALl = |A-]|l1 and [|pg — Ps()|li = [|A4|li + [|A—]];. Looking at the region we are

o « A 2[D(S)[log(4/5
maximizing over, we see that [Vertpg — ps(¢)[1 < ,/%, and thus ||[A4]; =

[A-]1 < % = Ay(¢). Furthermore, it is trivial to check that for strictly posi-
tive values AT ucb(fis(DV)) < [|A4 |1 maxse pes) (uch(fas(DY)))_ and AT ucb(fis(DV)) >

Ay ming e p(s) (ucb(as(DY))),,. Combining these facts with (25) yields:
sup  p3(¢)Tuch(jis (D)) < pY(¢|D™)uch(jis (D))

pé (C)E@p
~ N . ~ N
5(0) (g, (oeb(s(D), = i, (s, )
(26)
which finishes the proof. O
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We may now easily combine (22), (23] and (26) to obtain a vectorized version of the theorem
statement:

seD(S) s’€D(S)

>1-6 27)
which finishes the proof of the theorem. We may follow the exact same argument solving a
minimization problem for (22) and taking the reverse Chernoff-Hoeffding bound by defining

lecb(fis (DY) = fus (D) — \/é log (W) 1 @ Ng p~(T), to obtain a symmetric lower bound:

‘)

P {M(C) < PL(¢IDY)uch(is(DY)) + A4(C) ( max (ucb(as(DV))), — min_(ucb(is(DY))),,

]P’[M(C)Zf)é(CDN)ICb(ﬂs(DN))—Aﬁ(C)(maX (eb(jis(DY))), — min (lcbms(DN)))S,ﬂ

seD(S) s’€D(S)
>1-6 (28)

A.3 Proof of theorem 4.1

We set out to prove the theorem:

Theorem 4.1. If we run the separating set causal bandit UCB algorithm as defined in appendix[B.I|
on a discrete causal bandit with binary rewards, and if 1 1L g Y | S, it has the same cumulative regret
upper-bound as normal UCB on that bandit.

To see why this is true, consider the proof of the regret bound for UCB in chapter 8.1 of [Lattimore
and Szepesvari| (2020). To ease notation, this proof is for 1-subgaussian variables, while our problem
concerns Bernoulli variables, which are 1/4-subgaussian. This causes an extra factor of 1/4 inside the
square of our bounds, but this is an uninteresting technicality. Following that proof and its notation,
let u; be the expected reward of action ¢, u* = max; u; = u; be the optimal action indexed by 1
for convenience. Then A; = p* — p; is the expected regret of action i. We consider the regret
decomposition at timestep n:
Ro= Y AE[L(n)
©:A; >0

where T;(n) is the number of times we have chosen action 4 at timestep n. Let fi;(t) be the estimated
reward of action i (corresponding to some intervention ¢) by the Information Sharing UCB algorithm
at timestep ¢, and ucb; (t) be the calculated additive upper bound bonus (i.e. the best_width calculated
in the Information Sharing UCB algorithm). We can then upper-bound 7T;(n) as follows:

n n

Ti(n) =Y 1{Ay =i} <Y 1{fn(t — 1)+ uchy (t — 1) < py — &}

t=1 t=1

n
+ ) 1 {jui(t — 1) + uchi(t — 1) > gy — e and A =i}, (29)
t=1
where A; is the chosen action, and we have a term corresponding to the number of times the index of
the optimal arm is less than ;1; — € and the second term which corresponds to the number of times
that A; = 7 and its index is larger than ©; — e. Let us start with analyzing the expectation of the first

term of (29):
E

n
D> 1{fu(t—1) +uchi(t) < py — 6}1 (30)
t=1
Let us assume we picked the information sharing estimator for fi; at timestep ¢ — 1. Now, from

construction of our algorithm we know that ucby (t) < ;(ﬁ((i(ﬁ)) where f(t) = 1+tlog*(t), where

for the information sharing estimator, ucb; (t — 1) is given through the definition of idz(¢, DV;S) in
(@3) (after some simplification):

uch(t —1) = ﬁT(CiaDN)\/; log (2|D5(S)|) 1@ Ngpn~(T) 31
|D(8)|log(4/0) X o
N (L=C,) (max (2s(DY)), —min (s(PY), ). (32)
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where ; is the intervention corresponding to action A;, and S is the separating set chosen by the
algorithm at timestep ¢t — 1 for that intervention. Let us now introduce some further simplifying
notation. Let:

