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Foreword

Causality is a broad topic, and these lecture notes cover only part of it. They originated
over a period of four years as a by-product of the course on causality we taught for MSc.
mathematics students. Our aim was to give a mathematically rigorous exposition of the
graphical account to causal modeling, reasoning and inference, in the spirit of Wright,
Spirtes, Glymour, Scheines, Pearl, and many others. Since there seemed to be no book
or lecture notes out there that would fit our purpose, we decided to write our own.

The amount of material has grown over the years, and is still growing. We treat causal
modeling with causal Bayesian networks (also known as ‘DAGs’) and structural causal
models. Some unique features of our exposition are:

1. we have extended the standard formalisms with input nodes to enable a measure-
theoretically rigorous treatment of the families of probability distributions that
result from perfect interventions;

2. we allow for (sufficiently weak) cycles in structural causal models;

3. we have taken lots of care to provide a high level of mathematical rigor and con-
sistency;

4. we emphasize the central role played by the Markov property in the theory.

Our treatment is self-contained: we start with the basic definitions (with as prerequisites
only basic measure theory and probability theory), and derive everything that is neces-
sary to prove the validity of Markov properties, the do-calculus, adjustment criteria, all
the way up to extended versions of the ID algorithm and the FCI algorithm. We show
how—with relatively little extra work—the framework of causal modeling with directed
acyclic graphs can be extended to directed graphs that may have cycles.

While the advantages of mathematical rigor should be obvious, the price paid is that
the non-trivial conceptual issues are sometimes clouded by technicalities. We believe
that our treatment fills a much needed gap in the literature on causality, and consider it
complementary to the many existing writings on similar topics (which often focus more
on concepts and less on mathematical rigor).

We are indebted to our teaching assistants Leon Lang, Philip Boeken, Pim de Haan
and Noud de Kroon for providing feedback and for spotting several errors in earlier
drafts. While the current version undoubtedly still contains mistakes, we believe that it
is now ready for wider exposure. We appreciate any feedback that the reader may have,
be it on content, typos, or (we hope not) more serious mistakes.

Joris Mooij & Patrick Forré
Amsterdam
June 2025
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1. Experimental Causal Discovery

1.1. Types of Correlations
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Figure 1: Statisically significant correlation between chocolate consumption and No-

bel prizes (correlation coefficient R = 0.69, p-value for zero correlation
p = 0.0004.1

Explanation 1.1.1. What conclusions can we draw from this? Where does the correla-
tion come from? Would the correlation hold under different conditions/circumstances?
There are several explanations/stories that one could build around the observed corre-
lation between the number of Nobel prizes N and the chocolate consumption per capita

C:

a) N causes C: “Nobel prize winning countries like to celebrate with chocolate con-
sumption.”

b) N is an effect of C: “Chocolate contains brain enhancing chemicals.”

c¢) Feedback between N and C': Both stories hold.

IThis figure is inspired by [Mes12, Figure 1]. We made a similar visualization, but using newer data
from https://www.theobroma-cacao.de/wissen/wirtschaft/international/konsum on choco-
late consumption in 2017, and from https://en.wikipedia.org/wiki/List_of_countries_by_
Nobel_laureates_per_capita on scientific Nobel laureates until 2019.


https://www.theobroma-cacao.de/wissen/wirtschaft/international/konsum
https://en.wikipedia.org/wiki/List_of_countries_by_Nobel_laureates_per_capita
https://en.wikipedia.org/wiki/List_of_countries_by_Nobel_laureates_per_capita

d) Selection bias between N and C: “N and C' are actually independent, but the data
used was biased. For example, only countries that end up close to the diagonal line
i Figure 1 were included in the plot.”

e) Functional constraints between N and C': “International requlations make sure that
Nobel prizes and chocolate imports are subtracted/added if they violate a linear
relationship.”

f) N and C have a common cause: “The wealth of a country determines both, how
much money goes to science and also how much people can spend on chocolate.”

g) Other explanations, e.g. measurement error, statistical coincidence, other forms of
spurious correlations, combinations of all of these, etc.?

H—@ @@ OO
®» @
© D@ & W

(d) () (f)

Figure 2: Graphical representations of different correlation inducing scenarios.

Discussion 1.1.2. Correlation does not imply causation because there are other possible
correlation inducing scenarios. Also, correlation is symmetric, causation is asymmetric.

1.2. Causal Effects in the Real World

Example 1.2.1 (Does the thermometer cause the sun to rise?). Consider an old type
of thermometer (T') with a needle that can—for simplicity of arguments—either point to
higher temperatures (up) or to lower temperatures (down). We also consider the state of
the sun (S), which can either be up (u) or down (d). We then observe that T correlates
with S. For simplicity, we assume a one-to-one relationship:

T|S
u | u
d|d



The conditional distribution P(S|T') then looks like this:

If we are cold we are now tempted to try changing the needle in the thermometer in order
to make the sun rise and warm us up.

What is wrong with our analysis?
Discussion 1.2.2. The example 1.2.1 makes clear that there is a difference between:

1. Observing the positions of the thermometer needle T and the sun S, resulting in
an observational data set, leading to an estimate of P(S|T).

2. Interacting with the thermometer needle T and getting the sun’s response S,
resulting in an interventional data set, leading to estimates for P(S|do(T)):

P(S = u|do(T = u)) = 0.5,
P(S =wu|do(T = d)) = 0.5,
P(S =d|do(T = u)) = 0.5,
P(S = d|do(T = d)) = 0.5.

Definition 1.2.3 (Causal effect—informal definition). We say that a variable X has a

causal effect on another variable Y if forcing X to take on a value x, the distribution
of Y explicitly depends on x, that is:

JreXx:  PY|do(X = 1)) #£ P(Y).

Remark 1.2.4. 1. Again, note that example 1.2.1 shows that the condition in defi-
nitton 1.2.3 1s different from:

dr e X P(Y|X =x) # P(Y).

which just uses the conditional distributions instead of the interventional distribu-
tions.

2. Also note, that the ‘do-operators’ are not operators on the observational distribu-
tion P(X,Y) or P(Y|X), etc., or on the corresponding observational data sets.

They reflect actions/interventions in the real world leading to different distribu-
tions and corresponding data sets.

3. There are usually many possible intervention values and targets one can think of,
leading to many different interventional distributions and data sets.

4. One may think of the observational distribution as a special case of an interven-
tional distribution (where we intervene by doing nothing).

10



1.3. Randomized Controlled Trials (RCT)

Principle 1.3.1 (Randomized Controlled Trial (RCT)). Assume we want to know if
‘treatment’ variable X has a causal effect on ‘outcome’ wvariable Y, i.e. we want to
estimate the deviation between: P(Y|do(X = xy)) and P(Y|do(X = z1)). For this
we have test subjects wy,...,wy. A Randomized Controlled Trial then follows the
following steps:

1. Split the population of test subjects into 2 groups (‘test group’ Cy vs. ‘control group’
Cy) by random lot (or fair coin flips).

2. Give every test subject w, € Cy from ‘test group’ the treatment x; and the ones
wy, € Cy from ‘control group’ the control treatment x.

3. Measure the outcome y,, for each test subject w,, and estimate the deviation:

D == d(P(Y|do(X = z0)), P(Y]do(X = x1))).

4. Do a statistical test if the deviation D s significantly different from 0.

5. If it is significantly different from 0 we can conclude a causal effect of X onY,
otherwise not.

Remark 1.3.2. The notion of a randomized controlled trial goes back several centuries.
It was already described in 1648 by Flemish physician Jan Baptista van Helmont [ /:
“Let us take from the itinerants’ hospitals, from the camps or from elsewhere 200 or 500
poor people with fevers, pleurisy etc. and divide them in two: let us cast lots so that one
half of them fall to me and the other half to you. I shall cure them without blood-letting
or perceptible purging, you will do so according to your knowledge (nor do I even hold
you to your boast of abstaining from phlebotomy or purging) and we shall see how many
funerals each of us will have: the outcome of the contest shall be the reward of 300 florins
deposited by each of us. Thus shall your business be concluded. O Magistrates to whose
hearts the health of your people is dear; let the trial be made for the public good, in order
to know the truth, for the sake of your life and soul and for the health of all the people,
sons, widows and orphans. Let there be a real debate to find the means of cure.”

Example 1.3.3. Example applications of randomized controlled trials are:
1. drug or vaccine testing,
2. advertisement placement,
3. evaluating public policies, etc.
4.

A. Banerjee, E. Duflo, M. Kremer got the Nobel Prize in Economics 2019 for
using RCTs in poverty research, e.g. improving school attendance and performance
in poor areas via giving different towns different incentives (e.g. text books wvs.
deworming medicine vs. control groups).

11



Discussion 1.3.4. 1. An RCT is an ‘interventional study’ (in contrast to just ‘obser-

2.

5.

vational study’) since we control the treatment and ‘force’ it onto the test subjects.

Randomized Controlled Trials are considered the gold standard for experimental
causal discovery.

To further avoid biases one usually insists on double/triple blind RCT studies, i.e.
noone directly involved in the study knows who got which treatment (e.g. neither
the doctor, the experimenter, the patient, etc.).

Often RCTs cannot be done for ethical reasons (e.g. “smoking causes cancer” re-
search).

Sometimes RCTs require too many resources to be feasible.

Exercise 1.3.5. Go online, find news like “drinking wine every day is good for your
health” or “chewing gum causes diabetes”, etc., look up the original research paper and

check:

1.

if they did interventional studies (like RCT) or just observational studies,

2. in case of an RCT, whether it was double/triple blind,

co

AR o

6.

otherwise, if (and how) they ruled out other correlation inducing scenarios,
what bias could have possibly been introduced through the data collecting process,

how big the data set was, what assumptions were made, what statistical methods
were used, etc.,

what other ‘stories’ you could come up with in order to explain the data.

Write down your findings and talk to others about it.

12



2. Transition Probability Theory

2.1. Elementary Probability Theory

Example 2.1.1 (Winning a pie with a biased die). You are allowed to roll a biased die
with 6 sides. If you roll a 5 or 6 you win a car, a 4 gives you a mug and 1,2,3 wins
you an apple pie. In this case the sample space is W := {1,2,3,4,5,6} and the die
introduces a probability distribution P on V. Since the die is biased, we have to specify
each of the probability masses to throw those numbers separately:

p(1) =05 p2)=p@3)=p4)=01,  p(5)=015 p(6)=0.05.

We are now interested in the probabilities of the events of winning those 3 different prices.
For this we consider the ’prize’ space: Z := {pie, mug, car}. We can then formalize the
outcome via the map F':
F: W = Z
1,2,3 — pie,
4 —  mug,
5,6 +— car.

To compute the probability of winning each of the prizes we need to ‘push’ the probability
distribution P, which lives on the space W, to the space Z. We can do this as follows:

P(F =pie) = P(F'({pie})) = P({1,2.3)) =p(1) +p(2)+p(3) =07,
P(F = mug) = P(F~'({mug})) = P({4}) = p(4) = 0.1,
P(F = car) = P(F'(fear})) = P({5,6}) = p(5) + p(0) 02,

where F~1(C) :=={w € W| F(w) € C} is the pre-image of C C Z.

Discussion 2.1.2. The simple example 2.1.1 already provides us with the main examples
for the typical probability-theoretic terminology and important insights:

1. We call the tuple (W, P) a probability space. It is important to note that P was
defined on W, not Z.

2. We call the map F' a random wvariable, which is really nothing else than a map
from a probability space to another space.

3. FEvents are modelled by subsets B C W, not just by single elements w € W. For
example consider the event that you don’t win a car. This event can’t be represented
by a single element in VW or Z.

4. In this example we can compute the probability of an event by additivity of P and
the use of the probability mass function, via P(B) = ) .5 p(w).

5. The distribution of the prizes, i.e. the distribution of random variable F', assigns
probabilities to events C' C Z and can be computed using the pre-image of F' via
P(F € C) = P(F7YC)), where the latter is now an event F~Y(C) C W, which
we already know how to deal with.

13



6. The distribution of F' on Z here is also called the push-forward distribution or
image distribution of P via F or just the law of F. It is often abbreviated as:

Pr, P, F.P or P(F). Again note: P(F)(C):= P(F € C) = P(F~'(0)).

7. So (Z,P(F)) forms a probability space on its own and as soon as we know P(F')
we don’t need any information about (W, P) anymore if all we are interested in is
the events in Z and the law of F. All randomness on Z is fully specified by P(F).

Example 2.1.3. Now consider the standard normal distribution N'(0,1) on R, which is
specified by the probability density function:

p(w) = \/12—7Te><p (—% ~ w2) :

The probability of an event A C R is then given by:

P(4) = / plw) duw,

in case A can be integrated over (i.e. if it is not a too pathological set). For instance, if
A =la,blU][e,d] witha <b<c¢<dwe get:

b d
P(A) = / p(w) dw +/ p(w) dw.

Note that, even though p(w) > 0 for every w € R, we have:
P{z})=0  forevery z€R.

Now consider the random variable F' : R — R with F(w) = sin(w). It is not immediately
clear how to define the probability distribution of F' when only working with probability
densities. It is even more difficult to derive the probability density for F in this setting.

Discussion 2.1.4. 1. The examples 2.1.1 and 2.1.3 show that many probability dis-
tributions can be represented either by probability mass functions (discrete
case), w — p(w), or probability density functions (absolute continuous case),
w — p(w).

2. Both cases have in common that one only needs a function that takes elements
w € W as arguments, in contrast to subsets A C W. This is usually the reason why
only the discrete and absolute continuous cases are taught in elementary probability
theory or machine learning classes.

3. Note that, in the discrete case with K classes, one only needs to specify the K
values p(1),...,p(K), in contrast to the 25X values on subsets P(A) for A € 2V
(the power set of W consisting of all subsets A C W), as the latter values can be
derived from the former values using additivity.

14



4. We have problems defining probability distributions of random variables for abso-
lute continuous distributions when we are only allowed to work with probability
densities.

5. Measure theory is the framework that directly works with subsets A C W, in con-
trast to elements w € W, and provides a unifying language that encompasses both
special cases.

2.2. Recap - Measure Theoretic Probability

Here we just remind the reader of our notations for the core concepts of measure theoretic
probability. More can be found in Appendix A.

2.2.1. Measurable Spaces and Maps

Definition 2.2.1 (o-algebras). Let W be a set. A (non-empty) set B C 2V of subsets
A CW is called a o-algebra on W if it satisfies the following rules:

i) empty set: O € B,
ii) complement: If A € B then also: A=W\ A € B,

iii) countable union: If A, € B for all n € N then also: |, .y An € B.

neN

Definition 2.2.2 (Measurable spaces). A tuple (W, B) of a set W and a o-algebra B
on W is called measurable space.

Remark 2.2.3 (Abuse of notation). By abuse of notation we often just call W a measur-
able space by implicitly assuming that it is endowed with a fized o-algebra, which we will
indicate by By or B(W) if needed. We will also just call a subset A C W measurable
when we actually mean that A € Byy.

Definition 2.2.4 (Measurable maps). Let (W, By) and (Z,Bz) be two measurable
spaces and f : W — Z be a map. We call f a By-Bz-measurable map (or just
measurable for short) if for all B € Bz the pre-image f~'(B) is an element of Byy. In
formulas:

VB € Bg : fﬁl<B) S BW
Remember the definition of pre-image: f~Y(B) :={w e W| f(w) € B}.
For most of the lecture we will restrict to well-behaved measurable spaces, namely
standard measurable spaces. The key point is that they all behave like the space [0, 1],

or R, with its Borel-o-algebra. So (almost) all results for [0, 1] immediately translate to
standard measurable spaces.

Definition 2.2.5 (Standard measurable space, see | | 424A-G). A measurable space
(W, Byy) is called standard measurable space (aka standard Borel space) if it is mea-
surably isomorphic to either:
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1. a finite measurable space {1,..., M} for some M € N endowed with the power set
o-algebra 21L-M} - op:

2. the countably infinite space N endowed with the power set o-algebra 2V, or:

3. the unit interval [0, 1] endowed with its Borel o-algebra®:

Boyy = o ({[a, 0] |a,b € ]0,1]NQ,a < b}).
“Measurably isomorphic” means that there is a measurable map from one space to the

other that has a measurable inverse.

The following theorem shows that (almost) all spaces we encounter in practice are
actually standard measurable spaces, justifying our focus on standard measurable spaces
for the most of this lecture.

Theorem 2.2.6 (Kuratowski et al., see | | 424A-G). Every Borel subset of any
complete metric space that has a countable dense subset is a standard measurable space
in its Borel o-algebra.

Example 2.2.7. R, R”?, Q, Z, N, {1,..., M}, [0,1], topological manifolds, countable
CW-complezes, etc., are all standard measurable spaces.

2.2.2. Finite and Probability Measures

Definition 2.2.8 (Measures). Let (W, B) be a measurable space. A measure p on
(W, B)—by definition—is a map:

p: B—RU{oc}, D+ u(D),
such that:
i) non-negative: VA € B: p(A) € [0, o0,
i) empty set: u(@) =0,

iii) countably additive (aka o-additive): for all sequences A, € B, n € N, with A; N
A; =0 for all i # j, we have:

1 (U An) = u(An).

neN neN

Definition 2.2.9 (Probability and finite measures). A measure p on (W, Byy) is called:

1. probability measure if u(W) = 1.

2See Definition A.3.2 for the o-algebra generated by a set of subsets.
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2. finite measure if 1(WW) < oc.

3. o-finite measure if there are D, € B, n € N, with u(D,) < oo and W =
Unen Dn-
Clearly, every probability measure is finite, and, every finite measure is o-finite.
Definition 2.2.10 (The spaces of finite and probability measures). The set of all prob-

ability measures on (W, Byy) is denoted by P(W, Byy), and the set of all finite measures
by MW, By), or P(W) and M(W), resp., for short. For B € By, we consider the

evaluation map:
evg 1 M(W) — Ry, p—evp(p) = u(B).

We then endow M(W), and P(W), resp., with the smallest o-algebra B such that all
evaluation maps evy are B-Bg.,-measurable, where Bg., is the Borel-o-algebra of Rx,
.e.:

Buow) =0 ({evg'((r,00)) | B € B,r € Rsg}) .

Remark 2.2.11. The above definition implies that for measurable spaces (X, Bx), (¥, By),
a map:

K: X — M),
is Bx-Bayy-measurable if and only if for all B € By the composition:
evgo K : X - M(Y) — Rxo,
is Bx-Br.,-measurable. Similarly, for P(Y).

Theorem 2.2.12 (See | | Thm. 6.2 + 6.5 or | |437R). If (W, By) is a standard
measurable space then also P(W) is a standard measurable space (in its usual o-algebra).

2.2.3. The Measure Integral

For a measure p on a measurable space (X, By) the measure integral of measurable
functions f : X — R is treated in Appendix A.5. Here we just want to remind the
reader of our several different notations, which we will use interchangably during the
course:

Notation 2.2.13 (Measure integral). We abbreviate the measure integral of a mea-
surable function f: X — R w.r.t. measure p on (X,By) as:

[ tan= [ s@yinte) = [ 1) ul

If P is a probability measure on X = RP that is either discrete or absolute continuous
we have:

Z f(x) - p(x), if P s discrete,

/f — reX
/ f(z)-p(x)dx if P is absolute continuous,
X

where p either denotes the probability mass function or the probability density, resp.
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2.2.4. The Lebesgue Measure

By far the most important measure is the Lebesgue measure, which assigns the typical
D-dimensional volume to cubes, i.e. the product of their side lengths.

Definition 2.2.14 (The Lebesgue (outer) measure). The Lebesgue (outer) measure
AP on RP is given for subsets A C RP wia:

AP(A) := inf {ZVOlD ([at™, b))

neN

AC U [a™, b(")]} :

neN

where the infimum is running over sequences of D-dimensional cubes:
R R R R A A

with o = (agn), . ,a(g)), b = (b§”), . ,bg)) € RP, agln) < bgln) ford =1,...,D,
n € N, that jointly cover A, where the D-dimensional volume is given by:

vol? ([a(n)7 b(n)]) — (bgn) _ agn)) L (bgl) _ a(Dn)>’ vol? () := 0.

Theorem 2.2.15 (The Lebesgue measure). The Lebesgue measure AP, when re-
stricted to the Borel-o-algebra of RP, is the unique measure on RP that satisfies:

AP ([av b]) = vol” ([a7 b]) )

for all D-dimensional cubes |a,b]. If the dimension is clear from the context we might
gust write X for \P.

2.3. Finite Transition Measures and Markov Kernels
2.3.1. Core Definitions

Motivation 2.3.1. If we consider a deterministic measurable map f : T — W then f
assigns to each point t € T exactly one point w = f(t) € W. Sometimes we rather want
to model a probabilistic map, i.e. an assignment that can be random or comes with
some uncertainties but still changes depending on the input t. The notion of Markov
kernels formalizes this. A Markov kernel K from T to W can be considered a measurable
map from T to the space of probability measures P(W) of W:

T —PW).

It assigns to each t € T a probability distribution over W, which then assigns to each
measurable subset D C W a probability value in [0, 1].

Example 2.3.2 (Markov kernels). 1. any statistical model (i.e. family of model dis-
tributions) {py | 0 € F}, can be considered a Markov kernel, which we write P(X|0).

2. any conditional distribution P(Y|X) can be considered a Markov kernel.
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3. a neural network with softmazx output for classification with input v € X, output
y € Y and weights w € W can be seen as a Markov kernel P(Y| X, W).

We first start slightly more generally by defining finite transition measures.

Definition 2.3.3 (Finite transition measures and Markov kernels). Let T, W be mea-
surable spaces.

1. A (finite®) transition measure from T to W is—per definition—a measurable
map:

K:T—=>MW),
from T to the space of finite measures of VV.

2. A transition probability or Markov kernel is—per definition—a measurable
map:

K:T—=PW),
from T to the space of probability measures of V.

Notation 2.3.4 (Transition measures and Markov kernels). 1. We often use sugges-
tive notations as follows for finite transition measures and Markov kernels:

KWIT): T - M), t— K(W|T =t),
where for every fived t € T the following map:
KWIT =t): By — Rsy, Dw— K(W e DT =t),
s a finite measure, or probability measure, respectively.

2. For fixed D € Byy we then use the following notation for the following measurable
map:
KW eD|T): T — Ry, t— K(W e D|T =t).

3. Since K(W|T') takes the argument t € T first, but then also D € By as a second
argument we can also indentify K(W|T) with the following two-argument map,
which we denote with the same symbols:

KWI|T): By xT = Rso, (D) K(W € D|T =t).

4. For Markov kernels K(W|T') we will most of the time use the dashed arrow to W
(instead of a usual arrow to P(W)) to indicate the Markov kernel as follows:

KWI|T): T --»W, (D,t)— K(W € D|T =1t).

3In this course we will only discuss finite transition measures.

19



5. Note that above W and T are considered suggestive symbols only, but one could
give W the meaning to mean the (identity or) projection map pr,,, onto W. From
the point on we also have a map T mapping to T the notation becomes ambiguous:
K(WIT) could also mean K(W|T') where we plugged in T fort in “T' =t”, similar
to conditional expectations E[W|T|, but the meaning should become clear from the
context.

The implicit correspondence in the above discussion can more formally be summarized
as:

Lemma 2.3.5. There is a one-to-one correspondence between the following construc-
tions:

1. a finite transition measure, i.e. a measurable map:

KWIT): T = MW), t— KW|T =1).

2. a two-argument function:
KWIT): By xT = Rso,  (D,t)— K(W € D|T =1t),

such that:
i) For eacht € T the map:

By —Rsog, D= K(W € D|T=t)
is a finite measure (i.e. countably additive with K(W € W|T =t) < oo for

allt e T)4
ii) For each D € Byy the map:

T =Ry, t— KW €ED|T=t)
is Br-Br.,-measurable.

For Markov kernels the same statement holds after replacing M(W) with P(W) and
“finite measure” with “probability measure”.

Proof. The correspondence is via putting K(W € D|T' =t) = K(W € D|T = t) and
vice versa. The corresponding properties hold by definition of the o-algebra on M(W),
also see Remark 2.2.11. Working out the details is left as an exercise. O

4Note that for a finite transition measure the finite value f{ (W € W|T =t) can vary with ¢t € 7. This
is in contrast to Markov kernels where we always have K(W e W|T =t)=1for allt € T.
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2.3.2. Special Cases of Markov Kernels

Example 2.3.6 (Markov kernels on discrete spaces). Consider a Markov kernel:
KWI|T): T---W, (D,t)— KW e D|T=t),

where both W = {wy,...,wy} and T = {t1,...,tx} are finite discrete spaces. Then we
can define the mass function k via:

k(wilt;) = KW e {wi}|T = t;),

and the matriz K := (k(wilt;))i;. Then the matriz K is a stochastic matriz, i.e. it has
non-negative entries and each of its columns sums to 1. K then fully determines the
Markov kernel K. So in the (finite) discrete case a Markov kernel is basically nothing
else than a stochastic matriz filled with the transition probabilities.

Example 2.3.7 (Linear Gaussian Markov kernels). Let W = RM T = RL v € RM,
I € RMXL gnd ¥ € RM*M ¢ fized symmetric, positive-definite covariance matriz. Then:

KW e DT =t) ::/N(w|F-t+7,E)dw,
D

defines a Markov kernel from T to W. Markov kernels of this form are called linear
Gaussian Markov kernels. If ¥ is only positive-semi-definite we call K(W|T) a
degenerate or generalized linear Gaussian Markov kernel.

Example 2.3.8 (Exponential families as finite transition measures). Let W be a mea-
surable space and p a (non-zero) measure on W and S : W — RP a measurable map.
Define fort € RP:

Z(t) == /Wexp (t"S(w)) p(dw) € (0,00].
We then put:
T:={teR”|Z(t) < oo}.

We can then define the finite transition measure K(W/|T') from T to W for D € By, and
teT via:

KW eD|T =t):= /Dexp (tTS(w)) p(dw).

From this we get the Markov kernel Q(OW|T) : T --» W wia normalization:
QW € DIT = 1) = / exp (7S (w) — L(1)) p(dw),
D

with log-normalizer: L(t) :=log Z(t) = log K(W € W|T =t).

Remark 2.3.9 (Markov kernels generalize probability distributions). Let W be a mea-
surable space.
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1. Every probability distribution P € P(W) can be considered as a constant Markov
kernel from T to W wvia:

K:T--W, (D,t)— K(DJt):=P(D).

2. Fvery Markov kernel from the one-point space: T = % = {x} to W:
K:%x-->W., (D,x)— K(D|x),
defines a unique probability distribution P € P(W) given via:
P(D) := K(D|*).
So we can identify probability distributions on W with Markov kernels % --+ W.

Remark 2.3.10 (Markov kernels generalize deterministic maps). Consider a measurable
mapping f T — W. Then we can turn f into a Markov kernel 6 via:

5f T --» W, (D,t) — 5f(D|t) = ﬂD(f(t)),
which puts 100% probability mass onto the function value f(t) for givent € T.
2.3.3. The Doob-Radon-Nikodym Derivative
Definition 2.3.11 (Absolute continuity). Let 7, W be measurable spaces and
QWIT), KWI|T): T — M(W),

two finite transition measures. We say that Q(W|T) is absolute continuous w.r.t.
K(WIT) if for all t € T and D € B,y we have the implication:

KWeDT=t)=0 = QWeDT=t)=0.
In symbols we abbreviate this as:
QWI|T) < K(W|T).

Remark 2.3.12. For absolute continuous finite transition measures Q(W|T) < K(W|T)
there exists by the Theorem of Radon-Nikodym, see Theorem A.6.4 or [ | Cor. 7.34,
for each t € T separately a Radon-Nikodym derivative, i.e. a By -Bg.,-measurable map:

gy - W-)Rzm

such that for all D € Byy:

QW eD|T =t)= / Ip(w) - gi(w) K(W € dw|T = t).
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Unfortunately, the map:
g:WxT =R, glwlt) = gi(w),

is not guaranteed to be jointly measurable, i.e. (By @ By)-Br.,-measurable. In case it
was, we would call it a Doob-Radon-Nikodym derivative of Q(W|T) w.r.t. K(W|T).
Doob invented an alternative, but a bit more restrictive approach than the usual one to
construct Radon-Nikodym derivatives for measures based on martingales. This approach
will be seen to also work for the construction of Doob-Radon-Nikodym derivatives for
finite transition measures.

Definition 2.3.13 (Doob-Radon-Nikodym derivative). Let T, W be measurable spaces
and

QWIT), KWI|T): T = M(W),
two finite transition measures. A map
g: WxXT =Rz, (w,t) = g(wlt),

is called Doob-Radon-Nikodym derivative if g is (By ® Br)-Br.,-measurable and
for allt € T and all D € By we have:

Q(W € D|IT =t) = /ILD(w) g(wlt) K(W € dw|T =t).

In other words, g provides a Radon-Nikodym derivative simultaneously for all t € T :

QW € dw|T =t)
KOV e do|T =) ")

g(wlt) =

that is even jointly measurable in (w,t).

Lemma 2.3.14. If Q(W|T') has a Doob-Radon-Nikodym derivative w.r.t. K(W|T') then
Q(W|T) is absolute continuous w.r.t. K(W|T).

Proof. Should be clear, left as an exercise. O]

To investigate the uniqueness of the Doob-Radon-Nikodym derivative we need the
following notion of K (W|T")-null sets.

Definition 2.3.15 (Null sets). Let K(W|T) : T — M(W) be a finite transition mea-
sure. A subset N CW X T is called K(W|T)-null if Ny := {w € W|(w,t) € N} is a
K(W|T = t)-null set for every t € T, i.e. if for every t € T there exists a measurable
set My € By such that K(W € M|T =t) =0 and N; C M,.

Lemma 2.3.16 (Essential uniqueness of the Doob-Radon-Nikodym derivative). Let T,
W be measurable spaces and:

QWI|T), KWI|T): T — M(W),
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be two finite transition measures with Q(W|T) < K(W|T) and let gy, g2 be two Doob-
Radon-Nikodym derivatives. Then the set:

N o= {(w,t) e WX T |gi(wlt) # ga(w]t)}

is a K(W|T)-null set and an element of the product o-algebra By @ Br. In this sense,
the Doob-Radon-Nikodym derivative is essentially unique.

Theorem 2.3.17 (Doob-Radon-Nikodym, see | | Thm. 58, | | Ex. 11.17). Let
T, W be measurable spaces and:

KWIT), QW|T): T — M(W),

be two finite transition measures. Assume that W is a standard measurable space.’ Then
the following two statements are equivalent:

1. Q(W|T) is absolute continuous w.r.t. K(W|T).
2. Q(W|T) has a Doob-Radon-Nikodym derivative w.r.t. K(W|T).

In that case the Doob-Radon-Nikodym derivative is essentially unique.

Remark 2.3.18. 1. As mentioned in the footnote’ Theorem 2.5.17 still holds if one
only requires Byy to be countably generated. Further extensions could be made to
o-algebras Byy that are countably generated up to some form of null-sets.

2. With more technical conditions one could extend Theorem 2.3.17 to work for o-
finite transition measures. A simple, but important, special case is treated in the
following Corollary 2.5.19.

Corollary 2.3.19 (Doob-Radon-Nikodym derivatives w.r.t. o-finite measures). Let T,
W be measurable spaces, where W is a standard’ measurable space, let

PWI|T): T = MW),

be a finite transition measure and j be a o-finite measure on YW. Then the following two
statements are equivalent:

1. P(W|T) is absolute continuous w.r.t. u, i.e. for allt € T and D € By:
u(D) =0 = P(W e D|T=t)=0.

2. P(WI|T) has a Doob-Radon-Nikodym derivative w.r.t. p, i.e. a jointly measurable
map:
p: WxXT — Ry, (w,t) = p(wlt),

such that for allt € T and D € Byy:

P(W e D|T =) = /Dp(w|t),u(dw).

5The proof shows that we actually only require that By is countably generated.
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In that case the Doob-Radon-Nikodym derivative is essentially unique, i.e. for two such
p, say p1 and po, the set:

N = {(w,t) e Wx T |pi(wl|t) # p2(w[t)} € B ® Br,
satisfies l(Ny) = 0 for allt € T.

Proof. Let P(W|T) be absolute continuous w.r.t. u. Since p is o-finite there exists a
probability measure Q(W') with:

QW) < p < QW).

Indeed, if p is finite, we can just put Q(W € D) := %. If p is o-finite, but not finite,

then we have a decomposition W = (J, .y W, with 0 < u(W,) < co. We can then put:

o L (DNW,)
QW eD):=> 2 o

neN

By the standard Radon-Nikodym theorem there exists a Radon-Nikodym derivative ¢
of QW) w.r.t. u. Note that Q(WW) defines the constant Markov kernel Q(W|T') via
QWI|T =t) := Q(W). We thus have the absolute continuity:

PW|T) < p< QWIT).

By Theorem 2.3.17 we thus get a Doob-Radon-Nikodym derivative k& of P(W|T") w.r.t.
Q(W|T). Then p given by:

p(w|t) := k(wlt) - g(w),
is a Doob-Radon-Nikodym derivative of P(W|T') w.r.t. u. Indeed, we get for all t € T
and D € Byy:

P(W€D|T:t):/

ki) Qv € dulr = 1) = / B(wlt) - g(w) p(dw).

D

This shows one direction.
The essential uniqueness follows similar to Lemma 2.3.16 and the other direction
similar to Lemma 2.3.14. O

Corollary 2.3.20 (Absolute continuity and strictly positive densities). Let T, W be
measurable spaces, where W is standard’, and:

PWIT), KWIT), QWI|T) : T — M((W),
be finite transition measures and j be a o-finite measure on W.

1. Q(W|T) has a strictly positive Doob-Radon-Nikodym derivative w.r.t. K(W|T)
if and only if:
QWIT) < K(W|T) < QW|T).
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2. P(WI|T) has a strictly positive Doob-Radon-Nikodym derivative w.r.t. u if and

only if:
p<< P(W|T) < p.

Proof. The second case follows from the first using the arguments from Corollary 2.3.19.
So, first assume that Q(W|T') has a strictly positive density ¢ > 0 w.r.t. K(W|T'). Then
by Lemma 2.3.14 we already have: Q(W|T') < K(W|T). Since q is strictly positive we
can put for w € Wand t € T:
k(wlt) = —— > 0
wlt) ;= —— > 0.
q(wlt)
Then k is a (strictly positive) density of K(W|T') w.r.t. Q(W|T) and we again can use

Lemma 2.3.14 to also get: K(W|T') < Q(W|T'). This shows one direction.
Now assume that we have:

QWIT) < K(W|T) < QW|T).

Then by the Doob-Radon-Nikodym Theorem 2.3.17 we have Doob-Radon-Nikodym
derivatives ¢ and k of Q(W|T) w.r.t. K(W|T) and of K(W|T) w.r.t. Q(W|T), resp.
For all D € By, and t € T we thus get:

/DlQ(W € dw|T =) = Q(W € D|T = 1)
= /Dq(w|t)K(W € dw|T =t)
_ /Dq(w|t) k(wlt) QUV € duwl|T = ¢).
Since this holds for all D € By, and t € T we get that the set:

N :={(w,t) e Wx T|1#q(wlt) - k(w|t)} € By @ Br,

is a Q(W|T)-null set, and because K (W|T) < Q(W|T), also a K(W|T)-null set. We
then put:

) Iye(w, t) + Iy (w, t), (1)

t
E(wl|t) - Iye(w,t) + Iy (w,t). (2)

(wlt
(w]t)
These are then still corresponding Doob-Radon-Nikodym derivatives and satisfy for all
weWandteT:

) = q(w]

q
k

G(wlt) - k(wlt) = 1,

which directly implies: G(wl|t), k(w|t) > 0 for all w € W and t € T. This shows the
claim. ]
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Proofs - Theorem of Doob-Radon-Nikodym

Lemma 2.3.21 (Essential uniqueness of the Doob-Radon-Nikodym derivative). Let T,
W be measurable spaces and:

QWI|T), KWI|T): T — M(W),

be two finite transition measures with Q(W|T) < K(W|T) and let g1, g2 be two Doob-
Radon-Nikodym derivatives. Then the set:

N = {(w,t) e WX T |gi(w]t) # ga(wlt)}
is a K(W|T)-null set and an element of the product o-algebra By & Br.
Proof. Consider the set:
N = {(w,t) € Wx T [ gi(w]t) > ga(wlt)} = (g1 x g2) 7 (A7),
where A~ is the measurable set:
A~ :={(r1,m2) ERXR|ry > ro} € Bge.

Since both ¢g; and g, are jointly measurable that shows that N~ € By, ® By. It follows
that Ny € Byy. Furthermore, we get:

0=QW eN|T=t)—QW e N”|T =t)
= /ILNt>(w) cqr(wlt) K(W € dw|T =t) — / 1y> (w) - go(wlt) K(W € dw|T =1)

— [ 1z (0) - 1 wlt) = galwle) KOV € duiT = 1),

-~

>0 for weN;

This shows that K(W € N7 |T =t) = 0. By flipping g; and go we also get: K(W €
NS|T =t) = 0 and thus K(W € N|T = t) = 0, where we notice that N = N> U N<.

This shows the claim. O]
Theorem 2.3.22 (Existence of the Doob-Radon-Nikodym derivative, see | | Thm.
58, | | Ex. 11.17). Let T, W be measurable spaces and:

KEWIT), QWIT) - T = MW),

be two finite transition measures. Assume that W is a standard measurable space.’

QWI|T) < K(W|T) implies that Q(W|T) has a Doob-Radon-Nikodym derivative w.r.t.
K(WIT).
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Proof sketch. Since VV is a standard measurable space we have that B,y is countably gen-
erated, i.e. Byy = o(S) with a countable S = {D,,|n € N} C B)y. If for example, W =

0, 1], which we can w.l.0.g. assume, then we could choose S = {[a,b] |a < b,a,b € QN [0, 1]}.
We now define the following sequence of finite measurable partitions of VW inductively
via:

o = {W}, iy = ( J {D\ D, DN Dn}> \ {0}, neN.

We put B, := o(&,). Note that each &, is finite and for every n € N:

W = U D, Bnan+1gBW:a<U5m>.

Deé&y, meN

For D € B)y we can define the map gp : T — Ry via:

QW € D|T =t)

an(t) = K(W e D|T =1t) IrwepiT=0>0 = {

Q(WeD|T=t . o
—KEWEDHT:Q), if KW eD|T=t)>0,

0, if K(WeD|T=t) =0.

Since Q(W € D|T = t) and K(W € D|T = t) are measurable in ¢ for each fixed D we
see that gp is Br-Bg.,-measurable. For n € N we now define:

Gu(w,t) == > Ip(w) - qp(t),

Deé&y,

and:
G(w,t) := lime%\]nf Gn(w,t), g(wlt) := G(w,t) - Le(w,t)<oo-

We immediately see that every G, is a (Byy ® By )-Bg. ,-measurable map. As a countable
limit of measurable functions also G and g are By, ® Br-measurable. We claim that g is
a Doob-Radon-Nikodym derivative of Q(W|T") w.r.t. K(W|T'). Since we already showed
that ¢ is jointly measurable we are left to show that for every ¢t € 7 and D € By, we
have:

QW e DT =t) = /]lD(w) ~g(wlt) KW € dw|T =t).

So in the following we can fix ¢ € 7 and only indicate the dependence on t with an
index:

G (w) == Gp(w, ), G'(w) = G(w,1).

Notice that G is B,-measurable for n € N. In the following we will use that by
construction of the &, for D € &, and m > n we have the disjoint union decompositions:

p=1Ja w={J|UA4
A€€m Deé&, Ae&En,
ACD ACD
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Let m > n then we get:

G (w)
QW € D|T =1t)
= Z — - Ixwenir=t>0| - Ip(w)
o K(W €DI|IT =t)
QW e AT =1t)
- Z Z — - Ixwepir=n>0| - Ip(w)
Deé&, | AcEm K We D|T_t)
L ACh

- Z Z PWeAr=1) Lowear=>0 - Lxwenir=t>0| - 1p(w)
De&, | AcEm K WGD‘T:t)

L ACD

Q<K QW € AT =1t)
= -1 — -1 _ .1
D; A; K(W € D|T =1t) K(WeA|T=t)>0 " LK(WeD|T=t)>0 p(w)

QW e AIT=t) K(WeAT=t
- Z Z K( | ) K | ) L rwear=t>0 - Lxwenr=>o0| - Lp(w)

Deén | Acky (WeAT=t) K(WeD|T=t)

QW e AIT =t) K(W e AT =t
E:E:K cAT=1t) KWecAT=1)

: — -1 _ -1
WeAT=t) KWeD|T=t) KWeAlT=t>0 - Lkwepjr=t)>0 - 1p(w)

A€€m

A€Em Des
QW e AIT =1) K(W € AT =1)
Z K(W c A‘T _ t) K(WeA|T=t)> Z K W e D‘T _ t) K(WeD|T=t)>0 D(”LU)
DDA

—Ey [ 4[Bn] (w)

AT =
- Z {g((‘;‘// E A||§ — ?) : 1K(WeA|Tt)>0] (B [1a[By] (w)
€Em

QW € AT =1t)
.1 1
AX‘; K(W e AT =1t) KWeAr=t)>0 - L1a | By | (w)

Note that we use E;|_|B,] to indicate conditional expectations w.r.t. K(W|T = t) and
B,,. For the first conditional expectation see | | Lem. 8.10. So we get that G is a
version of E; [G!, | B,] for all m > n. This shows that (G),en is a martingale attached
to the filtration (B,)n,eny w.r.t. K(W|T = t). Furthermore, we can show that (G%),en
is uniformly integrable w.r.t. K(W|T' = t), see | | Ex. 7.39. By the convergence
theorem for uniformly integrable martingales, see | | Thm. 11.7, we get that G!
also converges in L' to G* w.r.t. K(W|T =t) and that G, is a version of E;[G*|B,] for

29



all n € N. So for D € &, the function 1p - GY is a version of E;[1p - G*|B,]. Taking
expectation values shows:

E [1p-G'] =K [E[lp - G'|B,]] =E; [1p-GL] = QW € D|T =t).

Since this holds for all D € &, and all n € N it also holds for all D € Byy = o (U & )

neN =1
and we get:
/IID(w) -G(w, t) K(W € dw|T =t) =E, [1p - G| = Q(W € D|T =1t).

Since Q(W|T =t) is a finite measure the set {w € W|G(w,t) = oo} is a K(W|T = t)-
null set and we can replace G by g under the integral. This shows the claim. O
2.3.4. Transition Probability Spaces

Definition 2.3.23 (Transition probability space). Consider measurable spaces T and
W and a Markov kernel:

K(WIT): T -->W, (D,t)— K(W € DT =1t).

Then we call the tuple WX T, K(W|T)) a transition probability space. It generalizes
the notion of probability space, which can be recovered by taking T = *.

Definition 2.3.24 (Conditional random variables). A measurable map:
X:WxT =X

starting from a transition probability space (W x T, K(W|T)) is called conditional
random variable. It generalizes the notion of random variables and can be considered
a family of random variables (measurably) parameterized by t € T. Fort € T we also
define the measurable map:

Xi: W= X, we X(w) = X(w,t),
which can be considered a random variable on the probability space (W, K(W|T = t)).

Example 2.3.25 (Special conditional random variables of importance). Let (W X
T,K(WI|T)) be a transition probability space. Then we denote by:

1. T the canonical projection onto T :

T:=pry : WXxT =T, (wt)—=T(w,t):=t.

2. % the constant conditional random wvariable:
x: WXT =%k, (w,t) — x,

where x := {x} is the one-point space.
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2.4. Constructing Markov Kernels from Others

2.4.1. Marginal Markov Kernels

Definition 2.4.1 (Marginalizing Markov kernels). Let
KX,Y|T): T--» X x Y

be a Markov kernel in two variables. We can then define the marginal Markov kernels
as follows:

K(X|IT): T-->&, (At)—»KXeAYecYT=t),

and:
KY|T): T--»Y, (Bjt)— KX eX,YeB|T=t).

Example 2.4.2 (Marginal Markov kernels of discrete Markov kernels). Let
KX Y|T): T--+Xx)Y

be a Markov kernel in two variables on discrete spaces and kx y|r its mass function. We
can then compute the marginal Markov kernels as follows:

kx|T(.§L’|t) = Z kX,Y\T('ra y|t)7

yey

and:
k’y|T(y|t) = Z kX,Y\T(xa y|t)

zeX

Note, by abuse of notation, for simplicity, we often omit the indices and write k(x|t)
and k(y|t) instead and distinguish these two functions just by the use of the argument
symbols x and y.

2.4.2. Product of Markov Kernels
Definition 2.4.3 (Product of Markov kernels). Consider two Markov kernels:

QUZIY, W, T): Y XxWXT --» Z, KWU|T,X): TxX--»WxU.
Then we define the product Markov kernel:
QUZIY W T) KW, U|T,X): YXT XX --» ZxW xU,

using measurable sets E C Z x W x U via: (E, (y,t,z)) —
//]1E(z,w,u) QZ € d=|Y =y, W = w, T = ) K((W,U) € d(w,u)|T = £, X = ),

where the inner integration is over z € Z and the outer integration over (w,u) € WxU.°

6The integration ordering actually does not matter, which follows from Fubini’s theorem, Theo-
rem 2.4.7.
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Remark 2.4.4. Note that in the notation of the product of Markov kernels we use the
suggestive symbols, e.g. W in K(W, U|T, X) and W in Q(Z|Y,W,T) to indicate which
variables will be “coupled” in the product. A more precise notation could indicate this,
e.g. by indices on the product symbol like @, w,) or similar. However, our shorthand
notation should not lead to much ambiguity during this course. The rule of thumb is
that the output of a kernel at the r.h.s. of the product is coupled to a matching input of
the kernel on the l.h.s. of the product.

Example 2.4.5 (Product of discrete Markov kernels). Let Q(Z|Y, W, T) and K(W|T, X)
be two Markov kernels on finite spaces. Let P(Z,W|Y, T, X) := Q(Z|Y, W, T) K(W|T, X)
be the product of Markov kernels and p, q, k the corresponding mass functions. Then
we have:

p(zi, welys, 1, t5) = q(2i|ys, Wi, t5) - k(wg|t;, ),

which is just the product of mass functions. For the corresponding stochastic tensors P,
Q, K we get that:

P=QowrK
is the entry-wise product/Hadamard product of tensors (reflecting the above formula, i.e.
indices for wy, t; are the same in q and k).

Exercise 2.4.6. Show that the product of Markov kernels is associative. Under which
conditions can we commute Markov kernels in products? For this you can use Fubini’s
theorem. See also the comments below.

Theorem 2.4.7 (Fubini’s Theorem, | | Thm. 14.19). Let (X, u) and (Y, v) be two
(o-)finite measure spaces and f: X x Y — [0,00] a (Bx @ By)-Bjo,oc)-measurable map.
Then we have the equalities:

/(/f(fc,y)u(dx)) V(dy)z/(/f(:c,y)V(dy)> N(da:)Z/f(:c,y) Al @ v)(z,y).

Remark 2.4.8 (Conventions about integration order). For D € By ® By Fubini’s
theorem says:

/(/ lp(x,y)u(dx)> v(dy) = / (/ 1p(z,y) I/(dy)) p(dx) :/ﬂD(x’y) d(pov)(z, y).

The integral notation hides the fact that u@v and v can only be identified as measures
if we also swap the order of the spaces X and Y. p® v lives on X x Y and v ® u lives
on Y x X. In more precise terms, we would have:

(n@v)(D) = (v @ p)(D*),

where D* = {(y,xz) € Y x X |(z,y) € D} € By ® By. That said, we will always make
this swap tmplicitly, and just write:

QZ|Y,T)® K(U|T, X) = K(U|T, X)® Q(Z|Y,T),
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if there is mo variable with the same symbol that occurs on the left of the conditioning
bar in one Markov kernel and on the right of the conditioning bar in the other Markov
kernel. This is justified by Fubini’s theorem and our implicit swap convention. This will
not lead to much ambiguity, when interpreted as measures under the integral, as one
can match the variables Z, U, etc., to their corresponding arqguments z, u, etc., in our
suggestive notations. In a similar sense we also identify:

KW|IT=t,X =2)=K(W|X =xz,T=t),
QX eAY eB|IT)=Q(Y € B, X € AIT).

2.4.3. Composition of Markov Kernels
Definition 2.4.9 (Composition of Markov kernels). Consider two Markov kernels:
QUZIY,W,T): Y XxWXT --» Z, KWU|T,X): TxX--»WxU.
Then we define their composition:
QUZIY, W, T)o KW, U|T,X): YXT XX --» Z,

using measurable sets C' C Z wvia:
(C, (g, t,2)) /Q(Z ECIY =y W = w,T = t) K(W € dw|T =+, X = ).

Note that we implicitly marginalized U out, i.e. in the composition we integrate over all
variables (here: W and U) from the right hand Markov kernel. As a notation we will
also write:

QZeClY =y W, T =t)o KW, U|T =t,X = x)
= (Q(ZIY,W,T) o K(W,U|T, X)) (C|(y,t, x)).

Remark 2.4.10. It is clear from the definitions 2.4.9, 2.4.3 and 2.4.1 that the compo-
sition:

QUZIY,W,T) o K(W,U|T, X)
18 the Z-marginal of the product:

Q(ZIY. W, T) @ K(W,U|T. X).

Furthermore, while the operation ® leaves all the variables of the second Markov kernel,
here W and U, “intact”, the operation o marginalizes them all out. One could also
think of an intermediate operation that specifies which variables are marginalized out
and which stays, e.g. using a symbol ow,wy to inticate marginalization of input W (of
Q(ZY,W,T)) over output W (from K(W,U|T, X)). We will not further investigate this
and will only use @ and o as described.
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Remark 2.4.11 (Composition of deterministic Markov kernels). Consider measurable
maps:
X:T—=2X, Z:X—=Z,

and their composition Z o X. Then the composition of the corresponding Markov kernels
satisfies:
IZoX|T)=0d(Z|X)od(X|T),

where §(Z € C|X =x) := 1c(Z(x)) and §(X € A|T =1t) := 14(X(t)).

So the composition of Markov kernels extends the composition of functions.

Proof.
8(Z € C|X)od(X|T =t) = (6(Z]|X)0d(X|T))(C|t)
= /5(Z €eC|X=2)0(X ede|]T =1)

— [1210()3(X € dsjT =
=0(X € Z7HO)T =1t

= Lx-1z-1 o (t)

= 1c(Z(X(1)))

— §(Z(X) e O|T = 1)
—6(ZoX € C|T =t)

_ §5(Z 0 X|T)(C)1).

]

Example 2.4.12 (Composition of discrete Markov kernels). Assume that all the spaces
in definition 2.4.9 are discrete/finite and let P(Z|T) = Q(Z|W)o K(W|T) be the com-
position of Markov kernels. Let p, q, k denote the corresponding mass functions. Then
we get:

p(zilty) = q(zilw) - k(wlt;).
k
If P, Q, K are the corresponding stochastic matrices then we have that:
P=QK,
15 just the usual matriz product. So in this case the composition of Markov kernels
corresponds to matriz multiplication.
2.4.4. Push-Forward of Markov Kernels

Definition 2.4.13 (Push-forward Markov kernel). Let (W x T, K(W|T')) be a transition
probability space and:
X:WxT =X
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be a conditional random variable. Then we define the push-forward Markov kernel
K(X|T) of K(W|T) w.r.t. X with symbols:

K(X|T) =: X, K(W|T) =: K(X(W,T)|T),
KX|T): T--+X, (At)—» K(XcAT=t) :=KWeX; (AT =t),

where, again:
XN A) = XA, ={weW|X(w,t) € A}.

Remark 2.4.14. We can also write push-forwards as compositions:
K(X|T)=0(X|W,T) o K(W|T),
where we define:
(X e AW =w, T =1t) :=14(X(w,t)) = Lx-10a)(w,t).
Remark 2.4.15. For any Markov kernel
KWIT): T ---W
one can always extend it to include T' = pr :
KW, T|T): T ---WxT, (E,t)— K(WT)eET=t) =KW eE|T=t),
where By, = {w € W |(w,t) € E}. Using Definition 2.4.3, we can also write this as:
KW, T|T) = K(W|T) @ o(T|T),
where (T € D|T =t) := 1p(t) for measurable D CT andt € T.

2.4.5. Conditional Markov Kernels

Definition /Theorem 2.4.16 (Disintegration of Markov kernels). Let X, ), Z be mea-
surable spaces where X and Y are standard measurable spaces. Let

K(X,Y|Z): Z--»XxY

be a Markov kernel and K (Y |Z) its marginal Markov kernel given by K(Y € B|Z) =
K(X € X,Y € B|Z). Then there exists a Markov kernel (called conditional Markov
kernel):

KX|Y,Z): VX Z -+ X

such that:
K(X,)Y|Z)=K(X|Y,Z)® K(Y|Z).
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Furthermore, K(X|Y,Z) is essentially unique in the following sense: If Q(X|Y,Z) is
another Markov kernel then we have:

K(X,)Y|Z)=Q(X|Y,Z)® K(Y|Z),
if and only if the measurable subset N of YV x Z defined via:
N:={(y,2) e YxZ|FAeBx: QX €AY =y, Z=2))#K(XcAlY =y, Z =2)}
is a K(Y|Z)-null set in ) x Z.

Remark 2.4.17. If one further assumes certain continuity conditions for the conditional
Markov kernel K(X|Y,Z) and that the marginal K(Y'|Z) is strictly positive then the
conditional Markov kernel can be fully identified, not just up to such K(Y|Z)-null sets.
This is formalized in Lemma 2.4.23.

Example 2.4.18 (Conditional Markov kernel for discrete Markov kernels). Consider a
Markov kernel K(X,Y|Z) where all spaces are discrete and let k be the corresponding
mass function. Then the marginal mass functions are given by:

Kylz) =Y k(xyle),  k(zlz) =) kayl2).

rzeX yey

A conditional Markov kernel conditioned on'Y can then be defined via the mass function:

B if k(yle) > 0,

Koy 2) ::{ K@) i kylz) =07

With this setting we then have for all (!) values x,y, z:

k(z,ylz) = k(zly, 2) - k(yl|2)-

Corollary 2.4.19 (Conditional probability distributions). Let X and Y be random vari-
ables on domain (W, P(W)) with standard measurable spaces X, Y, resp., as codomains.
Then there always exist conditional probability distributions P(X|Y) and P(Y|X)
that are Markov kernels satisfying:®

P(X,Y)=PX|Y)®P(Y), P(X,Y)=PY|X)® P(X).

Furthermore, these conditional probability distributions are essentially unique.

7 Any value assignment for this spot is somewhat arbitrary as it almost surely does not occur. Typically
this entry is defined to be 0. This is convenient but also problematic, as this would not normalize
when summing over x € X. A proper alternative is to set it to be k(x|z) in this case.

8In the literature a conditional probability distribution that is also a Markov kernel would be called a
reqular version of a conditional probability distribution. Since in this lecture we will not encounter
other versions we will just call this version here conditional probability distribution.
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Proofs - Disintegration of Markov Kernels In this subsection we will give a proof
for the existence and essential uniqueness of conditional Markov kernels. Another source
for similar results can be found in | |.

Remark 2.4.20 (Existence of conditional Markov kernels). If K(X,Y|Z) is a Markov
kernel then we want K(X|Y, Z) such that:

K(X,Y|Z) = K(X|Y,Z)® K(Y|Z)

holds. The heuristic here is to make use of Doob-Radon-Nikodym derivatives, see Theo-
rem 2.3.17, for each A € Bx:

XEA,YEdy|Z:z)(>
K(Y €dy|Z =2)"7

K
KX €AY =y, Z =2) = (

The problem is that they are only unique up to K(Y|Z)-null sets and might not be
coordinated in such a way that K(X € A|lY =y, Z = z) becomes a probability measure
in A for every (y,z). To ensure this we will take extra steps: We will first take the
Doob-Radon-Nikodym derivative K(X < x|Y =y, Z = z) for rational points x € Q and
then for general x € R put:
KX <zlY=y Z=2)= ianK(X < [z|n|Y =y,Z = 2),
me

where [z],, = % € Q for m € N. This approach will work for K(Y|Z)-almost-all
(y,2). On the remaining points (y, z) we can then make a somewhat arbitrary choice,

e.g. we can put:
KX <z|)Y =y, Z =2):=K(X <z|Z = =z).

This will turn K(X < x|Y =y, Z = z) into a valid cumulative distribution function in
x for all (y, z), which then corresponds to a proper probability measure. One then checks
that this K(X|Y, Z) is a desired conditional Markov kernel.

Theorem 2.4.21 (Existence of conditional Markov kernels). Let X', ), Z be measurable
spaces where X is a standard measurable space and By is countably generated (e.g. Y is
also a standard measurable space). Let

K(X,Y|Z): Z--» X x Y,

be a Markov kernel in two variables. Then a conditional Markov kernel conditioned on
Y qiwven Z:
KXY, Z): Y x Z--» X,

exists.

Proof. Since X is standard we can without loss of generality assume that X = [0, 1]. For
fixed A € By we have a finite transition measure K (X € A,Y|Z) from Z to ), which
is absolute continuous w.r.t. the marginal K (Y|Z), because of the inequality:

0<K(X€AYEB|Z=2)<K(XeX,YeB|Z=2)=K(Y €B|Z=2).
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Since also By is countably generated, by Doob-Radon-Nikodym, see Theorem 2.3.17, we
get a Doob-Radon-Nikodym derivative, i.e. a (jointly) measurable map:

gAinZ%Rzo,

such that for all z € Z and B € By:
K(X €AY €BlZ=2)= [1a0) aal2) K(Y € dylZ = 2)

For x € X we will define:
G($|y> Z) = g[0,x] (ya Z)

As a next step we want to modify G(x|y, z) such that it becomes a cumulative distribu-
tion function in x, i.e. it corresponds to a probability distribution on X'. For this define
Xp := X NQ, which is countable and dense in X. First note that:

S:=A{ly,2) e Y x Z|G(lly, 2) # 1}
is a measurable K (Y|Z)-null set. Then, for every pair 21 < 25 in Xy consider:
Eipvon = {(9:2) | Ga1ly. 2) > Glanly, )} € By © B,
Since we have the equations:

T le,, .. W) Glaily, 2) K(Y € dy|Z = 2)
K(X <r.,Y € E(I17x2)7Z|Z = Z)

x1<x2
< K(X <22,Y € Eg )| Z = 2)
= S le,, .. W) Glasly, 2) K(Y € dy|Z = 2)
G(z2ly,2)<G(z1ly,2)
< S e, 0. (W) - Glaly, 2) K(Y € dy|Z = 2)

we necessarily have K(Y € Ey, 4,):|Z = 2) = 0 for every z € Z.
Then F := S U Ux1<x2eXQ E(z, 2,) is also a K(Y'|Z)-null set in By ® Bz.
Now for x € Xy we can define:

D, :={(y.2) | Glaly, ) < inf G(x + 1/nly, )} € By ® B,

By the dominated convergence theorem (see | | Cor. 6.26) we get:

[1p,.(y) - Gzly,2) K(Y € dy|Z = 2)

S 1p,.(y) - infen G(z + |y, 2) K(Y € dy|Z = 2)
infuen [ 1p,.(y) - Gz + 3ly, 2) K(Y € dy|Z = 2)
inf,ey K(X <z + %,Y €D, .|Z=2)

K(X <2,Y €D,.|Z=2)

J1p..(y) - Glzly,2) K(Y € dy|Z = z).

Il IAS
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So equality must hold, which then implies that:

1
/ﬂDz,z(y) . (igI{]G(w + ﬁly,Z) - G(Ily,Z)) K(Y edy|Z ==z) =0.

J/

TV
>0 for y€Dy -

This shows that K(Y € D, .|Z =z)=0forall z€ Z. So D:=FU|J
a K(Y|Z)-null set in By ® Bz.

So far, we got that G, when restricted to Xy x D¢, is jointly measurable in (y, z) for
fixed  and monotone non-decreasing and continuous from above in x for fixed (y, z)
with G(1|y, z) = 1. We now aim to extend G to X x ) x Z.

Forx € X =[0,1) and m € N put [z],, := min(1, [mz+1]|/m). Then [z],, € [0,1]NQ =
Xg. The map x +— [x],, is measurable and for = € [0,1) we have:

veXg D, is again

1
r<|x]y <z+—.
m

So [1],, = 1 and [z],, € X converges to z € X, x # 1, from above for m — .
We then define for all (z,y,2) € X x Y x Z:

It is clear that F' is again jointly measurable in (y, z) for fixed z and agrees with G
on Xgp X D¢ by construction. As a monotone approximation from above it is clearly
continuous from above, monotone non-decreasing and satifies F'(1|y, z) = 1 for all (y, 2).
So for fixed (y,z) now F(-|y,z) corresponds to a probability distribution K(X|Y =
y,Z = z) on By, uniquely given by the defining relations on sets [0, z]:

F(zly,2) = K(X <z|Y =y, Z = 2),

forall z € X.
Now define D C By as the set of all A € By that satisfy:

1. the map (y,2) — K(X € AlY =y, Z = z) is (By ® Bz)-Bg-measurable, and:

2. for all z € Z and B € By the following equation holds:

K(XEA,YEB[Z—z)—/]lB(y)-K(XGA\Y—y,Z—z)K(YEdMZ—z).

Since K(X,Y € B|Z = z) and K(X|Y = y,Z = z) are measures in X the system D
is closed under countable disjoint unions. One can also check that D is closed under
complements and contains X = [0,1]. So D is a Dynkin system. We already know that
for x € Xy the map (y,2) — K(X < z|Y =y,Z = z) = F(x|y, 2) is measurable. Since
for z € Xy and every B € By, z € Z, we have:

Ip(y) - K(X <2y =y, Z =2) = 1p(y) - G(z]y, 2)
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up to the K(Y|Z = z)-null set D, we already get for those x € Xjy:
K(X <z,YeB|Z=xz) :/ILB(y)-K(X <z|Y =y, Z=2)K(Y € dy|Z = 2).

This shows that £ := {[0,z] |z € X} C D. Since & is closed under finite intersections
Dynkin’s lemma (see | | Thm. 1.19) implies:

BXIU(g) QD

This shows that the two conditions hold for all A € By and thus that K(X|Y, Z) is the
desired conditional Markov kernel. ]

Lemma 2.4.22 (Essential uniqueness). If we have Markov kernels:
PX|Y,2), QIX|Y,Z): Y x Z --» X,

and
KY|Z): Z--5)

with any measurable spaces X, Y, Z such that:
PX|Y,Z) & K(Y|Z) = Q(X|Y, 2) & K(Y|Z).
then for every A € By the set:
Noa={(y,2) e YXZ|P(X €AY =y, Z=2)#QX € AlY =y, Z =2)}

is a measurable K(Y|Z)-null set.
If, furthermore, X is countably generated, e.q. a standard measurable space, then also
N = U e, Na is a measurable K(Y|Z)-null set.

Proof. For fixed A € By both P(X € A|Y,Z) and Q(X € AlY,Z) can be considered a
Doob-Radon-Nikodym derivative of the same finite transition measure M4(Y|Z) given
by:

MMYG&Z:@;i/h@yHXeAMZﬂﬂYe@M:@

= (P(X € AlY,Z) ® K(Y|Z2)) (B]2)
= QX e AlY,2) @ K(Y|2)) (B]2)

/ILB(y) QX € AlY,Z)K(Y € dy|Z = 2).

The uniqueness statement then follows from that of Doob-Radon-Nikodym derivatives,
see Lemma 2.3.21. If now By is countably generated then By = o (,A) with a countable
set A that is closed under finite intersections, e.g. Bjo1) = o ({[0,c]|c € [0,1]NQ}).
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One then puts M := (J 4 Na, which is, as countable union of K(Y'|Z)-null sets, a
K (Y|Z)-null set. Then one can define:

D:={Ae€Bx|Y(y,z) e M : PX €AY =y, Z=2)=Q(X € AlY =y, Z =2)}.

One easily sees that D is closed under complements, countable disjoint unions and
contains X'. This shows that D is a Dynkin system (aka A-system). Furthermore, we
have: A C D and that A is closed under finite intersections. By Dynkin’s lemma we get
that:

B;\( =0 (A) Q D.

This shows that N = |J .5, Na € M, thus N = M which is a measurable K (Y'|Z)-null
set. [l

We now want to prove that we can recover from the ambiguity of the null sets for
conditional Markov kernel under continuity assumptions and strictly positive marginals.

Lemma 2.4.23 (Uniqueness for continuous conditional Markov kernels and strictly
positive marginals). Let X', )V, Z be Polish spaces endowed with their Borel-o-algebra
and:

P(XIY, Z), QUXIY, Z) : ¥ x Z = P(X),

two continuous Markov kernels, where P(X) carries any Hausdorff topology Ty C
Bpx), e.g. the weak*-topology. Let

K(Y|Z): Z2-»Y

be a Markov kernel that is strictly positive (on non-empty open subsets of V). If we
have the equality of Markov kernels Z --+ X x Y:

PX|Y,Z) & K(Y|Z) = Q(X|Y, 2) @ K(V|Z),
then we already have the equality of Markov kernels:
P(X|Y,Z) = Q(X]Y, Z).
Proof. Consider the set:
Ap(xy = {(P, P) € P(X) x P(X)| P € P(X)},
which is a closed subset of P(X) x P(X) because P(X) is Hausdorff. Then the set:

Ni={(y,2) €V x Z| PXIY =y, Z = 2) # QX|Y =y, Z = )}

= (P(X|Y, 2), Q(X|Y, Z)) " (AS(x));

is an open subset of V x Z as both Markov kernels are continuous. By the essential
uniqueness from Lemma 2.4.22 we know that for all z € Z we have:

K(Y € N°|Z = z) =0.
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The fact that the section N7 is open in ) and that K(Y|Z) is strictly positive implies
that either K(Y € N*|Z = z) > 0 or that N* = (). Since the former was ruled out by
the essential uniqueness we get N* = () for all z € Z and thus N = (). This shows the
claim:

PX|Y,Z) = QX]Y, Z).

2.5. Conditional Independence
2.5.1. Independence for Random Variables

Motivation 2.5.1. If we throw two dice with outcome values X and Y, resp., then
knowing the value of Y does not give us any information about the value of X, and vice
versa. We say that X and Y are independent from each other. We will formalize this
intuition for all random variables in the following.

Definition 2.5.2 (Independence of two random variables). Let (W, P(W)) be a proba-
bility space and X : W — X and 'Y : W — Y be two random variables. We say that X
and Y are independent if the following equation holds:

P(X,)Y)=P(X)® P(Y),

where P(X,Y") is the joint and P(X) and P(Y) are the corresponding marginal distri-
butions. In symbols we would write this as:

X 1Y
P(W)

Lemma 2.5.3. Let (W, P(W)) be a probability space, X and Y standard measurable
spaces and X : W — X and'Y : W — Y be two random variables. Then the following
statements are equivalent:

1. X 1 Y.
P(W)

. P(X,Y) = P(X)® P(Y).

IS

3. There exists a probability distribution Q(X) such that:

PX,)Y)=Q(X)® P(Y).

E

. P(X|Y) = P(X) holds P(Y)-almost-surely, where P(X|Y) is a version of a con-
ditional probability distribution from Cor. 2.4.19.

5. For all A € By we have:

El4(X)[Y]=E[1a(X)]  P(W)-as.
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6. For all A € By and B € By we have:
P(Xe€eAYeB)=PXecA)-PY €B).

Proof. Exercise. m

Exercise 2.5.4. Reformulate the statements in Lemma 2.5.3 for the case we either have
mass functions (discrete case) or densities w.r.t. a product measure, e.g. the Lebesque
measure (absolute continuous case).

We can generalize the notion of independence to arbitrary families of random variables:

Definition 2.5.5 (Mutual independence of families of random variables). Let WV, P(W))
be a probability space and I an (index) set. Fori € I let X; : W — X, be a random vari-
able. We say that (X;)ier is (mutually/jointly) independent if for all two disjoint
subsets J; U Jy C I we have the independence:

(le )j1 eJi P%il/_V) (Xj2 )j2€J2 :

Exercise 2.5.6 (Mutual independence for finite tuples of random variables). A finite
tuple of random variables (X, ..., X,,) is mutually independent if and only if:

P(Xy,...,X,) =P(X))® - ® P(X,).

Exercise 2.5.7. Let (W, P(W)) be a probability space and I an arbitrary index set. For
1 €1 let X;: W — X; be a random variable. The following statements are equivalent:

1. (Xi)ier is (mutually/jointly) independent.

2. For every finite disjoint subsets Jy, Jo C I we have the independence:

(le )j16J1 P%]IZ/) (Xj2 )j26J2 :

3. For every finite subset J C I andi € I\ J we have:

Xi P(JVLV)(Xj)jeJ-

4. For every finite subset J C I we have:

P ((X))jer) = Q) P(X;).

jeJ

5. We have the equality:
P ((Xi)ier) = ®P(Xi),
iel
where ),c; P(X;) is the product measure on X = [[,.; Xi, which is determined
by the corresponding products on its finite marginals via the extension theorem of
Tonescu-Tulcea, see [I79, | and theorem A.10.2.
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2.5.2. Conditional Independence for Random Variables

Motivation 2.5.8. 1. Consider two independent coin flips with outcome variables X
and 'Y, resp., with values in {0,1}, and Z := X +Y € {0,1,2}. If the value of Z
1s known, say Z = 1, then revealing the value of Y, say Y = 0, provides us with all
the information to fully determine the value of X, here X = 0. This is despite the
fact that X and Y were assumed to be independent. This means that conditioning
on a third variable Z can destroy independence. In this case, we say that X and
Y are dependent conditioned on Z. Summarized in symbols we have:

X 1Y, but: X L Y|Z
P(W) P(W)

2. Now consider three (mutually) independent coin flips X, W, U with values in
{0,1}. Let Z .= X +W andY = Z+U = X + W + U. If we knew the value
of Y, say Y = 0, then we would have information about the values of X as well,
here X = 0. This shows that X and Y can not be independent random variables.
If, in contrast, we would first reveal the value of Z, say Z = 1, then the value of
X might be restricted by the value of Z, but also revealing Y would not give us
any additional information about the value of X. The reason is that Y = Z + U
and U is independent of X, W and Z = X + W. So, even though X and Y
are dependent, when conditioned on Z they become independent, as there is no
additional information gained about each others value, when revealing the other.
Summarized in symbols we have:

X Ly, but: X 1L Y|Z
P(W) P(W)

We now want to formalize conditional independence for random variables.

Remark 2.5.9 (Conditional independence). In contrast to (unconditional) indepen-
dence, see Definition 2.5.2, possible definitions of conditional independence come with
many more subtleties, due to their interplay with conditional probability distributions or
conditional expectations. Such definitions can in general be non-equivalent. However, if
we restrict ourselves to standard measurable spaces the subtleties can be resolved and the
definitions become equivalent. This is the reason that in the following we will only state
conditional independence for standard measurable spaces. We will make a clearer choice
later for conditional independence of conditional random variables.

Definition /Lemma 2.5.10 (Conditional independence for random variables). Let WV, P(W))
be a probability space and X, Y and Z standard measurable spaces, and X : W — X

and Y : W — Y and Z : W — Z be three random variables. We then say that X

1s independent of Y conditioned on Z if any of the following equivalent conditions
holds:

1. P(X,Y|Z) = P(X|Z)® P(Y|Z) holds P(Z)-a.s., where P(X,Y|Z), P(X|Z),
P(Y|Z) are versions of conditional probability distributions from Cor. 2.4.19.
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2. P(X|Y,Z) = P(X|Z) holds P(Y,Z)-a.s., where P(X|Y,Z), P(X|Z) from Cor.
2.4.19.

3. There exists a Markov kernel Q(X|Z) : Z --+ X such that:

PX,)Y,Z)=Q(X|Z)® P(Y, Z).

4. For every A € By and B € By we have:

E[L4(X)-15(Y)|Z] =E[1.(X)|Z] E[15(Y)|Z]  P(W)-a.s.
5. For every A € By we have:

E[L4(X)Y,Z] = E[14(X)|Z]  P(W)-a.s.

In those cases, in symbols we write:

X I Y|Z
P(W)

Proof. Exercise. m

Exercise 2.5.11. Restate all the statements in Definition/Lemma 2.5.10 for discrete
random variables in terms of mass functions.

Conditional independence for random variables satisfies the following rules:

Theorem 2.5.12 (Separoid axioms for conditional independence for random variables,
see | ). Let W, P(W)) be a probability space and X, Y, Z and U random variables
taking values in standard measurable spaces X,Y, Z and U, respectively. Then we have
the following rules:

1. Redundancy: If U = ¢(X) a.s. is a measurable function of X, e.g. U = X, then:

U L Y]|X.
P(W)

2. Symmetry:

X 1L Y|Z — Y I X|Z
P(W) PW)

3. Decomposition:

X 1L YU|Z - X 1 U|Z
P(W) P(W)

4. Weak Union:

X 1L Yulz — X 1L Y|UZ
P(W) P(W)
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5. Contraction:

(XJI_U\Z) A (XJJ_Y|U,Z) — X 1L vz
) PW)

P(W PW)

Proof. Exercise. m

Remark 2.5.13. The separoid axioms, see Theorem 2.5.12, also hold true for random
variables that map into general (non-standard) measurable spaces if one restricts one-
self to the definition of conditional independence only involving conditional expectations
(rather than conditional probabilities or Markov kernels) in Definition 2.5.10.

Exercise 2.5.14. Assume that the random variables X, Y, Z, U have a joint density
p w.r.t. some product measure (or a joint mass function) such that p(y,u|z) > 0 for all
values y,u, z. Show that we then also have the following intersection rule:

(X L U|Y,Z) A <X i Y|U,Z) — X 1L YU|Z
P(W) POW) POV

2.5.3. Conditional Independence for Conditional Random Variables

Motivation 2.5.15. Assume that we are given a statistical model P(X|©) and a statistic
S = S(X), which is a measurable function of X. Often one wants to find such an S such
that the choice of parameter © = 6 has no “influence” on the probability distribution of
X when S is provided. Such a statistic is usually called a sufficient statistic of X w.r.t.
P(X|©). In symbols we want S such that:

X10e]|s.

Howewver, the parameter variable © here is not a proper random variable as we have
no distribution P(©) specified over it. Still such a conditional independence statement
makes sense. We thus want to formalize a notion of conditional independence for con-
ditional random variables. We follow the definition of [ |. Other approaches can be

found in [ ; ; , ) ) J-

Motivation 2.5.16. Consider a probabilistic program with input variables T', S and
output variables X,Y , Z. Whenever the program is given T and S as input, it internally
samples U, E ~ U|0, 1] uniformly and independently from a random number generator,
then calculates:

X =T+S+U, Y:=5-S+F, Z:=X"Y,

and, finally, outputs X, Y and Z. FEven though, the input T and S is provided by the
user and 1s not considered a random variable, we can reason about the fact that “Output
Y only depends on the input S and not on the input T.” We want to formalize such
conditional indpendence mathematically in order to be able to write this as:

YUT|S.
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Definition 2.5.17 (Conditional independence for conditional random variables). Let
W x T, K(W|T)) be a transition probability space with Markov kernel:

KWI|T): T --»W.
Consider conditional random variables:
X:WxT =X, Y:WXT =Y, Z-WxXT = Z.
We say that X is independent of Y conditioned on Z w.r.t. K(W|T), in symbols:

X 1L Y|z
KWIT)

if there exists a Markov kernel:

QX|Z): Z - X,
such that:
K(X,Y, 2T) = Q(X|2) & K (Y, Z|T),
where K(Y, Z|T) is the marginal of K(X,Y, Z|T).?

As a special case, we define:

X 1Y L= X L Y|
K(WIT) K(WIT)

Notation 2.5.18 (Essential uniqueness). The Markov kernel Q(X|Z) appearing in the
conditional independence X WL iryY | Z in definition 2.5.17 is then a version of a
conditional Markov kernel K(X|Y,Z,T) and is thus essentially unique in the sense of
2.4.22. We will use the following suggestive notation for it:

K(X[TY, 2) = Q(X|2),
or similarly with crossed variables in different order. So we have in case of X L)Y | Z:
K(X,Y,Z|T)=K(X|T¥Y,Z)® K(Y, Z|T).

Note that K(X|TY, Z) is a version of the conditional Markov kernel K(X|Y, Z,T) and
does not depend on arguments y and t.

Remark 2.5.19 (Conditional independence includes conditional independence from 7).
We have the equivalence:

X 1 Y|Z «— X 1 TY|Z
K(W|T) K(WI|T)

where T - W x T — T, (w,t) — t, is the canonical projection map.

9For the equation K (X,Y,Z|T) = Q(X|Z) ® K(Y, Z|T) to hold it is sufficient to check that for all
teT,Ac By, Be€ By and C € Bz we have:

K(XeA,YeB,ZeO|T:t)://Q(XeA|Z=z)K(Yedy,Zedz\T:t).
cJ/B
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Proof.
X UL Y|Z
K(W|T)
— JQX|2): K(X,Y,Z|T)
— dQ(X|2): K(X,T,Y,Z|T) =

(X|2) 2 K(Y, Z|T)
(X|2)® K(Y. ZT) © 8(T|T)

$
K(T,Y,Z|T)

Q
Q

—= X 1L TY|Z
K(W|T)

The middle implication “=" follows by taking the product with 6(7"|T"), and the reverse
implication “<=" by marginalizing out 7, i.e. via 6(T € T|T) = 1. O

Remark 2.5.20 (How to find Q(X|Z) and check for conditional independence?). In
case we have the conditional independence:

X 1 Y|z
K(W|T)

we then get by definition:
K(X,Y,Z|T) = Q(X|2) @ K(Y, Z|T),
for some Markov kernel Q(X|Z). This implies for allt € T the equation:
K(X,ZIT =t)=Q(X|Z)® K(Z|T =1t).

This means that Q(X|Z) is a version of the conditional probability distribution K(X|Z,T =
t) for allt € T at once, and, in addition, it is also functionally not dependent on t. So
for fized ty € T the conditional K(X|Z,T = ty) can be changed on a K(Z|T = tg)-
null-set such that it agrees with Q(X|Z). So it is reasonable to test out versions of
K(X|Z,T =ty) for Q(X|Z). To summarize, we have the following equivalence between:

1.X 1L Y|z
K(W|T)

2. There ezistty € T and a (reqular) version of the conditional probability distribution
K(X|Z, T = ty) such that for allt € T:

K(X,)Y,Z|T =t) = K(X|Z,T = t,)® K(Y, Z|T = t).

Note that in the last expression the middle term has the fizved ty and the outer two
terms have varying t € T.

This equivalence allows us to narrow our search space for Q(X|Z) to such conditional
probability distributions.
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Example 2.5.21 (Conditional independence for discrete conditional random variables).
Let the situation be like in definition 2.5.17 and assume all spaces to be countable and
discrete. Let k be the mass function for K(X,Y,Z|T). Then we have:

X 1 Y|z
K(W|T)

if and only if there is a probability mass function q such that for all values x,y,z,t:

k(:v,y,z|t) = q(.’K‘Z) ) k(ya Z|t)

Note that in this case q(x|z) is a version of k(z|z,t) for allt € T at once, but that is also
independent of t. We can use this knowledge to find such a proposal q(x|z) as follows.

If there exists a to € T such that k(z|tg) > 0 for all z € Z then the conditional
e
with q(x|z) in case of the conditional independence. So, if there exists a ty € T such
that k(z|to) > 0 for all z € Z then we get the following equivalence:

k(x|z,to) is uniquely given and equal to k(x|z,to) would then necessarily agree

X (%/L|T)Y | Z — Vr,y,z,t: k(z,y, 2|t) = k(z|z,t0) - k(y, 2|t).

Again, note that in the last expression the middle term has the fized to and the outer
two terms have varying t € T .

This example can be generalized.

Theorem 2.5.22 (Conditional independence for conditional random variables with den-
sity). Let px, py and juz reference measures on X, Y and Z, resp., and ji := px@uyQpiz
the product measure on X x Y x Z. Assume that K(X,Y,Z|T) has a Doob-Radon-
Nikodym derivative k w.r.t. p and let to € T be a fived value. Then we have the impli-
cation:

Vi GTVMC,Z/,Z- k(l‘,y,Z’t) :k(.’lﬁ’Z,to) k(y"z’t) — X (%/HT)Y’Z

where ¥, means “for p-almost-all”. If for pz-almost-all z € Z we have: k(z|ty) > 0,
k(z,z|to) .

then also the reverse implication holds, with k(z|z,ty) = o) -

VteTV,z,y,z. k(x,y, z|t) = k(z|z,to) - k(y, 2|t) — X (%VL|T Yiz

Proof. “ = 7. This is clear, as the factorization of the densities provides the needed
factorization of the corresponding Markov kernels.
“«<=": By assumption we have a factorization:

K(X,Y,ZIT) = Q(X|2) & K (Y. Z|T),
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which implies for all A € By and C' € Bz:

// x, 2|to) pa(dz) pz(dz)

=K(XeAZecCT=t)
:/Q(X€A|Z:z)K(Z€dz|T:to)
C

_ /CQ(X € AZ = 2) k(zlto) p(d2).

This implies that we have:

V. z€Z. /Ak(az, Sfto) p(dz) = Q(X € A|Z = 2) k(zlto),

which implies, since k(z|ty) > 0, that k(x|z,ty) = is a density of Q(X|Z) up to
a pz-null set N. Since K(Z|T) < pz this N is also a K(Z|T)-null set, and thus ) x N
a K(Y,Z|T)-null set. So for allt € T, A€ By, B € By, C € Bz we get:

/// (@,y, 2[t) px (dz) py(dy) pz(dz)

=K(XeAYeB ZecC|T=t)

://Q(X€A|Z:z)K(Y€dy,Z€dz|T:t)

CJB

:/C/B/Ak(x]z,to)ux(dx)K(Yedy,Zedz]T:t)

= [ ] kalzsto) pelae) K, 21) ot ez
CJBJA

= [ [ balzsto) - bty 210) ) mylay) ()
CcCJBJA

So the corresponding Markov kernels on the lhs and rhs are the same. This implies that
the set:

M = {(z,y,z,t) | k(z,y, z|t) # k(z|z,t0) - k(y, z|t)}

is a p-null set in By ® By ® Bz ® Br. So for all t € T and p-almost-all z,y, z the
following equation holds:

k(z,y, 2[t) = k(z|z, to) - k(y, z[t),
which implies the claim. O

Remark 2.5.23 (Conditional independence for random variables). By Definition/Lemma
2.5.10 we recover the notion of conditional independence for random variables X,Y, Z
with standard measurable spaces as codomains by taking T := {x}, P(W) := K(W|x):

X Y|z — AQ(X|Z) : P(X,Y,Z) = Q(X|Z) ® P(Y, Z).
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Such a Q(X|Z) is then a conditional probability distribution of P(X,Z) conditioned on
Z. In suggestive notations:

Q(X|2) = P(X|Y,Z) = P(X|Z).

Lemma 2.5.24 (Conditional independence for deterministic mappings). Let F': T —
F and H : T — H be measurable mappings, with F standard. We now consider
them as (deterministic) conditional random variables on the transition probability space
W x T,K(W|T)) via:

F: WxT — F,
(w,t) = F(t),
H: WxT — H,
(w,t) = H(t),

which do not depend on the ’probabilistic part’ W of K(W|T). Let G: W x T — G be
another conditional random variable.
We write F 3 H if there exists a measurable map ¢ : H — F such that:

F=¢poH.

Then we have the equivalence:*’

FZH = F 1 G|H.
K(WIT)

So F' is a deterministic measurable map of H iff F' is independent of G given H. Note
that the first part of the statement is independent of G.

Proof. “ =" This direction is rather easy. See the later separoid axioms.
“«<=": Since F' and H are deterministic and only dependent on 7" we get that:

K(F,G,H|T) = §(F|T) @ §(H|T) @ K(G|T).

By the conditional independence we now have a Markov kernel Q(F|H) such that we
have the factorization:

K(F,G,H|T)=Q(F|H)® K(G,H|T) =Q(F|H)® §(H|T) ® K(G|T).
Marginalizing out G, H and taking 1" =t we get from these equations:
Op@) = O(FI|T =1t) = Q(F|H(1)),
which is a Dirac measure centered at F'(t). We can now define the mapping:

w: H(T)—=F, H(t)— F(t),

0The full equivalence needs Kuratowski’s extension theorem for standard measurable spaces (see
[ ] 12.2): Any measurable map from a (not necessarily measurable) subset of a measurable
space to a standard measurable space extends to a measurable map on the whole space. Alterna-
tively, one could define F' X H via existence of measurable ¢ : H(T) — F such that F = po H,
but this moves problems elsewhere.
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which is well-defined, because h := H(t;) = H(t2) implies that Q(F|H = h) is a Dirac
measure centered at F'(t1) and F(t3), so F(t;) = F(t3). ¢ is measurable. Indeed,
its composition with § : F — P(F), z — ¢, equals Q(F|H), which is measurable.
Since Br = 6"Bp(r), see lemma 2.7.1 2., also ¢ is measurable. Since F is a standard
measurable space, ¢ extends to a measurable mapping ¢ : ‘H — F by Kuratowski’s
extension theorem for standard measurable spaces (see | ] 12.2). Finally, note that

we have F(t) = p(H(t)) for all (w,t) € W x T, which shows the claim. O

Example 2.5.25 (Conditional independence for deterministic mappings). If for exam-
ple, T =T xTg and T; : W x T1 x Ty = T; the canonical projection onto T;, then F is
a function in two variables (t1,t3). We then have:

F 1 T|T,
K(W|T)

(
if and only if F—as a function—is only dependent on the argument ty (and not on ty).

Another example of what conditional independence of conditional random variables
can encode is the following.

Remark 2.5.26 (Existence of conditional Markov kernels expressed as conditional in-
dependence). Let X, Y be conditional random variables on transition probability space
W x T,K(W|T)). Then we can express the ezistence of a conditional Markov kernel
K(X|Y,T) as the conditional independence:
X 1 %Y T,
K(W|T)
where x is the constant conditional random variable. Alternatively and equivalently, we

could also write:

X 1L TYT.
K(W|T)

Note that for standard measurable spaces X and Y the above statement always holds. In
suggestive symbols:
K(X|7,Y,T) = K(X|Y,T).

Example 2.5.27 (Certain statistics expressed as conditional independence). Let P(W|O)
be a statistical model, considered as a Markov kernel F --+ W. Let X and Y be two
conditional random wvariables w.r.t. P(W|©). A statistic of X is a measurable map
S: X — S, which we consider as the conditional random variable S 3 X given via:

S:WxF—=S, (wb)—S(X(w,b)).
1. Ancillarity. S is an ancillary statistic of X w.r.t. © if and only if:

S 1 6.
p(wie)

This means that every parameter © = 0 induces the same distribution for S:

P(S|0 = 0) = P(5]4).
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2. Sufficiency. S is a sufficient statistic of X w.r.t. © if and only if:

X 1 ols
P(W]0)

This means that there is a Markov kernel P(X|S, &) such that:
P(X,5]|0) = P(X|S,4) @ P(S|©).
So X only “interacts” with the parameters © through S.

3. Adequacy. S is an adequate statistic of X for Y w.r.t. © if and only if:

X 1 ©,Y]s.
P(vie)

This means we have a factorization:
P(X,Y,5|0) = P(X|e/Y,S)® P(Y, S]0),

for some Markov kernel P(X|©:Y", S). This means that all information of X about
the parameters and labels Y is fully captured already by S.

Theorem 2.5.28. Let (W x T, K(W|T)) be a transition probability space with Markov
kernel:

KWIT): T —» W.

Consider conditional random wvariables X, Y, Z with common domain W x T and
codomains X, Y and Z, resp., and T : W x T — T the canonical projection map.
We will write P(X|Z) = K(X|¥, Z) for a fized version of the Markov kernel appearing
in the conditional independence X WL gy T | Z (only in case it holds).

With these notations, the following are equivalent:

1.X 1L Y|z
K(W|T)

2.X 1 TY|Z
K(W|T)

5. X AL T|Z and K(X.Y, Z|T) = P(X|Z) @ K(Y, Z|T).
K(W|T)

4. X WL T|Z and for everyt € T we have: X, 1L Y| Z,.
K(W|T) K(W|T=t)

Furthermore, any of those points implies:
KX|LY,Z)=K(X\Z,Z) K(Y,Z|T)-a.s

and the following:
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5. For every probability distribution Q(T) € P(T) we have the conditional indepen-

dence!!:

1 TY|Z
KW|T)®Q(T)

Proof. 3. = 1. is clear by definition.
1. < 2.: by 2.5.19.
2. = 4.,5.: By assumption we have the factorization:

K(X.Y,Z,T|T) = K(X|2)® K(Y. Z.T|T),

for some Markov kernel K (X|Z). Via marginalization and multiplication this implies
the two equations:

K(X,2,T|T) = K(X|2)® K(Z,T|T),
K(X,Y,Z|IT) ® Q(T) = K(X|Z) @ K(Y, Z|T) @ Q(T),

=Q(X,Y,Z,T) :Q(}TZ,T)

for every Q(T') € P(T). The last equation shows 5.
If we take Q(T') = &; we get:

K(X., Y, Z)|T =t) = K(X|Z;) @ K(Yy, Z,|T = t).

Together with the first of the above equations this shows 4.
4, = 3.: By X J—'—K(W|T) T ‘ Z we have:

K(X,Z|T) = P(X|Z) ® K(Z|T).

By the assumption X; Il g r=¢ Y: | Z;, on the other hand, we have—for each t € T
individually—a factorization:

K(X,Y,Z|T =t) = Q/(X|2) ® K(Y, Z|T = t),

with a Markov kernel @)y, which might depend on ¢t € T, where we suppress the indices
t on all the variables for readability everywhere. Marginalizing out Y and comparing to
the above we then get the two equalities:

PX|IZ)@ K(ZIT=t)=K(X,Z|T=t) = Q«X|Z2)® K(Z|T =1t).

By the essential uniqueness of such a factorization we see that P(X € A|Z) only differs
from Q(X € A|Z) on a K(Z|T = t)-null set. Considered as functions of (y,z) (by
ignoring y) they are equal up to a K(Y,Z|T = t)-null set. This means that we can

"Note that this again implies the second part of point 4: X, 1L Y; | Z; for every t € T. So the first part
of point 4: X I T'| Z, can then be seen as the additional obstruction to obtain the “full” conditional
independence: X 1 Y| Z.
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replace Q;(X € A|Z) with P(X € A|Z) for every A € By and t € T. So we get the
equation:
KX, Y, Z|T =t) = P(X|Z2) @ K(Y, Z|T =),

for all ¢t € T and thus:
K(X,Y,Z|T) = P(X|Z) ® K(Y, Z|T).

This shows 3.
]

Remark 2.5.29 (Discrete 7). In the setting of theorem 2.5.28, let X, Z be standard
measurable spaces and T be a countable discrete measurable space with any fixed prob-
ability distribution Q(T') that has a strictly positive mass function. Then we get the
equivalence:
X A T.Y|Z — X 1 Y|Z
K(W[T)®Q(T) K(W|T)

Proof. The rhs implies the lhs side by theorem 2.5.28. So, now assume the lhs and put:
Q(X.Y,Z,T) = K(X,Y, Z|T) & Q(T).

Its marginal is then denoted by Q(X, Z). Since X, Z are standard measurable spaces
we get a (regular) conditional probability distribution Q(X|Z), such that Q(X,Z) =
Q(X|Z) ® Q(Z). By the assumed conditional independence we thus have:

K(X,Y,Z|T)® Q(T) = Q(X,Y, Z,T)
=QX[2)®Q(Y,Z,T)
= QX[2) ® K(Y, Z|T) ® Q(T).

Since Q(T') is strictly positive and conditional Markov kernels are essentially unique we
get the sure equality:

K(X.Y,ZIT) = Q(X|2) & K(Y. Z|T).
which implies the claim. O
Corollary 2.5.30. If X', Z are standard measurable spaces then we have the equivalence:

X UL Y|ZT — Vie T : X, 1 Yt\Zt
KWIT) K(W|T=t

Proof. This directly follows from theorem 2.5.28 4. with (Z,T') in the role of Z and
remark 2.5.26 to get the first part of 4. In suggestive symbols:

K(X|TY,2,T) = K(X|2,T) K(Z|T)-as
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2.5.4. Example: Linear Gaussian Markov Kernels

Theorem 2.5.31 (Conditional independence for linear Gaussian conditional random
variables). Let T =R, X = R, Y = R¥ and Z = RY¥. Consider a linear Gaussian
Markov kernel P(X,Y, Z|T'), which is given by a density of the form:

z I'x X Yx,x EX,Y EX,Z
plx,y,2t) =N | |y Iy | -t+ [w]|,|2vx Xyvy Xyvz
z I'z Yz ZZ,X ZZ,Y EZ,Z

Then we have the following equivalence:

1L Y|z — Sxy =¥xzY57%zy A Tx=3%xz%,,Tz
P(X.,Y,Z|T) ’ ’

If this is the case then the Markov kernel Q(X|Z) coming from the conditional indepen-
dence:
P(X,Y, Z|T) = Q(X|Z) @ P(Y, Z|T),
15 also a linear Gaussian Markov kernel with density:
q(zl2) = N (] px12(2), Ex.x12)

pxiz(2) = yx + Xx,z577 (2 — 72),

Yx,x|7 = Ux,X — ZX,ZZE}ZEZ,X7
which coincides with the usual marginal conditional for t =0, i.e.:

QX|Z=2)=PX|Z=2T=0).
So, we also get the equivalence:

X 1L Y|z — P(X,Y,Z|T) = P(X|Z,T = 0)® P(Y, Z|T).
P(X,Y,Z|T)

Proof. First note that in general the conditional P(X|Y,Z,T) is also a linear Gaussian
Markov kernel and of the form:

p(zly, z,t) =N (95 | txy,zr (Y, z,t), ZX|Y,Z,T) ;

with the following abbreviation for the covariance matrix:

-1
Syy X >
Sxivzri=Yxx = [Exy Yxz] [EZ: EZﬂ [EZﬂ ’

and the following abbreviation for the mean:

pxy.zr(y, 2, t)

= (Tx t+9x) + [Sxy Sxz] FKY EKZ} B (m _ [FY't+7Y])

YXzy Yzz z I'z-t+z
~1
YXyvy Xvz Yy
= [Exy ¥xz] [Ez,y EZ,Z:| [z

Xyy EY,Z:| - [FY T+ 7Y:|

+Tx-t+79x) — [Exy Exz] [EZY S Tyt +y
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We now want to investigate under which conditions we get the conditional indepen-

dence:
X 1 Y|z
P(X,Y,Z|T)
Note that in this case the conditional independence is equivalent to the statement that
the conditional density p(z|y, z,t) is not dependent on the arguments y and ¢.
Let us first investigate the first term involving y:

-1
ZY,Y EY,Z Yy
[EX,Y Ex,z} [ZZ,Y ZZ,Z:| [z )

Note that we can use the following formula for the (2 x 2)-block inverse:

Xyy Xvz - _
YXzy Yzz

-1

(ZY,Y - EY,ZEZZZZ,Y) — (EY,Y - EY,ZZE}ZEZ,Y)_l EY,ZEZZ

_ _ —1
_Ez,leZ,Y (ZY,Y - EY,ZEZ}ZZZ,Y)

This leads us to require that:

(EY,Y - 2Y,ZEE,IZEZ,Y) -

1] =0
_ _ 1 3
_ZZ}ZEZ,Y (EY,Y - EY,ZEZ}ZEZ,Y)

[ZX,Y ZX,Z} [

which is equivalent to:

(Exy — ZX,ZZE}ZEZ,Y) (Syvy — Zy,zEZZEZy)_l =0,

which can be further simplified, by multiplying with the inverse of the inverse, to:
Yxy — Ex,z857%zy = 0.

We also need that the mean of the conditional is not dependent on ¢, which leads to
the following condition coming from the second term:

Svy Zyz] [T
e
=Dy — (EX,Y - ZX,ZEE}ZZZ,Y) (EY,Y - EY,ZEE}ZEZ,Y)_I I'y
— EX,ZEE}Z Iz + (Sxy — EX,ZEE}ZEZ,Y) (Syy — E1/,222,122271/)_1 2YZEZZ Iz
=Dy — EX,ZZE}Z L'z,

where we made repeated use of the condition: Yxy — Xx, ZZZZE zy = 0.
This leads us to the following equivalence for linear Gaussian Markov kernels:

X 1 Y|z — Sxy =Yxz2,%%zy A Ix=%xz%,, Tz
P(X.Y,Z|T) ’ '

o7
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If this is the case then the Markov kernel Q)(X|Z) coming from the conditional indepen-
dence:

P(X.Y, Z|T) = Q(X|2) & P(Y, Z|T),
is also a linear Gaussian Markov kernel with density:
Q($‘2) =N (33 } ,UX|Z(Z>7 ZX,X|Z) )
pxiz(2) == yx + Xx,z57 % (2 — 72),

o —1
Yx x|z = Yxx — Yx,zY7 727X,

which is the usual marginal conditional for ¢ = 0. O]

2.6. Separoid Axioms for Conditional Independence

The following asymmetric separiod axioms for conditional independence are a general-
ization of the symmetric separoid axioms due to A.P. Dawid | | and the similar
graphoid axioms due to J. Pearl and A. Paz | .

Definition/Theorem 2.6.1 ((Asymmetric) separoid axioms for conditional indepen-
dence). Let W x T, K(W|T)) be a transition probability space with Markov kernel:

K(WI|T): T --» W.

Consider conditional random variables X, Y, Z, U with common domain W x T and
standard measurable spaces X, Y, Z, U, resp., as codomains. Let T : W x T — T be
the canonical projection and % the constant conditional random variable.

We write U = X if there exists a measurable function G : X — U such that U = Go X.
Then the ternary relation 1L = 1w ) satisfies the following rules:

a) Extended Left Redundancy:
UZ3X = ULY|X.

b) T-Restricted Right Redundancy:'*
X L *|Z, T always holds.

c) T-Inverted Right Decomposition:
X1Y|Z = XL1TY|Z.

d) Left Decomposition:
X, ULY|Z = ULY|Z.

e) Right Decomposition:

12 T_Restricted Right Redundancy, Left Weak Union and Symmetry need the existence of conditional
Markov kernels. That is the reason we assumed standard measurable spaces.
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X1IYU|Z = X1U|Z.
f) Left Weak Union:'?

X, ULlY|Z = X1Y|U,Z.
g) Right Weak Union:

XLY,U|Z = XLY|U Z.
h) Left Contraction:

(XLY|UZ)NULY|Z) = X,ULY|Z.
i) Right Contraction:

(XLY|UZ)ANXLU|Z) = XLY,U|Z.
j) Right Cross Contraction:

(XLY|UZ)ANULX|Z) = XLY,U|Z.
k) Flipped Left Cross Contraction:

(XLY|UZ)NY LU|Z) = Y ILXU|Z.

In particular, we have the equivalences:
(XLYU|Z) «— ((XL1Y|U,Z) N (XLU|Z2),

(X, ULY|Z) <«— ((XLY|U,Z) N (ULY|2Z).
We also get:

1) T-Restricted Symmetry:'*
X1Y|ZT — Y LX|ZT.
In the special case of T = % = {x}, the one-point space, (i.e. in the case of probability

distributions and random variables mapping to standard measurable spaces) we thus have
(unrestricted) Symmetry.
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Proofs - Separoid Axioms for Conditional Independence
In the following let (W x T, K(W|T)) be a transition probability space with Markov
kernel:
KWIT): T --»W,

and conditional random variables X, Y, Z, U with common domain W x T and mea-
surable spaces X, V), Z, U, resp., as codomains. We indicate when we need to assume
standard measurable spaces.
We will use T': W x T — T to denote the canonical projection and * to denote the
constant conditional random variable.
Recall that we write U 3 X if there exists a measurable function ¢ : X — U such that
U=ypolX.
Recall that for proving:
X 1L Y|Z
K(W|T)

we need to find/construct a Markov kernel Q(X|Z) such that:

K(X,Y, Z|T) = Q(X|Z) ® K(Y, Z|T),

which is equivalent to:
For all t € T and all measurable A C X, B C ), C' C Z we have the equation:

K(XeA,YeB,ZeC|T—t)—//Q(XeA]Z—z)K(Yedy,Zedz\T—t).
CJB

We abbreviate 1L := I gy |1 in the following.
Lemma 2.6.2 (Extended Left Redundancy).
UZ3X = ULY|X.

Proof. f U = o(X) put Q(U € D|X =x) :=0,(U € D|X =x) := 1p(¢(z)) for D CU.
Then we get:

//Q(UED|X:x)K(Y€dy,X€da:|T:t)
cJB

Z//5¢(U€D|X:x)K(Y€dy,XGd:E|T:t)

// o1( K(Y €dy, X € dz|T =t)

=K(Y €eB,XeCnyp Y(D)|T=t)
=KY eB,XeC,¢X)eD|T=t)
=K({UeD,YeB XeCT=t).

This shows the claim. In suggestive symbols:

K(U|LXY, X) = 6,(U|X).
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Lemma 2.6.3 (T-Restricted Right Redundancy). Let X and Z be standard measurable
spaces. Then:
X 1L«|ZT holds.

Proof. Because X and Z are standard measurable spaces we have a factorization:
KX, Z,T|T)= K(X|Z,T)® K(x, Z,T|T).

with the conditional Markov kernel K (X |Z,T) of K(X, Z|T) (via theorem 2.4.16). This
already shows the claim. In suggestive symbols:

K(X|x7,2,T) = K(X|Z,T).

0

Lemma 2.6.4 (7T-Inverted Right Decomposition).

X1Y|Z = XLT,Y|Z
Proof. By assumption we have:
K(X,Y,Z|T) =Q(X|Z) ® K(Y, Z|T).
Multiplying both sides with §(7'|T") we get:
K(X,Y,Z,T|T) = Q(X|Z) ® K(T,Y, Z|T).
This shows the claim using the same Q(X|Z). In suggestive symbols:
K(X|LAFY, Z) = K(X|IY, Z).

O

Lemma 2.6.5 (Left Decomposition).
X, ULY|Z = ULY|Z
Proof. Let Q(X,U|Z) be given from the left conditional independence. Then we have:
KX, UY,Z|T)=Q(X,U|Z)® K(Y, Z|T).
Marginalizing out X gives:
KUY, Z|T)=QU|Z) @ K(Y, Z|T).
This shows the claim. In suggestive symbols:

K(U|LY,Z) = K(X € X, U|LY, Z).
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Lemma 2.6.6 (Right Decomposition).
XL1Y,U|Z = XL1U|Z
Proof. Let Q(X|Z) be given from the left conditional independence. We then have:
K(X,U,Y,Z|T) = Q(X|Z) ® K(Y,U, Z|T).
Marginalizing out Y gives:
K(X,U,Z|T) = Q(X|2) ® K(U, Z|T).
This shows the claim. In suggestive symbols:
K(X|ZU,Z) = K(X|L¥U, Z).
O

Lemma 2.6.7 (Left Weak Union). Let X and U be standard measurable spaces. Then:
X, ULlY|Z = XL1Y|UZ
Proof. By assumption we have:
K(X,U,Y,ZIT) = Q(X,U|Z) & K(Y, Z|T),
for some Markov kernel Q(X, U|Z). If we marginalize out X we get:
KUY, Z|T)=QU|Z)® K(Y, Z|T).
Because X and U are standard measurable spaces we have a factorization:
Q(X,U|2) = Q(X|U, 2) 2 QU|Z).

with the conditional Markov kernel Q(X|U, Z) (via theorem 2.4.16).
Putting these equations together we get:

K(X,U,Y,Z|T) = Q(X,U|Z) ® K(Y, Z|T)
=QRQX|U,Z)2QU|Z)® K(Y, Z|T)
— Q(X|U, Z) ® K(U,Y, Z|T).

In suggestive symbols, this means that: K(X|ZY, U, Z) is the conditional of K (X, U|LY, Z).
O

Lemma 2.6.8 (Right Weak Union).

XLY,U|Z = XLY|UZ
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Proof. We have the factorization:
KX, Y,U,Z|IT) =Q(X|Z)® K(Y,U, Z|T),
with some Markov kernel Q(X|Z). If we view Q(X|Z) as a function in (u, z) via:
(u,2) = Q(X]Z = 2),

by just ignoring the argument u then the claim follows from the same factorization
above.
In suggestive symbols:

K(X|LX U, Z) = K(X|T ¥V, Z).

Lemma 2.6.9 (Left Contraction).
(XLY|UZ)ANULY |Z) = X,ULY |Z
Proof. By assumption we have the two factorizations:

K(X.Y,U,Z|T) = Q(X|U, Z) ® K(Y,U, Z|T),
K(Y,U,Z|T) = P(U|Z) ® K(Y, Z|T),

with some Markov kernels Q(X|U, Z), P(U|Z). Putting these equations together using
QXI|U,Z) @ P(U|Z) we get:

K(X,Y,U, Z|T) = (Q(X|U, Z) & P(U|2)) & K(Y, Z|T).
In suggestive symbols:

K(X,U|LY, Z) = K(X|IY,U, Z) ® K(U|LY, Z).

Lemma 2.6.10 (Right Contraction).
(XLY|UZ)NXLU|Z) = XLY,U|Z.
Proof. By assumption we have the two factorizations:

K(X,Y,U, Z|IT) = Q(X|U, Z) ® K(Y,U, Z|T),
K(X,U,Z|T) = P(X|2) ® K(U, Z|T),

with some Markov kernels Q(X|U, Z), P(X|Z).
Marginalizing out Y we get the equalities:

K(X,U,Z|T) = Q(X|U,Z) ® K(U, Z|T),
K(X,U,Z|T) = P(X|2) ® K(U, Z|T).
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By the essential uniqueness (see lemma 2.4.22) of such factorization we get that for every

A € B;\{Z
QX € AU, Z)=P(X € A|Z)  K(U,Z|T)-as.

The same equation then holds also K (Y, U, Z|T)-a.s. (by ignoring argument y). Plugging

that back into the first equation gives:
K(X,Y,U,Z|T) = P(X|Z) @ K(Y,U, Z|T).
In suggestive symbols:

K(X|TYV,2) = K(X|LX,U,Z) = K(X|LY,Z) as.

Lemma 2.6.11 (Right Cross Contraction).
(XLY|UZOH)NULX|Z) = XLY,U|Z
Proof. By assumption we have the two factorizations:

K(X.Y,U,Z|T) = Q(X|U, Z) ® K(Y,U, Z|T),
K(X,U,Z|T) = P(U|Z) ® K(X, Z|T),

with some Markov kernels Q(X|U, Z), P(U|Z).
We then define the Markov kernel:

R(X,U|Z) = Q(X|U,Z)® P(U|Z).
We will now show that its marginal:
R(X|Z) =Q(X|U,Z)o P(U|Z).

will satisfy the claim.
If we marginalize out Y from equation 3 we get:

K(X,U,Z|T) = Q(X|U,2) ® K (U, Z|T).

Equating equations 4 and 7 gives:

PU|Z)® K(X,Z|T) = K(X,U, Z|T) = Q(X|U, Z) ® K(U, Z|T).

Marginalizing out X in equation 8 on both sides gives:
K(U,Z|T)=PU|Z)® K(Z|T).
If we now plug equation 9 into 7 then we get:
KX, U,Z|IT)=Q(X|U,Z)® P(U|Z)® K(Z|T)
2 R(X,U|Z) ® K(Z|T).
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If we marginalize out U in equation 11 and use equation 6 we arrive at:

K(X,Z|T) = R(X|Z) ® K(Z|T). (12)
We now get:
Q(X|U,Z)® K(U, Z|T) £ K(X,U, Z|T) (13)
= P(U|Z)® K(X, Z|T) (14)
2 P(U|Z)® R(X|Z) @ K(Z|T) (15)
= R(X|Z)® P(U|Z) ® K(Z|T) (16)
2 R(X|Z)® K(U, Z|T) (17)

By the essential uniqueness (see lemma 2.4.22) of such a factorization we get that for
every A € By:

QX € AU Z) = R(X € A|Z)  K(U,Z|T)-as. (18)

The same equation then holds also K(Y,U, Z|T)-a.s. (by ignoring the non-occurring
argument y). Plugging equation 18 back into the equation 3 we get:

K(X,Y,U,Z|T) = Q(X|U,2)® K(Y,U, Z|T), (19)
= R(X|2) @ K(Y,U, Z|T). (20)

This shows the claim.
In suggestive symbols:

K(X|LY¥4,Z) = K(X|TX, U, Z) o K(U|TX, Z).

Lemma 2.6.12 (Flipped Left Cross Contraction).
(XLY|UZ)ANY LU|Z) = YULXU|Z
Proof. By assumption we have the two factorizations:

K(X.Y,U,Z|T) = Q(X|U, Z) ® K(Y,U, Z|T),
K(Y,U,Z|T) = P(Y|Z)® K(U, Z|T),

with some Markov kernels Q(X|U, Z), P(Y|Z).
Marginalizing out Y in the first equation we get the equality:

K(X,U,Z|T) = Q(X|U, Z) ® K(U, Z|T).

65



Plugging all three equations into each other we get:

K(X,Y,U,Z|T) = Q(X|U. Z) @ K(Y,U, Z|T)

Q
QX|U,Z)e P(Y|Z)® K(U, Z|T)
P
P

Y|Z)® Q(X|U,Z) ® K(U, Z|T)
Y|Z) ® K(X,U, Z|T).

In suggestive symbols:
K(Y|LX:, Z) = K(Y|IA, 2).
O

Lemma 2.6.13 (7-Restricted Symmetry). Let Y and Z be standard measurable spaces.
Then:
XLIY|ZT = YLX|ZT.

Proof. This follows from Flipped Left Cross Contraction with U = * and (Z,T) for Z:
(XLY|Z,T) N (YLIx|ZT) = YLX|ZT,
together with T-Restricted Right Redundancy:
Y Ix|ZT.

In suggestive symbols:

K(Y|&PBX,2) = K(Y|¥, Z,%).

2.7. Markov Kernels from Deterministic Mappings
Lemma 2.7.1. Let X', ), Z be measurable spaces.

1. If f: X — Y is measurable then the induced map:
fur P(X) = PQ), P f.P= (B~ P(f7{(B))),
15 measurable as well.

2. The map:
§: X =>PX), x—d,= (A La(x)),

is measurable and 6*Bpxy = Bx. 0 is injective iff By separates points.

3. The map:
PX)xPY) — PXxY),
(P.Q) = P®Q,

15 measurable.

66



4. If g X x Y — Z is measurable then the map:

PX)xY — P2,
(Py) = g (P®dy)
= (C— P({r e X|g(r,y) € C}))

18 measurable as well.

Remark 2.7.2. Let f: Y x Z — X be measurable and P(Y') € P()) a fixed probability
distribution. Then the map:

KX|Z): Z2--sX, (Az2)—P(f(Y,2) e A)=K(X € A|Z = 2)
1s a Markov kernel.

Theorem 2.7.3. Let Z be any measurable space and X = R = [—o0, 00]. Let K(X|Z) :
Z --5» X be a Markov kernel, P(E) be the uniform distribution on & :=[0,1] and:

R(e|z) :==inf{Z € X | K(X < Z|z) > e},

the (conditional) quantile function (a.k.a. inverse cumulative distribution func-
tion) of K(X|Z). Then we can write K(X|Z) as the push-forward:

K(X|Z)=0(R|E,Z) o P(E).
More explicitly, for A € By and z € Z we have:
K(X e AlZ==z2)=P(R(E|z) € A).

Proof. We only need to check the last equation for A = [~oco,z] and z € R. We then
use the following equivalence for x € R, z € Z and e € [0, 1], see Lemma 2.7.8:

R(e|lz) < x = e < F(x|z),
where F' is the conditional cumulative distribution function of K (X|Z). So we get:
P(R(E|z) <z)=P(E < F(z|z)) = F(x|z) == K(X < z|Z = z).

The equality in the middle holds because E is uniformly distributed. This shows the
claim. ]

Remark 2.7.4. Let Z be any measurable space and X be a standard measurable space
with a fived embedding v : X — R = [—00, 00| onto a Borel subset, which always exists,
and K(X|Z): Z --» X a Markov kernel. Then the push-forward Markov kernel:

K0x|2): 2" pxy L pR),  (A2) e K(X € 7Y(A)|Z = 2),

satisfies the condition of Theorem 2.7.3. So with those notations we get for all A € Bg
and z € Z:
KX € A|lZ =z2) = P(R(E|z) € A).
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Since ((X') € By we get for all z € Z:

0=K(X € (X)|Z =z2) = P(R(E|z) € 1(X)°).
Since R 1s measurable we get that:

D :={(e,z) € E x Z|R(e|z) € (X))} € Bs ® Bz,

with P(E € DS) =0 for all z € Z. We can then measurably adjust R to get a measurable
map: ) 3
R:EXZ— X, R(elz) := . (R(e|2)),

for (e,2) € D and R(e|z) := & for (e,2) € D and a fived point & € X. With this
adjustment we then get for all A € By and z € Z:
K(X e AlZ =2)=KuX € 1(A)|Z ==2)
= P(R(E|z) € 1(A))
P((R(E|2)) € «(A))
P(R(E|z) € A),

or in short: )

K(X|Z)=0(R|E,Z)o P(E).
In other words, Theorem 2.7.3 holds (with those slight adjustments) for all standard
measurable spaces X as well.

In terms of random variables the theorem above states that every distribution @
can be generated by the uniform one U[0,1] and a deterministic map. The theorem
below strengthens this claim. It says that every conditional random variable X can be
represented in terms of a uniformly distributed random variable E and a measurable
map. In short, the above is about ‘in distribution’ and the one below about ‘almost-
surely’ statements.

Theorem 2.7.5. Let X := R, U := [0,1] and Z any measurable space. Let X, U and
Z be conditional random variables taking values in X, U and Z, resp., such that:

v 1L X, Z
K(U,X|Z)

with K(U|X+Z) the uniform distribution on [0,1]. Define the interpolated (conditional)
cumulative distribution function and its corresponding quantile function via:
F(ryulz) = K(X <z|Z=2)+u-K(X =2|Z = 2),
R(e|z) :=inf{Z € X |F(7;1|z) > e},
and the conditional random variable E := F(X;U|Z). Then we have the (conditional)

independence:

E 1L Z
K(U,X|Z)

with K(E|Z) the uniform distribution on [0,1], and:
X = R(E|Z) KU, X|Z)-a.s.
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Proof. After the (joint) measurabilities of F' and R are checked the statement directly
follows from Lemma 2.7.10 by applying it for every z separately. O]

Remark 2.7.6. With a similar argument as used in Remark 2.7.4 we can in Theorem
2.7.5 replace X by any standard measurable space. We then use E := F(1X;U|Z) to get
the conditional independence:
E 1 Z
K(U,X|Z)

with K(E|Z) the uniform distribution on [0,1], and:
X =R(E|Z) KU, X|Z)-a.s.,
for some measurable function R.

Corollary 2.7.7. Let X and Z be random variables with values in any standard mea-
surable spaces X and Z, resp., and with a joint distribution P(X,Z). Then there exists
a uniformly distributed random variable E on [0,1] that is P-independent of Z and a
measurable function g such that X = g(E,Z) P-almost-surely.

Proof. The regular conditional probability distribution P(X|Z) exists for standard mea-
surable spaces (and is unique up to a P(Z)-zero-set), and is a Markov kernel. Then apply
the result from above for K(X|Z) := P(X|Z) to get g(e, z) := R(e|z) and E. O

Proofs - Deterministic Representation of Markov Kernels In this section we
generalize a few folklore results via now standard techniques that were introduced
in | , |.

Lemma 2.7.8. Let R := [—00,00] be endowed with the usual ordering and Borel o-
algebra. Let P be a probability measure on R and F(z) := P([~o0o,x]). Then F : R —
[0,1] is non-decreasing, right-continuous with at most countably many discontinuities
and F(o0o) = 1. So R(t) := inf F~Y([t,1]) is a well-defined map R : [0,1] — R, non-
decreasing, left-continuous with at most countably many discontinuities and R(0) = —oo.
Furthermore, for x € R and t € [0,1] we have:

t < F(r) < R(t) <.

In particular, we have F(R(t)) > t, thus R(t) € F~([t,1]) the minimal element. We
also have R(F(x)) < x, with equality if and only if x € R([0,1]). Furthermore, F and
R are measurable and R\ = P. We also have that R is a reflexive generalized inverse
of I, i.e.:

FoRoF =F, RoFoR=R.

Proof. From the properties of P it is clear that F' is non-decreasing, right-continuous
and F(c0) = 1.

Let Dp C R be the set of discontinuities of F and x € Dg. Then there exists a
q(z) € Q such that F_(z) < ¢(x) < Fy(z). If now 21 < x5 are two such points we get:
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q(z1) < Fi(z1) < F_(22) < q(22). So the map ¢ : Dp — Q is injective. Thus Dp is
countable.

Next, we show that R(t) € F~([t,1]), thus R(t) = min F'~'([t, 1]). For this let (x,)neny
F~1([t,1]) be a non-increasing sequence converging to R(t). Then by the right-continuity
F(z,) converges to F'(R(t)) from above. So we have:

F(R(t)) = inf F(x,) > t.

neN

It follows that F'(R(t)) >t and thus R(t) € F~'([t,1]). This shows the claim.

R is clearly non-decreasing, thus has only a countable set of discontinuities Dr C [0, 1]
by the same arguments as before, and R(0) = —oo. To see that R(t) is left-continuous
let t € [0,1] and (¢,)nen @ non-decreasing sequence converging to ¢ from below. Then
by the monotonicity of R we have sup,,c.y R(t,) < R(t). On the other hand we have:

t =supt, < sup F(R(t,)) < F(sup R(t,)),
neN neN neN

implying: sup,,cy R(t,) € F~'([t,1]) and thus sup,,cy R(t,) > R(t), leading to equality,
which shows the claim.
For any x € R we have the implication:

r>R(t) = F(z) > F(R(t)) >t
For any z € R and any t € [0, 1] we have the implications:

t<F(r) < F(x)eltl]]
— xzeF (1))
= z>inf FY([t,1]) = R(?).
Together this shows for any x € R and ¢ € [0, 1] the equivalence:
t < F(zr) < R(t) <.

Since F(z) < F(x) we get R(F(z)) < z for all z € R. If equality holds then z € R([0, 1]).
And, if # = R(t) for some ¢t € [0,1] then we use the inequalities + > R(F(z)) and
F(R(t)) >t to conclude:

x> R(F(z)) = R(F(R(t))) = R(t) = =,

showing equality, and that:
RoFoR=R.

Similarly for ¢t = F(x) we get:
t < F(R(t)) = F(R(F(z))) < F(z) =,

showing
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Now consider the uniform distribution A on [0, 1] and any = € R. Then we have:

(RA)([~00,2]) = AMR™([~00,2]))
= Mt e[0,1]|R(t) < x)
= MNte|0,1]|t < F(x))
= N[0, F(x)])
= F(x)
= P([—o0,1])
It follows that: R\ = P. O]

Lemma 2.7.9. Let the notation be like in lemma 2.7.8. Foru € [0,1] and z € R define:
F,(z):= E(z;u) .= P([—o0,2)) +u- P({z}).

Then E : R x [0,1] — [0,1] is measurable, non-decreasing in both arguments with
Fy(—o0) =0, Fi(o0) =1, Fy is left-continuous and

Fu(7) < Fi(2) < Fo(z) < Fu(z)
for any & < x, u € [0,1]. We further have for every u € (0,1]:
RoF,oR=R,

and R o F, = idg P-almost-surely for any u € (0, 1].

Proof. Most of the properties are clear from its definition. Let Z < x then [—o00,Z] C
[—o0,x) and thus Fy(Z) < Fy(z).

To show RoF,oR = Rfixat € [0,1], u € (0,1] and let x := R(t). If F} is continuous in
x then F,, = F; and the claim Ro F} o R = R was already shown using the inequalities:

x> R(Fi(z)) = R(Fy(R(1)) = R(t) = =.

So let us assume that F} is discontinuous in x = R(t). Then F,(z) € (Fy(z), Fi(z)]. We
have: B
R(F,(z)) = min{z € R| F}(z) > F,(x)}.

If (i)

> Fu(z) > Fo(x) then & > =z, otherwise T < x leads to the contradiction

Since clearly Fi(x) > F,(x) we must have:
R(F,(x)) =,

with = R(t), which proves the claim: Ro F,, o R = R for u € (0, 1].

We now want to show that Ro F, = idg P-a.s. for u € (0,1]. From Ro F,, o R = R we
already see that R o F,|ro1)) = idr(o). We will see below that C':= R\ R([0,1]) is
measurable and P(C') = 0, which will prove the claim.

In the following we will only need F' = F}. First, by lemma 2.7.8 we know that for any
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r € R we have R(F(r)) < x with equality if and only if # € R([0,1]). So this gives us
the equivalence:
reC < x> R(F(x)).

We now claim that (R(F(x)),z| C C for every « € C: Indeed, If & € (R(F(z)), z| then:
F(z) = F(R(F(2))) < F(7) < F()

and thus F(z) = F(z), from which follows that R(F(Z)) = R(F(z)) < Z and ergo
zeC.

It follows that C' is the union of such intervals (R(F(z)),z] with z € C. Furthermore,
F(C) is contained in the set of discontinuities Dg of R: otherwise there would be an
x € Candat > F(x)suchthat R(t) € (R(F(x)),z] C C, which is a contradiction. Since
Dp, is countable it must follow that F'(C') and thus also R(F(C)) is at most countable.
Write R(F(C)) = {z,|n € N}, which is the set of the possible left end-points of the
above intervals. For each fixed n € N let

C, = {x € C|R(F(2)) = x,},

which is, as a union of intervals (z,,z], x € C,, either of the form (z,,Z,] or (z,, Z,)
with Z,, := sup C,. In both cases we can cover C,, by C,, , := (T, Tpm] With ., € C,
either equal to z, or converging to it from below for running m. So we can write C' as
the countable union:

C=J Cum

n,meN
We now have for each z = z,, .
P(Cym) = P((zn, 2]) = P((R(F(2)),2]) = F(z) — F(R(F(2))) = F(z) — F(z) = 0.

This implies:

P(C) =P< U On,m> < Y P(Cpm) =0,

n,meN n,meN

showing that P(C') = 0 and thus:
Ro F, =idg P-as.
for u € (0, 1]. O

Lemma 2.7.10. Let the notations be like in lemma 2.7.8 and lemma 2.7.9. Let X be
the uniform distribution on [0,1] and P := P ® X\ the product distribution on R x [0, 1].
For every e € [0, 1] define the event:

{E<e}:={(z,u) R x[0,1] | BE(x;u) < e}.
Then P(E < e) = e. In other words, the random variable:

E : Rx[0,1] — [0,1],
(r,u) = P([-o0,x)) +u- P({z}),
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is uniformly distributed under P=P®\. B )
Furthermore, R(E) = X P-a.s., where X : R x [0,1] — R is the canonical projection
onto the first factor: X (x,u) := x, which has distribution P.

Proof. First, since A({0}) = 0 we can w.l.o.g. exclude u = 0 and restrict P to R x (0, 1].
We have seen in lemma 2.7.9 that Ro F,, 0o R = R for u € (0, 1], which translates to:

R o Elg(ox0.1 = X|ao)x 01
Also with C := R\ R([0,1]) we get:
P(C x (0,1]) = P(C) - M(0,1]) =0-1=0.
So we get the second claim that:
RoE=X P-a.s.

Now we turn to {E < e} for e € [0,1]. We abbreviate U : R x [0,1] — [0,1] to be the
projection onto the second factor: U(z,u) := u, which is uniformly distributed under P,
and also p(x) := P({z}) = Fi(x) — Fy(z). With these notations: F = Fy(X)+ U - p(X).
First, we show that P(E = ¢) = 0 for all e € [0, 1]. For this let x := R(e). Then by the
above (R(E) = X P-a.s.) we have:

P(E=¢)=P(E=¢e, X =21).

We have to distinguish between two cases: p(x) = 0 and p(z) > 0.
Case p(z) = 0: We have:

= P(Fy(X)+U-p(X)=¢e, X =)
-P(v-Sgha e
- ({57) e

To prove P(E < e) = e for e € [0,1] we have several cases:
Case e € F1(R): Let Z be any element in R with e = F(Z) (e.g. £ = R(e)). Then we
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get:

For the cases e ¢ F}(R) we put  := R(e) and é := Fy(z).

Then by definition, x is minimal with Fi(x) > e. We also have é = Fy(z) < e. Otherwise:
e < Fy(x) = sup;., F1(Z) implied that there existed z < x with e < Fy(%) < Fy(z),
which is a contradiction to the minimality of x = R(e). Since é < e we can decompose:

P(E<e)=P(E<é)+PE=¢+PE<E<e).

We have already seen that the second term P(E = ¢) = 0 vanishes.
For the first term we have:

P(E <é)=P(E < Fy(x))
=P(E< ilig Fi(2))
=sup P(E < Fy (7))

z<x

—

) sup F (7)

T<x

= Fo(r)

I
o

Equation (*) comes from the previous case for F;(Z) € Fi(R).

For the third term P(é < E < e) first note that E € (¢, ] implies that X = x P-a.s. by
applying R: Indeed, every element t € (€, e] C (Fy(z), Fi(x)] can be written as t = Fy(x)
for an @ € (0,1] and we can use:

R(t) = R(Fa(R(e)) = R(e) = x.
For p(z) > 0 and the above we get:

Pe<E<e)=PE<E<e X=u)

=PO0< Fy(X)+U-p(X)—Fo(z)<e—é,X =x)

:P(0<U§m,sz)
S ((5]) e
= (;(;; p()
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For the case p(z) = 0, P(6 < E < e, X = x) can be upper bounded by P(X = z) =
p(z) = 0 as before, but we also have é —e = 0 in this case, and the equality stays trivially
true as well.

Putting all together we get:

P(E<e)=P(E<é)+P(E=¢)+Ple<E<e)
=e+0+e—e€

Il
®

This shows the claim. ]
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3. Graph Theory

3.1. Core Concepts

Figure 3: Conditional Acyclic Directed Mixed Graph (CADMG).

Definition 3.1.1 (Conditional directed mixed graphs (CDMG)). A conditional di-
rected mixed graph (CDMG) G—per definition—consists of two (disjoint) sets of
vertices (also called nodes):

i.) J, whose elements are called input nodes,
ii.) V', whose elements are called output nodes,
and two (disjoint) sets of edges:
iii.) E C (JUV) xV the set of directed edges,
i.) L CV xV/((vi,v9) ~ (ve,v1)), the set of bi-directed edges,
with: (v1,v9) € L = wv; # v A (v2,01) € L.
Notation 3.1.2. Let G = (J,V, E, L) be a CODMG. We will write:
1. ve G tomeanv € JUV,
vy — vy € G to mean (vy,v9) € E,
vy +— vy € G to mean (vy,v1) € E,

vy +> vy € G to mean (vy,v9) € L,

GroB e

v1 *> vy € G to mean that either v — vy € G or v > vy € G,
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6. v1 =+ vy € G to mean that either v <— vy € G or vy <> vy € G,

7. vy *>*vq € G to mean that either vy —> vy € G or vi +— V9 € G or vy == 13 € (.
The star stands for a placeholder to mean: “arrowhead or tail”.
Definition 3.1.3. Let G = (J,V,E, L) be a CDMG.

1. If vy *=* vy € G then we call v1 and vy adjacent in G.

2. Edges of the form vy <=— vy or v; <> vy are called into v, .
Edges of the form vy — vy or vy <> vy are called into v,.

3. Edges of the form vy — vy or vy <— vy are called out of v;.

Remark 3.1.4. With the notations 3.1.2 the restrictions in definition 3.1.1 mean that
the nodes j € J will not have any arrowheads pointing towards them: j <= v ¢ G. Nodes
j € J can only point towards nodes v € V: edges j — v are allowed. Furthermore, no
two nodes in J are adjacent.

Definition 3.1.5 (Walks). Let G = (J,V,E, L) be a CDMG and v,w € G.

1. A walk from v to w in G is a finite alternating sequence of adjacent nodes and
edges
U = Y9, A0, V1,---Un-1,0n-1,Unp = W

i G for some n > 0, i.e. such that for every k = 0,...,n — 1 we have that
ar = (g, k1) € EUL or ap = (vgr1,vr) € E, and with end nodes vg = v and
vy, = w. An example walk from vy to vz could look like:

Vg —> Uy +— Uy *+> U3, with Vg —> VU1,V —> V1 € E, vg > w3 € L.

The same node may appear multiple times in a walk. Also the trivial walk con-
sisting of a single node vy € G is allowed (if v =w). The walk is called into vy if
ag = vg +* vy, and out of vy if ag = vy — vy. Similarly, it is called into v, if
Gp_1 = Up_1 **> v, and out of v, if a,_1 = V1 *— Uy.

2. A directed walk from v to w in G is of the form:
V=g U T T Uy > Uy = W,

for some n > 0, where all arrowheads point in the direction of w and there are no
arrowheads pointing back.

3. A bi-directed walk from v to w in G is of the form:
V=10 +> V] *> - *+> U, | >V, =W,

for some n > 0, where all edges are bi-directed.

77



4. A collider walk from v to w in G is of the form:
U:UOHUIH"'an—IHUTz:wa

for some n > 0, where all nodes in between v and w have two arrowheads pointing
towards them (a.k.a. collider). Note that for n =1 this reads: v** w € G.

5. A walk is called path if no node occurs more than once.
6. A bifurcation between v and w in G is a walk of the form:
v:vokvlk...kvkilHvkﬂ...ﬂvnilﬂvn:w’

such that v # w, the walk contains both endnodes exactly once, every node has
at most one arrowhead pointing towards it, and both endnodes have exactly one
arrowhead pointing towards them. If the edge vg_y < vy, is directed (vg_1 +— vi)
then we say that the bifurcation has source vy.

Definition 3.1.6 (Family relationships). Let G = (J,V, E, L) be a CDMG, v,w € V
and A C JUV a subset of nodes. We then define:

1. The set of parents of v in G:

Pa%(v) := {w € G|w—v € G}.
The set of parents of A in G:

Pa%(A) == | ] Pa“(v).

vEA
2. The set of children of v in G:
ChY(w) :=={w e G|lv—w € G}.
The set of children of A in G:

Ch¥(A) == Ch(v).

veA
3. The set of siblings of v in G:
Sib%(v) == {w € G'|v +>w € G}.
4. The set of ancestors of v in G:
Anc®(v) == {w € G |3 directed walk: w— ---— v € G}.

Note: v € Anc®(v).
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The set of ancestors of A in G:

AncY(A) = U Anc(v).

veA
Note: A C AncY(A).
. The set of descendants of v in G:
DescC (v) := {w € G| 3 directed walk: v— --- — w € G}.
Note: v € Desc®(v).

The set of descendants of A in G:

Desc®(A) == U Desc®(v).

Note: A C Desc®(A).
. The set of non-descendants of A in G:

NonDesc“(A) := (JU V) \ Desc%(A).

. The strongly connected component of v in G:
Sc%(v) := Anc®(v) N Desc® (v).
Note: v € Sc%(v).

The (union of) strongly connected components of A in G:

ScY(A) = U Sc(v).

veA
Note: A C ScP(A).
. The district of v in G:
Dist®(v) := {w € G| 3 bi-directed walk: v <> vy ~> -+ <> v,_; <> w € G}.
Note: v € Dist®(v).
The district of A in G:

Dist®(A) := U Dist(v).

vEA

Note: A C Dist®(A).
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Definition 3.1.7 (Acyclicity). A CDMG G = (J,V, E, L) is called acyclic if there does
not exist any non-trivial directed walk from v to itself in G for any node v € G.

Definition 3.1.8. A Conditional Directed Mized Graph (CDMG) G = (J,V,E,L) is
called:

1. Conditional Acyclic Directed Mized Graph (CADMG) if G is acyclic.
2. Directed Mized Graph (DMG) if J = 0.

3. Acyclic Directed Mized Graph (ADMG) if G is acyclic and J = (.
Conditional Directed Graph (CDG) if L = 0.

Directed Graph (DG) if J =0 and L = ().

S S

Conditional Directed Acyclic Graph (CDAG) if G is acyclic and L = ().
7. Directed Acyclic Graph (DAG) if G is acyclic, J =0 and L = (.

Definition 3.1.9 (Topological order). Let G = (J,V, E, L) be a CDMG. A topological
order of G is a total order < of JUV such that for all v,w € G:

v e Pa%(w) = v<w.

Equivalently, it can be described as an indexing of the nodes JUV = {vy,... vk} where
parents always precede their children.

Lemma 3.1.10. A CDMG G = (J,V, E, L) is acyclic if and only if it has a topological
order.

Definition 3.1.11 (Predecessors). Let G = (J,V, E, L) be a CDMG and < a total order
of JUV. The set of predecessors of v in G are:

Pred®(v) := {w € G|w < v}.
We also put:
Predg(v) ={weG|lw<v}U{v}.

3.2. Operations on Graphs
3.2.1. Hard Interventions on Graphs

Definition 3.2.1 (Hard intervention on CDMGs). Let G = (J,V, E, L) be a CDMG and
W C JUV a subset of nodes. The intervened CDMG w.r.t. W of G is the CDMG:

Gaow) = (Jao(w), Vao(w), Eaowys Laow),

where:
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U7

Ug

Figure 4: The CADMG from Figure 3 after hard intervention on node vy.

i.) Jaowy = JUW,

i4.) Vaowy =V \W,

ii.) Eaow) = E\{v—w|veGweW},

w.) Laowy == L\ {v+>w|veGweW},
where we turn all nodes from W into input nodes and remove all edges into nodes from
W.

Remark 3.2.2. If G is acyclic then also Gaow is acyclic and a topological order for G
is also one for Gaow).

Lemma 3.2.3 (Hard interventions commute). Let G := (J,V, E,L) be a CDMG and
Wi, Wy C JUYV two subsets of nodes from G. Then we have:

(Gdo(wl))do(Wz) - (GdO(WQ))do(Wl) = Gaowiuws)-

The following proposition expresses the existence of a bifurcation with a source in
terms of ancestral relations in intervened graphs.

Proposition 3.2.4. Let G = (J,V,E,L) be a CDMG. For v,w,c € V U J: there
exists a bifurcation between v and w in G with source ¢ if and only if v # w and

¢ € AncCew (v)\ {v} and ¢ € Anc%ew (w) \ {w}.

Proof. A bifurcation between v and w with source ¢ is a walk in G of the form v <—

- <— ¢ — --- — w, where both v and w appear exactly once on the walk. This
shows “ = ”. For the other implication, note that ¢ € Anc%e@ (v)\ {v} implies that
there is a non-trivial directed path from ¢ to v that does not pass through w. Similarly,
¢ € Anc%e (w) \ {w} implies that there is a non-trivial directed path from ¢ to w that
does not pass through v. The concatenation of the two paths v <— -+ <=—¢c— ... — w
is then a bifurcation between v and w with source c. O]
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3.2.2. Node Splitting on Graphs

Figure 5: The CADMG from Figure 3 after node-splitting v; and vs.

In this subsection we introduce the operation of node-splitting. This is helpful when-
ever we want to distinguish between two versions of the same variable that in the absence
of an intervention share the same value. This is useful to model a property that is con-
stant over some time interval (in the absence of an intervention targeting that property).
Conceptually, this comes in handy when we measure the value of a variable right before
we intervene on it. The node-splitting operation can be used to represent “single-world”
counterfactuals.

Definition 3.2.5 (Node-splitting on CDMGs). Let G = (J,V,E, L) be a CDMG and
W C V a subset of the output nodes. The node-split graph w.r.t. W of G 1is the
CDMG:

Gaplitv) = (Jeptie(w)s Vaplie(w)» Esplis(), Lsplie(w)) »

constructed as follows. We first make two disjont copies of the nodes in W :
WO::{MOMUEW}, lez{w1|w€W}.

Note that we consider w® # w' for w € W. Additionally (for convenience), for v €
JUV\W we put:

We then define:
7') Jsplit(W) = J;
ZZ) ‘/split(W) = (V \ W) U WO U Wl,
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i1.) Egisew) := {vf — 0§ |v; — vg € E} U {w’ — w'|w € W},
w.) Lepisew) := {v] == 0§ |v; <> vy € L}.

So all incoming edges onto nodes in W become incoming edges into the corresponding
nodes in W0, all outgoing edges out of nodes in W become outgoing edges out of the
corresponding nodes in W', and edges w® — w' are added for all nodes in W .

Remark 3.2.6. For a CADMG G = (J,V,E, L), also Guigw) s acyclic. If < is any
topological order of G given by enumerating all nodes v € JUV wvia:

U1 <V < :- < Up,

then, for instance, a topological order for Ggyiywy can be achieved by assigning for a
node v; € W with index j the node U? the index j — % and v]l the index j + %, and then
ordering all nodes according to their index value.

Lemma 3.2.7 (Two disjoint node-splittings commute). Let G = (J,V, E, L) be a CDMG
and Wy, Wy CV two disjoint subsets of the output nodes of G. Then the CDMG obtained
from first node-splitting Wy and then node-splitting Wy is the same CADMG that arises
from first node-splitting Wo and then node-splitting W1 :

(Gsplit(W1 ) ) split(Wa) - (Gsplit(Wg)) split(W1) - Gsplit(Wl U Wa)-

Lemma 3.2.8 (Disjoint hard interventions and node-splittings commute). Let G =
(J,2V,E, L) be a CODMG and W1 C JUV and Wy C V' two disjoint subsets of nodes of
G. Then the CDMG obtained from first hard intervening on Wy and then node-splitting
Wy 1s the same CDMG that arises from first node-splitting Wy and then hard intervening
on Wi.

(GdO(Wl))split(Wz) - (GSPlit(W2))d0(Wl) '

3.2.3. Node Splitting Hard Interventions on Graphs

In this subsection we introduce node-splitting hard interventions. They are simply a
node-splitting operation (splitting each w € W into w® — w') followed by a hard
interventions on the “later” nodes W'. They can represent single-world intervention
graphs (SWIGs), which model the same output variable both before and after a hard
intervention, see | , |.

Definition 3.2.9 (Node-splitting hard intervention on CADMGs). Let G = (J,V, E, L)
be a CADMG and W C V' a subset of the output nodes. The single-world intervention
graph (SWIG) w.r.t. W of G is the CADMG:

Gswig(W) = (szig(W)a ‘/swig(W)a Eswig(W)a stig(W)) ’
constructed as follows. We first make two disjont copies of the nodes in W :

We :={w’|we W}, W= {w'|weW}.
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Figure 6: The CADMG from Figure 3 after a node-splitting hard intervention on v; and
V5.

Note that we consider w® # w' for w € W. However, for brevity, forve JUV \ W we
put:
We then define:
i.) Jswigow) == JUW?,
i4.) Viwigowy == (V\W)UW?,
i1.) Eswigw) := {v} — 1§ |v1 — vy € E},
.) Lewigwy := {0 <> v§ | vy <> vy € L}.

where we turn all nodes of W' into input nodes, removing all edges into W*, and we
turn all nodes of W° into output nodes, removing all edges out of W°.

Remark 3.2.10. For a CADMG G = (J,V, E, L), also Geigow) is acyclic. If < is any
topological order of G given by enumerating all nodes v € JUV wvia:

U1 <V < -0 < Up,

then, for instance, a topological order for Geyigwy can be achieved by assigning for a
node v; € W with index j the node v] the index j — % and ’U;- the index j + %, and then

ordering all nodes according to their index value.

Lemma 3.2.11 (Two disjoint node-splitting hard interventions commute). Let G =
(J,ZV,E, L) be a CADMG and Wy, Wy CV two disjoint subsets of the output nodes from
G. Then the CADMG obtained from first node-splitting on W1 and then node-splitting
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on Wy is the same CADMG that arises from first node-splitting on Wo and then node-
splitting on Wi

(GSWig(Wl))swig(Wg) - (GSWig(WQ))sWig(Wl) = Gowig(w, UWa)-

Lemma 3.2.12 (Disjoint hard interventions and node-splitting hard interventions com-
mute). Let G = (J,V,E,L) be a CADMG and W1 C JUV and Wy CV two disjoint
subsets of nodes from G. Then the CADMG obtained from first hard intervening on Wi
and then node-splitting on Wy is the same CADMG that arises from first node-splitting
on Wy and then hard intervening on Wi.

(Gao(w))swigaway = (Gowie(w) ) goowy)

Remark 3.2.13. Note that if W1 and W5 are not disjoint and w € Wi NWy C V
then first hard intervening on w turns w into an input node, for now indicated as w',
and a node-splitting hard intervention (if we would define it for input nodes) would not
change w'. If, on the other hand, we would first split the node w into w® and w® then
we would first need to resolve the ambiguity on which of those two the hard intervention
should be applied. A hard intervention on w' would not do anything, but would leave
the additional output node w® in the graph, while hard intervening on w° would turn w®
into an additional input node, for now indicated as (w°)". So in the latter case we are
left with two input node (w°)', which does not have any edges, and w*, which might have
outgoing edges.

3.2.4. Intervention Nodes

Figure 7: The CADMG from Figure 3 after adding intervention nodes {1,,, I,,} (where
1,, is identified with vy since vs is an input node).

More generally, interventions (both hard and soft) can be modeled graphically via
auxiliary intervention nodes.
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Definition 3.2.14 (Extending CDMGs with intervention nodes). Let G = (J,V, E, L)
be a CDMG and W C JUV a subset of nodes. The extended CDMG of G w.r.t. nodes

W C JUV and corresponding intervention nodes Iy = {I,|w € W} with I; .= j
for 3 € JNW, is the CDMG:

Gao(tw) = (Jdo(tw)s Vao(rw)» Eao(rw)» Lao(rw))

where:
i.) Jao(ry) = JU {I, |we W\ J},
’l’l) Vdo(IW) = V,

’I,ZZ) Edo(IW) :EU {[wﬂw"LUGW\J},

iv.) Ldo(IW) = L,
where we just add nodes I, for w € W\ J and edges I, — w for w € W\ J.
Remark 3.2.15. If « CDMG G = (J,V, E, L) is acyclic then also Gao(1,,) s acyclic

and a topological order for Gao(r,,) s also one for G. Any topological order of G' can be
extended to one for Gao(ry), €.9. by putting all the I,, nodes first in the ordering.

Lemma 3.2.16 (Adding intervention nodes commutes with disjoint hard interventions).
Let G = (J,V,E, L) be a CDMG and Wy, Wy C JUV two disjoint subsets of nodes from
G. Then we have:

<Gd0([w1)>do(fwg) a (GdO(IW2)>do(IW1) B GdO(IW1UW2)‘

We also have:
<Gd0(IW1))dO(W2) == (GdO(W2))dO(IW1) - GdO(le,Wg).

Lemma 3.2.17 (Adding intervention nodes commutes with disjoint node-splitting hard
interventions). Let G = (J,V, E,L) be a CADMG and W; CV and Wy C JUV two
disjoint subsets of nodes from G. Then the CADMG that arises from first introducing
intervention nodes Iy, and then splitting the nodes from Wi is the same as the CADMG
that arises from first splitting the nodes from Wy and then introducing the intervention
nodes Iy, :

(GSWig(Wl))do([Wz) = (Gdo(IWQ)) .

swig(Wy)

3.2.5. Marginalization of Graphs

Definition 3.2.18 (Marginalization a.k.a. latent projection on CDMGs). Let G =
(J,V,E,L) be a CDMG and W C V a subset of output nodes. Then the marginal-
ization of G w.r.t. W or the latent projection of G onto JUV \W is the CDMG:

GV .= G = (J\W VW EW LYY,

where:
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i) W= ],
i.) VW .=V \ W,

iii.) E\Y consists of all directed edges v —= v with v,v € JUV \ W for which there
exists a directed walk in G:

Qﬂwlﬂ...ﬂwnilﬂﬁ’

where all intermediate nodes wy, ..., w,_y € W (if any).*?

w.) L\W consists of all bi-directed edges v <+ v with v,v5 € V. \ W, v # ¥, for which
there exists a bifurcation in G:

y&wlH...Hwk_lﬂwkﬂ...ﬂwn_lﬂﬂ,

where all intermediate nodes wy, ..., w,—1 € W (if any).

Remark 3.2.19. Marginalization preserves ancestral relations, bifurcations and acyclic-
1ty

1. For vi,vy € G with vy, vy ¢ W we have the equivalence:

v € AncG(vg) — v € AncG\W(vg).

2. For vi,vy € G\ W (and, optionally, vs € G\ W ): there is a bifurcation between
vy and vy (with source v3) in G if and only if there is a bifurcation between v, and
vy (with source vs) in G\W.

3. If the CDMG G is acyclic then so is G\W and a topological order of G induces a
topological order on G\W' (by just ignoring the nodes from W ).

Proof. We prove 2. Let

UlHulH"'Huk—lHukﬂ"'ﬂun—lﬂunHUQ

be a bifurcation between v; and v, in GG, or

/UlkulH.-.Huk_lvaﬂukﬂ--.ﬂun_lﬂunH’UQ

be a bifurcation with source v3 between v; and v, in G. If one marginalizes out a single
node w € W that is not on the bifurcation, then the same bifurcation exists in GM}.
If one marginalizes out a single node w € W that appears on the bifurcation (as u;) one
obtains again a bifurcation in G\M*} (with source v, if applicable). By induction and
the help of Lemma 3.2.20, it follows that there is a bifurcation between v; and v, in G\W
(with source vs, if applicable).

13Note that this may introduce self-cycles.
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For the converse, assume that there exists a bifurcation between v; and v, in G\W
(with source s, if applicable). If there is a bidirected edge ug_1 <> wuy on the bifurcation,
then there exists a bifurcation in GG of the form

uk—lleH"'Hwk—lﬂwkﬂ"'ﬂwn—lﬂuk;
where all intermediate nodes wy, ..., w,_1 € W (if any). For each directed edge u —
on the bifurcation in G\W, there exists a directed path v — ... — «/ in G with all

intermediate nodes in . Concatenating all these directed paths, and the bifurcation (if
applicable), one obtains a bifurcation between v; and vy in G. If the bifurcation in G\W
had source vs, then the bifurcation in G constructed in this way will also have source
V3. ]

Lemma 3.2.20 (Marginalizations commute). Let G = (J,V,E,L) be a CDMG and
Wi, Wy CV two disjoint subsets of output nodes. Then we have:

(G\Wl)\% _ (G\%)\W1 — G\Wiuwa)

Lemma 3.2.21 (Marginalization and intervention commute). Let G = (J,V, E, L) be a
CDMG and Wy C JUV and Wy C V two disjoint subsets of nodes from G. Then we
have:

(Gaown) ™ = (™)

A similar statement holds for marginalizations and adding intervention nodes, and also
for marginalizations and node-splitting interventions.

do(W1) *

Lemma 3.2.22 (Marginalizing out the output part of splitted nodes equals hard inter-
vention). Let G = (J,V, E, L) be a CDMG and W C V be a subset of output nodes from
G. Then the CDMG that arises by first splitting the nodes on W and then marginalizing
out the nodes from W can be identified with the CDMG that arises by hard intervention
on W:

Gdo(W) = (Gswig(W))\Wo s w — wi.

3.3. o-Separation

Definition 3.3.1 (Colliders and non-colliders). Let G = (J,V, E, L) be a CDMG and 7
a walk in G:
T = (vg *k - *kv,).

A node vy, or more precisely, the position k € {0,...,n}, on the walk 7 is called:

1. a mon-collider on 7, if there is at most one arrowhead pointing towards vy, i.e.
iof it falls into one of the following cases:

end-node: ke {0,n},
left chain:  vg_1 +— Vg +* Vg1,
right chain: — vi_1 **> U —> Vg1,
fork:  vp_1 <— vp —> Vpy1;
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2. a collider on , if it is of the form:
Up—1 %> U *F Upy1,
i.e. if there are two arrowheads pointing towards vy on the walk 7.

Definition 3.3.2 (Blockable and unblockable non-colliders). Let G = (J,V, E, L) be a
CDMG and 7 a walk in G:

W:(Uo*—*"'*—*vn)-

We call a non-collider vy, on m an unblockable non-collider on w if it is not an end-
node (k ¢ {0,n}) and it only has outgoing edges on m to nodes in the same strongly
connected component of G. That is, it is one of the following patterns:

left chain: wvj_y <— vy <*Vpsy  with  vp_y € Sc(vy)
right chain: vg_1 **> vx —> Vg1 with vk € SCG(Uk)
fork: w1 ~—vp —> vy with vg_1 € SCG(Uk> AUy € SCG(Uk)

Otherwise, vy, is called a blockable non-collider on w. This means that vy, is either an
end-node (k € {0,n}) or it has at least one outgoing arrow vy — vg41 pointing to a node
vg+1 that lies in a different strongly connected component than vy, i.e. Vg1 ¢ SCG(Uk).

Remark 3.3.3. If G is acyclic then all non-colliders are blockable.

Definition 3.3.4 (o-blocked walks). Let G = (J,V,E, L) be a CODMG and C C JUV

a subset of nodes and m a walk in G:
T = (vg ** -+ *x0y,).
We say that the walk T is:

1. C-0-open (or c-open given C) if and only if:
i.) all colliders vy, on m are in Anc®(C), and:

it.) all blockable non-colliders vy on m are not in C.

2. C-o-blocked (or o-blocked given C') if and only if:
i.) there exists a collider vy on 7 that is not in Anc®(C), or:

ii.) there exists a blockable non-collider v, on m in C.

Note that unblockable non-colliders are always C'-c-open, regardless of the subset C' C

VUdJ.

Definition 3.3.5 (o-separation). Let G = (J,V, E, L) be a CDMG and A, B,C C JUV
(not necessarily disjoint) subset of nodes. We then say that:
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1. A is o-separated from B given C in G, in symbols:
ALB|C,
G

if every walk from a node in A to a node in JU B (sic!)* is o-blocked by C'.

2. If that property does not hold we will write:

ALB|C.
G

3. We also define the special case:
ALB e  ALBI
€] G

The following result is often helpful to simplify proofs and to make checking o-
separation feasible in practice.

Proposition 3.3.6. Let G = (J,V,E, L) be a CDMG. For C C JUYV, and wy,wy €
J UV, the following are equivalent:

1. there exists a C-o-open path between w, and wy in G;
2. there exists a C'-o-open walk between wy and ws in G;

3. there exists a C-o-open walk between wy and we in G such that all its colliders lie
in C (and not just in Anc®(C)).

Remark 3.3.7. 1. By Proposition 3.5.6 we have that A L], B|C is equivalent to
either of the following:
a) every walk from a node in A to a node in J U B is C-o-blocked by C';
b) every path from a node in A to a node in J U B is C-o-blocked by C.

2. Proposition 3.3.6 also shows that if A L7, B|C holds then:
a) there exists a (shortest) C-o-open path from a node in A to a node in J U B;

b) there exists a (shortest) C-c-open walk from a node in A to a node in JU B
such that all its colliders lie in C'.
In practice we usually check if every path is C'-o-blocked or not. This is because there
are, in contrast to walks, only a finite number of paths in a (finite) graph. In proofs,
though, it often is easier to make use of walks, since these can be concatenated into walks
(while one cannot in general concatenate two paths and again obtain a path).

14The choice to include J here in this place is non-standard in the literature. However, if we include
J in this definition here the implied (asymmetric) separoid rules for d-/o-separation will be of the
same form as those for Markov kernels regarding conditional independence. This is the reason we
include J here.
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Lemma 3.3.8 (o-separation under marginalization). Let G = (J,V, E, L) be a CDMG,
A B,CCJUV and D CV be subsets of nodes such that:

DN(AUBUC) = 0.

Then we have the equivalence:
ALB |C = ALB | C.
a G\D

Remark 3.3.9. If a CDMG G s acyclic then all non-colliders are blockable. So, the
partial condition for o-separation “a blockable non-collider in C'”7 can be simplified to
“(any) non-collider in C”.

So in the acyclic case we can simplify the notion of o-separation, which is usually
referred to as d-separation. However, in the non-acyclic setting d-separation (“(any)
non-collider in C”) and o-separation (“a blockable non-collider in C”) are clearly not
equivalent anymore.

It turned out that in the non-acyclic case o-separation is the more general concept
(and as said above it also captures the acyclic case equivalently well), see [ , ,

, [. We will first focus on CADMGs (acyclic) for which we can restrict
ourselves to the somewhat simpler d-separation. Later, we will pick up o-separation
again when we deal with cycles.

Proofs - 0-Open Walks and Paths
The following lemma will be convenient to relate o-open walks and paths in the notion
of o-separation.

Lemma 3.3.10. Let G = (J,V, E, L) be a CDMG, C CVUJ andm = (vg *—* -+ - > v,,)
be a C-o-open walk in G. Suppose v; € Sc(v;) for somei,j € {0,...,n} withi < j. If
we then replace the subwalk v; +— - - - %= v; of m by

(1) a shortest directed path v; — --- —>v; in G if j =n or if v; — vj11 onm, or
(11) a shortest directed path v; <— --- <—wv; in G otherwise,
then this new subwalk is entirely within Sc(v;) and the modified walk 7' is still C-o-open.

Proof. ' cannot become C-o-blocked at one of the initial nodes vy, ..., v;_1 or at one of
the final nodes v;41, ..., v, on 7', since these nodes occur in the same local configuration
on 7w and are not C-o-blocked on 7 by assumption. Furthermore, 7’ cannot become
C-o-blocked at one of the nodes strictly between v; and v; on 7’ (if there are any),
since these nodes are all non-endnode non-colliders that only point to nodes in the same
strongly connected component SCG(vj). It is also worth noting that 7’ cannot become
C-o-blocked at any of its endnodes, which could be v; or v; or both, because those
are the same in 7. So in the following we can w.l.o.g. assume that both v; and v; are
non-endnodes of 7 and thus =’.
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Case (i). By assumption v, is either a fork or a right chain (or the right endnode)
on 7 that is C-o-open. Since the same blocking criteria apply to v; on 7’ it remains
C-o-open on 7'. If v; = v; then also v; is C-o-open on 7’ (if v; is the left endnode or
not). If v; # v;, then the new directed path v; — --- — v; in 7’ is C-c-open at v;
because all nodes in between lie in the same stronly connected component Sc®(v;) (or
v; is the left endnode anyways).

Case (ii). Since case (i) is solved we can assume that we have j < n with v; <= v,
in 7. If v;_; =— v; on 7’ (or v; the left endnode) then this case is analogous to case (i).
So we can also assume that we have ¢ > 0 and v;_; *> v; on w. So 7 looks as follows:

T ...'Ui_l*—»viH...Hij<—>kvj+1....
So there must be a smallest number k € {4,...,j} such that a collider appears at vy on
m:
T "'Ui—lH,UZ’H"'Hvkﬂ.”HU‘jHU‘j—l—l”"

Since 7 is C-0-open we have v, € Anc®(C). Since v; € Anc®(v;) (otherwise vy, would
not be the first collider appearing after v;) we thus have that also v; € Anc%(C). So if we
replace the subwalk v; *— - .. %= v; of 7 by the shortest directed path v; <— --- <—v;
in G we then get for 7’ the following situation:

/
T "'/Ui—leiH"'ijﬂvj—‘rl”'7

which is then C-o-open at v; as v; € AncG(C). Note that this holds also when v; = v;.
If v; # v; then v; is also C-g-open on 7’ as v; points left to a node in the same strongly
connected component as v;.

So in all cases 7’ stays C-o-open. ]

Proposition 3.3.6. Let G = (J,V,E, L) be a CDMG. For C C JUV, and wy,wy €
J UV, the following are equivalent:

1. there exists a C-o-open path between w, and wy in G;
2. there exists a C'-o-open walk between wy and ws in G;

3. there exists a C-o-open walk between wy and wo in G such that all its colliders lie
in C (and not just in Anc®(C)).

Proof. 3 = 2 and 1 = 2 are trivial. Note that paths are walks.

2 = 3: Suppose there exists a C-cg-open walk 7 from w; to wy. Then consider a
collider vy_1 *> vy, < g4 on 7 with v, € Anc®(C) \ C. So there exists a non-trivial
directed path from v; to a node ¢, € C' with all other nodes not in C. If we then replace
the collider at v in 7 by that path and its reverse we get:

”.Hvk—lekH"'Hckk'.'kvkﬂvk—le.”‘

This walk is then C-o-open at all places between vy on the left and v, on the right
because they are non-colliders not in C. If we do this iteratively for all colliders not in
C we get the desired C-o-open walk where all colliders lie in C.
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2 = 1: Let m = (vg *—* - - - #=*v,) be a C-o-open walk between nodes vy = w; and
v, = wo in G. If a node w occurs more than once on 7, let v; be the first node on 7 and
v; be the last node on 7 that are in Sc”(w). We now use Lemma 3.3.10 to construct
a new walk 7’ from 7 by replacing the subwalk between v; and v; of 7 by a particular
directed path in Sc”(w) between v; and v; in such a way that 7' is still C-g-open. In
7', the number of nodes that occurs more than once is at least one less than in 7, and
all nodes within SCG(w) occur within a single segment. This replacement procedure can
be repeated until no nodes occur more than once. We have then obtained a C-g-open
path between w; and ws,. O

3.4. d-Separation
Definition 3.4.1 (d-blocked walks). Let G = (J,V,E, L) be a CODMG and C C JUV

a subset of nodes and m a walk in G:
T = (vg *k - *k0,).

1. We say that the walk © is C'-d-blocked or d-blocked by C' to emphasize the use
of the bi-directed edges.’® if either:
i.) vo € C orwv, € C or:

i1.) there are two adjacent edges in w of one of the following forms:
left chain: vp_1 +— v +*vpy  with vy € C,
right chain:  vg_1 *> v — V1 with v, € C,
fork:  vp_q +— v — v with v, € C,

collider:  wvg_1 *> vp =>xvgp  with vy ¢ AnCG(C).

2. We say that the walk w is C'-d-open if it is not C-d-blocked.

Remark 3.4.2. If we consider end-nodes, left chains, right chains and forks as mon-
colliders then we can simply state:

7 is d-blocked by C' if and only if it either contains a non-collider in C or a collider
not in Anc®(C).

Definition 3.4.3 (d-separation). Let G = (J,V, E, L) be a CDMG and A, B,C C JUV
(not necessarily disjoint) subset of nodes. We then say that:

1. A s d-separated from B given C in GG, in symbols:
d
AL B|C,
G

if every walk from a node in A to a node in JU B (sic!)* is C-d-blocked by C.

15The “d” here stands for “directional”. d-separation was first only used for DAGs (without bi-directed
edges). For ADMGs it was then called m-separation in | | But since the notion of m-separation
is arguably the natural extension of d-separation and to avoid introducing more definitions, we will
just call it d-separation as well, which will not create any ambiguity.
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2. If that property does not hold we will write:

d
ALB|C.
G

Remark 3.4.4. 1. A similar result from Proposition 3.3.6 holds for d-separation as
well.

2. d-separation s stable under marginalization, similar to Lemma 3.5.8.

3.5. Acyclifications

It is possible to reformulate the notion of o-separation in terms of d-separation on a
modified and acyclic graph by making use of the following construction, which will be
the main tool to extend the acyclic theory to the cyclic one. The construction was first
proposed in the context of CBNs by | , |.

Definition 3.5.1. Given a CDMG G = (J,V, E, L), we calla CADMG G’ = (J', V', E', L")
an acyclification of G if

(i) G is acyclic;
(i) G’ has the same input nodes and output nodes as G, i.e. J'=J and V' =V ;

(iii) for every pair of nodes (i,7) such that i ¢ Sc®(j):
a) i — j € E' iff there exists a node j' € Sc¥(j) such that i — j' € E;
b) i <> j € L' iff there exist nodes i’ € Sc(i), ' € Sc®(§) such that i’ <> j' € L;

() for every pair of distinct nodes (i, j) such that i € Sc%(j): i — j € E' ori «—
jEFR ori<=jel.

The important property of acyclifications is that they can be used to express o-
separation in a (possibly cyclic) graph in terms of d-separation in an acyclification.

Proposition 3.5.2. Let G = (J,V,E,L) be a CDMG and G’ an acyclification of G.
Then for A, B,C CV UJ (not necessarily disjoint) subsets of nodes we have the equiv-
alence:

o o d
ALB|C <= ALB|C < ALB|C.
G e @

Proof. We will show that there is a C-o-open walk between A and BU J in G if and
only if there is a C-o-open walk between A and B U J in G’. Since G’ is acyclic, this is
in turn equivalent to the existence of a C-d-open walk between A and BU J in G'.
= : Suppose there is a C-g-open walk m = (vy,...,v,) between A and B U J in
G. All its colliders are in C' and all its non-colliders are either not in C', or otherwise,
point only to nodes in the same strongly connected component. Note that each edge
between two nodes in different strongly connected components in G is also present in
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G'. Edges between two nodes in the same strongly connected component, however, may
not be present in GG'. Therefore, we will replace these edges with walks in G'. Consider
a subwalk (v;,...,v;) of maximum length that is entirely contained within a strongly
connected component in G (with possibly i = j). We distinguish different cases and
show for each case how this subwalk can be replaced by a subwalk in G.

(i) *> v;---v; <= the subwalk between v; and v; has to contain a collider, say w,
which must be in C since the walk between v; and v; is C-o-open. We can replace
this subwalk by *> w <= in G’ such that w becomes a collider in C'.

(ii) (+=—)v;---v; <=0 here v; is a non-collider pointing to another strongly connected
component or v; is an endnode, and in both cases, v; ¢ C. Therefore, we can
replace the subwalk by (+<—)v; <= in G’, such that v; becomes a non-collider not
in C.

(ili) *#> v;---v;(—): analogous to the previous case, we can replace it by *> v;(—)
in G', such that v; becomes a non-collider not in C.

(iv) (+=—)v;---v;(—): v;, v; are both not in C' by assumption. If i = j, we replace this
subwalk by (<+—)v;(—) such that v; becomes a non-collider not in C. If i < j, we
replace this subwalk by (<—)v; *— v;(—) with v; *— v; any edge connecting v;
and v; in G’, such that both v; and v; become non-colliders not in C.

By replacing all maximal subwalks of the original walk 7 that are contained within a
single strongly connected component of GG in this way, we obtain a walk in the acyclifi-
cation G’ that is C-o-open by construction. Note that the modified walk has the same
endpoints (v and v,,) as the original walk.

<= : Suppose there is a C-o-open walk 7’ between A and BU J in G'. All its
colliders are in C', and all its non-colliders are not in C. We will construct a walk 7 in
G with the same endpoints as 7’ that is C-o-open.

Consider a non-trivial subwalk (v;,...,v;) on 7’ of maximum length that is entirely
contained within a strongly connected component of G. This subwalk may not be present
in G'. We distinguish different cases and show for each case how this subwalk can be
replaced by a subwalk in G.

(i) *> v;---v; < the subwalk between v; and v; has to contain a collider, say w,
which must be in C since the walk between v; and v; is C-o-open, and must be
in Sc“(v;) = Sc“(v;) by assumption. We can replace this subwalk by *> v; —

.— w <+— ... =—v; <> in G, with possibly v; = w and possibly w = v;, with
all nodes in Sc®(v;). Note that the modified walk remains C-o-open.

(ii) (+=—)v;---v; == here v; is a non-collider pointing to another strongly connected
component or v; is an endnode, and in both cases, v; ¢ C. We can replace this
subwalk by a shortest directed walk (+=—)v; <— ... <— v; <= in G with all nodes
in Sc”(v;). Note that the modified walk remains C-g-open.

16We put parentheses around the first directed edge to indicate that this case also applies if v; is an
endnode, i.e., if i = 0.
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(iii) *> v;---v;(—): analogous to the previous case, we can replace it by *> v; —
.. —vj(—) in G.

(iv) (<=—)v;---vj(—): v;,v; are both not in C' by assumption. We can replace this
subwalk by a shortest directed walk (<—)v; — ... — v;(—) in G with all nodes
in Sc®(v;). The modified walk remains C-o-open.

In each of the four cases, in the modified walk both v; and v; become either colliders in
C, or non-colliders not in C, or non-colliders in C' that only point to a node in the same
strongly connected component of G.

Now, we will replace edges on ©’ between two strongly connected components that
are not present in G. For any directed edge i — j on 7’ with j ¢ Sc®(i), there must
be a j/ € Sc¥(j) such that i — 5’ is present in G, and hence there must be a directed
path j° — ... — j entirely in Sc®(j) such that we can use i — j' — ... — j as
replacement in G of the edge ¢ — j. Similarly, for any bidirected edge i <> j on 7’
with j ¢ Sc®(i), there must be i/ € Sc®(i) and j' € Sc(j) such that i/ <> j is present
in GG, and hence there must be a walk ¢ <— ... <— ¢ <> j' — ... — j in G, where
i <— ... <—1i is entirely in Sc®(i) and j' — ... — j is entirely in Sc®(j), that we can
use as replacement in GG of the edge 7 <> j. The new nodes introduced on 7 in these
replacements are non-colliders that only point to nodes in the same strongly connected
component. The endpoints of the replacement paths do not change their status: if they
were colliders in C' on 7’ they still are on 7, and if they were non-colliders not in C' on
7' they still are on 7.

Hence we have constructed a walk 7 in G with the same endpoints as n’ that is
C-o-open. n

The following construction shows that acyclifications exist (but it is just one out of
many possible ways to construct acyclifications).

Example 3.5.3 (The standard acyclification). Let G = (J,V, E, L) be a CDMG. Then
we define the standard acyclification of G as the CDMG G' = (J,V, E', L") where:

E':={v; — v |v1 € JUV, v € Vv ¢ Sc%(v1), 30 € Sc%(v2) : v; — v € E},

L= {v1 > Uy | V1,03 € V01 # va, W) € Sc¥(v1),vh € ScC(wg) : v+, € L}
U {Ul > Vg | V1,V € ‘/,Ul §£ V9, V1 € SCG(’UQ)} .

The standard acyclification of a CDMG s acyclic, i.e. a CADMG.

Proof. Assume that G’ is not acyclic. Then there exists a non-trivial cyclic directed
walk in G”:

U1HU2H--.H’U]€H’U17

for some k > 1. It is clear that k > 2 because clearly v, € SCG(Ul), which rules out the
existence of an edge v; — vy € G'. For simplicity we now identify v, := v; in the
following. By construction of G’ for every i = 1,. ..,k there exists v, ; € Sc®(v;41) such
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X7

Figure 8: Top: CDMG G. Bottom: two acyclifications of G.

that the edge v; — v}, exists in G. Since v}, € ScY(viy1) there also exists a directed
walk in G:

/
UiJrlH'”HU”H‘l‘

Concatenating all directed walks we get the cyclic directed walk in G:

/ / /
UIHU2H...HUQHUSH...Hvkﬂvlﬂ...ﬂvl.

This shows that vy, € Sc%(v1), which is a contradiction to the existence of the edge
vy — vy € G'. So a non-trivial cyclic directed walk in GG’ cannot exist in the first place.
So G' must be acyclic. |

3.6. Separoid Axioms for o-/d-Separation

Definition /Theorem 3.6.1 ((Asymmetric) separoid axioms for o-separation/d-separation).
Let G = (J,V,E,L) be a CDMG and A,B,C,D C JUYV subsets of nodes. Then the
ternary relations L = Lé and L = L1¢ satisfy the following rules:

a) Extended Left Redundancy:
DCA = D1BJA.

b) J-Restricted Right Redundancy:
ALD|CUJ always holds.
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c) J-Inverted Right Decomposition:
ALB|C = ALJUB|C.
d) Left Decomposition:
AUD1B|C = D1B|C.
e) Right Decomposition:
ALBUD|C = ALD]|C.
f) Left Weak Union:
AUDL1B|C = ALB|DUC.
g) Right Weak Union:
AlLBUD|C = ALB|DuUC.
h) Left Contraction:
(ALB|DUC)AN(DLB|C) = AUDLB|C.
i) Right Contraction:
(ALB|DUC)AN(ALD|C) = ALBUD|C.
j) Right Cross Contraction:
(ALB|DUC)AN(DLA|C) = ALBUD|C.
k) Flipped Left Cross Contraction:
(ALB|DUC)AN(BLD|C) = BLAUD|C.
In particular, we have the equivalences:
(ALBUD|C) <«<— (ALB|DUC) AN (ALD|C),
(AUDLB|C) <«<— (ALB|DUC) A (DLB|C).
We also get:
l) J-Restricted Symmetry:
AlLB|CUJ = BLA|CUJ.
For the special case of J = () we have thus (unrestricted) Symmetry.

Remark 3.6.2. Let the assumptions be like in Theorem 3.6.1. We also have the following
rules:
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m) Left Composition:
(ALB|C)AN(DLB|C) = AuDL1B|C.
n) Right Composition:
(ALB|CYAN(ALD|C) = ALBUD|C.
o) Left Intersection: If AN D = () then:
(ALB|DUC)AN(DLB|AUC) = AUDLB]|C.
p) Right Intersection: If BN D =) then:
(ALB|IDUC)AN(ALD|BUC) = ALBUD|C.

Proofs - Separoid Axioms for o-/d-Separation
In the following let G = (J,V, E, L) be a CDMG and A, B,C,D C JUV (not neces-
sarily disjoint) subsets of nodes.

Recall that we say that A is o-separated from B given C in G, in symbols:
ALB|C,
€]
if every walk from a node in A to a node in J U B (sic!) is o-blocked by C.

Again, a walk 7 is o-blocked by C'if it either contains a blockable non-collider in C' or a
collider not in C.

Q=9

We abbreviate the ternary relations in the following as: L :=

Lemma 3.6.3 (Extended Left Redundancy).
DCA = DLB|A

Proof. 1f 7 is a walk from a node v in D to a node w in J U B then its first end node is

in A, so 7 is o-blocked by A. ]

Lemma 3.6.4 (J-Restricted Right Redundancy).
AlplCcuJ always holds.

Proof. If 7 is a walk from a node v in A to a node w in J then its last end node is in
C U J, so 7 is o-blocked by C'U J. O

Lemma 3.6.5 (J-Inverted Right Decomposition).

ALB|C = ALJUB|C.
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Proof. 1f 7 is a walk from a node v in A to a node w in JU JU B then w € JU B. If
w € J U B then by assumption 7 is o-blocked by C'. O

Lemma 3.6.6 (Left Decomposition).
AUDLB|C = DL1B|C.

Proof. If 7 is a walk from a node v in D to a node w in J U B, then the walk 7 is also
a walk from AU D to J U B, which by assumption is o-blocked by C. n

Lemma 3.6.7 (Right Decomposition).
ALBUD|C = ALD|C.

Proof. If 7 is a walk from a node v in A to a node w in J U D, then the walk 7 is also
a walk from A to J U B U D, which by assumption is o-blocked by C. m

Lemma 3.6.8 (Left Weak Union).
AUDLB|C = ALB|DUC.

Proof. Let us assume the contrary: A £ B| DUC. Then there exists a shortest (DUC)-
o-open walk 7 from a node v in A to a node w in J U B in G such that every collider of
7 is in D U C. Then every blockable non-collider of 7 is not in D U C.

If now 7 does not contain any node from D \ C' then every collider of 7 is in C'. This
implies that 7 is C-o-open, which contradicts the assumption: AU D 1 B|C.

So we can assume now that 7 contains a node in D \ C. Then consider the shortest
sub-walk 7 in 7 starting from the end-node w € J U B and going back to the first node
u € D\ C. This means that 7 is a walk from D\ C to J U B where the end-node u of 7
is the only node in D\ C. So 7 does not contain any collider in D \ C. So all colliders
of 7 lie in C. All blockable non-colliders of 7 that are different from the end-node u are
also blockable non-colliders on w. They are thus not in D U C' by the assumption on 7,
in particular, not in C. The only remaining blockable non-collider u of 7 lies in D\ C'
by construction and it thus lies not in C either. So 7 is C-g-open walk from AU D to
J U B. This contradicts the assumption: AUD L B|C.

So the premise: A £ B|D U C, must be false. This shows: AL B|DUC. O

Lemma 3.6.9 (Right Weak Union).
AlLBUD|C = ALB|DuUC.

Proof. Follow the same steps as in Left Weak Union (Lemma 3.6.8). Soe there exists
a shortest (D U C')-o-open walk 7 from a node v in A to a node w in JUBUD in G
such that every collider of 7 is in D U C. If 7 does not contain any nodes from D \ C
we get a contradiction to: A 1L BU D |C. Then, again, we can assume that 7 contains
a node in D\ C. Then consider the shortest sub-walk 7 in 7 from v € A to a node
u € D\ C. This means that 7 does not contain any collider in D \ C, so they are all in
C'. Furthermore, all blockable non-colliders are not in C. So 7 is C-o-open walk from
A to JU BU D. This contradicts the assumption: AL BUD |C. O
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Lemma 3.6.10 (Left Contraction).
(ALB|DUC)AN(DLB|C) = AUDL1B]|C.

Proof. Let us assume the contrary: AUD [ B|C. Then there exists a shortest C-g-open
walk 7 from a node v in AU D to a node w in J U B in G such that every collider of
7 is in C. So every blockable non-collider is not in C. In particular, v ¢ C. We now
claim that v is the only node of 7 that is in (AU D) \ C. Otherwise, there would be a
non-end-node u of 7 with u € (AU D)\ C. Since u ¢ C' the whole sub-walk from u to w
would already be a C-o-open walk from AU D to J U B, which is also shorter than m,
which contradicts the assumption. So we can assume that v is the only node of 7 that
is in (AU D)\ C. In particular, all blockable non-colliders of 7 that are different from
v are not in D \ C' and thus are not in DUC = (D\ C)UC.

Furthermore, v cannot lie in D \ C as it would contradict the assumption: D L B|C.
It follows that v € A\ C and 7 is a walk from A to J U B whose colliders are in
C C DUC and all blockable non-colliders are not in D U C. But this contradicts the
other assumption: AL B|DUC. O

Lemma 3.6.11 (Right Contraction).
(ALBIDUC)AN(ALD|C) = ALBUD|C.

Proof. Let us assume the contrary: A Y BUD | C. Then there exists a shortest C-g-open
walk 7 from a node v in A to a node w in JU B U D in G such that every collider of 7
is in C'. So every blockable non-collider is not in C' and w is the only node of 7 that is
in (JUBUD)\ C (otherwise m could be shortened).

Also w cannot lie in D \ C as it would contradict the assumption: AL D|C. Thus
w € (JUB)\C and 7 is a walk from A to JU B whose colliders all are in C C DUC and
all blockable non-colliders are not in D U C. But this contradicts the other assumption:
ALB|DUC. O

Lemma 3.6.12 (Right Cross Contraction).
(ALB|DUC)AN(DLA|C) = ALBUD|C.

Proof. Verbatim the same as Right Contraction (Lemma 3.6.11), only the first contra-
diction is with: D L A|C. O

Lemma 3.6.13 (Flipped Left Cross Contraction).
(ALB|DUC)AN(BLD|C) = BLAUD|C.

Proof. Let us assume the contrary: B £ AUD |C. Then there exists a shortest C-o-open
walk 7 from a node v in B to a node w in J U AU D in G such that every collider of 7
is in C'. So every blockable non-collider is not in C' and w is the only node of 7 that is
in (JUAUD)\ C (otherwise 7 could be shortened).

Also w cannot lie in (JU D)\ C as it would contradict the assumption: B L D |C. Thus
w € A\ C and the walk 7 (in reverse direction) is a walk from A to B whose colliders are
all in C € D U C and all blockable non-colliders are not in D U C'. But this contradicts
the other assumption: AL B|DUC. O
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Lemma 3.6.14 (J-Restricted Symmetry).
ALB|CUJ = BLA|CUJ.

Proof. This follows from Flipped Left Cross Contraction (Lemma 3.6.13) with D = () and
C' U J in place of C' together with J-Restricted Right Redundancy (Lemma 3.6.4). [J

Lemma 3.6.15 (Left Composition).
(ALB|C)N(DLB|C) = AUDLB]|C.

Proof. Let m be a walk from a node v in AU D to a node w in JU B. If v € A then
7 is o-blocked by C' by assumption: A L B|C. If v € D then 7 is o-blocked by C by
assumption: D 1 B|C. O

Lemma 3.6.16 (Right Composition).
(ALB|C)A(ALD|C) = ALBUD|C.

Proof. Let m be a walk from a node v in A to anode win JUBUD. If w € JUB then
7 is o-blocked by C' by assumption: AL B|C. If w € JU D then 7 is o-blocked by C
by assumption: A 1L D|C. O

Lemma 3.6.17 (Left Intersection). Assume that AN D =0, then:
(ALB|DUC)AN(DLB|AUC) = AUuDL1B]|C.

Proof. Let us assume the contrary: AUD } B|C. Then there exists a shortest C-o-open
walk 7 from a node v in AU D to a node w in J U B in G such that every collider of 7
is in C'. So every blockable non-collider is not in C' and v is the only node of 7 that is
in (AU D)\ C (otherwise 7 could be shortened).

If v € A then by the disjointness of A and D we have that v ¢ D. Then 7 is a walk
from A to J U B whose colliders are in C' € D U C and all blockable non-colliders are
not in (D \ C')UC = DUC. This contradicts the assumption: AL B|DUC.

If v € D then similarly we get a contradiction: D L B|AUC O

Lemma 3.6.18 (Right Intersection). Assume that BN D = (), then:
(ALBIDUC)AN(ALD|BUC) = ALBUD|C.

Proof. Let us assume the contrary: A Y BUD | C. Then there exists a shortest C-g-open
walk 7 from a node v in A to a node w in J U B U D in G such that every collider of 7
is in C. So every blockable non-collider is not in C' and w is the only node of 7 that is
in (JUBUD)\ C (otherwise 7 could be shortened).

If w¢ B then w € JUD. In this case 7 is a walk from A to J U D where every collider
is in C' C BUC and all blockable non-colliders are not in (B\ C)UC = BUC. So7isa
(BUC(C)-0-open walk from A to JU D. This contradicts the assumption: AL D|BUC.
If w¢ D then w € JUB. In this case 7 is a walk from A to JU B where every collider is
in C' C DUC and all blockable non-colliders are not in DUC'. So 7 is a (DUC)-0-open
walk from A to J U B. This contradicts the assumption: AL B|DUC.