Ki(t—1)= IA)T(Q,DN)\/%I © Ng p~(T),

B0 =g g (e (3s(0Y)), — min s 2), )

Then:
uch(t — 1) = K;(t — 1)y/log(1/6) + log(2|D(S)|) + Li(t — 1)y/log(1/6) +log(4)  (33)

Now, since we picked this upper bound over the sample mean bound, by construction of the algorithm
it must hold that at the chosen confidence at parameter at timestep ¢ given by 6(¢) = 1/f(¢), it holds
that:

weh(t = 1) = Ki(t — 1)/ (F ) + D) + Li(t — 1)o7 0) + Tog(h) < 52 )
(34

Which implies that K;(t — 1) + L;(t — 1) < , /Wlt—l)' Now consider taking the derivative of
uch; (t — 1) with regard to log(1/6):

0 1) = Ki(t —1) Li(t—1)

d(log(1/6)) bt = 1) 2,/log(1/6) + log(2[D(S)]) = 24/log(1/5) + log(4) (35)
K;(t—1)+ Li(t—1)

=T 2loen) G6)

1 _ 0 log(1/4) 37

= /AT Dls(i/3)  Bllog(1/0) | 2Tt — 1)

This shows that the information sharing bound grows more slowly as log(1/0) grows than the
traditional UCB bound for 1/4-subgaussian variables. Let us now consider ucb;(t) as a function of ¢
and calculate ¢ such that:

Pl (t — 1) +uch(t,1/(f(t)) + & < 1] = P (t — 1) + ucb;(t,06L)] < 87, (38)
i.e. we solve 6. such that K;(t —1)/log(1/5.) + log(2|D(S)|) + L;(t —1)/log(1/d.) + log(4) =

uch;(t,1/(f(t)) + €. We may then compare this to analyzing the same event as a 1/4-subgaussian
variable as in the book, i.e. in that case we solve §7 such that:

log(1/0) _ [log((1))
2T;(t — 1) 2T;(t — 1)
Then, since we have shown that the information sharing bound grows more slowly than the 1/4-

subgaussian bound as § decreases, and since clearly 6. > 1/(f(¢)) and §* > 1/(f(t)), it must hold
that §. > §*. Thus when we analyze the event:

Zl{ﬂ1<t—1>+ mgul—e”, (39)
t=1 !

where we consider [i1(t — 1) a 1/4-subgaussian variable, the resulting upper bound must also be an
upper bound for the event i;(t — 1) + ucb;(t,1/(f(t)) + € analyzed with our concentration bound.
Substituting this into (39) yields:

E

E il{ﬂl(t—l)+ucb1(t) S/Ll—&} S]E

t=1

;1{/11(15— 1)+ m < —EH
(40)
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where again very importantly, on the right side we treat /i1 (¢ — 1) as a 1/4-subgaussian variable.

This analysis was conditional on fi; (¢ — 1) being an information sharing estimator, however, (40) is
trivially true if the algorithm reverted to the sample mean. From here, we may continue the analysis
of first term exactly as in the book as the expression is exactly the same modulo the 1/4 factor inside
the square due to the fact that a Bernoulli variable is 1/4-subgaussian, while the book focusses on
1-subgaussian variables to simplify notation. For the analysis of the second term, the following
inequality trivially holds:

2T;(t — 1

E Y1 {ji(t— 1)+ uchi(t) > g —e and A, = i}] A1)
t=1
<E il{ﬂi(zﬁ—l)—i— 1%(10(1&)))2”1_5 andAt:iH, (42)
t=1

where [i;(t — 1) may be result of the algorithm picking an information sharing estimator or the
algorithm reverting to the sample mean. Consider the information sharing estimator. Since its
variance is upper bounded by that of the sample mean, and it is bounded between [0, 1], by Hoeffdings
lemma it is itself a 1/(4+/n)-subgaussian variable, which implies that corollary 5.5 from the book
also holds if ji;(¢ — 1) is an information sharing estimator. Thus, we may just continue the analysis
in the book regardless of the estimator chosen. This concludes the proof of the theorem.