Since BN D = () there are no other cases (B°U D= JUV) and we are done. ]
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Remark 3.6.19 (Proofs for the separoid axioms for d-separation). The proofs for the
separoid axioms for d-separation are verbatim the same as above if one exchanges the
word “blockable non-collider” with just the word “non-collider” everywhere.
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4. Causal Bayesian Networks

4.1. Core Concepts

Figure 9: The Conditional Directed Acyclic Graph (CDAG) of a Causal Bayesian Net-
work (CBN) with input variables.

Definition 4.1.1 (Causal Bayesian network). A causal Bayesian network (CBN)—
by definition—consists of:

a) a conditional directed acyclic graph (CDAG): G = (J,V, E) (with finite vertex sets,
and no bidirected edges),

b) a standard measurable space X, for everyv € JUV,

c) for everyv € V, a Markov kernel: P, (XU|XPaG(U)) :

XPaG(v) -2 XU?
(A, zPaG(v)) — PU (Xv c A’XPaG(U) = xPaG(’U)) y

where we write for D C JUV:

Xp =] . Xy =% = {x},
veD

XD = (Xv)veDa Xq) =k,

xp = (Ty)veD, XTp = *.

Remark 4.1.2. Most existing accounts of causal Bayesian networks do not formally
distinguish input nodes from output nodes. The reasons that we do make this disctinction
are of a measure-theoretical nature. If all variables are discrete, and all probability mass
functions and Markov kernels are strictly positive, then the formal differences between
mput and output nodes may be ignored and everything can be considered as output nodes.

Definition 4.1.3 (The joint Markov kernel of a causal Bayesian network with input
variables). Consider a causal Bayesian network with input variables with CDAG G =
(J,V, E) with Markov kernels P, (XD|XPaG(U)) forv e V. For a fized topological ordering
< of G we then define the joint Markov kernel of the CBN:

XJ -—=> XV
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as follows:

P(Xy|do(X))) := Q) P (Xu| Xpac(w))

veV

where the nodes v run through V in reverse ordering of <, i.e. all parents are on the
right of all their children.

(% V2

(a) (vs)—(vs) (b) (s (o)

Figure 10: (a) Conditional Directed Acyclic Graph (CDAG) G; (b) Conditional Acyclic
Directed Mixed Graph (CADMG) G\¥1} obtained after marginalizing out v;.

Example 4.1.4. The CDAG G displayed in Figure 10(a) and Markov kernels P;(X1),
P3(X3| X1, Xo), Py(X4| X1, X3) give a joint Markov kernel of a CBN:

P(X1, X3, X4| do(Xs)) = Py(X4| X1, X3) @ P3(X;5] X5, Xo) @ Pi(Xy).

Exercise 4.1.5. Show that the definition of the joint Markov kernel of a CBN is inde-
pendent of the topological ordering.

Notation 4.1.6. By abuse of notation, we will refer to the tuple:
M = (G = (1, V. E), (PXolXpai) ey )

or just to the tuple:
M = (G, P (Xy|do(X})))
as the CBN, keeping the single Markov kernels P,(X,|Xp,c(,) and the spaces X, implicit.

Remark 4.1.7 (Marginalization and conditioning). Let P(Xy|do(X,)) be the joint
Markov kernel of a CBN. We can extend it to a joint Markov kernel including X ;:

P(Xv, XJ‘ dO(XJ)) = P(le dO(XJ)) X 5(XJ‘XJ)
For any A, B C JUYV we then also have the marginal conditional Markov kernel:
P(XAlXB, dO(XJ)),

which exists by theorem 2.4.16 due to the use of standard measurable spaces and is unique
up to a P(Xp|do(X;))-null set.
Furthermore, if C C J and we have:

Xa AL Xy | Xe,
P(Xv[do(X))
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then we also have a Markov kernel:
P(X 4| do(X¢))
that fits into the equation:
P(X4, Xc|do(Xy)) = P(X4|do(X¢)) ® P(Xe|do(Xy)).

Note that this P(Xa|do(X¢)) is unique up to a P(Xc|do(X))-null set. Since, further,
P(X¢e|do(Xy)) = 6(Xc|Xy), we even get that P(X 4| do(X¢)) is unique (not just up to
null sets). In other words, the above conditional independence states that P(X 4| do(X))

1s only dependent on the arguments from X¢ and can be represented by a Markov kernel
P(X 4| do(X¢)).

Definition 4.1.8 (Causal Bayesian network with latent variables). A causal Bayesian
network with latent variables (L-CBN)— per definition—consists of a CBN:

M= (G* = (J,V*, E"), (PU(XU|XPaG+(v)))v€V+> ,

together with a disjoint decomposition of the output nodes V™ = V UU into observed
nodes V and unobserved nodes U .

Remark 4.1.9. In the Definition 4.1.8 we make the distinction between the set of ob-
served nodes V' and that of unobserved nodes U. We could have made that distinction
already earlier in the graph theory chapters and introduce CDAGs Gt = (J,(V,U), E™),
where we make the distinction between these node types part of the (or a new) definition.
However, most of the time these sets are mathematically treated the same way and we
could just consider their union V* = VUU. Usually the distinction between V and U
18 only made to indicate which variables are marginalized out. Also, it often happens
that one considers the same CBN in different settings, and which variables are observed
and unobserved depends on the setting (for example, during training of a classifier both
features and labels are observed, while during testing only features are observed). For all
these reasons, we do not consider the specification of which variables are observed and
which are latent part of the model.

Notation 4.1.10. 1. We will also often just denote a causal Bayesian network with
latent variables by the tuple:

M = (GJr = (J,(V,U), E+)’ <Pv(Xv‘XPaG+(”))>ueVUU> ’

or just:

M = (G+, P(XVUU’ do (XJ))) .
2. We refer to the marginal Markov kernel of M :
P (Xv| do (XJ))

as the observable Markov kernel.
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3. We call the marginalized CADMG of M :
G:=(J,V,E,L) = (G")\Y
the (induced) observable CADMG.

4. We will often just refer to M as “a CBN with observed nodes V'’ or “a CBN with
latent nodes U” or “a CBN with observed CADMG G” to mean that M 1is a causal
Bayesian network with latent variables with latent nodes U and observed nodes V.

Example 4.1.11. Consider again the CADG G displayed in Figure 10(a) (see also
Example 4.1.4). If we assume vy to be a latent variable (and vs, vy to be observed output
variables), we obtain an L-CBN

M = <G+ =(J,(V,U),EY), <PU(XU‘XP3G+(U))>UGVUU> ’

with J = {2}, V. = {us,vs}, U = {v1}. Its induced observable CADMG G :=
(Gt s displayed in Figure 10(b). Its observable Markov kernel is the marginal
P(X3, X4|do(Xs)) of the Markov kernel:

P(Xy, X3, X4|do(X3)) = Py(X4| X1, Xo) @ Po(X3] X1, Xo) ® Pi(X7).

4.2. Global Markov Property

Theorem 4.2.1 (Global Markov property for causal Bayesian networks). Consider a
causal Bayesian network M with observable CADMG G = (J,V, E, L) and observable
Markov kernel P(Xy|do(X,)). Then for all A,B,C C JUYV (not necessarily disjoint)
we have the implication:

d
G P(Xy|do(X,))

Remark 4.2.2. If one wants to make the implicit dependence on J in Theorem 4.2.1
more explicit one can equivalently also write:

d
AJ_JUB|C — X4 A XJ,XB|X0.
[€ P(Xy|do(X))

Notation 4.2.3. Let A, B,C C JUV with X4 1L p(x,|do(x,) XB|Xc, then we have a
factorization:

P(XA,XB, Xc| dO(XJ)> = Q(XA|X0) ® P(XB, Xc| dO(XJ))7

for some Markov kernel: Q(Xa|X¢c). If we marginalize out Xp and the deterministic
Xong, we get:

P(X4, Xerw| do(X ;) = Q(Xa|Xe) ® P(Xony|do(X))).
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So we see that Q(X4|X¢) is a conditional Markov kernel:
P(XA’XCOV’ dO(XJ))

that does only depend on X jnc in the do-part. So we will use the following notation for
Q(Xa|X¢e) (or in any other order behind the conditioning line):

P(X 4| Xcnv, do(Xens), dolX7)) == Q(X4|Xc).

Note that by Theorem 2.5.28 we may (but do not need to) explicitly mention Xp as in:

P(XALYBa XCﬁVa dO(XCﬂJ)ag—O%)/)7

because the Markov kernels are almost surely equal:

P(Xa|Xcnv, do(Xony), dofX7)) = P(XalX5, Xonv, do(Xong), dofX7))  P(Xc|Xy)-a.s..

In these suggestive notations we can state the global Markov property (Theorem 4.2.1)
as:

d
ALB|C
G
— P(XAlXB,XC7dO(XJ))

= P(XalX5, Xcnv, do(Xeng),dotX7)))  P(Xp, Xc|do(X,))-a.s.
= P(Xa|Xcnv,do(Xens), do2X7)) P(Xp, Xc|do(X,))-a.s..

Proofs - Global Markov Property
The proof of the global Markov property follows similar arguments as used in | ,
, , , , |, namely chaining the separoid axioms together in an
inductive way. The main difference here is that we never rely on the Symmetry property
but instead use the left and right versions of the separoid axioms separately.

Theorem 4.2.4 (Global Markov property for causal Bayesian networks). Consider a
causal Bayesian network M with observable CADMG G = (J,V, E, L) and observable

Markov kernel P(Xy|do(X,)). Then for all A,B,C C JUYV (not-necessarily disjoint)
we have the implication:

d
ALBlC = X, 1 Xp|Xe
G P(Xv|do(Xy))

If one wants to make the implicit dependence on J more explicit one can equivalently
also write:

d
AJ_JUB|C — X4 A XJ,XB|XC.
G P(Xvy|do(Xy))
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Proof. Because d-separation is preserved under marginalization:
d d
ALB|C <« AlB]|C,
a G+

we can directly assume that we work with the causal Bayesian network without latent
variables that marginalizes to the given one. So w.l.o.g. L = () and G is a CDAG.
We then do induction by #V'.

0.) Induction start: V' = ). This means that A, B,C C J. The assumption:
d
AL B|C,
G

implies that we must have that A C C'. Otherwise a trivial walk from A C J to JU B
would be C-open. Since A, B,C C J we have the factorization:

P(Xa, Xp, Xc|do(X;)) = R) 6(X,| X,) ®®5X |Xu) @ (R) 6(Xu| X)

wEA wEB wel

—~Q(XA\XC) —P(XB:Xcl do(X))

Because A € C' the Markov kernel Q(X4|X¢) = @),c4 0(Xw|Xy) really is a Markov
kernel from X¢ --+ X4. This already shows:
X4 A Xp|Xc.
P(Xvy|do(X,))
(IND): Induction assumption: The global Markov property holds for all causal Bayesian

networks (with input variables, but without latent variables and without bi-directed
edges) with #V < n (and arbitrary J).

1.) Now assume: #V =n > 0and AL B|C.

Since G is acyclic we can find a topological order < for G where the elements of J are
ordered first. Let v € V' be its last element, which is thus childless.
Note that, since Ch®(v) = @, the marginalization G\ has no bi-directed edges and
thus induces again a causal Bayesian network without latent variables with #V\{} =
n—1<n.
Furthermore, we have the factorization:

P(Xy|do(Xy)) = (X[ Xpaor) @ Q) PulXulXpao(w)) -

wePred (v)\J
—~

P(XPI'edg(v)\J| dO(XJ))

This factorization implies that we already have the conditional independence:

X, L Xpegoo | Xp,
Py Ty g | X0
where we put D := Pa%(v).

In the following we will distinguish between 4 cases:
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A)ve A\C,

B.) ve B\C,
Clvedl,

D)v¢g AUJUBUC,

Note that v € V, thus v ¢ J, which shows that the above cover all possible cases.
Further note that:

d
ALB|C,
G

implies that:
ANn(JUB)CC.

Otherwise a trivial walk from A to J U B would be C-open. This shows that A \ C,
(JUB)\ C and C are pairwise disjoint.

Case D.): v ¢ AUJUBUC. Then we can marginalize out v and use the equivalence:

d d
ALB|C <+ ALlB|C
G G\v

With #V M} < 5 and induction (IND) we then get:

X4 A Xp | Xc.
P(Xy|do(X))

This shows the claim in case D.
Case A.): v € A\ C. Then we can write:

A=AUANC)U{v},
B=BU(BNCO),

with some disjoint A’ C A\ C and B’ C B\ C. We then have the implications:

d . " d
Right Decomposition
ALB|C ALB|C
G G
Left Decomposition A Jd_ B | C
G
marginalization, v¢ A’'UJUB’'UC A Jd_ B ‘ C
G\Mv}
induction (IND)

P(Xv|do(Xy))
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On the other hand we have with D = PaG(U):

Right Decomposition, B’CB

d d
ALB|C ALB|C
G G

Left Weak Union, A=A’ U (ANC) U {v}

d
{} LB |A0C
(%), see below

d
DLB|AUC

marginalization, v¢ DUJUB'UA'UC

d
D L B|AUC
G\{v}

X 0 Xp| X,
P p(xy do(x)) # | Xaso

induction (IND)
_—

AYC, Xp L Xp|Xa, Xe.  (#2)
P(Xv|do(X))

(*) holds since every (A’UC)-open walk w *—* --- from a w € D = Pa%(v) to JU B’
extends to an (A’UC)-open walk from v to J U B’ via v <— w *—* -+ as w stays a
non-collider in the extended walk (not in A’UC) and v ¢ A’ UC.

As discussed above we also already have the conditional independence:

X, 1 X X,
Py Ty SPread) | XD

With this and A’UB’UC C Pred%(v) we get the implications:
Xy AL XPredg(U) | Xp

P(Xy|do(Xy))
Right Decomposition

Xv AL XA’7XB’7XC|XD
P(Xy|do(Xy))

XU AL XB’ |XA/7XC'7XD
P(Xv|do(Xy))

XU7XD J-I— XB’ ‘XA/,XC
P(Xy|do(X,))

X, A Xpr | Xau, Xo
P(Xy|do(X))

Xar, X, AL Xp | Xe
P(Xy|do(X))

XA’vXU AL XJaXB’yXC|XC
P(Xy|do(X))

Right Weak Union

Left Contraction, (#2)

Left Decomposition

Left Contraction, (#1)

X j-Inverted Right Decomposition

Right Decompositon, BCB’ UC

Xa, X, A XpB |Xc. (#3)
P(Xv|do(Xy))

By (Extended) Left Redundancy we have:

XA’7XU)XC A XB|XA’7XU7XC'
P(Xvy|do(Xy))
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With this we get the implications:

XA’7 Xv7 XC

Left Contraction, (#3)

Left Decomposition, ACA’U{v}UC

This shows the claim in case A.

Case B.): v € B\ C. Then we can write:

A=AU(ANC),
B=BU(BNC)U{v},

with some disjoint A’ C A\ C and B’ C B\ C.
We then have the implications:

Left Decomposition

d
ALB|C
G

Right Decomposition

marginalization, v¢ A’UJUB’'UC

induction (IND)
>

Again with D = Pa%(v) we get:

Left Decomposition

d
ALB|C
G

Right Decomposition

Right Weak Union

(o), see below

marginalization, v¢ A’'UJUDUB’'UC

induction (IND)
>

B'UC
=
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XA/

XA/

XA/

AL XB‘XAUXvaXC

P(Xvy|do(Xy))

XA’7 Xv7 XA’7 X’va XC

AL

Xp ‘ Xc
P(Xv|do(X))

Xa AL

Xp | Xc.
P(Xv|do(Xy))

d
A'1B|C
G
d
A1B|C
G
d
A 1 B|C
G\{v}

AL

Xp | Xc.
P(Xv|do(X))

(#17)

d
A1B|C
G
d
A’JG_B’U{UHC’
d
A’JG_{U}\B'UC
d
A’JG_D\B'UC
d
L
G\

Xp | Xpoe

A L D|BUC

AL

P(Xvy|do(Xy))

i Xp | Xp, Xe. (#2)

P(Xv|do(Xy))



(e) holds since every (B'UC)-open walk -« %= w from A’ to a w € JU D extends to
a (B'UC)-open walk from A’ to J U {v}, either because w € J or via - -+ ¥ w — v if
w € D = Pa%(v). Note again that w stays a non-collider in the extended walk (outside

of BUC) and v ¢ B'UC.

As before we will use the following conditional independence:

X, A X Xp.
P(Xy[do(X,)) Predg(v) ‘ D

With this and AU J U B'UC C Pred%(v) we get the implications:

X, 1 X X
Py oy YPreaco | Xp

X, A Xa, Xp, Xc| Xp
P(Xy|do(X))

Xv AL XA/ |XB’aX07XD
P(Xv|do(Xy))

Xar A Xp, Xy | Xp, Xe
P(Xv|do(Xy))

Xa A Xy | Xp, X
P(Xv|do(Xy))

Xa A Xp, X, | Xe
P(Xv|do(Xy))

Xa A Xy, Xp, X, X | Xe
P(Xy|do(X))

Xy AL XplXe 3
A gy B 1K (#3)

Right Decomposition

Right Weak Union

Flipped Left Cross Contraction, (#2’)

Right Decomposition

Right Contraction, (#1’)

X y-Inverted Right Decomposition

Right Decomposition, BCB' U {v} UC

By Redundancy we have:

Xa, Xe AL XB’XA/,Xc.
P(Xv|do(Xy))

With this we get the implications:

Xa, Xc AL Xp | Xa, Xc
P(Xy|do(X))

X, Xa, Xo A XB‘XC'
P(Xvy|do(Xy))

X4 A XgB | Xc.
P(Xy|do(X))

Left Contraction, (#3’)

Left Decomposition, ACA’ UC

This shows the claim in case B.

Case C.): v € C. Then we can write:
A=AUANCQC),
B=BU(BNCQC),
C =C"U{v},
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with some pairwise disjoint A’ C A\ C, B C B\ C and ¢’ C C.
We then get the implications.

Left Decomposition

d d
ALB|C A 1B|C
G G

Right Decomposition

d
ALB|C

—C' Uy d .
i UN A' LB |C'U{v)

We now claim that: .
A’é_B' |C"U{v}
implies that one of the following statements holds:
. d d .
A’U{U}JG_B’|C’ V A’é_B’U{U}]C’.
Assume the contrary:
. d d .
A'U{v} LB |C' A A" Y B'U{v}|C".
G G
So there exist shortest C’-open walks m; and 75 in G such that all colliders are in C":

T AU{v}dug*>--x*u, € JUB,

and:
oy A D wrEk -k w, € JU (B U{v}).

So all non-colliders of 7; and my are outside of C’. Since we consider shortest walks and
v ¢ C" at most an end node of m; and my could be equal to v. Otherwise one could
shorten the walk.

Then note that v ¢ A" and v ¢ J U B’, thus: uy # v and wy # v.

If now 7; does not contain v as an (end) node, then m; would be (C” U {v})-open, which
is a contradiction to the assumption:

d
A'LB'|C'U{v}.

So we can assume that the other end nodes equal v, i.e.: ug = v and w,, = v.
Furthermore, both m; and m, are non-trivial walks, since uy # ug and wg # w,,. Since v
is childless and k,m > 1 we have that the m; are of the forms:

ISH UHUN‘—*"'*—*UM

and:
o : wOH...meilﬂv,
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with uy, w,,—1 € D = PaG(U). Then the following walk:
A Dwy sk sk Wy, U Uy ek, € J U B
is a (C"U{v})-open walk from A’ to J U B’, in contradiction to:
d .
A’JG_B’ | C"U{v}.
So the claim: . .
A'U{v}é.BﬂC' v A'JG_B’U{U}]C',
must be true. So we reduced case C to case A or case B, which then imply:

Xa, X, A XB|XC/ V XA A XB,XU|XC/.
P(Xv|do(Xy)) P(Xv|do(Xy))

If we apply Left Weak Union to the left and Right Weak Union to the right we get:

Xa AL Xp| Xer, X,
P(Xy|do(X))

which implies:

X4 A XpB | Xc.
P(Xy|do(X))

This shows the claim in case C. O

4.3. Operations on Causal Bayesian Networks
4.3.1. Hard Interventions on Causal Bayesian Networks

Definition 4.3.1 (Hard intervention on causal Bayesian network). Consider a causal
Bayesian network (CBN) given by:

M= (G — (J,V,E), (PU(XU|XPaG(U)))U€V) .

Now let W C JUV be any subset. Then we define the intervened causal Bayesian
network w.r.t. W via:

1. CDAG: Gdo(W) = (J uUmw,v \ W, Edo(W)); and:
2. Markov kernels: P,(Xy|Xp,o(,) forve V\W.

Its observable Markov kernel is then:

P(Xy\w|do(Xsuw)) = ® Py (X0 | Xpac 0)-

veV\W

Note that if v € V\ W then Pa%(v) = Pa%em) (v).
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Remark 4.3.2. Note that the above notations imply for everyv € V. and W C V' \ {v}
the identifications:

Py (Xo| Xpac ) = P(Xu| do(Xjnw)) = P(Xo| do(Xp,c()),
which we will use interchangably in the following.

Remark 4.3.3 (Hard intervention on causal Bayesian network with latent variables).
We define hard interventions on an L-CBN the same way as on a CBN, but we usually
only allow for interventions on sets W C JUV, i.e. with W NU = (), where U is the
set of latent variables.

4.3.2. Node-Splitting on Causal Bayesian Networks

Definition 4.3.4 (Node-splitting on causal Bayesian network). Consider a causal Bayesian
network (CBN) given by (G, P (Xy|do(X,))) with CDAG: G = (J,V,E) and Markov
kernels: Py(Xy|Xpaa(y,)) for v € V. Now let W C 'V be any subset. Then we define the
node-split CBN w.r.t. W as the causal Bayesian network given by:

1. CDAG: G" := Gspigewy = (S, (V\ W)U WOU W, Egiwy), and:
2. Markov kernels for v e V:
Py (X € A|Xpac/(vo) = 1) = P,(X, € Al Xp,o(,) = ),
where for brevity we put v° :=v forv e V\ W, and for w' € W:
P (X € Al X o =) := 0(Xy1 € Al X o = 7).
Remark 4.3.5. Similarly, we can define node-splitting interventions on causal Bayesian

network with latent variables, but allow only W with W NU = (.

This operation can be used to reason about “single-world” counterfactuals using CBNs.
We will not dwell on the details here, but discuss this in Chapter 8 in the context of
SCMs.

4.3.3. Node-Splitting Hard Interventions on Causal Bayesian Networks

Definition 4.3.6 (Node-splitting hard intervention on causal Bayesian network). Con-
sider a causal Bayesian network (CBN) given by (G, P (Xy|do(X,))) with CDAG:
G = (J,V,E) and Markov kernels: P,(X,|Xp,c(,) for v € V. Now let W C V be
any subset. Then we define the node-splitting hard intervention w.r.t. W as the
causal Bayesian network given by:

1. CDAG: G/ = Gswig(W) = (JU Wi, Wwe U Vv \ VV, Eswig(W)); and:
2. Markov kernels for v e V:
PU0<X1,0 € A|XPaGI(U°) == j:) = PU(XU c A’XPaG(v) = .%),
where for brevity we put v° :=wv forv eV \ W.

Remark 4.3.7. Similarly, we can define node-splitting hard interventions on causal
Bayesian network with latent variables, but allow only W with W NU = ().
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4.3.4. Soft Interventions on Causal Bayesian Networks

Remark 4.3.8 (Modelling soft interventions on causal Bayesian networks). Consider a
causal Bayesian network given by (G, P (Xy|do(Xy))) with CDAG: G = (J,V,E) and
Markov kernels: Py(X,|Xp,a(,) forv e V.

Let W C JUV. In order to model a soft intervention on variables X,, for w € W\ J,
we introduce intervention nodes I, —= w for w € W\ J, which come with new input
variables Xy, , and replace the Markov kernel:

Pw(Xw|XPaG(w))

for w € W\ J by one that models the dependence on the soft intervention variables
properly:
Pw<Xw|XPaG(w)’ Xfw)

Forw € J, we simply identify I, with w. So the softly intervened causal Bayesian
network w.r.t. W then has:
1. CDAG: Gao(ryy) = (JU{Lylw e W\ J},V,EU{l, —w|w e W\ J}), and:
2. Markov kernels:
Py(Xo| Xpac() forve VAW, and:
Pu(Xw| Xpao ) X1,) forw e WA J.

Note that Pa%detw) (w) = Pa®(w)U{I,} for w € W\ J and Pa%etw) (v) = Pa®(v) for
veV\W.

Remark 4.3.9 (Modelling hard interventions with intervention nodes). It is sometimes
beneficial to model hard interventions with intervention nodes. Let the setting be like in
Remark 4.3.8. When we model hard interventions with intervention nodes we make the
further more specific choices for w € W'\ J:

1. X[w = XwU{*},
2. Pw(Xw € A’XPaG(w) = xPaG(w),X[w = x]w) =

Pw(Xw - A|XPaG(w) = I‘PaG(w)), Zf XTI, = %,
5(Xw€A’Xw:£L'[w) :ﬂA(x[w), ’[,f Zr, 7&*.

Note that the CDAG will then rather be: Gao(ry,,) in contrast to: Gaow)-

The above choices reflect that if we put X, = x then no intervention occurs and the
value of X, is (probabilistically) determined using the usual Markov kernel. But if we
put X;, = xy, # % then we change the value of X, to xy, (with 100% probability)
independent of the values of its parents. This is then similar to the hard intervention:

do(X, = z1,). This allows us to model simultaneously the unintervened and an inter-
vened version of the CBN with a single CBN.

Remark 4.3.10. Again, we can do all the above also with causal Bayesian network with
latent variables, but allow only W with W NU = ().
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4.3.5. Marginalization of Causal Bayesian Networks

Definition 4.3.11 (Marginalization of causal Bayesian network with latent variables).
Consider a causal Bayesian network with latent variables (L-CBN):

= <G+ =(J,(V,U),EY), <P“(X”‘XP3G+(U)))veVuU> ’

Let W C V be a subset. We then define the marginalized L-CBN by just replacing
V owith V\W and U with UUW. The Markov kernels P, for v € VUU = (V '\
W)U (UUW) stay the same.

With this definition the observable Markov kernel marginalizes to:
P (XV\W| dO (XJ)) s

and the observable CADMG becomes:
(G+)\(UUW) — G\W,

i.e. the marginalized G w.r.t. W.

4.4. Standard Forms of Causal Bayesian Networks

Definition 4.4.1. Consider two causal Bayesian network with latent variables (L-CBNs):

M, = (Gl = (i, (i, Uh), B}, (PlU(X X ot >)U6U1uv1)’

Pa™1 (v)
M, — (Gz = (Ja, (Va, Ua), EF) | (PQU(X X G;(UQ)UEUM)-

We call them interventionally equivalent if all of the following conditions hold:
1. T =Jy=J,

2. Vi=V, =V,

3. Xy =Xy =X, forallve JUV,

4. for all subsets W C V' we have the equality of the intervened Markov kernels:
Py (XV\W| do (XJUW)> =P (XV\W| do (XJUW)) .

Definition 4.4.2 (Cliques and maximal cliques of undirected graphs). Let G = (V, L)
be an undirected graph. A set of nodes W C V is called a clique'” of G if for all
wy, wy € W with wy # we we have that the edge wy — wy € L. A clique W is called a
mazimal clique of G if for every clique W of G with W C W we have that W = W.

17A clique is also called complete subgraph in the literature.
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Definition /Theorem 4.4.3 (Standard forms of L-CBNs). Consider a causal Bayesian
network M with latent variables (L-CBN) with observable CADMG G = (J,V, E,L).
Let

C:={W CV|W mazimal clique of (V,L)}.

the sets of all maximal cliques of the (undirected) graph consisting only of the nodes from
V' and the bi-directed edges from G. Define the set of (latent) nodes:

ﬁ:{ﬂleEC},

and directed edges:

Et .= FEU {uwy —w|W eC,we W}.
Then there exists an L-CBN of the form:
M= <é+ B (‘]’ V. U)’E+) ’ <pv(XU|XPaé+(U))>veVUU>

that is interventionally equivalent to M. Furthermore, we can choose to arrange them
i one of the following ways:

1. Structural causal model form: All Markov kernels for v € V' are deterministic:

PU(XU € A|XP3G+ - j) - 5(RU S A‘XPaG+(v) - j’),

(v)

for some measurable maps R,, v € V. OR:

2. Canonical form: All latent variables uy with #W = 1 and the corresponding
variables, edges and Markov kernels can be removed from M as well, leaving us
only with the latent variables uy with W € C and #W > 2.

Remark 4.4.4. Consider the standard forms M of M from Definition/Theorem 4.4.3.
1. In particular, we have:
a) (G =@,
b) Paé+((7) =0,
c) Che* (u) € C for everyu € U.

2. We can use measurable embeddings/isomorphisms: X, < [0, 1] foru € U to further
restrict to the case:

a) &, =[0,1],
b) P,(X.) is the uniform distribution on [0, 1].

3. Note that the Markov kernels dependent on X might not be unique as we can
always transform [0,1] to [0,1] in strange ways.
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4. The construction of the canonical form generally’® leads to an interventionally
equivalent L-CBN with the smallest number of latent variables such that its ob-
servable CADMG stays unchanged.

5. The construction of the structural causal model form generally'® leads to an in-
terventionally equivalent L-CBN with the smallest number of latent variables such
that its observable CADMG stays unchanged and such that every Markov kernel
with non-trivial tnput is deterministic.

Remark 4.4.5 (Marginalizations and hard interventions on standard forms). Let the
following L-CBN be in one of the standard forms:

(Gt =(J,V,U E"), P(Xywl|do(X,))).

Now let W C V' then we defined the marginalization w.r.t. W by replacing V' with V' \ W
and U with UUW . We could re-define the marginalization as a corresponding standard
form of that procedure.

Similarly we could post-process hard interventions with standardization steps.

Proofs - Standard Forms of Causal Bayesian Networks

Proof. Step 1. For every v € VUU we can write the Markov kernel P, as the composition
of a deterministic one and a uniform distribution P;(X3;) on &; := [0, 1] by Remark 2.7.4:

PU(XU|XPaG+(’U)) - 6<RU|X’E’XP3,G+(U)) OP@(X{}).
We now put:
U:=UU{v|veVulU}, Et =E"U{v—v|lveVuU},

and to get M we add the P; to M and replace P, for v € V UU by the deterministic
one given by:

P’U(X’U (- A|X1_]’XP3G+ = 5<Ry c A|X777XP3G+(U))’

(v))

Then G+ clearly marginalizes to G* (when we marginalize out all the ¥ again) and the
marginal of:

Py(X, € AlXg, Xp 0+ (,) © Po(Xo),

in the defining product of the joint Markov kernel is PU(XU|XPELG+(”U)> forallv e VUU
by construction again.

Step 2. Marginalize out all w € U. Let us first look at the Markov kernel side if we
marginalize out X, in the defining product of the joint Markov kernel for u € U:

y Q) Pu(X|Xper oy Xu = Tu) 0(Ru € du| Xy o+ )
" vechtt (u)

— ® Py (Xo| Xp,6+ (o), fuys X = Bu(Xp,+ ()

veCh™ (u)

18Excluding degenerate L-CBNs. In those cases one could possibly remove even more latent variables.
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which is again a product (only) because we marginalized a deterministic Markov kernel
out. So we define:

PU(XU|XPaé+(U)) = PU(XU|XPaG+(v)\{u}’ Xu= R“(Xpaé+(u)))’

which is as the composition of deterministic Markov kernels again a deterministic Markov
kernel. From this we also read off that we need to consider the graph G with:

Pal" (v) := Pa®" (v) \ {u} UPa%" (u),

i.e. the CDAG from (G7)\Y where we removed all bi-directed edges, and with latent
nodes U = U \ U. Then note that for u € U we have:

Ch%" (1) = Ch@ )" (a).

This implies that we recover the removed bi-directed edges if we further marginalize out
all the u, i.e.:

(@)Y =@ =N =
Step 3. We marginalize out all nodes u € U with Che* (u) = ). For those u we have:
P(Xv, Xg|do(X))) = Pu(Xul Xp,et () © P(Xv, X gy] do( X))

So marginalizing out X, does not interfere with the rest of the Markov kernels. So from
now on we can w.l.o.g. assume that #ChG+ (u) > 1 forall u € U.

Step 4. Since (GH)\U = G we have that for each u € U the set Che* (u) is a clique
of (V,L). So we can (arbitrarily) assign u to any maximal clique W of (V, L) with

Chét(u) C W. So let W be a fixed maximal clique of (V, L) and uy, ..., u; € U be all
u € U that we assigned to W. Then we consider the space:

k
KXo = [ [ X
/=1

and the variables:
Xay = (Xu,)o=1,.. k-

Then every Markov kernel dependent on such an X, can be written as a Markov kernel
dependent on Xy, , by only using the u, component. We will then replace uy, ..., u; by
the single node uy and every edge of form u, — v by 4w — v. If we do thls for all
u € U and maximal cliques W of (V, L) we arrive at the CADMG G+ = (J,V,U, E*),
with:

ET = EU {iw —w|W €C,weW}.

So we arrived at the desired structural causal model form and one can convince oneself
that at each step we get an interventionally equivalent L-CBN to the step before.
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The canonical form follows from the structural causal model form by marginalizing
out all X, with #Ch®" (u) < 1, i.e. by replacing the left (deterministic) Markov kernel
dependent on X, in the product:

Py(X, [ Xp,6t oy, gy Xo) @ PulX),

NMu}?

by the composition:

Pv(Xv’XPaG‘*' Xu) o Pu(Xu>7

()\{u}’
which then might not be deterministic anymore. O]
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5. ldentification of Causal Effects in CBNs

This section investigates under which circumstances one can identify causal effects and
estimate them just from observational data alone under the (strong) assumption that
the underlying causal graph is known. More generally, we ask the question when an
interventional Markov kernel of a causal Bayesian network can be identified from the
causal graph G and the observational Markov kernel alone.

We will see that the main tool to allow for such statements is the global Markov
property, see Theorem 4.2.1, applied to the causal Bayesian network that is augmented
with further intervention variables.

We first study under which graphical conditions interventions don’t have an effect
or when one essentially can replace interventions with conditioning operations. These
rules will be summarized as the three rules of do-calculus. The main references are
| , , |, also see | , , |.

We then study under which graphical criteria one gets explicit adjustment formulas to
estimate interventional Markov kernels from observational ones. The literature mentions

the backdoor criterion, see | , , |, the extended backdoor criterion,
see | , |, the selection backdoor criterion, see | |, criteria for selection
without/partial external data, see | : |, and all their generalizations to the
cyclic case, see | |, also see | : ) |.

Finally, we present the ID-algorithm, which can decide just by processing the causal
graph G if an interventional Markov kernel can be identified by the observational one
(under further assumptions, like strict positivity, etc.). If the algorithm does not output
FAIL then it also presents a formula to estimate the queried interventional Markov
kernel. The main references for the ID-algorithm are | , , , , ,

bl ) Y ) ]’

5.1. Do-Calculus
Remark 5.1.1 (Recap). Consider an L-CBN:

— (GJr = (J,(V,U),E"), (P“(X”’ dO(XPaG+(U)))>v€VUU> '

Then we get the joint Markov kernel over all input, observed and unobserved output
variables as follows:

P (Xy, Xu, X, do(X,) = R P (Xv|do( bt )®®5X\X

veUUV jeJ

Further, for D C JUV and B C V' \ D we get the combined hard and soft interventions:

P(XV\D,XU,XJUD,XIB\dO(XJuIBuD)) =

® (Rl doKer,) © @ P (Xl ol o) @
ve

veV\(BUD)
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R P (Xl do(Xpev ) & @) 6(X,1X5) © @ 3(X0|X1,),

velU jeJuUD veEB

where we need to reorder all the factors such that the product is in reverse order of a topo-
logical order and where we use the following Markov kernels to model hard interventions
as soft interventions, v € B:

(it} = L) T

Finally we can also marginalize (i.e. integrating out) and condition to get:

P (Xaus|Xc, do(Xursup))

forany A, B,C CV, D CVUJ with A, B,C, D disjoint (w.l.0.g. we can assume A C 'V,
BNC =0 and BND = (). For more suggestive formulas later on we also freely permute
the order of symbols behind the conditioning line, e.g. (if FND =10):

P(XA| dO(XF),Xc,dO(XD)) = P(XA’Xc,dO(XD,XF» = P(XAlXc,dO(XDUp)>.

Please note that no matter in which order we write the do-part and conditioning part
behind the conditioning line |, we always assume that we perform the intervention (do)
first and afterwards condition.

We will also make use of the following CADMG (for IgND =10):
Gao(is,0) = Gaotizup) = (Giorum) -
Theorem 5.1.2. [Almost-sure do-calculus—in detail] Consider an L-CBN:
(ot — +
M = (G = (L(V,0). BY), (P(X,[do(Xp,ar ) ).

Let A,B,C CV and D C JUYV be such that A, B,C, D are pairwise disjoint.
Further assume that we have reference measures p, on X, for every v € V that are
each equivalent to a probability measure (in terms of absolute continuity).'”® We then put

pr = Qyep o for F C V.

1. Insertion/deletion of observation: Assume:

d
A L B|CUD.
Gao(D)

For a fized finite index set I consider subsets B C B, for i € I, and pick for
each i € I an arbitrary version of a conditional Markov kernel:
P (XalXpw, Xc,do(Xpus)) © Xeucupus = Xpoucupus — P(Xa),

of P(Xa, Xgw, Xc|do(Xpuys)). Then there exists a measurable P(X g, X¢| do(Xpuy))-
null set N C Xgucupus, such that all those Markov kernels are equal on the com-
plement N€.

19Recall the connection between absolute continuity and strictly positive densities in Corollary 2.3.20.
All o-finite measures satisfy this assumption.
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Note that if ppue < P(Xp, Xc|do(Xpuy)) then N is also a ppuc-null set, i.e. for

EVery TpuJg S XDuJ we have: MBUC(NIDUJ> = 0.

If we also have the reverse P(Xp, X¢|do(Xpuy)) < ppuc then we can change the
above conditional Markov kernels on a puguc-null set N while they remain versions
of the corresponding conditional Markov kernel.?’

2. Action/observation exchange: Assume:

d
A 1 Iz|BUCUD.

Gao(1guD)

For a fized finite index set I consider decompositions B = BY) UBéi), fori eI,
and pick for each i € I an arbitrary version of a conditional Markov kernel:

P(XA’XBY),dO(XBéw),XC,dO(XDuJ)) : Xpucupus — P(Xa),

of P(Xa, X
tinuities:

B(i),XC” do(XB(i) , XDUJ))®,uB(¢> and assume the following absolute con-
1 2 2

pBuo < P(X g, Xe[do(Xpw, Xpus)) @ ppe

for alli € I.”1 Then there exists a measurable ppuc-null set N C Xgucupuyg, such
that all those conditional Markov kernels are equal on the complement N€.

If we also assume the reverse absolute continuities for all i € I:
P(X 40, Xo|do(X 0, Xpur)) @ pgo < psue,
1 2 2

then all those conditional Markov kernels are versions of each other.”?

2ONote that the absolute continuities: pupuec < P(Xp,Xc|do(Xpus)) < ppuc hold if
P(Xp,Xc|do(Xpuy)) has a strictly positive Doob-Radon-Nikodym derivative w.r.t. upuc. Fur-
thermore, the converse is also true for o-finite reference measures ppyc by Corollary 2.3.20.

21If you instead expected to pick for each i € I an arbitrary version of a conditional Markov kernel:

P(Xal Xy, do(X ), Xe,do(Xpus)) + Xpucupus = P(Xa),

of P(X4,X Xc| do(XBm ,Xpuy)) and to assume the absolute continuities
2

BY)’
Hpoue < P(XB§i>7XC| dO(XBéi)aXDUJ)) <Hpi e

for all 4 € I: that would lead to a similar, but slightly weaker statement.
22Note that the absolute continuities: pupuc < P(XB<1;),XC| dO(XB(i),XDL_JJ)) ® P K pBuC hold
1 2 2

if the absolute continuities: pym . < P(X g0, Xc|do(Xzm, Xpus)) < pge o hold, which
1 1 2 1

hold if P(X Xcldo(X 50y, Xpus)) has a strictly positive Doob-Radon-Nikodym derivative w.r.t.
2

()
B{»
Hpduc: Furthermore, the converse is also true for o-finite reference measures p BOuC by Corollary
2.3.20.
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3. Insertion/deletion of action: Assume:

d
A 1 Iz|CuUD.

Gao(1guD)

For a fized finite index set I consider subsets B C B, for i € I, and pick for
each i € I an arbitrary version of a conditional Markov kernel:

P(Xa|do(Xpw), Xc,do(Xpus)) © Xpucupus = Xpwucupus — P(Xa),
of P(Xa, Xc|do(Xpw, Xpus)) and assume the following absolute continuities:
e < P(Xe|do(Xpa, Xpus))

for alli € I. Then there exists a measurable pc-null set N C Xpucupuy, such that
all those conditional Markov kernels are equal on the complement N€.

If we also assume the reverse absolute continuities for all v € I:
P(XC‘ dO(XB(i>7XDUJ)) < Ho,
then all those conditional Markov kernels are versions of each other.*?

The proof can be found in at the end of this section.
We now summarize on how to apply Theorem 5.1.2 more concretely as a corollary.

Corollary 5.1.3 (Almost-sure do-calculus—simplified). Consider an L-CBN:

M= (G+ = (J,(V,U), EY), (PU(X,,y do(X,, o+ (”)))>veVUU> .

Further assume that we have reference measures i, on X, for everyv € V. We then put
pr = Quep v for F C V. Let A,B,C CV and D C JUV be such that A, B,C, D
are pairwise disjoint. Then we have the following 4 rules relating marginal conditional
to marginal interventional Markov kernels:

1. Insertion/deletion of observation, for J C D: Assume that we want to establish
the a.s.-equality:

P(XA|XB, Xc, dO(XD)) = P(XA|X0, dO(XD)) UBuc-a.s.,

then it is sufficient to assume/check the following d-separation and absolute conti-
nuities:

d
A 1 B | cCubD, teuc K P(XB,XC| dO(XD)) < UBuC-

Gao(D)

ZNote that absolute continuities: pue < P(X¢|do(Xgw,Xpus)) <  pce hold if
P(X¢|do(Xgw,Xpus)) has a strictly positive Doob-Radon-Nikodym derivative w.r.t. pc.
Furthermore, the converse is also true for o-finite reference measures pc by Corollary 2.3.20.
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2. Action/observation exchange, for J C D: Assume that we want to establish the
a.s.-equality:

P(X4| X5, Xc,do(Xp)) = P(Xa|do(X5), X, do(Xp))  pruc-a.s.,

then it is sufficient to assume/check the following d-separation and absolute conti-
nuzities:

d
A 1 Ig|BUCUD, puc < P(Xg, Xo|do(Xp)) < psuc,

Gao(1guD)

ne K P(Xc| dO(XB,XD)) < Uc.

3. Insertion/deletion of action, for J C D: Assume that we want to establish the
a.s.-equality:

P(X 4| do(Xp), X¢,do(Xp)) = P(Xa|Xc,do(Xp)) pUe-a.S.,

then it is sufficient to assume/check the following d-separation and absolute conti-
nuities:

d
A 1 IB|CUD7 MC«P(XC’dO(XBaXD))<<:uC>
Gao(1guD)

o K P(XC| dO(XD)) < Ue-

4. Deletion of input: If

d
A L J’CU D, |%%6; < P(XC| dO(XDUJ)) < Mo -

Gao(D)

then there evists a Markov kernel P(X 4|Xc¢, do(Xp, Xr5)) such that:

P(XA‘Xc,dO(XD,%)) == P(XA‘Xc,dO(XDUJ)) Ho-a.s..

Note that the two-sided absolute continuities hold for o-finite reference measures iff the
indicated Markov kernel has a strictly positive Doob-Radon-Nikodym derivative w.r.t. the
corresponding reference product measure by Corollary 2.3.20.

Proof. The proof follows directly from Theorem 5.1.2. For the last rule (‘Deletion of
input’), one can take the Markov kernel as

P(XalXc,do(Xp, XsD)) = Q(Xa|Xe, Xp)

where Q(X4|X¢, Xp) is defined in the proof of Proposition 5.1.8 point 3, for the special
case B = Ig = (). The proof of Theorem 5.1.2 rule 3 then applies (as it doesn’t depend
crucially on the assumption J C D, or B # (), which shows the claim. O
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Remark 5.1.4. We have made the following considerations in this particular formula-
tion of the do-calculus.

e The additional assumptions J C D in rule 1-3 were added because it is not clear
whether (or how) a Markov kernel P(X a|X¢,do(Xp)) is defined for J € D. Rule
4 was added to make this possible.

o The assumption J C D in rules 1-3 in Corollary 5.1.3 can be made without loss of
generality and without restricting the applicability of the result. For example, for
rule 1, if D with J € D, then Arg,d - B|C U D implies Argd 5 BU J|CuD,

which implies A J_Ccl,d o) B|CU(DU.J), and hence we can apply rule 1 to D = DU.J

instead of D. Similar reasoning can be applied to show for rules 2 and 3 that the
assumptions J C D can be made without loss of generality.

Remark 5.1.5. Note that in rules 1-3 of Corollary 5.1.3 (in contrast to Proposition
5.1.8 and Theorem 5.1.2) we cannot easily formulate the independence of variables X y\p
in the presented way. This is the reason we decided to simplify the formulas in Corollary
5.1.3 by assuming that J C D and thus DU J = D, which makes then the d-separation
requirements weaker (due to extra conditioning on J). To compensate for the ensuing
loss of generality, we have added the fourth rule. For the case where J does not fully lie
i D one has several options:

1. use Proposition 5.1.8 or Theorem 5.1.2, or
2. use the global Markov property (Theorem 4.2.1) directly, or

3. combine rules 1-3 of Corollary 5.1.3 with rule 4 of Corollary 5.1.5.

Proofs - Do-Calculus

Lemma 5.1.6. For B,C CV and D C V U J with B,C, D pairwise disjoint, and a
measurable subset N C Xgucupuy the following statements are equivalent:

1. N is a P(Xp, Xc|do(X1,, Xpus))-null set.

2. For every decomposition B = By U By the set N is a P(Xp, X¢|do(Xg,, Xpus))-
null set.

3. For every decomposition B = By U By the set N is a P(Xp,, X¢|do(Xg,, Xpus))-
null set.
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Proof. Every value 1, = (21,)ven € X, defines a decomposition B = By U By via:
By :={v € Bz, =}, By:={ve Bz, € X,}.

So running through all values z;, € A7, is the same as running through all subsets
By C B and all values zp, € X'p,, while putting Ty =% for By = B\ B,. Furthermore,
we have the following identities:

P((XB,X¢) € Napy,| do(Xy, = 21, Xpus = 2puy))
= P((X5,Xc) € Nup,,|do(X1,, =%, X1, = Tp,, Xpus = Tpuy))
= P((Xp, X¢) € Nyp,,|do(Xp, = 7p,, Xpus = Tpuy))
= (P(XB,, Xc|do(Xp, = xB,, Xpus = Tpus)) ® 6(Xp,| X, = ¥B,)) (Nep,,)
= P((Xp,, Xc) € Np, wponldo(Xp, = xp,, Xpus = Tpus))-
So the first line vanishes for all values x;, € X7, and xpy; € Xpyys if and only if any

other line vanishes for all subsets B, C B and all values xp, € Xp, and xpy; € Xpu.
This shows the claim. O

Remark 5.1.7 (Null sets—again). In the following we will often make statements like:
“The Markov kernel K(Xa|Xp, Xc, Xp) is unique up to a measurable K(Xp|Xc, Xp)-
null set in Xpyuc”, (rather than in Xgucup). This means that the corresponding null set
N can be considered constant in Xp\(puc), or, more precisely, that N is of the form.

N = M x Xp\(sucy) € Xeucup,
with M C Xpyc.

Proposition 5.1.8 (Do-calculus—existence and uniqueness). Consider an L-CBN:
— (= +
M= (G" = (1. (v,0). B"), (PU(XU|do(XPag+(v)))>v€VUU> .

Let A,B,C CV and D C JUYV be such that A, B,C, D are pairwise disjoint.
Then we have the following 3 rules relating marginal conditional to marginal interven-
tional Markov kernels:

1. Insertion/deletion of observation: If we have:

d
A L B|CUD,
Gao(D)

then there exists a Markov kernel:
P (XA|%7 XC7dO(XDU/)) . XC X XD -—— XA,

that is a version of:
P (X4|Xg,, Xc,do(Xpuy))

for every subset By C B simultaneously. Note that this Markov kernel is only
dependent on xc and xp, and constant i x pp.
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Such a Markov kernel is unique up to a measurable P(X¢|do(Xpuy))-null set in
Xeup.

2. Action/observation exchange: If we have:

d
A 1 Iz|BuCuUD,

Gao(15UD)
then there exists a Markov kernel:
P (XA\%(XB),XC,do(XDU/)) : X X Xo X Xp —-+ X,
that is a version of:
P (X4|Xp,,do(XBp,), Xe,do(Xpuy)) ,
for every decomposition: B = By U By, simultaneously.

Such a Markov kernel is unique up to a measurable P(Xp, X¢|do(Xr,, Xpus))-
null set N C Xpucup, i.e. N is a P(Xp,, X¢|do(Xp,, Xpus))-null set for every
decomposition B = By U By simultaneously.

3. Insertion/deletion of action: If we have:

d
A 1 Iz|CuD,

Gao(1guD)

then there exists a Markov kernel:

P (XA’W,XC,CIO(XDU/)) : XC X XD -—> XA;

that is a version of:

P (XA| dO(XB2)7 Xc, dO(XDUJ))

for every subset By C B simultaneously. Note that this Markov kernel is only
dependent on xc and xp, and constant i x pp.

Such a Markov kernel is unique up to a measurable P (X¢| do(X ,, Xpus))-null set
N C Xcoup, i-e. N is a P(X¢|do(Xp,, Xpus))-null set for every subset By C B
simultaneously.

Proof. We make use of the global Markov property (GMP), theorem 4.2.1.
1.) The assumption:

d
A 1 B|CUD,
Gao(D)

implies the conditional independence by GMP 4.2.1:

X4 A XB|XC,XD.
P(Xv|do(Xpuy))
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So we get the following factorization, where we can omit the deterministic variables from
Xp on the left of the conditioning lines:

P (X4, Xp,Xc|do(Xpus)) = Q(Xa|Xe, Xp) ® P(Xp, Xe|do(Xpuy))

for some Markov kernel Q(X4|X¢, Xp). Here Q(X4|X¢, Xp) serves as a version of the
conditional Markov kernel:

P (Xa|Xp, Xc,do(Xpuy)) -

If we marginalize out Xp, for any decomposition B = B; U By in the above factorization
we also get:

P (X4, Xc, Xp,|do(Xpuy)) = Q(Xal|Xc, Xp) ® P (Xe, Xp,| do(Xpus)) s
showing that Q(Xa|X¢, Xp) is also a version of:
P (XA|XBQ, Xc, dO(XDUJ)> .

In particular, this holds for B, = (). This shows all the claimed properties for Q(X 4| X¢, Xp).
Now consider another Markov kernel K (X 4|X¢, Xp) and the measurable sets:

N = {zcup € Xoup | Q(XalXe = 20, Xp = xp) # K(Xa|Xe =20, Xp = 2p)},
N :={zcupus € Xeupus | Q(XalXe =20, Xp = xp) # K(Xa|Xe =20, Xp =2p)}
= N X XJ\D-

If K(Xa|Xc,Xp) is a version of:
P(Xa|XBp,, Xc,do(Xpus)),

for every subset By C B simultaneously, then this holds, in particular, for B, = (). Since
conditional Markov kernels are essentially unique, by Theorem 2.4.16, we have that N
is a P(X¢|do(Xpyuy))-null set.

2.) The assumption:
d
A 1 Ig|BUCUD,

Gao(1guD)

implies the conditional independence by GMP 4.2.1:

XA A XIB|XByXC7XD-

P(Xv‘ dO(XIB 7)(DUJ))
So we have the following factorization:

P (X4, Xp, Xc|do(X1,, Xpus)) = Q(Xal|Xp, Xo, Xp) ® P (Xp, Xe|do( X1, Xpus))
(21)
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for some Markov kernel Q(X4|Xp, X, Xp), which serves as a version of the conditional
Markov kernel:
P (Xa|Xp, Xc,do(X1,, Xpuy)),

and which is independent of X7, .
We first claim that for a Markov kernel Q(X 4| X, X¢, Xp) the equation 21 is equiv-
alent to the system of equations 22 indexed by subsets By C B and with By := B\ Bs:

P(Xa,Xp,, Xc|do(XpB,, Xpus)) = Q(Xa| X, Xe, Xp) ® P (Xp,, Xc|do(Xp,, Xpus)) -
(22)

Indeed, we can look at the different input values for X, = (X Ip,s X IBQ) in equation 21.
For By we put: X;, =% = (%)vep, and for By we take values: Xip, =g, € Xp,. This
implies:

P (X4, Xp, Xc|do(Xp, = x8,, Xpus))

= P (X4, Xp, Xc|do(X 1, =%, X1y, = 7, XpuJ))

= Q(XalXp, X¢, Xp) ® P (Xp, Xo|do(Xy,, =%, X1, = 25,, Xpus))

= Q(Xa|Xp, X, Xp) ® P(Xp, Xc|do(Xp, = p,, Xpus)) -

So we get the equations:

P (X4, Xp,Xc|do(Xp,, Xpus)) = Q(Xa| X, Xe, Xp) ® P (Xp, Xc|do(Xp,, Xpus)),
where we can further marginalize out the deterministic Xp,:

P (Xa,XpB,, Xc|do(Xp,, Xpus)) = Q(Xa| X, X, Xp) ® P (Xp,, Xc|do(Xp,, Xpus)) -

Note that we can also go back by multiplying with §(Xp,|Xp,). This shows the inter-
mediate claim.

The equation 22 already implies that Q(X4|Xp, X¢, Xp) is a version of the conditional
Markov kernel:

P (X4|Xp,, Xc,do(Xp,, Xpus)), (23)

for every decomposition: B = B; U B, simultaneously.
Now consider another Markov kernel K (X4|Xp, X¢, Xp) and the measurable sets:

N = {zpucup € Xpucup | Q(Xa|Xp = 25, Xc = 20, Xp = zp)
# K(Xa|Xp =2p,Xc=2c,Xp=1p)},
N = N X XJ\D-
If K(Xa|Xp,Xc, Xp) now is also a version of the conditional Markov kernel (23) for ev-
ery decomposition B = By U B, simultaneously, then N is a P(Xp,, X¢| do(Xp,, Xpus))-

null set for every decomposition B = By U Bsy, because conditional Markov kernels are
essentially unique, see Theorem 2.4.16. By Lemma 5.1.6 this statement is equivalent for
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N to be a P(Xpg, X¢|do(X;,, Xpus))-null set.

3.) The assumption:
d
A 1 Iz|CuD,

Gao(1guD)

implies the conditional independence by GMP 4.2.1:

X AL X1, | X, Xp.
P(Xvy|do(X1g,XpuJ))

So we have the following factorization:
P (X4, Xc|do(Xr,, Xpuy)) = Q(Xa|Xe, Xp) ® P (Xc|do(Xi,, Xpus)), (24)

for some Markov kernel Q(X4|X¢c, Xp), which serves as a version of the conditional
Markov kernel:
P (XalXc,do(X15, Xpus)) s

and which is independent of X7, .
We can now look at the different input values for any decomposition: B = B; U By. For
this we put: X7, =x= (%)vep, and X1, = Tp, € Xp,. This implies:

P (X4, Xc|do(XB, = x,, Xpus))

— P (X4, Xo| do(Xy,, = %, X1, = 25, Xpus))

— Q(X4|Xe, Xp) @ P (Xo| do(Xp, =%, X1y, = 2, Xpu))
= Q(XalXc,Xp)® P (Xc|do(Xp, = z5,, Xpus)) -

So we get for every subset By C B:
P (X4, Xc|do(Xp,, Xpus)) = Q(XalXe, Xp) ® P (Xc|do(Xp,, Xpus)), (25)
which shows that Q(X4|X¢, Xp) is a version of the conditional Markov kernel:
P (Xa|Xe, do(Xp,, Xpu)) (26)

for every subset By C B simultaneously.
Now consider another Markov kernel K (X 4|X¢, Xp) and the measurable sets:

N :={xcup € Xeup | Q(XalXe = ¢, Xp = vp) # K(Xa|Xc = xc,Xp =1p)},
N32 = XBQ X N X XJ\D-
Now assume that K (X4|X¢c, Xp) is a version of the conditional Markov kernel in (26)

for every subset B, C B simultaneously. Then for every subset By, C B set Np, is
a P(X¢|do(Xp,, Xpus))-null set, because of the essential uniqueness of conditional
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Markov kernels, see Theorem 2.4.16. More concretely, for xp, € Xp, and xpys € Xpuys
we get the equations:

(Xc € (NB,)(ep,epun) do(Xp, = T5,, Xpus = zpus))
(Xc € N,p|do(Xp, = 5, Xpus = Tpus))
(
(

Xc € Nyp|do(Xy,, =% X1, = 25,, Xpus = 2puy))
Xc € Nacp| do(X1, = (%, zB,), Xpus = Tpus))-

P
P
P
P

Since we have this for all decompositions B = B; U By and all values xp, € Xp, we are
running through all values z,, € X;,. This shows that N is a P(X¢|do(X;,, Xpus))-null
set in XCUD' ]

Theorem 5.1.2. [Almost-sure do-calculus—in detail] Consider an L-CBN:

M= (G = (L(V,0). BY), (P, do(Xpar) ).

Let A,B,C CV and D C JUYV be such that A, B,C, D are pairwise disjoint.
Further assume that we have reference measures p, on X, for every v € V that are
each equivalent to a probability measure (in terms of absolute continuity).** We then put

pr = Qyep o for F C V.

1. Insertion/deletion of observation: Assume:

A 1 BlCuUD.
Gao(D)

For a fized finite index set I consider subsets BY) C B, fori € I, and pick for
each i € I an arbitrary version of a conditional Markov kernel:

P (X4|Xpw,Xc,do(Xpuy)) © Xsucupus = Xswucupus — P(Xa),

of P(Xa, Xgw, Xc|do(Xpuys)). Then there exists a measurable P(Xp, X¢|do(Xpuy))-
null set N C Xgucupug, such that all those Markov kernels are equal on the com-
plement N€.

Note that if ppue < P(Xp, Xc|do(Xpuy)) then N is also a ppuc-null set, i.e. for
every Tpuy € Xpus we have: ppuc(Nypy,,) = 0.

If we also have the reverse P(Xp, Xc| do(Xpus)) < tpuc then we can change the

above conditional Markov kernels on a ppyc-null set N while they remain versions

of the corresponding conditional Markov kernel.”’

24Recall the connection between absolute continuity and strictly positive densities in Corollary 2.3.20.
All o-finite measures satisfy this assumption.

Z’Note that the absolute continuities: pupuc < P(Xp,Xc|do(Xpus)) < ppuc hold if
P(Xp,Xc|do(Xpuy)) has a strictly positive Doob-Radon-Nikodym derivative w.r.t. ugyc. Fur-
thermore, the converse is also true for o-finite reference measures ppyc by Corollary 2.3.20.
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2. Action/observation exchange: Assume:

d
A 1 Iz|BUCUD.

Gao(1guD)
For a fized finite index set I consider decompositions B = BY) UBéi), fori eI,
and pick for each i € I an arbitrary version of a conditional Markov kernel:

P(XA’XBY%dO(XBgL')):XC7dO<XDUJ)) : XBUCUDUJ — P(XA)a

of P(Xa, X
tinuities:

B(i),XC" do(XB(i) , XDUJ))®,uB(¢> and assume the following absolute con-
1 2 2

pBuo < P(Xpw, Xe[do(Xpw, Xpus)) @ ke

for alli € I1.°° Then there exists a measurable ppuc-null set N C Xgucupuyg, such
that all those conditional Markov kernels are equal on the complement N€.

If we also assume the reverse absolute continuities for all i € I:
P(X o, Xoldo(X zo, Xpus)) ® pgo < pipucs
1 2 2

then all those conditional Markov kernels are versions of each other.””

3. Insertion/deletion of action: Assume:

d
A L Ig|lCuD.

Gao(1guD)

For a fized finite index set I consider subsets BY) C B, fori € I, and pick for
each v € I an arbitrary version of a conditional Markov kernel:

P(XA| dO(XB(O)aXCadO(XDuJ)) : Xpucupus — Xpiucupus — P(XA),

26If you instead expected to pick for each i € I an arbitrary version of a conditional Markov kernel:
P(Xal Xy, do(X ), Xe,do(Xpus)) = Xpucupus = P(Xa),

of P(X4,X Xc| do(X 5, Xpuys)) and to assume the absolute continuities
2

BY)’
'U’BY)UC <K P(XBY)’XC| dO(XBéi),XDUJ)) < IJ'BY)UC

for all 4 € I: that would lead to a similar, but slightly weaker statement.

2"TNote that the absolute continuities: ppuc < P(XB<1),XC| dO(XB(i)7XDUJ)) ® ppo < ppuc hold
1 2 2
if the absolute continuities: o < P(XB§,:>,XC|do(XBéi),XDUJ)) < Eptuc hold, which
hold if P(X ,¢), Xo| do(X i), Xpus)) has a strictly positive Doob-Radon-Nikodym derivative w.r.t.
1 2
K@ - Furthermore, the converse is also true for o-finite reference measures p1 ) .~ by Corollary
1 1
2.3.20.
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of P(Xa, Xc|do(Xpw, Xpus)) and assume the following absolute continuities:

for alli € I. Then there exists a measurable pc-null set N C Xpucupuy, such that
all those conditional Markov kernels are equal on the complement N°€.

If we also assume the reverse absolute continuities for all i € I:
P(Xc|do(Xgan), Xpur)) < pe,
then all those conditional Markov kernels are versions of each other.”$

Proof. W.l.o.g. we can assume all p, to be probability measures.

1.) Let Q(X4|Xe, Xp) be the Markov kernel from Proposition 5.1.8 point 1. Recall
that conditional Markov kernels are essentially unique by Theorem 2.4.16. This shows
that the set:

N® = {mB(i)UCUDuJ € Xpmucupus | Q(XalXc =20, Xp = 2p)
# P(Xa|Xpw = 2p0, Xc = zc,do(Xpus = zpus)) }
is a (measurable) P(Xgwu, Xc|do(Xpyys))-null set. So the lifted set:
N = {xp,cupus € Xpucupus | Q(XalXe = e, Xp = ap)
# P(Xa|Xpo = xp0, Xc = x¢,do(Xpus = zpus)) },

is then a (measurable) P(Xp, X¢|do(Xpyus))-null set. Then also the finite union:
N = U N9 € Xpucupus,
i€l
is a (measurable) P(Xp, X¢|do(Xpyys))-null set as well. Note that on the complement

N¢ all Markov kernels agree with Q(X4|X¢, Xp) and are thus all equal on N¢.

2.) Consider the Markov kernel Q(X4|Xpg, X¢, Xp) from Proposition 5.1.8 point 2
and for ¢ € I the measurable set:
N = {xpucupus € Xpucupus | Q(XalXp = x5, Xc = x¢, Xp = xp)
7é P(XA|XB£¢) = xBY)’dO(XBS) = xBéi)), XC = Tc, dO(XDUJ = $DUJ))}.

Again, by the essential uniqueness of conditional Markov kernels, Theorem 2.4.16, the

set N is a P(X 5, Xe| do(X 5oy, Xpus)) @ pige-null set. The absolute continuity:
1 2 2

Upuc K P(XBY'),XC’ dO(XBéi),XDU])) ® ,LLBéi),

ZNote that absolute continuities: pue < P(X¢|do(Xgw,Xpus)) <  pce hold if
P(X¢|do(Xgw,Xpus)) has a strictly positive Doob-Radon-Nikodym derivative w.r.t. pc.
Furthermore, the converse is also true for o-finite reference measures pc by Corollary 2.3.20.
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then renders N a ppuc-null set. This shows that the finite union:
N = JNW,
iel

is a upuc-null set as well. Again, note that on the complement N°¢ all Markov kernels
agree with Q(X4|Xp, X¢, Xp) and are thus all equal on N°€.

3.) Consider the Markov kernel Q(X4|X¢, Xp) from Proposition 5.1.8 point 3 and
for ¢ € I the measurable set:

NO = {$B<i>uCuDuJ € Xpoucupus ‘ Q(Xa|Xe = 2¢,Xp = 7D)
# P(X4|do(Xpw = 2pw0), Xc = x¢,do(Xpus = zpus)) }-

Again, by the essential uniqueness of conditional Markov kernels, Theorem 2.4.16,
the set N is a P(X¢|do(Xpw, Xpyy))-null set. By the absolute continuity pe <
P(X¢|do(X g, Xpus)) we get that N@ is a uc-null set. This shows that the measur-
able set:
N = {zpucupus € Xpucupus | Q(XalXe = e, Xp = 2p)
7£ P(XA| dO(XB(i) = ZL‘B(i)>,XC = Tc, dO(XDUJ = [L’DUJ))}.

is a puc-null set as well. Then the finite union:
N = JNW,
iel

is also a pc-null set. Again, note that on the complement N€ all Markov kernels agree
with Q(X4|Xc¢, Xp) and are thus all equal on N¢. O

5.2. Adjustment Criteria and Formulae

Motivation 5.2.1. Consider an L-CBN:

M= (G+ = (J,(V,U), EY) (PU(XUI do(X,, o+ (”)))>veVUU) .

For simplicity assume that there are no input variables, i.e. J = (. Then the joint
distribution is “do-free” and given as:

P(Xv, X0) = Q) P, (XU| do(XPam(U))) ,

veUuV

with observational distribution as its marginal: P(Xy).
We also have all the interventional distributions for W C V:

P(Xyur, Xuldo(Xw) = @) P (Xuldo(Xp0v,))
vEUUV\W
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with marginals: P(Xy\w|do(Xw)).

If we wanted to learn the distribution P(Xy) we could do an observational study and
apply the usual statistical or machine learning techniques. If, in contrast, we wanted
to learn interventional distributions: P(Xy\w|do(Xw)) from data (e.g. whether vac-
cination makes people immune to a disease), we typically would need to perform an
interventional study where we intervene on the variables Xy, and set them to different
values. This usually requires expensive, time-consuming randomized control trials with
an own group for each possible value of Xy .

If we assume that we know the causal graph G or G we could try to leverage the rules
of do-calculus in a clever way and might be able to go from expressions involving do(W)
to expressions only involving do(D) for a (much) smaller subset D C W, ideally D = ).
Practically this would mean that we would need a much smaller randomaized control trial
and save time and resources.

For example, if we have the graph only involving the edge: v — vy we have that:

P(Xs|do(Xy)) = P(X3| X)),

which can be estimated using observational data only, e.g. via supervised learning.

So the question of identifiability is now: Assuming that the causal graph is known, under
which circumstances is a causal effect P(X|do(Xp)) already determined by the obser-
vational distribution P(Xy)? When can causal effects be identified via distributions that
have less interventions in them?

Notation 5.2.2. Consider an L-CBN:

M = (6" = (1.0.0), B (PG do(Xpoe ) ).

We are interested in estimating the conditional causal effect:
P(XA|X0, dO(XB, XD)),

but we only have data from:

P(Xv|Xc, dO(XD>)

We will consider the following disjoint subsets of variables:
1. A CV: the outcome variables of interest;
B C V: the treatment or intervention variables;

C C V: general conditional (context) variables under which the data was collected;

D C JUV: general interventional (context) variables that were set by the experi-
menter (assuming w.l.o.g. J C D);

R

Fy C Ve core adjustment variables, i.e. features that were measured;

6. Iy CV: additional measured adjustment variables;
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7. H C U: additional unobserved variables;
and write F' .= Fy U F7.
Theorem 5.2.3 (General adjustment formula). Consider an L-CBN:

M = (G+ = (J,(V,U),E"), <PU(XU| do(X,, (”)))>veVUU> .

Assume that all the following conditions hold in the graphs GXOUB’D) :

d

(FhUH) L Ig|(CUD), (27)
Gjo(IB,D)
d

A 1 (F”HUlp)|(BUF,UHUCUD), (28)
G;o(IB,D)
d

H 1 B|(FUCUIgUD). (29)
(-;—o(IB,D)

Further assume that we have reference measures p, on X,, v € V.U H, such that:

ppucurun < P(Xp, Xo, Xp, Xu|do(Xp)) < ppucurum,
peuron < P(Xe, Xp, Xp|do(Xp, Xp)) < peurun-

Then we have the adjustment formula:

P(X4|Xc,do(Xp, Xp)) = P(X4|Xp, Xc, Xr,do(Xp))oP(Xp|Xc,do(Xp)) LBUC-G.S.
Proof. With help of Corollary 5.1.3 (2nd rule) we can establish the a.s.-equality:
P(X4|Xp, Xg, Xc, Xp,do(Xp)) = P(Xa|Xg, Xu, Xe,do(Xp, Xp)) pruHUCUB-2.-S.,

(30)
using the assumptions (implied by eq. 28):
d
A 1 Ig|(BUFFUHUCUD,),
G;O(IB,D)
prurucu <K P(Xgy, Xu, Xo, Xp|do(Xp)) < prunucus,
prurue < P(XE, Xg, Xo|do(Xp, Xp)) < prunuc:
With help of Corollary 5.1.3 (3rd rule) we can establish the a.s.-equality:

P(XFoaXH|XC'7dO(XBuXD)) = P(XFoaXH|XC7dO(XD)) Hce-a.s., (31)

using the assumptions (implied by eq. 27):

d
(lbUH) L1 Ig|(CuD,),

:i'—o(IByD)
e < P(Xc|do(Xp, Xp)) < pe,
pe < P(Xc[do(Xp)) < pc-
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With help of Corollary 5.1.3 (1st rule) we can establish the a.s.-equality:
P(XA’XF(M XH7 XCJ XB7 dO(XD)> = P(XA’XFb? XF17 XH7 XCJ XB) dO(XD)) (32)
HF,uFrUHUCUB-Q.S.,
using the assumptions (implied by eq. 28):

d
AL F|(BUF,UHUCUD),

do(D)

prururucus <K P(Xry, Xry, X, Xe, Xpldo(Xp)) < prumumucus-
With help of Corollary 5.1.3 (1st rule) we can establish the a.s.-equality:
P(XH’XF,Xc,dO(XD)) = P(XH|XF,XC',XB,dO(XD)) HFuCuB-Q.8., (33)

using the assumptions (implied by eq. 29):

d
H L B|(FUCUD),

Gdo(D)

procus <K P(Xp, Xo, Xp|do(Xp)) < prucus-

These a.s.-equations together with the chain rule give us the following ugyc-a.s.-
equation:

P(X4|X¢,do(Xp, Xp))
= P(XA|XF07XH7XC;dO(XBvXD
QP XA|XF07XH7XCaXBadO(XD

2 P XA|XF07 XH7 XC; XBa dO(XD
XalXr, Xu, Xe, Xp, do(Xp

) o P(Xp,, Xu|Xc¢,do(Xp, Xp))
) o P(Xp,, Xu|Xc,do(Xp, Xp))
)o P(Xg,, Xy|Xc,do(Xp))
) o P(

)

~— ~— ~— ~—

XF07 XFl ) XH‘X07 dO(XD))

(

(

(

(XalXry, Xpy, Xi, Xy Xp,do(Xp)) o P(Xgy, Xk, Xu|Xc,do(Xp))
(Xa|Xp, Xu, Xo, Xp,do(Xp)) o P(Xp, Xg|Xc,do(Xp))
(

(

(

)
XA|XF, XH, Xc, XB, dO(XD ) (e} (P(XH|XF, Xc, dO(XD)) & P(XF|X0, dO(XD)))
)

XA|XF, XH, Xc, XB, dO(XD e} (P(XH|XF, Xc, XB, dO(XD)) & P(XF|X0, dO(XD)))
XA’XF,Xc,XB,dO(XD)) OP(XF’Xc,dO(XD)).

Note that the disintegration:
P(XF, XH‘XCU dO(XD)) = P(XH’XF, Xc, dO(XD)) X P(XF|Xc, dO(XD>)

holds (only) P(X¢|do(Xp))-a.s., as for the conditional P(Xy| X, X¢,do(Xp)) we have
the ambiguity if it is considered a conditional of P(Xr, Xg|X¢,do(Xp)), for which then
we have “sure” equality, or, if it is considered a conditional of P(Xp, Xy, X¢|do(Xp)),
for which then we have only the above “almost-sure” equality. Further note, that by the
assumption on the reference measures, the above equality then also holds pc-a.s. O
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Corollary 5.2.4 (Conditional interventional backdoor covariate adjustment formula).
Consider an L-CBN:

M= (G+ = (J,(V,U), EY), (PU(va do(X,, o+ (”)))>veVUU> .

Assume that the conditional interventional backdoor criterion in the graphs Gao(r,,p)
holds:

d
1. F 1 Ig|(CUD), and:

Gao(1g,D)

d
2.A L1 Ig|(BUFUCUD).

Gao(1g.D)

Further assume the following absolute continuities:

ppucur <K P(Xp, Xe, Xp|do(Xp)) < ppucurs
peur < P(Xe, Xp|do(Xp, Xp)) < peur-

Then we have the adjustment formula:
P(XA|XC7 dO()(B7 XD)) = P(XA|XB, Xc, XF, dO(XD))OP<XF|Xc, dO(XD)) HBuc-a.S.
Proof. 1t follows by the same arguments as in Theorem 5.2.3 with F} = H = (). n

Without the conditioning set, i.e. C' = (), and direct careful analysis we get a version
with slightly weaker positivity assumptions:

Corollary 5.2.5 (Interventional backdoor covariate adjustment formula). Consider an
L-CBN:

M= (G+ = (J,(V,U),E*), (pv(va do(X,, o+ (”)))>v€VUU> .

Assume that the interventional backdoor criterion in the graphs G, py holds:

d
1. F 1 Ig|D, and:

GdO(IBJ?)

d
2.A 1 Iz|(BUFUD).

Gao(15,D)

Further assume the following absolute continuity:
P(XF| dO(XD)) & P(XB| dO(XD)) < P(XF, XB| dO(XD))
Then we have the adjustment formulas:

P(XA,XF|dO(XB,XD)) = P(XA|XF,XB,dO(XD)) ® P(XF|dO(XD)) P(XB]do(XD))—a.s.,
P(XA’dO<XB,XD)) IP(XA‘XF,XB,dO(XD)) OP(XF‘dO(XD)) P(XB]do(XD))—a.s.
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Proof. First, note that “do(Xp)” appears in every Markov kernel in the above formulas.
So for readability, we will drop it in the following everywhere.

By the first d-separation assumption we see by Proposition 5.1.8 (rule 3) that we have
the “sure” equality: P(Xr|do(Xp)) = P(XF). By the second d-separation assumption
we see by Proposition 5.1.8 (rule 2) that we have a Markov kernel P(X4|Xr,do(Xp))
that is also a version of P(X 4| Xr, Xg). So any version of P(X4|Xr, Xp) can be changed
on a P(Xp, Xp)-null set N C Xp x Xp to get P(X4|Xp,do(Xp)). The absolute conti-
nuity assumption implies that N is also a P(Xp) ® P(Xp)-null set. This implies that
we have the equations of Markov kernels:

P(X4|Xp,Xp) ® P(Xp) ® P(Xp) = P(X4|Xp,do(Xp)) ® P(Xp)® P(Xg)
= P(XA‘XF,CIO<XB)) X P(XF’ dO(XB)) &® P(XB)
= P(XA,XF| dO(XB)) & P(XB)

By the essential uniqueness of conditional Markov kernels we get that:
P(XA, XF| dO(XB)) = P(XA|XF, XB) & P(XF) P(XB)—a.S.
Marginalizing out Xz on both sides gives us the remaining claim. O

We can now further specialize to the case with C' = D = J = () and immediately get:

Corollary 5.2.6 (Backdoor covariate adjustment). Assume that the backdoor crite-
rion holds:

d
1. F 1 Ig, and:

Gdo(IB)

d
2. A 1 Iz|(BUF).

Gao(1p)

Further assume the following absolute continuity:
P(Xr)® P(Xp) < P(XF, Xp).

Then we have the adjustment formulas:

P(XA, XF| dO(XB))
P(XA| dO(XB))

P(Xa|XFp, Xp) ® P(XF) P(Xp)-a.s.,
P(X4|Xp,Xp)o P(Xp) P(Xp)-a.s.

Remark 5.2.7. An ezample how the adjustment formula may fail if the strict positivity
assumptions are not met is provided in Fxample 5.3.29.
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5.3. The ID-Algorithm
Consider an L-CBN:

= (6 = 00 (Rt ) )

with observable CADMG G. For disjoint subsets A, B,C' C V we want to infer the con-
ditional interventional distribution P(X 4|Xp, do(X juc)) in terms of (repeated products
and) conditional marginals of the observable Markov kernel P(Xy|do(X;)) and knowl-
edge of G. In this subsection we will restrict ourselves to the case P(X4|do(Xuc))
with no conditioning and present the ID-algorithm, which can tell if this is possible or
not (in precise terms), and if so, provides us with a formula to do so. We will start
this subsection with a series of necessary definitions, notations and lemmata. The main
references are | , , , , , , , , , |.

5.3.1. Core Definitions and Notations

Definition 5.3.1 (Identifiability of interventional distributions/Markov kernels). Let
G = (J,V,E,L) be a CADMG and B CV and C C JUYV disjoint subsets. We say
that the interventional distribution/Markov kernel of C onto B is identifiable from G,
or, more in generic symbols, that P(Xg|do(X uc)) is identifiable from P(Xy|do(X))
(and G ), if for every two L-CBNs My and My with the same:

1. observable CADMG G1 = G5 = G, and:
2. underlying spaces Xy, = Xo,, =1 X, forve JUV, and:
3. observable Markov kernels Py(Xy|do(X,)) = Py(Xy|do(Xy)),

we also have the equality of the interventional Markov kernels:
Pl(XB| dO(XJUc)) = PQ(XB| dO(XJUc)).

Sometimes we further restrict the class of CBNs to define/achieve identifiability, e.g.
by adding “for linear Gaussian CBNs” or “for discrete CBNs with strictly positive mass
functions”, etc., and then only require My and M, to come from such classes.

In the following we introduce a somewhat more vague, but constructive, notion of
identifiability, which we coin trackability that allows us to follow certain marginalization,
conditioning and multiplication steps to arrive at the wanted interventional Markov
kernel.

Definition 5.3.2 (Trackability (up to specifications)). Let G = (J,V, E, L) be a CADMG
and B CV and C C JUV disjoint subsets.

1. We say that the interventional distribution/Markov kernel of C' onto B is track-
able from G, or simply that P(Xp|do(Xuc)) is trackable from P(Xy|do(X,))
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(and G ), if there exists a finite sequence of operations, only involving marginaliza-
tion, conditioning and multiplication of Markov kernels, applied to previously de-
termined Markov kernels, starting from P(Xy|do(X)), with predetermined target
sets T,, C G, indicating on which variable the operation is applied to, such that for
every L-CBNs M with observable CADMG G we can compute P(Xg|do(X uc))
from P(Xy|do(Xy)) when we follow the above sequence of operations (and this
should work no matter which version of conditional Markov kernels were used).

2. We say that P(Xp|do(X, uc)) is trackable up to specifications “ryz” from
P(Xy|do(X,)) (and G), if the same as above holds true, but whenever we con-
dition, which leads to a Markov kernel only up so some null sets, we use the
specifications “vyz” to pick a certain version of conditional Markov kernel at each
step such that following the pre-specified operations leads to P(Xpg|do(X  uc)).

3. We say that P(Xp|do(Xjuc)) is trackable up to oracle choices from P(Xy|do(X))
(and G ) if there exists a conditional Markov kernel at each conditioning step (“cho-
sen by an oracle that knows M?”) such that following these operations leads to

P(XB| dO(XJUc))‘

4. Again, we sometimes further restrict the class of CBNs to define/achieve track-
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ability (up to oracle choices), e.g. by adding “for linear Gaussian CBNs” or “for
discrete CBNs with strictly positive mass functions”, etc., and then only allow M
to come from such classes.

Example 5.3.3. To illustrate how such a series of operations could look like consider
the CADMG G from Figure 12 with V = {vy,va,v3}. We assume that the observational
distribution P(Xy, Xa, X3) is given. A list of operations could look like:

1. Condition P(X1, Xs, X3) on (X1, Xs) and get a version P(X;5|X1, Xa).

Further specification could be (if possible): “take a continuous version” or “take a
version that is only dependent on variables X1” or "take a strictly positive version”.

2. Marginalize out (X2, X3) from P(X1, X2, X3) and get P(Xy).

3. Take the product of the previous two Markov kernels: P(X3|X1, Xs) ® P(X4).

4. Marginalize out Xy from the last Markov kernel and get: P(X3|X1, Xs5) o P(X3).
Lemma 5.3.4. Let G = (J,V,E,L) be a CADMG.

1. If P(Xg|do(X uc)) is trackable from P(Xy|do(X)) then it is also identifiable.

2. If P(Xp|do(Xue)) is trackable up to oracle choices from P(Xy|do(Xy)) then it
is also trackable (and thus identifiable) for discrete CBNs M with strictly positive
mass functions: p(xy|do(zy)) >0 for all xy, ;.
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Proof. The first point is clear as the sequence of operations always ends in the same
result. For discrete CBNs M with strictly positive mass functions conditional Markov
kernels are unambiguous, thus a sequence of marginalization, conditioning and products
always leads to the same result. Note that marginals, conditionals and products of
strictly positive mass functions also are strictly positive mass functions. O

(a) (b) (c)
@3

Figure 11: (a) A DAG with two nodes. (b) An ADMG with two nodes. (¢) An ADMG
with three nodes. The interventional distribution P(X5|do(X7)) is trackable
up to oracle choices from P(X;, X5, X3) in (a) and (c), but not in (b).

Example 5.3.5. Consider the DAG G = (V, E) from Figure 11 (a) with V = {vy, v}
and E = {v; — vy}. Let X; := {a,b,c} and X5 := {0,1}. Define the following Markov
kernels P1(X,) := P1(Xs) := P(X;) via:

P(X);=a):= %, P(X;=b):= %, P(X; =¢):=0,
and further:
P (X5 do(X; = a)) = Bern(1/4), Py(X5|do(X; = a)) = Bern(1/4),
P1<X2| dO(Xl = b)) = Bern(3/4), P2<X2| dO(Xl = b)) = Bern(3/4),
P (Xs5|do(X; = ¢)) = Bern(1/8), Py(Xs5|do(X;y = ¢)) = Bern(7/8).

Then we have two CBNs with observable DAG G, the same underlying spaces and the
same observable Markov kernel:

P(Xl,Xz) = Pl(X2| dO(Xl)) & Pl(Xl) = PQ(X2| dO(Xl)) & Pz(Xl),
given by:

M, = (G, (Pi(X1), Pi(Xz[do(X1))))
M; := (G, (P(X1), P2(Xz| do(X71)))) -

Furthermore, consider the Markov kernel P(X5|X;) given by:

P(X5| X1 = a) = Bern(1/4),
P(X5|X; =b) = Bern(3/4),
P(X5|X; = ¢) = Bern(5/8).

We thus have three different versions of the conditional Markov kernels of P(X1, X»):

P(X3|X1) # Pi(X5|do(X1)) # Po(Xz|do(X1)) # P(X2]X).
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This shows that the interventional distribution P(Xs3|do(Xy)) is not identifiable (and
thus not trackable) from P(X1, X3) and G. However, it is trackable up to oracle choices
from P(X1,Xs) and G. It would thus be trackable (and identifiable) for discrete CBNs
with strictly positive mass functions, e.g. here if we also put positive mass on P(X; =
c) > 0.

Notation 5.3.6. Let G = (J,V,E, L) be a CADMG, < a topological order of G and let
veC CV. We then put:

Ancl(v) := Anc%e© (v) N C,

Pred' ](v) = Pred dO(CC)( )yncC = Pred?(v) N C,
Dist!¢! (v) := Dist%ew (v) N C = Dist %) (v),
Dist!] (v) := Dist (v )ﬂPred[f} (v),

D[C] = {DlStC]( )’vGC}.
Similarly, if we use the subscript < we then also include v. Also note that the dependence

on G in the above constructions is implicit.

Notation 5.3.7 (The key interventional Markov kernels). Let M be an L-CBN with
with observable CADMG G = (J,V, E, L) and C CV any subset. We will abbreviate:

Q[C] = P(XC|dO(XJuV\C) P(Xc|do m7 XPaG(C \c

where the latter identification comes from Lemma 5.5.8 (using the global Markov prop-
erty), which is “surely” determined, and not just up to some null-set.
Note that we have the corner cases:

QV] = P(Xy|do(X,)), <[] =0..

Lemma 5.3.8. Let M be an L-CBN with with observable CADMG G = (J,V, E, L) and
C CV any subset. Then we have the identification:

P(Xc|do(Xyune)) = P(Xcl do(X puprae@io), Xpac(c

Proof. This follows from the global Markov property with:

d
¢ L LIy (cupat (o)) | Pa%(C) \ C.

Gdo(lv\(cupac ©) ,PaG(C)\C)

To elaborate the latter, let P := Pa®(C)\ C and W := V \ (C UPa%(C)) and:
=V\P=CUW, J = (J\P)UP, G = Gao(1yy,P)-
Now consider a walk from a node ¢ € C' to a node j € J'U Iy in G

T C Ak ek g,
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If j € P then the walk is blocked by P at the endnode 7 € P. So lets assume the case
j ¢ P. Then the walk is of the form:

(g CoHRk kR - g,
with a w € W. So we can write it further as:
T C = Cp ¥k Cp *k oo Rk P kR kY - g

with co,...,cp € C for some k > 0, and v ¢ C, the first occuring node not in C' (on
7 from the left). Note that v = w is possible. If the edge ¢, ** v is of the form
¢ < v then v € P and the walk is blocked by P at the non-collider v. So we can
assume the case where the edge is of the form ¢; *> v. This means that on the subwalk
Cp *> v ** ... %=  <+— 7 we must have at least one collider. This collider is then
blocked by P as no collider can be an ancestor of a node in P inside G’, because P
consists only of input nodes of G.
This shows the claim:

d
1 Iy | P.
C LIy

The rest then follows from the global Markov property. m

5.3.2. The Interventional Ordered Local Markov Property

One of the ingredient for the ID-algorithm is the ability to track (up to oracle choices) the
interventional Markov kernel Q[D] for districts D of G from Q[V]. The key ingredient
to achieve this is the interventional ordered local Markov property, which provides us
with certain well-behaved Markov kernels that appear in factorizations of both Q[V/]

and Q[D].

Definition 5.3.9 (The preceding Markov blanket of a node). Let G = (J,V, E, L) be a
CADMG and < a topological order. For v € V we make the following abbreviations:

G<(v) := Predg(v),
Dig(v) = Dist=)(v),
Dif(v) := Dig(v) \ {v},
PaD¢(v) := Pa%(Dig(v)) \ Dif(v),
Mb& (v) := PaD%(v) UDi%(v)
= Pa’(Dist“<® (v)) U Dist®<® (v) \ {v} .

We call Dig(v) the preceding district and MbS(v) the preceding Markov blanket
of v in G w.r.t. <. Note that this definition depends on the topological order < and that
we have the inclusions:

Di%(v) € MbS(v) C Pred<(v).
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Proposition 5.3.10 (Interventional ordered local Markov property). Let M be an L-
CBN with with observable CADMG G = (J,V,E,L) and a fized topological order <.

Then for every v € V we have the conditional independence:

.;(1) J.I_ .;( G | .;( G
PredZ (v) MbZ (v)-
P(Xv| dO(XIv\Dig(u)’ J

In particular, there exists a Markov kernel, denoted by:

Q(XU’XMbg(v)> or Q(X’U|XDig(v)7dO(XPaDg(v)))u

that simultaneously is a version of:

P(X,|X

Pred[<v](v)’ dO<XJ>) and P(XU‘XPredLD] (v) dO(XJUV\D))7

for every subset D C V' with Dig(v) C D, e.g. D = Dist%(v).

Proof. This follows from the global Markov property, Theorem 4.2.1, together with the
d-separation statement:

L Predf() | MbC(v),

Gao
d (IV\Dig(v))

See Lemma 5.3.12 and Lemma 5.3.13. O

Proofs - The Interventional Ordered Local Markov Property
For the next two Lemmata we introduce some shorter notations:

Notation 5.3.11. Let G = (J,V, E, L) be a CADMG, < a topological order for G and
v €V a fired node. For a subset W C J UV we abbreviate:

We:={weWlw<uv}, We ={weW|w<vVw=uv},
and W5 and W> accordingly.

The next Lemma is the graphical center piece that makes the ID-algorithm possible. It
could be called the graphical version of an “interventional ordered local Markov property”,
whose distributional counterpart is stated in the Lemma after.

Lemma 5.3.12. Let G = (J,V,E,L) be a CADMG, < a topological order for G and
v €V a fized node. Let D CV be a subset such that v € D and Dist®<(D<) C D, where
G< = Pred%(v) is the ancestral subgraph of predecessors of v in G, e.g. D = Dist®(v)
or D = Dist®<(v). Then we have the d-separation statement:

d
{v} 1L V.|Pa%(D<)UD..

Gao(ty\ p_)
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Proof. We abbreviate:

G = G F:=Pa%D<)UD..

Iy\p )

Assume the contrary to the claim and let m be a shortest path from v to a node w €
JU Iy\p UV, in the graph G. Tt is clear that w # V.

If w € F then 7 is blocked by F' at the endnode w. So we can assume that w ¢ F,
in particular, w ¢ D<. So there exist vg, ...,v; € D< for some k > 0 and w ¢ D< such
that 7 is of the form:

T V= g Rk e keok g ek D Rk e ek ),

where @ is the first node from the left that is not in D<, which exists since w ¢ D<.
Since vi, € D< it is clear that w ¢ Iy\p_. Sow € JUV \ D<.

If the edge vy *—*  is of the form v, <— @ then @ € Pa®(D<). So in this case 7 is
blocked at the non-collider w by F'.

So we can assume the case vy *> w. This implies that @ cannot lie in the set of input
nodes of G, which implies that @ ¢ J U Iy p_. With this we then get that @ € V' \ D-.

Assume the case that @ € V5 and 7 is of the form:

T V= Up kK -+ Rk U K = Wy KK - Rk W, = W,

where the subwalk wg *—¢ - - - *=x w0, has no colliders. Because of the edge v, *> w this
subwalk necessarily is directed to the right and we get:

T V=g Rk KR Y R =Wy > s Wy, = W.

Then the endnode w is not an input node, w ¢ J U Inp., and v < w < Wy, = w, thus
w € V5. But this is a contradiction to w € JU Iy p UV, So this case cannot occur.
Now assume the case that w € V5 and 7 is of the form:

T U:UOH...HU]{:H’{Z):’(IJOH...meH...Hw7

for some m > 0, with a directed subwalk wg — --- — w,,, where w,, is the first node
after w where a collider occurs, which could be w itself. Again we have v < w < w,,
and thus @, € V.. This implies that @, ¢ Anc®(F), since Anc®(F) C JU V.. So 7 is
blocked by F' at the collider w,,.

So we are left with the cases vy *> @ and w € V_ \ D<.

Now consider the case of a directed edge vy, — @ and w € V. \ D<. If vy # v then
7 is blocked at the non-collider v, € D by F. So we can assume that vy = v. This
implies v < w and thus w € V5, which contradicts @w € V_. So this cannot occur.

Now consider the case of a bidirected edge v, <> w and @w € V. \ D<. Then both
nodes vy, W € G< and @ € Dist?<(v;,). By the assumption of this Lemma we have:

w € Dist?s (v;,) C Dist®<(D<) € DNG< = De.

So W € D<, which contradicts 1w ¢ D<. So this case cannot neither occur.
So we have shown that in all cases that can occur the path 7 in G is blocked by F'.
This shows the claim. O
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The last Lemma allows us to use the global Markov property for the existence of
special Markov kernels that are of importance for the ID-algorithm:

Lemma 5.3.13 (Interventional ordered local Markov property). Let M be an L-CBN
with with observable CADMG G = (J,V, E, L) and a fized topological order < and fized
veV. Let G< := Predg(v) be the ancestral sub-CADMG of predecessors of v in G and
let:

D< := Dist“<(v), F:=Pa%(D)UD<\ {v}.

Then we have the conditional independence:

v XV< | XF
PXv ldo(X1y,\ p_ X))

In particular, there exists a Markov kernel:
Q(Xu|XF)
that simultaneously is a version of:
P(Xy| X, do(Xun\s)),

for every subsets H,S C V such that D« C S CV and FNS. C H C V.. Note that
this includes the corner cases:

1 P X’U|XV<7 dO(XJ)),

. P(X,|Xs.,do(Xsumns)),

(
2. P(Xy|Xpav.,do(X)),
3. P(
4. P(Xy|Xpns., do(Xjuns)),
5. P(X,|Xp_,do(X;unp.)).

Proof. By Lemma 5.3.12 we have the d-separation:

d
{v} L V. |F

dD(IV\D§>
By the global Markov property, Theorem 4.2.1, we get:

v 4L Xy, | Xp.
P(Xv_|do(X1y, 1, X))

So there exists a Markov kernel Q(X,|Xr) such that:

P(XVg ’ dO<XIV\D§ ) XJ)) = Q(XUIXF) ® P(XV< | dO(*XIV\DS ) XJ)) (#)
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For a subset S C V with D< C S we have:
V\De=(V\S)U(S\ D).
By putting XIS\D< =% and Xy, o = zy\g we get:
P(XVS| dO(Xv\S,XJ)) = Q(XU|XF) ® P(XV<|dO(Xv\S,XJ)).

Now consider another subset H C V. with FF N S. C H. Then marginalizing out
XVS\({v}UH) gives us:

P(Xy, Xg|do(Xjuns)) = Q(X| XFr) @ P(Xg|do(Xjuns))-
This shows that Q(X,|Xr), simultaneously, is a version of:
P(Xv|XHadO(XJUV\S))a

for every subsets H, S C V such that D« €S CV and FN.S. € H C V.. This shows
the claim. [

5.3.3. Ancestral Sets and Districts

Lemma 5.3.14 (Ancestral subsets are trackable). Let M be an L-CBN with with obseruv-
able CADMG G = (J,V,E,L) and A C V be a subset such that A = AnclVI(A). Then
we have the equality between the interventional distribution Q[A] and the A-marginal of
Q[V]:

Q[A] = P(Xa|do(Xjuv\a)) = P(Xaldo(X)).

Proof. By Lemma 5.3.8 we only have to show the right identity:
!
Q[A] = P(Xa|do(Xjuv\a)) = P(Xa|do(X)).
The latter follows again from the global Markov property and the d-separation:
d
A L ILnald
Gdo(Iy\ 4)

This d-separation holds true since every walk from a node v € A to a node j € JU I 4
is either blocked by J as the endnode j € J or is of the form:

T VR g Rk ey Rk ] R ok -
with a w € V'\ A, j € Iy\a, a1,...,a; € A for some k > 0 and w’ ¢ A, the first node

not in A on 7 from the left (w’ = w possible). In case the edge a; *— w’ is of the form
a, +— w' we have:

w' € Anc®(A) \ A = Anc®(A) \ AncV1(A) C J.

So in this case the walk is blocked at the non-collider w’ by J. So we can consider the case
where the edge is of the form a; *> w’. Then the subwalk aj *> w’ *—= - - - x> w <— j
must contain a collider. This collider can not be an ancestor of J, as J are the input
nodes. So the walk is blocked by J in all cases. O]
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Remark 5.3.15 (Districts are trackable up to oracle choices). Let M be an L-CBN with
observable CADMG G = (J,V, E, L).

1. Since the Markov kernel Q(Xo|Xypc(,)) coming from the interventional ordered
local Markov property, see Proposition 5.53.10, is a version of both:

P(X,|X do(X)) and P(Xo| X5, e o dO(XJuV\D))

Pr d[V (v)’

for D = Dist®(v), which are marginal conditionals of the interventional distribu-
tions Q[V] and Q[D], resp., the Q(Xy|Xye(y)) s are trackable from either quantity
up to oracle choices.

2. We get the following factorization by the chain rule for every D € D[V]:

> >
= Q) P(X[X,,, 1, do(X)) = Q) Q(XulXanew):
veV veV
> >
= Q) P(XulXp, 1 do(Xovin) = Q) QX Xy ).
veD veD

3. In particular, Q[D] is trackable from Q[V] up to oracle choices by first determining
Q(XV\XMbg(U)) forv € D via marginalization and conditioning and then taking the
product of Markov kernels in reverse order of <.

4. The above seems to give us something like a factom’zatz’on:

Q[V] :®Q(XU|XM1)§(U)> = ® ® Xv|XMb§(v))

veV DED V])veD
> > i >

- @ | (@ewinen) - | @ [am
DeD[V] veD | DED[V]

where the products in brackets are not well-defined in the naive way, as the districts
of a CADMG don’t need to be topologically ordered. Nonetheless, if we are given
a fized topological order < and the interventional Markov kernels Q[D] for every
D € D[V] then we can first track Q(Xo|Xype () from Q[D] up to oracle choices
for every v € D and every D € D[V] and then take the product on the top left.

Definition 5.3.16. Let M be an L-CBN with observable CADMG G = (J,V, E, L) and
a fized topological order <. Let D C D[V be a set of districts of G. Then we put:

e

DeD

Q[D] = ® Q(XU|XMb§(v))7

v€Upep D

where the product on the right is taken in reverse topological order. Note that for G' :=
Gao(pey and v € D we have MbS (v) = MbS(v). So the set MbS(v) can be determined
by the subgraph G' and < alone.
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5.3.4. The ID-Algorithm

Now we come to the main part of this section, the ID-algorithm for the identification of
causal effects, or, more precisely, the trackability up to oracle choices of interventional
Markov kernels, from the observable Markov kernel. The main references are | ,

Y ) ) ) ) Y Y ) ]

Algorithm 5.3.17 (ID-algorithm). Let M be an L-CBN with with observable CADMG
G = (J,V,E,L) and a fized topological order <. Let ) # B CV and C C JUV be
two disjoint subsets of nodes. We want to query if the interventional Markov kernel
P(Xg|do(X, uc)) is trackable up to oracle choices from the observable Markov kernel
P(Xy|do(X;)) = Q[V] and G.

1. Put B := Anc%e©(B)\ (JUC)C V.
Then P(Xp|do(X uc)) is the B-marginal of P(Xge|do(X uc)) = Q[BY].
So we are left to determine if we can track Q[BC] from Q[V] up to oracle choices.
2. Find the districts D|B¢] = {S1,..., Sk} and put Ao :=V fork=1,... K.
Note that Q[Ay o] = Q[V] is trivially tracked from Q[V].

3. For each k =1,..., K repeat the following steps recursively for ¢ € N:
a) Take the district in Agy:

Dkyg = DiSt[Ak’e] (Sk)

We can track Q[Dyy] from Q[Aye| up to oracle choices by Remark 5.5.15.

b) Take the ancestral closure in Dy :
Ak,é+1 = ADC[D’M]<S]€).

We can track Q[Ake+1] from Q[Dy 4| via marginalization by Lemma 5.3.1}.
¢) If Dyy = Agy or Axpr1 = Diy then stop for this k and put:

S'k = Dy .
Otherwise, repeat with: € < ¢+ 1.
4. When the algorithm has stopped then for every k =1,..., K we have:
Se = Ancl(8,) = Distl¥(S,,) D .
Furthermore, we have tracked all Q[Sy)’s recursively from Q[V] up to oracle choices.

5. If there is any k =1,..., K with S, # Si then the ID-algorithm outputs: FAIL.
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6. Otherwise, we have for all k = 1,... K that Q[Sy] = Q[Sk| and we can track
Q[BC] from Q[V] up to oracle choices via:

>

QB =| & | Qs

S,eD[BC]
and P(Xg|do(X uc)) as the B-marginal thereof.

Corollary 5.3.18 (Soundness up to oracle choices). The ID-algorithm 5.53.17 is sound
up to oracle choices. This means that if it does not produce FAIL for input B,C' C G
then P(Xpg|do(X uc)) is trackable up to oracle choices from P(Xy|do(X;)) and G.

Proof. This is clear as each step in the ID-algorithm is trackable up to oracle choices.
Note that the operations at each step can be formulated by knowing GG, B and C' alone
without knowing M in advance. O]

Theorem 5.3.19 (Soundness up to null-sets). Let G = (J,V, E, L) be a CADMG with
a fixed topological order <. Consider the class of L-CBNs M with observable CADMG
G such that the following holds:

1. Fach measurable space X, comes equipped with a fized measure i, forv eV,

2. for every subset D C 'V the interventional Markov kernel Q[D] = P(Xp|do(Xju\p))
is absolute continuous w.r.t. the product measure jip = Q) p tho and vice versa:

pup < Q[D] < pp.

If the ID-algorithm does not produce FAIL for input B,C C G, then P(Xg|do(X uc)) is
“almost-surely” trackable from P(Xy|do(X;)) and G for such CBNs M, i.e. the Markov
kernel that was output by the ID-algorithm equals P(Xp|do(X uc)) up to a pygo-null
set in X\ po (see Remark 5.3.20 below).

Proof. See Theorem 5.3.31. m

Remark 5.3.20. 1. For the almost-sure soundness in Theorem 5.3.19 to hold one
implicitely needs/is allowed to make slight relaxations to the ID-algorithm 5.3.17:

Instead of insisting on taking the conditionals Q(XU|XMb§’ (U)) of Q[D] forve D C
V' one takes any version of that conditional of Q[D]® py\p that is only dependent
on predecessors of v, which will always be possible as Q(Xv\XMbgf (U)) 1S an existing
such version.

2. The conditions of Theorem 5.3.19 are satisfied for a L-CBNs M with CDAG G+ =
(J,UUV, E) if every Markov kernel P,(X,|do(X,, e+ (v))) has a strictly positive
Doob-Radon-Nikodym derivative/density w.r.t. the measure p, for all v € V, see
Lemma 5.3.33.
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Theorem 5.3.21 (From almost-sure to sure soundness). In addition to the conditions
in Theorem 5.3.19 assume:

1. X, is a Polish space for everyv € JUV,
2. py is strictly positive (on non-empty open subsets of Xy ),

3. the queried interventional Markov kernel is continuous as a map:

P(XB’ dO(XJUc)) : Xyuo — P(XB>

Then the output p(XB]XJUV\Bc) of the ID-algorithm (in the not-FAIL case) can be
changed on a piy\ go-null set in Xj\go such that it becomes continuous as a map:

p(XB|XJUV\BC) : Xyuv\pe — P(Xp).

Fvery such continuous version of P(XB|XJUV\Bc) 15 then necessarily identical to the in-
terventional Markov kernel P(Xpg|do(X uc)). These conditions thus allow us to recover
from the ambiguity resulting from the null-sets.

Proof. The existence of such a null-set is clear, because P(X B X juv\Bc) I8 iy po-almost-
surely equal to P(Xp|do(X uc)), and the latter was assumed to be continuous. The
uniqueness follows from Lemma 2.4.23. O]

Remark 5.3.22. The statement of Theorem 5.3.21 can be further relazed by asking
for Polish spaces X, only for v € V', strict positivity only for pn\pc and only for the
continuity of the maps:

Xevg = P(Xp), zovg— P(Xp|do(Xjue = (27, 20\)),
for every xy; € Xj separately, by then applying the criterion from Theorem 5.3.21 for
each partial input x; € X; separately.

Example 5.3.23. All stated assumptions of Theorems 5.5.19 and 5.3.21 are satisfied if
every Markov kernel of the L-CBN M is linear Gaussian:

PU(XU € dl‘v| dO(XPaG+(U) = xPaG+ (’U))) = N(dwU|FU . I’Pag+ (v) + Yovs Ev),

with transition matrixz Ty, translation vector v, and positive definite covariance matrix
Y = 0 and Lebesque measures ji,, v € UUV.

Theorem 5.3.24 (Completeness, see | ). The ID-algorithm is complete.

More precisely, if the ID-algorithm outputs FAIL for subsets B,C C G = (J,V, E, L)
then there exist two L-CBNs My and M, with the same observable CADMG G, the same
and discrete underlying spaces X, forv € JUV | and the same observable Markov kernels
P (Xy|do(Xy)) = Py(Xy|do(X,)) that have strictly positive mass functions such that:

Py(Xp|do(Xjuc)) # Po(Xp|do(Xuc)).

In particular, in case of FAIL, P(Xg|do(X uc)) is not identifiable from P(Xy|do(X))
and G.
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Remark 5.3.25 (Identification of conditional causal effects, see | ). If we want to
know if the conditional interventional Markov kernel P(X 4| Xp,do(Xuc)) is trackable
up to oracle choices from P(Xy|do(X;)) and G then we can run the ID-algorithm for
AUB and C. If it does not output FAIL then P(Xaup|do(X, uc)) is trackable up to
oracle choices from P(Xy|do(X,)) and G and by conditioning on Xpg afterwards so will
P(XA|XB, dO(XJUc')) be.

However, note that there is a “conditional” version of the ID-algorithm, see | /,
that can check if (and conclude that) P(X4|Xp,do(X uc)) is trackable up to oracle
choices from P(Xy|do(X,)) and G even if the (unconditional) ID-algorithm outputs
FAIL for P(Xaug|do(X,uc))-

Examples

Example 5.3.26. Consider the DAG G = (V, E) from Figure 11 (a) with V = {vy,v,},
E ={v; — vy}. We want to determine if we can identify P(Xy| do(X7)) from P(X1, X5)
in case we have a discrete CBN with strictly positive mass function: p(xi,xq,x3) > 0.
For this let B := {vy} and C := {v;}. Note that we have the topological order vy < vy.
We then follow the steps of the ID-algorithm:

1. Q[V|(z1,x2) := p(x1, x2).

2. B¢ = Anc%@(B)\ C = {v,}.

3. D[BY] = {S = {vy}}. So we compute:
a) Dy = Dist!V(S) = {v,}. Compute:

Q[V](x1, x2)

Dol (2lr) = alwaln) = =573

= p(x2|x1).

b) Ay = Anc!Pl(S) = {v,} = Dy, thus S = Dy = {v,} = S. Compute:

Q[S](w2]z1) = Q[Do)(w2|21) = p2]21).

4. Since S = S = {v,} we can compute:
QB (w2]z1) = Q[S1](w2|21) = plwsr1).

So we can identify P(X2|do(X1)) from P(X1, Xs) as the conditional P(X»|X1) via the
mass function from above.

Example 5.3.27. Consider the ADMG G = (V,E, L) from Figure 11 (b) with V =
{v1,v2}, E ={vy — va} and L = {v; <> vo}. We want to determine if we can identify
P(Xs|do(X1)) from P(Xy,Xs3) in case we have a discrete CBN with strictly positive
mass function: p(xy,xe,x3) > 0. For this let B := {ve} and C := {v;}. Note that we
have the topological order vy < vo. We then follow the steps of the ID-algorithm:
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1. Q[V(xy, x2) := p(x1, x2).
2. B¢ = Anc%e@(B)\ C = {uv,}.

3. D[BC] = {S = {vy}}. So we compute:
a) Dy = DistV(S) = {vy,v,}. Compute:

q(z1) = Q[V](x1) = p(z1),

~ Q[V](z1,72) — p(pole
Q(CL‘2|I1) = —Q[V](xl) p( 2| 1)7
Q[Do]($17$2) = q(w2]x1) - q(21) = p(x1, 22).

b) Ay = Anc!®N(S) = {vy, 00} = Dy, thus S = Dy = {vy,v.}. Compute:

Q[S](x17332) = Q[Do(x1,x2) = p(z1, 22).

4. Since S = {vy,v,} # {vy} = S the ID-algorithms outputs: FAIL.
So we can not identify P(Xs|do(X1)) from P(Xy,X3) and G.

@ @) (b) © o
F— B [

Figure 12: A DAG with three nodes and its intervened graphs.

Example 5.3.28. Consider the DAG G = (V, E, L) from Figure 12 with V' = {vy, vy, v3},

E ={vy — vg,v1 — v3,v3 — v3}. We want to determine if we can identify P(Xs3| do(X32))
from P(Xy, X, X3) in case we have a discrete CBN with strictly positive mass function:
p(x1, 9, x3) > 0. For this let B := {vs} and C := {vs}. Note that we have the topological
order vy < vy < v3. We then follow the steps of the ID-algorithm:

1. Q[V (1, 2, x3) 1= p(x1, T2, T3).
2. B€ = Anc%e©(B)\ C = {vy, v3}.
3. DIB = {8, = {v1}, Sy = {vs}}, see Figure 12 (b).

4. For Sy = {v}:
a) Do = Dist"V1(S)) = {v1}. Compute:

Q[Dl,o](ﬂfl) = q(r1) = Q[V](z1) = p(1).
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b) Ay = AncPro(S)) = {1} = Dy, thus Sy = Dyo. Compute:
Q[S1](1) = QD1 o)(w1) = pl1).

¢) Sy = {v} = S). Compute:
Q[S1](w1) = QlSi](z1) = p(a1).

5. For Sy = {vs}:
a) Dag = Dist!V1(Sy) = {vs}. Compute:

QV (21, 3, x5) _
QV](z1,x2)

Q[Dsol(xs|x1, x2) = q(x3]21, 22) = pxs|ar, xa).

b) Ay = Anc[DQ*O}( 1) ={vs} = Day. thus Sy = Dy . Compute:
Q[gz](I3’$1,iU2) = Q[D2,0]($3’$1,l’2) = P($3’$17l’2)-

¢) Sy = {vs} = Sy. Compute:
Q[Ss)(w3|wy, 22) = Q[SQ](3?3’3317$2) = p(xs|z1, 22).

6. Since both S, = S, = {1} and Sy =8y = {vs} we can compute:

Q[BC) (21, ws|x) = Q[So] (w3|w1, 22) - Q[S1](1)
= p(x3|:c1,a:2) ‘P(371),
p(z3] do(z2)) Z QB xl,x3|x2)

= Zp x|z, w2) - p(21).
1

So we can identify P(X3|do(X32)) from P(X1, Xo, X3) via the mass function from above.

Example 5.3.29 (Counter example when mass functions are not strictly positive). Con-

sider the DAG G = (V, E, L) from Figure 12 with V' = {vy,v9,v3}, E = {v; —> vg,v1 — v3,09 —> v3}.
We want to determine if we can identify P(Xs|do(X2)) from P(Xy, X2, X3) in case

we do NOT have a strictly positive mass function: p(xi,x9,x3) > 0. We assume

X=X =X = {0,1}.

plry =1) = 7, (2| do(21)) := 0, (22),

p(I3 = 1| d0($1 =0,29 = 0)) = p(x?) = 1‘ do(ml =1,z = 0)) =

Ol =] =D =

p(xs = 1| do(x; = 0,2 = 1)) := <, p(as =1|do(xy = 1,29 = 1)) :=
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Then we get for the (X1, Xs)-marginal of the observational distribution P(X;, Xs) =
P(X5|do(X1)) ® P(X;) the mass functions:

Note that this shows that P(Xy, Xs) and thus P(X1, X2, X3) do not have a strictly posi-
tive mass functions. With this a valid conditional for the observational joint distribution
P(X4, Xs, X3) conditioned on (X;, Xs) is:

p(rs =1z = 0,29 = 0) := —, plrs =1lzy = 1,29 = 0) :=

0| TU|
ol Woo| Ww

plrz =1z =0,z =1) := =, ples =1z =1,z =1) :=

The interventional distribution is given by:

p(xs| do(zs)) Zp x| do(w1,2)) - p(z1),

1

p(xs = 1|do(zg = 0)) = % (p(zg = 1| do(z1 = 0,29 = 0)) + p(z3 = 1| do(z1 = 1,29 = 0)))
1/1 3 1
P (z* 21) )
p(rs = 1] do(xe = 1)) = % (p(x3 = 1| do(zy = 0,29 = 1)) + p(z3 = 1| do(x; = 1,29 = 1)))
1

On the other hand, using the other conditional mass functions instead, gives us:

p(x3]we) 1= ZP x3|w1, T2) - p(1),

R 1
p($3:1|$2=0):5(17@3:1|$1=0,9€2=0)+p(903:1|$121,I2=0))
IRVEURANE:
- 2\4 2/ 8
1
# 3 = p(r3 = 1| do(z = 0)),
. 1
p(x;;:l]acg:l):5(]9(333:1\351:O,xgzl)—l—p(xg:l]xl:1,352:1))
(5 1) _3
- 2\8 8) 8
1
=+ 1 = p(z3 = 1| do(xze = 1)).
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This shows that the “surrogate” Markov kernel P(Xg\Xg) = P(X3|X1, X5) o P(X)),
which would be proposed by both the ID-algorithm and the backdoor criterion, is NOT
equal to the interventional Markov kernel P(X3| do(X3)) = P(X3|do(X7, X3)) o P(X7),
not even P(Xs)-almost-surely.

(a) (b)
) "
U1 Vo % U1 % U3

g @ [
Figure 13: An ADMG and its mutilations, corresponding to the interventional Markov
kernels:  (a) Q[{vi, vy, us}], (b) Qv us}l, () QU{ws}], (d) Q{va}], (e)
Q{v1, v2}], (f) Q[{va, vs}].

Example 5.3.30. Consider the ADMG G = (V, E, L) from Figure 13 with V = {vy, va, v3},
E ={v; — vy, va — w3}, J =0 and L = {v; <> v3}. We want to determine if we can
identify P(X3|do(Xy)) from P(Xy, X5, X3) in case we have a discrete CBN with strictly
positive mass function: p(xy, e, x3) > 0. For this let B := {vs3} and C := {v;}. Note
that we have the topological order vi < vo < vs. We then follow the steps of the ID-
algorithm:

1. Q[V|(1, w2, 23) = p(x1, T2, 3).
2. B¢ = Anc%©(B)\ C = {vy,v3}.
3. D[BY] = {S = {v3}, Ss = {va}}, see Figure 13 (b).

4. For Sy = {vs}:
a) Dy = DistV)(S)) = {v1,vs}, see Figure 13 (a), (f). Compute:

q(x1) = Q[V](x1) = p(1),
~ Q[V(wy1, w2, w3) — ozl
(1’3|$17$2)— Q[V](th) —p( 3| 15 2)7
Q[Do)(x1, x3|w2) = q23]21, 22) - 9(77) = p(w3|w1, 22) - p(T1).

b) Ay = AnclPol(S)) = {v3}. see Figure 13 (f), (c). Compute:

Q[A1 1] £C3|5172 Z Q D1 ,0 $17373\$2 Zp(:cg\xl, 562) ~p(:c1).
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¢) Diy= Dist[Al’l](Sl) = {vs} = A1, thus S, = Ay . Compute:

Q[gﬂ(ﬂcs’i@) =0 A1 1) (z3|zs) = ZP x3|T1, 22) - p(ar).

d) Sy = {vs} = S;. Compute:

Q[Sl]($3|I2) 51 $3|$2 ZP $3|$1,$2 )

5. For Sy = {uy}:
a) Doy = Dist!V1(Sy) = {va}, see Figure 13 (a), (d). Compute:

QV](wy, 72)

QDo) (z2|z1) = q(22|21) = Q[V](x1)

= p(@’xl).

b) Agy = AnclP20)(S)) = {v,} = Dyy. thus Sy = Dy g. Compute:
Q[§2]<1’2|$1) = Q[Dyol(za|z1) = p(z2|21).
¢) Sy = {w} = Sy. Compute:

Q[So] (o) = Q[§2]($2‘$1) = p(z2|21).

6. Since both S, = S, = {vs} and Sy =8y = {va} we can compute:

Q[BC| (s, w3lx1) = Q[So](wa|1) - QS1] (ws|w2)
= p(a2lay) - Zp(xzsff’c/pﬂ?z) -p(xy),

!
Ty

$3| dO Il Z Q $2,$3|I1)
= ZP Talay) - Zp(f’?3|$'17552) - p(})
x2 x)
=" plaslel, 2h) - plx)) - plahla).

! !
£C1,272

So we can identify P(X3|do(X1)) from P(Xy, Xo, X3) via the mass function from above.
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Proofs - Soundness Criteria We have seen in Corollary 5.3.18 that the ID-Algorithm
5.3.17 is sound up to oracle choices. In this subsection we want to investigate the pos-
sibility of other forms of soundness that would allow for stronger forms of identifiability
and/or trackability.

Theorem 5.3.31 (Soundness up to null-sets). Let G = (J,V, E, L) be a CADMG with
a fized topological order <. Consider the class of L-CBNs M with observable CADMG
G such that the following holds:

1. The measurable spaces X, come equipped with a measure p,, v € V,

2. for every subset D C 'V the interventional Markov kernel Q[D] = P(Xp|do(Xju\p))
1s absolute continuous w.r.t. the product measure pp := Queppl, and vice versa:

up < Q[D] < up.

If the ID-algorithm does not produce FAIL for input B,C C G, then P(Xg|do(X uc)) is
“almost-surely” trackable from P(Xy|do(X,)) and G for such CBNs M, i.e. the Markov
kernel that was output by the ID-algorithm equals P(Xp|do(Xuc)) up to a pypgo-null
set in X\ pe-

Proof. Since by the second assumption we have for each p, and any fixed value x e
P(le dO(X{v}c = CIZ{U}C)) < Loy < P(XU’ dO(X{,U}c = gj{v}c))7

we can w.l.o.g. assume that the u, are probability measures for v € V.
a) Now consider any subset A C V and D € D[A] and v € D. We abbreviate:

G = Gaoprvay, A< i=Pred?(v), D= Pred?(v).

Assume that we have a Markov kernel:

IC[A] p(XA| dO(XJUV\A)) : Xjuv\A --+» Xy,

such that:
K[A] = Q[A] v\ A-2.S.

Note that the almost sure equality from above implies the equality:
KIA] @ pya = Q[A] ® v a- (34)

We want to show that if we perfom the steps of the ID-algorithm that computes Q[D]
from Q[A] on KC[A] then the corresponding output, abbreviated as IC[D], satisfies:

]C[D] = Q[D] Mv\D—a.S.
For this consider any version of the conditional of the following marginal of IC[A]:

P(XAS\do(XJUV\A)) w.r.t. P(Xa_|do(X ju\a)),

162



which we will denote by:
K(Xo| Xgov\as)-

This by definition will satisfy:
P(Xa_|do(Xjuna)) = K (X[ Xgonia) © P(Xa | do(Xjuva))- (35)

This then implies:

P(Xa_|do(Xu\4)) @ pra(Xina)

Eq._34 P(XAS | do(Xjur\a)) @ i a(Xv\a)

Hq. 35 K (X, Xjuv\a.) ® P(Xa.|do(Xuva)) @ pina(Xina)
P R (XX gua) ® P(Xa | do(Xova)) @ piva(Xina).

This shows that K (X,|X uy\a.) is a version of the conditional of:

P(XAS | dO(XJUv\A)) ® MV\A(XV\A) w.r.t. P(XA<| dO(XJUV\A)) (] ,uV\A(XV\A).

Note that by the interventional ordered local Markov property, Proposition 5.3.10, there
exists a Markov kernel Q(X,|X that simultaneuously is a version of both:

Mg )
P(Xv‘XA<,dO(XJUv\A)) and P(Xv|XD<,dO(XJUv\D)),

and is thus, in particular, another version of the conditional of:

P(Xa_|do(Xju\a)) @ pna(Xvna)  wat.  P(Xa_[do(Xjuna)) @ pna(Xina)-

Now consider the (measurable) set where these two conditional Markov kernels deviate:

N = {J:JUV\AZ € Xjuv\as

K(Xv|XJUV\AZ = xJUV\AZ) 7A Q(Xv’XMbg’(v) = beg’(v))} )

and N := N x X 4> € Xjuv. Since conditional Markov kernels are essentially unique we
get that for every x; € X; we have:

(Q1A)® ) (N*/[z) = 0.
Since, by assumption, we have: uy < Q[A], we get for every z; € X:

(1D @ p\p) (N) = pv (N™7) = (pua @ p\a) (N™7) = 0.
Since, by assumption, we also have: Q[D] < up, we get for every z; € X:
(Q[D] ® pv\p) (N*|z;) = 0.
Let N := N x XAZ\DZ' Since D> C A the set N is of the form:

N=NxX; =Nxa&p,.
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So the above shows that we have for every x; € X;:

(P(Xp.|do(X;0v\p)) @ ti\p(Xip)) (N™|zs) = (Q[D] ® mrp) (N*|zs) = 0.

This shows that K (X,|Xjuna.) and Q(X, |XMbG/ »)) agree up to a measurable
(P(Xp_|do(X;1np)) ® pnp(Xy\p))-null set. Remember that Q(X, | Xymg' () satis-
fies:

P(Xp_|do(Xn\p)) = Q(Xo|Xyper,y) © P(Xp_ | do(Xsuv\p))-

Together with the above we thus get:

P(Xp_|do(Xyunp)) ® pnn(Xi\p)
_ Q(X ’XMbG/ )) X P(XD<| dO(XJuv\D)) X MV\D(XV\D)
This shows that K(X,|Xuy\a, ) is version of the conditional of:
P<XDS | dO(XJUV\D)) & MV\D(XV\D) w.r.t. P(XD< | dO(XJUV\D)) X MV\D(XV\D)-

If we let v run through D = {vy,..., vk}, v1 < vy < -+- < vk in reverse topological
order we inductively get:

Q

D] ® pv\p
P(Xp|do(Xuv\p)

v \p(Xv\p)
P(Xp_,, | do(Xu\p)) @ fv\p(Xv\p)
P(Xp_,,. ,|do(Xsu\p)) @ p\p(Xv\p)

)
K(Xog | Xsonas,, )
K(Xox | Xyonas,, )
K(X )

VK ’XJUV\AEUK

®
&
&
&

>
<® K(XU|XJUV\A>U)> ® p\p(Xv\p)-

veD

Since such factorizations are essentially unique we get that:

>
= Q) K(Xu|Xsua.,) = K[D]  py\pras.

veD

This shows the claim.
b) We now reverse the situation. For a subset A C V and every D € D[A] =
{D:,..., Dy}, consider that we are given a Markov kernel:

’C[D] = P(XD| dO(XJUV\D)) : XJuV\D --+» Xp,

such that:
KID|= QD] pyp-as.
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which implies the equality:
K[D] @ py\p = Q[D] ® py\p- (36)
We want to show that we then also have:
KA = | Q) |KIDI=0Q[4]  pya-as.
DED[A]

For this fix a node v € D and note that Q(X, |XMbG’ »)) satisfies:

P(Xp_|do(Xsn\p)) = Q(Xo|Xyper,y) © P(Xp | do(Xsuv\p))- (37)
We then get the equalities:
P(Xp_| do(Xuv\p)) ® v\ n(Xvp)
= P(Xp_|do(Xs\p)) ® p\p(Xv\p)
Q(Xo| X e () ® P(Xp | do(Xsuv\p)) @ v\ (Xv\p)
(

Q(Xo| Xyt (1) © P(Xp_| do(X01\p)) ® f\p(Xip).

Eq._37

Ba. 36
So Q(X, \XMbe ») is a conditional of:

P(Xp_|do(Xsunp)) @ mrn(Xinp)  wrt.  P(Xp_|do(Xjunp)) ® man(Xinp),

that does not depend on X, (as Mb% (v) C AL).
Now consider any other version of the conditional of:

p<XDS|dO(XJUV\D»@,uV\D(XV\D) w.r.t. P(XD<|dO(XJUV\D))®MV\D<XV\D>a

that does not depend on variables attached to A> and which we will denote by:

K(Xo|Xyonas)-

Note that such a Markov kernel exists, as Q(X, |XMb§/

The same argumentation with K (X,|X 114, ) in place of Q(X, |XMbe »)» using Eq.
36, shows that both, Q(X, |XMbg/ ) and K (X,|X uv\4, ), are then condltlonals of

© )) is such one.

P(Xp_|do(X;unp)) ® mp(Xv\p)  wrt.  P(Xp_|[do(X;u\p))® uv\p(Xv\p),

that do not depend on X,_. Now let:

N = {CCJUV\A2 € Xjunas | K(Xo| Xsuvas = Tiov\as) # Q(XUIXMbg’(U) = beg(v))} ;
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and N := N x X 4> € Xjuv. Again, since both are versions of the same conditional we
get:
(QID] ® p\p) (N*|z) = 0,

for every x; € X;. Since Q[D] < up we get for every x; € X:
(14 ® pvra) (N®7) = v (N™) = (up ® py\p) (N*) = 0.
Since also Q[A] < pa we get for every z; € X:
(QIA] ® pra) (N*|zy) = 0.
Since N = N x X, we get for every z; € X
(P(Xa_|do(Xsuna)) @ prna(Xina)) (N |zy) = (QIA] @ iy a) (N |z s) = 0.

This shows that the Markov kernels Q(X,|X ) and K(X,|Xju\a,) are equal up

MbSZ' (v
to some (P(Xa_|do(Xjua)) @ pna(Xina))- null set. Note that with this we get the
factorization, using A = {vy,...,vg}, v1 < -+ < Vg
Q[A] ® pv\a

= P(Xa_,, |do(Xjuna)) ® pna(Xina)

QX[ Xypye (1)) @ P(Xa, [ do(Xguna)) @ pa(Xva)

K (X | Xgunas,, ) ® P(Xa_,, [do(Xjua)) @ i a(Xina)

K (X | Xgunas,, ) @ P(Xa., [do(Xjuna)) ® pna(Xva)

KXo Xonas,, ) @ QX Mbg’(w)) ® P(Xac,, ,|do(Xyuna)) @ pa(Xvya)

< K(X, |XJUV\A>>> ® pv\a(Xina)
veEA

= ® p\a(Xina)
DeD

Al @ p\a(Xina).
Since such factorizations are essentially unique we get:
K[A] = Q[A] v\ A-2.S.

This shows the claim.
c) Now let D C V and A C D with A = AnC[D}(A). Consider that we are given a
Markov kernel: .
K[D] = P(Xp|do(X ;b)) : Xjov\p -+ A,
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such that:
KID] = QD] mp-as,

which implies the equality:
K[D] @ py\p = Q[D] & piv\p-

We want to show that the A-marginal of K[D] equals Q[A] up to juy\ a-null set.
For this let KC[A] be the A-marginal of K[D]:

KlA] := P(XA| dO(XJuV\D)) s Xjona = Xjunp --» Xa.

Note that Q[A] is the A-marginal of Q[D]. Marginalizing out X\ 4 on both sides in the
above equation gives us:

KAl ® pv\p = Q[A] ® pv\p.
Multiplying both sides with pp\ 4 gives:
KIA] ® pna = K[A] @ pv\p @ pipva = Q[A] @ pip @ ppya = Q[A] @ iy a-

Since such factorizations are essentially unique we get:
K[A] = Q[A] Hy\ A-a.S.

This shows the claim.
This covers all cases of the ID-algorithm and thus shows the claim. O

Theorem 5.3.32 (Soundness up to continuous choices for strictly positive CBNs). Let
G = (J,V,E, L) be a CADMG with a fized topological order <. Consider the class of
L-CBNs M with observable CADMG G such that the following holds:

1. The spaces X, are Polish spaces forv e JUV,

2. for every subset D C V' the interventional Markov kernel Q[D| = P(Xp|do(Xuv\p))
is strictly positive (on non-empty open subsets of Xp), and:

3. for every v € D the Markov kernel Q(XU|XMbGdO(DC)( )) can be chosen to be con-

<
titnuous, viewed as a map: XMbSdO(DC)(v) — P(X,).

If the ID-algorithm does not produce FAIL for input B,C C G, then P(Xg|do(X uc)) is
identifiable and trackable “up to continuous choices of conditional Markov kernels” from
P(Xy|do(X,)) and G for such CBNs M, i.e. if every occuring conditional Markov kernel
is chosen to be continuous (which will always be possible by the assumptions made).

Proof. For a district D € D[V] and v € D, by assumption, there exists a continuous
version of Q (X[ Xy (,)), which is also a version of:

P(X,|X

Pred’(v) do(X)) and P(X, |Xpred[<D](U)7 dO(XJuV\D))-
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We abbreviate V. := Pred (v) and D, := Pred'”’ (v) in the following.

Now consider any continuous version of the conditional Markov kernel P(X,|Xy._,do(X})).
Note that such a version always exists because Q(X,|X\pc(,) is already an existing
continuous version. Since P(Xy_|do(X)) is strictly positive, as the marginal of Q[V],
Lemma 2.4.23 implies then the “sure” equality:

P<X’U|XV<7dO(XJ) = Q(Xv|XMb§(u))-

So any continuous version of P(X,|Xv.,do(X;)) necessarily agrees with Q(Xy|Xype(,))
on all points.

Similarly, using the same arguments, we get that Q(XU|XMb§(v)) is “surely” equal to
every continuous version of the conditional P(X,|Xp_,do(X uv\p)), as also the Markov
kernel P(Xp_|do(X uy\p)) is strictly positive, as a marginal of Q[D]. So we get:

QX[ Xyme () = P(Xo|Xp_, do(Xjuv\p)).

This means that if we pick a/the continuous version of the conditional P(X,|Xy._,do(X))
then it is “surely” equal to the/every continuous version of the conditional P(X,|Xp_, do(Xu\p)):

P(Xy|Xv.,do(X)) = Q(Xo| Xype () = P(Xo|Xp., do(Xju\p))-

These arguments, repeated for subgraphs, then show that in the ID-algorithm for
every occuring conditional and product (e.g. for districts and the final product) we end

up with distinct and correct choices for all Markov kernels. This then also shows the
identifiability of such CBNs M (in the not-FAIL case). O

Lemma 5.3.33. Consider an L-CBN:

W= (67 = (0B (R ) L)

with observable CADMG G = (J,V, E, L) and fixed topological order <. Assume that for
every v € V. we have a measure 1, on X, such that P,(X,| dO(XPaG+(v)>> has a (strictly

positive) density w.r.t. i,:
p(wy] do(zp, o+ (v))) > 0.
Furthermore, we put for xyv € Xy, vy € Xy, x5 € Xj:
p(ry|zy,do(zy)) = H p(xy| dO(:UPang(U))),
veV

and then integrate in reverse order of <:

>
p(zy|do(zy)) = // p(zy|zy,do(xy)) ®Pu(Xu € dx,| dO(XPaG+(v) = xPaG+(v))).
Xu

uelU

Then the former is a (strictly positive) density of P(Xy, Xy|do(X,)) w.r.t.

> >
®uv 2> ® Py(X,| do(Xp, o+ (v))),

veV uelU
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and the latter a (strictly positive) density of P(Xy|do(X,)) w.r.t.

wy = ®Plv

veV

Similarly, for every D C 'V the interventional Markov kernel P(Xp|do(X u\p)) has a
(strictly positive) density w.r.t. pip 1= @),cp tho-

Proof. The claim can be shown by integrating the above densities over product sets
A =1]], Av. Inductively we can use Fubini’s theorem and:

/A p(xy] do(zp, o+ (U))) oy (dxy,) = Py(X, € Ay do(XPam(v) = Tp ot (v))).

Regarding strict positivity, note that if f(z) > 0 for all z, then [ f dp > 0 for non-trivial
1. So strict positivity is preserved through integration. O]
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6. Structural Causal Models (with Inputs)

Structural Causal Models (SCMs), also known as Non-Parametric Structural Equation
Models (NP-SEMs), provide a class of causal models that can model causal cycles. SCMs
trace back to the early work on path analysis by geneticist Sewall Wright | |, made
their way to econometrics | : : | and the social sciences | | under
the name Structural Equation Models (SEMs), and became popular in Al due to the
work of Judea Pearl | | and many others. In these lecture notes, we give a modern
treatment inspired by our own research on the matter | , |. We introduce
here a more general class of causal models, namely SCMs ‘with inputs’ (briefly: ‘iISCMs’).

6.1. Motivation

While causal Bayesian networks (with input nodes and latent variables) provide an
expressive causal modeling class, there is an important aspect of causality that cannot be
modeled with causal Bayesian networks, namely causal cycles. For example, increasing
temperature at the poles may cause sea ice to melt, which leads to more absorption of
sunlight because white ice is replaced by blue sea water, which in turn leads to further
temperature increase (see also Figure 14(a)). Because a causal Bayesian network is
acyclic by definition, such a model can only be described by a causal Bayesian network by
introducing multiple variables corresponding with measurements of the same quantities
at different points in time (Figure 14(b)). In contrast, an SCM can directly represent
causal cycles and is often appropriate for modeling systems with fast feedback processes
that are stable, i.e., where negative feedback dominates potential positive feedback. An
illustrative example is a system composed of different masses connected via springs in
an environment with friction (see also Section 6.12).

Another example of the limitation of Causal Bayesian Networks is the following, which
shows that even if a ‘fine-grained’ causal model is acyclic, merging variables may intro-
duce cycles at a more ‘coarse-grained’ level of description.

Example 6.1.1. Suppose that we have a CBN with the ADMG in Figure 15(a), repre-
senting four variables X1, Xo, X3, X4. If we chose an alternative representation in terms
of pairs Xi3 := (X1, X3) and Xoy := (X9, Xy), then we would end up with a CBN with
the DMG in Figure 15(b). However, that is a contradiction as the graph of a CBN is
acyclic by definition.

This example shows that the class of CBNs is not closed under the operation of
merging variables. The class of (simple) SCMs with inputs to be introduced later is
actually closed under the operation of merging variables.

Finally, there exist systems in which the directionality of causal relations is context-
dependent.

Example 6.1.2. Consider Ohm’s law V = IR (voltage equals current times resistance)
to model the voltage across and current through a resistance. If we connect the resistance
to a voltage source, the voltage determines the current. If we connect the resistance to a
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Figure 14:

Figure 15:

(a) Directed Graph (DG) representing a causal cycle. As an example, v;
could be the average temperature in a certain area at the North pole, vy the
amount of sea ice present in the area, and v3 the amount of sunlight absorbed
in the area. This gives an example of a positive (self-reinforcing) feedback
loop. (b) Alternative Directed Acyclic Graph (DAG) where the variables
correspond with the same quantities but measured at different time points
tog < t1 <1g < 3.

() (v) (vs) (b) (v13)

(a) ADMG with output nodes vy, vq, v3,v4 corresponding with endogenous
variables X7, X5, X3, X;. (b) DMG corresponding to a coarser representation
obtained by merging variables into X3 := (X7, X3) and Xoy := (X5, Xy).

current source, then it is the other way around: the current determines the voltage. Both
cases separately can be modeled with a CBN (Figure 16(a-b), respectively). If we let a
coin flip determine which of the two sources the resistance is connected to, we obtain a
mixture which cannot be modeled as a single CBN (Figure 16(c)).

Similar behavior is often encountered in complex systems in biology, chemistry, en-
gineering and economy. This is yet another motivation to extend the causal modeling
framework to allow for cycles.

In this chapter, we will introduce the class of SCMs with inputs, which generalize
CBNs (with latent variables and input nodes) to allow for cycles, and allows us to deal
elegantly with all motivating examples discussed here. In addition, SCMs (with inputs)
support counterfactual reasoning, another capability that CBNs lack.
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(a) @—;@ (b) @«\—@ (©)
R

R R

Figure 16: Different causal models corresponding to modeling the current through a
resistance using Ohm’s law. (a) Voltage causes current. (b) Current causes
voltage. (c) Mixture model where the causal relationship between voltage
and current depends on the result of a coin flip.

6.2. Definition

An SCM is specified in terms of (deterministic) functions and distributions, rather than
in terms of Markov kernels (‘stochastic functions’). Conceptually, in an SCM the focus
lies on modeling the causal mechanisms as deterministic functions at an abstract level.
Such a function expresses the value of an effect variable in terms of its direct cause
variables. We assume that the joint value of the direct cause variables determines a
unique value of the effect variable, so that the value of the effect is completely explained
by the values of its direct causes. To prevent an infinite regress (where the values of
the cause variables must be explained by the values of their direct causes, and so on ad
infinitum), the model does not specify a causal mechanism for all variables that occur
in the model. This divides the variables into two types: the ‘endogenous’ variables, each
of which has an associated causal mechanism that expresses its value in terms of its
direct causes, and the ‘exogenous’ variables, for which no such causal mechanisms are
specified. We can distinguish two types of exogenous variables: the ‘exogenous inputs’,
for which the model only describes the range of their possible joint values, and the
‘exogenous random’ variables for which the model in addition describes their probability
distribution.

In contrast with many definitions encountered in the literature,?® we here explicitly
distinguish three types of variables: endogenous variables, exogenous latent random
variables and exogenous observed input variables. We will refer to those objects as
‘SCMs with inputs’ (or ‘iISCMs’).

9

Definition 6.2.1 (Structural Causal Model with Inputs). A Structural Causal Model
with Inputs (1ISCM) is a tuple M = (J,V,W, X P, f) such that

o J VW are disjoint finite sets of labels for the exogenous input variables, the
endogenous variables and the exogenous random wvariables, respectively;

o the domain X =[[,_ ;. ow Xi is a product of standard measurable spaces X;;

For example, | | only formally distinguishes exogenous latent random variables and endogenous
variables.
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e the exogenous distribution P is a probability distribution on Xy that factorizes
as a product P = @, e Puw of probability distributions P, € P(X,,);"’

e the causal mechanisms are specified by the measurable function f: X — Xy.

For the special case J = () (no exogenous inputs) we refer to the tuple M = (V,W, X, P, f)
as a Structural Causal Model (SCM).

The endogenous variables are the variables whose causal relations we wish to model,
whereas the exogenous variables are required to model the remaining causes of the
endogenous variables.

Definition 6.2.2 (Parameterized iSCM). Often, the causal mechanism f and the ex-
ogenous distribution P depend (measurably) on exogenous parameters 0 € Xg, which

we may make explicit by writing ¢ and P? instead, giving a parameterized iSCM M? =
(L, V,W, X, P? f%). The family (M%)pcx, is then an iSCM family.”

One can also think about an iSCM as describing an input/output system, with free
inputs J, random inputs W with distribution P, outputs V" and ‘modular’ input /output
mechanisms f, for v € V. Structural causal models can be regarded as a marriage of
statistical models as traditionally used in statistics (a parameterized family of distribu-
tions) with deterministic causal models (deterministic input/output systems) that are
used informally in disciplines like physics and engineering.

Remark 6.2.3. There are four crucial assumptions embodied in the modeling approach
using 1SCMs:

1. Exogenous variables (i.e., exogenous input variables, exogenous random variables,
and exogenous parameters) are not caused by endogenous variables.

2. Exogenous variables are variation independent: their joint range is the Carte-
sian product of the range of each erogenous variable.

3. Exogenous random variables are probabilistically independent, and their dis-
tribution is independent of the exogenous input variables (but may depend on ex-
ogenous parameters).

4. FExogenous parameters describe population properties, while exogenous random
and input variables describe individual quantities. This means that if we are
modeling a population of N ‘units’ that are all subject to the same causal mecha-
nism, we can make N copies of the 1SCM, one for each individual, where the copies

30Because of the heavy use of the symbol ‘P’ we will often use the notation ‘P, to refer to the
exogenous distribution of iISCM M.

31In line with the convention in machine learning, the word ‘model’ refers to a iSCM with a fixed choice
of the parameters, and ‘model family’ to a family of models indexed measurably by parameters. This
contrasts with the terminology in statistics, where a family of distributions indexed measurably by
parameters is called a ‘statistical model’.
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share the same causal mechanism f and the same exogenous distribution P(Xyw),
and in the parametric case, the same parameter 0. A frequentist statistician might
treat exogenous parameters as ‘global’ exogenous input variables, while a Bayesian
statistician might treat exogenous parameters as ‘global’ exogenous random vari-
ables by also specifying a prior P(0) € P(Xg).

Remark 6.2.4. Not all types of variables need to be present. Rather than giving separate
definitions for ‘degenerate’ cases, we can stay in the formalism by defining what happens
for empty label sets. For example, suppose the iSCM is deterministic, i.e., W = ().
Then Xy is an empty product (i.e., a product over 0 spaces), and by definition becomes
a space k% = {x} with a single element x, with the trivial sigma algebra {0, {x}}. The only
possible probability distribution on such a space is the trivial distribution, i.e., P({x}) =
1. Similarly, SCMs (without inputs) can be treated as the special case where J = ().

6.3. Solving the Structural Equations
6.3.1. Structural Equations and Potential Outcomes

An iSCM defines structural equations, which are used to define the potential outcomes

of the iISCM.

Definition 6.3.1 (Potential outcomes, structural equations). Let M = (J,V,W, X, P, f)
be an iSCM and x; € X; an input value. A random wvariable X‘(%a}]) with codomain
Xy x Xw is called a potential outcome of M for input x; if the following two

conditions hold:**

1. its W-component has the exogenous distribution specified by M :

Xy~ P

2. it satisfies the structural equations entailed by M for input x;:

Xso(“) = f(xJ,X‘C}-O(I"),X&?(r")) a.s.. (38)

In case J = () we also write Xyuw = XS(EJ(;[Z and refer to it ssimply as an outcome of
M.

The iISCM encodes the probability distributions of its (potential) outcomes. However,
the structural equations (38) may have no solution or may have multiple different so-
lutions. Therefore, even if a (potential) outcome exists (for a given input), it could be
that its distribution is not uniquely determined by the iSCM.

32 Another notation for potential outcomes, commonly encountered in the literature, is Xy w (2).
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Example 6.3.2. Consider an i1SCM with parameters o, 3 € R, endogenous real-valued
variables Xy, Xy, real-valued exogenous input X3, and structural equations for input

x3 € R given by:
Xiio(mg,) _ aX;io(xg)
X = X0 4 g

If af =1, then (Xfo(xgzo),Xgo(m:O)) = (aw, ) is a potential outcome for input x3 =0
for any value of x € R. Any mixture of these potential outcomes is also a potential
outcome for input x3 = 0. If af = 1, then for input x3 # 0, the 1SCM admits no

potergtic)d out(cognes. If af # 1, then the potential outcomes are unique and given by
do(z do(z X T
(X, X ) = (1255, t25)-

In practice, an iSCM is often specified more informally by writing down the corre-
sponding structural equations and by giving the exogenous distribution of Xy . Any
variables appearing on the r.h.s. of some structural equation that do not correspond
with a structural equation for which that variable appears on the lLh.s., nor have a
specified distribution, are then implicitly taken as exogenous inputs (or parameters).

Example 6.3.3 (Linear regression model with fixed design for the effect in terms of its
cause (population level)). Assume that Y = aX + [ + € with Y € R representing the
effect, X € R the cause, ¢ ~ N(0,0%) independent normally distributed measurement
noise, and a, 3 € R, 0 € (0,00) parameters.

For a fixed parameter value, this can be understood as the specification of an 1SCM
M@Bo?) — (J,V,W,X,Poifaﬂ) with J = {X}, V. = {Y}, W = {e}, X = R?,
exogenous distribution P”" = N'(0,02) and causal mechanism f*° : R® — R : (z,y,¢€) —
ar + [+ €.

Ife ~ N(0,0%) and x € R, then (Y°®) @) .= (qz+ B+€,€) is a potential outcome
of M @B for input . Often, one just refers to the component Y@ as the potential
outcome.

One often is interested in modeling a ‘population’ consisting of ‘individuals’ (for ex-
ample, all the patients in a medical trial). In that case, the iSCM is often considered a
‘template’ where the full causal model on all individuals is obtained by making a copy
of the template for each individual.

Example 6.3.4 (Linear regression model with fixed design for the effect in terms of its
cause (individual level)). The ‘individual-level” iSCM for a population consisting of N
individuals corresponding to the ‘population-level’ 1SCM of Example 6.5.3 has:

e Ezxogenous input variable J = {X1,..., Xy};

e Ezxogenous random variable indices W = {e1,...,ex};

e Endogenous variable indices V ={Y1,...,Yn};

o Joint state space X = [[~, X = [[L,(R x R x R) = R?V;
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e Parameters (a, 3,0%) € R? x (0,00);
e Ezogenous distribution P (Xy) = @~ P7(Xw,) with P°(Xw,) ~ N(0,02);
e (Causal mechanisms
f;’ﬁ (@i yis€) ooz + Bt e
forio=1,...,N.

Note how the parameters are ‘shared’ across individuals, but the other variables are not.
We get potential outcomes with Y -component Y@ = (yolr--on) ylelr ey,

This individual-level model assumes that all individuals are independent entities that do
not interact.”’

6.3.2. Solutions

The language of conditional random variables allows us to give a neat definition of the
solution of an iISCM, which can also be thought of as a measurable family of (potential)
outcomes with a shared underlying probability space.

Definition 6.3.5 (Solutions of an iSCM). Let M = (J,V,W, X, P, f) be an iSCM. Let
(UxX;, K(U|X,)) be a transition probability space and X : U x X; — X be a conditional
random variable. If its marginal (push-forward) Markov kernel K(Xw|Xy) is constant
i Xy and coincides with the exogenous distribution specified by M :

vaEXJ: K(wamJ)NP,
and X satisfies the structural equations entailed by M :
XV = f(XJ,Xv,Xw) a.s., (39)

then X is called a solution of M.* Since the X; component is trivial, we also refer to
the component
XVUW ‘U X XJ — XVUW

as a solution of M.

Remark 6.3.6. Let M = (J,V,W, X, P, f) be an iSCM and X : U x X; — Xyuw be a
solution of M. Then for any x; € X,

XSCL)J(‘Q/CVJ) ZZ/{—)XVU[/VZUHX(U,J?J)

is a potential outcome of M for input x ;. Its distribution coincides with K(Xyow|X; =
l'J) .

330f course, that is not always a realistic assumption, for example when studying the efficacy of vaccines,
vaccinating one individual could not only protect that particular individual from contracting a
disease, but also other individuals in its vicinity.

34We write ‘a.s.” as a shorthand for K(U|X s)-a.s., extending the corresponding convention for random
variables.
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The converse does not hold: specifying a complete family of (potential) outcomes
(X‘%(‘gf‘;’ ))gC ,ex, does not necessarily give a solution, as the family may not be measurable
in x;.

Not every iSCM has solutions. Also, if they exist, solutions are not necessarily unique,
even if they have the same underlying transition probability space.

Example 6.3.7. Consider an SCM with parameters o, 3,u € R, 0> € [0,00), en-
dogenous real-valued variables Xy, Xs, exogenous random real-valued variable Wy with
exogenous distribution N'(u,c?), and structural equations

X1 = O./XQ
X, = BX, + W,.

IfaB =1, u =0 and 0® = 0, then (X1, Xo, W) = (ax,x,W}) is a solution for any
r € R and Wy ~ N(u,0?). Any mixture of those solutions is also a solution in that
case. If a3 =1 and pu # 0 or o® # 0, then the SCM admits no solutions. If a3 # 1,

then all solutions (X1, Xo, W) satisfy (X1, Xo) = (f‘_vzlﬂ, IKV;ﬂ) a.s. and Wy ~ N(u,a?).

The following remark relates the terminology to the cases most often considered in
the literature.

Remark 6.3.8. If J = 0, a solution of an SCM can be identified with a random variable
Xyuw with codomain Xy X Xy such that Xy ~ P and that satisfies the structural
equations:

Xv = fv (Xv,Xw) a.s. (40)
for each v € V.

6.3.3. Markov Kernels of Solutions

Each solution of an iSCM ‘has’ a Markov kernel (similarly to how each random variable
has a distribution).

Notation 6.3.9. Let conditional random wvartable X : U x X; — X on transition
probability space (U x Xy, K(U|X;)) be a solution of an iSCM M = (J,V,W, X, P, f).
Its push-forward

P(X | do(X))) = K(X|X,) = X.K(U|X,)
is a Markov kernel X; --+ X that we refer to as the Markov kernel of M cor-

responding to X. Since the J-component is trivial, we also refer to its marginal
P(Xyuw | do(X,)) as such.

Not all solutions of an iSCM may yield the same Markov kernel (see also Exam-
ple 6.3.7). Therefore, even if the iSCM M is specified, the notation ‘P(X | do(X,))’ is
ambiguous, since it does not specify which solution the Markov kernel comes from. Be-
cause we will mostly restrict attention to so-called ‘simple’ iSCMs for which the Markov
kernel turns out to be unique, we will not worry about this.
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Remark 6.3.10. In case J = ( for an SCM M, the Markov kernel P(X | do(X))
corresponding to a solution X can be identified with its distribution P(X), and one
often refers to it as the distribution of M corresponding to X.

6.3.4. Null sets (again)

We will frequently need to specify that certain properties or identities hold ‘almost surely’
in a specific sense. This is analogous to the notion of ‘almost surely’ in probability theory,
but because we are dealing with parameterized families of probability distributions, the
notion becomes more intricate. We will use it in the theory of iSCMs in the same
way that the notion of P(Xy|do(X,))-null sets are used in the theory of CBNs (see
Definition 2.3.15).

In the following definitions, an important subtlety to be aware of is that the ordering
of the quantifiers matters, and reordering the quantifiers changes the meaning of the
statement. The specific ordering was chosen to correspond with the data generating
processes that are modeled via a sampling process as described in Section 6.3.6.

Definition 6.3.11 (iSCM Null Sets). Let M = (J,V,W, X, P, f) be an iSCM.
1. We call a set N C Xy x Xw an M -null set if for each v; € X;, the section
N, ={xw € Xw : (x5,2w) € N} is a Py(Xw)-null set.

2. We call a set N C X; x Xy a measurable M-null set if N € B; ® By and N
is an M -null set.

3. We call a set N C X; X Xy x Xy a (measurable) M-null set if it is contained
in some N x Xy with N a (measurable) M-null set.

4. More generally, for L C 'V, we call a set N C X; x Xy x X1, a (measurable)
M -null set if it is contained in some N x Xp, with N a (measurable) M-null set.

Note that the first notion corresponds with that of a Py (Xy | do(X))-null set’ (cf.
Definition 2.3.15). It also corresponds with that of a Py (X )-null set in Xy u’ (cf.
Remark 5.1.7). Note that subsets of M-null sets are also M-null sets, and countable
unions of M-null sets are also M-null sets.

Definition 6.3.12 (‘Almost surely’ according to an iSCM). Let M = (J,V,W, X, P, f)
be an iSCM.

1. Let 7 : Xy x Xy — {0, 1} be a binary property. We say that @ holds M-a.s. if
{(I‘J,l'w) S XJ X XW : 77'(I'J,I'W) = 0}
1s contained in a M-null set.

2. Letm: Xy x Xy x Xy — {0,1} be a binary property. We say that m holds M-a.s.
if:

{(IJ,$W,JIV) EXJ XXW XXviW($J,.Z‘W,Iv):O}

1s contained in a M -null set.
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We can use this e.g. to define M-a.s. equality of sets / functions / Markov kernels.

Note that both notions are compatible if we consider 7(x;, zy) = Vay € Xy :
m(xs, xw,xy). We can think about the statement ‘m(x;, 2w, xy) holds M-a.s.” as the
claim that for all z; € X, for Py(Xw)-almost all zy € Xy, for all xy € Ay,
m(xy, xw,xy) holds. The ordering of the quantifiers matters: the ‘for all xy’ is the
innermost quantifier, and the ‘for all z;’ is the outermost quantifier.

The following lemma translates an M-a.s. property to an a.s. property of a random
variable.

Lemma 6.3.13. Let M = (J,3V,W, X, P, f) be an iSCM. Let m : X; X Xy x Xy —
{0,1} be a binary property. Let x; € X;. Let Xyuw be a random variable with values

m Xy X Xw and such that its W-marginal is distributed according to the erogenous
distribution of M (that is, Xy ~ Py). Then:

m(xy, zw,zy) M-a.s. — m(xy, Xw,Xv) a.s..

Proof. Since 7 holds M-a.s., for the fixed x; € X’y this means that for Py;-almost all
Tw -
Vry € Xy - W(Z’J,l’w,xv) = 1.

Since Xy ~ Py, we get that:
Voy € Xy i m(xy, Xw,zy) =1 P(Xw)-a.s..

Hence:
[va e Xy W(Z'J,Xw,l’v) = 1} a.s.,

which implies:
m(xy, Xw,Xy)=1 as.

We can do something analogous for a conditional random variable.

Lemma 6.3.14. Let M = (J,V,W, X, P, f) be an iSCM. Let m : X; X Xy x Xy —
{0,1} be a binary property. Let (U x Xy, K(U|X,)) be a transition probability space and
X :UXX; — X be a conditional random variable such that its marginal (push-forward)

Markov kernel K(Xw|X ) is constant and coincides with the exogenous distribution of
M (that iS, K(XW‘XJ) = PM ) Then:

(s, xw,xv) M-a.s. — (X, Xw, Xv) a.s.
Proof. Since 7 holds M-a.s., for all z; € X, for Py;-almost all xyy:
Vey € Xy i m(xy, zw,zy) = 1.
Since K(Xw|X;) = Py, we get that:

[Vl’v € XV : W(XJ,Xw, l’v) = 1} K(XW]XJ)—a.s..
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Hence:
Vo, € Xy (X, Xw,zy) = 1]  as,

which implies:
W(XJ,X{/V,X\/) =1 a.s..

6.3.5. (Partial) Solution functions

A fundamental notion in the theory of (cyclic) iISCMs is that of its ‘solution functions’. A
solution function is a function that maps an exogenous state to a corresponding solution
of the structural equations, in a measurable way. A technical subtlety is that it suffices
to specify solution functions up to a certain type of null set.

Definition 6.3.15 (Solution function of an iISCM). Given an iSCM M = (J,V,W, X, P, f),
we call a function g : X; X Xy — Xy a solution function of M if it is measurable
and

9@y, aw) = [z, 9(xs,aw),2w) M-a.s.

We call M solvable if it has a solution function.

Later on we will need a more refined notion of solvability, which essentially amounts
to solving a subset of the structural equations.

Definition 6.3.16 (Partial solution function). Given an iSCM M = (J,V,W, X, P, f)
and o nonempty subset L C V, we call a function gV : X x X X Xw — &L a
(partial) solution function of M w.r.t. L if it is measurable and

gt (zg, v\ 2w) = fr.(2, $V\L,9[L] (zg, 2L, 2w ), Tw) M-a.s.
We call M solvable w.r.t. L if it has a partial solution function w.r.t. L.

Note that ‘M is solvable w.r.t. V' means the same as ‘M is solvable’.

We can use solution functions of an iSCM to construct (potential) outcomes, solutions
and Markov kernels of the iSCM.

Proposition 6.3.17. If g is a solution function for iSCM M = (J,V,W, X, P, f), then
for any random variable Xy : U — Xy with distribution P:

1. Xs-f"gf") = (g(zs, Xw), Xw) is a potential outcome for M for input x; € Xy;

2. Xvw = (9(X s, Xw), Xw) is a solution of M with underlying transition probability
space (U x X;, P(U));

3. its corresponding Markov kernel is the push-forward

(ga ldXW)*(P ® 5(XJ|XJ))

Proof. 1. This follows immediately with the help of Lemma 6.3.13.
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2. Note first that g is measurable, and hence Xy = (9(X,, Xw), Xw) defines a
conditional random variable with underlying transition probability space (U X
X;, P(U)). The claim now follows immediately with the help of Lemma 6.3.14.

3. By definition.
m

Not all (potential) outcomes, solutions and Markov kernels of an iISCM can be obtained
in this way. For example, mixtures of solutions are also solutions, but not all mixtures
can be obtained as the push-forward through a solution function.

Example 6.3.18. For an iSCM with endogenous real variables X1, Xo and structural

equations
Xl = X27
XQ == X?,

any real-valued random variable Y for which P(Y € {—1,0,1}) = 1 provides a solution
(X1, Xs) := (Y,Y). This includes all miztures over the three possible states (—1,—1),
(0,0), (1,1), which form a two-dimensional convezr space. However, it has only three
solution functions (mapping * to either (—1,—1), (0,0) or (1,1)). Therefore, only three
solutions can be constructed from a solution function as in Proposition 6.3.17 (namely
the extreme points of the convex space).

How can we check in practice whether a given iSCM is (partially) solvable? The
following result provides a condition that is relatively easy to check in practice. It shows
that if the structural equations have (almost everywhere) unique solutions, then the
measurability of the solution function follows from that of the causal mechanisms.

Proposition 6.3.19. Let M = (J,V,W, X, P, f) be an iSCM. Let L C V. Let

U[L} = {l‘JU(V\L)UW - XJ X XV\L X XW | E“ZEL & XL X = fL(ZL’J,Ztv\L,itw,{L‘L)}

be the set of extended exogenous states for which there exists a unique partial solution of
the structural equations for L. Then UM = X; x Xonrpy x Xw up to a measurable M-null
set if and only if there exists a measurable function g™ : X; x Xonrpy X X — Xp, such
that

xp = fr(z) <= zp :g[L](xJ,x(V\L),xW) M-a.s..

Proof. Assume that N = N x X, is a measurable M-null set with Ne C Ul We will
show that there exists a measurable function gl* : X, x X X Xw — A s.t.

Q[L] (waTV\L»xW) =L ($J, $V\L7$W,9[L] (77, TV\L; wa)) M-as.
We exploit that we are dealing with standard measurable spaces. Define the function

h[L] : XJUWUV — XL X XL X (vafL(x))
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and the diagonal A¥l = {(xp 1) : 2 € X} € &7, Since kY is measurable and Al
is a Borel measurable set (because X7, is Hausdorff), (h®)~1(AlH) is a measurable set.
Hence, (hH)~1(AHM) N (N® x X}) is a measurable subset.

We now define ¢! as the function N¢ s X7, such that graph(gi”) = (hI2)=1(AlF) N
N¢ x X;. In other words, g[[)L] maps (2, T(\L), Tw) € N°¢ to the unique element z; €
Xp such that zp = fr(xs, vv\p, 2w, 2r). By | , 14.12], because all spaces are

(isomorphic to) Borel spaces, the fact that graph(g([)L}) is a measurable set implies that
g([)L] is a measurable function. We can extend g([)L] to a measurable function gl¥ : X x
Xy x Xw — Xy, for example, by picking an arbitrary 29 € X, and defining:

L \J (&

9 @ aonnyaw) (w5, 2000y aw) € N

(L] —
g (xJaxVL7$W)_ ~
(VAL) {JIQ/ (ZL’J,ZIZ(V\L),wa) € N.

It is clear that g!* constructed in this way is a partial solution function of M w.r.t. L.
This means:
T = fL(iU) — I = g[L](a:J,x(v\L),xW) M-a.s..

Conversely, since z ;o0 yuw € U M-a.s.,
Ty = fL(l’) — I, = g[L](ZEJ,ZE(V\L),wa) M-a.s..

Now assume that ¢! : X; x Xonrpy X Xw — AL is a measurable function such that

T = fL(HZ') <~ I = g[L]($J,$(V\L),$W) M-a.s..

Let Ai={x € X: 2y = fr(2)}. Let B:={z € X : 21 = g2y, 2 \1), rw)}. We have
already seen that A = (RIH)~1(Al") is a measurable set. Via similar reasoning (and the
fact that g!” is a measurable function) we can show that B is a measurable set. Hence
C={reX z=filz) = =g asz0n0),2w)} = (AN B) U (A°N B°) is
a measurable set. Its complement is an A-null set by assumption. Since C C U, it
follows that U = X x Xonr) X Xw up to a measurable M-null set. O

Remark 6.3.20. Under the weaker assumption that (U)¢ is an M-null set (not neces-
sarily measurable), it is an open question whether M is partially solvable w.r.t. L. From

, Thm 18.11], we obtain that UW s a co-analytic subset of Xy x Xone) X Xw—
that is, (UM)¢ is analytic—but it is not clear whether that guarantees the existence of a
measurable partial solution function.

As a more extensive example, we now formalize the chocolate-Nobel prize example
discussed in Section 1.1 as different iSCMs according to some of the causal hypotheses.

Example 6.3.21. For a given country, consider two real-valued variables: annual choco-
late consumption in kilograms per capita (C), and the number of Nobel prize win-
ners per year per capita (N). We can consider the following linear iSCM families

M= (J,V,W,x,P? f%).
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1. N causes C': (‘Nobel prizes are celebrated with massive chocolate feasts’)
J={N}, V={C}, W =10,0 = (o,8) € Xo := R, Xy =R, X = R,
foB (zy,mc) = a+ Bay. It has structural equations

Xgo(xN) =+ ﬁl’N.

For a given parameter 0, the iSCM M has a unique solution function, g*° : xn —
a+ Bxy, and unique potential outcomes of the form XgO(ZN) =a+ fry.

2. C causes N: (‘chocolate contains brain enhancing chemicals’)
J={C}, V={N}, W =0,0 = (7,0) € Xo = R?> X =R, Xy = R,
[0 (o, xy) = v + dxc. It has structural equations

X]%O(IC) =7+ 0xc.
For a given parameter 0, the iSCM M? has a unique solution function, ¢7° : xc —
v+ dxc, and unique potential outcomes of the form X]%,O(IC) =5+ d0xc.

3. W causes C and N, version 1: (‘inhabitants of wealthy countries eat more chocolate
and conduct more scientific research’)
J={W},V={C,N}), W=0,0=(a,3,7,0) € Xg =R, Xy =R, Xc =R,
Xn =R, fO: (zw,vc,28) = (a+ Baw,y + dzw) € Xo X Xy. It has structural
equations

XgO(IW) =a+ B'xW?
ngo(xw) =+ bz

For a given parameter 0, the iSCM M° has unique solution function ¢° : xw —
(o + Brw,y + 0xw) € Xo X Xy and it has unique potential outcomes of the form

X = (a+ Baw,y + daw).

4. W causes C and N, version 2: (‘similar to version 1, but now the probability
distribution of wealth is modeled’):
J=0,V={C,N}, W={W}, 0= (a,83,7,0,0) € Xo := R x [0,00), Xy =R,
XC = ]R, XN = R, f@ : (xc,LUN,$W) — (oz—l—ﬁxw,’y—i-&cw) c XC X XN, Pe =
N(0,0%). It has structural equations

XC:a+BXW7

For a given parameter 0, the iSCM M?° has solution function ¢° : zw — (a +
Brw,y+doxw) € Xo x Xn and it has outcomes of the form Xon = (a+ Xw, v+
dXw) for some random variable Xy ~ N(0,02). It has many solution functions;
for example, also ¢° + Gl for some P(Xyw)-nullset N and arbitrary measurable
function g : Xyw — R? is a solution function.
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6.3.6. Sampling from an iISCM

One can use the solution function to sample from the corresponding Markov kernel of
an iSCM.

Remark 6.3.22. Given a solution function g : X; X Xw — Xy of an iSCM M =
(J,2V,W, X, P, f), we can sample from its corresponding Markov kernel in the following
way:

1: fori=1,. .(.{),n do

2: mnput x;

3: for each w € W do

4 sample X3 ~ P(X,)

5: end for

6: for eachv eV do

7 sample X0 g(x(f),a:%fv))
8: end for ' '

9: output (a:f;),X‘(,f,),X‘(}))

10: end for

We can think of this as a model of the data-generating process that yields a sequence
of samples

(0,50, X2) (22, X2 X2) ... (2, X80, x0)

While the X‘(,[i,) are independent, we are not assuming anything about how the values
xf;) are determined. More precisely, the above sampling process will lead to the fol-

lo(vxging distr)ibution for the exogenous random variables, given a certain input sequence
1 (n
Ty, ..,y

xW o xY 2P e~ Py e o P(x ).

In words: the XI(,{}) are independent and identically distributed according to P, given the
entire sequence :L‘Sl), .

distribution:

. ,xf,n). Jointly, the data-generating process leads to the following

1 n 1 n 1 1 n n
(X w - Xyw) |2~ KXy [2)) @ @ K (X | 257),
with K (Xyuw | X;) the Markov kernel obtained from the push-forward
(9, iday, ) (P ® 6(X,|X ).

Marginally on the endogenous variables, the above data-generating process will lead to
the following distribution of the observed data, given a certain input sequence:
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with K(Xy | X) the Markov kernel obtained from the push-forward
9+(P ® 0(X ;| X ).

The ordering of the operations (input, sample, calculate, output) in this sampler mat-
ters. In particular, note that the values x; of the exogenous input variables are deter-
mined before the exogenous random variables Xy are sampled. Swapping this ordering
may lead to dependence Xy, i X ; between the exogenous random and exogenous input
variables (i.e., P(Xw |do(X,)) # P(Xw)). The ordering chosen here is compatible with
the assumption that the exogenous random variables are latent.?® Indeed, suppose that
some ‘agent’ decides on the values of the exogenous inputs x ;. If this agent could observe
Xyw before it decides on the values of the inputs, the agent could choose the values of
X ; dependent on the values of Xy .36

If the iSCM admits multiple solution functions, this sampler depends explicitly on the
choice of the solution function. So one way to think about iSCMs that admit multiple
solution functions is that they are incomplete models of a data-generating process.

Example 6.3.23 (Continuing Example 6.3.21). We can sample from the 1SCMs in
Ezxample 6.5.21 as follows:

1. N causes C': (‘Nobel prizes are celebrated with massive chocolate feasts’)

1: input o, B,n

2: fori=1,...,n do
3: input xs\l,) ;

b XD o pal;
5: output (Xg),x%))
6: end for

2. C causes N: (‘chocolate contains brain enhancing chemicals’)

1: mput v,0,n

2: fori=1,...,n do
3: input x(cl) ;

4 X](Vi) — 7+ &L*g);
5: output (xg), X](\Z,'))
6: end for

350ne could also consider a setting in which some, but not all, information about the value zyy is
accessible to the experimenter. For example, some exogenous random variables could be considered
“observable” and others “latent”, while they would all be considered “non-intervenable”. We will not
consider this as it would complicate matters further.

36If the iISCM is misspecified in the sense that ‘nature’ choses the values of Xy, dependent on the
values of X, then one can find another iISCM by reparameterizing Xy to make it independent
of X; again. Thus, the assumption that Xy ~ P(Xw) rather than Xy ~ K(Xw |do(X;)) in
Definition 6.2.1 can be made without loss of generality.
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3. W causes C and N, version 1: (‘inhabitants of wealthy countries eat more choco-
late and conduct more scientific research’)

1: mput o, B,7,6,n
2: fori=1,...,n do
3 input atgf[,);
4: Xg) —a+ 5:)3%,);
5: X](\;) —v+ (5:v%,).
@ @ .0
6 output (X', Xy, zy)
7. end for

4. W causes C' and N, version 2: (‘similar to version 1, but now the probability dis-
tribution of wealth is modeled’):

1: input o, 5,7,6,0%,n

2: fori=1,...,n do

3 sample X\ ~ N(0,02);
4 Xg) —a+ 590%,);
XD gl

6 output (Xg),X](\?,X‘(,f,))
7. end for

6.4. Interventions

The reason that equations (38) are called structural is that one cannot simply rewrite
them in the way one is used to when solving a set of equations without changing the
causal semantics of the model. This can be formalized by defining how interventions
affect an iSCM.

In this section we define interventions as operations on iISCMs that map a given iSCM
and an intervention target (and optionally, an intervention value or distribution) to an
intervened iSCM. The operation may change the types of the variables it is targeting.
We will consider four intervention types: three variants of a hard intervention, and
soft interventions. The three hard intervention variants differ in what type of variables
the intervened variables become: endogenous variables, exogenous random variables, or
exogenous input variables. As there are many ways in the real world to intervene on (or
‘to perturb’; or simply ‘to change’) a given system, this is only the tip of an iceberg of
how one could formalize such interventions.

Remark 6.4.1. We will not consider interventions that target exogenous random vari-
ables. This allows the modeler to make less stringent assumptions when modeling a
data-generating process with an iSCM.?"

37If an intervention on an exogenous random variable in a model is really required, one can always
make an endogenous copy of it, and then intervene on the endogenous copy.
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6.4.1. Hard interventions

We start with hard interventions that turn all intervened variables into endogenous
variables with specified values, overriding the default causal mechanisms that determined
their values before the intervention was performed.

Definition 6.4.2 (Hard intervention with specified target values). Given an iSCM M =
(J,V,W, X, P, f), an intervention target T C J UV and an intervention value & € Xr,
we define the intervened 1SCM

Mao(xp=tr) = (J\T,VUT, W, X, P,(finr,&r)) -

More explicitly, the components of the intervened causal mechanism f : X — Xyur are

given by:
o )& JeT
fj(”"”)‘{fxw jeVAT,
forj e VUT.

This replaces the targeted exogenous variables by endogenous variables and adds struc-
tural equations to set their values as specified, replaces the existing structural equations
of the form X;io(‘r‘]) = fj(:cJ,XSO(”), XSI})(“)) for j € TNV to structural equations of

the simple form X;O(x‘]\T) = ¢;, and leaves the other structural equations invariant. This

operation ‘endogenizes’ exogenous input variables, reflecting that the intervened model
now specifies their values as prescribed by the hard intervention. The values of the other
endogenous variables are still determined by their original causal mechanisms.

Example 6.4.3. A hard intervention do(Xy = &x) changes the iSCM ‘W causes C' and
N, version 2’ from Ezample 6.5.21 into the iSCM with J =0, V = {C,N}, W = {W},
0 = (a,B,7,0,0) € R*x [0,00), Xy = R, X = R, Xy = R, [0 : (z¢,2n,7w) —
(a + Baw, ) € Xo x Xy, P? = N(0,02). It has structural equations
XC =a+ BXW7
XN =¢&n.
Another common variant of hard interventions are stochastic hard interventions, where

the intervention values are drawn independently from a specified (independent) distri-
bution.

Definition 6.4.4 (Stochastic hard intervention). Given an iSCM M = (J,V,W, X, P, f),
an intervention target T C JUV and an intervention target distribution Qr € @,cr P(Xy),
we define the intervened 1SCM

Mdo(XTNQT) = (J \ T, V \ T, W U T, X, P & QT, fV\T) .
More explicitly, the intervened exogenous distribution is given by

&) P, ®Qt] .

weW teT

P®Qr= &
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Intuitively, this assigns random values to the intervention target variables by sampling
from independent intervention distributions @); for ¢ € T, thereby turning the targeted
variables into exogenous random variables. A hard intervention on an exogenous input
variable turning it into an exogenous random variable can be interpreted as ‘imposing
a distribution’ on the exogenous input variable. For example, if treatment is considered
an exogenous input variable (the model does not specify how treatment is determined
by the physician for each patient), and we then intervene to let treatment be determined
by a coin flip instead (when setting up an RCT), we are imposing a distribution on the
treatment variable.

Example 6.4.5. The iSCM W causes C and N, version 2’ from Example 6.3.21 is
obtained from a stochastic intervention on the iSCM ‘W causes C' and N, version 1’
from that example.

The third variant of hard interventions only specifies the intervention targets, but
makes no assertions about the intervention values (not even their distribution).

Definition 6.4.6 (Hard intervention with unspecified value). Given an iSCM M =
(J,ZV,W, X, P, f) and an intervention target T C J UV, we define the intervened
1ISCM

Mdo(T) = (JUT,V\T,VV,X,P,fv\T) .

Intuitively, this operation replaces endogenous variables and exogenous random vari-
ables with exogenous input variables. The intervened model no longer specifies the
causal mechanisms that determine the values of these variables, but instead treats them
as exogenous inputs that are independent of the (remaining) exogenous random vari-
ables in the model. This reflects that after this hard intervention, the values for these
variables are no longer determined by the system, but are set externally (e.g., by the
experimenter performing the intervention) to values chosen independently of the values
of the exogenous random variables, while the values of the other endogenous variables
are still determined by their original causal mechanisms.

Example 6.4.7. A hard intervention do(NN) changes the iSCM ‘W causes C' and N,
version 2’ from Example 6.53.21 into the intervened iSCM with: J = {N}, V = {C},
W = {W}, 0 = (a,3,7,0,0) € R* x [0,00), Xw = R, Xo = R, Xy = R, f?:
(xn, 1, 2w) = a+ Bow, P = N(0,02). It has structural equation

XgO(IN) — a4+ BX&?(fN)'

For a given parameter 0, it has a solution function §° : (zvn,zw) — o+ Brw. It
has potential outcomes of the form XgO(IN) = o+ 5X$(M) for some random variable

XN~ N(0,02).

Remark 6.4.8. We will interpret exogenous input variables in 1SCMs always as if they
represent a hard intervention with unspecified target values. While the target values
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are unspecified, this does imply certain assumptions regarding the data-generating pro-
cess (that is, as to how the values can be chosen). Indeed, the data-generating process
described in Section 6.5.6 implies that

xW o xP e xth o x
Here are two examples of settings in which this can be a realistic modeling assumption.:

1. If X; is randomized (the agent that determines the value of XL(;) just samples it
from an independent source of randomness);

2. If the agent that determines the value of Xgi) has no access to the values of
X‘(/;), e >X153) before or while deciding the value of Xgl).

In both cases, one needs to assume in addition that all generated samples end up in the
data set (or weaker, that samples are observed ‘completely at random’: whether or not
a sample is observed is a random variable that is independent of X ; and Xy ).

Exercise 6.4.9. Suppose you are interested in studying the relationship between age and
body mass index. Is it a good idea to represent age as an exogenous input variable in an
iISCM? Why, or why not?

Summarizing, we have now seen three different ways of representing hard interven-
tions, which are all ‘hard’ in the sense that they completely override the default causal
mechanisms of their endogenous targets, so that their values are no longer determined
by those of other endogenous variables. The three variants differ in how we decide to
model the intervened variables: as exogenous inputs, as exogenous random variables, or
as endogenous variables with a constant value.?®

6.4.2. Soft interventions (mechanism changes)

Soft interventions (also known as mechanism changes) replace the causal mechanism of
an endogenous variable by another causal mechanism.

Definition 6.4.10 (Soft intervention). Given an iSCM M = (J,V,W, X, P, f), an in-
tervention target T C V', and measurable functions f, : X — X, for v € T, a soft
intervention on M replacing fr by fr yields an intervened iSCM of the form

Mdo(T(—fT) = (']7 V> VV) X? P7 (fV\T7 fT)) :

Proposition 6.4.11. Let M = (J,V,W, X, P, f) be an iSCM. (Hard or soft) interven-
tions do(Ty ...), do(Ty...) with disjoint targets Ty, Ty C J UV (of any of the four
variants) commute:

(Mao(ty...))do(1s...) = (Mao(1y...))do(Ti...) = Mdo((mium)...)-

Proof. This follows by writing out the definitions and checking commutativity of the
operations performed on the various components of the iSCM tuple one-by-one. n

38Since most accounts on iISCMs do not provide for the possibility of exogenous input variables, the
two variants most often seen in the literature are the latter two.
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6.4.3. Intervention variables

It is often convenient to combine an iISCM and one or more intervened versions of the
iSCM together in a single iISCM. This can be done by introducing intervention variables
that indicate whether, and possibly encode how, an intervention is performed.

Example 6.4.12. Consider an 1SCM with endogenous variables X1, Xs, exogenous ran-
dom variables W1, Wy and structural equations:

X1 = fi(Xe, W), Xy = fo( Xy, Wa).
After a hard intervention do(Xs = o) the structural equations become:
X1 = fi(Xg, W), Xo = 3.

We can combine both into a single iSCM by adding an intervention variable I (an
exogenous input variable) and change the structural equations into:

fQ(Xl,WQ) ]2:()

X1 = fi(Xe, Wh), Xy = {
) ]2 =1.

While there are many ways of intervening, and also many ways of encoding specific
interventions, a special case that we will encounter frequently is the following way of
using intervention variables to model hard interventions on subsets of B for some subset
B C V of endogenous variables.

Definition 6.4.13. Let M = (J,V,W, X, P, f) be an iSCM. Let B C V U J. For each
b e BNV, we introduce an additional ‘intervention variable’ I, which will become an
exogenous input variable; for j € BN J, we just set I; := j. We denote Ip := (I)pen-
We define an extended iSCM

Mao(1p) = (JUIB,V,WMYX H le,Pj)

beBNV

with Xy, := Xy U{x}, with causal mechanism f with components

~ ; _
veVNB: fv(iUVUJUWUIB) — {f (ZUVuJuW) zy,
xl’u va G XU
vE V \ B : f~U<xVUJUWUIB) = fv(m\/UJuw)

Forbe BNV, x;, = * encodes that there is no intervention on b, while xj, # x encodes
that the hard intervention do(X, = xy,) is performed.

This provides a way to simultaneously encode {Mgo(x,) : C € B} into a single iSCM
Mao(1) and we will make use of it to derive the do-calculus (see Section 7.3).
We have the following commutation relations.
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Proposition 6.4.14. Let M = (J,V,W, X, P, f) be an iSCM. Adding intervention vari-
ables to by CV UJ and to by CV U J (with by # by) commutes:

(Mao(ny,))do(t,) = (Mdo(n,,))do(1,,) = Mdo(1g, 4,3)-

Proof. This follows by writing out the definitions and checking commutativity of the
operations performed on the various components of the iSCM tuple one-by-one. n

Proposition 6.4.15. Let M = (J,V,W, X, P, f) be an iSCM. Adding intervention vari-
ables to B C V U J commutes with (hard or soft) interventions do(T ...) with disjoint
target T C JUV (of any of the four variants):

(Mao(15))do(7...) = (Mao(7...))do(I5)-

Proof. This follows by writing out the definitions and checking commutativity of the
operations performed on the various components of the iSCM tuple one-by-one. O

6.5. Composition and decomposition

If we think about an iSCM as modeling a ‘system’, then we also obtain a model for any
‘subsystem’ in the following way.

Definition 6.5.1 (Taking a submodel of an iISCM). Given an iSCM M = (J,V,W, X, P, f)
and a subset V! CV of its endogenous variables, we define its submodel on V' as the
1ISCM

MV .= (JUWV\V),V W, X, P, fi).

Remark 6.5.2. Note that this is just the intervened iSCM Myo\vr)-

Given two iSCMs, such that some of the variables of one iSCM can be used as (part
of the) exogenous input of the other, and possibly vice versa, we can compose them into

a single iSCM.*°

Definition 6.5.3 (Composing two iSCMs). Given two iSCMs M = (J,V,W, X, P, f)
and M = (j,‘N/,I/T/,X,]S,f> and two subsets C C JN(VUW) and C € (VUW)NJ
satisfying the following conditions:

1. forallce C, (X). = (‘f)c;
2. forallceC, (X). = (?E)c,

3. (J\NC)N(J\C) =19,

4. VNV =0,

39Tn practice, one may have to relabel the variables first before one can perform this composition
operation, by changing the index sets of the iSCMs to ensure that the right variables become
coupled.
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5 WnW =0,
we define the composed 1SCM

comp(M, C, M, C) i= ((J\ C)U(J\ C), VUV, W UW, &%, P, [°),

where

X° = Xpopovow X (X)heyor o
P°:=P®P,
fo= (1)

The special case C = () will also be denoted as M o M, and likewise the special case

C = 0 will be denoted as M o M.