B Algorithm specification

In this section of the appendix, we specify our information sharing Causal Bandit Separating Set
algorithms, specifically a UCB and a Thompson sample variant. For both algorithms, we will use the
upper bound (27). To ease notation, let us define:

(¢, DY5S) = BLCID pueb (s (D) + 5(0) ma (web(s(DY), - min

(43)

One important detail when calculating this quantity, is the effect of perfect interventions with
known targets. Specifically, consider intervention ¢ corresponding to perfect interventions on nodes
O C V\{Y}. If SN O = O’ is not the empty set, then under intervention ¢, the values for O’ are
fixed. This limits the possible support for P[S = s|I = ¢], and in the calculation of {@#3) we may
then limit ourselves to values of s that are possible given the known targets of ¢ instead of the full
domain D(S), effectively reducing the dimension the problem of estimation of P[S = s|I = (] by
|O’|. This prior knowledge is used when calculating in our experiments and when we construct
our Thompson Sampling index.

Both of our algorithms take as input a causal discovery algorithm disc_sep_set, that given a dataset
DN, the set of possible interventions D(I)) and the target variable Y attempts to infer the sets S such
that Y L I| S and returns those inferred separating sets.

B.1 Information Sharing UCB

We first define our UCB variant using the information sharing estimator. The full details are in
Algorithm |1} First, on line 5, the algorithm retrieves all separating set. Then, for each possible
intervention, on line 6 it initializes the best found width so far to the width of the standard naive
UCB bound for Bernoulli variables, and sets the best found index to that of the standard naive UCB
algorithm. For that intervention it then checks each separating set if the bound is tighter, after

which on line 17 we store as index for that intervention the index corresponding to the tightest bound.

As intervention for that round we then pick the intervention with the highest index.

B.2 Information Sharing TS
Next we define the Thompson Sampling variant of our algorithm. Given a true separating set, it

is very natural to construct a Thompson Sampling estimator as follows. We impose a Dirichlet
prior on pg(¢) with parameter a« = 1 - 1 and for each element of g we impose a Beta prior with
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Algorithm 1 Information Sharing UCB
1: Input: Data: DV = {(¢™, v™)}_,, set of possible interventions D(I), target variable Y’

n=1>
Separating set algorithm: disc_sep_set
: Output: Next action to pick at iteration [NV + 1

Ch— 1
7 7 1+Nlog?(N)

2

3

4: Initialize array index|[¢] for ¢ € D(I)
5: S_set « disc_sep_set(DV,Y, D(I))
6
7
8

: forall ¢ € D(I) do

. log(1/6
best_width = %

. best_index = fignr(¢|DN) + best_width
9: forall S € S_set(¢) do

10 new_index = idx (¢, DV; S)

11: new_width = new_index — firs(¢|DV;S)
12: if new_width < best_width then

13: best_indexr = new_index

14: best_width = new_width

15: end if

16:  end for

17:  index[(] = best_index
18: end for

19: return arg max index|(]

parameters « = 3 = 1, where the parameters are chosen to maximize entropy. We may then calculate
the posteriors of these distributions given our data, which are simple and closed form, and then
sample from the parameters from them. Given this parameter sample, we may then calculate the
corresponding mean and use that as an index.

Unfortunately, our chosen causal discovery methods are inherently frequentist, and thus we did not
implement and end-to-end Bayesian approach. Instead, we rely on our Information Sharing UCB
algorithm to select a separating set, after which we may construct our Thompson Sampling index
assuming that the separating set is correct. If no separating set is found, we revert to a traditional
direct Thompson sampling index for that intervention. The full details are given in Algorithm [2}
where from line 1-16, we run a variant of Algorithm [I] that just selects for each intervention the
separating set that Algorithm [T] would have picked to construct its index. Then, from line 17-20, we
construct a Thompson Sampling index for that intervention if a separating set is found.

C Experiments

In this section of the appendix, we specify the details of the experimental design of the experiments
with all DAGs of 4 nodes. Furthermore, we detail a final experiment on larger graphs of 6 nodes.