One can consider the decomposition (taking submodels) as ‘dual to’ the composition
(combining submodels). These operations formalize the notion of modularity, that is,
an iSCM can be thought of modeling a system consisting of interacting components by
modeling for each component separately how it interacts with the other components.
The submodels on individual variables correspond with ‘atomic’ subsystems that cannot
be (or won’t be) decomposed into smaller parts.

6.6. Essentially Unique Solvability and Simple iSCMs

Whereas the existence of solution functions is important, their uniqueness also plays a
pivotal role in the theory of (cyclic) iSCMs. A technical subtlety is that like existence,
we will only demand uniqueness up to certain null sets.

Definition 6.6.1. Let M = (J,V,W, X, P, f) be an iSCM. We say that M is essentially
uniquely solvable if there exists a measurable function g : Xjx Xy — Xy that satisfies

ry = f(x) <= zy =g(rs,zw) M-a.s..

For a subset L C V', we say that M 1is essentially uniquely solvable w.r.t. L if there
exists a measurable function g™ = X; x Xonrpy X Xy — XL that satisfies

T = fL<£L'> <~ I = g[L](xJ,m(V\L),a:W) M-a.s..

Note that such a function ¢ is a solution function of M, and ¢!* is a partial solution
function of M w.r.t. L. Hence, if M is essentially uniquely solvable (w.r.t. L), then M is
solvable (w.r.t. L). In addition to the existence of (partial) uniqueness functions, their
uniqueness up to certain null sets follows.

Definition 6.6.2. Let M = (J,V,W X P, f) be an iSCM. We say that its solution
function is essentially unique if g = g M-a.s. for any two solution functions g,q of
M. We say that its partial solution function w.r.t. L C V is essentially unique if
g = gl M-a.s. for any two partial solution functions g™, g"! of M w.r.t. L.
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The following observation is a simple consequence of the definitions that we will employ
often.

Proposition 6.6.3. Let M = (J,V,W, X, P, f) be an iSCM. Suppose that M is essen-
tially uniquely solvable w.r.t. L C V. Then for any (partial) solution function g*1 of M
w.r.t. L we have:

rp = fL(f) — I = f][L](QZJ,JJ(V\L),.IW) M-a.s..
Hence, the (partial) solution function of M w.r.t. L is essentially unique.

Proof. Since M is essentially uniquely solvable w.r.t. L, there exists a measurable func-
tion g : X; x X1y X X — A, that satisfies

xp = fr(z) <= zp = g[L](mJ,m(V\L),xW) M-a.s..
Then
Vay € Xy @ (2 = fr(rs, xonn), 2w, 2L) <= 2L = g[L](xJ,x(V\L),xW))] M-a.s..
Let gl X x Xy X Xy — X be a partial solution function of M w.r.t. L. Then:

i@y, zonny 2w) = fr(zg, zonn, 2w, 35 (2, 200, aw))  M-as..

Combining these we conclude that

gt (xg,20\L), Tw) = gt (7, 20n\L), Tw) M-a.s..

Together with the property of ¢gl*, this also implies:
Ty = fL(fL') < I = g[L](IJ,J?(V\L),I‘W) M-a.s..
O]

Essentially uniquely solvable iSCMs not only have essentially unique solution func-
tions, but also unique distributions of potential outcomes and unique Markov kernels of
solutions.

Theorem 6.6.4. Let M = (J,V,W, X, P, f) be an iSCM. If M is essentially uniquely
solvable, then:

1. Its solution function is essentially unique;

2. The distribution of a potential outcome X‘C}-(L(;}’) for input x; € X, is unique and

given by
do(z olx .
Xyt ~ (g% iday, ) Par(Xw)
where g - Xy — Xy aw = g(zg, zw) with g+ X; x Xy — Xy a solution

function of M.
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3. M has a unique Markov kernel given by

Py (Xy, Xy | do(X;)) = (g,idx, )s (< ) Pl ) ® 5(XJ|XJ)>

weW
for g: X; x Xy — Xy a solution function of M.
Proof. If M is essentially uniquely solvable, it clearly has a solution function. By Propo-

sition 6.3.17, M then also has potential outcomes and solutions. We proceed to show
their (essential) uniqueness.

1. Let z; € X; and XdO (1) 3 potential outcome of M with input ;. Let g be a
solution function of M Then:

vy = f(ry, 2w, 2v) <= xv = g(xs,2w)] M-as..

With Lemma 6.3.13 we conclude:

do(zy)

(X = g, X X)) = X = gz, X)) as.
This implies:
[X30($.I) _ f(de,Xa?(x‘]),Xdo(zj)) a.s.] — [X‘Cio(x‘]) — g(;pLX;?(mJ)) a.S.].

Since the 1.h.s. holds by assumption, we conclude that

do(z do(x do(z
XVU(WJ) = (Q(JUJ,XW( J)),XW( Y as.,

which in turn implies
Xpoit) ~ () idug, ) P(X)

and therefore
do(x o(x .
XVU(W]) ~ (%) idx, )« Py (X ).

2. Let K(Xy, Xw | X;) denote the Markov kernel for M corresponding to a solution
X :UxXx X; - X. For any x; € X, the random variable X%°®) : f — X :
u+— X (u,xy) is a potential outcome of M. Its distribution coincides with that of
K(Xv,Xw | X; = zy), by definition. The claim now follows from 3.

O

For the special case of no exogenous input variables (J = (}), this means that essentially
uniquely solvable SCMs induce a unique distribution.

If an iSCM is essentially uniquely solvable, this does not necessarily mean that it
is still essentially uniquely solvable after performing some intervention. To avoid the
complications introduced in case solutions are absent, or present but not unique, we will
henceforth make strong assumptions regarding the existence and uniqueness of solutions.
We will (mostly) restrict our attention to a subclass of iISCMs that we refer to as simple
1SCMs, which are iSCMs that are essentially uniquely solvable and remain so after any
hard intervention:
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Definition 6.6.5. An iSCM M = (J,V,W, X, P, f) is called simple if for allT C V,
M is essentially uniquely solvable w.r.t. T

Note that this includes essentially unique solvability of M itself for T = ().

Remark 6.6.6. An equivalent condition for M to be essentially uniquely solvable w.r.t.
L is provided by Proposition 6.3.19. Thereby, M is a simple iSCM if and only if for
each L CV the following holds:

[Blzp € X caxp = fr(og, zv\, 2w, 7))

up to a measurable M-null set.

For M an SCM without input nodes (that is, J =), every M-null set is contained in
a measurable M-null set if J = (). Hence, in that case Proposition 6.3.19 implies that
M s essentially uniquely solvable if and only iof

Alxy € Xy vy = f(zy,2w) P-a.s..
Example 6.6.7. Consider an 1SCM with structural equations
X1 =W,
Xo =W,
X=X Xy + W3
Xy =X X5+ W,y

where the X ’s are considered real-valued endogenous variables and the W's exogenous
variables with domains (—1,1) C R. We can solve the system of structural equations for
X in terms of W:

X1 =W

X2 = WQ

x, _ Wt Wi,
1 — W, Wy

,  WaWs 11,
1 — WoW,

which gives a unique solution function. Similarly, we can take any subset of the structural
equations and solve it for the variables appearing on the l.h.s. of the equations in the
subset, and obtain a unique solution function. For example, only solving the structural
equations for Xz and X4, we obtain:

Ws + WiW,
Xy = ——"7——
1—-Wi Xy
WoWs + W,y
Xyg=—F""7+"
1 — WXy
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where the variables X1 and Xy are now considered as exogenous input variables (instead
of endogenous variables). Hence, any subset of the structural equations has a unique
solution for the variables appearing on the l.h.s. in terms of the remaining ones on the
r.h.s., which means that this i«SCM s simple.

If we extend the range of possible values of the exogenous random variables to Xy =
R2, then we may still end up with essentially unique solution functions as long as
{(wy,wy) € R? : 1 = wyws} is a measurable M-null set (which depends on the dis-
tribution P(Xw) we would pick).

One of the very convenient properties of simple iSCMs is that after any hard interven-
tion, they still have a uniquely defined Markov kernel. Simplicity is preserved by hard
interventions and by adding intervention variables.

Proposition 6.6.8. Let M = (J,V,W, X, P, f) be a simple iSCM. Then:
1. Mao(r...y is simple for T C V U J (hard interventions of all three types);

2. Mao(1p)

B

is simple for B CV U J (adding intervention variables).

Proof. Because M is simple, for all 7" C V there exists a measurable function ggor) :
XJUT X XW — XV\T such that:

Ty\T = fv\T(.%) <~ Ty\T = ng(T)(l'J, xr, xw) M-a.s..

Let M = (J,V,W,X, P, f) denote an intervened iSCM (we will consider special cases
below). To prove that M is simple, it suffices to show that for all T C V there exists a
measurable function gy, : X7 X Xy, = Ay 7 such that:

g = fini (@) = T\ = Gaory (@7, 27, Ty)  M-aus,
as long as M-a.s. implies M-a.s..

1. (i) Let T C JUV. Consider M = MdO(T), that is, J = JUT, V = VAT,

W=W,P=P, f fy- Since Md @) = Maorus) tor T C V, we can just
take g Jao() = Yao((r\)uT)- Note that indeed M-a.s. implies Myo(7)-a.s.. Hence
Mao(ry is simple.

(i) Let T C V U J, and §T € Xyp. Consider M = Mgo(@r=er), that

at is, J = J\ T,
V=VUT,W=W,P=P, f=(finrér). Since for T C V:

Mdo(T) = (Mdo(xT\ngT\T) )dO(T) ’

as solution function gy, we can take the one for M, ), evaluated in

T\ = §ppy and with additional output 7"\ T with value Ep\a:

Jao(T )(vaxTaxW) (gdo((T\J)UT (fT\T73’3TuJ75’3W) fT\T)

Note that indeed M-a.s. implies Myo(z,—¢,)-a.8.. Hence Myo(z,—¢;) is simple.

196



(iii) Let T'C V U J and Qr € X),er P(A;). Consider M = Mao(xp~0q), that is,
J=J\T,V=V\T,W=WUT, P=P&Qr, f = fins. Since for T C V"
Mdo(T) = (Mdo(TuT))do(XT~QT)

we can take G017 = Gao((r\yuty- Note that indeed M-a.s. implies Mao(xy~qr)-a-S..
Hence Myo(x,~qy) 18 simple.

. For B C J, the operation of adding intervention variables do(/g) only adds indices
I; = j for j € BN J. Therefore, we can consider B C V' without loss of generality.
Furthermore, by using induction we only need to consider the case B = {b} C V
by means of Proposition 6.4.14. Hence consider M = Mgo(z,), that is, J = JU{I,},

V=V, W=W,X= X x Xy, with X, == X, U {*}, P = P, and f given by

3 folzvoow) @, =*
fb($1b7$vuJuW) 12{ ( o ) ’

Ty, Ty, € X,

veV\{b}: Folzn, zvosow) = fo(zvisow)

Let T C V. Consider first the case b ¢ T. Then:

Mdo(T) = (Mdo(T))dO(Ib)'
We can take:

gdo(T)('rJamT?xW) Ly, =*

T, Ly, Tq, T
gdo(T)( Iys Ly L W) {(gdo(TU{b})($J7$T’xb — xIbaxW)7$Ib) Ty, € Xb

as one can check that

{xV\T: fV\T(xJUva) = Ty = Gao(F )(:vj,xT,xW) M-a.s..

Ty (Fupy) = S dopn (Taowov) <= Ty oy = Jaoduiey) (T7: Trogy, Tw)  M-as..

implies that for each z;, € A7p,:

Tyf = fv\f(l'[b, Tjowov) = Tyni = Gaoi)(Tn,, Ty, Tp, Tw)  M-ass..
Now consider the case b € T'. Then:

Mdo(f) = ((Mdo(f\{b}))do(Ib))do(b)-

This is just My, with an additional ‘unused’ exogenous input variable [,. We
can therefore take:

Jao(T) (@1,, T, T5, 2w ) = 9do(T) (g, T3, Tw)

where one should notice that in this case the desired property holds Mgq(s,)-a.s.,
as it does not depend on x;, and holds M-a.s..
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This completes the proof. n
Simplicity is in general not preserved by soft interventions.

Corollary 6.6.9. If an iSCM M = (J,V,W, X, P, f) is simple, then its Markov kernel
Py (Xv, Xw | do(X;)) and all intervened Markov kernels

PMdo(T)(XV\T7 Xw | dO(XJUT))
for T CV exist and are unique.

Proof. If M is simple, then for all T C V also Myory is simple (by Proposition 6.6.8)
and hence essentially uniquely solvable. The claim now follows from Theorem 6.6.4. []

We will make use of the following notation for intervened Markov kernels of simple
iSCMs.

Notation 6.6.10. For a simple iSCM M, we write for T CV:
Puy (Xt Xw | do(X ), do(X7)) := Py, (Xonr, Xw | do(Xjur))

We establish the following terminology for these Markov kernels:

special case Markov kernel name

Py (Xy\r | do(X;),do(X7)) interventional Markov kernels of M
T=10 Py (Xy | do(Xy)) observable Markov kernel of M
J=T=0 Py(Xy) observational Markov kernel of M

The fact that these iISCMs are relatively simple to deal with (because we do not have to
worry about non-existence or non-uniqueness of solutions) motivated their name. Even
though simplicity is a strong assumption, the class of simple iISCMs is more expressive
than the class of L-CBNs, since it allows to model causal cycles to some extent. In
paricular, some of the examples at the beginning of this Chapter (in Section 6.1) can be
dealt with using the class of simple iSCMs.

Exercise 6.6.11. Show that Example 6.1.1 provides no difficulties when modeling using
simple 1SCMs. Is the class of iSCMs generally closed under merging variables?

Exercise 6.6.12. Show that the mizture model in Fxample 6.1.2 can be modeled as a
simple 1SCM. Is the class of iSCMs generally closed under taking miztures of iSCMs?

6.6.1. Linear iSCMs

For iSCMs whose causal mechanism is linear in terms of the endogenous variables (up
to a certain null set), we can give a sufficient condition for essentially unique solvability,
and explicitly write down the form of their solution function.
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Definition 6.6.13. Let K be a field (e.g., K=R orK=C). Let M = (J,V,W, X, P, f)
be an iSCM, where each X, is a finite-dimensional Polish vector space over K, and let
Xy =@ s Xa for AC V. Then M is called essentially linear if each component
of the causal mechanism is (up to an M-null set) an affine combination of endogenous
variables with coefficients that may be functions of the exogenous variables, i.e., of f is
of the form
fxy, 2w, zv) = Bz, zw)ry + c(zy, zw) M-a.s.,

where for allxy; € X; and all zyw € Xy, B(xy,zw) : Xy — Xy is linear and c(x;, vw) €
Xy . Since Xy = @vev X,, we can also write this as

folzy, 2w, zv) = Z By, aw)tu + co(zs,2w)  M-a.s.,
ueV

where for all z; € X; and all vy € Xw, Bu(xj,zw) @ Xy — X, is linear and
colTy,xw) € X, for all u,v € V.

For K = R and X, = R for all v € V, the mapping B can be thought of as a
matrix-valued measurable function X; x Ay — RV*Y and ¢ as a vector-valued function
X; X Xy — RY.

For essentially linear iISCMs, essentially unique solvability is implied by the inverta-
bility of a certain matrix.

Proposition 6.6.14. Let M be a essentially linear iSCM as in Definition 6.6.13. Denote
by I € KXV the identity matriz. Then, M is essentially uniquely solvable if the matrices
I — B(xy,xw) are invertible for all z; € Xy, xw € Xw up to a measurable M-null set.
The corresponding essentially unique solution function is:

g: XJ X Xw — Xy : (xJ,xW) — ([ — B(‘TJVZ'W))ilC(xJ,.TW).

More generally, let L C V. Denote by I, € REXE the identity matriz and Brr(z;, zw) €
KL*L the submatrixz of B(xy, xw). M is essentially uniquely solvable w.r.t. L if the ma-
trices Iy, — Brr(xy, zw) are invertible for all x; € Xy, xw € Xw up to a measurable
M -null set. The corresponding essentially unique partial solution function w.r.t. L is:

g[L} IXJXXV\L XXW—>XL

(g, g, aw) = (I — Bro(zg, zw) (Bonn(@s, aw)on g + cn(@y, zw)).

6.7. Equivalence Notions

In this section, we will discuss several important equivalence relations between iISCMs.
M and M are considered equivalent if they differ only in terms of their causal mech-
anisms, yet each of their structural equations has almost surely the same solutions.

Definition 6.7.1. Let M = (J,V,W, X, P, f) and M = (J, VW, X, P, f) be two iSCMs
that may differ only in terms of their causal mechanism. We say that M 1is equivalent
to M and write M = M if for each v € V,

x, = folzy, zv,ow) <= z, = fv(xJ,xv,:cW) M-a.s.
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(note that M-a.s. means the same as M-a.s.).

Equivalent iISCMs are indeed equivalent for many purposes, and it is compatible with
all properties of and operations on iISCMS that we have defined thus far.
Proposition 6.7.2. 1. Equivalence is preserved by interventions: if M = M then:
a) Mao(r..y = Mdo(T...) for T CV UJ (hard interventions of all three types);
b) Mdo(ﬂ_f}) = Mdo(:m—fT) forT CV and fT X g x Xy x Xy — X1 a measurable
function (soft interventions);
¢) Mao(ip) = ]\ZIdO(IB) for BC V UJ (adding intervention variables);

2. Equivalent 1SCMs have equivalent submodels and composition preserves equiva-
lence;

3. Equivalent iSCMs have the same null sets: if M = M then N is an M-null set if
and only if it is an M-null set, and ‘M-a.s.” means the same as ‘M-a.s.’;

4. Equivalent 1SCMs have the same potential outcomes, solutions, Markov kernels,
and (partial) solution functions;

5. (Partial) solvability, essentially unique (partial) solvability, essential uniqueness

of (parjz’al) solution functions and simplicity are invariants under equivalence: if
M = M then

a) M is solvable w.r.t. L C'V if and only if M is solvable w.r.t. L,

b) M is essentially uniquely solvable w.r.t. L C 'V if and only if it M is essen-
tially uniquely solvable w.r.t. L,

c¢) gl is an essentially unique solution function of M w.r.t. L CV if and only
iof it is an essentially unique solution function of M w.r.t. L,

d) M is simple if and only if M is simple;
6. Essential linearity is preserved.

Proof. The first three claims follow directly from the definitions.
We prove the fourth point. M = M implies that

vy = f(z) <= zy = f(x) M-as.. (41)

e Potential outcomes are invariant. Let x; € X;. We show that if a randonQ variable
x?,?é‘f‘] )is a potential outcome of M, then it is a potential outcome of M. Using

Lemma 6.3.13, (41) implies:
sto(z‘]) — f(ZEJ,XS[?(:CJ),XgO(:E‘])) - XSO(QJJ) — f($J7X‘C/1‘;)($J),X$O($J)) a.s..

Since X" ~ Py(Xy ), this proves the claim.
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e Solutions are invariant. Let (U x X;, K(U| X)) be a transition probability space
and X : U x X; — X be a conditional random variable. We show that if X is a
solution of M, then it is a solution of M. Using Lemma 6.3.14, (41) implies:

Xy = (X5, Xw,Xyv) <= Xy = f(X;, Xw,Xy) as..
Since K(Xw|X;) = Pu(Xw), this proves the claim.
o Markov kernels are invariant: this follows from the invariance of solutions.

e Partial solution functions are invariant. Let L C V. We show that if g/l is a
partial solution function of M w.r.t. L, then it is a partial solution function of M
w.r.t L. By assumption, g™ : X; x Xy X Xw — A is a measurable function.
Because M-a.s. and M-a.s. mean the same,

Q[L] (-TJa-TV\L7$W) =fr (iUJ,iUV\bg[L] ($J,$V\L,xw),i€w) M-a.s.

together with (41) implies:

9[L1<5UJ75L'V\L>~TW> = fL(fEJ,IBV\L,Q[L](%JV\L,!EW),fEW) M-as.,
which proves the claim.

The fifth point follows straightforwardly because M and M have the same partial
solution functions if they are equivalent.

The preservation of essential linearity follows because the coefficients of an affine
mapping are identified if the mapping is known up to an M-null set. O

Example 6.7.3. An iSCM with the single structural equation
X=-X’+X+W

where X s endogenous, and W is exogenous, is equivalent to the iSCM obtained by
replacing the structural equation with

X =VW.
Note that X no longer appears on the r.h.s..

We often make use of weaker notions of equivalence as well. For simplicity of ex-
position, we provide the definitions only for simple iISCMs (the general definitions are
provided in | | for SCMs).

Definition 6.7.4. Let M = (J,V,W, X, P, f) and M= (J,V,W,X,P, f) be two simple
1SCMs and O CV NV a subset. We say that:
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1. M and M are observably equivalent w.r.t. O if Xo = Xo, X,; = X7 and
their marginal Markov kernels coincide:

Pr(Xo | do(X,)) = Py (Xo | do(X)).

This has to be interpreted as both Markov kernels being a version of a Markov
kernel X5 --» Xo, i.e., Py(Xo | do(X)) must be constant in x 5, 7 and Py (Xo |
do(Xy)) must be constant in x 5 ;.4

2. M and M are interventionally equivalent w.r.t. O if for every subset T' C O
the intervened iSCMs Maoiry and Maocr) are observably equivalent w.r.t. O\ T

IfO =V NV, we may omit the qualitifier “w.r.t. O”. If J = J = 0, we also use the
term observationally equivalent w.r.t. O interchangebly with observably equiva-
lent w.r.t. O.

Remark 6.7.5. Note that M and~]\~4 are interventionally equivalent w.r.t. O C (VNV)
if and only iof Xo = Xo, X7 = X457 and for all T C O:

PM(XO | dO(XJ,XT)) = PM(XO | dO(Xj,XT))

More generally, one could define interventional equivalence not only with respect to
an observed set of variables, but also with respect to a given set of interventions.

Equivalence is stronger than interventional equivalence, which in turn is stronger than
observable equivalence.

Proposition 6.7.6. For simple iSCMs M, M and a subset O CV NV:
1. If M = M then M and M are interventionally equivalent w.r.t. O.

2. Interventional equivalence of M and M w.r.t. O implies observable equivalence of

M and M w.r.t. O.

Proof. 1. Suppose M = M. Then for every T C O, Maory = Mdo(T). Since equiva-
lent simple iSCMs have the same Markov kernels, Moy and Mo 1) are observably
equivalent w.r.t. O\ T for every 7' C O.

2. This is trivial (consider the intervention targeting 7' = ().
[l

However, the reverse implication does not hold in general. This expresses that causal
modeling is more refined than probabilistic modeling.

40Tn other words,

Pu(Xo [ do(Xy)) = Pu(Xo | do(X s X5<7)) = Pyr(Xo | do(X 5, X5¢7)) = Py (Xo | do(X 7).
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Example 6.7.7 (Observable equivalence does not imply interventional equivalence).
Consider the SCM M with

W NN(M702)7

N=W,

C =a+ BN,
and the SCM M with

W ~ N(f1,5%),

c=w,

N =a+ BC.

These SCMs are simple and their distributions are respectively

O'2 O'2
PM(Nac):N(<afﬁM)’(BO-2 520.2)>
paver-w(59) (55 %)

For certain parameter choices, they are observably equwalent (to be precise, they are
observable equivalent iff 1 = &+ B and i = o+ Bu and 02 = (26% and Bo? = 52 and
B%0? = 62%). However, they are not interventionally equivalent except for very special
parameter choices (to be precise, they are interventionally equivalent iff f = =0 and

0?=56>=0and pu=a and i = ).

and

We have seen that equivalence is preserved under various interventions. This is also
the case for interventional equivalence (although one has to be careful with respect to
which subset).

Proposition 6.7.8. Assume that M and M are interventionally equivalent iSCMs w.r.t.
OC(VnV). Then, for T COU(JNJ):

1. Maory and MdO(T) are interventionally equivalent w.r.t. O\T (hard interventions
with unspecified target value);

2. Mao(xr=¢r) and Mdo(XngT) are interventionally equivalent w.r.t. O UT, for any
&r € Xp (hard intervention with specified target value);

3. Mao(xr~qr) and MdO(XTNQT) are interventionally equivalent w.r.t. OUT, for any
Qr € P(Xr) (hard intervention with stochastic target value);

4. Myo1) and MdO(IT) are interventionally equivalent w.r.t. O (adding intervention
variables).
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Proof. 1. This follows from the commutativity of hard interventions (Proposition 6.4.11),
plus some bookkeeping, as we show now in detail. Since M and M are intervention-
ally equivalent w.r.t. O, for all subsets S C O, My,(s) and Mdo(s) are observably
equivalent w.r.t. O\ S. Let T COU(JN J ). Mao(r) and Mdo(T) are intervention-
ally equivalent w.r.t. O\ T if for all T C O\ T, (MdO(T))dO( and (MdO(T))dO( 7 are
observably equivalent w.r.t. (O\T)\T. That is, if M do(ruf) and M, do(TUT) are ob-
servably equivalent w.r.t. O\ (TUT) for all T C O\ T. That is, if Mo ((ruin ()
and Mdo (TUT)\(JnJ)) ate observably equivalent w.r.t. O\ ((T'U T)\ (JN.J)) for all

T C O\T. Note that for all T C O\ T, (TuT)\(ij) CO.
For the next two cases, Xp = Xp and X, ; = X,,; holds since M and M are

interventionally equivalent w.r.t. O. This same property needs to hold for the intervened
iISCMs Mdo(T...) and Mdo(T...)-

2. Let T COU(JN j) and & € Ap. To show: Mag(x,—¢,) and Mdo(XTsz) are
interventionally equivalent w.r.t. O UT, that is Xo = Xo, X7 = X, and for
al T COUT:

Pryoxepeepy (Xour | do(Xnr, X7)) = Xour | do(Xj\p, X7)).

P -
Mdo(XngT)(

Note that do(X7 = &r) can be obtained by do(T") followed by evaluating in Xp =
&

PMdo(XngT)<XOUT | dO(XJ\TUT)) = Pu(Xour | dO<XJ\TUT)7 do(Xr = &r))
Pilepeny (Xour | do(Xj1u7)) = Py (Xour [ do(X j\pup), do(Xr = &7))
So we want that
Pr(Xo | do(Xuru7)) = Py (Xo | do(X jurur))

which we know holds for all 7"U T C OU(JN.J) by the interventional equivalence
of M and M w.r.t. O.

3. Let TCOU(JNJ) and Qr € P(Xr). We can use again that
Py (Xo | do(Xjuru7)) = Py (Xo | do(X jurur))

for all TUT € OU(JN.J) by the interventional equivalence of M and M w.r.t. O.
Note that do(X7 ~ Qr) can be obtained by do(7") followed by putting distribution

QT on XTI
Pgyixpmam (Xour | do(X p 7)) = Pu(Xour | do(X j\ruz), do(X7)) o Qr(Xr)

Pitipmogy (Xour | d0(Xjipur)) = Py (Xour | do(X jypuz), do(Xr)) o Qr(Xr)
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Hence, for all TCOUT:

PMdo(XTNQT)(XOUT ’ dO<XJ\T)7 dO(XT)) = PMdc,(XTNQT)(

Xour | do(X j\ 1), do(X7))

which implies that Myo(x,~q,) s interventionally equivalent to Mdo( Xp~Qp) W.I..

OuUT.

. For T'C (J N .J), the operation of adding intervention variables do(I7) only adds
indices I; := j for j € T'N J. Therefore, we can consider 7" C O without loss of
generality, employing Proposition 6.4.14.

For T C O, we get:

P(MdO(IT>)do(T) <XV\T ’ d0<XJuT7 X1, = xIT))
- P Kz | do(X,0. X1y = 1)

(XV\T | dO<XJuT>XIT\T” - a:IT\f‘))

(Mdo(’f“\T) )dO(IT)) do(’fﬁT)

—P
<(Mdo(T\T) )dO(IT\T‘>) do(TNT)

= P(Mdo(T"Qdo(fT\f)(XV\T | do(X g Xtz = Z177)

= Pu(Xy\g | do(X o5, X = xITQ\’I_"))

Similar reasoning for M gives:

(IT))do(T) (Xv\f | dO(XjUT’XIT = xIT))
= PM(XV\T | dO(XjUT7XT2\T = zITz\T))

P(Mdo

Since M and M are interventionally equivalent w.r.t. O,

PM(XO\T | dO(XJuT7 XTQ\T = $IT2\f))
= Py (Xovg | do(Xjum Xpp g = 21, 1))

Combining this gives:
Pbaorgy)aoiry Korg [ 40(Xgurs X)) = Py (Kove | do(X g Xip))

Hence, Mqo(1,) and ]\Zfdo( 1) are interventionally equivalent w.r.t. O.

6.8. Marginalizations

When modeling a system, we sometimes want to “hide” details of a subsystem. The
following operation on iSCMs that we call “marginalization” is a causal analogue of
the marginalization of probability distributions. The computer program analogy of the
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marginalization operation is to hide details within a subroutine. Intuitively, a marginal-
ization of an iSCM over a subset of endogenous variables L is obtained by first solving
a subsystem (the structural equations corresponding to the endogenous variables in L)
followed by substituting the solution function of the subsystem into the remaining struc-
tural equations (corresponding to the endogenous variables in V' '\ L).

Definition 6.8.1. Let M = (J,V,W, X, P, f) be an iSCM and L C V. Suppose that
M is essentially uniquely solvable w.r.t. L and let gl"! : X; x Xone X Xw — A be

a corresponding partial solution function of M w.r.t. L. Then we call M\, = (J,V \
LW, Xy x Xong X X, P, fAF) with

(L] (

@y, oop, 2w) = fing (@, g, ¢ (@, 2z, 2w ), Tw)

a marginalization of M over L.

If g™ and §!*! are two partial solution functions of M w.r.t. L, then their corresponding
marginalizations of M may not be identical, but they are equivalent. Even more:

Proposition 6.8.2. If M = M are equivalent iSCMs, g[LJ 1s a partial solution function
of M w.r.t. L, and §i" is a partial solution function of M w.r.t. L, then the marginal-
izations M\, (corresponding to g"]) and M1, (corresponding to ") are equivalent.

Proof. Since gl is a partial solution function of M w.r.t. L, and M = M, Gl is also a
partial solution function of M w.r.t. L. Since M is essentially uniquely solvable w.r.t.

L, g1 = gl!l M-a.s.. Therefore, for v € V'\ L:
[0 = folzs, v, gH(2), 2w) <= 2, = folzs, 2z, i (2), 2w))] M-a.s.
This implies, for v € V'\ L:
[z, = be(x) = Ty = ]Fl}L(w)] M, p-as..
Indeed, if a property m(xs, zw,zy\r) holds M-a.s., then it holds M\-a.s.. ]

This shows that even though marginalizations are not unique at the iSCM level, they
are unique at the level of equivalence classes of iISCMs.
For simple iISCMs, marginalizations are obviously defined over all subsets L C V.

Notation 6.8.3. We will also use the notation Mo := Moy for a subset O C V
of endogenous variables when we want to emphasize which endogenous variables remain
after marginalization.

Marginalization preserves (partial) essentially unique solvability.

Lemma 6.8.4. Let M = (J,V,W, X, P, f) be an iSCM and L C V such that M is
essentially uniquely solvable w.r.t. L. Suppose M 1is also essentially uniquely solvable
w.r.t. O CV with L C O, and partial solution function ¢gl9. Then its marginalization
My, is essentially uniquely solvable w.r.t. O\ L, with partial solution function g[OO\]L =

Proyy, © g9 where Proys : Xv = Xovr : > zo\ 18 the canonical projection on O \ L.
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Proof. Denote by f\' the causal mechanism of the marginalization M, constructed
from the partial solution function g[L] : Xy x Xy X Xw — X, From the essentially
unique solvability of M w.r.t. O, and the essentially unique solvability of M w.r.t. L, we
derive that M-a.s.:

[O]
€x — €T ,I 73:
{ L =9y (@5, 20, 2w) = 19 = g[o](xj,xv\o,$w) < w0 = fo(z)

O]
o\L = 9o\ (1, Tv\0, Tw)

T = fL(l“) rp = gm(l'J, Tyv\L, JEW)
To\L = fO\L(JJ) To\L = fO\L($J7$V\La waTW)

_ 1
T = Ty, LY\, T
L=49 (J V\L W)[L}
To\L = fO\L('TJaxV\L:g ($J7$V\L,xw)>$w)

_ L
L =49 ($J7$V L,IL“W)
= vt
To\L = fo\L(iﬂJ, xV\L>$W)-

Hence:
To\r = gl = £\ M-
O\L = QO\L(JJJ, TV\O; Tw) = To\L = fo\L(fBJ, Ty\L, Tw) a.s..

A property m(x s, xw,xy\1) that holds M-a.s., also holds M (-a.s., hence:

6)
To\L = 9[0\]L(SUJ, xV\o,SCW) <~ To\L = fgiL(xLxV\La Tw) MMeas..

Therefore, the marginalized iSCM M, 1, is essentially uniquely solvable w.r.t. O\ L, with
essentially unique partial solution function gg)\] L = DPlo © glol 4 O
Remark 6.8.5. This also directly implies that if M 1is essentially uniquely solvable and

its marginalization M\, over L C 'V is defined, the Markov kernel of the marginalization
18 obtained by marginalizing the original Markov kernel:

Py (X | do(X)) = Pu(Xw | do(X ).
This explains the name ‘marginalization’.
It is now easy to see that simplicity is preserved under marginalization.

Proposition 6.8.6. Let M = (J,V,W, X, P, f) be a simple iSCM. For any L C 'V, its
marginalization My, is also simple.

Proof. Let T C V'\ L. From Lemma 6.8.4 it follows that since M is essentially uniquely
solvable w.r.t. T"U L, M\, is essentially uniquely solvable w.r.t. T'. Hence My, is simple.
O

41The converse does not necessarily hold: even if the marginalized iSCM M, is essentially uniquely

solvable w.r.t. O\ L, the iISCM M may not be essentially uniquely solvable w.r.t. O: M\l-a.s. does
not imply M-a.s..
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Under certain conditions, interventions and marginalization commute (i.e., it does not
matter in which order we apply them).

Proposition 6.8.7. Let M = (J,V,W, X, P, f) be an iSCM. For L. C 'V such that M
15 essentially uniquely solvable w.r.t. L, and an intervention target T'C V U J such that
LNT =0, an intervention targeting T (hard, soft, or adding intervention variables)
commutes with marginalizing out L.

1. (Maor. )\ = (M\L)ao(r...y for T C (V \ L) U J (hard interventions of all three
types);

2. (Myor gyt = (ML) goirefyy Jor T S VL and fr - Xy x Xy x Xy — Xr a
measurable function (soft interventions);

3. (Mao(ry)\r = (M\L)do(17) for T € (V' \ L) U J (adding intervention variables);

Proof. Note that each intervention preserves the causal mechanism components fir,
of the variables not targeted by the intervention. Hence, we may use the same partial
solution function w.r.t. L for both M and Mg,(...) to construct their respective marginal-
izations. This even gives identities. If different partial solution functions are used in the
construction of the marginalizations, then we still obtain equivalence. O

We will show that for simple iSCMs, the marginalization operation preserves the
causal semantics on the remaining variables. A key step is the following proposition,
which gives conditions under which it does not matter whether we marginalize at once
or in steps.

Proposition 6.8.8. Let M = (J,V,W, X, P, f) be an iSCM and Ly, Ly C V such that
LN Ly = 0. If M is essentially uniquely solvable w.r.t. Ly, and (M\r,) is essentially
uniquely solvable w.r.t. Lo, then M is essentially uniquely solvable w.r.t. Ly U Ly, and
in that case it does not matter if we first marginalize over Ly and then Ly, or both at
once, i.e:

(M\L1)\L2 = M\(1,0Ly)-

Proof. Write K1 = V' \ Ly. Let gthl Xiuk, X Xw — Xp, be the essentially unique
solution function of M w.r.t. L;:

xLl = g[Ll](xJ7xK17xW) <~ xLl = le(l') M—a.S.
Let f: X) x X, X Xy — X, with

f(fJ, LKy, $W) = le ($J7 TK, 9[L1]($J, LKy, IW), $W)

be the causal mechanism of the marginal iSCM M.
If Mz, is uniquely solvable w.r.t. Ly, it has an essentially unique solution function
g2 X x X\ (pyurs) X Xw — Xpy:

~[L2]

rr, = 42 (27, Bv\(LiuLe) Tw) = Tr, = [1,(T), XLy, Tr\La» Tw)  Myp,-a.s.
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For a property m(z s, zv\r,,w): 7 holds M-a.s. if and only if 7 holds M\y,-a.s., hence

T, = g[LQ](IvaV\(L1UL2)7 IW) — T, = fL2 (.I‘J,IKl,g[Lﬂ(‘f‘],.le, xW)a LUW) M-a.s.
Define the function A : XJ X XV\(LluLg) X XW — XLluLz by

~[L2]

hiy (2.0, 2\ (Laoray Tw) = 95N (@, 2 1y, G52 (20, 2 (0L0)s TW ), )

hio (g, Bv\(LyULs)s TW) = gt (x5, TY\(LyULs)> TW)

Then, M-a.s.:
L, = le (I)
TLy, = fLQ(CC>
ILl — g[Ll]('rJ7xK17xW>
$L2 = fLQ(mJ7xK17xL17xW>
ILl - g[Ll](xJ7xK17$W)
Tl - ng(mJaxK17g[L1]($J7xK17$W)a:L‘W)
xLl - g[Ll](vaxKl\LgaxLzaxW)
rr, =g (zy, TV\(L1ULs)s TW)
v, = gy, 2r s G5 (g, o\ (10L), TW ), TW)
v, = g (xy, TY\(LyULs)> TW)

= w101, = h(zy, TV\(L1UL3)> Tw)

where in the first equivalence we used the essentially unique solvability of M w.r.t.
Ly, in the second equivalence we used substitution, in the third equivalence we used
the essentially unique solvability of M\, w.r.t. [Lo], in the fourth equivalence we used
substitution again, and in the fifth equivalence we used the definition of h. Hence,

Tr,uL, = frun(r) <= xruL, = h(xJaxV\(L1UL2)7xW) M-a.s.

Therefore, h is the essentially unique solution function for M w.r.t. L1 U Ls, which must
therefore be essentially uniquely solvable w.r.t. L; U Ly. By checking the definition, one
sees that (M\r, )\z, = M\ (z,uL,)- Because of the ambiguity in the choice of the partial
solution functions, we conclude (M1, )\, = M\ (£,0L,)- O

Corollary 6.8.9. Let M = (J,V, W, X, P, f) be a simple iSCM. For Ly, Ly C V with
Ll m L2 — @,
(M\L1)\L2 = (M\L2)\L1 My\(1,0Ly)-
These commutation relations and compatibilities now allow us to give a straightfor-

ward proof that the causal semantics are preserved under marginalization. While this
holds generally for SCMs | |, we will here prove this for simple iSCMs.
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Theorem 6.8.10. Let M = (J,V,W, X, P, f) be a simple iSCM, L C V', and My, its
marginalization over L. Then M and M, 1, are observably and interventionally equivalent
w.r.t. V\ L.

Proof. Write O = V' \ L. We first show that the marginal Markov kernels Py (Xo |
do(X;)) and Py, (Xo | do(X;)) are the same. The former is obtained as:

Py (Xo | do(Xy)) = (pro © 9)«(P) = (90)«(P),

where g : X; x Ay — Xy is the essentially unique solution function of M and pry :
Xvuw — Xo is the canonical projection on the O components. The latter is obtained
as:

P, (Xo [ do(X)) = (90)«(P)

since by Lemma 6.8.4, go is the (essentially unique) solution function of M,z. This
means that both push-forwards are identical.

Let T C O. Then (M 1)aor) = (Mao(r))\r by Proposition 6.8.7. The observable
equivalence of Moy and (Mao(ry)\r, w.r.t. O\T hence implies the observable equivalence
of Mao(ry and (M\1,)do(ry w.r.t. O \ T (using Proposition 6.7.6). Since this holds for all
T C O, M and My, are interventionally equivalent w.r.t. O. O]

So the marginalization operation indeed effectively hides the details of a subsystem,
while preserving the causal semantics on the remaining part.

6.9. Graphical Representations

We can represent the qualitative structure of an iISCM by means of graphs. The directed
edges in such a graph will express the following “parent™relation that captures functional
dependencies in the structural equations / causal mechanisms of the iISCM.

Definition 6.9.1. Let M = (J,V,W, X, P, f) be an iSCM. Fori € JUVUW andj €V,
we say that © is a parent of j according to M if there does not exist a measurable
function f; : X uvowngy — & such that

T; = fj(.I') <~ T; = ]EJ(QT\Z) M—(L.S.,
where x\; is shorthand for T yuvuw)\ i} -

In words, 7 is a parent of j if the solutions of the structural equation for j essentially
depend on the value of variabe i. By definition, exogenous (input and random) variables
have no parents.

Using directed edges to encode the parent-relationship, we define two graphical rep-
resentations. The more fine-grained representation represents all the variables as nodes.
We will also frequently use a coarser representation that represents only the endogenous
variables and the exogenous input variables as nodes (but not the exogenous random
variables).
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Definition 6.9.2. Let M = (J,V,W, X, P, f) be an iSCM. The CDG (J,V U W, E) with
mput nodes J, output nodes VU W, and directed edges

E={i—j:ie€ JUWUV,j €V :iis parent of j according to M}

is called the graph of the iSCM and will be denoted as G*(M).

The marginalized graph (G*(M))\V' in which all evogenous random nodes have been
marginalized out (via Definition 3.2.18), will be called the causal graph of the iSCM
and denoted as G(M).#*

Remark 6.9.3. The causal graph G(M) = (J,V, E, L) has input nodes J, output nodes
V', directed edges

E={i—j:ie€JUV,jeV iisparent of j according to M}
and bidirected edges
L={j<>k:5€VkeV,j#k:jandk have a common parent in W according to M}.

In other words, G(M) is obtained from G (M) by replacing the nodes representing the
exogenous random variables and their outgoing directed edges with bidirected edges, i.e.,
any pattern <— w — with w € W is replaced by <.

Note that observably equivalent iSCMs may have different graphs, and even interven-
tionally equivalent iSCMs may have different graphs.

Example 6.9.4. Consider the SCM M with endogenous variables X1, Xo, X3 with co-
domains {—1,1}, {—1,1}, {—2,0,2}, respectively, and structural equations

Xl :XA
Xy =X1X3B
X3:X2+XB7

with independent exogenous random variables X 4, Xp ~ Uni({—1,1}). Its graph G (M)
and its causal graph G(M) are depicted in Figure 17 (left top and bottom, respectively).

Consider also the SCM M with endogenous variables X1, Xo, X3 with co-domains
{—=1,1}, {—1,1}, {—2,0,2}, respectively, and structural equations

X, =Xy
Xo = X¢o
X3 = X9+ X1 X,

with independent exogenous random variables X, Xo ~ Uni({—1,1}). Its graph Gt (M)
and causal graph G(M) are depicted in Figure 17 (right top and bottom, respectively).

42The reason we use the adjective “causal” is to emphasize that every node in the causal graph has a
causal interpretation, as the corresponding variable can be targeted by a hard intervention.
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G*(M) G+ (M)
O—E =8
G(M) G(M)

Figure 17: The graphs of the interventionally equivalent SCMs M (left) and M (right)
corresponding to Example 6.9.4. The corresponding causal graphs (that do
not represent exogenous random variables as nodes) are shown in the bottom
row.

M was obtained from M by making a change of variables xc = x1x5. One can check
that M is interventionally equivalent to M (with respect to {1,2,3}), even though its the
graph G (M) differs from the graph G*(M), and its causal graph G(M) differs from
the causal graph G(M).4?

Remark 6.9.5. Let M = (J,V,W, X, P, f) be an iSCM and let G* := G*(M) be its
graph. Then there exists an equivalent 1SCM M = M with causal mechanism [ : X —

Xy such that for each v € V: f, is constant in x(JuvguV)\PaG+(v)' Hence, the causal

mechanisms of M can be seen as a tuple of functions (fo: XpaGt () = Xy)vev -

In the literature, things are often done in the opposite way: given a graph, one
considers an SCM such that its causal mechanisms respect the graph structure.

We already provided definitions for hard interventions on graphs (Definition 3.2.1) and
for marginalizations (latent projections) of graphs (Definition 3.2.18). The mapping that
maps an iISCM to its graph is compatible with the elementary operations on iSCMs and
on graphs.

Proposition 6.9.6. Let M = (J,V,W, X, P, f) be an iSCM. Then

e Hard interventions: for T C JUV,

GT(Maory) = (GT(M))aory  and  G(Maoiry) = (G(M))ao(r)-

43Even node-splitting interventions would not allow to distinguish the two SCMs.
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o Marginalizations: If M is simple, then for L CV,

GH(My) C (M) and  G(My) C (GO

Proof. The first statement follows by writing out the definitions.

The second statement is somewhat more involved. We will first prove it in case
L = {¢} consists of a single node. Let G := G (M). By using the definition of the
parent relation (repeatedly), we can find a function f; : X PaGt () ™ X such that:

= folz) <= 2= fi(z Tp ot e)) M-a.s..

Since ¢ ¢ PaC" (¢) because M is simple (see Proposition 6.10.2), the essentially unique so-
lution function g, : Xy eyuw — X of Maov\ (4} satisfies go(a\e) = fg( Lp,ct g ) M-a.s.,

i.e., it only depends on the parents of . When constructing the margmahzed causal
mechanism for M, (4, we substitute g,(z\,) into the £'th input of the causal mechanism

fj of M, for j € V' \ {¢}. Since g, only depends on Pa®" (¢), we get that Pal" (j) €
Pa%" (j) \ {¢} U Pa" (¢), where G+ = G*(Myg). But we also have Pal@ (7) =

+( )\ {£}UPa%" (£) by definition of the graphical marginalization. Hence Pa’" (7) C
P M forall j €V \ {¢}, and we have shown that G*(M () C (G*(M))\. For
the general case, we can make use of induction and the facts that both for graphs and
simple iSCMs, we can obtain a marginalization over a subset by repeatedly marginal-

izing out a single remaining node in the subset, in arbitrary order. Finally, note that
G(M\r) = (GH(M )W S ((GHM)\)W = G(M)\". O

Remark 6.9.7. When working with G (M), which contains no bidirected edges by def-
inition, and marginalizing out a subset of nodes L C V', there is actually no need to
add any bidirected edges. Once the first node in W has been marginalized out, though,
adding bidirected edges when marginalizing out further nodes becomes necessary. Hence,
our definition of graphical marginalization is somewhat conservative, as it may add more
bidirected edges than necessary in general. An alternative approach could be to distin-
guish “deterministic nodes” (which represent variables that are deterministic functions
of their parents) from “stochastic nodes” in a graph. This allows one to track more accu-
rately whenever there is a need to add bidirected edges when marginalizing out a subset
of nodes. The reason that we chose the more conservative approach instead is that in
practice, we often model a causal system by means of the causal graph G(M); as the
causal graph does not specify which of its nodes are deterministic, we end up making the
worst-case assumption that all of its nodes are stochastic.

6.10. Self-Cycles

Our goal was to allow for possible cycles in an iSCM. This means that we may also
encounter self-cycles.
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Figure 18: Graphs without and with a self-cycle in Example 6.10.1.

Example 6.10.1. Consider an SCM with an endogenous variable X € R and an ezxoge-
nous random variable W € R.
If it has structural equation

X=X-X3+W,

then its graph is the one in Figure 18(a). In particular, it does not have a self-cycle at
X, since X is not a parent of itself. Indeed, the structural equation is equivalent to

X =vVW,

where X does not appear on the r.h.s..
On the other hand, if it has structural equation

X=X-X*2+W?
then its graph is the one in Figure 18(b), which in particular contains a self-cycle at X.

Self-cycles complicate matters because they indicate solvability issues.
To understand why self-cycles are in some sense inevitable, consider an SCM with
structural equations

X1 =X,
Xy = X3
X3 =X,

Marginalizing out X5 and X3 gives an SCM with structural equation
Xl = Xla

which turns the cycle X; — X3 — X, — X into a self-cycle X; — X;. Self-cycles
are of no concern, though, when restricting to the class of simple iSCMs.

Proposition 6.10.2. Let M be an 1SCM. For j € V, there is a self-cycle j — j in
GH(M) if and only if M is not essentially uniquely solvable w.r.t. j. In particular,
graphs of simple 1SCMs have no self-cycles.

Proof. j is not a parent of itself according to M iff there is a function fj s Xuuvuw)n gy —
X; such that z; = fj(x) <= z; = f;(x\;) M-a.s., which holds iff M is essentially
uniquely solvable w.r.t. . O
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iSCMs
simple iISCMs

acyclic iISCMs
L-CBNs

Figure 19: Venn diagram for different causal modeling classes.

6.11. Acyclic iISCMs
A subclass of iISCMs that is often considered are acyclic iISCMs.

Definition 6.11.1. An iSCM M is called acyclic if its graph GT(M) is acyclic.

Note that this holds if and only if its causal graph G(M) is acyclic. If one models
static systems, then using acyclic iISCMs rules out the presence of causal cycles (e.g.,

feedback loops) in the system. Acyclic iISCMs are a subclass of the more general class
of simple iISCMs.

Proposition 6.11.2. Acyclic iSCMs are simple.

Proof. We first show that acyclic iSCMs are essentially uniquely solvable. Let M be an
acyclic iISCM. Its graph G* := G*(M) is acyclic, and hence has a topological order <.
Consider f,, the causal mechanism for v € V. The parents PaG+(v) precede v in the
topological order. Without loss of generality, we may assume that each mechanism f,
only depends on its parents (see Remark 6.9.5), and thus consider f, : X — A, as a
function f, : X, G () X, instead. We can then inductively define the components

Gyt Xy X Xy = X, (vg,2w) — fv(gpred§+(v)(xJ,a:W))

that together form a solution function g : X; i — Xy, This construction also exhibits
the essential uniqueness of g : X;uw — Xy .

Next consider Mgyo(7), the intervened iSCM for a hard intervention on M with target
T C V. It has graph G (Mao(r)) = (G )ao(r), whose edges form a subset of the edges of
G (but where some output nodes have become input nodes), and hence is also acyclic.
Therefore, also Mo is essentially uniquely solvable. One easily sees that the solution
function constructed above is also a partial solution function of M w.r.t. V' \ T, which
is essentially unique. Since this holds for all targets 7' C V', we conclude that M is
simple. O]

Figure 19 shows a Venn diagram to illustrate the relationships between the different
classes of causal models that we introduced. We will show that in a precise sense, acyclic
iSCMs and L-CBNs are equally expressive.
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Definition 6.11.3. Let M = (J V.W, X, P, f) be a simple iSCM and let M be an L-
CBN with graph G+ = (J,V UU, E), spaces Xy for v € VUU U J, and Markov kernels

Py (X5| X, e+ (D)) -

We say that M is interventionally equivalent to M w.rt. OCVAV if Xo = Xp,
X,nj = X;nj, and for any hard intervention do(T') with T C O, the intervened Markov
kernel Py (Xovr| do(Xjur)) of M equals the intervened Markov kernel P(Xo\r| do(X 7 1))
of M.

Proposition 6.11.4. i) Given an acyclic iSCM M = (J,V,W, X, P, f) and a subset
O C V, we can construct an L-CBN M with observed output variables V = O,
latent output variables U = (V UW)\ O, input variables J, graph G+ (M), and
spaces X, forv e VUW U J that is interventionally equivalent to M w.r.t. O.

ii) Given an L-CBN M = (G+ = (J,(0,U), E"), (PU(XU|XP o, ))> ) with ob-
a W weouu
served variables O, we can construct an acyclic 1SCM M with input variables J,

endogenous variables O and causal graph G(M) C (G that is interventionally
equivalent to M w.r.t. O.

Proof. 1) Let M = (J,V,W, X, P, f) be an acyclic iISCM with graph G* (M) = (J, VU
W, E). Define M as the L-CBN with observed output variables V = O, latent
output variables U = (V UW)\ O, input variables .J, graph G* := G*(M), spaces
X, for v e VUW U J, and the following Markov kernels. For v € V', we write its
structural equation as:

Ly = fv (xPaCH_ (v)>

with fy © X, e+ () = Ay, where v ¢ Pa®" (v) because the graph is acyclic. We then
define the corresponding (deterministic) Markov kernel

Py (Xul X0ty ) = 05 (Kol Xpyot )

encoding the causal mechanisms of M. The Markov kernels for w € W are defined
as:

P, (Xw|XPaG+ (w)> — Pu(X,),

encoding the exogenous distributions of M, where we note that Pa®" (w) = ). One
can check that this L-CBN M does the job.

ii) Let

M= (G+ = (J,(0,U),E"), (Pv(Xv|XPaG+<v>>>veow>

be an L-CBN. For every v € OUU, we can write the Markov kernel P, as the
composition of a deterministic one and a uniform distribution P;(X3) on Aj :=
[0,1] by Remark 2.7.4:

(X ‘XP Eant ) - 5(fv|Xv7XP les o Pg(X@)

()>
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for some measurable function f, : X x XPaG+ — X,. Here, we introduced new

variables ¥ for each v € OUU.
Define now the iSCM M = (J,OUU,0UU, X; x Xouu X Xouw, P, [) by taking

(v)

and
f - (fv)veOUU'

That is, the uniformly distributed random variables X; become the exogenous
random variables; all independent and uniformly distributed on [0, 1], and the
components of the causal mechanism correspond to the deterministic functions
used to represent the Markov kernels. The marginalized iSCM M := ]\7[\U does
the job, as one can check.

m

Simple iISCMs are more expressive than acyclic iISCMs because they can model (suffi-
ciently weak) causal cycles. iISCMs in general are even more expressive because they can
also model stronger cycles that not necessarily lead to unique solvability under any hard
intervention, but this generality comes with a substantially increased complexity of the
theory and interpretability. Simple iSCMs form a “sweet spot” in the sense that they
allow cyclic relationships yet their theory is not much more complicated than that of
acyclic iSCMs: the main difference consists in replacing d-separation with o-separation.

Exercise 6.11.5. Show that all simple iSCMs with two endogenous binary variables
X, Y must be acyclic. Give an example of a cyclic simple iSCM with two endogenous
variables X, Y that take on values in {0,1,2}.

Even iSCMs may not be the ultimate way of modeling cyclic causal systems. Indeed,
for such systems, it might be that the conceptual notion of interventions targeting vari-
ables is misguided in general, and perhaps should be replaced by the notion of intervening
on functional constraints | |.

6.12. Examples

In many systems occurring in the real world, feedback loops between observed variables
are present. Such systems can often be described by a system of (random) differential
equations. The equilibrium states of such systems can sometimes be causally modelled
by an iSCM | |.

For illustration purposes we provide two examples, the first consisting of interacting
masses that are attached to springs that can be described at equilibrium with a simple
iSCM, the second being the famous price-supply-demand model that has been very
popular in econometrics, and which corresponds to a non-simple SCM at equilibrium.
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Figure 20: Damped coupled harmonic oscillator (top) and the graph of the iSCM that de-
scribes the positions of the masses at equilibrium (bottom) of Example 6.12.1
for d = 5, where the spring lengths and constants are considered as exogenous
input variables.

Example 6.12.1 (Damped coupled harmonic oscillator). Consider a one-dimensional
system of d masses m; € R (i =1,...,d) with positions Q;. The masses are coupled by
springs, with spring constants k; > 0 (i = 0,...,d) and equilibrium lengths ¢; > 0 (i =
0,...,d — 1), under influence of friction with friction coefficients b; >0 (i =1,...,d).
The endpoints are considered fized at positions Qo < Qa+1 (see Figure 20 (top)). From
elementary physics, we know that the equations of motion of this system are given by the
following differential equations

’Qi ki ki1 bi dQ;
a2 E(Qiﬂ — Qi — )+ e (Qi-1 — Qi+ i) — m, dt

i=1,...,d

The dynamics of the masses, in terms of the position Q;, velocity %% and acceleration

at
2
%, 1s described by a single and separate equation of motion for each mass. Under

friction, i.e., by > 0 (i = 1,...,d), there is a unique equilibrium position, where the
sum of forces vanishes for each mass. If one moves one or several masses out of their
equilibrium positions and releases them, then the masses will start to oscillate, but even-
tually these oscillations dampen out and the masses converge to their unique eguzhbmum
position. At equilibrium (i.e., for t — oo) the velocity dt’ and acceleration = of the

dt?
%, ddgl — 0), and thus the following equation holds at equilibrium

masses vanish (i.e.,

ki
: (Qiz1 — Qi+ 4iq)
my;

= k_i'(Qz#l - Qi — )+
m;

for each mass (i =1,...,d). By solving each of these equations w.r.t. Q;, we obtain that
the equilibrium positions QQ; of the masses are given by

ki(Qiv1 — ;) + ki1 (Qimy + i 1)
ki + k;i_1

Qi =

By considering the ¢;, k; and Qo and Qgy1 as exogenous input variables, and the Q;

218



(i=1,...,d) as endogenous variables, we arrive at an iSCM with causal mechanism

ki(qiv1 — i) + ki1 (qim1 + Ci—1)

fz(qv g? k) = .

fori=1,...,d. Its graph is depicted in Figure 20 (bottom). This iSCM allows us to
describe the equilibrium behavior of the system under perfect intervention. For example,
when forcing the mass j to a fived position QQ; = & with 0 < & < L, the equilibrium
positions of the masses correspond to the solutions of the intervened model Maoq,=¢;)-

Exercise 6.12.2. Prove that the tSCM that describes the equilibrium states of a damped
coupled harmonic oscillator is simple (see also Proposition 6.6.14). Hint: you can use
that the determinant of a tridiagonal matriz of the following form is given by the expres-
ston on the r.h.s.:

ko+ ki —k
—ky kit ke —k .
det ~ky  hothky => " 1I*
g i=0 j=0
d—1 r
—kg—1 ka1 +kq

Next, we show that a well-known equilibrium model from economics can be described
by a (non-simple) SCM. This example illustrates how self-cycles enrich the class of SCMs.

Example 6.12.3 (Price, supply and demand). Let D denote the demand and S the
supply of a quantity of a product. The price of the product is denoted by R. The following
system of differential equations describes how the demanded and supplied quantities are
determined by the price, and how price adjustments occur in the market:

D= ppR+ Ep
S=psR+ Eg
dR
D=

dt S,

where Ep and Eg are exogenous random influences on the demand and supply respec-
tiely, Bp < 0 s the reciprocal of the slope of the demand curve, and Bs > 0 is the
reciprocal of the slope of the supply curve. At equilibrium, ‘fl—’f =0, and hence the price
18 determined implicitly by the condition that demanded and supplied quantities should
be equal. At equilibrium, hence, we obtain an SCM M with causal mechanism defined
by:

fo(d,s,r,ep,es) := Bpr+ep

fs(d,s,rep,es) := Psr + eg

fr(d,s,rep,es) :=r+ (d—s).
Note how we use a self-cycle for r in order to implement the equilibrium equation d = s
as the causal mechanism for the price r. Its graph is depicted in Figure 21 (left).

219



=00

G (M)

Figure 21: The graph of the SCM M of Example 6.12.3.

Exercise 6.12.4. Prove that the SCM M that describes the equilibrium states of the
price-supply-demand model is essentially uniquely solvable, but not simple. Consider the
following interventions: do(D = §), do(S = o), do(R = p), and all possible combinations
thereof. Which of (the combinations of) these interventions give an intervened SCM
that is still essentially uniquely solvable? Which of these interventions on the SCM
correspond with the equilibrium state of a similarly intervened market dynamics model?
Summarizing: could this be a realistic causal equilibrium model of an ideal market, or is
there something wrong with it (perhaps due to the self-cycle)?
(Bonus: can you model the equilibrium with an SCM without self-cycles?)

While the price-supply-demand example shows that not all cyclic SCMs that occur “in
the wild” are simple, we have chosen to restrict ourselves mostly to simple iISCMs for this
lecture. Generalizations of the theory presented here for simple iSCMs to non-simple
ones—but without inputs—are provided in | |-

We will finish this section by showing that iISCMs are simple if the causal mechanisms
are sufficiently weak and smooth.

Proposition 6.12.5. Let M = (J,V,W, X, P, f) be an iSCM with real-valued endoge-
nous variables, that is, X, = R for each v € V. If for each subset U C V', and for all
values xw € Xy, xy € Xj, ;v € Xy\v, the mapping

Xy = Xy zy = f(xjafEV\UaxU»xW)

is Lipschitz continuous with Lipschitz constant Ly (zj, xv\u,vw) < 1 with respect to
some norm || - ||, then M is simple.

Proof. By definition, M is simple if for all U C V', for all xy € Xy, for all z; € X, for
all zy\p € Xy\p, the equation

Ty = f(iJ, Tw\U, LU, iUW) (42)

has a unique solution for xy; € Ay, This is a fixed point equation for xy, and hence it
has a unique solution by Banach’s fixed point theorem if it is a contraction (Lipschitz
continuous with Lipschitz constant < 1 with respect to some norm || - ||). O
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Remark 6.12.6. This also provides us with a method for sampling from a simple iSCM
that satisfies the assumption in Proposition 6.12.5. The solution to equation (42) can be
obtained by iterating the updates

'rgL+l) = f($J7xV\U7IgL)7xW)

until convergence.

To give a more concrete example: a class of iISCMs that satisfies the contractivity
condition is given by neural networks with sufficiently weak weights.

Example 6.12.7. Let M = (J,V,W, X, P, f) be an iSCM with real-valued variables,
that is, X = R for each k € V. UW U J. Suppose that the causal mechanism is of the

form
fu=h (Z Ay + > Aw + Y Aty + bu> ., uwev,

jeJ weW veV

with weights A € RV*VYWU)) “pigses b € RY and activation function h : R — R.
The conditions in Proposition 6.12.5 are satisfied if the following conditions both hold:

1. sup e |P(z)| < C with 0 < C < oo, and

2. ||Avul| < & for every subset U C 'V of cardinality #(U) > 2, where || - || can be
one of the matriz norms: || - ||,, p > 1, or || - ||e-

Proof. By the mean value theorem, it suffices to show that for every subset U C V' of
cardinality #(U) > 2 and every value (x 7, zw, zy\y) the partial derivative is bounded:

9fu
sup a—(l‘JJ?V\U,J?U,IW)H < Ly(zj,zv\v,2w) <1
Ty EXy Ty
for || - || some matrix norm. In our case we have:
dfu :
a—(ﬁ,], T\, Ty, 2w) = diag(n)vvAvy.
Ty

where 7 is a vector in RV with entries

ne = b (Ay(x g, 2y, IL"W)T +by).

If |A'(z)] < C < oo for all z € R, and || - || is either || - |[,, p > 1, or || - ||, then
|| diag(n)uu|| < C. Since ||Apy|| < & we get
. . 1
| diag(n)ov Avul| < || diag(nuull - [|Avell =: Lu(zs, e, aw) < CF = 1.
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Remark 6.12.8. Note that we can put C =1 for popular activation functions h(z) like
tanh(x), ReLU(z) = max(0, z), o(x) = %, LeakyRelu, and SoftPlus (z) = In(1 +

1+exp(—z
e¥). Further note that by using one of these activation functions h(x) and || || = || - ||
) y using

all the conditions are satisfied if we choose the weights A, ) such that for allv € V:

Z |Ay7k| < 1,

keVuwuJ

and A, , = 0. While this is far from necessary, it is easy to check.
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7. Markov Property for iSCMs and its consequences

7.1. Acyclifications

By making use of the ‘acyclification’, we can extend the global Markov property for L-
CBNs to a global Markov property for simple iISCMs. The difference is that the Markov
property for iSCMs is formulated in terms of o-separation rather than d-separation.
With the help of this Markov property, we can derive a theory for simple iSCMs that
is very similar to that of L-CBNs, with a do-calculus and adjustment. In Section 3.5,
we defined acyclifications of a CDMG. We can also define an operation with the same
name on iSCMs.

Definition 7.1.1 (Acyclification of iSCM). Let M = (J,V,W, X, P, f) be a simple iSCM
with causal graph G(M). For each strongly connected component C CV of G(M) (i.e.,
a set of the form SCG(M)(U) forv e V), let gl! Xjuonoyuw — Xo be an (essentially
unique) partial solution function of M w.r.t. C. Define F:X) x Xy X Xy = Xy by its
components

fv(ﬂﬂJ, Ty, IW) = QLSCG(M)(U)](%, Ty\C, lEW)

forve V. M*Y = (J VW X, P, f) is called an acyclification of M.

Note that an acyclification is unique up to iSCM equivalence. The crucial property of
this definition is the following result, which also motivates its name.

Proposition 7.1.2. Let M = (J,V,W, X, P, f) be a simple iSCM. Its acyclifications
M3 are acyclic and observably equivalent to M.

Proof. Without loss of generality, we may assume that each component f, only depends
on the parents of v:

fv(x) = fv(xpaGﬂM)(U))

by means of Remark 6.9.5.

We construct a directed graph S from G := G(M) with its strongly connected com-
ponents {Sc%(v) : v € V.U JUW} as nodes, and directed edges C' — D if there is a
directed edge ¢ — d in G with c € C,d € D and C' # D. The graph S cannot contain a
directed cycle, as that would imply the existence of a directed cycle in G that traverses
more than one of its strongly connected components. Hence S is a DAG.

Choose a topological ordering < of S. Any node C' in S can only have incoming
directed edges in S from Pred?(C). This implies that for v € V, C' = Sc“(v) can only
have incoming edges in G from |JPred?(C). That implies that the causal mechanism
fc only depends on variables in UPredi(C), and hence we can pick a version of the
partial solution function go which also depends only on variables in |J Predi(C’). Then
fc only depends on variables in UPred‘z(C’) only. Therefore, for v,w € V, a directed
edge w — v in G(M?¥) implies w € |JPred?(Sc®(v)). We can therefore refine the
topological ordering < of S to a topological ordering of G(M?%), by arbitrarily ordering
the nodes within each strongly connected component of G. Hence G(M?>%) is acyclic.
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M and M3 are observably equivalent by construction. This follows since the following
equivalences hold M-a.s.:

= f(x)

— VCe€S,CCV:xo= folx)

— VO eSS CCV: .xc= g[C](:CJ,:CV\C,xW)
< VO e S,CCV :zc= folr)

]

The iSCM notion of acyclification is compatible with the graphical notion of acyclifi-
cation:

Proposition 7.1.3. Let M be a simple iSCM. Then G*(M*¥) C G* for any graphical
acyclification Gt of GH(M), and G(M?¥) C G for any graphical acyclification G of
G(M).

Proof. Write G := G(M). Let G* be a graphical acyclification of G*(M). By definition,
G*H(M?>¥) and G+ have the same nodes (input nodes .J and output nodes V U W).
G+ (M?¥) has no bidirected edges, but G might. If there is a directed edge i — j in
GH(M?*Y) with i € JUVUW and j € V, then the solution function gi5¢“ @) of M18<7 ()]
essentially depends on z;. This can only happen if i ¢ Sc®(j) and 7 is a parent of some
k according to M with k € Sc®(j), i.e., if i — k in G. In that case, i — j in G by
definition of the graphical acyclification.

Let G be a graphical acyclification of G(M). By definition, G(M?>¥) and G have the
same nodes (input nodes J and output nodes V). If G(M?>%Y) has a bidirected edge i <> j
(with 7,7 € V') then there exists a k € W such that i <— k& — j in GT(M?¥). Then
the solution function g[scc(i)] of M1S<“ ()] essentially depends on x, and the solution
function g[SCG(j)] of M@ essentially depends on z,. This implies that there exist
i" € Sc¥(i) and j' € ScY(j) such that k is a parent of both i’ and j’ according to M, i.e.,
i" <— k — 7" in GT(M). Therefore, the bidirected edge i' <> j' is present in G(M).
By definition, then, i <= j must be present in G. If there is a directed edge i — j
in G(M>¥) with i € JUV and j € V, then the solution function gl5c“@! of N/15<7G)]
essentially depends on z;. This can only happen if ¢ ¢ SCG(j) and 7 is a parent of some
j§" according to M with j’ € Sc€(j), i.e., if i — 5/ in G(M). In that case, i — j in G
by definition of the graphical acyclification. m

Hence, two nodes in the same strongly connected component of G*(M) do not have
any edge between them in G (M?>¥), whereas they necessarily have a connecting edge
in any acyclification G* of G*(M). For two nodes in different strongly connected com-
ponents of G+ (M), the edges in G*(M?¥) are also present in G, but not necessarily
vice versa, as some parent-relations may cancel out in the solution function.
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7.2. Markov Properties

With the help of the acyclifications, we can easily derive a Markov property for simple
iSCMs from the Markov property for CBNs by reducing the general cyclic case to an
acyclic case.

Corollary 7.2.1 (Global Markov property for simple iISCMs). Let M = (J,V,W, X, P, f)
be a simple iSCM with graph G (M) and Markov kernel Py(Xy, Xw |do(X;)). Then
forall A, B,C C JUV UW (not necessarily disjoint) we have the implication:

G+( P (XV7XW‘dO(XJ))

If one wants to make the implicit dependence on J more explicit one can equivalently
also write:

A 1 JUB|C = X, 1 X, Xp| Xc.
G+(M) Py (Xv,Xw [do(X 1))

For the causal graph G(M), we get similar statements: for all A, B,C C JUV (not
necessarily disjoint),

Al BIC = Xa AL Xp|Xc

G(M) v (Xv | do(X )

or, equivalently,+*

AL JUB|C = X, A1 X5, Xpl|Xc.
G(M) Ppr(Xv [ do(X )

Proof. Choose an acyclification G* of G*(M). Then:

AL B|C «— ALB|C
G (M)

= A L B|C

G+ (M)
= X4 AL Xp | Xc
Ppacy (Xv,Xw | do(X 1))
< XA ain XB | XC’-

PILI(XV1XW ‘dO(XJ))
For the various implications / equivalences, we used:
1. G is an acyclification of G*(M) together with Proposition 3.5.2;

2. GH(M*¥) C G* from Proposition 7.1.3, and that removing edges cannot turn a
d-separation into a d-connection;

41 Qccassionally, we will use a shorthand notation, writing 1L p,, instead of the longer Ly (xv | do(x,))-

225



3. the global Markov property Theorem 4.2.1 for M?% interpreted as a causal Bayesian
network as in the proof of Proposition 6.11.4 point i) (with deterministic Markov
kernels for the endogenous variables, and purely probabilistic Markov kernels for
the exogenous random variables), exploiting Proposition 7.1.2 that states that the
acyclification M?% is acyclic;

4. by Proposition 7.1.2, the acyclification M?®¥ has the same Markov kernel as the
original iSCM M.

The Markov property for G(M) follows as a special case by restricting A, B,C C JUV/,
and noting that

ALl BlCc= A 1 BIC
G G )

and that

Xa AL XBlXC = Xy AL XB|Xc.
Py (Xv, Xw | do(X ) Py (Xy |do(X )

7.3. Do-calculus for simple iISCMs

With the global Markov property for simple iISCMs, it becomes straightforward to derive
the do-calculus for simple iSCMs. First we will introduce some notation. The setting will
be that a simple iISCM M = (J,V,W, X, P, f) is given. For B C V, we will introduce
intervention variables (I;)sep to jointly encode different intervened iSCMs {Mgyo(x,) :
C C B} into a single iSCM Mgq(1,,) as in Definition 6.4.13. We will denote the causal
graph of M by G := G(M) and the causal graph of Mao(1,) by Gao(rz) = G(Mao(1y))-
In the do-calculus, we make use of the extended graph Gao(r,) to test the separation
statement, while the conclusion about the properties of certain Markov kernels concerns
those of the original iISCM M.

The Markov kernel of simple iSCM M exists, is unique, and is denoted by Py (Xy |
do(X)). For a subset T C V', we write

PM(XV\T | dO(XJ, XT)) = PMdo(T)<XV\T | dO(XJ7 XT))
By conditioning on a subset S C V' \ T', we obtain a conditional Markov kernel
Py (Xv\(rus) | Xs,do(X, X7))

which is unique up to a Py (Xg | do(X,, X7))-null set.
The only modification to the do-calculus for simple iSCMs as compared to that for
causal Bayesian networks is that we have to replace all d-separations by o-separations.

Theorem 7.3.1 (Almost-sure do-calculus for simple iSCMs, simplified). Let M =
(J,ZV,W, X, P, f) be a simple iSCM with causal graph G = G(M). Assume thal we
have o-finite reference measures ji, on X, for every v € V and put pp := @, cp fto for
FCV. Let A,B,C CV and D CV UJ be such that A, B,C, D are pairwise disjoint.
Then we have the following 4 rules relating Markov kernels that can be generated from
the 1SCM:
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1. Insertion/deletion of observation, for J C D: if

AGJ_ B | C U D, HBuC < PM<XB,XC| dO(XD>> < H“BUC,
do(D)

then:

PM(XA‘XB, Xc, dO(XD)) = PM<XA|X07 dO(Xl))) HBuCc-a.s..
2. Action/observation exchange, for J C D: if

A 1 Ig|BUCUD, ppuc < Pu(Xp, Xeldo(Xp)) < psuc,

Guao(1g,D)

pe < Py(Xe|do(Xp, Xp)) < pe,
then:

PM<XA|XB,Xc,dO(XD)) == pM(XA| dO(XB),Xc, dO(XD)) HBuc-a.s..
3. Insertion/deletion of action, for J C D: if

A L Ig|CuD, po K Py (Xe|do(Xp, Xp)) < pc,

Gao(15.0)

pe < Py(Xc|do(Xp)) < pe,
then

Py (X4l do(Xp), Xe,do(Xp)) = Py (Xa|Xe,do(Xp)) Ue-a.S..
4. Deletion of input: If

A L J’CUD, ,U0<<PM(X0’dO(XDuJ))<<,UC,

Gao(D)

then there exists a Markov kernel Py (Xa|Xe, do(XD,%)) such that:

PM(XA|Xc,dO(XD,%>) = PM(XA|Xc,dO(XDUJ)) ,uc-a.s..

Proof. The proof is analogous to that of Corollary 5.1.3, except that it applies the
global Markov property for simple iISCMs, Corollary 7.2.1, instead of the one for causal
Bayesian networks, Theorem 4.2.1. O]

While the derivation of the do-calculus relies essentially on the global Markov prop-
erty, sometimes one can make use of the global Markov property and a more careful
analysis of null sets to obtain stronger conclusions. In particular, Proposition 5.1.8 and
Theorem 5.1.2 also hold for simple iSCMs if one replaces the d-separation statements
by the analogous o-separation statements (but we will not bother to write out these
statements in detail).

227



7.4. Adjustment

Let M = (J,V,W, X, P, f) be a simple iSCM. Let us assume J C D. We are interested
in estimating the conditional causal effect:

PM<XA|XC7dO(XB,XD)),
but we only have data from:
PM(XA7 XB7 XF|XCa dO(XD))

This is an example of a causal domain adaptation problem. The following (pairwise
disjoint) index sets will have the following roles:

A CV : the outcome variables of interest.
B CV : the treatment or intervention variables.
C CV : general conditional (context) variables under which the data was collected.

J C D CVUJ : general interventional (context) variables that were set by the exper-
imenter.

Fy CV : core adjustment variables, i.e. features that were measured.

Fy CV . additional measured adjustment variables, with F' = Fy U F}.

Although we could assume additional unobserved variables H C V U W like for Theo-
rem 5.2.3, the (positivity and independence) assumptions regarding these latent variables
are rather strong, so for simplicity and without loss of too much (practical) generality,
we will here only consider the special case H = (). We will make use of the same extended
iISCM Mgy (1) with intervention variables I, for b € B and graph Ggo(1,,) as for stating
the do-calculus.

Theorem 7.4.1 (General adjustment formula for simple iISCMs). Given a simple iSCM
M = (JJ3V,W, X, P, f) with causal graph G = G(M). Assume that all the following
o-separations hold in the graph Gao(r,,p):

F, L Iz|(CuD), (43)
Gao(15,D)

A 1 (RUIy)|(BUERUCUD). (44)
Gao(15,D)

Further assume that we have reference measures i, on X,, v € V, such that:

ppucur < P(Xp, Xo, Xp|do(Xp)) < ppucur,
peur < P(Xe, Xp|do(Xp, Xp)) < ficur.

Then we have the adjustment formula:

PM(XA’Xc, dO(XB, XD)) = PM(XA’XB, Xc, XF, dO(XD))OPM(XF|Xc, dO(XD>> HBuCc-a.s.
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Proof. Analogous to that of Theorem 5.2.3, but now using the global Markov property
for simple iISCMs, Corollary 7.2.1, instead of the one for causal Bayesian networks,
Theorem 4.2.1. O]

For the special case F; = C' = (), by a direct more careful analysis we get a version
with weaker positivity assumptions:

Theorem 7.4.2 (Interventional backdoor covariate adjustment formula). Let M =
(J,ZV,W, X, P, f) be a simple iSCM with causal graph G = G(M). Assume that the
interventional backdoor criterion in the graph Gao(r,,p)y holds:

1. F 1 Ig|D, and:

Gao(1g,D)

204 1 Ig|(BUFUD,).

Gao(1g.D)

Further assume the following absolute continuity:
PM<XF| dO(XD)) ® PM(XB| dO(XD)) < PM(XF, XB‘ dO(XD))
Then we have the adjustment formulas:

PM(XA,Xpl dO(XB,XD)) = PM(XA’XF,XB,dO(XD» X PM(XF‘ dO(XD)) PM(XBl do(XD))-a.s.,
PM(XAl dO(XB,XD)) = PM(XA|XF,XB,C10(XD>) o) PM(XF| dO(XD)) PM(XB| do(XD))—a.s.
Proof. Analogous to that of Corollary 5.2.5, but now using the global Markov property

for simple iISCMs, Corollary 7.2.1, instead of the one for causal Bayesian networks,
Theorem 4.2.1. 0

We can now further specialize to the case with F; = C' = D = J = () and immediately
get:

Corollary 7.4.3 (Backdoor covariate adjustment for simple iSCMs). Given a simple
iISCM M = (J,V,W, X, P, f) with causal graph G = G(M). Assume that the backdoor
criterton holds:

1. F j_ Ip, and:

Gao(1p)

2.4 1 I4|(BUF).

Gao(1)

Further assume the following absolute continuity:
Py (Xr) ® Py(Xp) < Py(Xr, Xp).
Then we have the adjustment formulae:

PM(XA,XF| dO(XB)) = PM(XA|XF,XB) & PM(XF) PM<XB)—CL.S.,
PM<XA| dO(XB)) = PM<XA|XF,XB) O PM<XF> PM(XB)—GS
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The literature often fails to mention the strict positivity assumptions, even though
without sufficient positivity, the various backdoor criteria may not hold. A simple ex-
ample of how the adjustment formula may fail if the strict positivity assumptions are
not met is provided in Example 5.3.29.

7.5. Bounds on causal effects

If causal effects cannot be identified from the observable distribution, we may still be
able to derive informative bounds (see also Figure 22). We first prove the consistency
property of solution functions of simple iSCMs.

Proposition 7.5.1. Let M = (J,V,W, X, P, f) be a simple iSCM. Let g : X;x Xy — Xy
be a (essentially unique) solution function of M. Let V.= AUB be a partition of the
endogenous variables of M, and let g% : Xy x X; x Xy — Xp be a (essentially unique)
solution function of M w.r.t. B. Then:

gp(Ty, xw) = g[B](gA(xJ,xW),xJ,xW) M-a.s..
Proof. M-a.s.:
za = falx), e Jua = ga(ry, Tw),
rp = [z rg =gz, zw).
Also, M-a.s.:
xp = fp(r) <= x5 = g[B](xA,xJ,xW).
Hence, M-a.s.:
ra = fa(z), . Ja Zg[/;(]IJ,xw), L )ra ng;(]xJaxw);
TB :fB(x> Ip =4 ($A;$J,$W) rp =4 (gA(DUJ,lEW),OCJ,QCW)

The essential uniqueness of the solution function g of M now implies the consistency
statement. O

This proposition shows that the “consistency assumption” commonly made in the po-
tential outcomes framework holds true for potential outcomes induced by simple iSCMs.

[ | proved the following ‘natural’ bounds. We point out here that they also hold
for simple iISCMs.

Theorem 7.5.2 (Natural bounds on causal effect). Let M be a simple iSCM with en-
dogenous variables V-2 {1,2,3} and no exogenous input variables. Assume that Xy is
discrete. Then

PM(Xl = CL,XQ < B|X3 € C) < PM(X2 € B|X3 S C,dO(Xl = a))
S PM(XI = a,Xg € B|X3 S C) +PM(X1 7é G‘Xg € C)
(45)

for any a € Xy, measurable B C Xy, and measurable C C X3 with Py (X3 € C) > 0.
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FAN

@ () ® 0 G

Figure 22: Two causal graphs of simple iSCMs. In (a), the Markov kernel
P (Xo|do(Xy), X3) is identifiable (under positivity assumptions) from
Pr(X1, Xo, X3). In (b), it is not identifiable, but we can still bound it using
the natural bounds if both X; and X3 are discrete.

Proof. We use the consistency Xs = X;j oX1=X1) and elementary probability theory:

Py(X1=a,X, € B|X3 € C) = Py(X; = a, X3~ € B|X; € C)
< Py (X35=9 ¢ BIX, € C)
= Py(X, = a, XY= ¢ B|X; € C)
+ Py(Xy # a, X307 ¢ BIX; € ©)
< Py(Xi=a,X5 € B|X3€C)+ Py(X; #a|X3€C)
The statement follows since

Py(Xs € B|X; € C,do(X; = a)) = Py (X5°Y=" ¢ B|X; € 0).

O

This so-called “natural” bound can be shown to be tight. Remarkably, we do not need
to make any assumptions regarding the causal relations between the three endogenous
variables. This allows us to bound the causal effect of X; on X, in the presence of
confounding and cycles. Unfortunately, it can be shown that there exists no analogous
bound in case X; is real-valued.

If one has a priori knowledge about the range of X, (in case it is real-valued), one can
also derive a bound on the expected result of an intervention | |.

Corollary 7.5.3. In the situation of Theorem 7.5.2, suppose that Xy = [, 5] and 0 <
Py(X, =a|X;5€C) < 1. Then

PM(Xl = (Z|X3 € O)EM(X2|X1 =a,X3 € C) + OZPM(Xl 7é a|X3 S C)
S ]EM(XQ‘X?, S O, dO(X1 = a)) (46)
< PM(X1 = (I|X3 € C)EM(X2|X1 = CL,X3 S C) +BPM<X1 % CL‘X:), S C)
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Proof. Using consistency, we get:

Py (X507 € BIX; € C)
= Py(X, = a|X3 € O)Py(X3°F = ¢ B|IX, = a, X3 € C)
+ Py(X, # al X3 € C)Py(X5°5= € BIX, # a, X3 € O)
= Py(X1 = a| X3 € C)Py(X, € B|X; = a, X3 € C)

(X3

+ PM( CL|X3 € C)PM dO(Xl @) € B|X1 7é a, X3 € C)

Integrating over X,, the assumption Xy = [«, ], interval arithmetic, and affinity of
expected values, gives:

EM(XSO(Xlza)ng S C)

= PM(Xl = CL|X3 € O)EM(XQ‘X]_ =a,X3 € C)

+ Py(X, # al X3 € O)Fp (X=X, #£ a, X5 € O)
€ PM(X1 = a|X3 € C)EM(Xngl = a,X3 € C) + PM<X1 7é a|X3 c C)[Oé,ﬂ]

232



8. Counterfactuals with iSCMs

Counterfactuals are questions of the kind “Fred obtained a cum laude for his PhD; would
he have obtained the distinction also if he were female?”. Counterfactuals consider a
hypothetical situation that is “contrary to the fact”, that is, which differs from what
was actually observed. One of the big practical obstacles of dealing with counterfactual
probabilities is that they are typically not identifiable from experimental data, and
at best only bounds on such quantities can be obtained. For systems with (almost)
deterministic causal relations, these bounds may become quite informative, but tend to
become more loose as the stochasticity in the system increases. While it would thus
perhaps be easiest to avoid counterfactuals altogether, they do appear naturally in law
and engineering. Humans also have a tendency to communicate using counterfactuals,
and the grammar of many languages distinguishes counterfactual statements. This might
be an inductive bias towards dealing with (almost) deterministic systems.

In this chapter, we will focus on counterfactuals that are hypothetical statements (or
questions) regarding the effects of some action that is contrary-to-fact, closely following
Pearl’s approach to counterfactuals. One can consider other types of counterfactuals as
well, for example “backtracking” counterfactuals. Dealing with counterfactuals appears
to be one of the least well-defined, but perhaps also most intriguing, aspects of causality.

8.1. Modeling counterfactuals via twinning

For example, suppose you are healthy but drank too much beer last night and now suffer
from a hangover. A counterfactual statement is then: “If I had not drunk so much beer
yesterday, I would feel much better now.” This statement invites one to imagine an
alternative world in which everything is the same as in the actual world, with the sole
difference that you did not drink beer last night. We can then use our causal model of the
world to predict the consequences of this action (e.g., since you were in a healthy state
and did not drink so much beer, you most likely will feel well in this alternative world).*®
This example already shows the ambiguity typically encountered in counterfactuals: if
for you, not drinking beer means that you drink wine instead, then you may actually
feel worse than if you had drunk beer.

Indeed, the truth value of such statements is often hard to determine in case the
“world” is partially latent or not fully understood. When debugging a computer program,
one makes heavy use of counterfactuals: “if I had put a minus sign there, then the output
of my program would have been correct”. In case the full source code is available,
it is in principle straightforward to work out whether such a statement is correct or
not, but it becomes more difficult if the full source code is not available. It becomes
even more challenging when the output of the computer program is stochastic or it

45The word “counterfactual” is also commonly used in the causal inference literature in a weaker sense,
describing the potential outcome of a hypothetical situation that is not necessarily “contrary to the
fact”. For example, some would refer to “If I drink too much beer tonight, I will have a hangover
tomorrow” as a counterfactual statement as well. It is important to be aware of this to avoid possible
confusion. We will only use the word “counterfactual” in its strong (contrary-to-fact) sense.
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is impossible to reproduce its complete input. Generally, in situations where the full
causal mechanism is unknown, or exogenous randomness is latent, counterfactuals may
not be well-defined quantities. Nevertheless, counterfactual thinking is very common
in humans, and toddlers already bombard their parents with counterfactual questions,
presumably as a means for them to build internal causal models of the world.

The mathematical formalization of counterfactuals proposed by Pearl provides some
clarification, but it also points out their inherent complexity and strong dependence on
the chosen model.*® It mimics the reasoning steps we mentally perform when thinking
about counterfactuals by constructing a “(f)actual” world and a parallel “counterfactual”
world, which is minimally different in some aspect. The crucial (and often untestable)
assumption is that the exogenous random variables have the same values in both worlds.
A good analogy here is that of two identical twins that share the same latent genetics.
Before we give the definition, we will introduce some bookkeeping notation.

Notation 8.1.1. Given an index set Z we define a primed copy Z' = {z' : z € Z},
where each z' is a “primed” copy of z (distinguishable from z itself because of the attached
prime symbol). We will also write (2')° = z for z € Z, where the superscript o removes
the prime, i.e., it maps back to the original of the primed index.

The following operation on iSCMs (also known as the “twin-network approach” of
[ ]) provides one possible way of modeling counterfactuals.*”

Definition 8.1.2. Let M = (J,V,W, X, P, f) be an iSCM. We define the twinned
iSCM of M as the iSCM M™m = (J™in = JOJ/, V™in = VOV W, XWin P, fvin) aith
J ={j:5€J} acopyof Jand V' ={v v eV} acopy of V, the twinned domain
given by

X = X x Xy x Xy x Xy X Xy

where Xy = X; for all j € J and Xy = X, for all v € V, and the twinned causal
mechanism components given by

. eV
twin 2y 20), (xy, T, T _ fu(xJ,fEV,fEW> u ,
fu (< 7,80): (@, 2y) W) Jue (g, 2y, ow) we V.

The twinning operation preserves equivalence: M = M = Mtwin = pftwin,

The twinning operation is used to create copies of variables (so that in addition to
the one in the factual world, we have its copy in the counterfactual world) that can have
different values to describe contrary-to-fact situations. A specific choice in modeling
counterfactuals in this way is the assumption that all ezogenous random variables have

46Consider this a warning before attempting to predict counterfactual statements in a data-driven way,
for example, using a neural network.

47The twinning operation can be applied to any iSCM, but not to any L-CBN, as L-CBNs typically do
not explicitly model latent random variables. Only for the subclass of L-CBNs that are in iSCM form
(see Definition 4.4.3), i.e., for which every node with at least one parent comes with a deterministic
Markov kernel, could we define a twinning operation that is analogous to the one we define for
iSCMs.
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the same value in the actual and in the counterfactual world. This is a very strong (and
typically untestable) assumption.