C.1 All DAGs of 4 nodes experiment

When we generate all DAGs of 4 nodes in the manner described in section 5.1, we end up with 234
DAGs. For each generated graph G = (V, £), we model each node as a binary variable, and add an
intervention node Iy, for each variable V' € V \ {Y'}. Each intervention node Iy models a perfect
intervention on V', where we can either set Iy = & which corresponds to not intervening on V', we
can set it to 1 which corresponds to intervening on V' such that V' = 1, and we can set it to 0 which
corresponds to intervening on V' such that V' = 0. For each variable V', we generate a random binary
target vector ty of size |pa(V')| with uniform distribution. Let match(ty, pa(V')) be a function that
counts the number of parents of V' that matches the target vector. We then sample V' according to:
1+ match(ty,pa(V))

BIV = lpa(V)] = ——5 7 oS, (44)
if we do not intervene on that variable. That is, the probability depends on the numerator which
counts the number of parents of V' that match the target vector.
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Algorithm 2 Information Sharing TS
1: Input: Data: DV = {(¢™, v™)}_,, set of possible interventions D(I), target variable Y’

n=1>
Separating set algorithm: disc_sep_set
: Output: Next action to pick at iteration [NV + 1

Ch— 1
7 7 1+Nlog?(N)

2

3

4: Initialize array index|[¢] for ¢ € D(I)
5: S_set « disc_sep_set(DV,Y, D(I))
6
7
8

: forall ¢ € D(I) do
best_width = #1(/1@0
o~ (=
. best_sep_set = NULL
9: forall S € S_set(¢) do

10: new_index = idz(¢, DV; S)

11: new_width = new_index — firs(¢|DV;S)

12: if new_width < best_width then

13: best_width = new_width

14: best_sep_set = S

15: end if

16:  end for

17:  if best_sep_set # NU LL then

18: Sample p ~ Dirichlet(Ng px(I=¢)+0.5-1)

19: Sample fi ~ (Beta(Np~ (Y = 1,8 =5) + LNp~ (Y =0,S =5) + 1)) p(s)
20: index[¢] = pTi

21:  else

22: traditional_T'S_index = Beta (Npn (Y = 1,I1=¢()+ 1,Npn (Y =0,I1=¢) + 1))
23:  endif

24: end for

25: return arg max, indez[(]

C.2 Experiment with DAGs of 6 nodes

We describe our experiment on randomly generated graphs of 6 nodes. The graph generation process
is as follows. We define nodes Vi, ..., Vs ordered by their topological ordering, and set Y = V5.
For each node V; with ¢ > 1, we randomly sample between one or two from V:; with uniform
distribution on the nodes selected and the number of nodes sampled.

We allow interventions on all subsets of nodes besides Y, and thus add an intervention variable Iy,
for all nodes except Y. Each intervention node /, models a perfect intervention on V', where we can
either set Iyy = & which corresponds to not intervening on V', we can set it to 1 which corresponds
to intervening on V' such that V' = 1, and we can set it to 0 which corresponds to intervening on
V such that V = 0. This implies that there are 35 = 243 possible actions. Because of the large
action space, we reduced the number of initial pulls for each possible intervention to 3. For each
variable V, we generate a random binary target vector ty of size |pa(V')| with uniform distribution.
Let match(ty, pa(V)) be a function that counts the number of parents of V' that matches the target
vector. We then sample V' according to:

1+ match(ty,pa(V))
PV = 1|pa(V)] = , 45)
| R T]
if we do not intervene on that variable. That is, the probability depends on the numerator which
counts the number of parents of V' that match the target vector.

The results are shown in figure @ Unfortunately, we did not have enough time to include the
Information Sharing Thompson Sampling variant due to long computation time. Furthermore,
ASD-JCI123kt is too slow to generalize to this setting. As can be seen, information sharing UCB
outperforms baseline methods significantly. The baseline models are slow to converge in this setting
due to the high number of actions, while the separating set algorithm performs very well due to the
large number of data that can be shared for each action.
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Figure 4: (a): Simulation results on the game example causal bandit over 150 runs. Shaded areas are
estimated standard errors. (b): Sensitivity and false positive rate for our causal discovery methods.
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