The English language has a special grammatical construct to express counterfactuals:
“If T had studied better, I would have passed the exam,” instead of “If I study better, I
will pass the exam.” For the first statement, we first twin the iSCM and then intervene
on it, for the second, we just intervene on the iSCM and there is no need for twinning.*®

Lemma 8.1.3. Let M = (J,V,W, X, P, f) be an iSCM, and M*™™ its twin iSCM.

1. Let w: X5 x Xy — {0,1} be a binary property. If m(xy,xw) holds M-a.s., then
m(xy, xw) holds M™"-a.s. and w(xy, xw) holds M™™-q.s..

2. Letm : Xjx Xy x Xy — {0,1} be a binary property. If m(x;, xw,xy) holds M-a.s.,
then w(x s, xw,xv) holds M™"-a.s., and w(x 1, xw, ) holds M™™-q.s..

Proof. We show the second claim (the first then follows as a special case).
If 7 holds M-a.s.,

A= {(SL’J,$W,LEV) EXJ XXW XXV2W($J,JJW,SCv>:O}

is contained in a M-null set of the form N := N x Xy with N C X, x Xy such that for
each x; € Xy, the section N, = {zw € X : (x5, 2w ) € N} is a Py (Xw)-null set.
Note that

{(IJ,x‘J/,J,'W,fL’\/,fL’V/) € XJXXJ/XXWXXVXXV/Zﬂ(xj,xw,lEv) :O}:XJ/XAXXV/.

For this to be a M*™"-null set, it must be contained in a M®™"-null set of the form

Ntwin.— Ntwin o ¥ s X, with Nt C X x X x Xy such that for each z; € X, 25 €

Xy, the section (Ntwm)(mmj,) = {zw € Xy : (zy, x5, xw) € N™} is a Py (Xy)-null

set. Note that N := X, x N does the job, because (N™1), . ) = (N),,.
Similarly, since also

{(le,xw,xyl) < XJI X XW X XV’ : W('TJHIWaxV’) — 0}
is contained in a M-null set,
{(ILIJ/,CL’W,Iv,IV/) € XJ X XJ/ X XW X XV X XV’ : W('TJ’MTW,xV’) — 0}

is contained in a M™"_null set. m

48Note that in general, when considering two potential outcomes Xd°(=7) Xdo(=h) of iISCM M for
different inputs z;, 2, one does not necessarily assume that Xsl?(“) = X{/i‘?(x*’) (

assume that they have the same distribution, that is, Xg[(,) @) o x S‘f (@ )). It is more transparent to

explicitly introduce such counterfactuals with the twinning construction, because this enforces one
to think about which variables are shared across potential worlds and which get an (independently
resampled, or reevaluated) copy, and avoids implicitly introducing “cross-world” assumptions, that
is, assumptions on the joint distribution P(Xd0(), Xdo("”ff)).

although one does
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Lemma 8.1.4. Let M = (J,V,W, X, P, f) be an iSCM. Let L1 CV and Ly CV. Write
K, =V \ L and Ky := V \ Ly. If gt : Xjup, x X — Xy, is a solution function of
M w.r.t. Ly and g™l Xiuk, X Xw — XL, is a solution function of M w.r.t. Ly then

twin

g™ s Xururuky) X Xw — X, X Xy

[L2](

H(wurnuwrory s 2w) = (95N @ o, 2w), 972 (2 oKy, 2w))

is a solution function of M™"™ w.r.t. Ly ULy, If M is essentially uniquely solvable w.r.t.
Ly and also w.r.t. Ly, then M™™ is essentially uniquely solvable w.r.t. Ly U L.

Proof. Let f™* denote the causal mechanism of M®™® Then, using Lemma 8.1.3,
Mg s

LUl = Ff&g(ﬂf)
T, = le(ﬂUJ, Ty, IEW)
rry, = fr(vy, vy, o)

Tr, = g[L1]<xJUK17$W)
é L
T, = g! 2]<xJ’UK§7 Tw)
i
<~ Trun, =9 Wln(xJuK1a$J’UK§>$W)
For the claim regarding essentially unique solvability, the “ <= " becomes an “ <—=-". [

The twinning operation is compatible with marginalization.

Proposition 8.1.5. Let M = (J,V,W, X, P, f) be an iSCM. For L. C'V such that M is

essentially uniquely solvable w.r.t. L,
(M\L)twin = (MtWin)\(LUL’)-

Proof. This follows by writing out the definitions. Lemma 8.1.4 with L; = Ly = L
shows that if M is essentially uniquely solvable w.r.t. L with partial solution function
gt¥, then M™™ is essentially uniquely solvable w.r.t. LUL’ with partial solution function

gL X % Xy X Xy X X\ X Xy defined by:

g[LUL’] (

2,2y, aw, e vvn) = (65 (@, aw, o), ¢ (@, 2w, 2vn ).
]

Another important property of the twinning operation is that it preserves unique
solvability and simplicity.

Corollary 8.1.6. Let M = (J,V, W, X, P, f) be an iSCM. If M is essentially uniquely
solvable, then M™™ is essentially uniquely solvable. If M is simple, then M™™ is simple.

Several types of hard interventions are compatible with the twinning operation, in the
following sense:
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Proposition 8.1.7. Let M = (J,V,W, X, P, f) be an iSCM.
e For T CJUYV, fTEXT.'

twin,

(MtWin)do(XT=ET,XT/=§T) = (MdO(XTsz)) ’

o forTTCJUV: . .
(Mtwm)do(T,T’) — (MdO(T))twm;

o forTCJUV: ' .
(M™™ao(rr,1,) = (Mao(r)) ™

(where we identify I; with I, for allt € T).
Proof. These properties follow by writing out the definitions. O]

We can also define a twinning operation on graphs. We will only define this for graphs
without bidirected edges (limiting this to a graphical version of the twinning that can
be applied to the graph G (M) of an iISCM M).

Definition 8.1.8. Let G = (J,V UW, E) be a CDG such that Pa®(W) = (. Write
J =) :jeJ}and V' = {v : v €V} for copies of J and V', respectively. The
twinned graph GV"V) s defined as the CDG (JUJ', VUV’ U W, E™™) with directed
edges

EY" = BU{w — v weWveV,w—ve B}u{i’ —v:icJuV,veV,i—vec E}.
In words, we copy the nodes JUV (but not the nodes W) and copy the edges accordingly.
The graphical and the iSCM twinning operations are compatible:
Proposition 8.1.9. Let M = (J,V,W, X, P, f) be an iSCM. Then
(GH(M))¥inIWV) = G (pgtviny,
Proof. This follows by writing out the definitions. O
The simplest non-trivial example of a twin iSCM is the following.

Example 8.1.10. Consider an iSCM with exogenous input variable X, endogenous
variable Y, exogenous random variable W, and structural equation:

YR — f(a, W)

Its graph is depicted in Figure 23. Twinning adds an exogenous input variable X', an
endogenous variable Y, and structural equation

(Y/)do(:c’) _ f(fE,, W)
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factual counterfactual

Figure 23: Left: ~ Graph GT(M) of iSCM M.  Right: Graph G (M™")
(GH(M))™in(XY) of the twinned iISCM M™®. The exogenous random vari-
able W is shared between the factual and counterfactual “world”, whereas
the exogenous input variable X and the endogenous (output) variable Y may
differ between the two worlds (with X’ and Y’ denoting the corresponding
variables in the counterfactual “world”).

but keeps the same endogenous random variable W. The graph of the twinned iSCM is
also shown in Figure 23.

Forinstance, X could be the number of glasses of beer you consumed yesterday evening,
Y the severity of a headache the next morning, and W would represent all other possible
causes of a headache (e.g., COVID-19, a concussion obtained in a Tugby game, the
number of glasses of wine you consumed yesterday evening, ...). When stating “If 1
had not drunk so much beer yesterday, I would feel much better now,” we imagine a
counterfactual world in which the value of W is the same as in the (f)actual world, but
X' (and therefore Y') may have different values in the counterfactual world than the
corresponding values X (and 'Y ) in the factual world.

We are not claiming that all counterfactuals can be modeled naturally using a twinned
iSCM. For example, the difference between the actual and the counterfactual world
may not always be due to an intervention, that overrides certain causal mechanisms.
Sometimes, the causal mechanisms in both worlds remain the same, but they differ with
respect to certain initial conditions or background conditions.

Example 8.1.11. The counterfactual: “Yesterday I met an old friend in the street that [
hadn’t seen in years. We decided to go have a beer in the pub, even though I had plans to
study for my exam that night. If I had not bumped into my old friend, I would not have
ended up in the pub yesterday evening.” is an example of a backtracking counterfactual.
The aspect that is different in the coutnerfactual world is that by chance, I met my old
friend. It seems unnatural to model this as an action.

Backtracking counterfactuals are actively studied by philosophers and logicians. We

will not attempt to formalize them here.

8.2. Counterfactual Equivalence

In Definition 6.7.4, we defined the notions of observable and interventional equivalence
for simple iISCMs. We can add a more fine-grained notion of equivalence by making use
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of the twinning operation, which we refer to as counterfactual equivalence.*’

Definition 8.2.1. Let M = (J,V,W, X, P, f) and M = (j, V.W, X, P, f) be two simple

iSCMs and O C VNV a subset. We say that M and M are counterfactually equiva-
lent w.r.t. O if the twin 1SCMs M™ gnd M™™ are interventionally equivalent w.r.t.
O U0, where O C V' NV’ is the copy of O.

More generally, one could define counterfactual equivalence not only with respect to
an observed set of variables, but also with respect to a given set of interventions.
We get the following important corollary of Theorem 6.8.10.

Corollary 8.2.2. Let M = (J,V,W, X, P, f) be a simple iSCM, L C V, and My, its
marginalization over L. Then M and M\, are observably, interventionally and counter-
factually equivalent w.r.t. V '\ L.

Proof. The observable and interventional equivalence is the claim of Theorem 6.8.10.
Write K = V' \ L. By Proposition 8.1.5, (Mz)™" = (M"™™"),(rur,, and hence the
two are interventionally equivalent w.r.t. K U K’. Since M™" and its marginalization
(M*™™)\ (Lur) are interventionally equivalent w.r.t. K U K’ by Theorem 6.8.10, M and
M, 1, are counterfactually equivalent w.r.t. K. O

Lemma 8.2.3. Let M = (J,V,W, X, P, f) be a simple iSCM. Then M and M™™ are
interventionally equivalent w.r.t. V.

Proof. We have to show that for any 7 C V, Myory and (M™™)gy7) are observably
equivalent w.r.t. V' \T. Let T C V. Let gaor) : Xjur X Xw — Xy\r be an (essentially
unique) solution function of M w.rt. V \ T and g : X; x Xy — Ay the (essentially
unique) solution function of M.

By Lemma 8.1.4 with Ly =V \T, Ly =V,

qg: X(JUT)UJ/ X Xy — XV\T X Xy
(uryus, Tw) (gdo(T)(xJuTJW),g@J’,QTW))

is the (essentially) unique solution function of (M®™") w.r.t. (V \ T) U V’. Note that
Gdo(T) © PL s pxxy = GV\T-

Then Py, (X7 | do(Xjur)) is the pushforward (gao(r))«(F) of the exogenous dis-
tribution of Myo(r) (interpreted as a constant Markov kernel Xy --+ Xy). We obtain
the Markov kernel Fysiwiny, (Xy\r | do(Xjurugr)) as the pushforward (gy\r).(P) of
the exogenous distribution P of (]\/[t"vm)do(T)7 now interpreted as a constant Markov
kernel Xjur x Xy — Xw. Since gaor) © Pra, ,.xxy = vz, We obtain the desired
conclusion. O

Equivalence is a stronger equivalence relation than counterfactual equivalence, and
counterfactual equivalence is a stronger equivalence relation than interventional equiva-
lence.

49The definition of counterfactual equivalence for (possibly non-simple) iSCMs is provided in | |
for iISCMs without exogenous input variables.
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Proposition 8.2.4. For simple iSCMs M, M and a subset O CV NV:
1. If M = M then M and M are counterfactually equivalent w.r.t. O.

2. If M and M are counterfactually equivalent w.r.t. O then M and M are interven-
tionally equivalent w.r.t. O.

Proof. 1. Suppose M = M. Then M™® = M™in and the claim directly follows from
Proposition 6.7.6.

2. Let O’ € V' NV’ be the copy of O. Suppose M and M are counterfactually
equivalent w.r.t. O. Then M™ and M™® are interventionally equivalent w.r.t.
OUO'. Forevery T C OUO, (M™™)go) and (MtWin)do(T) are observably
equivalent w.r.t. (OUO')\ T.

We have to show that M and M are interventionally equivalent w.r.t. O. That is,
we have to show that for every S C O, My,(s) and Mg,(s) are observably equivalent
w.r.t. O\ S.

Now take S C O. Then (using Proposition 8.1.7),

(Mdo(s)>twin — (Mtwjn)do(S,S’)

and . . o
(Mdo(S)>twm — (Mtwm)do(S,S’)

are observably equivalent w.r.t. (OUO')\ (SUS’) = (O\ S)U (0"\ 5'), and
hence w.r.t. O\ S. By Lemma 8.2.3, (Mgo(s))™™ and Mq,(s) are interventionally
equivalent w.r.t. V'\ S. Hence (Myo(s))™™ and Myo(s) are observably equivalent
w.r.t. O\ S. Similarly, (Mdo(g))t“’i“ and Mdo(g) are observably equivalent w.r.t
O\ S. Hence, by transitivity, Mao(s) and Mdo(g) are observably equivalent w.r.t
O\S.

L]

The reverse implications do not hold in general. Together with Proposition 6.7.6,
Proposition 8.2.4 expresses that causal modeling is more refined than probabilistic mod-
eling, and counterfactual modeling is more refined than interventional modeling. This
formalizes what Pearl refers to as the “causal hierarchy” or “ladder of causation”.

In general, interventional equivalence does not imply counterfactual equivalence. Even
interventionally equivalent iISCMs with the same causal mechanism (that differ only in
terms of their exogenous distributions) may not be counterfactually equivalent. For ex-
ample, the iISCMs M? and M? with p # ' in the following example are interventionally
equivalent, but not counterfactually equivalent.

Example 8.2.5 (Interventional equivalence does not imply counterfactual equivalence
[ ). For parameter p € [—1,1], consider the iSCM M? with binary exogenous
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input variable X € {0,1}, endogenous variable Y € R, a single latent exogenous random
variable W = (W1, W) € R? with exogenous distribution

() () 7))

Y =Wi(1— X) + WaX.

In a medical setting, this 1SCM could be used to model whether a patient was treated or
not (x =1 vs. x = 0) and the corresponding potential outcome (Y @=1 ys, Ydo@=0)),

Suppose that in the actual world we did not assign treatment to a patient (x =0) and
the outcome was Y°@=0) =y € R. Consider the counterfactual query “What would the
outcome have been, had we assigned treatment to this patient?”. We can answer this
question by introducing a parallel counterfactual world in which the exogenous random
variables for each patient have the same values as in the actual world, but treatment
and outcome may differ. For this, consider the twin iSCM (M?)™®. The counterfactual
query then asks for

and structural equation

Pragsymin (YYD | Y9o=0) = )

where Y@= s the factual outcome, and (Y')%@'=Y s the counterfactual outcome
(which are both marginal potential outcomes of the twinned iSCM). One can calculate

that
o(z'= o(x= 0 1 p
Plagoyoin (V)70 Y 0070) = N ((0) ’ (p 1))

and hence Ppypoywin (V)@= | Ydoe=0) = o) = N(py,1 — p?) (by the general formula
for conditioning a multivariate Gaussian distribution). Note that the answer to the
counterfactual query depends on a quantity p that we cannot identify from the Markov
kernel Py (Y |do(X)), as it is independent of p. Therefore, even unlimited data from
a randomized controlled trial would not suffice to determine the value of this particular
counterfactual query. Indeed, iSCMs M? and M with p # p' are interventionally
equivalent, but not counterfactually equivalent.

The lesson of this example is that if one attempts to learn an iSCM from data (even
from randomized controlled trials with arbitrarily large sample size) it can happen that
one still cannot identify the values of some counterfactual probabilities. In other words,
data-driven estimation of counterfactual probabilities can be an ill-posed problem. Nev-
ertheless, counterfactual are central in court cases (e.g., to determine responsibility, “the
physician treated the patient with drug A and the patient died, would the patient still
be alive if the physician had abstained from the treatment?”). The above example shows
that one can be on very slippery terrain when it comes to answering such questions.

We have seen that interventionally equivalent iSCMs do not need to have the same
graphs. Even counterfactually equivalent iSCMs may have different graphs (see Exam-
ple 9.5.16).

We have seen that interventional equivalence is preserved under various interventions
(Proposition 6.7.8). Analogous statements hold even for counterfactual equivalence.
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Proposition 8.2.6. Assume that M anc{]\7[ are counterfactually equivalent iSCMs w.r.t.
OC(VNV). Then, forT COU(JNJ):

1. Maory and MdO(T) are counterfactually equivalent w.r.t. O\T (hard interventions
with unspecified target value);

2. Mao(xp=¢r) and MdO(XngT) are counterfactually equivalent w.r.t. O UT, for any
&r € X (hard intervention with specified target value);

3. Mao(1) and MdO(IT) are counterfactually equivalent w.r.t. O (adding intervention
variables).

Proof. Let T COU(JN J ). The claims follow straightforwardly from Proposition 8.1.7
and Proposition 6.7.8.

1. To show: (Mgeer))™™ and (Mye(r))™™ are interventionally equivalent w.r.t. (O \
T)U(O\T)'. By Proposition 8.1.7, (Mao(r))™™ = (M™™)qo(rurry and (M) ™™ =

(M ) joerurry- Since MY and M™™ are interventionally equiva1~ent iSCMs w.r.t.

OUO' by assumption, by Proposition 6.7.8, (M"™™)ocrury and (M™™)qoury are
interventionally equivalent w.r.t. (OUO’)\ (T'UT").

2. Let & € Xp. To show: (Mao(xp—er))™™ and (MdO(XngT))tWin are interventionally
equivalent w.r.t. (OUT)U (OUT). By Proposition 8.1.7,

(MtWin)dO(XTZET,XT/=§T) = (MdO(XT=§T)>tWin

and
twin

(MtWin>d0(XT:€T7XT’:£T) = (Mdo(XTZET))

Since M™™ and M™™ are interventionally equivalent iSCMs w.r.t. OU O’ by as-
sumption, by Proposition 6.7.8, (M"™™)ao(x;=ep, X =¢r) A0d (M™™) a0 (X7 —¢7, X 0 =e7)
are interventionally equivalent w.r.t. (OUO")U (T UT").

3. To show: (Muo(z,))™™ and (Mgo(z,))™™ are interventionally equivalent w.r.t. O U
O'. By Proposition 8.1.7,

(M ao(rr. 1) = (Mao(rz)) ™™

and o 3 .
(M™™)ao(rr,1,) = (Mao()) ™

(where we identify I/ with I, for all t € T). Since M™® and M"™™ are inter-
ventionally equivalent iSCMs w.r.t. O U O" by assumption, by Proposition 6.7.8,

(M™™) (1, 0y and (MY 4o Ip,p) @r€ interventionally equivalent w.r.t. O U Q.

]
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8.3. Exogenous reparameterizations

Since exogenous random variables are considered latent, certain reparameterizations of
those may preserve part of the causal semantics of the observed variables. We will define
two types of such exogenous reparameterizations.

8.3.1. Exogenous pushforwards

Definition 8.3.1. Let M = (J,V,W, X, P, f) be an iSCM. Let W be a finite index set
disjoint from JUV UW, and X, Hwew Xy the product of standard measurable spaces

Xy Let f: X)X Xy ¥ Xy — Xy and DX X Xy — X, be measurable mappings such
that:

i) )
fley,xv,zw) = flxs,zy, P (a:J,;EW)) M-a.s.,

and

i) there exists a distribution P = R uevir Py with Py € P(Xy) for v € W such that:

Vey e Xy: (B(xy,-))P = P.

Then we call the iSCM

M7y = (S V. W, Xy x Xy x X, P, f)

an exogenous pushforward of M along .

Note that given ®, the distribution P occurring in this definition is unique, but the
function f is not necessarily uniquely determined by the definition. Still, the exogenous
pushforward M, epan(f.8) 18 well-defined up to equivalence given both ® and f.

There is some nullset trickery that we need to take care of before we can show various
nice properties of this operation on iSCMs.

Lemma 8.3.2. Let ¢ : Xy — Xy, be a measurable map between two standard measurable
spaces. Let Px, be a probability measure on Xy and let Py, = P, o ¢~5_1 be its

pushforward under ¢. Let 7 Xy — 10,1} be a property, i.e., a (measurable) boolean-
valued function on Xy,. Then the property m = 7o ¢ on Xy holds Py, -a.e. if and only
if the property 7 holds Px_ -a.e..

Proof. Assume the property m = 7o¢ holds Py, -a.e., then C ={zw € Xy : w(zw) =1}
contains a Borel set C* with Py, -measure 1, i.e., C* C C' and Py, (C*) = 1. By | ,
Proposition 8.2.6], é(C’*) is analytic. By | , Theorem 8.4.1|, there exist Borel
measurable sets A, B such that A C ¢(C*) C B and Py (A) = Px_(B). Because ¢ is
measurable, qB_I(A) and é_l(B) are both measurable. Also, gg_l(A) - é_l(é(C*)) -
czg_l(B). As C* C 45_1(45(0*)), we must have that PXW(gg_l(B)) > Py, (C*) = 1. Hence
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Py, (A) = Py, (B) = 1. Note that as C* C C, A C ¢(C*) C o(C) C {zy € Xy, -
#(zy) = 1}. Hence the set C' := {zy € Xy : 7(x;;) = 1} contains a Borel set of
Py -measure 1, in other words, 7 holds Py, -a.s..

The converse is easier to prove. Suppose C = {ry € &y @ 7(xy5) = 1} contains
a Borel set C* with PX —measure 1, ie, C* C C and PXW( ) = 1. Because ¢ is
-1

measurable, the set ¢ (C’*) Co ( ~) = C is measurable and Py, (¢ (C*)) = O

Corollary 8.3.3. Let M = (J,V,W,X, P, f) be an iSCM, and M := Mrepar(ﬁ&,) =
(J,V, W, X, P, f) an exogenous pushforward of M. Let 7@ : Xy x Xz, — {0, 1} be a binary
property and define the property m : Xy x Xy — {0,1} by w(x s, zw) := 7(xy, P(zs, 2w)).
Then: )

T M-a.s. <= w M-a.s.

Proof. By assumption, for all z; € A, (CTDIJ)*P — P, where the section <:DIJ Xy —
X, - oy = @27, 1) is measurable.

We want to show that 7(x, xy) holds M-a.s. if and only if ﬁ(xj7§>(xj,xw)) holds
M-a.s.. Let x; € X;. Then, the property 7, := (x5 — (2, zy)) holds P(Xy,)-a.s. if
and only if 7., := (zw — (2, ®(xs,zw))) holds P(Xy )-a.s. by Lemma 8.3.2. Since
this holds for all x; € Xy, this proves the claim. O]

Now we can prove our earlier claim that exogenous pushforwards are well-defined up
to equivalence.

Lemma 8.3.4. Let M = (J,V,W, X, P, f) be an iSCM, and M, ., ;.5 = (J,V,W, X, P, f)

repar

an exogenous pushforward of M. Let M be an iSCM such that M = M, and let
f: Xy x Xy x X}y, = Xy be a measurable mapping such that:

f(wJ,xv,xW) JE(JU,LTJV, O(zy, 2w )) M-as..
Then Mrepar(f o) = Mrepar(ﬁé)'

Proof. We have M — (J, V.W, X, P, f) and Moo= (VWX P, f). By assump-
tion, z, = f,(r) <= =z, = f,(x) M-a.s. for all v € V, and furthermore
f($J,$V,$W) = f(iﬂj,mv,(i)(l'J,.Tw)) M-a.s.

as well as

f(xj,xv,xw) = f(xJ,xV,(i)(xJ,mW)) M-a.s.,

noting that M-a.s. and M-a.s. mean the same. Hence for v € V,

Ty = fv(xJ,xV,&)(xJ,xW)) = 7, = fv(:cj,:cv,@(xj,xw)) M-a.s..

By Corollary 8.3.3, this implies

Ty = fo(z) = z, = fv( ) M (7 3)-2-5--
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Exogenous pushforwards are compatible with hard interventions.

Lemma 8.3.5. Let M = (J,V,W, X, P, f) be an iSCM, and M, ., ;.5 = (J,V,W, X, P, f)

repar

) pu—
an exogenous pushforward of M. For an intervention target T C V U J:

(Mrepar(f@))do(T) = (MdO(T))repar(f\T,Ci)'
Proof. This follows by writing out the definitions. O

The twinning operation is only compatible with exogenous pushforwards under re-
strictive assumptions.
Lemma 8.3.6. Let M = (J,V,W, X, P, f) be an iSCM, and M,q..(75) = (J.V, W,X,P,f)

an exogenous pushforward of M. If ® is constant in X, that is, <I>(:EJ, Tw) = <i>(§7J, Tw)
for all xyw € Xy and all x;,25; € Xy, then:

twin __ twin 5 5
(Mrepar(f,&))) - (M )repar(ftwin’@) .

Proof. This follows by writing out the definitions. In particular, we check that
ftwm(SCJ, zy, v, v, aw) = (f(xg, v, aw), f(@p, 2y, 2w))
= (f(ﬂTJ,xV, ‘i)(l'W))aJ?(l'J',xV',&’(»’UW))
= [z @,y O(zw)).
For the last equality to hold, it suffices that ® does not depend on X . O

We can pull back partial solution functions from exogenous pushforwards.

Lemma 8.3.7. Let M = (J,V,W, X, P, f) be an iSCM, and M, .. ;. = (J.V,W, X, P, f)

repar
an exogenous pushforward of M. If M, a7y has partial solution functzon gtH Xy x
X X Xy — Xp wrt. L CV, then M has partial solution function
gH Xy x X x X — Xp (g, v, vw) = 5 (@, 2, @2, mw)
w.r.t. L. If Mrepar (F.&) U essentially uniquely solvable w.r.t. L C V', then so is M.

Proof. It M := M

repar(

(. has partial solution function g wrt. L CV, then

vr = fr(zg,av,ay) <= vy = (s, 2, 2y) M-as.
By Corollary 8.3.3,
T = fNL(fL‘JaxVa i’(%ﬂw)) — rL = Q[L](IJ,xV\L, é(xj,xw)) M-a.s..
By assumption, .
fley,zv,zw) = f(zs,xy, P (xJ,a:W)) M-a.s..
Hence
v = fr(zg, vy, vw) = v = §[L](1:J,:cv\L, O(zy,zw)) M-as..

Therefore, M has partial solution function ¢g!¥! w.r.t. L. If M is essentially uniquely
solvable w.r.t. L, then all logical implications above become logical equivalences, and
hence M is essentially uniquely solvable w.r.t. L as well. O
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Theorem 8.3.8. Let M = (J,V,W, X, P, f) be an iSCM, and M (7. = (J,V,W,X,P,f)

repar

an exogenous pushforward of M. If both M and M, opan(f 8y OTE szmple then M is ob-

servably and interventionally equivalent to Mepar(f &) w.r.t. V. If, furthermore, ® does

not depend on X, then M is even counterfactually equivalent to M, . ;g w.r-t. V.

Proof. Let g : X; x Xw — Xy be a (essentially unique) solution function of M, and
g X; x Xy — Xy a (essentially unique) solution function of M = M, . 5. By
Lemma 8.3.7 and the essential uniqueness of the solution functions, we get

g=go (id;(‘],ci)).

We now show that the marginal Markov kernels Py (Xy | do(Xy)) and Py - (
do(X)) are the same. By Theorem 6.6.4,

Py (Xy | do(X)) = (9)« (6(Xs|X;) ® P(Xw))

(g0 (idx,, ). (0(Xs|Xy) ® P(Xw))
= @. (5(x,1X0) @ P(Xy))

(Xy | do(Xy)).

Xy |

=P, o
Mrepar(f,d’)

This shows the observable equivalence w.r.t. V.
Let T C V. Then (M, . (7.8))do(r) = (MdO(T))repar(f\T by Lemma 8.3.5. The ob-

servable equivalence of Maor) and (Mao(r)) 5y W.I. t V' \ T hence implies the

observable equivalence of Mgy, and (Mrepar( f;))(i\:(;) w.r.t. V' \ T. Since this holds for
all T"C V', M and Mrepar 7.&) are interventionally equivalent w.r.t. V.

Assume now that ® does not depend on X;. By Lemma 8.3.6, (Myepar(7.3)™™ =
(M™™), par(fwin gy Since M™™ and its exogenous pushforward (M™") s 5 are
interventionally equivalent w.r.t. V.UV’ M and M, .. ) are counterfactually equiva-

lent w.r.t. V. O
Proposition 8.3.9. Let M = (J,V,W, X, P, f) be an iSCM, and M,,..;. 4 = (J,V, W, X, P, )

an ezxogenous pushforward of M, where Xy and Xy, are discrete spaces. Then M is sim-
ple if and only if M, epan(f.8) 18 simple.

Proof. Denote M = Mrepar( 7.é) The implication that M is simple if M is simple follows
from Lemma 8.3.7, so we only have to prove the converse. Assume that M is simple.

To show that M is simple, by Remark 6.6.6 it suffices to show that for each L C V
E”.TL € XL Tx = fL(xJ,xV\L,xL,xW)

up to a measurable M-null set. Because any M-null set is measurable because of the
discreteness of X; and &5, it suffices if this holds up to a M-null set.

Let L C V and consider the property which expresses that the structural equations
of M) have a unique solution:

ﬁ(xJ,:CW) = [Vl’v\L S Xv\LE”l'L e X,z = f~L<£IZ'J,£IZ'V\L,l'L,$W)}.
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Then the corresponding property for M is:
m(zy,aw) = [Vo € X ey, € Xp oy = fL(IJ>$V\L,$L, @%ﬁw))L
for which we have that # M-a.s. <= 7 M-a.s. by Corollary 8.3.3. Since

fag,zv,aw) = flag, oy, ®(zs, 2w)) M-as.
by assumption, we conclude:

Vasv\L S Xv\LEHLL‘L e X,z = fL($J,$V,$W) M—a.s.
S VxV\L S Xv\LH!l'L e X, x, = fL($J,Iv, (i)(ZL‘J,ZEw)) M-a.s.
o VJI\/\L € Xv\LE”IL e X, x = fL<IJ,Iv,Iw) M-a.s..

Since M is simple, it is essentially uniquely solvable w.r.t. L, and hence the last condition
holds. Therefore, also the first condition holds. This proves the claim. ]

An exogenous pushforward can be inverted if the reparameterization mapping ® has
an ‘essential left-inverse’.

Lemma 8.3.10. Let M = (J,V,W, X, P, f) be an iSCM, and M = M

repar(f,®) =
(J,V, W, X, P, f) an exogenous pushforward of M. Suppose there exists an essential left-
inverse of ®, that is, a measurable function V : X;x Xy, — Xy such that ¥(z,, q)(a:J, Tw)) =
xw M-a.s.. Then M = Mepar(f,0)-

Proof. Since U is an essential left-inverse of @,
(id)(J, \I/) o (id)(J, (i)) = (id)(J,id)(W) M-a.s..

By definition,

Mrepar(f,‘l/) =

(JV,W, X x Xy X X, P, f)

with f such that

]F(xJaWV,iUW) f(ﬂUJ,xv, (xj,xﬁ/)) M-a.s.

and for all z; € A, - .

We show that picking f = f works, and that P=Pr.
If f=f, then

f(xj,xv,q:)(xj,xw)):f(xj,xv,xw) f(a:J,xv, (a:J,il:)(a:J,a:W))) M-a.s.

Hence, by Corollary 8.3.3,

JE(SUJJV#CW) f(xJ,SCV, (xg,z5)) M-as.
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which is precisely what was required.
For all z; € A,

So that also works out. O

One example of an exogenous pushforward of this type that one encounters occassion-
ally is the operation of merging exogenous random variables.

Example 8.3.11 (Merging exogenous random variables). Let M = (J,V,W, X P, f) be
an iSCM. Let W be a partition of W. Take for Xy = [Lzew Xa the product of standard
measurable spaces Xz = Hw@D X,. Let P Xw — Xy be the natural identification that
maps Ty = (Ty)wew € Xw with components x,, € X, to xyy, = (Ta)gew € Xy With

components Ty = (Ty)wen € Xp. Because W is a partition of W, ® is a bijection. Take
f~ Xy X Xy x XW — Xy (:L'J,:Cv,LCW) — f(.%’],l’v, (i)71<l'w))
It is immediate from Definition 8.5.1 that

Mepar(f,ti)) = (J7 v, VT/’ Xy x Xy x Xw,p, f~)

T

is an exogenous pushforward of M. Because ® is independent of x; and bijective,
Mrepar(f@) 1s observably, interventionally and counterfactually equivalent to M w.r.t.
V' in case M is simple.

The following example shows that an exogenous pushforward need not be counterfac-
tually equivalent w.r.t. V if ® depends on X.

Example 8.3.12. Consider the acyclic iSCM M with exogenous input variable X, with
co-domain {—1,1}, endogenous variables Xy, X3 with co-domains {—1,1}, {—2,0,2},
respectively, and causal mechanism

Xy = fo(X1, XB) = X1 X

X3 = f3(Xo, Xp) = Xo + Xp,
with exogenous random wvariable Xp ~ Uni({—1,1}). Consider the evogenous push-

forward M with exogenous random variable Xp with co-domain {—1,1}, mapping @ :
{—1,1}* = {-1,1} : (z1,7B) — x17R, and causal mechanism

Xo = fQ(Xé) = Xp

X3 = f3<X1aX2aXB) - X2 + XlXB
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Its exogenous distribution is ®.(P(Xp)) = Uni({—1,1}) = P(Xp). [t is indeed an
exogenous pushforward:

f(:Elaw?v(I)(xl?mB)) = ( (1'1,333),1'2 —|—.’L‘1(I)($1,.’EB))
= (v12p, Ty + T1217R)
(r12B, 2 + 2B)

= f(ﬂfl,iﬁz,wB)-

Both M and M are acyclic, hence simple. By Theorem 8.3.8, M is observably and
interventionally equivalent to M w.r.t. {Xy, X3}. However, M is not counterfactually
equivalent to M w.r.t. {Xs, X3}, as one can check explicitly.

8.3.2. Exogenous pullback

Since exogenous random variables are considered latent, certain reparameterizations of
those may preserve part of the causal semantics of the observed variables.

Definition 8.3.13. Let M = (J,V,W, X, P, f) be an iSCM. Let W be a finite index
set disjoint from JUV UW, and Xy, = [[zei Xa the product of standard measurable
spaces Xy. Let ® : Xy x Xz, — Xy be a measurable mapping. Let P = Qe Py with
Py € P(Xy) for all b € W. Define the function f : Xy x Xy x Xy — Xy by:

f(erIVrTW) = f(xJ7xV7CD(xJ7'IW))
forallzy € Xj,ay € Xy, xy € Xy, If
vx] € XJ : (¢($J7 ))*P = P7

we call the iSCM
M

repar(

@,]5) = (‘]a‘/aW>XJ X XV X XW,P,]?)
an exogenous pullback of M along .

Note that given ®, the function f occurring in this definition is unique, but the distri-
bution f is not necessarily uniquely determined by the definition. Still, the exogenous
pullback M, .. ) is well-defined given both ¢ and P.

There is again some nullset trickery that we need to take care of before we can show

various nice properties of this operation on iSCMs.

Lemma 8.3.14. Let ¢ : X}y, — Xy be a measurable map between two standard measur-
able spaces. Let P‘XW be a probability measure on Xy, and let Py, = PXW o ¢t be its
pushforward under ¢. Let w : Xy — {0,1} be a property, i.e., a (measurable) boolean-
valued function on Xy . Then the property T = 1o ¢ on Xy, holds Px_ -a.e. if and only
if the property m holds Px,, -a.e..

Proof. This is just a reformulation of Lemma 8.3.2. O]
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Corollary 8.3.15. Let M = (J,V,W, X, P, f) be an iSCM, and M := M, @) =
(J,V,W,X,P, f) an exogenous pullback of M. Let m : X; x Xw — {0,1} be a binary
property and define the property 7 : Xy x Xy, — {0,1} by w(xy, xy,) = w(xy, ©(z), zy)).
Then: )

T M-a.s. <= 7 M-a.s..

Proof. By assumption, for all z; € X, (<I>3EJ)*]5 = P, where the section ®,, : Xj; —
Xy @ xyy, = O(xy, 2y) is measurable.

We want to show that m(x;,xw) holds M-a.s. if and only if 7(x;, ®(x,, 2y, )) holds
M-as.. Let z; € X;. Then, the property 7z, = (xw +— m(xs, 2w )) holds P(Xy )-a.s.
if and only if 7, := (25, — w(x s, @, (7y5,))) holds P(Xy;)-a.s. by Lemma 8.3.14. Since
this holds for all x; € X, this proves the claim. O

Lemma 8.3.16. Let M = (J,V,W, X, P, f) be an iSCM, and M, .o p) = (,V,W, X, P, f)

repar

an exogenous pullback of M. Let M be an iSCM such that M = M. Then M Py =

repar(®

Mrepar(‘i),ls) :

Proof. We have N = (J,V, W, X, P, f) and M, .5 = (J, V, W, &, P, f).
By assumption, =, = f,(z) <~ =z, = fv(x) M-a.s. for allv € V. By Corollary 8.3.15,
this implies that for v € V|

vy = fo(rg,av, (), 1y)) <= 2= folzr, oy, ®(2,25) Myepue.pa-s.

By the definition of exogenous pullbacks, we can rewrite this as

Ty = fv(xJ’ TV, IL’W) — Ty = fv(xJ7 v, IL'W) Mrepar(@,ﬁ’)_a's‘ L
Exogenous pullbacks are compatible with hard interventions.

Lemma 8.3.17. Let M = (J,V,W, X, P, f) be an iSCM, and M, ..o p) = (J,V, W, X, P, f)

repar

an exogenous pullback of M. For an intervention target T CV U J:

(Mrepar(<1>,]5))d0(T) = (MdO(T))repar(q),]a)'
Proof. This follows by writing out the definitions. O

The twinning operation is only compatible with exogenous pullbacks under restrictive
assumptions.

Lemma 8.3.18. Let M = (J,V,W, X, P, f) be an iSCM, and M, (@) = = (J,V,W,X, P, f)

repar

an ezxogenous pullback of M. If ® is constant in X, that is, ®(zy, zy) = O(Z), zy) =
O(zy) for all zy € Xy, and all x5, %5 € Xy, then:

(Mrepar(CD,fD))tWin = (Mtwm)repar(q),]a)’
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Proof. This follows by writing out the definitions. In particular, we check that

J&Win(l’J, Ty, Ty, Ty, Tyj) = (J?(UCJ,LUV,xw), JE(IJ’; Ty, Tyir))
= (f(zs,2v, q’(%ﬁw)%f(xJ’,xvu‘I’(i’fJuﬂfﬁ/)))
- (f(ZEJ,ZE\/, @(l‘w)),f(JZJ/,IV/, CI)(:EVV»)

= ftWin(l’J, Ty, wy, vy, P(ry ).
For the last equality to hold, it suffices that ® does not depend on X ;. n
We can push forward partial solution functions to exogenous pullbacks.

Lemma 8.3.19. Let M = (J,V,W, X, P, f) be an iSCM, and M, ..o 5 = (,V,W, X, P, f)
an exogenous pullback of M. If M has partial solution function g™ : X; x X X Xy —
Xy wrt. LCV, then Mo« p) has partial solution function
gt x; x X X Xy = Xp: (2, 20\L, T4) g[L}(xJ,a:V\L,CD(a:J,xW))
w.r.t. L. If M is essentially uniquely solvable w.r.t. L CV, then so is M, epon(®, )
Proof. If M has partial solution function gi¥! w.r.t. L C V, then
= fr(zy,xv,zw) <= z1 :g[L](xJ,xV\L,a:W) M-a.s..

By Corollary 8.3.15,

L = fL(xJ7xV7 (I)<$J7 J:I/T/)) — I = g[L]<xJ7 TV\L, q)(xJ7xW)) Mrepar(@,ls)_a’s"
Hence

x = fL(xJ;J7V717W) — gz, =gl

(.TJ, LV\L» ZEW) Mrepar(q),]a)_a‘s"
Therefore, M, (o p) has partial solution function g wart. L. If M is essentially
uniquely solvable w.r.t. L, then all logical implications above become logical equivalences,

and then M, .. ¢ j) is essentially uniquely solvable w.r.t. L as well. O]

Theorem 8.3.20. Let M = (J,V.W, X, P, f) be an iSCM, and M, .. ) = (J,V,W, X, P, f)
an exogenous pullback of M. If M is simple, then so is M, q,..¢ p), and M is observ-
ably and interventionally equivalent to M, epar(@ py -1 V. If, furthermore, ® does not

depend on X, then M is even counterfactually equivalent to M, o py w.r-t. V.

Proof. If M is simple, then it is essentially uniquely solvable w.r.t. T" for all T'C V. By
Lemma 8.3.19, ]\4repar o p) 1s then essentially uniquely solvable w.r.t. 7" for all 7" C V.
Hence M, .. (0,5 18 sunple

Let g : X;x Xy — Xy be a solution function of M. Define the function g : Xy x Xj;, —
XV by

g=go (idXJ,q)).
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By Lemma 8.3.19, g is a solution function of M, epar(@.5)-

We now show that the marginal Markov kernels Py (Xy | do(X)) and PMrepar(fb 5 (Xv |
do(X)) are the same. By Theorem 6.6.4,

Pat oy (Xv | d0(X)) = (9). (8(Xs1X0) ® P(Xy))
= (g (idx,, ®)). (3(X,1X)) ® P(Xy))

= (9)« (6(Xy|Xy) ® P(Xw))

This shows the observable equivalence w.r.t. V.

Let T C V. Then (Mrepar(q)’ P))dO(T) = (MdO(T))repar o,p) by Lemma 8.3.17. The observ-
able equivalence of Mao(r) and (Mao(7)) epar(e,p) W-I-t- V\T hence implies the observable
equivalence of Mao(r) and (M, .. (@ 5))do(r) W.r-t. V' \ T Since this holds for all T C V,
M and M, .. (¢ p) are interventionally equivalent w.r.t. V.

Assume now that ® does not depend on X;. By Lemma 8.3.18, (M, .. 0.5)"" =
(M™™), par(@.py- Since M™™ and its exogenous pullback (M™™) o 5 are interven-

tionally equwalent w.r.t. VUV’ M and M, . (e p) are counterfactually equivalent w.r.t.

V. ]

Example 8.3.11 showed that merging exogenous random variables can be done via
an exogenous pushforward. Since the reparameterization mapping between the exoge-
nous random state spaces is invertible, this operation can also be seen as an exogenous

pullback.

Example 8.3.21 (Merging exogenous random variables). Let M = (J,V,W, X, P, f)
be a simple 1SCM. Let W be a partition of W. Let Xy = HwEwX for each subset

weW. Let & : Xy — Xw be the canonical projections. Take P = ®w€WP with
wa(Xw) = P(Xg) for allw € W and define f Xy x Xy x X, = Ay by

f('rJa Ty, .’IW) = f(ny Tv, CI)(:UW))
It is immediate from Definition 8.3.13 that

M

repar(®,P)

:(J"/’W7XJXXVXXW7P7.}?)

repar

w.r.t. V.

Then M, a5y 18 observably, interventionally and counterfactually equivalent to M

Example 8.3.22 (Reparameterization trick). The reparameterization trick: suppose we
have an iSCM M with kernel P(Xy | do(Xy)) (where now we allow a dependence on
X;!) and a structural equation

Xv = f(Xy, Xv, Xw).
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Let W := {@} for some index w not in JUV UW, Xy :=[0,1], P(Xy;) the uniform
distribution on Xy,. Theorem 2.7.3 with Remark 2.7.4 states that there exists a function
R: Xy x X5, — Xw such that:

P(Xw|do(X,)) = 6(R| Xy, Xy) 0 P(Xp).

Consider now M := M, (i, Py, the exogenous pullback of M along R. It has causal
mechanism f: X5 x Xy X Xy — Xy defined by
f(xjv Ty, x{;[/) - f(xJa Ty, R(wJa CE'W))
forallzy € X5, 2y € Xy, x5 € X, If R depends on X, then M may not be counter-
factually equivalent to M w.r.t. V. .
_Note that we can also consider M to be an exogenous pushforward of M: M =

Mrepar(f,}?) :

8.3.3. Pushforward or pullback?

We have defined two dual types of exogenous reparameterizations: exogenous pushfor-
wards and exogenous pullbacks. The former specifies the target mechanism and forward
reparameterization function, whereas the latter specifies the target distribution and the
backward reparameterization function. Sometimes, an operation is most naturally speci-
fied as an exogenous pushforward (for example, the response variable reparameterization
that we discuss in Section 8.4). In other cases, an operation is most naturally specified
as an exogenous pullback (for example, the reparameterization trick of Example 8.3.22).
We summarize both definitions:

Definition 8.3.23. Let M and M be iSCMs. Let M = (J,V,W,X,P, f) and M =
(S, VW, X, P, f) be iSCMs. We call M an exogenous pushforward of M through
measurable function ® : X; x Xy — Xy, if

1. f=fo(idy,,idy,, ®) = (idy,,idx,, ®)*f (“pullback of f by (idx,,idx, ,®)”)
2. P = (idy,, ®).P (“pushforward of P by (idx,, ®)”)

We call M an exogenous pullback of M through measurable function ® : X; x

1. f = f o (ideu idXv’ q)) = (idXv7 q))*f (“pu”baCk Off by (idXﬁ idXV’ CI)>”)
2. P = (id,, ®).P (‘pushforward of P by (idx,. ®))
It follows immediately that

Proposition 8.3.24. Let M = (J,V,W, X, P, f) and M = (J,V,W, X, P, f) be iSCMs.
Let ® : X5 x X5, = Xy x Xy and @ : Xj x Xy — X5 X X5, be measurable functions.

1. M is an ezogenous pushforward of M through ® if and only if M is an exogenous
pullback of M through ®.
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2. M is an exogenous pullback of M through ® if and only if M is an exogenous
pushforward of M through ®.

We can think of these two operations as dual to each other.

8.4. Parameterizing iSCMs using response functions

The following technique of “response functions” | | provides an example of an ex-
ogenous pushforward. It has been used—amongst others—to derive bounds on counter-
factual probabilities and to obtain tests for valid instruments.

8.4.1. Example

First we will explain the idea using an example, postponing the general formal definition
to Section 8.4.2.

Definition 8.4.1. Let M = (J,V ={v}, W, X; x Xy x Xw, P, ) be a simple iSCM
with X discrete, X, discrete, and Xy an arbitrary standard measurable space.

Let W = {0} be a singleton and consider the space of (measurable) functions®

X = ()Y ={¢: X — A,}.

The iSCM M induces a function ® : Xy — X5, that assigns to each exogenous random
value Ty € Xy the corresponding response function in X, that is, ®(xw) is the func-

tion xy w— fo(xs,xw). The iSCM M, (7o) = <J,V = {0}, W, &) x &y x Xw,ﬁ, f)

with as exogenous distribution the pushforward P = (®),(P) and causal mechanism

Ty, Ty) = Ty, (xy) (which just evaluates the response function i, in the input xy) is
W) = T hich just evaluates th tion x5, in the input x;) i
called a response variable parameterization of M.

We call it a parameterization because it preserves the important causal semantics:

Proposition 8.4.2. The response variable parameterization of M in Definition 8.4.1 is
an exogenous pushforward of M and is counterfactually equivalent to M w.r.t. V.

Proof. Note that:

@y, aw) = S(zw)(x,) = f(zs, D(aw))
for all z; € X;, 2 € Xy . Because M and M are both acyclic, they are both simple, and
the claim now follows from Theorem 8.3.8, noting that ¢ does not depend on X ;. [

Corollary 8.4.3. Let M = (J,V,W, X, P, f) be a simple iSCM with discrete exogenous
input space Xjy. Let v € V be an endogenous variable in M taking values in a discrete
space X,. Then there exists an 1SCM that is counterfactually equivalent to M w.r.t.
{v} that has just a single endogenous variable (V = {v} with space X,) and exogenous
random space (X,)*.

50| | call these functions “response functions”, and a random variable taking values in A7 a

“response-function variable”.
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Proof. First marginalize out all endogenous variables except v, and then take the re-
sponse variable parameterization of this marginal iSCM. It has the desired exogenous
random space, and note that both operations preserve counterfactual equivalence w.r.t.

{v}. O

8.4.2. General definition

The general definition of the response variable parameterization is more involved. Let
M = (J,V,W,X, P, f) be a simple iSCM with discrete spaces X; and &y (but Xy can
be an arbitrary standard measurable space).

First, let us consider the special case that G(M) contains no bidirected edges. For
each variable v € V, consider W, := Pag+un(v) N W, V, := Pagrun(v) NV and
Jy = Pag+any(v) N J. Without loss of generality, we may assume that each causal
mechanism f, only depends on its parents (see Remark 6.9.5), and therefore write the
structural equations as:

Xy = fu(Xy,, Xv,, X, )

For v € V., we define the function space
Xy, o= XXM = (X, x Ay, — A}

| | call these functions “response functions”, and a random variable Xy, taking
values in Ay, a “response-function variable”. We set W = {W,:veV}and Xy =
HvEV XWv ’ ~
For each variable v € V, the iSCM M induces a function @, : Xy, — Xy, that assigns
to each exogenous state zyy, the corresponding response function in Xy, , that is,

(Dv(ajwv) = (fL’waVU) — fv(vaawava)-

Together, the ®, can be considered components of a map ® : Xy — X/, where ®, only
depends on Xy,. We define the causal mechanism components (for v € V)

fv(nyxV7xW) = SUWU(JCJWSUVU),

which just evaluates the response function xy, € A} at (2;,2y). Note that by con-
struction,

f(IJyxV7fEW> = f(l‘J,Iv, CI)(xw))

for all € X. We also define the pushforward exogenous distribution P := (®), P.

Definition 8.4.4. The iSCM M, j4) = (J, V,W, Xy x Xy x Xy, P, f) constructed

in this way is called the response variable parameterization of iSCM M = (J,V,W, X, P, f)
for an iSCM M with discrete spaces X; and Xy, and no bidirected edges in G(M).

Now let us consider the general case. We will again construct a response function for
every endogenous variable v € V', but which response function is selected depends on

255



all the exogenous parents in the district Dist&™) (v) of v. By effectively merging these
exogenous parents we then end up with the required factorization of the reparameterized
exogenous variables.

Let D be a partition of V into districts, i.e., D = {Dist®®)(v) : v € V}. We will
denote by d, := Dist®@)(v) the district of v € V. For each variable v € V, consider
W, 1= Pag+ny(v) N W, V, := Pagrny(v) NV and J, := Pag+an(v) N J.

For every v € V, for every zw, € Ay, we define a “response function” R,(ww, ) :
X, v, = X, that maps (x,,,zv,) — fo(zy,, 2y, 2w,). In other words, R,(zw, ) €
A = Xy, We define the spaces Ay, = [[,cq &4, the Cartesian product of
the response functions of the variables in district d € D. We then define the mapping

D Xy — HdeDXWd by

(i)(»’UW> = ((Rv (dov ))Ued)deD'

We define the causal mechanism components (for v € V)

fy(l'J, Ty, :Ew> = (*TWdU )’U('IJM va)J

which just evaluates the response function for variable v in district d at (x 7, zy) (which
by definition only depends on x;, and xy,). Note that by construction, for all v € V,

folwg, av,zw) = folzs, v, ®(zw))

for all z € X. We define the pushforward exogenous distribution if’ .= (), P. We then
have the required independence of the d-components of P, since ®4(Xy ) only depends
on Xw,, and the Xy, = (X,)yeq are independent in P.

Definition 8.4.5. The 1SCM Mrepar(f,‘i)) = (J, V.W, X) x Xy ¥ X P, f) constructed
in this way is called the response variable parameterization of iSCM M = (J,V,W, X, P, f)

for an iSCM M with discrete spaces Xj and Xy .

Theorem 8.4.6. Let M, .. 7&) be the response variable parameterization of simple
iSCM M (which has discrete spaces Xy and Xy ). Then M, .. ;&) is simple and coun-
terfactually equivalent to M w.r.t. V.

Proof. By construction, M, epon(7.8) has discrete space X’; and Aj;. Futhermore, ® does
not depend on X ;. If M is simple, then M, (f.&) 18 simple by Proposition 8.3.9. Since

repar
both iSCMs are simple, ® does not depend on X ;, the claim follows from Theorem 8.3.8.
]

8.5. Bounding counterfactual probabilities

We have seen that unless one is willing to make very strong modeling assumptions,
obtaining counterfactual probabilities from data can be impossible. In certain cases,
though, it is possible to derive bounds on counterfactual probabilities from (intervened)
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Markov kernels | ]. One way to derive such bounds on counterfactuals exploits the
response function parameterization.

As a motivation, consider a medical setting in which a patient may either be treated
(or not) and a week later the patient is cured (or not). Suppose a patient participating
in a randomized controlled trial was assigned to the control group and hence not treated
(do(x = 0)), and it turned out one week later that this patient was not cured (Y 4°@=0) =
0). The patient now wonders “would I have been cured, had I been assigned to the
treatment group?”. By making use of the response-function parameterization, we can
obtain a bound that does not depend on the specific parameters of the iSCM, yielding
a “worst-case” lower bound and a “best-case” upper bound on the probability that the
patient would then be cured.

Proposition 8.5.1 (Bounding counterfactual probabilities). For a simple iSCM M with
a single binary exogenous input variable X € {0,1} and a binary endogenous variable
Y € {0,1} (and perhaps additional endogenous variables, and with an arbitrary number
of exogenous random variables taking values in arbitrary standard measurable spaces),
the counterfactual probability

Pyin (V) PI'=1 = 1| Yy9or=0) = ()
(with Y@= the factual outcome, and (Y')%@'=1 the counterfactual outcome) is bounded
by

Gojo — Min(qojo; qoj1) min(qojo, q1p1)

qo)0 qojo

where @y, = Py(Y = y|do(X = x)).

< Pagowin (V)0 =D = 1]y %e=0) = 0) <

Proof. Denote the 3-dimensional probability simplex by Az = {r = (roo, 701,710, 711) €
[0,1]% = 709 + 701 + r10 + 11 = 1}. We know from Corollary 8.4.3 that without loss of
generality, we may assume that the iSCM has only a single binary endogenous variable
Y and an exogenous random variable taking values in {0, 1}{®!}. That iSCM must then
lie in the family {M? : p € Az}, where the iSCM M?” with parameter p has binary
exogenous input variable X, binary endogenous variable Y, a single latent exogenous
random variable W € { foo, fo1, f10, f11}, exogenous distribution P?(W = f,) = p,, and
structural equation

Y W),
where we defined response functions foo, fo1, fio0, f11 : {0,1} — {0,1} by:
foo:0— 0,1~ 0;
for:0—~0,1—1;
fio:0— 1,1 0;
fi1:0—~1,1— 1.

We will derive a bound on the counterfactual probability

Pagoyowin (V)= = 1| y4=0) = 0).
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We first update the distribution of W with the observed outcome:

£00 —
Po0+po1 w f 005

p _

P(Mp)twin (W = w|YdO(I:0) = O) fry pooilpOl w= f017
0 w = f107

0 w = fi1.

Because of the counterfactual equivalence of M? and M w.r.t. Y, we have that g, :=
Py(Y = y|do(X = x)) = Ppeywin(Y = y[do(X = x)). This Markov kernel is given
explicitly by:

T Y Qya

0 0 poo+ por
0 1 pio+pn
I 0 poo+ pio
I 1 po1+pn

For our particular counterfactual probability of interest, we have the equality

P(Mp)twin((Y,)do(mlzl) = 1|Yd0($:0) e O) = &
qolo

From the non-negativity of the p’s and the table above, we can derive the bound
ojo — min(qojo, gop) < por < min(qojo, ¢1p1)
and hence

Qojo — (oo, dopn) Pragoyon (/)= = 1[y906=0) _ () < min(gojo, qaj1)

qo|o qo|o

Since M is counterfactually equivalent to the original iSCM M w.r.t. Y, the same bound
also holds for M instead of M?’. O]

As an illustration, suppose that goo ~ 1 and ¢;; ~ 1. Then the bound tells us
that Ppewin ((Y)3°@' =D = 1]y de@=0) — () ~ 1 as well. Thus, for almost-deterministic
relations, we can tightly bound this counterfactual probability.
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9. Causal Relations and Confounding

In this chapter, we will formalize various elementary causal relations. Our treatment ex-
tends conventional notions as we explicitly allow for exogenous input nodes to represent
hard interventions with unspecified intervention values. For each causal relation, we give
a graphical and several iSCM versions of the notion, and show how these are related.
Typically, the absence of a certain causal relation in the graph implies its absence in
the iISCM, but not vice versa. We will also connect these versions to certain patterns
in a set of observable and interventional Markov kernels, and to various formulations in
terms of potential outcomes and counterfactuals.

9.1. Faithfulness

Before we start, we introduce a certain “genericity” notion called faithfulness. It is the
converse statement of the global Markov property: loosely speaking it says that every
conditional independence in the Markov kernel of a causal model must correspond with
a d-separation or o-separation in the causal graph corresponding to the model. Origi-
nally, this notion was only defined for the d-separation Markov property (applicable to
acyclic models and certain subclasses of cyclic iISCMs) and referred to as “faithfulness”.
To avoid confusion, we explicitly distinguish two versions: o-faithfulness for simple iS-
CMs (corresponding to Corollary 7.2.1), and d-faithfulness for acyclic iSCMs and causal
Bayesian networks (corresponding to Theorem 4.2.1).

Definition 9.1.1. Let M = (J,V,W, X, P, f) be a simple iSCM with causal graph G(M)
and Markov kernel Py (Xy |do(Xy)). M is called o-faithful if for all A,B,C C JUV

(not necessarily disjoint):

G(M) Prr(Xv [do(Xy))

M is called d-faithful if for all A, B,C C JUYV (not necessarily disjoint):

d
G(M) Py (Xy [do(X 1))

For a subset O C V', we say that M is o-faithful w.r.t. O if (47) holds for all (not
necessarily disjoint) A, B,C C JU O, and we define d-faithful w.r.t. O analogously.

In words, a simple iISCM is called o-faithful (d-faithful) if each conditional indepen-
dence in the induced Markov kernel is due to a o-separation (d-separation) in its causal
graph. Note that o-faithfulness is a stronger assumption than d-faithfulness (as o-
separation implies d-separation).

Remark 9.1.2. These notions behave properly under marginalization: a simple i1SCM
M is o /d-faithful w.r.t. O CV if and only if its marginalizations Mo are o /d-faithful.

Faithfulness may fail for various reasons:
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e Deterministic relationships may lead to additional conditional independences, but
are not exploited by the Markov property;

e Effects may cancel out;

e If cycles are present, and (i) all variables are discrete, or (ii) interactions are linear,
o-faithfulness may fail;

e [f cycles are present, and the system is “perfectly adapting”.

An example of a deterministic relationship leading to a faithfulness violation is the
following.

Example 9.1.3. Take an SCM M with three endogenous variables X,Y,Z and two
exogenous random variables U, W, with structural equations

X=5  Y=X+U Z=X+W

Then Y L& Z and YJ_dG(M) Z, but Y ULp,Z. This simple (even acyclic) SCM is
neither o-faithful nor d-faithful, due to X being constant.

The next example illustrates how canceling effects may lead to a faithfulness violation.

Example 9.1.4. Take an SCM M with three endogenous variables X,Y,Z and three
exogenous random variables Wx, Wy, Wz, with structural equations

X=Wy, Y=X4+Wy, Z=Y-X+Wy,

Then X L& Z and deG(M) Z, but X 1L p, Z. This simple (even acyclic) SCM is
neither o-faithful nor d-faithful, due to cancellation of the direct causal influences of X
on Z with the indirect causal influence of X via Y on Z.

One can show that in certain special cases, the global Markov property in terms of
d-separation even holds for cyclic simple iISCMs.

Proposition 9.1.5. Let M = (J,V, W, X, P, f) be a simple iSCM with causal graph
G(M) and Markov kernel Py (Xy |do(Xy)). If J = 0 and one of the three conditions
applies:

1. M s acyclic, or
2. all spaces X, with v € V are discrete, or

3. M is essentially linear over the field R of the following restricted form: the en-
dogenous spaces are X, = R% for d, € N for v € V, the causal mechanisms are of
the form

fv(wWa SCv) = Z Bvuxu + Cv(xW) M—a.s.,
ueV
forv eV, where B, : X, — X, is a linear mapping foru,v € V and c, : Xy — X,
is a measurable function for v € V' such that c(xw) has a density w.r.t. Lebesgue
measure on R with d =Y, ., do,
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W) @

Figure 24: Graph G*(M) of SCM M of Example 9.1.6. X, J_é+(M) X3 | Xa, X4, but
Xy LG+ X3 | X2, X4. M is d-faithful, but not o-faithful.

then for all A, B,C C JUV (not necessarily disjoint):

d
G(M) P (Xy [do(X )

Proof. The proofs are essentially given in | |.
By Remark 6.9.5, we can assume without loss of generality that for each v € V', f, is

constant in x ) We give a sketch for each of the cases.

(JUWUV)\PaCGt (M) (y

1. If M is acyclic, then G*(M) is acyclic. The claim now follows from the global
Markov property Theorem 4.2.1 for M interpreted as a causal Bayesian network as
in the proof of Proposition 6.11.4 point i) (with deterministic Markov kernels for the
endogenous variables, and purely probabilistic Markov kernels for the exogenous
random variables).

2. It all spaces X, with v € V are discrete, then one can apply Theorem 3.8.12,
Remark 3.7.2, Theorem 3.6.6 and Theorem 3.5.2 in | .

3. This is a small extension of | , Example 3.8.17|, as the example assumes d, = 1
for all v € V, but its proof immediately generalizes to arbitrary (d,)yey -

]

The following gives an example of a cyclic simple SCM that is d-faithful but not
o-faithful.

Example 9.1.6. Consider an SCM M with four endogenous variables X1, Xo, X3, X4,
four exogenous random variables Wi, Wo, W3, Wy, with structural equations

X1 =Xy + W
Xo=X;+ W,
X3 =Xy + W5

Xy = L(X5 + W)).
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We can solve for X in terms of W :

X =2W + Wy + Wi+ W,
Xo =2W; +2Wo + W3 + W,
X3 =2W1 +2Wy 4+ 2W5 + W,
Xy=Wi +Wo+ W5+ W,y

No matter what the distributions P(W;) are, we have X, 1L X3 | Xo, X4 because 1 1932, 4
in GT(M) (see Figure 24). However, 1 Y° 32,4 in GT(M). Therefore, this SCM is not
o-faithful. One can check explicitly that it is d-faithful if each P(W;) is non-degenerate.

9.2. Causal Relations

We are now ready to formalize the notion of “a causes b” (finally!) of Definition 1.2.3.
We will formulate this notion at different levels of the causal hierarchy. At the highest
level, we have the graphical notion. Then comes the counterfactual level (or potential
outcome level), and finally the interventional level.”!

9.2.1. Causal relations (graphical notion)

We will start at the graphical level. We typically give the following causal interpretation
to a CDMG.

Definition 9.2.1. Let G be a CDMG with input nodes J and output nodes V. Let
a € JUV andb € V. If a ¢ Anc®(b) then we say that a does not cause b according
to G; otherwise, we say that a causes b according to G.

Remark 9.2.2. Marginalization of a graph preserves its causal relations (see also Re-
mark 3.2.19). In addition, we have the equivalences:

a causes b according to G
< a— b is present in G\V\{a0})
<= a causes b according to Go(a)
<= 1, causes b according to Gyor,)-

There is one more useful equivalence, which expresses the graphical notion of causation
in terms of a separation statement.

Proposition 9.2.3. Let G be a CDMG with input nodes J and output nodes V. Let
beV. Forae JUV:

0@ Anct(h) = b L I,|J\{L). (49)

Gao(1q)

51Some refer to the counterfactual notion of causation as “individual” or “token” causation, and to the
interventional notion of causation as “population” or “type” causation.
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Proof. Suppose that there exists a walk in Ggo(z,) between b and I, U J that is o-open
given J\{I,}. Then there exists such a walk without colliders (Proposition 3.3.6 and the
observation that no node in J can be a collider on a walk). Such a walk cannot contain
a node from J \ {I,}, since that would either be an end node (o-blocking the walk)
or a non-collider node pointing only to nodes in another strongly connected component
(o-blocking the walk). Therefore it must be of the form I, — a — -+ - b. Since it cannot
contain a collider, it must be a directed walk, and hence I, € Anc%ta) (b). Vice versa,
any directed walk from I, to b in Ggo(1,) is o-open given J \ {I,}, as it cannot contain
anode in J \ {I,}. O

Remark 9.2.4. We can rewrite the r.h.s. of (49), distinguishing the cases a € J and
a €V, as follows:

blZa|J\{a} a€clJ

bl% I, |J a€V.

dolla Go(1a)

b1 L|J\{L} = {
)

9.2.2. Causal relations (interventional notion)

The most common notion of causation is the interventional one.

Definition 9.2.5. Let M = (J,V,W, X, P, f) be a simple iSCM. Let a € JUV and
beV. If
Xy A Xp, [ X (50)

Mdo(1a)

we say that a s not a rung-2 cause of b according to M. Otherwise, we say that
a 18 a rung-2 cause of b according to M.

Remark 9.2.6. We can rewrite (50), distinguishing the cases a € J and a € V, as
follows:

Xb AL XIalXJ\{Ia} <

]Mdo(la)

XbJ.LpMXa|XJ\{a} a € J,
Xb J'LPMdo(Ia) X[a |XJ aeV.

Alternatively, we can write (50) as:
Pry(Xp [ do(Xjugay)) = Par(Xp [ do(Xn\gay)),

or, distinguishing the two cases, as:

PM(Xb|dO(XJ)) :PM(Xb|dO(XJ\{a}),M) a &€ J,
PM(Xb’dO(XJ),dO(Xa)) = PM(Xb‘dO(XJ» aeV.

Remark 9.2.7. Marginalization of an 1SCM preserves the rung-2 causal relations be-
tween the remaining variables.
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Remark 9.2.8. Rung-2 causal relations are invariant under interventional equivalence
of iISCMs. More precisely: a is a rung-2 cause of b according to M implies that a is a
rung-2 cause of b according to M if M is interventionally equivalent to M w.r.t. {a,0}NV
(remember that Proposition 6.7.8 states that if M and M are interventionally equivalent
w.r.t. {a, b} NV CV N V, then so are Mao(1,) and ]\Zldo(la) ifae (VN ‘N/) uJJn j))

Remark 9.2.6 shows that the two cases a € V and a € J mean something subtly differ-
ent, and one may wonder why we chose to work with Mg,(;,) rather than M) (which
would treat the two cases in the same way). The reason is that the observable Markov
kernel may provide additional information beyond that provided by the interventional
Markov kernels, as the following example shows.

Example 9.2.9. Consider the iSCM M with endogenous variables X,, X, € {—1,+1},
exogenous random variable X, € {—1,1}, and structural equations:

Xa = Xwa
Xb - Xan7

where X,y ~ U({=1,1}). Note that Py(X, = 1|do(X, = z,)) = & for z, € {-1,1}.
However, Py(X, = 1) = 1. Hence, a is a rung-2 cause of b according to M. So we
cannot detect that a causes b from the interventional Markov kernel Py(Xy|do(X,))
only, but we can if we additionally compare with the observational distribution Py (Xp).

Consider now the iSCM Mgq(q), with endogenous variable X, € {—1,+1}, exogenous
random variable X,, € {—1,+1}, exogenous input variable X, € {—1,4+1}, and struc-
tural equation:

Xy = X Xy

According to Mao(q), a is not a rung-2 cause of b.
We conclude that a can be a rung-2 cause of b according to some iSCM M, while a

is not a rung-2 cause of b according to Moy (which might be a little surprising at first
sight).>*

9.2.3. Causal relations (counterfactual notion)

A more ‘refined’ notion of causation (but also harder to detect in practice) can be
obtained by considering counterfactuals.

Definition 9.2.10. Let M = (J,V,W, X, P, f) be a simple iSCM. Let a € JUV and
beV. We say that a is not a rung-3 cause of b according to M if:

VZ’J\{[G} € XJ\{[G},VZL‘IG,.CE[(I, € X[a :

twin(Xb = Xb/ |dO(X[a = I[a), dO(X[a, = 1’]a,)) =1. (51)

P(Mdo(XJ\{Ia}:zJ\{Ia}),do(Ia))

Otherwise, we say that a is a rung-3 cause of b according to M.

2This example also shows that the claim in | , Proposition 6.13] is incorrect.
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Remark 9.2.11. We can rewrite (51) for a € V as:

V.Z'JEXJ,VIQGXai P(( Xb:Xb/’dO(Xa:l’a))%l;

Mdo(XJ::cJ))tWin)do(a) (

and for a € J as:

VQZJ\{Q} S XJ\{a},VJJa,J}; e X, : ytwin (Xb =Xy | dO(Xa = Q:a), dO(Xa/ = xg)) 75 1.

P(Md°<XJ\{a}:IJ\{a}>
Remark 9.2.12. Marginalization of an iSCM preserves the rung-3 causal relations of
the remaining variables.

Remark 9.2.13. Rung-3 causal relations are invariant under counterfactual equivalence
of 1SCMs. More precisely: a is a rung-3 cause of b according to M implies that a is a
rung-3 cause of b according to M if M is counterfactually equivalent to M w.r.t. {a,b}NV
(remember that Proposition 8.2.6 states that if M and M are counterfactually equivalent
w.r.t. {a,b} NV CV NV, then so are Mao(z,) and Maor,) if a € (VOV)YU(JNJ)).

The following example shows that the presence of a rung-3 causal relation does not
necessarily imply the presence of a rung-2 causal relation. Intuitively, the causal effect
can go unnoticed if it averages out.

Example 9.2.14. Consider the iSCM M with exogenous input variable X, € {—1,+1},
endogenous variable X, € {—1,+1}, exogenous random variable X,, € {—1,1}, and

structural equation:
Xp = XoXu,

where X, ~U({—1,1}). Note that a is a rung-3 cause of b according to M, but a is not
a rung-2 cause of b according to M. Indeed, due to the uniform distribution of X, the
dependence of b on a averages out.

So, for example, a drug can have a beneficial effect on all males and an adversary
effect on all females, and still have no effect on the entire population (if the positive
effect exactly cancels out the negative effect on average).

The next example shows that the presence of a causal relation according to the causal
graph does not necessarily imply the presence of a rung-3 causal relation. Intuitively,
different causal paths can cancel out.

Example 9.2.15. Consider the iSCM M with exogenous input variable X, € R, en-
dogenous variables X., Xq, Xy € R, exogenous random variable X, € R, and structural
equations

Xc:Xcu
X=X,
X=X+ X+ X,

with Xy, ~ N(0,1). Then a causes b according to G(M), but a is not a rung-3 cause of
b according to M.
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9.2.4. Causal relations (potential outcome notion)

Yet another possible notion (at first sight) of causation can be given in terms of potential
outcomes.

Definition 9.2.16. Let M = (J,V,W, X, P, f) be a simple iSCM. Let a € JUV and
b e V. Let g be a solution function of Maor,) and let Xw ~ P(Xw) be a random
variable. We say that a is not a potential-outcome cause of b according to M if:

v‘rJ\{]a} < XJ\{]a}ﬂ VI[G,.IIIG € Xla : gb<x1a7 T\{1.}> XW) = gb(l'/[a, TN{I.}> Xw) a.S..
Otherwise, we say that a ts a potential-outcome cause of b according to M.
Using the notation of potential outcomes, we can also write:

Xdo(% EI\{Ia})

do(z} @ j\{1,})
V.Z‘J\{]a} c XJ\{]@},VQI[Q,JI/IG c X]a : b = Xb Ta" A a}

a.s.

Here it is very important to keep in mind that we must use the same Xy to induce

do(z1,,% 1\ {1, do(z7 = o)
Xb ( ! I\ }) = gb(x[a,xj\{]a},Xw) and Xb g T\Ua} = gb(l',la,l'J\{[a},XW).

Remark 9.2.17. Note that the choice of W does not matter for the definition; any
random variable that is distributed according to the exogenous distribution of M can be
used. Furthermore, the choice of g does not matter for the definition by Lemma 6.53.13;
any solution function of Mgy,) can be used.

At second sight, it turns out that the potential-outcome notion and the counterfactual
notion coincide.

Proposition 9.2.18. Let M = (J,V,W, X, P, f) be a simple iSCM. Let a € JUV and
be V. Then a is a rung-3 cause of b if and only if a is a potential-outcome cause of b.

Proof. This is a matter of writing out the definitions. m

The potential-outcome notion has the advantage that it is considerably simpler to
formulate: it leads to shorter expressions than the ones involving the twinning operation.

9.2.5. Hierarchy of causal relations

The following result shows the logical relations between various notions of causation. It
is somewhat reminiscent of Pearl’s causal hierarchy.

Theorem 9.2.19. Let M = (J,V,W, X, P, f) be a simple iSCM with causal graph G(M).
Leta € VUJ and b € V. Consider the following statements:

(i) a does not cause b according to G(M);
(ii) a is not a rung-3 cause of b according to M;

(i) a is not a rung-2 cause of b according to M.
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Then (i) = (i) = (iii). If Mao(1,) s o-faithful, also (iii) = (i).

Proof. Pick an arbitrary 9 € X, (for example, 2} = « for a € V). Write “¥x,, € Xy”
as a shorthand of “for P-almost all z,, € X}”. Consider the properties:

(2) a & Anc“™(b);

(b) there exists a solution function g of Mgye(s,) such that:
Yoy € Xngny, Yew € Xw, Vo, € X, go(er,, 2a(ny 2w) = 0(@? T (), Tw);

(c) for all solution functions g of My.(z,):
Yoy € Xngny, Vo, € Xp,, Yow € Xw: go(er,, 2a(ny: 2w) = 9(@? T () Tw);

(d) for all solution functions g of Mge(z,):
Ve € Xngy, Vor, € X Pu(g(en, vy, Xw)) = Pu(ge(2],, 01y, Xw))-

We will show that (a) = (b) = (c) = (d), and that (d) = (a) if My, is
o-faithful. The claim then follows by noting that (i) is equivalent to (a), (ii) to (c), and
(i) to (d).

We show:
(a) = (b): Noting that a & Anc®™(h) «— a & Anc® M) — I, ¢
AncG+(Md°(fa))(b), Lemma 9.2.20 applied to Mg,(7,) provides us with a solution function
g of Myo(z,) for which g, is essentially constant in x, .

(b) = (c). For the solution function g that satisfies (b), it follows (by swapping
quantifiers) that: Vo) € Xngy, Vo, € X, Yow € Xw: go(2n,, 201, 2w) =
9(27. . 1\ q1.3, 2w ). In other words,

gb(xla,!L‘J\{Ia},xw) = gb(x?a,IL‘J\{Ia},xW) M-a.s..

Because the solution function of M is essentially unique, this property actually holds for
any solution function of M.

(¢) = (d) is trivial: almost-sure equality implies equality in distribution.

(d) = (a) follows from the definition of o-faithfulness in combination with Propo-
sition 9.2.3. ]

Lemma 9.2.20. Let M = (J,V,W, X, P, f) be a simple iSCM. Then there ezists a
solution functz’m} g of M such that for allb € V, g, : X; X Xy — A, is constant in
(JUW)\ Anc® ) (p):

Ve e X : gb<17J,l’W) = gb(I(JUw)mAnCGJr(M)(b)7W)‘

Proof. Without loss of generality, we may assume that each causal mechanism f, only
depends on its parents (see Remark 6.9.5), and thus consider f, : X — X, as a function
fo: XPaG+(M>(v) — A&, instead, for all v € V.

53Note that the ordering of the quantifiers matters! In particular, Mxw Vey = Vay ¥xy, whereas
the converse doesn’t hold in general (but does hold if Xy is discrete).
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We construct ¢g as follows. Let C C V be a strongly connected component of
G(M). We can pick a partial solution function ¢l®! of M w.r.t. C' that only depends on
Pa’" (M)(C)\ C. Indeed, any variable that appears in a causal mechanism f, for ¢ € C
must be in Pa® M )(¢), that is, gl°) solves the equations

To = fC(IPag+(A1) (C’))

for zc in terms of xp, o+ M (ene Since the equations have a unique solution up to an

ON

M-null set, we can pick ¢gl¢! : X

PaGt ) (opNC 7 Xc to be that unique solution. This

function is constant in x up to an M-null set), and hence we can

JUW\ (PG T (M) (C)\C) (

extend it to be constant in x everywhere. Construct such ¢l¢! for

JUW\ (PaCGT (M) (C)\C)
each strongly connected component C' C V of G(M) and consider the corresponding
acyclification M2 (cf. Definition 7.1.1); this can be considered a “structurally minimal
acyclification of M”. We then obtain a global solution function g of M?%¥ by recursive
composition of the partial solution functions ¢l°! (cf. the proof of Proposition 7.1.2). It
has the property that for all v € V, g, is constant in the non-ancestors of v according
to GT(M?Y). But this g is also a solution function of M. It has the desired property,

since Anc® M) (1) € Anc® M (v) for all v € V., O

We have already seen that the reverse implications in Theorem 9.2.19 may not hold.
Indeed, Example 9.2.15 exhibits a graphical causal relation that is not a rung-3 causal
relation, and in Example 9.2.14 we saw a rung-3 causal relation that is not a rung-2
causal relation.

We have formalized the main principle of how we can learn about causal relations in
the world: by actively changing some part of the world (choosing the intervention values
independently) and observing the response of other parts of the world. The independence
assumption is key to distinguish mere correlation from causation.>*

9.3. Direct Causal Relations

Another important notion is that of direct causation. Essentially, “a causes b directly”
means that a causes b even when performing a hard intervention on all other endoge-
nous variables. Since we distinguished different notions of “a causes 0”, we also end up
distinguishing analogous notions of “a causes b directly”.

One should keep in mind that the notion of direct causation is always relative to

54 A5 a less mathematical and more philosophical footnote: it is interesting to speculate about how this
relates to the notion of a free will. If an agent is not convinced that it chose the intervention values
independently of other past aspects of the world, it cannot validly perform this causal reasoning
step. An agent without a free will to choose these values could therefore never conclude that its
actions have a causal effect on the world, as it could also just be a puppet steered by higher powers,
and any dependence it observes between its actions and aspects of the world could also be ascribed
to confounding. So perhaps that is why evolution equipped us with the impression that we have a
free will.
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some set of variables.’® In particular, this property is not necessarily preserved under
marginalization.

We start again with the graphical notion. First, we need a graphical analogue of the
notion of “submodel”.

Definition 9.3.1. Let G = (J,V,E,L) be a CDMG with input nodes J and output
nodes V. For A C V, we define the submodel of G on A as G .= @do\4) —
(JU(V\NA),A{v—acE|lveV,ac A} {a<>d € L|a,d € A}).

We now define the graphical notion:

Definition 9.3.2. Let G be a CDMG with input nodes J and output nodes V. Let
ac€ JUV andb e V. We say that a is a direct cause of b (w.r.t. VUJ) according
to G if a causes b according to GHaPINV1,

Remark 9.3.3. Note that this holds if and only if a € PaG(b). This provides the causal
interpretation of directed edges in a causal graph.

Similarly, we define the rung-2 notion:

Definition 9.3.4. Let M = (J,V,W, X, P, f) be a simple iSCM. Let a € JUV and
be V. We say that a is a rung-2 direct cause of b (w.r.t. JUV ) according to
M if and only if a is a rung-2 cause of b according to MHR*PVI,

Remark 9.3.5. Remember that a is a rung-2 cause of b according to M means:

P (Xy [ do(Xugay)) # Pur(Xy [ do(Xp(ay))-

Spelling this out, a being a rung-2 direct cause of b according to M means that:

Prr (X | do( X guvy\fapy)s do(Xa)) # Par(Xy | do(X(suvi\fasy))-

In words: changing a influences the distribution of b even when intervening to hold all
other endogenous variables fized.

Remark 9.3.6. Rung-2 direct causal relations are invariant under interventional equiv-
alence of iISCMs. More precisely: a is a rung-2 direct cause of b (w.r.t. JUV ) according
to M implies that a is a rung-2 direct cause of b (w.r.t. JUV ) according to M if M is
interventionally equivalent to M (w.r.t. V).

Similarly, we define the rung-3 notion:

Definition 9.3.7. Let M = (J,V,W, X, P, f) be a simple iSCM. Let a € JUV and
be V. We say that a is a rung-3 direct cause of b (w.r.t. JUV ) according to
M if and only if a is a rung-3 cause of b according to MHE*PIV],

®5This is implicitly communicated by the qualification “according to M” or “according to G(M)”, but is
easy to forget in practice when modeling some system causally, especially when one has not decided
yet on the (complete) set of endogenous variables that need to be considered.
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Remark 9.3.8. Remember that a is a rung-3 cause of b according to M means:

dr 1y € Xnqr.y, 31,01, € &1, ¢
(MdO(XJ\{Ia}:zJ\{Ia})’dD(Ia))twm(Xb = Xy [do(X), = x1,),do(Xy, = zp,)) # 1.

Spelling this out, a being a rung-3 direct cause of b according to M means that:
(LU b)) € XLV \fab))s I, T, € AL,
p(MC‘°<X<J\{1a}>u<V\{a,b}>:m<J\{za}>u(V\{a,b}>>vd°“a>)twm (X = Xy [do(Xy, = 21,), do( Xy, = 21,,)) # 1.
Alternatively, we can spell this out using potential outcomes:

(1o sy € XL pufes)), 1., 27, € AT,

P (go(z1,, Tngrapoonfash) Xw) = go(T],, T {1.hu fabh)s Xw)) # 1.

where g is a solution function of M [{a, b})m/]

Remark 9.3.9. Rung-3 direct causal relations are invariant under counterfactual equiv-
alence of iISCMs. More precisely: a is a rung-3 direct cause of b (w.r.t. JUV ) according
to M implies that a is a rung-3 direct cause of b (w.r.t. JUV ) according to M if M is
counterfactually equivalent to M (w.r.t. V).

We get a similar hierarchy of these notions:

Corollary 9.3.10. Let M = (J, VW, X, P, f) be a simple iSCM with causal graph
G(M). Letac VU J and b e V. Consider the following statements:

(i) a is not a direct cause of b (w.r.t. VU .J) according to G(M);
(i1) a is not a rung-3 direct cause of b (w.r.t. VU J) according to M ;

(#i) a is not a rung-2 direct cause of b (w.r.t. V.U J) according to M.

Then (i) = (i) = (ii). If M([igé[b}mv is o-faithful, also (i1i)) = (i).
Proof. Apply Theorem 9.2.19 to MH@?V] and use that G (M U=V = (G(M))HebinV]
(which follows from Proposition 6.9.6). O

Identifying a direct causal relation may not be very practical, as it seems to require
intervening on all endogenous and exogenous input variables (except b) simultaneously.
So, empirically, “a is a direct cause of b w.r.t. J U V” is a strong statement (the more
variables are contained in J UV, the stronger it becomes).
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9.4. Common Causes

Another important notion is that of “having a common cause”. Essentially, “c is a
common cause of a,b” means that ¢ causes b even when performing a hard intervention
on a, and ¢ causes a even when performing a hard intervention on b. Equivalently,
it means that ¢ is a direct cause of both a and b with respect to {a,b,c}. Since we
distinguished different notions of “a causes b”, we also end up distinguishing analogous
notions of “a and b have common cause ¢’.

We start again with the graphical notion.

Definition 9.4.1. Let G be a CDMG with input nodes J and output nodes V. Let
a,beV and c € VUJ such that a,b, c are distinct. We say that ¢ is a common cause
of a and b according to G if c causes a according to Gaop) and c causes b according
to Gdo(a)-

Remark 9.4.2. Equivalent formulations are:

e if there exists a bifurcation with source ¢ in G between a and b (use Proposi-
tion 3.2.4).

e if a<—c and c — b are both present in G\V\abh) (yse Remark 3.2.19).

Note that we do not consider exogenous random variables as candidate common causes.
The reason is that we do not necessarily want to give these variables a causal interpre-
tation (remember that we also did not formally define the effect of a hard intervention
targeting such variables), in which case it would be misleading to refer to such a variable
as a “common cause’”.

Similarly, we define the rung-2 notion:

Definition 9.4.3. Let M = (J,V,W, X, P, f) be a simple iSCM. Let a,b € V and
c € VU J such that a,b, c are distinct. We say that c is a rung-2 common cause of
a,b according to M if and only if c is a rung-2 cause of a according to Maowy and c is
a rung-2 cause of b according to Myq(q).

Remark 9.4.4. Remember that c is a rung-2 cause of b according to M means:

PM(Xb | dO(XJU{C})) 7é PM(Xb | dO(XJ\{C})).
Spelling this out, ¢ being a rung-2 common cause of a,b according to M means that:

Pr(X, [ do(Xjugey), do(Xy)) # Pur(Xa | do(X o (ey), do( X)) and

Py (X [ do(Xjugey), do(Xa)) # Prr(Xp | do(X\(ep), do(Xa)).
Remark 9.4.5. The rung-2 notion of having a common cause is invariant under in-
terventional equivalence of iSCMs. More precisely: ¢ is a rung-2 common cause of a,b

according to M implies that c is a rung-2 common cause of a,b according to M if M s
interventionally equivalent to M w.r.t. {a,b,c} NV.
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Similarly, we define the rung-3 notion:

Definition 9.4.6. Let M = (J,V,W, X, P, f) be a simple iSCM. Let a,b € V and
c € VUJ such that a,b, c are distinct. We say that ¢ 18 a rung-3 common cause of
a,b according to M if and only if c is a rung-3 cause of a according to Maowy and c is
a rung-3 cause of b according to Mao(a).-

Remark 9.4.7. Remember that a is a rung-3 cause of b according to M means:

HxJ\{]a} € XJ\{]@},E]x[a,x]a, e X, :
p(]\/[d"““l\{la}:“EJ\{LZ}>vd°(1a))twin (Xp = Xy |do(Xy, = 2p,),do(Xy, = x1,)) # 1.
Spelling this out, ¢ being a rung-3 common cause of a,b according to M means that:

ey € Xngry, Iy € X, g, 21, € Ao
(Mdo<XJ\{,c}=:cJ\{IC},Xb:mb),do(la)‘w“‘(X‘l = Xy |do(Xy, = 21,),do(X;, = 21,)) # 1.
and
dr gy € Xngry, Ira € Xy, 21,07, € X
(Mao(x (1.3 (10 Xamra) do(re)) ™™ (Xp = Xy |do(Xy, = 21,),do(X;, = 21,)) # 1.
Alternatively, with potential outcomes this means:
ey € Xngry, Iy € Xy, Jwy,, 2], € A
Pr(ga(r,, T2y, T, Xw) = G2, T 013, 0o, X)) # 1
where g is a solution function of Maow)do(1.), and
3z .y € Xy, Ive € Xy, Fap,, @) € X
Pr(g6( 1., T g1y Tas Xw) = (T, T\ (1) Tas Xw)) # 1.

where g 1s a solution function of Myo(a),do(1.)-

Remark 9.4.8. The rung-3 notion of having a common cause is invariant under coun-
terfactual equivalence of 1SCMs. More precisely: c is a rung-3 common cause of a,b
according to M implies that ¢ is a rung-3 common cause of a,b according to M if M is
counterfactually equivalent to M w.r.t. {a,b,c}NV.

We get a similar hierarchy of these notions:

Corollary 9.4.9. Let M = (J,V,W, X, P, f) be a simple iSCM with causal graph G(M).
Let a,b € V and ¢ € V U J such that a,b,c are distinct. Consider the following state-
ments:

(i) ¢ is not a common cause of a,b according to G(M);

(i) c is not a rung-3 common cause of a,b according to M;
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(7ii) ¢ is not a rung-2 common cause of a,b according to M.

Then (i) = (i) = (i4). If Maow).do(r.) and Mao(a)do(1,) are both o-faithful, then
Proof. Apply Theorem 9.2.19 to Mg,y and Mgye), and use Proposition 6.9.6. O

We could go on to define “direct common causes” (in analogy to how we defined “direct
causes” in terms of “causes”’) but we will not do so here, as this concept does not seem
to be of much importance.

9.5. Confounding

The important notion of “confounding” or “spurious dependence” is somewhat tricky to
define, especially if we do not exclude the possibility of cycles. Roughly speaking, we say
that two endogenous variables are confounded if their joint distribution is not entirely
explained by their mutual causal effects.

9.5.1. Confounding (graphical notion)

Definition 9.5.1. Let G be a CDMG with input nodes J and output nodes V. Let
a,b € V be distinct output nodes. If there exists a bifurcation between a and b in G,
either without source or with source ¢ € V, then we say that a and b are confounded
according to G.°° Otherwise, we say that a and b are unconfounded according to

G.

Remark 9.5.2. Marginalization of a graph preserves confoundedness (see also Re-
mark 3.2.19). In particular, a and b are confounded according to G if and only if a <> b
is present in G\V\Mabh),

We can find an (almost) equivalent formulation of unconfoundedness as a separation
statement by using the twinning operation.®”

Proposition 9.5.3. Let G be a CDMG with input nodes J and output nodes V.U W
such that the nodes in W have no parents in G*. Let a,b € V be distinct output nodes
in'V. If a and b are unconfounded according to G := (GT)\W, then

oz

a L( )b/|J,J',a’,b.
twin(JUV
(G+)do(a’,b)

The converse holds if each node in V' has at least one parent in W in G™.

56The reason we exclude bifurcations with as source an exogenous input node is that these will not lead
to “spurious dependences” in the “strata” of the Markov kernel.

5TThe only problem may arise is that a and b are confounded because of a common cause ¢ that has no
exogenous random parents. Strictly speaking, we would not want to consider this as confounding
(because if ¢ is deterministic, it will induce no spurious dependence). This is not captured adequately
by our graphical criterion simply because the causal graph where the exogenous random variables
have been marginalized out does not encode this piece of information.
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factual counterfactual

Figure 25: Left: Marginal graph (G*)\W. Center: Graph G7*. Right: Twinned inter-
vened (Gﬂ?{j}‘;{{;v). Proposition 9.5.3 states that if @ and b are unconfounded
according to (G*)\W then there will be no g-open path between a and o' given

a’,b in the twinned intervened graph.

Proof. = : Suppose there exists a o-open walk in the graph (Gﬂfjﬁ}iﬁ{ﬁv) between

aand ¥ U J U J U{d,b}. Then there exists a o-open walk in the graph (G*)SVZE%L)JV)
between a and b U J U J" U {a’,b}. There must be such a walk of minimal length.
In particular, it contains a and b both at most once. It cannot contain nodes from
JUJ U{d,b}, as such a node would either be an end node of the walk (o-blocking it)
or a non-collider node pointing only to nodes in another strongly connected component
(o-blocking the walk). Hence the walk must be between a and b'. It cannot contain
any collider. It cannot be a directed walk because it has to pass through a node in W
corresponding to an exogenous random variable in M, but those nodes have no incoming
edges. Therefore it must be a walk of the forma <— -+ <—w — ... — ¥V with w € W,
because only nodes in W can be ancestors of endogenous nodes in different “worlds”.
Note that the subwalk @ <— --- <— w must consist of nodes in VU {w} and cannot
contain b. Also, the subwalk w — - - - — b’ must consist of nodes in V'U{w} and cannot
contain a’. By “removing the primes” from the nodes in this subwalk, we obtain a walk
of the form ¢ <— -+ <=—w —> -+ — b in GT(M), which is seen to be a bifurcation with
source w € W in G*. But then there exists a bifurcation in (G*)\W between a and b
without source, contradicting the assumptions.

<= : if a and b are confounded according to G then there exists a bifurcation
between a and b in GG, either without source, or with source ¢ € V. In the former case,
there exists a bifurcation between a and b in G* with source w € W. In the latter
case, if each node in V' has at least one parent in W in G, then there also exists a
bifurcation between a and b in G with source w € W. The bifurcation is of the form
a<+— -~ +<—w — --- — b. It only consists of nodes in V', except for w € W. We
can add primes to all nodes on the subwalk from w to b (except on w) to obtain a walk
of the form @ <— -+ <—w — ... — /. Note that the subwalk @ <— --+ <— w must

consist of nodes in V' U {w} and cannot contain b. Also, the subwalk w — --- — ¥/
must consist of nodes in V' U{w} and cannot contain a’. This is a o-open walk between
a and b’ given J U J' U {d/,b}. O
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9.5.2. Confounding (counterfactual/potential outcome notion)

Definition 9.5.4. Let M = (J,V,W, X, P, f) be a simple iSCM. Let a,b € V with a # b.
Let g% be a solution function of Mao(a), and g%°®) g solution function of Maowy. If for
all values xy € Xy, x5 € Xy, vy € X,, Ty € Xp:

930 (3 5, Xyy) AL g;}o(a) (o, ., Xw)

with Xy ~ P, then we say that a and b are rung-3 unconfounded according to
M.

Remark 9.5.5. This is equivalent to:
Xa A Xb’ ’XJ7XJ'7X(L'7X6'

twin
do(a’,b)

Indeed, for all x; € Xy, x5 € Xy, Ty € X, 1y € Xy:

(QSO(b)<xb7xJ?XW)JgI()iO(a)<xa'7xJ'7XW))
~ PM;win/ (Xa, Xb/ ‘ dO(XJ = .Z'J,X]/ = il?]/,Xa/ = Ty, Xb = l’b))

(a’;b)
Therefore, the choice of the solution functions and the random variable Xy do not matter
i Definition 9.5.4.

Remark 9.5.6. Rung-3 unconfoundedness is invariant under counterfactual equivalence
of 1SCMs. More precisely: a and b are rung-3 unconfounded according to M implies that
a and b are rung-3 unconfounded according to M if M is counterfactually equivalent to
M w.r.t. {a,b}.

However, the notion of rung-3 unconfoundedness is not invariant under interventional
equivalence.

Example 9.5.7. Consider again the SCM M in Example 9.2.9. It has endogenous
variables X,, X, € {—1,+1}, exogenous random variable X,, € {—1,1}, and structural
equations:

Xa = Xwa
Xp = Xo Xy,
where X, ~U({—1,1}).
According to M, a and b are rung-3 confounded (indeed, the potential outcomes have
perfect dependence). M is interventionally equivalent to SCM M with endogenous vari-

ables X,, Xp € {—1,+1}, exogenous random variables X, X,, € {—1,1}, and structural
equations:

Xa = Xua
Xb = Xan

where Xy, Xy ~ U({=1,1}) are independent. According to M, a and b are rung-3
unconfounded.
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Proposition 9.5.8. Let M = (J, VW, X, P, f) be a simple iSCM with causal graph
G(M). Let a,b € V with a # b. If a and b are unconfounded according to G(M) then a
and b are rung-3 unconfounded according to M.

Proof. 1f a and b are unconfounded according to G(M), then

a 1 V| J, T db

win(V,J
(@) )

by Proposition 9.5.3. Since (G*(M))ZVZ?;%)J) = GT(M™™) o0 p) = G*(M(ggv(i;‘,ﬁ)), we get

g
a L V|JJ,db.
G(MES e b))

win

By the global Markov property applied to Mctlo(a,b), we obtain that
Xa A Xb’ ’XJ7XJ’7Xa’7Xb'

rtwin
do(a’,b)

The claim follows from Remark 9.5.5. O

9.5.3. Confounding (acyclic potential outcome notion)

In the potential outcome literature, one also encounters other definitions of unconfound-
edness that are formulated in terms of potential outcomes. These can only be applied if
a and b are not part of a cycle, and hence this notion is less general than Definition 9.5.4.
We will show how these notions can be seen as a special case of Definition 9.5.4, under
the assumption that the potential outcomes are induced by a simple iISCM.

Proposition 9.5.9. Let M = (J,V,W, X, P, f) be a simple iSCM. Let a,b € V with
a # b. Suppose that b is not a rung-3 cause of a according to M. Then a and b are
rung-3 unconfounded according to M if and only if

Vg, a; € Xy Vel € X, : go(wy, Xw) il_gso(a)(x;,xf,,XW) (52)

for Xy ~ P(Xyw) (where g3°9) denotes a solution function of Mao(y, and g a solution
function of M ).

Proof. Let Xy ~ P(Xw). If b is not a rung-3 cause of a according to M, then for all
xy € Xy, for all z, € A}, for P(Xw)-almost all zy € Xy

do(b)

9" (xy, g, 2w ) = ga(x g, TWw).

Hence,
Vg, o', e Xy vl € Xy ga(xg, Xw) Lgso(a)(xfl,xf},XW)

if and only if
Vg, a'y € Xy Vil € X, Va, € &y 1 g% (2, 25, Xw) il_gso(a)(x;,xf],XW).
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Remark 9.5.10. (52) is equivalent to:

/ /
Xo A Xy | Xy, X} X0
Mg,

Indeed, for all vy € Xy, 2!, € X, 2, € X,:

(ga(xJaXW)ag;iO(a)(x;axf]aXW))
~ PMctlw(in/)<Xa, Xb/ | dO(XJ = {L‘J,XJ/ = £L‘J/,Xa/ = ZE;))

We now relate this to the assumptions regarding unconfoundedness that are usually
made in the potential outcome literature. We consider the case J = (). Let M be an
SCM satisfying the assumptions of Proposition 9.5.9. Let Xy be a random variable with
distribution Xy ~ P. Let ¢%°® be the solution function of Mgo(a), and g the solution
function of M. We can then define potential outcomes X, for M and X 21 o(za) for Mao(a)
(the latter with input x,):

Xa = ga(XW)
XSO(%) = QSO(Q)(I'@;XW)

for all z, € X,.°® Equation (52) can then also be written in terms of these potential
outcomes as

Vi, € Xy:  Xo AL X0,
In the more common notation, for binary treatment 7" := X, € {0, 1} and corresponding
potential outcomes Y () := Xgo(x“) with z, = t, this reads as:
vt € {0,1} : T 1LY (t).

This property (of the treatment variable and the corresponding potential outcome vari-
ables) is referred to as “exchangeability” or “ignorability” in the potential outcome frame-
work, and expresses within that framework the assumption of “no confounding” when the
task is to estimate the causal effect of @ on b. One should keep in mind the assumption
that b is not a rung-3 cause of a. In this setting, this can be written as:

Vye): T(y) =T as.,

where we wrote ) := A}, for the possible values of the outcome, and denoted “potential
treatments” T'(y) := XgolXp=m) . jdold) (xp, Xw) with x, = y.

9.5.4. Confounding (acyclic interventional notion)

Another notion of confounding is defined at the level of (interventional) distributions.
If we have a “treatment” and an “outcome variable” (and assume that outcome does not

58Note that we use the same exogenous random variable Xy to “couple” these potential outcomes.
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cause treatment), then we consider them to have “no confounding bias” if the distribution
of the outcome does not depend on whether we just observed the treatment, or if we
intervened to impose the treatment. We provide here the definition only in case the
treatment and outcome variable are not part of a causal cycle, leaving the question of
how to properly define this notion in full generality for simple iISCMs as an open research
question.

Definition 9.5.11. Let M = (J,V,W, X, P, f) be a simple iSCM. Let a # b € V.
Assume b is not a rung-2 cause of a according to M. Then we say that a and b have
no confounding bias according to M if:

PM(Xb | dO(Xa), dO(XJ)) = PM<X(, | Xa, dO(XJ)) PM<Xa | dO(XJ))-CL.S.. (53)

Colloquially, confounding bias is also often referred to as “spurious dependence”. Also,
we could say that there is no confounding bias if and only if “causation equals correlation”.
If we train a prediction model that estimates E(X, | X,), and we know that X does not
cause X, and X, and X, have no confounding bias, then we can use the model for
making causal predictions, that is, for estimating E(X,|do(X,)). The assumption that
two variables have no confounding bias is often (perhaps too often) made in practice.®

Remark 9.5.12. We can write (53) equivalently as:

Xy I Xy, | X{ayus-

PMyo(1,)

Indeed, this conditional independence means that there exists a Markov kernel X, X
Xy -+ X, that is a version of Py (X, | Xa,do(Xy)) and Py (X | do(X,),do(X ) simul-
taneously (see proof of Proposition 5.1.8). This has to be Py (X, |do(X,),do(X))).

Remark 9.5.13. “Having no confounding bias” is invariant under interventional equiv-
alence of 1SCMs. More precisely: if a and b have no confounding bias according to M,
then a and b have no confounding bias according to M if M s interventionally equivalent

to M w.r.t. {a,b}.

Proposition 9.5.14. Let M = (J,V,W, X, P, f) be a simple iSCM. Let a,b € V be
distinct endogenous variables such that b is not a rung-3 cause of a according to M. If a
and b are rung-3 unconfounded according to M, then a and b have no confounding bias
according to M.

Proof. Let Xy ~ P(Xw). Proposition 9.5.9 states:
Va2, € XVl € X, - Ga(z 5, Xw) lgso(a)(x;,xf,,XW).
Consistency (Proposition 7.5.1) of M, implies:

Vo, € XjVaew € X - gso(a)(ga(%,xw),%xw) = gp(z ), zW).

591f one doesn’t rule out possible confounding bias, one can still obtain bounds on causal predictions,
see Theorem 7.5.2.
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Hence, for all x; € X, for P(g.(xs, Xw))-almost every z, € X,:

P(gib(“)(ga(wj, Xw), x5, Xw) | go(x), Xw) = 24)
( do(a)(

P(gy(rs, Xw) | ga(xs, Xw) = 74)

P l’a,xJ,XW) |ga(xJ7XW> - l‘a)
do(a
P( ( )(

Ta, Ty, Xw))-
Hence, in the usual notation:
Pr(Xp | do(Xy),do(X,)) = Pu(Xp| do(Xy), Xa) Py (X, | do(Xy))-a.s
[

This yields the following criterion to detect the existence of certain bifurcations in
G(M):

Corollary 9.5.15. Let M = (J,V,W, X, P, f) be a simple iSCM with causal graph
G(M). Leta,b eV witha # b. Assume that b does not cause a according to G(M). Ifa
and b have confounding bias according to M, then a and b must be confounded according

to G(M).
Proof. Combine Proposition 9.5.14, Theorem 9.2.19 and Proposition 9.5.8. O

This condition for identifying confoundedness in a causal graph is sufficient, but not
necessary, as the next example shows.

Example 9.5.16. Consider the (acyclic) SCM M with binary endogenous variables Xy,
X,, X3 € {—1,1} and a single exogenous random variable E = (Ey, Fy, E3) € {—1,1}?,
structural equations:

X1 =Fy
Xy = Es
X3 = E3>

and ezogenous distribution given by P(E =¢) = 6., _c,c,.
Consider now the (acyclic) SCM M with binary endogenous variables Xy, Xo, X3 €
{=1,1} and two exogenous random variables Ey, Ey € {—1,1}, and structural equations:

X, =FE;
Xy =F,
X3 = BBy,

where Ey, By ~U({—1,1}) are independent.

The causal graphs ofM and M are depicted in Figure 26. M and M are intervention-
ally equivalent. Indeed, they are even counterfactually equivalent; this follows since the
change-of-variables (Fy, Ea, E3) — (Fy, Ey) := (Ey, Es) is an exogenous push-forward
(that does not depend on ezogenous input variables). The bidirected edge X; <+ X
in G(M) is not present in G(M) (see Figure 26). Analogously to M, one can define
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c)

(c) (d) (

Figure 26: Example 9.5.16: (a) Gt(M); (b): G(M); (¢): G(M); (d-e) causal graphs of
two other iISCMs counterfactually equivalent to M.

counterfactually equivalent 1SCMs that have another combination of two out of the three
bidirected edges of G(M). Note that Xy and Xy have no confounding bias according to
each of these iSCMs (as are Xy and X3, and Xy and X3). Still, within the counterfac-
tual equivalence class, these three iSCMs with two bidirected edges each have a minimal
causal graph. In other words, there exists no counterfactually equivalent 1SCM with less
than two bidirected edges and without any directed edges in its causal graph.

This example shows that it is possible that no pair of endogenous variables has con-
founding bias, although bidirected edges are still necessary to represent exogenous de-
pendences between endogenous variables.

Remark 9.5.17. How to define “a and b have confounding bias” if a and b are part of
a causal cycle is at present an open research problem.

60This suggests to extend the definition of confounding bias to a group of variables rather than just a
pair of variables, but we will not do so here.
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10. Causal Discovery & Estimation with iISCMs

So far, we always assumed that an iSCM was fully specified, and derived theory to
draw conclusions from the given iSCM. For example, the do-calculus provides precise
relationships between certain Markov kernels induced by the iSCM, which enables us to
perform causal reasoning.

However, often we do not have sufficient information regarding the system that we
are modeling to completely specify an iSCM. For example, we may only know what
the observed variables are, but not what the graph of the iSCM is, let alone know the
latent spaces, exogenous distribution and exact causal mechanisms. Can we still perform
causal reasoning with such incompletely specified models? The answer turns out to
be affirmative, if one is willing to make certain assumptions (that—unfortunately—are
typically untestable, even when having access to the observable Markov kernel of the
model).

In the rest of this chapter we will focus on the question of how to deduce partial
knowledge about the iSCM from given Markov kernels. When this knowledge pertains
only to the causal graph of the iSCM, this is often called causal discovery. When it
pertains to parameters of the iSCM, for example, when estimating the causal effect of a
variable on another, this is often referred to as causal inference (although “inference” is
often interpreted much broader as drawing conclusions from data and prior beliefs).

In the next chapter, we will go one step further, and replace the deduction of iISCM
properties from Markov kernels by the estimation of iSCM properties from data, i.e., we
replace Markov kernels by finite samples. This will lead to statistical considerations. In
particular, we will focus on estimating the conditional independences of an iSCM from
data.

In this chapter, we will make use of the simple iSCM formalism. Similar (more re-
strictive) results can be obtained in the L-CBN formalism.

10.1. Randomized Controlled Trials

The notion of randomized controlled trials (also known as A /B-testing in engineering),
is centuries old. It was already proposed by the Flemish physician Jan Baptista van
Helmont | | in 1648. As of today, it still provides the ‘gold standard’ for discovering
causal relations and for the estimation of causal effects.

The experimental procedure is as follows. Consider two variables, “treatment” C' and
“outcome” X. In the simplest setting, one considers a binary treatment variable, where
C =1 corresponds to “treat with drug” and C' = 0 corresponds to “treat with placebo” in
a medical setting, or with “arm A” and “arm B” in an engineering setting. For example,
the drug could be aspirin, and outcome could be the severity of headache perceived two
hours later. Patients are split into two groups, the treatment and the control group, by
means of a coin flip that assigns a value of C' to every patient.! Patients are treated

61Usually this is done in a double-blind way, so that neither the patient nor the doctor knows which
group a patient has been assigned to.
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depending on the assigned value of C, i.e., patients in the treatment group are treated
with the drug and patients in the control group are treated with a placebo. Some time
after treatment, the outcome X is measured for each patient. This yields a data set
(Ch, X,,)N_, with two measurements (C,,, X,,) for the n™ patient. If the distribution of
outcome X significantly differs between the two groups, one concludes that treatment is
a cause of outcome.

Let us formalize this in the causal modeling language of iSCMs. Apart from that
treatment may have a causal effect on outcome, there are likely many other factors
that influence outcome. Some have been measured, others not. For obvious practical
reasons, we are not going to explicitly model all of them. Formally, we will assume
that an accurate causal model of the situation is provided by some (unknown) simple
iSCM with observed variables C' and X, and possibly other latent variables. We will
consider the outcome variable X as endogenous. But what type of variable should we
consider the treatment variable C' to be (which is not necessarily binary)? We have two
possibilities: exogenous input, or endogenous. We will discuss both of these possibilities
in sequence.

Let us start by considering the treatment variable C' as an exogenous input variable.
This choice encodes into the iISCM that outcome X does not cause treatment C. We
are interested in answering two questions. The first is “Does treatment cause outcome
according to G(M)?”, where M is the underlying (unknown) iSCM. Since there are only
two observed variables, this is equivalent to asking “Is C'— X in G(M)?”. The second
question is “What is the causal effect of treatment on outcome?”. We interpret this as
asking for the Markov kernel Py (X | do(C)).

Proposition 10.1.1. Let M be a simple iSCM with a single exogenous input variable
C and a single endogenous variable X. A dependence

X ¥ C (54)

Py (X|do(C))
implies that C' causes X according to G(M).
Proof. This follows immediately from Theorem 9.2.19. O

The second question is, in this case, trivially answered.

The other option is to consider the treatment variable as endogenous. One situation
in which this is more appropriate is so-called “imperfect compliance”. If trial subjects do
not all comply with prescribed treatment, for whatever reasons, then we can no longer
identify the coin flip outcome with treatment, (even though coin flip outcome may still
be an important cause of treatment).

In this modeling variant, we assume the existence of a simple iSCM M with endogenous
variables C, X, both of which are observed (and possibly other latent variables). C here
retains the meaning of treatment (but is no longer necessarily identifiable with the coin
flip result). Under additional assumptions regarding the exogeneity of the treatment
variable, we again obtain a similar statement as before.
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Proposition 10.1.2. Let M be a simple SCM with two observed endogenous variables
C, X, and no exogenous input variables. Under the following two assumptions:

1. X does not cause C' according to G(M), and
2. C and X are unconfounded according to G(M),
a dependence
X I c (55)
PNI(XvC)

implies that C' causes X according to G(M), and the causal effect of C on X satisfies:
PM(X | do(C’)) =Py (X|C) Py (C)-a.s.. (56)

Proof. The first assumption is equivalent to C' ~— X ¢ G(M), and the second assump-
tion is equivalent to C' <> X ¢ G(M). Hence, out of the eight possible graphs G(M),
only two satisfy the assumptions:

© ©® O0—® = =
O = 0= 0=

By the Markov property, if the edge C' — X were absent in G (M ), then X I p_(xc)C.
In both cases, rule 2 of the causal do-calculus applied to G yields the identity (56). O

Equation (54) is equivalent to the existence of values ¢, ¢ € X such that
Py (X |do(C = ¢)) # Py (X |do(C = ¢)).
Equation (55) is equivalent to the existence of values
Pu(X|C =) £ Py(X|C =)

for every version of P (X |C). These two statements are subtly different. We will see
in the next chapter, that as long as C is discrete, they are actually not that different
when testing these statements from a finite sample.

Apart from assuming that there exists a simple iISCM that provides an accurate model,
in both cases, we made the following (implicit or explicit) causal assumptions regarding
the treatment variable:

1. outcome X does not cause treatment C' according to G(M);

2. outcome X and treatment C' are unconfounded according to G(M).
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As a first remark, we opted here for the strongest version of the notions “does not cause”
and “are unconfounded”—the graphical ones. This might not be necessary for deriving
the desired conclusions, but it surely is convenient.®? The first assumption is commonly
deemed justified if the outcome is an event that occurs later in time than the treatment
event.> The second assumption is usually defended by appealing to randomization.
Indeed, if treatment is decided solely by a coin flip, then it seems hard to imagine some
factor that can influence the outcome of the coin flip and also influence the outcome
X .54 If in addition it is ensured that all subjects are included in the data set (to
avoid introducing selection bias), then it is hard to conceive of any remaining source of
confounding bias between outcome X and treatment C'.%°

We have shown (in two slightly different ways) that under these assumptions, if the
distribution of the outcome X differs between the two groups of patients (“treatment
group” with C' = 1 vs. “control group” with C' = 0), then treatment must be a cause of
the outcome, at least in this population of patients.

If one formally considers treatment as an exogenous input variable, but then also as-
sumes that its values are randomly assigned, then the differences between both modeling
approaches are purely cosmetical. However, there is one advantage that the exogenous
input approach has over the other approach: it does not restrict in any way the pos-
sible values of the treatment variable. This allows more freedom in the experimental
design and sampling scheme design. For example, one can decide prior to conducting
the RCT that the sampling scheme should end up with an equal number of patients in
both groups. In case treatment is assigned by flipping a coin for each patient, it is rather
unlikely that we will end up with exactly the same number of patients in both groups.

10.2. Estimating average treatment effects

Another way to formalize the randomized controlled setting is by using potential out-
comes. For a binary treatment variable, one introduces two random variables per patient:
xdolen=l and X2n=9 " corresponding to the potential outcomes for the n'th patient
if we treat the patient, or not, respectively. Given the actual treatment C),, we then
define the actual outcome as X, := xdolen=Cn) 1y practice, we only observe the actual
outcome for each patient, while the other potential outcome for each patient remains
latent.

An estimand that one is typically interested in and that captures the average strength
of the causal effect of the treatment on the outcome is the so-called average treatment

62Some researchers prefer potential outcomes because these do not require them to make such graphical
assumptions, or even to talk about a graph at all. In our opinion, causal graphs are very conve-
nient to communicate causal modeling assumptions, and we are willing to pay the price for slightly
strengthening the untestable assumptions from rung-3 to the graphical rung.

53The only exception seems to be certain scenarios involving time travel in science fiction novels/movies.

64Perhaps an almighty God could be such a factor, though this possibility is often met with skepticism
in scientific circles.

65 An example in which selection bias would be present is if patients in the placebo group that become
too ill drop out of the study (for example, for ethical reasons) and are not included in the data.
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effect (ATE)
7= B(Xgelen=h — xdo(en=0)y,

To estimate the ATE, one assumes that C,, is randomized. This motivates the assump-
tion that treatment and outcome are unconfounded:

Xee=0 ¢, Xge=Va o,

(which follows from Proposition 9.5.9 if one assumes an underlying iSCM). One can then
show that the difference-in-means estimator

1 N 1 N
o - N x, - \N"x,
{n:C, =1} ; {n : C, =0} ;

Cn=1 Cn=0

is an unbiased, consistent estimator of the ATE 7. Curiously enough, while we can
speak of the difference X2~ — x (=0 59 the individual treatment effect, this is
in many settings an unobservable quantity; however, the average treatment effect can
be estimated from observed data. In the iSCM setting, we can think of the potential
outcomes as counterfactuals in a twin iSCM. However, when assuming an underlying
iSCM, there is no need to go to the counterfactual level, as one can simply define the
ATE as
7:=Ep(X]|do(C =1)) —Ep(X]|do(C =0)).

In the presence of observed covariates Z, one often considers also the conditional average
treatment effect (CATE), which we can define as

Ey (X |do(C = 1), Z) — Ep(X | do(C = 0), Z).

when assuming an underlying iSCM M. There is a large body of literature that considers
the question of studying the (asymptotic) efficiency of estimators of the (conditional)
average treatment effect. For a nice account of this surprisingly non-trivial inference
problem, see e.g. | .

10.3. Local Causal Discovery

Although the most reliable way to discover causal relations and to estimate their effects
is by means of a randomized controlled trial, it is not always possible or feasible to
perform such an experiment. One alternative is provided by the Local Causal Discovery
(LCD) algorithm | |.

LCD is a constraint-based causal discovery algorithm which means that it discovers
causal relations by combining the results of conditional independence tests on data. It
can be used for the purely observational causal discovery setting where certain back-
ground knowledge is available that is weaker than that for the randomized controlled
trial. In particular, no randomization is necessary.

The basic idea behind the LCD algorithm is the following result of | | (originally
formulated for L-CBNs, but easily generalized to simple iSCMs):
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Figure 27: All possible causal graphs detected by LCD.

Proposition 10.3.1. Let M be a simple SCM with three endogenous variables V =
{1,2,3} and no exogenous input variables (J = 0). Suppose that it is o-faithful. If X
is not a cause of X according to G(M), the following conditional (in)dependencies® in
the observational distribution Py(X7, Xa, X3)

Xi L Xe, Xol)X; XiAlXs5|Xo
imply that the causal graph G(M) must be one of the three DMGs in Figure 27. Hence,
1. X3 is not a cause of Xy according to G(M);
2. Xy is a direct cause of X3 w.r.t {1,2,3} according to G(M);
3. Xo and X3 are unconfounded according to G(M);

4. the causal effect of Xo on X3 according to M s identified as:

Py (X3|do(X2)) = Pu(Xs| Xs)  Pu(Xy)-as.. (57)

Proof. The proof proceeds by enumerating all (possibly cyclic) DMGs on three variables
that the causal graph G(M) could be, and ruling out the ones that do not satisfy the
assumptions. The assumption that X, is not a cause of X; according to G implies that
there is no directed edge Xy — X; in the graph G(M). If there were an edge between
X; and X3, X; 1 X3| X5 would not hold (o-faithfulness). Also, since X7 ) X5, X; and
X, must be adjacent (Markov property). Similarly, X, and X3 must be adjacent. X,
cannot be a collider on any walk between X; and X3 (o-faithfulness). Since the only
possible edges between X; and X, are X; — X5 and X; <> X, (both of which are
into X3), this means that there must be a directed edge X — X3, but there cannot
be a bidirected edge Xy <> X3 or directed edge Xy <— Xj3. In other words, the only
three possible causal graphs are the ones in Figure 27. The causal do-calculus applied
to G(M) yields (57). O

Note that one can apply this to the marginalization My 54 in case V' 2 {1,2,3}.
In one of the first applications of LCD, it was discovered that nausea causes vomiting
[ |. The next example provides another successful application of LCD.

Example 10.3.2. PIP2 and PIP3 are phospholipids that play an important role in hu-
man immune system cells. Figure 28 shows a scatter plot of PIP2 and PIP3 expression
levels, measured in individual human immune system cells, after activation of certain

66Henceforth, we will no longer always explicitly write the Markov kernel as a subscript to the condi-
tional independence symbol if it is clear from the context which Markov kernel is meant.
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Figure 28: “Text-book” example of an LCD pattern in flow cytometry data of | |.
See Example 10.3.2 for details.

protein signaling cascades in these cells [ |. The measurements have been per-
formed under two different experimental conditions: observational (C = 0, in blue), and
after intervening by administering the chemical compound Psitectorigenin to the cells
before measuring the PIP2 and PIP3 levels (C = 1, in red). The experimental proto-
col justifies the assumption that neither PIP2 nor PIP3 expression levels can cause the
experimental condition (because these expression levels were measured after the experi-
mental condition had been imposed on the cells). Also, assuming the cells to be properly
randomized before split into the two groups (corresponding with the two experimental
conditions) we can conclude that the experimental condition C' and PIP2 are uncon-
founded, and similarly that C' and PIP3 are unconfounded. The scatter plot suggests the
following conditional independence:

Xprp3 A Xc | Xprp2,
P(Xprp2,Xprp3|do(X¢))

which can also be confirmed with statistical conditional independence tests. Therefore,
we have an LCD pattern with X1 = X¢o, Xo = Xprpa, X3 = Xprps, which allows
us to infer that the PIP2 expression level causes the PIP3 expression level. Under the
randomization assumption, we can even infer that Psitectorigenin exposure is a cause
of PIP2 expression levels. This is in line with the Psitectorigenin being known as an
inhibitor of PIP2, reducing the quantity of PIP2 in cells after exposure of the cells to
this inhibitor.

A high-dimensional adaptation has also been shown to be successful in predicting the
effects of gene knockout on gene expression levels from large-scale interventional yeast
gene expression data | |.
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In case more than three variables have been observed, one can run LCD on all triples
of variables for which its assumptions apply. In that case, one should keep in mind that
a direct edge in a marginalized graph does not imply the presence of the directed edge in
the original graph (only the presence of a directed path). In other words, with respect to
a larger set of observed variables, the causal relations found by LCD are not necessarily
direct.

In case of more than three observed variables, one can also replace the single variable
X5 in the LCD algorithm by a subset of variables, a so-called separating set. This
idea is exploited efficiently in case of many variables in the Invariant Causal Prediction
algorithm | |.

10.4. Y-structures

For both the randomized controlled trial and the LCD algorithm, we need prior knowl-
edge: we need to know already that one of the variables is not a cause of another one.
It turns out that in the absence of any such causal background knowledge, we can some-
times still deduce causal relationships from observed conditional independences. The
simplest such example is given by the “Y-structure” pattern | ]. We here also give
the generalization of the Y-structure pattern to simple SCMs.

Proposition 10.4.1. Let M be a simple SCM with endogenous variables V = {1,2,3,4}
and no exogenous input variables (J = 0). Suppose that it is o-faithful. The following
conditional (in)dependencies in the observational distribution Py (X, Xa, X3, X4)

XllX% XZJLX47 XlJ-I—X27
Xy L Xy | X5, Xodl Xy | X5, Xa L Xo| X,

imply that the causal graph G(M) must be one of the nine DMGs in Figure 29. Hence,
1. X4 is not a cause of X3 according to G(M);
2. X3 is a direct cause of X4 w.r.t. {1,2,3,4} according to G(M);
3. X3 and X4 are unconfounded according to G(M);

4. the causal effect of X3 on X4 according to M satisfies:

Py (Xa|do(X3)) = Pu(Xa| X3)  Pu(Xs)-a.s.. (58)

Proof. By using the global Markov property and the faithfulness assumption, one can
check that the only (cyclic or acyclic) graphs that are compatible with the observed
conditional independences are the ones in Figure 29. The statements now follow. [

Note that one can apply this to the marginalization My 934y in case V 2 {1,2,3,4}.
This example illustrates how conditional independence patterns in the observational
distribution allow one to infer certain features of the underlying causal model. This
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Figure 29: Causal graphs satisfying the “Y-structure” pattern on four variables.

principle is exploited more generally by constraint-based methods, and implicitly, by
score-based methods that optimize a penalized likelihood over (equivalence classes of)
causal graphs. In Chapter 12 we will describe in detail one of the most sophisticated
constraint-based causal discovery methods, Fast Causal Inference (FCI).

Typically, the graph cannot be completely identified from purely observational data.
For example, in the Y-structure case, the conditional independences in the observational
data do not allow to conclude whether the dependence between X; and X3 is explained
by X being a cause of X3, or by X; and X3 having a latent common cause, or because
of some latent selection mechanism, or a combination of those. However, under an
appropriate faithfulness assumption, one can deduce the Markov equivalence class of
the graph from the conditional independences in the observational data, i.e., the class
of all DMGs that induce the same separations.

A significant practical disadvantage of causal discovery methods from purely observa-
tional data is that they typically need wvery large sample sizes and strong assumptions
in order to work reliably (even on simulations).
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10.5. Minimal Separating Sets, Minimal Connecting Sets

Minimal separating sets and minimal connecting sets are useful in that they give a
relationship between certain separation properties of the graph and ancestral relations
in the graph | , |. This can also be seen as a simple form of causal discovery.

Definition 10.5.1. Let X,Y, Z S be sets of nodes in a CDMG G with input nodes J
and output nodes V. We say that the minimal o-separation

X g Y|SU[Z]
holds if and only if
X%Y|Suz A VQgZ:X%MSUQ.
In words: all nodes in Z are required (in the context of the nodes in S) to o-separate X

from Y. The minimal d-separation X 1LY | SU[Z] is defined analogously.

Minimal separating sets imply the presence of certain ancestral relations (this gener-
alizes a result of | |). But first we prove a little lemma.

Lemma 10.5.2. Let G be a CDMG with input nodes J and output nodes V. Let i,j €
JUV and Z C JUV. If m is a Z-0-open or Z-d-open walk between i and j in G, then
every node on 7 is in Ancg(({i,j} \ J) U Z).

Proof. Suppose k is a node on m. Then either k is a collider, or there is a directed
subwalk from k to a collider on 7, or to an endnode of 7 that is not in J. In all cases,
k € Ance(({7,5} \ J) U Z). This holds for both d-separation and o-separation. O

Proposition 10.5.3. Let {z},{y}, S, Z be mutually disjoint sets of nodes in a CDMG
G with iput nodes J and output nodes V. Then:

xJ;_y 1SU[Z] = ZC Anca({z,y} US).

A similar statement holds for d-separation.

Proof. Write A := Ancg({z,y} US). Let z € Z. Suppose that z ¢ A. Let Q = AN Z.
Then z ¢ @, and therefore Q C Z\{z}. Then there is a (QUS)-o-open path 7 between x
and {y}UJ in G. Then every node on 7 is in Ance(({z,y}\J)UQUS) (Lemma 10.5.2).
Therefore, every node on 7 is in A. Hence no node in Z \ @ is on 7. Therefore, adding
(Z\ Q) to (QUYS) cannot o-block w. Hence z L7y | Z U S. Contradiction. O

Similarly, we define minimal connections.

290



Definition 10.5.4. Let XY, Z,S be sets of nodes in a CDMG G with input nodes J
and output nodes V. We say that the minimal o-connection

X1Y|SuU[Z|
G
holds if and only if
XIY|SUZ A VQgZ:X%Y\SUQ.
G

In words: all nodes in Z are required (in the context of the nodes in S) to o-connect X
with Y. The minimal d-connection X &Y | SU[Z] is defined analogously.

Note that despite the notation, a minimal connection is not the logical negation of a
minimal separation.
Minimal connections imply the absence of certain ancestral relations:

Proposition 10.5.5. Let {z},{y}, S, {z} be mutually disjoint sets of nodes in a CDMG
G with input nodes J and output nodes V. Then

x%y | SU[{z}] = 2z ¢ Ancg({z,y} US)

and a similar statement holds for d-separation.

Proof. There exists a S U {z}-0-open path between x and y U J in G that contains a
collider in Ancg({z}) that is not in Ancg(S). If z € Ancg(S) this would be a contra-
diction. If z € Ancg(z), then we can consider the walk between x and y obtained from
composing the subpath of the original path between y and the first collider (starting
from y) in Ancg({z}) \ Ancg(S) with a directed path to z and then on to x, without
passing through nodes in S. This walk between =z and y must be o-open given S, a
contradiction. Similarly we obtain a contradiction if z € Ancg(y).

The same proof works also for d-separation. n
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11. Independence Testing

In this lecture, we will consider the following questions. How can we test whether. . .

e ...two random variables are independent?

e ...two random variables are conditionally independent given a third random vari-
able?

e ...arandom variable is independent of a non-random variable?

e ...a conditional random variable is conditionally independent of a conditional
random variable, given another conditional random variable?

We will consider these questions only for the special case of finite categorical variables,
i.e., variables that take values in finite spaces. In particular, we will discuss a test known
as the GG test. This has been defined in the literature for random variables, but we will
extend it here to a general case involving conditional random variables (with “purely”
random and “purely” non-random variables as special cases). We will state conditions
under which the tests are asymptotically valid and consistent.

11.1. Marginal Independence for Categorical Random Variables

Consider two categorical random variables X, Y taking values in finite spaces X and ),
respectively, with 2 < |X| < oo and 2 < |Y| < oo, and joint distribution P(X,Y). We
can represent the density in a table (assuming X = {1,...,k} and Y = {1,...,(}):

Y=1Y=2 ... Y=I
X =1 011 ‘912 e 01[ 91+
X =2 021 922 N 925 02+
X=k| On O ...  Ou Ot
9+1 9+2 e Q_H 0++ - 1

where we introduced the parameter § € Xg by setting 0,, = P(X = z,Y = y) for
r € X,y € Y. We introduce here the convention that a “+” index denotes summation
over that index, i.e.,

Ory = Ouy oy = Ony =3 > by

zeX yey X yey

For the parameter space we take the (|]X||)| — 1)-dimensional simplex:

Xo={0ec ] [0,1]:0, =1}

(z,y)€X XY
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With Remark 2.5.23, we get:

X 1 Y < PX,Y)=PX)® P(Y),
P(X,Y)

where P(X) and P(Y) are the marginal distributions of P(X,Y’). In the discrete case
we consider here, this holds if and only if

VxGX,yGy:me:9m+9+y.

The parameters satisfying this constraint form the allowed parameters under the null
hypothesis of independence Hy : X 1LY. We introduce the corresponding restricted
parameter space

X3 ={0€Xo:0,,=0,,0,,VzEX ycV}C Xo.

We can also write the null hypothesis as Hy : § € X3. As alternative hypothesis we take
that of dependence, i.e., H; : X £ Y, or equivalently, H; : 0 € X} with X := Xg \ XJ.
Suppose now that we have independent and identically distributed data (X,,Y;)N_,
with (X,,Y,)|© ~ P(X,Y|©) for all n = 1,..., N, with the “true” parameter ¢ un-
known. In other words, we assume for the joint distribution on the observed data

P((Xm Yn)q]zvzl | @) = ® P(Xm Y, | @)7

n=1

where each P(X,,Y,,|©) is a copy of the Markov kernel P(X,Y |©). We define the
counts as the number of observations with a given value (z,y) € X x }:

N
Ney =Y Lz (X, Vo).

n=1

We can represent them in a contingency table:

Y=1Y=2 ... Y=I
X: 1 N11 N12 Nll N1+
X - 2 N21 N22 e NQZ N2+
X=k| Nau Ni ... Nug Nyt
Nip Nyp ... Ny [ Nypy =N

where we used a similar summation convention for the counts as for the parameters.
The classical frequentist procedure for deciding between two hypotheses Hy : 6 € X§
and Hy : 0 € Xp \ X is as follows. One comes up with a test statistic T(D), which is
a function of the data D ~ P(D|©), whose value should help us distinguish between
the two hypotheses. We will consider here one-sided tests, where a large value of T'(D)
is in favor of H; while a small value of T'(D) is in favor of Hy. Then one chooses a
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particular significance level a € (0,1). From the observed data d, one then calculates a
corresponding p-value p(d), which is the probability under the null hypothesis that the
test statistic has the observed or a more extreme value. For the one-sided tests we will
consider here, the p-value can be defined as

p(d) == sup P(T(D) = T(d)|9).

0
oeXxy

Then, a decision is taken: if p(d) < «, one considers this as sufficient evidence to reject
Hy (and accept Hy), while if p(d) > «, one does not reject Hy as the evidence in the
data is considered insufficient to do so. Often, the main desideratum is to control the
probability of a Type I error (i.e., the error of incorrectly rejecting the null hypothesis),
which can be achieved by choosing a sufficiently small. Indeed, from the definition of
the p-value it follows that:

Ya € (0,1)V0 € X3 : P(p(D) < alf) <a.

For causal discovery, however, we need a more symmetric treatment of the two hypothe-
ses, as there we require both the probability of a Type I error and of a Type II error
(i.e., the error of incorrectly rejecting the alternative hypothesis) to be small. Before we
investigate this tradeoff, let us first propose a concrete test statistic for the case at hand
and obtain an approximate expression for the corresponding p-value.

Here we will work out the details of the likelihood ratio test, which for this particular
case is also known as the G test. We start by writing down the likelihood:

0 — P((X,,Y,) N, |6) = Hexyn ITT]0m%

reX ye)y

where we used the counts as a sufficient statistic of the data. This is a multinomial
distribution with parameters (6, ).ex yey and N. Maximizing the likelihood with respect
to the parameters € Xg, we obtain the well-known maximum likelihood estimator®”
Ny

N Y

i.e., the fractions of the different outcomes in the data. Under the null hypothesis Hy,
0y = 0,40,, and the likelihood factorizes:

0 Xy = P((X0,Ya)ili 10) = [T T10rs6:)™

Oy =

zeX yey
-(mmes) (e )
TEX ye)y TeEX ye)y

() ()

6TWe follow the notational convention in statistics by writing estimators in lowercase (e.g., 6 rather
than ©), even though they are random variables.
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This is just the product of two independent multinomial distributions with (variation-
ally independent) parameters (0,4 )zex and (64,)yey (and N), respectively. Hence, the
restricted maximum likelihood estimator under Hy is

_ Ney Ny,
N N~

N0 __ p0 Ao
Qxy - 9:v+0+y

The likelihood ratio is obtained by dividing the likelihood for 0 by the likelihood for 60

Nzy
SUPgexguxy P((X5, Yo)ple |0) _ P((X,, Y, L 16) H H
SUPgexg P((Xn, Y)01 10) P((X,, Yo)M | 90 90 (90

zEX yey

(59)

-1111 ( HNW)N%

TeEX yey
The likelihood ratio test statistic is defined as 2 times the natural logarithm of this ratio:

SUPgexgux) P((Xn»Y n= 1|9

NgyN
Gn = 2log =2 g g N, log —— (60)
SUPgexg P((Xn, Y, )n 1 10) TeX yey Y ac+N+y

Since counts can be zero, one should interpret 0 log % in this expression as 0 (for n € N).

We will now consider the asymptotic behavior of the test statistic under the null
hypothesis. This will yield an approximation for the p-value that we can use also for finite
samples. As a simplifying assumption, we will henceforth assume that all probabilities
are positive,% i.e.,

0y >0 Vee X,ye ). (61)

Proposition 11.1.1. Under Hy: X 1LY, and with regularity assumption (61),
Gn ~ XZ

with v = (|X] — 1)(|]Y| — 1) as sample size N — oo. In words, the test statistic G
converges in distribution® as N — oo to a chi-squared distribution with v degrees of

freedom.™
Proof. This is a direct application of Theorem 4.43 in | |, for which a proof
is provided in Chapter 16 in | ].  One has to be careful here to use a differ-

ent parameterization—in terms of (variationally) independent parameters—i.e., such

%The singularities for vanishing values of 6, can be dealt with, but require special attention. For
simplicity we study only the regular case here.

69We say that a sequence of real-valued random variables X1, Xo, ... converges in distribution to X,
and write X,, ~ X, if P(X,, < z) > P(Xo < z) for all z € R such that £ — P(X, < §) is
continuous at .

7OThe chi-square distribution with v degrees of freedom is defined as the distribution of a sum of squares
of v independent standard normal random variables, i.e, of >.7_, Z? where Z; ~ N(0,1) are i.i.d..
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that the parameter space contains an open part of R¥IM=1 " when calculating the
score function and the Fisher information matrix when checking the regularity con-
ditions. For example, one can choose a pair (k,[) € X x ) and take parameters
Opy = Upy for @ # kory # [, and 6 = 1 — Z(W#(M) Uzy. The dimension-
ality of Xg is |X||Y| — 1, while that of XY is (]JX] — 1) + (Y| — 1). The degrees
of freedom of the asymptotic chi-square distribution is the difference of the two, i.e.,
v= (XYl =1) = ((1x] =1+ (¥ = 1)) = (X[ - 1)(|Y] = 1).

An alternative proof will be provided later in a more general setting (see Proposi-
tion 11.3.2). O

One therefore obtains an approximate level « test (i.e., a test with Type I error
asymptotically upper bounded by ) by rejecting Hy when Gy > x2,_,. Here, x2,_, ==
F _1(1 «) is the upper o quantile of the y?-distribution with v degrees of freedom, with
F,2> the corresponding distribution function (cumulative density functlon) and F,' @ its

inverse (i.e., the quantile function). Indeed, if § € X3, then P(Gy > x7,_, |0) — «, for
any a € (0,1). Since

GN 2> Xpia &= Gy 2 Fl(1-a) <= Fe(Gy)>1-a < 1-Fg(Gy) <aq,

the corresponding approximate p-value is 1 — F\2(Gy); if this is smaller than or equal
to the chosen threshold «, we reject Hy. This test is called the G-test.

But what about the Type II error? If we let the sample size N grow, we would hope
that the probability of a wrong test result becomes arbitrarily small, and vanishes in the
limit N — oc.

Definition 11.1.2. A (conditional) independence test is called consistent if the proba-
bilities of both Type I and Type II errors converge to 0, no matter what the true parameter
value is.

To obtain consistency, it is not an option to just control Type I error at a fixed level «;
instead, one has to use a level ayy that depends on the sample size N, and converges to
0 (implying that Type I error converges to 0). However, because of the tradeoff between
Type I and Type II errors, the rate at which oy converges to 0 has to be chosen carefully
in order to be able to guarantee that also Type II error vanishes asymptotically. As we
shall see, the convergence rate of ay should be chosen sufficiently slow.

While it is often easier to calculate the Type I error than the Type II error of a test,
in this case we can actually analyze the asymptotic behavior of the test statistic under
the alternative hypothesis H;. Define

Iy —ZzewlogA ; %

T€EX yey x+ +y

where we used that ég L= éﬁ and égy = é+y. This is an estimator (the so-called “plug-in
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estimator” I(6)) of the mutual information I(X;Y):

I(0) :=> Y uylog Oy

0,.0
zeX yey 7y

B B B PX=zY=yl0) .
—ZZP(X-x,Y-y[@)IogP(X:xw)P(Y:y’m = I(X;Y | ).

zeX yey

With Jensen’s inequality, one can show that I(X;Y || ) > 0, and that I(X;Y ||0) =
0 < X1Y|O = 0. Note further that the function Xg — [0,00) : 6 — I(0) is
continuous.

With this observation, we can prove the asymptotic consistency of the G-test under
assumptions on the critical values used for deciding between Hy and H;.

Corollary 11.1.3. Consider an infinite sequence of G tests performed on the first N
samples of an infinitely large data set (X,,Y,),, where one accepts Hy : X LY if
Gn > 7n, and otherwise accepts Hy : X 1LY, for some given sequence of thresholds Ty .
Under the reqularity assumption (61), this sequence of tests is asymptotically consistent

if v — o0 but Tv/N — 0.

Proof. We start by a simple application of the strong law of large numbers. Let 6 € Xg.
Since the (X,,,Y,,) are assumed to be i.i.d., and

E(ﬂ(z,y)(Xna Yn)) = eazy

for all z € X,y € J, we conclude that N,,/N S 0, for all z € X,y € Y by the strong
law of large numbers.”! Hence éxy “% 0,,. Hence, also é+x 22 6, and éy+ B0,
Furthermore, by continuity, 7(6) % I(0). Hence, Gn/N =3 21(0).

Under H,, we have I(#) > 0, and since by assumption 75y /N — 0, Lg,y<ry — 0. Since
a.s. convergence implies convergence in probability,

Xy = P(Gy<7n]0)—0.

Thus, the probability of a Type II error vanishes asymptotically.

This same approach doesn’t work for the Type I error. The reason is that even though
we assume 7y — 00, and we know that Gy /N 2% 0 under Hy, this does not suffice to
conclude anything about the probability of the event Gy > 7. But we can make use of
Proposition 11.1.1, which states that G ~» x2 under Hy. Since the distribution function
of X2 is continuous, this implies uniform convergence of the distribution functions:

sup [Fay (z) — Fya(x)| = 0.
zeR
Hence

|Fay(Th) — Fa(tn)] < sup |Fay(®) = Fa(z)] — 0.
TE

"' The convergence is “almost surely”, i.e., Ny, /N “3 0, means that P(N,,/N — 0,,|0) = 1.
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Since 7n — 00, F\2(7n) — 1. Hence, also Fg, (7y) — 1. We conclude that
96)(8 ES P(GNZTN’9>%O,
i.e., the probability of a Type I error converges to 0. [

While one traditionally focuses mostly on Type I error control, in causal discovery we
are more interested in having both small Type I and Type II error. In order to achieve
this (at least asymptotically, i.e., for sufficiently large sample sizes), we can thus make
use of a sequence of thresholds that satisfies the assumptions in the corollary. In terms
of p-values, this means that to bound the Type I error, a fixed critical value « suffices,
but for consistency we let ay — 0 with a rate such that x2, , /N — 0.

While for a finite sample, we can give guarantees (at least approximately) on the Type
I error, it will often be impossible to provide guarantees on the Type II error without
making strong assumptions on the parameters. Indeed, since the mutual information
I(X;Y) (a measure of the dependence of X and Y') can be arbitrarily close to zero for
weakly dependent X and Y, one cannot know in advance how many samples will be
needed to be able to distinguish it from an independence.™

11.2. Conditional Independence for Categorical Random
Variables

We now extend the G test to a conditional independence test that we will refer to as
the conditional G test.

Consider three categorical random variables X,Y, 7 taking values in spaces X, Y
and Z, respectively (with 2 < |X] < 00, 2 < Y| < o0 and 1 < |Z] < o0) and
joint distribution P(X,Y, 7). With Remark 2.5.23, we get (because finite spaces are
standard):

X 1 Y|Z < PX,Y,Z

P(X|Z)® P(Y, Z)
P(X.Y,Z)

) = P(
— P(X,Y|Z)=P(X|Z)® P(Y|Z) P(Z)-as.

= VzeZ:[P(Z=2)>0 =
P(X,Y|Z=2)=P(X|Z=2)P(Y|Z=2)]
= VzeZ:[P(Z=2)>0= X 1 Y]

P(X,Y | Z=2)

This suggests that we can make use of an independence test for two categorical variables
on each “stratum” corresponding to conditioning on a specific value Z = z that has
positive probability to occur.

We parameterize the conditional kernel P(X,Y|Z) in terms of parameters (0py.)zex yey,zc2
which live in space

XQXY\Z = {0 S H [Oa 1} : Vzez Z 99cy|z - 1}-

reEX YyeY,ze2Z zeX,yey

"This is referred to as the lack of “uniformly consistent” (conditional) independence tests.
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With the summation convention, we can write the normalization condition as 0, = 1
for all z € Z. For those z € Z with P(Z = z) > 0, we have

PX=z,Y=yZ=2|0=0)
P(Z=2z|0=0)

=P X=2Y=y|Z=20=0)="0,)..

We also parameterize the marginal distribution P(Z) in terms of parameters (0.).cz

which live in space
Xo, :={0 € H[O, 1] : Z@z =1}
z€EZ z2EZ

Any joint distribution of XY and Z can then be parameterized as
PX=2Y=y,Z=2|0=0)=0.0,,.,

with parameter space
X@ = X@Z X X@XY‘Z.

We formulate the null hypothesis Hy : X 1 Y| Z of independence in terms of the

parameters as
Vee X,ye Y, Vze Z: Ql,y|z = 0x+|20+y|z

(for convenience, we have strengthened it a bit; strictly speaking, we only need this
relation to hold for all z € Z with 6, > 0; however, since the data will not convey any
information on 6,,. for such z, this does not matter). The corresponding restricted
parameter space is

;chY‘Z i={0 € Xo : Oy = 0p1 104y, Ve EX,y €V, 2 € Z}.

We can then also write the null hypothesis as Ho : 6 € Xg with Xg := Xo, x X5, . As
alternative hypothesis we take that of dependence, i.e., Hy : X LY | Z, or equivalently,
Hy :0 € X4, where X3 == Xo, ¥ XéXY‘Z with Xéxmz = Xoxy s \ngy‘z.

Suppose now that we have independent and identically distributed data (X, Y;,, Z,)"_,
with (X,,,Y,,Z,) ~ P(X,Y,Z|0©) for all n = 1,..., N, with the “true” parameter
0 € Xo unknown. In other words, we assume for the joint distribution on the observed
data

N
P((Xp, Yo, Zn)oy 1©) = Q) P(Xo1, Yo, Z0 | ©),

n=1

where each P(X,,,Y,, Z,|©) is a copy of the Markov kernel P(X,Y, 7 |0). We define
the counts as the number of observations with a given value (z,y,2) € X x Y x Z:

N
N:pyz = Z ﬂ(z,y,z) (Xn7 Ynu Zn)

n=1
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We again work out the details of the likelihood ratio test, and start by writing down
the likelihood:

N
6 P((Xn, Yo Zu)nea |6) = H Ox,v.12.9z.) = [T TT TT020%)

zeX ye) zeZ
=0mwﬂnnn%ﬁ
z€Z 2€EZ xeX yey

where we used the counts as a sufficient statistic of the data. We recognize the first factor
as the likelihood of a multinomial distribution with parameters (6,).cz and N. The
second factor is a product of the likelihoods of multinomial distributions with parameters
(Ozy|2)zex yey and N, for each z € Z. Maximizing the likelihood with respect to the
parameters 0 € Xg, we obtain the maximum likelihood estimator

A A Nm z N z
<6my\z7 92) = YE ; e .
N++z N
Under the null hypothesis Hy, 0,y = 60,4204z, and the likelihood factorizes over X
and Y:

0 X(g = P((Xn,Ya, Zn)rjyzl 10) = (H giV++z> H H H(01+|28+y\z)Nzyz

ZEZ ze€Z xeX ye)y

- (o) (e ) (T ).

z2EZ 2€EZ \T€EX yey

The restricted maximum likelihood estimator under Hj is

ALY N.
0\ 0\ r+z4iVt+yz ++z
(6)1?!\7;70 ) - (01+|20+y\270 ) - ( N?Hrz ) N ) .

The likelihood ratio is obtained by dividing the likelihood for 6 by the likelihood for 6°:

Nzyz
sWgexgury PUXn, Yo, ZNA10)  P((X,, Y, Z,), | ) =TIII1I ””“"Z
Sup@exg P((Xn7 Yn7 Zn)nNzl | 9) P((Xna Y?"w Z ) ’ 90 90

z€Z xeX yey x+|z +y|z

"I (NzyzN++z)Nz g

N.
ze€Z xeX ye)y x+z +yz

where the factors involving the marginal P(Z) cancel out. The likelihood ratio test
statistic is defined as 2 times the natural logarithm of this ratio:

supge voouxy L((Xn, Yo, Zn )

N N
_ 2 ]\[z Z VryziVt+42z ++z
Sup@GXg P((XTH YTH Zn)n:l ’ 0 ; z;( yezy Y Nx+zN+yz
(62)

Gy :=2log
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We will now consider the asymptotic behavior of the test statistic under both hy-
potheses. As a simplifying assumption, we will henceforth assume that all probabilities
are positive, i.e.,

0, >0 Z, and
{ > Vz € an (63)

Oy >0 VzeX yec),z€ 2.

Proposition 11.2.1. Under Hy: X 1LY | Z, and with regularity assumption (63)
Gy ~ X:Q/

with v = |Z|(|X| — 1)(|Y]| — 1) as sample size N — oo. In words, the test statistic
Gy converges in distribution as N — oo to a chi-squared distribution with v degrees of
freedom.

Proof. This is analogous to the proof of Proposition 11.1.1. The dimensionality of Xg
is | Z|(|X]|Y] = 1) + (|2] — 1), while that of X is [Z]((|X| — 1) + (Y] = 1)) + (I2] = 1).
The degrees of freedom of the asymptotic chi-square distribution is the difference of the

two, i.e., v = |Z|(|X] — 1)(|Y] — 1). O

One therefore obtains an approximate level « test (i.e., a test with Type I error
asymptotically upper bounded by «) by rejecting Hy when Gy > Xil—a-

Define
Iy —Z@ ZZmezlog - nyZ = %

z€Z zeX yey x+|20+y\z

where we used that €9 s = 9I+|Z and 9+y|z é+y|z. This is a plug-in estimator of the

conditional mutual information / (X Y| Z):

) 3) BRI

0
zEZ zeX yey o2V +ylz

PX =u2Y=ylZ=20=0)
= PX=2Y=y/Z=2|0=0)log
Z};Zy< O =08 o 7= 6= 0PV =yl Z =26 =0)

— I(X;Y|Z0).

With Jensen’s inequality, one can show that I(X;Y|Z) > 0, and that I(X;Y|Z) =

0 < X 1LY |Z. Note further that the function Xg — [0,00) : 6 — I(0) is continuous.
With this observation, we can prove the asymptotic consistency of the conditional

G-test under assumptions on the critical values used for deciding between Hy and Hj.

Corollary 11.2.2. Consider an infinite sequence of conditional G tests performed on
the first N samples of an infinitely large data set (X, Yy, Z,),, where one accepts Hy :
XNXY|Z if Gy > v, and otherwise accepts Hy : X 1LY | Z, for some given sequence
of thresholds 1. Under the regularity assumption (63), this sequence is asymptotically
consistent if Ty — oo but T /N — 0.

301



Proof. This is very similar to the proof of Corollary 11.1.3.
We again apply the strong law of large numbers. Let 0 € Xg. Since (X,,,Y,,, Z,) are
assumed to be i.i.d., and

]E(]l(l”vy%)(Xm Yn7 Zn)) == Qxy|Z9z

forallz € X,y € Y,z € Z, we conclude that N,,./N % HEWH forallz e X,y e Y,z €
Z by the Strong law of large numbers Hence also N, ., /N —> 9 for all z € Z. Hence,
using (63), 0, L% 0., sz % Oyl 0+x|z % 0 12-, and 9y+|z % 0y4-- By continuity,
1(6) =3 1(0). Hence, Gn/N =3 21(0).

We can now reason analogously as in the proof of Corollary 11.1.3 to conclude that
the probability of a Type II error vanishes asymptotically.

For an asymptotic estimate of the probability of a Type I error, we can make use of
Proposition 11.2.1, which states that Gy ~ x2. This part of the proof is identical to
the corresponding part of the proof of Corollary 11.1.3. O

11.3. Marginal Independence of a Random and a Non-Random
Variable

Consider two variables X, C' taking values in finite spaces X, C, respectively, (i.e., with
2 <|X| < ooand 2 < |C| < 00). Assume that X is a random variable, while C' is an
input variable, and consider a Markov kernel K (X | C) : C --» X. We will derive a test
for the independence

X 1 C.
K(X|C)

With Definition 2.5.17, this independence holds if and only if there exists a Markov
kernel Q(X) : % --+ X such that:

K(X | C) =Q(X).

The latter means that

KX |C=c)=QX) (64)

for all ¢ € C.
Suppose we obtain data (X,,c,))_; such that the X, are conditionally independent
and identically distributed given ¢,, for all n = 1,..., N. In other words, we assume the

data is sampled from the following Markov kernel:

K((Xn)r]yzl | (Cn>£LV:1) = ® K(Xo | Cp = cn),

where each K (X, | C,) is a copy of the (“true” but unknown kernel) K (X | C).

Note that this is a weaker assumption regarding the sampling scheme than we would
have made if C' were random. In particular, we make no assumption at all regard-
ing how the sequence of values c¢y,cs,...,cy is chosen. It could be a sequence like
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0,1,0,1,0,1,0,1,..., for example, which would be (if sufficiently long) very unlikely to
occur if all ¢, would be independently sampled from some distribution. This extends
the possible experimental designs that we can handle to include for example randomized
controlled trials in which the protocol is such that a certain prespecified number N, o
of subjects enters the control group, and a certain prespecified number N, |; enters the
treatment group. If the values of ¢, were chosen i.i.d. with a coin flip, then it would
be very unlikely that this assignment satisfies the protocol. Considering C' to be an ex-
ogenous input variable instead (with values that are not necessarily randomly assigned),
allows us to test for the independence of outcome X and treatment C' under a broader
range of experimental protocols.

We define the counts as the number of observations with a given value (z,¢) € X x C:

x\c- Zﬂ-xc Xnacn

We will take Hy : X 1L C' as the null hypothesis of a frequentist test for the indepen-
dence of X and C. We parameterize the Markov kernel K (X | C) in terms of parameters
(Ozjc)wvcr,cec = K(X =2 | C' = c¢) in a space

Xo={0€ [] [0,1]:Vece Y Oape =1}

zeX,ceC reX

With the summation convention, we can write the normalization condition as 01, = 1
for all ¢ € C. The null hypothesis Hy : X I C, equivalent to (64), can be expressed in
terms of the parameters as Hy : § € X3, where we introduced the restricted parameter
space
XS = {0 € Xo : Voexcecec i Oufe = Oujer -

As alternative hypothesis we will take H; : X ) C', the negation of the null hypothesis,
Le., Hy:0 € X3 with X3 := Xo \ X3.

We will again work out the likelihood ratio test. We first write down the “conditional”

likelihood:
0 — K((X )n 1 | Cn n= 17 HeXn|Cn H H9$|Z|C

zeX ceC

where we used the counts as a sufficient statistic. Maximizing the likelihood with respect
to the parameters, we obtain the maximum likelihood estimator

i.e., the fractions of the different outcomes within each subgroup with C' = ¢. Under Hy,
we can write 0. = 0, for some 0, € X§, and the likelihood simplifies:

0exd = [[IIe =11

reX ceC zeX
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The maximum likelihood estimator under H; is then

NxH_

B = =

The likelihood ratio is obtained by dividing the likelihood for 6 by the likelihood for
0°:

SUPgexguxl K((Xo)nly | (en)iiy 0 e e Nae
temn () )

SquEXg K((Xn>n:1 ‘ (Cn n= 1’ zeX ceC x|c zeX ceC
(65)

This is of ezactly the same form as the likelihood ratio (59) for testing X AL pix,cy C with
two random variables X, C'. The likelihood ratio test statistic is defined as 2 times the
natural logarithm of this ratio:

N N
SupOEXg)UX(_I) K((Xn)nzl | (Cn)n 1 ‘9) Nx|cN

Gy :=2log
SUPgexg K((Xn)fq\f:l | (Cn)nN 1,0)

zeX ceC

We (miraculously?!) arrived at the same test statistic as before. This time, we cannot
make use of the general result on the asymptotic distribution under the null hypothesis
of likelihood ratio tests. Indeed, that result pertains when dealing with a likelihood
with only a finite number of parameters to be estimated, whereas here we have an
asymptotically infinite number of “parameters” ¢, co, . ... Therefore, we will resort to a
more direct analysis of the case at hand. The end result will recover the previous results
for random variables as a special case. Perhaps surprisingly, it turns out that under
reasonable assumptions on the sequence ¢y, o, ... we can apply the standard G test and
ignore the non-random nature of the ¢,’s.

We will start with rewriting the test statistic. We introduce the space

c = {’76H[0,1]527021}.

ceC ceC
Consider now the function
. o w\c
g: Xo X X@C : |—> Z%Zﬁx‘clog ’)/Cexc
CGC ZBGX CGC I (66)
= Z ,}/CKL <0X|c || Z 700X|c> )
ceC ceC
where we introduced the notation Oxj. := (0gc)zex € R%, and where the Kullback-

Leibler divergence between two probability distributions P, Q € P(X) is defined as:

P(X =x)

reX
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(and we identified a probability distribution on X" with its probability mass function,
encoded as a parameter vector in RY). Note that

GN =2N g (87 f?)
with
o N—Hc
IYC L N
for all ¢ € C.” The components of 4 are just the fractions of observations with a
certain value of ¢. The asymptotic analysis will be conditional on the sequence of 4’s,
or equivalently, on the sequence of counts N |.

Because the counts (N|c)zcx have a multinomial distribution for each ¢ € C, we can
calculate that

~

z|le = 9w|c

~ 1
K0, = N

and

COV(ém‘C, ém/|cl) N_H N+| Z Z (COV xc) chn)]l(m c)(Xn’acn’))
¢ ¢ n=1n'=1
N—HCN-HC/
1
N—Hc

:H-c(cn) Lo (Cn) (537:2’ 9x|c - 0m|c(9x’|c)

n=1

6cc/em|c<5:m:’ - 9m’|c) .

Assume that N, — oo for every c € C. Because

:ElC_Z]l

cn —c

where the 1,(X,,) can be seen as i.i.d. vectors in R, we can apply the multivariate
central limit theorem to conclude that

VN (O = Ozpe) ~> N(0, ) (67)

with covariance matrix > with entries
(E)x|c,m’|c’ = 5cc’em|c(5azx’ - 99:’\0)' (68)

The central limit theorem thus provides the rate at which the ML estimate 0 converges
to the true parameter 6. The likelihood ratio statistic Gy is a function of 6 and 4. The
asymptotic analysis of Gy can be obtained by performing a Taylor expansion of g around
the true 6. This expansion can be done “uniformly” in 4.

"3We write 4 rather than v to indicate that it is an (N-dependent) function of the observed data, rather
than a “true” fixed quantity.
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Lemma 11.3.1. Let 0 € X3 be positive, i.e., such that there exists a § > 0 with 0, > §
forallx € X,ceC. Lety € Xg,. For 6 with Hé — 0| sufficiently small and 05 0,

9(0,7) = %(é —0)"Vig(6.7)(6 — 6) + op(116 — 6]°), (69)

with

, 1
Vig(0,7) = diag ( ;
X|*

)& (ding(vA) e — V7V diagl 7))

where Ox . = (0yic)zex for an arbitrary ¢ € C.” The remainder term op(||0 — 0]|?) can
be chosen to be a function f(0, é) that does not depend on v, and for which

16 — 6]

Proof. The second order Taylor expansion of g around the true 6 is:
1
9(0+ €)= 9(0,7) + €' Vog(0,7) + 5¢" Vig(0,v)e + of[le]*),

where Vg is the (partial) gradient of g with respect to 6, and Vig is the Hessian of g
with respect to #, and the remainder term o(]|¢||*) can be taken of the form M||e||?® if
the third-order partial derivatives of g at (6,~) are bounded. For a random ¢ = 6 — 0
we obtain

~

9(0,7) — g(0,7) = (0 — 0)"Veg(6,7) + %(@ —0)"V39(0,7)(0 — 0) + op(|0 — 0]*), (70)

where the remainder term is now random, and converges in probability to 0 at rate
160 — 6]|2. We will proceed by calculating the terms in the Taylor expansion.

The Kullback-Leibler divergence has the important property that KL(P || @) > 0 and
KLP||Q) =0 < P =Q for all P,Q € P(X). Together with the definition (66),
this immediately implies that under Hy, g(0,v) = 0 for all v € Xg,..

The gradient Vyg of g w.r.t. 8 has components:

99 log Oute
-2 = ’YC _
80:(:|c ZC/EC ’Yégx\c’
Under Hy, 0y, = 0, for all z € X, c € C, and it follows that the gradient vanishes for
all v € Xo,,.
Next, the Hessian w.r.t. 6:
0? 1 o
—g = e (_51‘93’6@/ - fy_&cf) .
89w\caem’|c’ 91|c ZC”GC Ve 9x|c”

"Here, we used the Kronecker product notation for matrices, and diag(v) is a diagonal matrix with
the components of vector v on the diagonal.
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Under Hy, 0. = 0y, for all z € X, c € C, this simplifies to

9%g 1
o — o e 5xw’6cc’ - c’ém’ .
a91:|ca‘9313’|c’ 9a:|*fy ( k )
By using the Kronecker product notation, this can be written as stated in the lemma.
Finally, to obtain the remainder term, we calculate the third order partial derivatives:

agg 1 ’ycl’)/c//
= Vcéx,z”ax,x’ __50,0”5@’ + .
80$|0893§’|c’89m”\c” ( Hilc (ZCWGC Y 9x|c”’)2
These can be bounded uniformly in v, using the assumption that all components of
are bounded away from zero. O

We are now ready to prove the following result on the asymptotic distribution of Gy
under the null hypothesis, which is (surprisingly?) similar to Proposition 11.1.1.

Proposition 11.3.2. Let 6 € Xg be positive, i.e., such that 0. > 0 for allz € X,c € C.
Assume that Ny — oo for all c € C. Under Hy : X g (x|c)C, the likelihood ratio test
statistic (65) converges to a x* distribution,

G’N ~ X12/7
with v = (|X| — 1)(|C| — 1) degrees of freedom.

Proof. We first note that 0 %3 0 (for any 6 € Xg) by applying the strong law of large
numbers. Indeed, since the X,, are assumed to be conditionally i.i.d. given ¢,, and

]E(]]'(xvc)(Xn7 C”)) = ex\c]]-c<cn)

for all z € X,c € C, and Ny, — oo for all ¢ € C, we conclude that Ny./Ny . % Oz for
all x € X', c € C by the strong law of large numbers.

Since this implies convergence in probability RS 0, Lemma 11.3.1 gives that under
H07

~

9(0,3) = 56~ 6 V3g(6.4)(6 — 6) + op (10 — oI

where

L ) ® (diag(ﬁ) (Ie — ﬂﬂT) diag(ﬂ))

V39(0,7) = diag < i

and the remainder term does not depend on 4. Defining

Sy = Wdiag<\/;7h®\/§)(é—e)

where ® denotes the Kronecker product of two vectors (in this case the all-ones vector
1x € RY and the vector v/4 € R®), and the orthogonal projection™

P Iy ® (Ic — ﬂﬁT)

">That is, [T =0 =12
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we can write
N0 —0)TV2(0,%)(0 — 0) = SLTSy = |IDSy|?.
Under Hy, Oy = by« for all ¢ € C, and therefore (67) simplifies to:
VNA3e(0rge — 0214) ~ N(0,5)
where the covariance matrix ¥ from (68) simplifies to
(X)alearier = OccrOp)s(0zar — Opr)s)-

Hence, scaling with /0,, gives

1 -

where the covariance matrix ¥ from (68) simplifies to

(E)etete = 8w (Saar = [0r1er /o)

which can be written using Kronecker product notation as

5= (Ix = \f0x11/0%.) @ I
Let V € SO(RC) be rotations that map /3 to e;. Then
~ /\T " &
Ie=AVA =P =V'PLV
(where P, is the orthogonal projection on the subspace orthogonal to v), and therefore
ITSNI? = (Ix © VTP V)SNP = [[(Ix © Poy)(Ix ® V) Snlf.

We can apply Lemma 11.3.3 to conclude that ([x ® V)SN ~ N(0,%) as well (even
though V' is an N-dependent rotation). Then

(Ix ® P, )(Ix @ V) Sy ~ /\/(0, P s ® Pe%>

and hence R
IDSN|1? ~ X5

with v = (|X]| — 1)(|C| — 1). With Slutsky’s Lemma, also

Gy =2Ng(0,7) = N — 0)"V2(0,3)(8 — 0) + Nop([|d — 0]|*) ~ x2.
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So, also the asymptotic distribution under the null hypothesis is the same as for the
case of two random variables, even though we used a different parameterization, and
we relaxed the assumption that the ¢,’s are i.i.d.: we only assumed that N, — oo for
each ¢.”® In particular, this result applies also to the case when C' is a random variable.
Hence, we have reobtained Proposition 11.1.1 as a special case.

Lemma 11.3.3. Let Q be a rotationally symmetric probability measure on the standard
Borel space R* (i.e., Qo U = Q for all U € SO(R¥)), and Py, Ps,... a sequence of
probability measures on R¥. Then

P,~Q < P,oU,~(Q
for any sequence Uy, Us, ... of rotations in SO(RF).

Proof. We make use of the Lévy-Prokhorov metrization of the weak topology. For two
probability distributions P,Q on R* (with its Borel o-algebra Bgx), it is defined as

d(P.Q) = inf{e > 0: VA € Bgx : P(A) < Q(A) + ¢ A Q(A) < P(A) + e},

where A¢ := UuecaBc(a) with B.(a) := {v € R* : ||v — a|]| < €}. The Lévy-Prokhorov
metric is invariant under rotations. Indeed, for U € SO(RF), we have that UA €
Brr <= A € Bgr, and (UA)¢ = U(A) for A € Bgr and € > 0, hence d(PoU,QoU) =
d(P, Q) for all probability measures P,Q on R¥. The rotation invariance of the Lévy-
Prokhorov metric implies that if @ is rotationally symmetric (i.e., Q@ = @ o U for all
U € SO(R™)), then

P, ~Q < d(P,,Q) =0
< d(P,0oU,,QoU,) =0
<~ d(P,0U,,Q)—0
< P,oU, ~ (Q

O

Summarizing, we started from quite a different sampling scheme, and did not treat C
as a random variable, yet we ended up with exactly the same likelihood ratio test for
testing X Il g(x|c) C' as we derived for testing the independence X 1 p(x ¢y C between
two random variables.

What about the consistency of this test? To show consistency, it turns out that we
need a stronger assumption than N, — oo, but it will still be weaker than the i.i.d.
assumption we made for the case that C' is random.

Corollary 11.3.4. Consider an infinite sequence of G tests performed on the first N
samples of an infinitely large data set (X, c,)2,, where one accepts Hy : X L C if

n=1’
Gn > 7n, and otherwise accepts Hy : X 1L C', for some given sequence of thresholds Ty .

761 some of the Ny | stay finite asymptotically, then these c’s can be ignored, and we still get asymp-
totically a chi-square distribution, but with less degrees of freedom.
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Assume that 0 € Xg is positive, i.e., such that 0. > 0 for all x € X,c € C. Assume
further that the fractions Ni./N — oo are bounded away from zero asymptotically, i.e.,
there exists € > 0 such that for all ¢ € C, Ny./N > € for large N. Then this sequence
of tests is asymptotically consistent if Ty — 0o but T /N — 0.

Proof. In the proof of Proposition 11.3.2 we already saw that 6“3 0 for any 0 € Xg.

Assume that H; holds, i.e., § € X3. Then g(6,v) = I(y,007) > 0 for all y € Xo.. X
is open in Xe, so Bs(0) N Xe = {A € Xo : |0 — ]| <} C XL for & small enough. Since
030, 0 € Bs(0) N X for large N a.s.. By assumption, for large N 4 € {7 € [e, 1] -
74+ = 1}, which is a closed subset of Xg_. Since I is continuous, it attains a (positive)
minimum value over the closed subset (B;(0)NXg) x {7 € [¢, 1]l : 7, = 1} C X x Xg,..
Hence, Gn/N = 2g(é, 4) a.s. has a positive lower bound for large N. We can now reason
analogously as in the proof of Corollary 11.1.3 to conclude that the probability of a Type
IT error vanishes asymptotically.

For an asymptotic estimate of the probability of a Type I error, we can make use of
Proposition 11.3.2, which states that Gy ~» x2 under Hy. This part of the proof is
identical to the corresponding part of the proof of Corollary 11.1.3. O]

The conditions in this corollary are sufficient, but not necessary. For example, not all
the rates V4| have to be lower bounded, it suffices if this is the case for a subset of C for
which the distributions K (X | C' = ¢) differ. It also shows how consistency could fail:
e.g., if the distributions K (X | C' = ¢) only differ on some subset of C, but that subset
is not observed sufficiently often asymptotically. This is in line with the intuition that
when testing for the presence of a causal effect of C on X in a controlled setting (not
necessarily randomized, i.e., as in Proposition 10.1.1), if nothing is known about how X
might depend on C it is best to gather sufficient data for each value that C' can take.

11.4. The general categorical case

Finally, let us consider the most general case of testing a conditional independence
involving transitional random variables (including “purely random” and “purely non-
random” variables as special cases). Again, we will restrict ourselves to the case that all
variables take values in finite spaces. We will formulate a general version of the G test.

Suppose we have three transitional random variables X, Y, Z and an input variable C,
taking values in spaces X, ), Z,C, respectively. Assume that all the spaces X, ), Z,C
are finite. Suppose we have a kernel K(X,Y, Z|C) : C --» X x Y x Z. We formulate a
statistical test for testing the conditional independence

Hy:X 1 Y|Z
K(X,Y,Z|C)

against the alternative
H:X X YI|Z
K(X,Y,Z|C)
The null hypothesis is equivalent, by definition, to the existence of a kernel K(X|Z)
such that
KX, Y,Z|C)=K(X |Z)® K(Y,Z|C).
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It will turn out to be helpful to consider the equivalent hypotheses

H:X 1 YcCl|z
K(X,Y,Z|0)

against the alternative
H:X X YC|Z

K(X,Y,Z|C)
instead.
Suppose we obtain data (X, Yy, Z,, ¢,))_; such that the (X,,Y,, Z,) are conditionally
independent and identically distributed given ¢, for all n = 1,..., N. In other words,

we assume the data is sampled from the following Markov kernel:

N
K((Xy, Ya, Zn)fzvzl | (Cn)ivzl) = ® K(X0n, Yo, Zy | Cp = ),
n=1
where each K (X,,,Y,,Z, | Cy) is a copy of the (“true” but unknown kernel) K (X,Y, 7 |
(). We parameterize this kernel K(X,Y,Z | C) as

KX=2Y=yZ=2|C=c)="04

with 6 in
(z,y,2,0) EX XY X ZXC
We will not work out the details, as these are analogous to what we have seen before,
but will directly formulate the likelihood ratio test statistic:

Gx =233 53 Ny log omzeteser (71)

N. N ’
TEX yEY 2€Z c€C Tzt T tyze

With the correspondence (X, (Y,C),Z) < (X,Y,Z), this likelihood ratio statistic is
seen to be identical to (62), the one for the case of three random variables. Note that
this likelihood ratio treats C' and Y on equal footing. This, again, suggests that for the
asymptotic analysis we will obtain a similar result as that for the conditional G test
with purely random variables, albeit under milder assumptions on the sampling scheme
for C. We will not work out the details here, but directly formulate the result.

Proposition 11.4.1. Let 0 € Xg be positive, i.e., such that 0. > 0 for all v €
Xy e Vze Zce C. Assume that Ny — oo for all c € C. Under Hy :
X_IJ_K(X7Y7Z|C)Y,C’|Z, the likelihood ratio test statistic (71) converges to a x* distri-
bution,

GN ~ X12/7
with v = |Z| (|X] — 1)(|V||C| — 1) degrees of freedom.

Proof. Note that the likelihood ratio test statistic (71) is a sum over z € Z of a likelihood
ratio test statistic of the form (65) (where (Y, C) in the former corresponds with C' in
the latter). O
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We also obtain a similar result as before on the asymptotic consistency.

Corollary 11.4.2. Consider an infinite sequence of G tests performed on the first N

samples of an infinitely large data set (X, Yn, Zn, cn)o,, where one decides

Hy: X AgixyvzionY,ClZ if Gy < 7w,

for some given sequence of thresholds Tn. Assume that 0 € Xg is positive, i.e., such
that Opyzc > 0 for allz € X,y € Y,z € Z,c € C. Assume further that the fractions
Niiyje/N — oo are bounded away from zero asymptotically, i.e., there exists € > 0
such that for all ¢ € C, Niyyc/N > € for large N. Then this sequence of tests is
asymptotically consistent if Ty — oo but Tn/N — 0.
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12. The Fast Causal Inference Algorithm

In this final chapter, we present an extension of the Fast Causal Inference (FCI) al-
gorithm. The FCI algorithm is one of the highlights in the field of constraint-based
causal discovery. It was originally designed for purely observational (non-experimental)
data and relied on the assumption of acyclicity, but allowed for latent variables (ei-

ther marginalized over, or conditioned upon in case of selection bias) | , |-
Later, the algorithm was augmented with additional ‘orientation rules’ and this aug-
mented FCI algorithm was shown to be complete in a certain sense | ].”" While

the FCI algorithm was originally designed for the acyclic setting, it was recently dis-
covered that it also works in case cycles are present (more specifically, for o-faithful
simple SCMs) | |. While that work made a simplification by assuming no selection
bias, we prove here that the FCI algorithm is sound even when the data is generated
according to a conditional Markov kernel induced by a o-faithful simple SCM, or in
other words, that it can cope with the possible presence of cycles and selection bias. In
other recent work, the FCI algorithm has been extended to incorporate prior knowledge
regarding exogeneity and unconfoundedness of context variables (of the same type that
we used for modeling the treatment variable in randomized controlled trials) | |-
Such an extension with exogenous input nodes allows to generalize the idea of causal
discovery in a randomized controlled trial to multiple treatment and outcome variables.
We also incorporate that extension here, and provide a ‘unified” extended FCI algorithm
that allows for cycles (under certain assumptions), selection bias and exogenous input
variables.

12.1. Modeling selection bias

We model selection bias as follows.

Notation 12.1.1. We will assume the existence of a simple SCM M = (J,VT W, X, P, f),
with endogenous variables VT =V US.” We assume that only the endogenous variables
iV are observed, as well as the exogenous input variables J. The latent variables in S
have the role of latent selection wvariables. In other words, we will assume that the
data is distributed according to the marginal Markov kernel of M on'V after conditioning
on S':

PM(XV | XS S gs,dO(XJ))

for some measurable set g C Xg.”’

""The augmented version of | | is often referred to simply as ‘the FCI algorithm’, and we will do
so here as well.

78 Alternatively, one could assume endogenous variables Vt = VU S UL where S are used as selection
variables. We could then start by marginalizing out the variables in L to arrive at the setting that
is our starting point here.

"Note that we did not include the exogenous random variables here; we are treating them as if they were
unobserved. If some (or all) exogenous random variables are observed, then we have three options:
(i) include them, but ignore the additional background knowledge that they are independent (that
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This models a process that filters the data according to the value of Xg (like in
a rejection sampler).® One practical example of such a filtering process leading to
selection bias is the following.

Example 12.1.2. After the exam, the teacher hands out evaluation forms to the stu-
dents and asks them to evaluate the course. When analyzing this evaluation, the teacher
needs to be aware of possible selection bias. For example, if the students that were most
dissatisfied with the course already dropped out earlier on and never filled in the evalua-
tion form, the observed evaluations may not be representative of the opinions of all the
students that started the course. Here, the selection variable may be the binary indicator
‘student filled in the evaluation form’.

Our goal in the rest of this chapter will be to deduce as much as possible about the
graph G+ ;(M) from the Markov kernel Py (Xy | Xg € {g,do(X)). FCI is an example
of a constraint-based causal discovery algorithm, which means that it only utilizes the
conditional independence information of this Markov kernel.

Proposition 12.1.3. Given a Markov kernel K(Xy | X ;). Suppose there exists a simple
SCM M = (J,V*, W, X, P, f), with endogenous variables V* =V US, such that

K(Xv | X)) =Pu(Xy | Xg € &s,do(X))

for some measurable set £ C Xg. Then there exists a simple SCM M = (J, VW, X, P, f),
with endogenous variables V* =V U {3}, such that

PM(XV ‘ XS € fs,dO(XJ)) = PM<XV | Xg = 1,dO(XJ))
and Ancgar)(S) = Ancg ) (5)-

Proof. Define M = (J, VYW, X, P, f), with endogenous variables V* = VU SU{5},
and fV = fv, fs = fg, fg(fl)) = ]lgs(xg>. Now take M = M\S. ]

12.2. Inducing walks

The key notion in this chapter is that of o-inducing walks. We define o-inducing walk
as a generalization to CDMGs of the notion of inducing path | | in DAGs.

Definition 12.2.1. Let G be a CDMG with input nodes J, output nodes V* =V US
and leti,j € VU J be distinct nodes. A walk 7 in G between i and j is called o-inducing
given S if each collider on w is in Ancg({i,7}US), and each non-endpoint non-collider

is, treating them as if they were endogenous), (ii) make endogenous copies and include those; (iii)
include them and make use of the additional background knowledge that they are independent.
Here, we chose for the second option.

80Tt is helpful to think about such a filtering step as an intervention on the population level, but may
lead to confusion when interpreted as an intervention on the individual level.
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Figure 30: Examples of non-trivial o-inducing paths in CDMGs. (a) The path i —
j +*> k is a o-inducing path between ¢ and k. (b) The path i — j — k is a
o-inducing path between ¢ and k. (c¢) The path ¢ — j — k is a o-inducing
path between ¢ and k. The nodes ¢ and k& cannot be o-separated by any
subset not containing i, k (indeed, i /7 k and ¢ Y° k | j in all three graphs,
and additionally ¢ 7k | [ and i L7k | {j,{} in the graph in (c)). (d) The
path ¢ — k is o-inducing, while there is no o-inducing path between ¢ and
J, nor between j and k. (e) The path i — s <— k is o-inducing given {s}.
(f) The path i — s — [ <— k is o-inducing given {s}.

on m is unblockable. If it is a path, it is called a o-inducing path given S between i
and j.%1

If two nodes are adjacent in G, any edge connecting the two is a o-inducing walk (path)
given S between them, for any S. Figure 30 shows some simple nontrivial examples of
o-inducing paths.

Lemma 12.2.2. Let G be a CDMG with input nodes J, output nodes V* =V US and
leti,5 € VUJ be distinct nodes. If i € Scg(j) then there exists a o-inducing path given
S in G between i and j.

Proof. There exists a directed path in G from i to j that is entirely contained in Scg(7),
and therefore all its non-endpoint nodes are unblockable non-colliders. O

The notion of o-inducing walk has the following important properties.

Proposition 12.2.3. Let G be a CDMG with input nodes J, output nodes V: =V US
and let i € V (but i ¢ J) and j € VUJ be distinct nodes. Then the following are
equivalent:

(i) There is a o-inducing path given S in G between i and j;
(ii) There is a o-inducing walk given S in G between i and j;

(111) i L& 7| SUZ for all Z C (VUJI)\{4,j};

81Tn most of the literature, the graph is assumed to be acyclic, and then the notion is referred to simply
as “inducing”.
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() i LT 7| SUZ for Z = (Ancg({i,j} US)UJ)\ {7,5}.

Proof. The proof is similar to that of Theorem 4.2 in | |.

(i) = (ii) is trivial.

(i) = (iii): Assume the existence of a o-inducing walk given S between ¢ and j in
G. Let Z C (VUJ)\{4,j}. Consider all walks in G' between i and j with the property
that all colliders on it are in Ancg({i,7} U S U Z), and each non-endpoint non-collider
on it is not in SUZ or is unblockable. Such walks exist, since the o-inducing walk is one.
Let p be such a walk with a minimal number of colliders. We show that all colliders on
p must be in Ancg (S U Z). Suppose on the contrary the existence of a collider k on p
that is not ancestor of S U Z. It is either ancestor of ¢ or of j, by assumption. If j € J,
it cannot be ancestor of j, and hence must be ancestor of 7. Otherwise, we can assume
it to be ancestor of ¢ without loss of generality. Then there is a directed path 7 from k&
to ¢ in G that does not pass through any node of SU Z. Then the subwalk of u between
k and j can be concatenated with the directed path 7w into a walk between ¢ and j that
has the property, but has fewer colliders than u: a contradiction. Therefore, p is o-open
given S U Z. Hence, i and j are o-connected given S U Z.

(i) = (iv) is trivial.

(iv) = (i): Suppose that i and j are o-connected given Z = (Ancg ({4, j}US)UJ)\
{i,j}. Let m be a path between ¢ and {j}UJ that is o-open given Z. The end nodes of 7
must be ¢ and j, because J\{i,j} € Z. We show that 7 must be a o-inducing path given
S. First, all colliders on 7 are in Ancg(Z), but not in J, and hence in Ancg({i,j} US).
Second, let k be any non-endpoint non-collider on 7. Then there must be a directed
subpath of 7 starting at k that ends either at the first collider on 7 next to k or at
an end node of 7, and hence k£ must be in Z. Since 7 is g-open given Z, k must be
unblockable. Hence, all non-endpoint non-colliders on m must be unblockable. O]

In words: there is a o-inducing path between two nodes in a CDMG (provided they
are not both input nodes) if and only if the two nodes cannot be o-separated by any
subset of the other nodes.

Remark 12.2.4. Two input nodes cannot be o-separated by some subset of other nodes.
Indeed, the trivial path j is o-open as long as we don’t condition on j itself. On the other
hand, there may, or may not, be a o-inducing path given S between two input nodes.
For example, in the CDMG j; — i <— jo with j1,jo € J the path j, — i <— jo is the
only path between ji and js, and it is is o-inducing given {i} but not o-inducing given
(). This is why Proposition 12.2.3 does not consider the case i,j € J.

The orientations of the outermost edges on a o-inducing path contain important in-
formation about ancestral relations.

Lemma 12.2.5. Let G be a CDMG with input nodes J, output nodes V = VUS
and let 1,5 € VUJ be distinct. If there exists a o-inducing path given S between i
and 7 in G, and all o-inducing paths given S in G between v and j are out of j, then

j € Ancg({i} UYS).
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Proof. Let p be a o-inducing path given S between ¢ and j in G. It must be of the form
i+l <—j (with possibly I = 7). First we show that [ cannot be in Scg (7). If I € Sca()),
then let 7 be a directed path in G from [ to j that is entirely contained in Scg(j). Let
m be the node on p closest to i that is also on 7 (possibly m = [). The subpath of 7
between j and m can be concatenated with the subpath of i between m and 7 into a
walk between j and 7. This must be a o-inducing path given S between 7 and j that is
into j by construction: contradiction. Hence [ cannot be in Scg(j).

If 1 is a directed path all the way to ¢, then clearly, j € Ancg({i} US). Otherwise, it
must contain a collider. Let k£ be the collider on u closest to j. k must be ancestor of ¢
or j or S. In the first and third cases, clearly j € Ancg({i} US). In the second case, all
nodes on the subpath of p between j and k& must be in Scg(j), a contradiction. O

Lemma 12.2.6. Let G be a CDMG with input nodes J, output nodes V- =V US and
let 1,5 € V' UJ be distinct. If there exists a o-inducing path given S between i and j in
G into j, and i ¢ Ancg({j} US), then there exists a o-inducing path given S between i
and j in G that is both into © and into j.

Proof. Let pu be a o-inducing path given S between ¢ and j in G into j. This rules out
j € J. If pis into i, we are done. Therefore, suppose it is of the form ¢ — -+ - *—> j. It
cannot be a directed path, since ¢ ¢ Ancg ({7} U S). Therefore, there must be a collider
k on p such that p is of the form ¢ — ... — k <= ... > j (with the subpath between
i and k directed). Then k € Ancg({i}) (sic!), and hence all nodes on u between ¢ and k
must be in Scg (7). Let 7 be a directed path in G from k to i that is entirely contained
in Scg(i). Let [ be the node on p closest to j that is also on 7 (possibly | = k). Then
[ # j, because otherwise j € Scg(i), contradicting ¢ ¢ Ancg({j} U S). The non-trivial
subpath of 7 between ¢ and [ can be concatenated with the non-trivial subpath of p
between [ and j into a walk between ¢ and j. This must be a o-inducing path given S
between ¢ and j that is both into ¢ and into j. O

Lemma 12.2.7. Let G be a CDMG with input nodes J, output nodes V™ =V US and
let i,5 € V. UJ be distinct. If there is a o-inducing path in G given S between i and j
that is into j, and k € Scg(j), then there is a o-inducing path in G given S between 1
and k that is into k.

Proof. The o-inducing path given S in G between ¢ into j can be extended by a directed
path within Scs (k) to a o-inducing walk given S in G between ¢ and k that is into k. [

Lemma 12.2.8. Let G be a CDMG with input nodes J, output nodes V* =V US. If
there is a o-inducing path in G given S between j € J andv € V', then j € Ancg({v}US).

Proof. The o-inducing path in G must start out of j by definition. If it is a directed path
from j all the way to v, then clearly j € Ancg(v) C Ancg({v} U S). Otherwise, it will
contain a directed path from j to a collider. That collider must be in Ancg({j,v}US),
but since it cannot be in Ancg(j), it has to be in Ancg({v} U S). O
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12.3. Partial Ancestral Graphs

It is often convenient when performing causal reasoning to be able to represent a set
of CDMGs in a compact way. For this purpose, partial ancestral graphs (PAGs) have
been introduced | ) |. In order to deal with possible cycles (in simple SCMs),
selection bias and exogenous input nodes, we extend the definition to 0-PAGs.

0-PAGs have two node types, input nodes and output nodes (just like CDMGs). They
also have multiple edge types. In addition to the three edge types for CDMGs (—, <—,
<), there is an undirected edge (—) and there are five edge types involving a circle
edge mark: <o, oo o> —o o— Fach edge i ¥ j has two edge marks, one at each
node, with each edge mark either a tail, arrowhead or circle. For example, the directed
edge ¢ — j has a tail at ¢ and an arrowhead at j, while the bi-circle edge i =— 5 has
two circle edge marks. All 9 possible combinations of edge marks can occur on an edge
in a 0-PAG. We will make use of the “x” symbol to denote any of the three edge marks.
So the notation ¢ *— j can stand for all 9 possible edge types between 7 and j, whereas
1 <+ j is shorthand for three possible edge types, as are ¢« —+ j and ¢ o— j. Fdges of the
form ¢ <= 7 and j *— 7 are called into i. Edges of the form ¢ —* j and j *— ¢ are called
out of 1.

In order to define 0-PAGs, we extend the definitions of (directed) walks, (directed)
paths and colliders to cover these new edge types.

Definition 12.3.1. Let H = (J,V, E) be a mized graph with input nodes J, output nodes
V and edges E of the types {—,+—, <o, <> 00 o> —o o— —1 82 [etp we VU.J.

1. If there is an edge v *—* w between v and w (of any type), we callv and w adjacent
i H.

2. Define Adjy(v) to be the nodes adjacent to v in H.

3. A triple of distinct nodes (a,b,c) in H form a triangle if each pair of nodes in
the triple is adjacent in H.

4. A triple of distinct nodes (a,b,c) in H is called unshielded if b is adjacent to both
a and c in H, but a is not adjacent to ¢ in H.

5. A walk between v and w in H is a finite alternating sequence of nodes and edges
U = 9,00, V1, .- Un-1,0n-1,Up = W

m H for some n > 0, u.e. such that for every k = 0,...,n — 1 we have that
Vi, Upr1 € VUJ and ap = v *=* v € E, and with end nodes vy = v and v, = w.

6. A walk is called a path if no node occurs more than once on the walk.

7. A path vy ** ... %= v, in H is called uncovered if every subsequent triple
(Vg—1, Uk, Ugr1) for 1 < k < n is unshielded.

82Formally, we no longer introduce separate sets to represent the edges of each type, but merge them
into the single set E.
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We also introduce a new type of path that is specific for mixed graphs that allow circle
edge marks.

Definition 12.3.2. Let H = (J,V, E) be a mized graph with input nodes J, output nodes
V' and edges E of the types {—»,+—, <0, <> o0 o> —0 o— —}

1. A path of the form vy o— ... o= v, (with each edge of the form v; o— vi1) is
called a circle path.

By interpreting a circle edge mark as an edge mark that could become a tail or an
arrowhead, we obtain also the following definitions.

Definition 12.3.3. Let H = (J,V, E) be a mized graph with input nodes J, output nodes
V and edges E of the types {—>,+—, <o, <> o0 o> —0 o— —1

1. A triple of consecutive nodes vj,_1 *— vy, *=¢ vi1 on a walk in H is called definite
collider if it is of the form vp_q *> vy < Ug1q.

2. A triple of consecutive nodes vi_1 *—* v ** vgy1 on a walk in H 1is called a
definite non-collider if it is of the form vi_1 *= vy —* Vg1 OT Up_1 *— vp *—*
Vky1. Furthermore, we also refer to the end nodes vy and v, of a walk between vy
and v, in H as definite non-colliders.

3. A path between v and w in H is called a definite collider path if every non-
endpoint node on the path is a definite collider on the path.

4. A walk between v,w € VU J (with v # w) in H is called definitely inducing if
every non-endpoint node is a definite collider in Ancy({v,w}).

5. A path vy ¥ ... % v, in H is called a possibly directed path from vy to v, if
for eachi=1,... n, the edge v;_1 ** v; is not into v;_1 and is not out of v; (i.e.,
each edge must be of the form v;_y o= v;, v;_1 o> V;, Vi_1 —OV; OT Vi_1 —> V;).

We can now define:®3

Definition 12.3.4. A mized graph H = (J,V, E) with input nodes J, output nodes
V' and edges E of the types {—,+—, <o, <> o—0 o> —o o— —1 is called a partial
o-ancestral graph (0-PAG) if all of the following conditions hold:

1. Between any two distinct nodes there is at most one edge, and there are no edges
between a node and itself;

2. No input node is adjacent to any other input node;

83We have incorporated two extensions of the usual definition of PAG | |: we allow for input
nodes, and we have weakened the condition of being ancestral to o-ancestral. A mixed graph is
called ancestral if it has no directed cycles, no almost directed cycles, and no triples of the form
ik — k.
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3. The graph contains no directed cycles, no almost directed cycles, and no unshielded
triple of the form i *> j — k (“o-ancestral”);

4. There 1s no definitely inducing path between any two distinct non-adjacent nodes
(“maximal”);

0-PAGs are used to represent a set of CDMGs as follows.

Definition 12.3.5. Let H = (J,V, E) be a mized graph with input nodes J, output nodes
V and edges E of the types {—»,<+—, <o, > 00 o> —o o— —1 [et G be a CDMG
with input nodes J and output nodes V*t =V US. We say that H represents G given
S if all of the following hold:

1. Between any two distinct nodes in H there is at most one edge, and there are no
edges between a node and itself;

2. Two distinct nodes i,7 € VU J are adjacent in H if and only if {i,j} € J and
there is a o-inducing path between i and j given S in G;

3. Ifi <=7 in H theni ¢ Ancg({j}US5);
4. If i —* j in H then i € Ancg({j} US);

Hence, adjacencies represent o-inducing paths, arrowheads represent non-ancestorship
(of the adjacent node or S), and tails represent ancestorship (of the adjacent node or
S). Some examples are given in Figure 31. Note in particular that a directed edge in
a 0-PAG does not necessarily imply a direct causal relationship (for example, the edge
i — k in Figure 31(a)). Figure 32 provides an example of a mixed graph that satisfies
all conditions of a 0-PAG except the maximality.

The following elementary properties shows that certain important properties of the
CDMG are encoded in a mixed graph that represents it.

Lemma 12.3.6. Let H = (J,V, E) be a mized graph with input nodes J, output nodes
V' and edges E of the types {—*,+—, <o, > 00 o> —o o— —1 [Let G be a CDMG
with input nodes J and output nodes V¥ = V' US. Suppose that H represents G given
S. Then for any two nodes i,j in H:

(i) i € Ancy(j) implies i € Ancg({j} U S).

(ii) If i > j in H, then there exists a o-inducing path given S in G between i and j
that s into j.

(i5i) If i <> j in H, then there exists a o-inducing path given S in G between i and j
that is both into v and into j.

Proof. (i) Suppose H contains a directed path i = vy — ... — v, = j. Note that for
all k=0,...,n— 1, vp & Ancg(S) implies v € Ancg(vy1). By induction, then,
vo ¢ Ancg(S) implies vy € Ancg(vy,).
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Figure 31: Various example 0-PAGs, representing respectively the CDMGs: (a) in Fig-
ure 30(a); (b) in Figures 30(a—b); (c¢) in Figures 30(a—b); (d) in Figure 30(d);
(e) in Figure 30(e); (f) in Figure 30(f); (g) of all Y-structures in Figure 29;
(h) of all LCD structures in Figure 27; (i) of all LCD structures in Figure 27.

Qv@
OO0

Figure 32: This mixed graph is not a valid 0-PAG, because it is not maximal: it has a
definitely inducing path ¢ <> j <> k <> [ while ¢+ and [ are non-adjacent.
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(ii) There exists a o-inducing path given S between i and j in G because ¢ and j
are adjacent in H and H represents G given S. If all o-inducing paths given S
between i and j in G were out of j, then by Lemma 12.2.5, j € Ancg({i} U 5),
contradicting the orientation ¢ *> j in H. Therefore, there must be a o-inducing
path given S between i and j in G that is into j. This shows (ii).

(iii) This follows from case (ii) in combination with Lemma 12.2.6.
[

We will frequently use that every mixed graph (of a certain type) that represents a
CDMG must be a valid 0-PAG.

Proposition 12.3.7. Let H = (J,V, E) be a mized graph with input nodes J, output
nodes V' and edges E of the types {—»,+—, <o, «> 00 o> —o o— —1  Let G be a
CDMG with input nodes J and output nodes V* = V' US. If H represents G given S,
then H is a 0-PAG.

Proof. By assumption: there is at most one edge between two distinct nodes; there are
no edges between a node and itself; no input node is adjacent to any other input node.

We show that H is o-ancestral. First, suppose that H contained a directed path
i=wvy—> ... > v, = j. By Lemma 12.3.6, then i € Ancq({j} US). If H contained
an edge j * 4, this would imply i ¢ Ancg({j} US), a contradiction. Hence such edges
cannot occur. This means that no directed cycles and no almost directed cycles occur
in H. It remains to show that no unshielded triple of the form ¢ *> 57 — k can occur in
H. We prove this by contradiction. Since j € Ancg({k}US) but j ¢ Ancg({i} US), we
must have j € Ancg(k). Also, k € Ancg({j}US). Since j € Ancg(k) and 7 ¢ Ancg(95),
we must have k € Ancg(j). But then j € Scq(k), which gives a contradiction with
Lemma 12.2.7.

We continue to show that H is maximal. Suppose there is a definitely inducing path
1 in H between two distinct nodes u,v € V U J. We first show that this implies that
{u,v} € J. If u,v € J, then a definitely inducing path between them cannot consist of
a single edge, because all node pairs in J are non-adjacent in H by assumption. Hence
it must be of the form u *> w; ... w, <> v (with n > 1) with wy,w, € V. But since
all nodes wy, ..., w, are definite colliders, none of them is in Ancg(S). Since all nodes
wi,...,w, are in Ancy({u,v}), by Lemma 12.3.6, they must all be in Ancg({u,v}).
Since G is a CDMG, they must all be in {u,v} C J, a contradiction. Hence, there
cannot be a definitely inducing path in H between two nodes in J.

Every edge ¢ *— j on u corresponds with a o-inducing path 7;; given S in G between
1 and j. By Lemma 12.3.6, these o-inducing paths can be chosen to be into ¢ if the
edge is © <= 7, into j if the edge is ¢ *> j, and both into ¢ and j if the edge is i <> j.
Concatenate all 7;; (following the edge ordering of x) into a walk 7 in G between u
and v. Every non-endpoint node on p is a definite collider on pu, by assumption. By
construction, these nodes then become colliders on 7. Since definite colliders on p are
in Ancy({u,v}) by assumption, they are in Ancg({u,v} US) by Lemma 12.3.6. All
colliders on some m;; are in Ancg({i,j} U S). Hence, they are in Ancg({u,v} U S).
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So, all colliders on 7 are in Ancg({u,v} US). All non-endpoint non-colliders on some
m;; are unblockable, and therefore all non-endpoint non-colliders on 7 are unblockable.
Therefore, 7 is a o-inducing walk given S in GG. So there must also be a ¢-inducing path
given S in G between u and v. Because H represents G given S, we conclude that u, v
must be adjacent in H. O

The following result shows that every CDMG can be represented by a 0-PAG given
some set of selection nodes.

Proposition 12.3.8. Let G be a CDMG with input nodes J and output nodes V't =
V' US. There exists a 0-PAG, denoted PAG? (G| S), that represents G given S.

Proof. We will construct a mixed graph H with input nodes J and output nodes V' as
follows. Let two nodes i,j5 € J UV be adjacent in H if and only if ¢ # j, {i,j} € J
and there is a o-inducing path given S between ¢, j in G. In that case, orient the edge
between ¢ and j in H as follows:

i—j ifieAncg({j}US) and j € Ancg({i} US),
i—j ifieAncg({j}US) and j ¢ Ance({i}US),
i<—j ifi¢ Ancc({j}US) and j € Ancg({i} US),
i+>j ifi g Ancg({j}US) and j &€ Ancg({i} US).

It is obvious by construction that H represents GG given S. It is a valid 0-PAG by
Proposition 12.3.7. O

The 0-PAG constructed in this way contains no circle edge marks by construction,
and is therefore maximally informative about ancestral relations (that is, as informative
as a 0-PAG can be).

Proposition 12.3.9. Let G be a CDMG with input nodes J and output nodes V*t =
VUS and H a 0-PAG that represents G given S. If i > j *— k in H (with i,7j,k
distinct nodes) and j € Scg(k), theni *—k in H and k ¢ Ancg({i}US). If, additionally,
the edge in H between i and j is i <> j, then also i ¢ Ancg({k} US).

Proof. Since Scg(k) 2 {j, k}, k cannot be in J.

By Lemma 12.3.6, ¢ #> j in H implies the existence of a o-inducing walk between 1
and j given S in G that is into j. This can be extended by concatenation with a directed
path from j to k into a o-inducing walk between ¢ and k given S in G that is into k.
Hence, there must be an edge ¢ ¥ k in H.

If k € Ancg({i} US), then also j € Ancg({i} US) because j € Ancg(k), a contradic-
tion.

If i <> jin H, then i ¢ Ancg({j}UYS). If i € Ancg({k} UYS), then i € Ancg(k)
because i ¢ Ance(.S); hence also i € Ancg(k) = Ance(j), a contradiction. O

Note that this implies that if ¢ +> j — k in H, then ¢ and k must be adjacent.

Proposition 12.3.11 states an important result that allows one to deduce the existence
of a o-open path in a CDMG from the existence of certain paths in a ¢-PAG that
represents the CDMG. In order to state it, we introduce the following notion:
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Definition 12.3.10. Let G be a CDMG with input nodes J and output nodes V' =
VUS and H a 0-PAG that represents G given S. A walk (path) vg *—* ... ** v, in H
is called definitely m-open given Z CV U J if

1. every definite collider on the walk is in Ancy(Z), and
2. every definite non-collider on the walk is not in Z, and

3. every node on the walk that is neither a definite collider nor a definite non-collider
is in Ancy(Z)/Z, and

4. the walk does not contain any subwalk that could be oriented into the form v;_q *—
v; — Vg1 or into the form v;_y — v; <k v;11 such that the resulting o-PAG still
represents G given S.

In certain cases, the existence of a definitely m-open path in a 0-PAG representing a
CDMG implies the existence of a corresponding o-open path in the CDMG.

Proposition 12.3.11. Let G be a CDMG with input nodes J and output nodes V*t =
VUS and H a 0-PAG that represents G given S. Let, for n > 2,

T=q*¥*q@*q2*> ... (n-1 “*(n

be a definitely Z-m-open path in H, for Z C (JUV)\ {qo,qn}, such that qo, ..., G, 1
are definite colliders, and q, is either a definite non-collider or a definite collider. Then
there exists a (Z U S)-0-open path in G between qo and q,.

Proof. The nodes qg,q1,...,q, in J UV must all be distinct. For i =1,...,n, let u; be
a o-inducing path in G between ¢;_; and ¢; that is into ¢;_; if the edge ¢;_1 <= ¢; on 7,
and into ¢; if the edge ¢;_1 *> ¢; on 7 (see Lemma 12.3.6). These can be concatenated
into a walk u = (u1, ..., u,) in G between ¢ and g,:

H1 Hn

A A\

Y Y
Qo *x - RR QR LR (g K e K (g K LR ke R g
N g

~
12 Hn—1

Let Z C (JUV)\ {qo,qn}- Since 7 is assumed to be definitely Z-m-open, ¢, ..., Gn-1
are all in Ancy(Z). We must have that ¢; € Ancg({qo,q2} U Z U S), as can be seen by
considering the two mutually exclusive cases:

e ¢ is a definite collider on 7. Then ¢; € Ancy(Z). By Lemma 12.3.6, ¢; €
AHCG(Z U S)

e ¢ is a definite non-collider on 7. Then ¢, ¢ Z, but ¢; € Ancg({qo, @2} US) because
either gy *— ¢ or ¢4 —* @2 must be on 7.

In any case, ¢1 € Ancg({qo, 2} U ZUS).
Consider all walks in G between ¢ and ¢, with the property that
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1. all colliders on it are in Ancg({qo,¢.} U Z U S), and
2. each non-endpoint non-collider on it is not in {qo, ¢, } U Z U S or is unblockable.

Such walks exist, since the concatenation p = (p1, ..., i,) is one, as we will now show.

To show that the first property holds for u, note that ¢s, ..., ¢,_1 are in Ancy(Z) and
hence, by Lemma 12.3.6, o, ..., ¢n—1 € Ancg(ZUS), a subset of Ancg({qo, ¢, }UZUS).
We already saw that ¢; € Ancg({qo, g} U Z U S), which holds in particular if ¢; is a
collider on u. Every internal collider on some p; is in Ancg({¢;—1,¢;} U S), and hence
also these ‘internal’ colliders on p are in Ancg({qo, .} U Z U S).

For the second property, note that all non-endpoint non-colliders on some pu; are
unblockable by assumption. g¢s,...,q,_1 cannot be non-colliders on u. If ¢; is a non-
collider on g, then it must be a definite non-collider on 7 and hence ¢; ¢ Z (and by
assumption, ¢; ¢ S). Hence, the second property also holds for p.

Let v be a walk satisfying both properties above with a minimal number of colliders.
We show that all colliders on v must be in Ancg(Z U S).

Suppose on the contrary the existence of a collider k£ on v that is not in Ancg(Z U S).
It must then be in Ancg({qo, ¢n}), by assumption. Then there exists a directed path in
G from k to gy that does not pass through ¢,, or there exists a directed path from k to
¢» that does not pass through ¢o. Without loss of generality, assume the former: there
is a directed path in G from k to gy in G that does not pass through ZUSU{g,}. Let 7
be a shortest path of that type. The directed path 7 from k to gy can be concatenated
with the subwalk of v between k and ¢, (which is into k) into a walk between ¢q and g,,.
This walk has the property, but has fewer colliders than v: a contradiction.

Therefore, v is a (Z U S)-0-open walk in G between ¢y and ¢,. This means that there
must also exist a (Z U S)-o-open path in G between ¢ and g,. ]

12.4. Unshielded triples

One of the key steps in the FCI algorithm is the orientation of “unshielded triples”. The
following proposition will later be used to “orient” the edges in unshielded triples in a
0-PAG representing a CDMG.

Proposition 12.4.1. Let G be a CDMG with input nodes J and output nodes V** =
VUS and H a o-PAG that represents G given S. If (i,j,k) form an unshielded triple
in H withi €V (and j,k € V U J), then either

(i) j & Z for each Z C (VUJ)\{i, k} such thati L7 k| ZUS, and j ¢ Ance({i, k}US),

or
(ii) j € Z for each Z C (VUJ)\{i, k} such thati L7 k| ZUS, and j € Ancg({i, k}US).

Proof. Case (i): j ¢ Ancg({i,k} US). By orienting the edge marks at j on the path
i *> j *= k in H into i »> j < k (if not already oriented that way), we obtain a
0-PAG H that represents G. Let Z C (V UJ)\ {i,k} such that i L% k| ZUS. If j € Z,
the path i *> j <= k would be definitely Z-m-open in H. By Proposition 12.3.11, this
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Figure 33: Discriminating path (i, 7, q1, ..., qn, k) for j between ¢ and k. Only j and k
could be an input node, all other nodes must be output nodes.

implies the existence of a (Z U S)-cg-open walk in G between i and k, a contradiction.
Hence j ¢ Z.

Case (ii): j € Ancg({i,k} U S). By orienting the edge marks at j on the path
i *= j *>* kin H into i *— j *>* k (if j € Ance({i} U S)) or i *> j —* k (if
Jj € Ancg({k}US))ori*—j—k (if j € Ancg({i} US) N Ancg({k} US)), we obtain
a 0-PAG H that represents G. Let Z C (V U J)\ {4, k} such that i L% k|Z U S. Note
that with Proposition 12.3.9, we can exclude the possibility that the path ¢ *— j *— k
can be oriented into ¢ — j <= k or ¢ > j — k such that the resulting 0-PAG still
represents GG given S, because i and k are not adjacent by assumption. Hence, if j ¢ Z,
the path ¢ *— j *—= k must be definitely Z-m-open in H. By Proposition 12.3.11, this
implies the existence of a (Z U S)-o-open walk in G between i and k, a contradiction.
Hence 5 € Z. O

Note that in the first case, we can orient the edges as i *> j <= k (if they were not
already oriented in this way) to obtain a 0-PAG H that also represents G. In the second
case, we cannot orient the edges, since we don’t know whether j € Ancg({i} U S) or

J € Ancg({k} U S) or both.

12.5. Discriminating paths

Another step in the FCI algorithm is related to the notion of “discriminating paths”.
This can be considered as an extension of the notion of unshielded triple.

Definition 12.5.1. A path m = (i,5,q1, ..., qn, k) (with n > 1) in a mized graph H is a
discriminating path for j if:

(i) i is not adjacent to k in H, and
(ii) forr=1,...,n: q, is a definite collider on w and a parent of 1 in H.

Figure 33 illustrates this notion.
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Remark 12.5.2. [t is instructive to think about a discriminating path rather as a certain
collection of paths:

Z‘an_lﬂqnﬂk;

iHQn—2an—1HQnHk‘

ikqlﬂl‘.ﬂqn_lﬂqnﬂk

iHqulﬂ.”an_IanHk
with the additional requirement that v and k are not adjacent.

The following quintessential property of discriminating paths is analogous to that of
unshielded triples.

Proposition 12.5.3. Let G be a CDMG with input nodes J and output nodes V't =
V' US and H a 0-PAG that represents G given S. If (i, j,q1, - - ., Gn, k) s a discriminating
path in H for j between i and k, then either

(i) j ¢ Z foreach Z C (VUJ)\{i, k} such thati L7 k|ZUS, and j ¢ Ancg({q,i}US),
or

(i) j € Z for each Z C (VUJ)\{i,k} such thati L7 k|ZUS, and j € Ancg({i}US).
In both cases, i ¢ Ancg({j}US).

Proof. Since ¢ is a parent of i in H, q; € Ancg({i}US). Because ¢; is a definite collider
in H, ¢1 ¢ Ancg(S). Hence 1 € Ancg(i) \ {i}, which means that ¢ € V. Also, this
implies that ¢ ¢ Ancg(j); otherwise, ¢ € Ancg(j) which contradicts j *> ¢; in H.
Hence i ¢ Ancg({j} US). By orienting the edge i *+— j in H as i < j, we obtain a
0-PAG H that represents G.

We first show that if Z C (VUJ)\{4, k} such thati L k| ZUS, then {q1,...,q.} € Z.
This can be seen from the various subpaths in Remark 12.5.2. From the first path: if ¢,, ¢
Z then this path would be definitely m-open in H, and hence (by Proposition 12.3.11)
there must be a (Z U S)-cg-open walk in G between ¢ and k, which would contradict
i1 k| ZUS. Once we have shown that {¢,,¢n—1,...,¢n—rs1} € Z for 1 < r < n, we
see from the r 4+ 1’th path that ¢, _, € Z to avoid definitely m-opening up this path in
H, and thereby avoiding the existence of a (Z U S)-0-open path in G between i and k.

Case (i): j ¢ Ancg({q1,i} U S). By orienting the edge marks at j on the path
i <= j o+ ¢ in H into i == j <= ¢ (if not already oriented that way), we obtain
a 0-PAG H that represents G. Let Z C (V U J)\ {i,k} such that i L% k| ZUS. If
j € Z, the discriminating path in H is definitely Z-m-open. By Proposition 12.3.11,
this implies the existence of a (ZUS)-0-open walk in G between ¢ and k. Contradiction.
Hence j ¢ Z.
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Case (ii): j € Ancg({q1,i} US). Since ¢; € Ancg(i), this implies j € Ancg({i} U S5).
By orienting the the edge i < j in H as i <— j, we obtain a 0-PAG H that represents
G. Let Z C (VUJ)\{i,k} such that i LZ k| ZUS. If j ¢ Z, the discriminating path
in H is definitely Z-m-open. By Proposition 12.3.11, this implies the existence of a
(Z U S)-0-open walk in G between i and k. Contradiction. Hence j € Z. O

Note that in the first case, we can orient i <> j <> ¢; (as far as the edge marks were
not already oriented in this way) to obtain a 0-PAG H that also represents G. In the
second case, we can orient i <— j (as far as the edge marks were not already oriented in
this way) to obtain a 0-PAG H that also represents G.

12.6. Independence models and Markov equivalence

We start with an abstract definition of an “independence model”, where we extend the
common definition to allow for input nodes.

Definition 12.6.1. Given two disjoint sets J,V (the ‘inputs’ and ‘outputs’, respectively),
we call a subset of

{(A,B,C): A,B,CCJUV,AnJ=0,J C BUC}

an independence model over V |J. For an element (A, B,C) of an independence
model, we also say that C' separates A from B.

Independence models can be used to encode all (conditional) independences in a
Markov kernel.

Definition 12.6.2. For a Markov kernel K(Xy|X ;) : X; --+ Xy, we define its inde-
pendence model to be

IM(K (Xv[ X)) == {(4, B,C) : A, B,C CJUV, AN =0, C BUC: Xy L Xp | Xo},

XvIX,
i.e., the set of all conditional independences (of restricted form) that K(Xy|X ;) satisfies.
Independence models can also encode all separations in a graph.

Definition 12.6.3. For a CDMG G with input nodes J and output nodes V', define its
o-independence model to be

M, (G) ;:{(A,B,(J);A,B,ogJuv,AmJ:@,JgBuc:AgBm},

i.e., the set of all o-separations (of restricted form) entailed by the graph. Define its
d-independence model to be

d
IMa(G) = {(A,B,C) : A,B,C C JUV,ANJ =0,J CBUC: ALB|C},

i.e., the set of all d-separations (of restricted form) entailed by the graph.
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Both IM,(G) and IM,(G) are independence models over V' |J (with J the input
nodes of G and V' the output nodes of G). For CADMGs, o-separation is equivalent to
d-separation, and hence, if G is acyclic, then IMy(G) = IM,(G).

When conditioning on a set of selection variables, we can also define conditional in-
dependence models from graphs as follows.

Definition 12.6.4. For a CDMG G with input nodes J and output nodes Vv =V US,
define its oc-independence model given S to be

IM, (G| S) = {(A,B,(J):A,B,CgJUV,AﬂJ:(D,JgBU(J:AgB|CUS},

i.e., the set of all o-separations (of restricted form) involving nodes not in S, when also
conditioning on S. Define its d-independence model given S to be

d
IMi(G]8) = {(A,B,C): A, B,C CJUV.ANJ =0,J CBUC: ALB|CUS},

i.e., the set of all d-separations (of restricted form) involving nodes not in S, when also
conditioning on S.

Hence, also IM, (G | S) and IM4(G | S) are independence models over V' | J (with J the
input nodes of G and V' the output nodes of G except for those in §). For CADMGs,
o-separation is equivalent to d-separation, and hence, if G is acyclic, then IM4(G | S) =
IM, (G| S).

For notational convenience, we define symmetrized versions of independence models.

Definition 12.6.5. Given two disjoint sets J,V (the ‘inputs’ and ‘outputs’, respectively),
and an independence model I over V' |J, we define the symmetrized independence
model as

I :=TU{(B,AC): (A B,C) eI}

The input to the extended FCI algorithm will consist of an independence model over
V'] J, and its output will consist of a mixed graph with input nodes J and output nodes
V. One of the nice properties of the extended FCI algorithm is that if the input of FCI
is the independence model of a CDMG given S, then the output of FCI will be a 0-PAG
that represents the “Markov equivalence class” of the CDMG (at least if S = () or J = 0)).

Definition 12.6.6. Let G, G5 be two CDMGs with input nodes J and output nodes
Vf’ =Vus, V;“ = V' USs,, respectively. We call G and Gy o-Markov equivalent
w.r.t. V| J if IM,(G1|S1) = IM,(G2 | S2), and d-Markov equivalent w.r.t. V| J if
IM4(G11S1) = IMy(Ge | Sa).

When exploiting conditional independences for causal discovery, one typically has to
make some kind of faithfulness assumption. The faithfulness assumption that we will
make for the extended FCI algorithm will be that the (restricted) conditional indepen-
dences in the conditioned Markov kernel are identical to the (restricted) o-separations
in the graph, given S:

IM(Py(Xy | Xs € €,do(X))) = IM, (Gy+)5(M) | S).
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12.7. Skeleton search

The FCI algorithm consists of two phases, the skeleton search phase, which is followed
by the orientation phase. In this subsection, we describe the skeleton search phase.

Definition 12.7.1. Given a 0-PAG H = (J,V, E), its skeleton is the mized graph
skel(H) := (J,V, F) with the same nodes, and with a bicircle edge i = j in F' if and
only if i % j in E (i.e., ifi and j are adjacent in H).

Hence, the only edge type occurring in the skeleton is the bicircle edge. The skeleton
has no edge between any pair of input nodes. We will later frequently refer to the
unordered pairs of nodes that may be adjacent:

Definition 12.7.2. For input nodes J and output nodes V', define
separable(V|J) :={{i,j} :i € V,j € JUV, i # j}.

The aim of the skeleton search phase of the FCI algorithm is to construct the skeleton
of the 0-PAG that represents a CDMG given S from the o-independence model given
S of the CDMG. It does this by testing for each separable edge in the skeleton whether
it can find any subset of nodes that separates the two nodes. If it finds a separating set
between an (unordered) pair of distinct nodes {i, j}, the set is stored as sepset({i,j}).
The orientation phase later makes use of these separating sets found in the skeleton
phase.

A brute-force search over all possible subsets of (JUV)\{i, j}, as in Algorithm 1, would
be a straightforward solution. However, it is also computationally extremely expensive
for all but the smallest cardinalities of V' and J, and statistically not very reliable in case
the separations have to be tested with conditional independence tests on finite data.

Algorithm 1 Brute-force skeleton algorithm.

1: input Input node set J; output node set V'; independence model I over V' | J
2: output mixed graph H with input nodes J and output nodes V'; separating sets

sepset
3 H + (J, V, @)
4: for each (i, j) € separable(V|J) do
5: add edge i oo j to H
6: for each Z C (VU J)\ {i,j} do
7 if (i,j,7) € I'" then > found a separating set
8: delete edge 7 o— j from H
9: sepset({i,j}) «+ Z
10: break
11: end if
12: end for
13: end for

To get some inspiration on how to address this, we will first describe the skeleton
search phase of the PC algorithm, an ancestor of the FCI algorithm designed for DAGs
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[ |. The PC skeleton phase (Algorithm 2) searches for separating sets of increasing
cardinality. As candidates for a separating set between nodes i, 7 € H, it considers all
subsets of Adj (i) and all subsets of Adj;(j). The rationale is that if G is a DAG, then
either Pag(i) C Adjy (i) or Pag(j) C Adjy(j) d-separates i from j.

Algorithm 2 Original PC skeleton algorithm.
input Output node set V; independence model I over V' | ()
output mixed graph H with output nodes V'; separating sets sepset
initialize H as a complete graph with only bicircle (o—°) edges
n <0
repeat
repeat
select i,j € V with i o j in H and #(Adj, (i) \ {j}) > n
select a subset Z C Adjy (i) \ {j} of cardinality n
if (i,7,Z) € I'" then
delete edge ¢ o— j from H
sepset({i,j}) « Z
end if
until no more such tuples (7, j, Z) can be selected
14: n<n+1
15: until for all i,j € V with i o— j in H, #(Adj4 (i) \ {j}) <n

I
A el

We can easily extend this to deal with input nodes as well, see Algorithm 3. We may
restrict ourselves to search for separating sets that contain all nodes in J (except j itself,
if j € J). We therefore only need to consider subsets of neighbours of i that are not in
J, in increasing cardinality.

The underlying idea may no longer hold if G is a CADMG or a CDMG, or in case of
selection bias. The original proposal (which motivated the somewhat optimistic adjective
“Fast” in the name of the FCI algorithm | |) replaces the subsets of adjacent nodes
by so-called “Possible-D-Sep” sets.?* Before we can define these, we need some definitions
and theory.

Definition 12.7.3. Let G be a CDMG with input nodes J and output nodes Vv =V U S.
For distinct nodes 1,7 € V' UJ, define SEPq(i,7) as the set of nodes k € V' such that
k # i and there is a walk m in G between i and k such that every node on 7 is in
Ancg({i,7} US), and every non-endpoint non-collider on m is unblockable.

The name SEP( (i, j) is motivated by the following property.

Proposition 12.7.4. Let G be a CDMG with input nodes J and output nodes V** =
VUS. Leti €V and j € JUYV be distinct nodes. If there exists no o-inducing walk
given S between i, j in G, then SEP¢ (i, j)N{i,j} = 0 and i L j| SEPq (4, j)U(J\{j})US.

84 An alternative search strategy was proposed that can be considerably faster in practice, for which
it can be shown that the corresponding FCI+ algorithm is of polynomial-time complexity in the
number of nodes, as long as the degree of the DPAG is bounded [ |
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Algorithm 3 Extended PC skeleton algorithm PCskeleton(J, V. I).

1: input Input node set J; output node set V'; independence model I over V' | J
2: output mixed graph H with input nodes J and output nodes V'; separating sets
sepset
H « (J,V,0)
for each (i, j) € separable(V|J) do
add edge i oo j to H
end for
n+0
repeat
repeat
10: select i € V,j € VU J with i o— j in H and #(Adj, (i) \ (JU{j})) >n
11: select a subset Z C Adjy (i) \ (JU{j}) of cardinality n
12: if (4,7, ZU(J\{j})) € I then
13: delete edge ¢ o— j from H
14: sepset({i,j}) <« ZU(J\{j})
15: end if
16: until no more such tuples (7, j, Z) can be selected
17: n<n-+1
18: until for alli € V,j € VU J with io—o jin H, #(Adj; (1) \ (JU{j})) <n

© XN gasw

Proof. By definition, SEP;(,7) C Ancg({i,7} US) and i ¢ SEP(i, 7). If j € SEP(4, J),
the walk 7 in Definition 12.7.3 between ¢ and j must be o-inducing given S. Since there
exists no o-inducing walk given S between ¢, j in G by assumption, j ¢ SEP4(i, 7).

We prove the o-separation by contradiction. Write Z := SEP¢(7,7) U (J \ {j}) U S.
Suppose there exists a path in G between ¢ and {j} U J that is o-open given Z. It
cannot end in a node in J \ {j}, and hence it must end in j. Let m = vy *—* ... *>* v,
with vg = ¢ and v,, € j be such a path consisting of a minimal number of nodes. Every
node on 7 must be in Ancg({7,j} U S) U J, since by Lemma 10.5.2, each node on 7 is
in Ancg(({i,7}\ J)U Z), and Z C Ancg({i,j} US)UJ. 7 can only contain nodes in J
as endnodes (otherwise we could shorten the path). In other words, the only node on 7
that could be in J is j.

Denote the subwalk of 7 from v, to (and including) v, by 7(v,, v), for 0 < a < b < n.
We will show that for all k = 1,...,n, m(vy, vx) has the property that every non-endpoint
non-collider on it is unblockable. The property trivially holds for £ = 1. Suppose it
holds for & < m. Since vy, ...,v; are all in Ancg({i,j} U S), and all non-endpoint
non-colliders on 7(vg, vx) are unblockable, we conclude that vy € SEPg(7,j). If vy is a
non-collider on 7 (v, vgy1), it must be unblockable, because 7(vg, vg+1) is Z-o-open and
v € SEP¢(4,7) € Z. So the property also holds for k + 1.

In particular, we can conclude that j = v, € SEP(i,7), a contradiction. O

In practice, one does not know the set SEP; (i, j) if G is unknown. One can, however,
easily obtain a ‘bound’ on this set by identifying a superset.
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Definition 12.7.5. Let Hy = (J,V, E) be a mized graph with input nodes J, output
nodes V' and edges E of the types {—»,+—, <0, <> oo 0> —o0 o— —L ForicV je
J UV distinct, we define posSEP; (i,7) C V to consist of those nodes k € V' such that
k & {i,j} and there is a path between i and k in Hy such that for every subsequent triple
a * b+ ¢ on the path, either the triple is a definite collider in Hy, or a triangle in
Ho.

We can now show that:

Lemma 12.7.6. Let G be a CDMG with input nodes J and output nodes Vv =V US.
Let Hy be the mized graph constructed by lines 3-8 of Algorithm 4 when run on the
independence model IM,(G | S). Then, fori €V and j € JUV distinct nodes, if there
is no o-inducing path given S in G between i and j, then SEPq(i,j) C posSEPy (4,7).

Proof. Note that the skeleton of Hy is a supergraph of the skeleton of PAG? (G | S), i.e.,
every adjacency in PAG?(G | S) must also be an adjacency in Hy. Let k € SEP¢ (4, j).
Since there is no o-inducing path given S in G between i and j, {i,j} N SEP5(i,5) = 0
by Proposition 12.7.4, and hence k # i and k # j. By definition, there is a path 7 in
G between i and k with the property that every node on 7 is in Ancg({i,7}US) NV,
and every non-endpoint non-collider on 7 is unblockable. There is a corresponding path
7' in Hy between i and k that consists of the same sequence of nodes (but may have
different edges between the nodes).

Consider a subsequent triple a *= b ** ¢ on 7. Suppose b is a collider on 7. In
Hy, a must also be adjacent to b, and b to c¢. If a and ¢ are not adjacent in Hy, then
a separating set for a and ¢ was found during the construction of Hy, or a and ¢ are
both in J. The latter would be a contradiction. Therefore, it will have been oriented
as a definite collider in Hy according to Proposition 12.4.1. Otherwise (if a and ¢ are
adjacent in Hy), it forms a triangle in Hy. If b is a non-collider on 7, then it must be
unblockable. But in that case, a *— b *—¢ ¢ is a o-inducing walk given S between a and
cin G. Hence, (a,b,c) will form a triangle in Hy. Therefore, k € posSEP; (i, j). H

So we do not need to search over all possible subsets of (JUV')\ {4, j} for a separating
set between i, j, but only the subsets in posSEPy (i,j). The skeleton phase of the
extended FCI algorithm is described in Algorithm 4. It is an extension of the original
FCI skeleton search | | to deal with input nodes. It first runs the extended PC
skeleton phase (Algorithm 3) and orients unshielded triples, obtaining a directed mixed
graph Hy. Then it calculates the sets posSEPy (i,7) for all distinct pairs (i,j) with
ieV,jeJuV. Ifillj|ZUS for some Z C (JUV)\{4,j}, theni llj| Z*US
for some Z* C posSEPy (i, ). Since some of the oriented colliders may be incorrect in
Hy (because the PC skeleton phase may not have found all separating sets), it removes
all orientations from Hy and then continues with a more extensive search for separating
sets, similar to how the PC skeleton phase is done, but now using posSEP; (i, j) instead
of Adjy, (i) \ {j} to find candidate nodes for the separating set.

Theorem 12.7.7. The extended FCI skeleton algorithm (Algorithm 4) is sound: if its
input consists of the o-independence model IM, (G | S) given S of a CDMG G, then its
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Algorithm 4 Extended FCI skeleton algorithm FCIskeleton(J,V,I).

1:
2:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:

input Input node set J; output node set V; independence model I over V' | .J
output mixed graph H with input nodes J and output nodes V; separating sets
sepset
(Hy, sepset) < PCskeleton(J, V,I)
for each unshielded triple (i, 7, k) in Hy with 7,5 € V do > orient colliders
if j ¢ sepset({i, k}) then
orient it as ¢ *> j <= k
end if
end for
for eachi e V,j € VUJ with i # j do > construct Possible-D-Sep sets
calculate posSEP; (i, )
end for
H« (J,V,{io—oj:i+>je Hy}) > forget orientations
n <0
repeat > search for separating sets
repeat
select i € V,j € VU J with i o— j in H and #{(posSEPy (7,7)) > n
select a subset Z C posSEPy (i, j) of cardinality n
if (i,7,ZU(J\ {j})) € I then
delete edge ¢ o— j from H
sepset({i,j}) < ZU(J\{j})
end if
until no more such tuples (7, j, Z) can be selected
n<n+1
until for all i € V,j € V U J with i o— j in H, #(posSEPy (i,j)) <n
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output will be skel(PAG? (G| S)). Furthermore, i L j|sepset({i,j}) foralli € V,j €
VU J for node pairs (i,j) € separable(V|J) that are non-adjacent in the skeleton.

Proof. Let G be a CDMG with input nodes J and output nodes V* = VUS and
I = IM,(G|S) its o-independence model given S. By Lemma 12.7.6, the mixed graph
Hj constructed by lines 3-8 has the property that for distinct ¢« € V, 5 € JUV/, if there is
no o-inducing path given S'in G between i and j, then SEP (i, j) C posSEPy (7,7). Thus,
if i € V and j € JUV are not adjacent in skel(PAG?(G | S)), then we are guaranteed
that for some subset Z C posSEPy (4,7), we have that ¢ L¢ j|(Z U J)\ {j} US. The
graph H constructed in lines 12-24 will be a mixed graph with input nodes J and output
nodes V' that only has bicircle edges. It has an edge between any pair of distinct nodes
i,7 € JUV if and only if {7, 5} € J and there is no set Z C (JU V) \ {i, 5} such that
il j|ZUS. Furthermore, if there is no edge in H between a pair of distinct nodes
i,7 € JUV, then either {i,j} C J, ori L{ j|sepset({i,j})US. By Proposition 12.2.3,
this implies that two distinct nodes i,j € J UV are adjacent in H at this stage if and
only if there is a o-inducing walk given S in G between ¢ and j. Hence H must be

skel(PAG? (G| S)). O

12.8. FCI Algorithm

We are now ready to describe a causal inference algorithm that is an extension of the
original Fast Causal Inference (FCI) algorithm of | | to deal with input nodes
and cycles. It is presented as Algorithm 5. Its input is an independence model over
V| J, where V and J are index sets of output and input nodes, respectively. Its output
is a mixed graph with input nodes J and output nodes V. It starts with a skeleton
phase (line 3, see Algorithm 4) that is aimed at deducing the adjacencies between the
nodes, and to find sets that separate two separable node pairs. Then, it runs various
orientation rules (lines 4-16) that iteratively orient circle edge marks into tails and
arrowheads. Note that by convention, the labeled nodes within each orientation rule are
assumed to be distinct (for example, in RO, it is implicitly assumed that i # j # k # 1).
For the special case J = (), the algorithm reduces to the standard formulation of the
FCI algorithm | ].8

Theorem 12.8.1 (Extended FCI Soundness). The Extended FCI algorithm (Algorithm 5)
is sound: if its input consists of the o-independence model IM,(G|S) of a CODMG G
gwen S, then its output will be a valid 0-PAG H that represents G given S.

Proof. Let G be a CDMG with input nodes J and output nodes V* = V U S and
I =1IM,(G|S) its o-independence model given S.

85Compared to the standard formulation of | |, which assumes no input nodes, we have adapted
the skeleton search phase (by starting with a mixed graph that contains no edges between input
nodes, limiting the paths in the calculation of the posSEP; (i, j) sets to output nodes only, and by
including all input nodes, except j itself, into the separating set). Furthermore, we added step 4 to
orient the edges between input and output nodes. The formulation of orientation rules R0, R1, R3,
R7 is slightly different for this extended version (as these would not be valid in case both i,k € J),
and the rest of the algorithm is unchanged.
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Algorithm 5 Extended FCI Algorithm.

10:
11:

12:
13:

14:
15:

16:

. input Input node set J; output node set V'; independence model I over V' | J
output mixed graph H with input nodes J and output nodes V'
(H,sepset) < FCIskeleton(J,V,I)
for each edge jo—~wvin H with j € J,v €V do
orient 7 —owv
end for
repeat

RO if ¢ #=¢ j *+>k in H with i ¢ J, and i and k are not adjacent in H, then orient
i*>j<=*kif j ¢ sepset({i,k})

until this orientation rule is not applicable

repeat

R1 if i+~ j <=k in H with ¢ ¢ J, and i and k are not adjacent in H, then orient
1+

R2 ifi—j*>kori*>j—kin H, and ¢ o k in H, then orient ¢ *> k

R3 ifi*>j<xkandi*olo>xkand[+—ojin H withi ¢ J, and i and k are not
adjacent in H, then orient [ *—> j

R4 if (i,7,q1,--.,qn, k) is a discriminating path in H for j, and if i =~ j in H, then
orient ¢ <— j if j € sepset({, k}) and orient i <> j <> ¢, if j ¢ sepset({i, k})

until none of these orientation rules is applicable

repeat

R5 if ¢t oo j in H, and there is an uncovered circle path ¢ oo k o—o ... 0o [ oo j
in H such that 7 is not adjacent to [ and j is not adjacent to k, then orient

i—k— - — 11— j—1
until this orientation rule is not applicable
repeat

R6 if i — j o=« k in H, then orient j —* k

R7 ifi#ojo—kin H with ¢ ¢ J, and i and k are not adjacent in H, then orient
L *—J

until none of these orientation rules is applicable

repeat

R8 if i — j—kin H, and i o> k in H, then orient i — k

R9 ifjo>k, and 7 = (4,7, ..., k) is an uncovered possibly directed path in H from
1 to k such that j and k are not adjacent in H, then orient : — k

R10 if i o> kin H, j — k <— [ in H, 7 is a uncovered possibly directed path in
H from i to 7, and my is a uncovered possibly directed path in H from i to [,
then let u; be the node adjacent to ¢ on m; (possibly u; = j) and uy the node

adjacent to i on 7y (possible uy = [); if uy # ug, and u; and uy are not adjacent
in H, then orient i — k

until none of these orientation rules is applicable
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The skeleton phase in line 3, which invokes Algorithm 4, is sound (Theorem 12.7.7).
That is, it computes H = skel(PAG?(G | S)), and sepset will contain a separating set
of ¢ and j for every edge i o= j absent in H with i € V,j € JUV,i # j. The next
step, line 4, orients the edges between input and output nodes in H. The result is then
a valid 0-PAG that represents G given S. The rest of the proof proceeds by induction.

Now that the skeleton has been determined, the orientations (edge marks) of the edges
will be deduced. We show for each of the orientation rules that under the assumption
that the current H is a valid o-PAG that represents GG given S, applying the rule yields
an updated H that is still a valid 0-PAG that represents G given S. We first exploit
the modeling assumptions on the input nodes in line 4 to partially orient edges con-
necting input and output nodes. The soundness of this orientation step stems from
Lemma 12.2.8.

Some of the rules (R1, R3, R5, R6, R7, R9, R10) assume that rule R0 has been
exhaustively applied, which is the reason that rule R0 is performed before the other
orientation rules are performed. Additionally, rule R6 assumes that rule R5 has been
exhaustively applied.

In the following, we will always assume that the antecedent of the rule holds for a
mixed graph H that is a valid 0-PAG that represents CDMG G given S. This implies,
in particular, that if v <= w in H or v o—*w in H, then v ¢ J.

RO “If 4 #> j »—> k in H, with ¢ ¢ J, and ¢ and k are not adjacent in H, then orient
i*>j<xkif j ¢ sepset({i,k}).”
It follows from Proposition 12.4.1 that H still represents G' given S after the
orientation of the unshielded collider.

R1 “If i %< j ==k in H with ¢ ¢ J, and ¢ and k are not adjacent in H, then orient
1+ 7.7
We first show that j € Ancg(i). Since the triple (7,7, k) is an unshielded triple
in H with i ¢ J, but has not been oriented as a collider by R0, we conclude
that j € sepset({i,k}). By Proposition 12.4.1, j € Ancg({i,k} U S). Since H
represents G and j <=k in H, j € Ancg({k} US). Therefore, j € Ancg(i). Thus
if we orient ¢ *— j, the mixed graph still represents G' given S. In particular,
the orientation ¢ j < k with 7, k non-adjacent cannot occur. Therefore, if we
orient ¢ <— j, the resulting mixed graph H will still represent G.

R2 “Ift—>j*>kori*>j—kin H, and i ¥ k in H, then orient ¢ *> £.”

By the antecedent of the rule, and since H represents GG, we have k ¢ Ancg({7}US).
In case i — j *> k, we have i € Ancg({j}US), so if k were in Ancg(i), it would
follow that k& € Ancg({j} US), a contradiction. In case i *> j — k, we have
J € Ancg({k}US), so if k were in Ancg (), it would follow that j € Ancg({i}US),
a contradiction. Hence, in both cases, we must have k & Ancg(i). In both cases,
we also have k ¢ Ancg(S) because of the arrowhead on j *+> k. Therefore, after
orienting ¢ *> k in H, the resulting mixed graph still represents G.

R3 “If ¢ #> j <+ Fk and ¢ *o [ o=k and [ *- j in H with i ¢ J, and 7 and k are not
adjacent in H, then orient [ *—= j.”
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R4

R5

R6

R7

R8

RI

Since (i, 1, k) is an unshielded triple in H with ¢ ¢ J that was not oriented as a col-
lider by R0, we must have that [ € Ancg({i, k}US) by Proposition 12.4.1. Assume,
for the sake of contradiction, that j € Ancg({l} U S). Then j € Ance({i,k} US).
This contradicts that j ¢ Ancg({i,k} U S) from ¢ *> j <= k in H. Hence,
Jj ¢ Ancg(lUS). After orienting [ *> j in H, the resulting mixed graph still
represents G.

“If (4,4,q1,---,qn, k) is a discriminating path in H for j, and if i #© j in H, then
orient i +— j if j € sepset({i, k}) and orient i <> j <> ¢, if j & sepset({i, k}).”
It follows immediately from Proposition 12.5.3 that applying this rule yields an
updated mixed graph that still represents G.

“If i =~ 7 in H, and there is an uncovered circle path ¢ oo k o—o ... oo [ oo j

in H such that 7 is not adjacent to [ and j is not adjacent to k, then orient
t—k—- - —1— 75—
There is an uncovered cycle consisting of (at least 4) o—o edges in H. Lemma 12.8.2
implies that each node on the uncovered cycle must be in Ancg(S). Hence we can
orient all edges on the cycle as undirected, and this yields a mixed graph that still
represents G given S.

“If i — j o=k in H, then orient j —* k.”
Only R5 could have introduced the undirected edge. In that case, we know that
both 7 and j are in Ancg(S) from Lemma 12.8.2. Hence we can orient j — k and
the updated mixed graph will still represent G given S.

“If ¢ #—o jo— k in H with ¢ ¢ J, and 7 and k are not adjacent in H, then orient
1R— 3.7
Suppose after orienting 7 **> j o— k, the mixed graph would still represent G
given S. If j € Ancg({k} U S), then we could further orient i ¥+ j — k and
the mixed graph would still represent GG given S, yielding a contradiction because
an unshielded triple of that form cannot occur. So j ¢ Ancg({k} U S), and we
can orient ¢ *> j <— k to obtain a mixed graph that still represents G given
S. But then we have an unshielded collider (7,7, k) with ¢ ¢ J that should have
been oriented by R0, another contradiction. Hence we can orient ¢ *— j and the
resulting mixed graph will still represent G given S.

“If i —j—kin H, and i o> k in H, then orient i — k.”
It follows immediately from Lemma 12.3.6 that ¢ € Ancg({k}US). Thus, applying
this rule yields an updated mixed graph that still represents G.

“If 4 o>k, and m = (4,7, ..., k) is an uncovered possibly directed path in H from i
to k such that j and k are not adjacent in H, then orient : — k.”
Note that j ¢ J as either ¢ *> j or ¢ +—o j. The unshielded triple (7,4, k), with
j ¢ J, was not oriented as a collider by R0, and therefore i € Ancg({j,k} U S).
If i € Ancg(j), then Lemma 12.8.3 then states that i € Ancg(k). Therefore, we
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conclude that i € Ancg({k} U S). Applying the rule therefore yields an updated
mixed graph that still represents G.

R10 “Suppose that i o>k in H, j — k <— [ in H, m is a uncovered possibly directed

path in H from i to j, and 7y is an uncovered possibly directed path in H from
i to [. Let uy be the node adjacent to i on m; (possibly u; = j) and usy the node
adjacent to i on my (possibly us = 1). If u; # us, and uy and uy are not adjacent
in H, then orient 1 — k.”
Because u; lies on a possibly directed path starting at ¢, it cannot be in J; the same
holds for us. The unshielded triple (uy, 7, us), with uy, uy ¢ J, was not oriented by
rule RO, which implies that i € Ancg({u1,u}US). Ifi € Ancg(uy), Lemma 12.8.3
gives that ¢ € Ancg(j). If i € Ancg(uz), Lemma 12.8.3 gives that ¢ € Ancg(l). In
both cases, i € Ancg({k} US), because j — k <— [ in H. So we conclude that
i € Ancg({k} U S) and can orient i — k to obtain an updated mixed graph that
still represents G given S.

Since each of these orientation rules leaves the skeleton (adjacencies) of H invariant, and
after each orientation rule, H still represents G, H remains a valid ¢-PAG throughout
the orientation phase by Proposition 12.3.7. ]

The following two lemmata are applicable after the initial phase of the extended FCI
algorithm, once rule R0 has been exhaustively applied. The first concerns uncovered
circle paths, the second uncovered possibly directed paths.

Lemma 12.8.2. Let H be a mized graph that represents G given S in which rule RO
has been exhaustively applied. If i o— j wn H, and there is an uncovered circle path
1o=ofko—o...o0—0]o—o 4 n H such that i is not adjacent to | and j is not adjacent to
k, then every node on the path is in Ancg(S).

Proof. There is an uncovered cycle consisting of (at least 4) o— edges in H. Note that
none of the nodes on the cycle can be in J, as each node has two or more circle edge
marks. Suppose we orient one of the circles into an arrowhead and the new mixed graph
still represents G given S. Then we could make use of rule R1 repeatedly to orient
the whole cycle as a directed cycle, and the resulting mixed graph should still represent
G given S. However, that would be a contradiction, since it contains a directed cycle.
Hence, any circle edge mark on the cycle that we orient as an arrowhead would yield a
mixed graph that no longer represents GG given S. In other words, each node on the cycle
must be ancestor in G of its neighboring node, or of the selection set S. This implies
that every node on the cycle must be in Ancg(S). Indeed, if a given node on the cycle
is not in Ancg(S), then it must be ancestor in G of its neighbors. Its neighbors then
cannot be in Ancg(95) either, and therefore must be ancestor in G of their neighbors.
But then we would have an unshielded triple of nodes that are in the same strongly
connected component of GG: a contradiction with Lemma 12.2.2. n

Lemma 12.8.3. Let H be a mized graph that represents G given S in which rule RO
has been exhaustively applied. Let vy *— ... *= v, be an uncovered possibly directed
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path from vy to v, (with n > 2) in H. If there is an edge k *> vy in H and if
v € Ancg({v2} U S), then we conclude that vy € Ancg(vy,).

Proof. Note that vy, v9,...,v, are all not in J, because each of them must have an
arrow head or circle edge mark. We can orient v; —* vy because of the assumption
that v; € Ancg({ve} U S). Note that v; € Ancg(vs) because v ¢ Ancg(S) due to
the arrowhead at v; on the edge k *> v;. If n = 2, then we immediately conclude
that v; € Ancg(v,). So assume n > 2. We distinguish two cases: vy € Ancg(vy) and
V2 ¢ AHCG(?}l).

If vo ¢ Ancg(vy), we can orient v; — vg, since vy € Ancg(S) would imply vy €
Ancg(S), a contradiction. By the same reasoning as in the proof of rule R1, we conclude
that vy € Ancg(vs), and that we can orient vy — v3. We can iterate this reasoning
subsequently on all remaining edges on the uncovered possibly directed path to deduce
that v; € Ancg(v;11) and we can orient v; — wv; 41, for i = 3,...,n — 1. This leads to
the conclusion that v; € Ancg(vy,).

If vy € Ancg(vy), that is vy € Scg(v1), then we can orient v; — wvy. By Lemma 12.2.7,
this implies that £ and vy must be adjacent in H as well. This edge can be oriented as
k *— vq, because vy € Ancg({k} US) would imply v; € Ancg({k} U S), a contradiction.
The assumption v, ¢ Ance({vs}US) gives a contradiction: we could then orient vy < vs,
obtaining an unshielded triple v; — v9 <= v3. Hence vy € Ancg({vs} U S), and we can
orient vy —* v3. Because of the arrowhead in k *= vy at vg, vo ¢ Ancg(S), and hence
vy € Ancg(vs). If vs € Ancg({ve} U S), then v € Sce(v2) (as vs € Ancg(S) \ Ance(v)
would contradict vy ¢ Ancg(S)). But then v; and vz must lie in the same strongly
connected component of G, and should therefore be adjacent in H by Lemma 12.2.2,
which they are not. Hence vz ¢ Ancg({ve} U S) and we can orient vy — v3. The
reasoning now proceeds as in the previous case, and leads to the conclusion that vy €
Ancg(vy,). Because v1 € Ancg(vq), also v1 € Ancg(v,). O

The soundness of the Extended FCI algorithm immediately implies its consistency
when using consistent conditional independence tests.

Corollary 12.8.4 (Extended FCI Consistency). Let M = (J,VT W, X, P, f) be a
simple SCM with endogenous variables VT = VUSUL (note that we allow addi-
tional latent endogenous variables L here). Let £&¢ C Xs be a measurable set with
Py(Xs € &s|do(Xy = x5)) > 0 for all z; € X;. Assume that we have access to
infinitely many samples distributed according to the marginal Markov kernel of M on V
after selecting on S':

PM(XV | XS € SS,dO(XJ = IJ))
Assume also that the following faithfulness assumption holds:
IM(PM(XV | XS € fs,dO(XJ = IJ))) = IMU(GVUS|J(M) | S)

When using asymptotically consistent conditional independence tests (on the i.i.d. sam-
ples of the Markov kernel Py (Xy | Xg € &s,do(X; = x,))), the Extended FCI al-
gorithm (Algorithm 5) provides an asymptotically consistent estimate H of the 0-PAG
FCI(IMy(Gvus|s(M)|S)), which represents Gyug|. (M) given S.
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Proof. The asymptotic consistency of the conditional independence tests means that
the probability of a wrong test result (either Type I or Type II error) vanishes asymp-
totically. Since IM(Py(Xy | Xs € £g,do(X; = x;))) consists of finitely many con-
ditional independence statements, the test results will agree completely with this con-
ditional independence model with arbitrarily high probability given sufficiently many
samples. By the faithfulness assumption, this conditional independence model agrees
with IMy(Gyug|s(M)|S). By the soundness of the Extended FCI algorithm (Theo-
rem 12.8.1), the 0-PAG that FCI outputs will equal FCI(IM,(Gyys|s(M)|S)) with
arbitrarily high probability given sufficiently many samples. O]

Because conditional independence tests are not uniformly consistent (as there is no
upper bound on the number of samples needed to distinguish an arbitrarily weak depen-
dence from an independence, without additional assumptions), also the Extended FCI
algorithm is not uniformly consistent. In other words, it is not known in advance how
many samples will be needed to yield a reliable result.

12.9. Completeness

For acyclic G without input nodes (that is, if G is an ADMG), the FCI algorithm was
shown to be complete | | in the sense that all edge marks that could possibly be
oriented based on the information in IM, (G | S) will be oriented. Using results on the
characterization of Markov equivalence classes of maximal ancestral graphs | |, it
can additionally be shown that the o-PAG output by FCI represents the Markov equiv-
alence class of G with respect to V' in case G is an ADMG. By employing acyclifications,
these results have been extended to cyclic G | |, still without input nodes, and with
the additional assumption of no selection bias (S = )). The known completeness results
have very long proofs, and we will therefore not provide these here. Instead, we will
only formulate these results, and refer the interested reader to the original papers for
the proofs.

We make the following assumption in order to state the known completeness results.%6

Assumption 12.9.1. Given node set V', let:

e Gy be the set of all pairs (G, S) of acyclic DMGs G with output nodes VY =V US
for some disjoint set S (‘acyclicity’), or

e Gy be the set of all pairs (G,0) of DMGs G with output nodes V™ = VU (‘no

selection bias’).

In both cases, all DMGs in Gy have J =0 (‘no input nodes’).

86While we believe that it is straightforward to extend the completeness results to allow for both cycles
and selection bias, it is known that the Extended FCI algorithm (Algorithm 5) is incomplete when
also allowing for input nodes.
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In the absence of input nodes (for J = @)), we can interpret FCI as a mapping that
maps an independence model (on V) to a mixed graph (with nodes V). By Theo-
rem 12.8.1, it maps IM,(G | S), the o-independence model of a DMG G given S, to a
0-PAG FCI(IM,(G|S)) that represents G given S. Additionally, the following (incom-
plete) completeness results are known.

Theorem 12.9.2 (Some FCI completeness results). Under Assumption 12.9.1, the Ex-
tended FCI algorithm (Algorithm 5) is:

(i) arrowhead complete: for all (G,S) € Gy, for all i # j € V: there is an
arrowhead i <= j in FCI(IMy (G| S)) if i ¢ Ancs({j}US) for all (G, S) € Gy with
IMo (G 5) = IMo (G| 5);

(ii) tail complete: for all (G,S) € Gy, for alli # j € V: there is a tail i —* j
in FCI(IM,(G|S)) if i € Ancs({j} U S) for all (G,S) € Gy with IM,(G|S) =
IMo (G [ 5);

(111) Markov complete: for all (G1,51) € Gy and (Gs,52) € Gy: IM,(G1|51) =
IMU(GQ | S2) Zf and only Zf FCI(IMU(Gl I Sl)) = FCI(IMU(GQ | SQ))

Proof. The first two claims are proved in | | under the additional assumption of
acyclicity. In | | it is explained how the characterization of the Markov equivalence
classes of | | can be used to then prove the third claim under that additional
assumption. Furthermore, in | | it is shown how to generalize these results to the
cyclic setting by employing acyclifications, but only under the additional assumption of
no selection bias. ]

Arrowhead and tail completeness express that the o-PAG output by FCI is maximally
oriented: any arrowhead or tail that could possibly be deduced from IM, (G | S), will have
been oriented as such in the o-PAG. The soundness and Markov completeness properties
together imply that the o-PAG output by FCI, when given as input the o-independence
model of a directed mixed graph given some set of latent selection nodes, represents the
o-Markov equivalence class of G with respect to the observed nodes. In other words,
FCI provides a graphical characterization of the o-Markov equivalence class.
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A. Appendix: Measure Theoretic Probability

This appendix provides a crash course (or rather, refresher) of concepts from measure
theoretic probability.

A.1. Why Measure Theory?

Discrete and absolute continuous distributions are not general enough

Example A.1.1 (Simple example of a non-discrete non-absolute-continuous distribu-
tion). Consider a uniformly distributed random variable on the interval X :=[0,1], i.e.
X ~ UI0,1], which has probability density:
p(z) = Lpq(z).

Consider an exact copy of X, which we call Y = X, on Y := [0,1]. Now consider
the joint distribution of (X,Y) on X x Y = [0,1)2. Then only values on the diagonal
A= {(x,x)|z €1[0,1]} can be realized by (X,Y). This simple distribution on [0,1]* is
not discrete (as it can attain uncountably many values), and it is also not absolute contin-
uous, since we have: [, dvdy =0, i.e. the (2-dimensional) area of the (1-dimensional)
line is zero. This implies that any density function p would satisfy: fA p(z,y)dedy =0
as well. This is in contrast to the fact that a probability distribution should always be
normalized:

1= P(X.Y) € 8) = [ plag)dedy,
A

Note that we don’t need a probability density to be able to assign probabilities to subsets
D C [0,1]2. We can just use the push-forward map:

(X,Y): [0,1] = [0,1] x [0,1], = — (z,2).
and compute:

P((X,Y) € D) = P({z € [0,1][ (z,2) € D}),
where P on the right here denotes the uniform distribution on [0, 1].

Notation A.1.2 (Unifying the notations to measure theoretic ones). Let X be a random
variable taking values in space X and with probability distribution P. Let F': X — R be
a function. Then we will change the notations for expectation values as follows.

1. Let X be a discrete random variable with probability mass function p. Then
define:

E[F(X)] =)  F(z) - p(x)

reX

_ / F(z) P(dx)
_ / F(z)dP(z)

=: /FdP.
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We will consider sums to be special cases of measure integrals.

2. Let X be a absolute continuous random variable with probability density
function p. Then define:

BP(X)] = | F(o)-pla)da
:/ﬂ@mm
=: /F(x) dP(x)

::/FdP.

So both cases can be unified with the 8 commonly used notations:
Mﬂﬂh/Fﬁz/ﬂ@M@Z/ﬂ@Hm.

Note that in both cases we also can write: P(A) = [14dP.
Exercise A.1.3. Show that the following relation holds:

/F(m) P(dx) = /ZPF(dz).

Defining probability distributions on all subsets is too general

Remark A.1.4. When we want to work with a (probability) measure p we at least want
to require that it is countably additive, i.e. that for pairwise disjoint subsets A, C X,

n € N, we have:
H (U An) = ZN(An)-

neN neN

We will see below that if we do not restrict the subsets A, in some way we will encounter
strange behaviour.

Theorem A.1.5 (Vitali, non-existence of Lebesgue measure on all subsets). There does
NOT ezist a measure A on [0, 1] such that:

1. X can measure every subset A C [0, 1], and:
2. X[a,b]) =b—a for all a < b with a,b € [0, 1].

In other words, there does NOT exist a uniform distribution on [0, 1] that can consistently
assign values to all subsets.

But: such a measure with property 2. exists on the set B 1) of all so called Borel subsets
(or even Lebesque subsets) of [0,1]. Similar statements hold for higher dimensions and
RP and higher dimensional volumes.
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Example A.1.6 (Vitali set). Consider the following equivalence relation on [0, 1]:
r1~ Ty L= ro — 11 € Q.

Let [0,1]/~ be the set of equivalence classes. By the axiom of choice there exists a
representative system V' C [0,1] for [0,1]/~. This means that the map:

V —[0,1]/~, v [v],

15 bijective. V' is called Vitali set and we claim that V' is not Lebesgue-measurable.
For this let ¢ € Q and consider the subset:

Vo, =V4+qg:={v+qlveV}CR.

Let Q := [—1,1]NQ. Note that [0, 1] and V, are uncountable while Q and Q are countably
infinite. We then have the inclusions:

[071] C U ‘/q - [_172]'

qeQ

The right inclusion s clear as:
V+[-1,1] C[0,1]+[-1,1] C[-1,2].

For the left inclusion let x € [0,1]. By construction there exists a v € V such that
v~z Sox—wv e Q. Since x,v e 0,1 we also have that x —v € [—1,1]. So
g:=c—ve|[-1,1NQ= Q. This shows that v € V, for a ¢ € Q. Thus both inclusions
are shown.

If we now assumed that V would be Lebesgue-measurable then every V, would be as well
as a translated version of V.. We then would get that: A\(V,;) = X(V') for every q € Q.
So we would get:

1 :/\([0’1]) <A (U VZJ) S/\([_172]) =3,

qeQ

which tmplies:

[1,3] 3 A (U Vq> =Y V) =D AV,
qeQ q€Q qeQ
which is contradictory. Indeed, (V') = 0 can be ruled out as the sum would sum up to
0 ¢ [1,3]. But also A\(V') > 0 can be ruled out as this would sum up to oo ¢ [1,3]. So
the Vitali set V' can not be Lebesgue-measurable.

Theorem A.1.7 (Banach-Tarski paradox). The 3-dimensional unit ball B1(z) = {x €
R3 |||z — z|| < 1} centered at z € R® can be partitioned into a finite number of disjoint
sets Ay,...,Ax (e.g. K =5) such that each can then be rotated and translated in R?
such that they form TWO 3-dimensional unit balls By(y1) and By (yz).

Note that the unit balls have well-defined volume (i.e. 3-dimensional Lebesque measure)
and translation and rotations are very well behaved and preserve volume, while the subsets
Ay, are very pathological (i.e. non-Lebesgue-measurable).
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Figure 34: Illustration of the Banach-Tarski paradox.5”
—> Measure theory is the unifying ‘safe space’ for probability theory!

A.2. Core Concepts

Motivation A.2.1. As discussed before in remark A.1.J, we want to define probability
measures P on a space W. We want them to follow (at least) these rules:

i) normalized: P(W) =1, P() =0.
ii) complement: P(A°) =1— P(A) for ACW.

iii) o-additivity (aka countably additivity): For pairwise disjoint subsets A, C W,

n € N:
P (U An) => P(4,).

neN neN

Such rules implicitly assume that P can measure the sets W and 0; and that P can
measure the complement AC if it can measure A; and that P can measure the (disjoint)
union | J, ey An if it can measure each of the A,.

As illustrated by the theorems A.1.5 and A.1.7, this is in general NOT possible to do for
all subsets of W (i.e. for all elements of the power set 2"V).

This problem is solved and formalized by the notion of c-algebras of subsets of the space

W.

Definition A.2.2 (o-algebras). Let W be a set. A (non-empty) set B C 2"V of subsets
A CW is called a o-algebra on W if it satisfies the following rules:

i) empty set: ) € B,
ii) complement: If A € B then also: A=W\ A € B,
i) countable union: If A, € B for alln € N then also: |, oy An € B.

Definition A.2.3 (Measurable spaces). A tuple (W, B) of a set W and a o-algebra B
on W s called measurable space.

8Thttps:/ /en.wikipedia.org/wiki/Banach-Tarski paradox
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Remark A.2.4 (Abuse of notation). By abuse of notation we often just call W a mea-
surable space by implicitly assuming that it is endowed with a fized o-algebra, which

we will indicate by By or BOW) if needed. We will also just call a subsets A C W
measurable when we actually mean that A € Byy.

Definition A.2.5 (Measures). Let (W, B) be a measurable space. A measure p on
(W, B) - by definition - is a mapping:

p: B—=RU{oc}, D pu(D),
such that:
i) non-negative: YA € B: p(A) € [0, 00,
ii) empty set: u(0) =0,

iii) countably additive (aka o-additive): for all sequences A, € B, n € N, with A; N
A; =0 for all i # j, we have:

1 (U An) = (A

neN neN

Definition A.2.6 (Probability/finite/o-finite measures). A measure p on (W, B) is
called:

1. probability measure if u(W) = 1.
2. finite measure if (W) < oo.

3. o-finite measure if there are D, € B, n € N, with u(D,) < oo and W =
UnEN Dn‘

Definition A.2.7 (Measure spaces/probability spaces). A triple (W, B, ) consisting of
a measurable space (W, B) and a measure pn on (W, B) is called measure space (and
probability space if p is a probability measure).

Again, by abuse of notation, we often omit the o-algebra in the notation and call (W, 1)
a measure space, probability space, resp.

Definition A.2.8 (Measurable mappings). Let (W, By) and (Z,Bz) be two measurable
spaces and f : W — Z be a mapping. We call f a By-Bz-measurable mapping (or
Just measurable for short) if for all B € Bz the pre-image f~'(B) is an element of

By. In formulas:
VB € BZ : f_l(B) S BW

Remember the definition of pre-image: f~Y(B) :={w e W| f(w) € B}.
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Definition A.2.9 (Push-forward measure). Let X : (W, By) — (X, Bx) be measurable
and p a measure on (W, By). Then we define the push-forward measure (aka image
measure) of p via:

(Xopt) (A) = 1 (A) = ux(A) = p(X)(A) 1= u(X € A) = p(X~'(A))

for all A € By. If u is a probability distribution then the push-forward measure p(X) is
also called the (distributional) law of X .

Definition A.2.10 (Random variables). A measurable mapping:
X (W,Bw,P) — (X,B/y)

that starts from a probability space is also called random variable.

The main point is that the map X comes with its own distribution PX. We often just say:
“Let X be a random variable with distribution PX = ---” where PX is then specified,
e.g. to be a Gaussian or a categorical distribution, etc.

Definition A.2.11 (Null sets). Let (W, B, i) be a measure space. A subset M C W is
called p-null or p-zero set if there exists a set N € B with M C N and u(N) = 0.

Definition A.2.12 (Almost surely/almost all). Let (X, B, 1) be a measure space and
f,9: X = Z a measurable map. We write f =, g or say f = g pu-almost-surely (a.s.)
or f(z) = g(z) for p-almost-all x € X if:

{r e X| f(x)#g(x)} s a p-null set.

Similarly, for f <, g, etc..

More generally, we say that a condition C about points x € X holds p-almost-surely or
for p-almost-all x € X if the set of points where the condition does not hold is p-null,
1.€.:

{r e X|-C(x)} is a p-null set.

A.3. Default Choices for Sigma-Algebras

In this subsection we want to highlight what kind of default o-algebras we will assume
on different types of spaces and on spaces constructed from others.

Remark A.3.1 (Discrete spaces). If W is countable (i.e. either finite or countably
infinite, e.g. like Z, Q or N or {1,...,N}) then we will always implicitly assume that
W is endowed with the power set o-algebra: By, = 2"V (unless stated otherwise).

Definition A.3.2 (0-algebra generated by a set of subsets). Let W be a set and A C 2"V
be any non-empty set of subsets of W. Then we can define the o-algebra generated

by A:
o(A) = ﬂ B,

ACB
B o-algebra on W
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as the intersection of all o-algebras B on W that contain A. Note that the set o(A) really
is a well-defined o-algebra on W. o(A) is thus - by definition - the smallest o-algebra
on W that contains A.

Definition A.3.3 (Borel o-algebra on topological spaces). Let (W, Q) be a topological
space with set of open subsets O then the Borel o-algebra of (W, Q) is defined as the
smallest o-algebra that contains all open (and thus also all closed) subsets:

Bow,o) = 0(0O).
We will always implicitly assume that every topological space is endowed with its Borel
o-algebra (unless stated otherwise).

Remark A.3.4. Caution: Other choices of o-algebras for topological spaces used in the
literature are the Baire o-algebra, which is generated by the zero sets of all continuous
functions, or the o-algebra generated only by its closed (countably) compact sets, or the
o-algebra of all (Radon-)universally measurable subsets.

Lemma A.3.5 (Borel g-algebra on R”). The Borel o-algebra of RP is generated by the
cubes:

Bro = o ({[a1,b1] X -+ X [ap,bp] | ag,bg € Q,aq < bg,d=1,...,D}).
Definition/Lemma A.3.6 (0-algebras induced by mappings). Let f : W — Z be any
mapping.

1. Let Bz be a o-algebra on Z. Then the pull-back o-algebra defined via:
fBz = {f(C)|C € Bz}
1s the smallest o-algebra By that makes f By -Bz-measurable.
2. Let Byy be a o-algebra on W. Then the push-forward o-algebra defined via:
fBw :={C C Z|f7(C) € By}
is the biggest o-algebra Bz that makes f Byy-Bz-measurable.

Definition A.3.7 (Product o-algebra). Let (X;,B;) be measurable spaces, i € I. Then
the product space [[,c; &; is endowed with the smallest o-algebra such that for every
J € I the projection map:

pI'j : H‘)C'z — Xj, ('Ti)iel — Zj,
iel
is measurable. We use the symbols Q),.; B; for this product o-algebra. In symbols:
®B¢ =0 (U prfB,») )
iel iel

We will always implicitly assume that every product space is endowed with this product
o-algebra (unless stated otherwise).
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Definition A.3.8 (Subspace o-algebra). Let (W, B) be a measurable space and Z C W
be a subset. Then the subspace o-algebra Bz on Z is the smallest o-algebra that
makes the inclusion map Z — VWV measurable. More concretely:

B‘ZZ{BQZ|BEB}

We will always assume that subsets are endowed with the subspace o-algebra (unless it
is ambiguous or stated otherwise).

Definition A.3.9 (Disjoint union o-algebra). Let (&;, B;) be measurable spaces, i € I,
considered to be pairwise disjoint. Then the disjoint union o-algebra on the disjoint
union [ [,c; X; is the biggest o-algebra B,y such that all inclusion maps X; — [[,c; Xi are
measurable. In symbols:

B, = {EQHX

el

el

Viel: EﬂXiEBz}.

Definition A.3.10 (o-algebra on the space of all probability measures). Let (W, Byy)
be a measurable space. We denote the space of all probability measures on (W, By) by:
P(W) :={P | P is probability measure on (W, Bw)}.

We endow P(W) with the smallest o-algebra Bpoyy such that all evaluation maps:
evp: P(W) — [0, 1], P+~ P(D)
are measurable for D € Byy. In symbols:
Bpow) =0 ( U eVEB[0,1]> .
DeByy
We will always assume that the space of probability measures P(W) is endowed with this

o-algebra (unless stated otherwise).

A.4. Standard Measurable Spaces

Definition A.4.1 (Standard measurable space). A measurable space (W, B) is called
standard measurable space (aka standard Borel space) if it is measurably isomorphic
to either:

1. a finite measurable space {1,..., M} for some M € N endowed with the power set

2. the countably infinite space N endowed with the power set o-algebra 2N, or:
3. the unit interval [0,1] endowed with its Borel o-algebra:

B = o ({[a,b]]a,b € [0,1]NQ,a < b}).
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"Measurably isomorphic’ means that there is a measurable mapping that has a measurable
muverse.

Theorem A.4.2 (Kuratowski et al.). 1. Every Borel subset of any complete metric
space that has a countable dense subset is a standard measurable space in its Borel
o-algebra (e.g. QP is countable and dense in RP).

2. Two standard measurable spaces X and Y are measurably isomorphic iff their
cardinalities |X|, || are equal (e.g. RP 22 [0,1]).

3. Countable disjoint unions and countable direct products of standard measurable
spaces are standard measurable spaces.

4. If W is standard measurable space then the space of its probablity measures P(W)
1s also a standard measurable space.

Example A.4.3. Ezamples of standard measurable spaces are: R, Q, Z, N, {1,..., M},
[0, 1], topological manifolds, countable CW-complexes, every Borel set of any separable
complete metric space.

A.5. Measure Integrals
The construction of the measure integral [ f du follows in several steps.
Construction A.5.1 (Measure integral). Let (X, Bx, p) be a measure space.

1. Indicator functions: For A € By put:
/]lAdu = u(A).

2. Simple functions: For a simple function g : X — R given by:

N

g(l’) = Zan ' ]]'An(aj)7

n=1

where A, € By and a, € R, n=1,..., N, we define:

/gdu = ian - p(An).

3. Non-negative measurable functions: Let h : X — [0, 00| be a non-negative measur-
able function then we define:

/hdu = sup /gd,u € [0, o0,

0<g<h

where the supremum is running over all non-negative simple functions g that are
smaller or equal to h.
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4. Measurable functions with well-defined integral: Let f : X — R =R U {%oc0} be a
measurable function. We then can write f = f, — f_ with:

f+ :=max(f,0) >0, f- = max(—f,0) > 0.

If at least one of [ fydu, [ f-du is finite (i.e. < 00) we can then define:

/fdu:/f+du—/fdu € [—o0, 00].

The only case where we cannot properly define the integral is for measurable functions
[+ X — R where both integrals: [ fidu = 0o and [ f_dp = oo are infinite, because of
the “oo — oo =77 problem.

Remark A.5.2 (Riemann integral vs. measure integral). The construction of the Rie-
mann integral (RI) and the measure integral (MI) differ only in a few points:

1. RI uses (infinitesimal) interval length on x-azis, while MI uses the measure content
(which is also the interval length in case of the Lebesque measure).

2. RI decomposes the x-axis, while MI decomposes the y-azis.

3. RI uses limits for the integration boundaries to integrate to infinity (if convergent),
while MI takes difference of integrals (to infinity) of f+ and f_ (if difference well-
defined).

4. RI integrates in direction a to b, while MI integrates interval [a,b] in an undirected
fashion.

5. If a function is Riemann integrable (RI) (e.g. continuous) on interval [a,b] then
it 1s also Lebesgue integrable (MI) with the same integral value.

Definition A.5.3 (Integrable functions). Let (X, B, u) be a measure space. A measur-
able function f: X — R is called p-integrable if:

[ 151du < o

Theorem A.5.4 (Properties of the integral). Let (X, B, u) be a measure space and
f,g9: X = R p-integrable measurable functions.

1. For A € B we have: [14du = p(A).

2. Linearity: If a,b € R then a- f +0b- g is also p-integrable and we have:

/(a-f+b~g)d,u:a-/fdu+b-/gdu.
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Triangle inequality:

’/fdu‘ < [1f1dn < .

If f >, 0 then: [ fdu >0, with equality iff f =, 0.
Monotonicity: If f >, g then: [ fdu > [ gdu, with equality iff f =, g.
If [ fdu < oo then f <, .

The measure integral satisfies monotone convergence, dominated convergence, Fu-
bini theorems, etc. (see literature).

Note, we use =, and >, to indicate that this property is (only) allowed to fail on a
u-null set.

Definition A.5.5 (Expectation value). Let (W, B, P) be a probability space and X :
W — R be a measurable function with well-defined integral. Then its expectation
value (w.r.t. P) is defined to be:

E[X] := /X P,

Example A.5.6. Let X be a measurable space and f : X — R a measurable function
and W C X a countable subset.

1.

Dirac measure. Let w € X be a point. We define the Dirac measure 9,
centered at w via:

duw(A) == 14(w),

for all measurable A C X. Furthermore, we have:

E[f] = / F() 6, (dx) = f(w).

This holds because: f(x) = f(w) for d,-almost-all x € X. Let’s prove the right
equality more formally:

Proof. Consider:

B = (f(w) ={z € X|f(z) = f(w)} 3 w.

Since f is measurable and {f(w)} € Bg we also have B € By. We then have the
decomposition:

f(z) = f(z) - 1p(z) + f(x) - 1pe(x)
= f(w) - 1p(x) + f(x) - Ipe().
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Since w ¢ B we get 6,,(B°) = 0 and thus [ f(z) - 1pe(x) d,(dzx) = 0. Together we
get:

[ H@)dutde) = [ (F(w) - Lale) + Fla) - 1oe(o) ()
Fw

/ w(dz) + / f(z) - 1pe(x (dx)

]

2. Discrete distributions. Consider a discrete probability distribution P supported
on the countable subset W C X. Let p be its mass function. We then can write
the corresponding probability measure P on X as:

P = Z p(w) -4
weW

For measurable A C X we then have:

P(A) = ) p(w)-du,(A) = Y pw).
weW weWNA
Furthermore, we get:

_ / f(x) Pda) / I w) - Su(d) = 3 flw) - p(w)

EW wew

A.6. Densities/Derivatives

Definition A.6.1. Let (X,B) be a measure space and u, v two measures on it. We
say that v has a density w.r.t. u if there ewxists a non-negative measurable function

f:X —[0,00] such that for all A € B:

V(A)Z/ILA-fduZ:/Afdu-

Such a density does not always exist. If a density exists then it is essentially unique,
in the sense that two such densities would only differ on a p-null set. We often use

the notation: f = g% and call it ‘the’” density or (Radon-Nikodym) derivative of v
w.r.t. .

Proposition A.6.2. Let (X, B) be a measure space and p, v, k three measures on it
and g : X — R is either a v-integrable or non-negative measurable function.
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1. If v has a density w.r.t. p then we have:

d
/gdl/:/g-—ydu.
dp

2. (Conic) linearity: If k has a density w.r.t. p and v has a density w.r.t. p and
a,b>0 thena-k+0b-v has a density w.r.t. p and we have:
dla-k+b-v) dr dv
ATV Py = o p. 22
o (r) =a dﬂ(;p) + dﬂ(m)

for p-almost-all x € X.

3. Chain rule: If v has a density w.r.t. p and p has a density w.r.t. k then also v has
a density w.r.t. k and we have:

dv B dv

dp
%(-T) = @(iﬂ) ()

dk

for k-almost-all x € X.

4. Inverse: If v has a density w.r.t. y and p has a density w.r.t. v then we have:

dv du -
@(x) = <E($)>
for p-almost-all x € X. We can make in this context the (somewhat arbitrary)

choice to put: 071 1= oo.

Definition A.6.3 (Absolute continuity). Let p, v be two measures on a measurable
space (X, B). We say that v is absolute continuous w.r.t. i, in symbols:

v,
if for every A € B with u(A) =0 also v(A) = 0 holds, in short, if:
p(A) =0 = v(4)=0.

Theorem A.6.4 (Radon-Nikodym, see | | Cor. 7.34). Let (X,B,u) be a o-finite
measure space and v another measure on (X, B). Then the following two statements are
equivalent:

1. v has a density w.r.t. .
2. v 1is absolute continuous w.r.t. p.

Theorem A.6.5 (Besicovitch density theorem, | 1472D). Let u be a Radon measure
on RP (e.g. any finite or probability measure or the Lebesque measure, see A.8.1) and

f: RP — R be any (locally) p-integrable function. Then we have for u-almost-all
x € RP:
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1
Z.Iim—/ f(2)pldz) = f(x).
B U(B@) Sy T I
1
Q.Iim—/ f(z) = f(z)| p(dz) = 0.
i B ) BE@)' (2) = f(z)| p(dz)
Here B.(x) denote the closed balls of radius € > 0 centered at x (in Euclidean norm,).
The above, in particular, holds for the density f = —” of another measure v w.r.t. p:

for p-almost-all v € RP.

A.7. Conditional Expectation
You may be familiar with the conditional expectation for discrete random variables X, Y:

EX|Y =y] = Z$P =z|Y =y) —Z —xY—y)

TeEX TeEX y>
 SprP(X =Y =y)
P(Y =y) ’

and for real-valued random variables X,Y with positive and continuous joint density
p(z,y):

E[X\Y:y]:/Xa:-p(x]Y:y)dx:/Xx-pl(?x;;)da;:

The following construction generalizes this notion:

Definition A.7.1 (Conditional expectation). Let (W, P) be a probability space and
X:W-=R, Y : W —= Y be two random variables with either E[|X]|] < oo or X >0

a.s.

1. The conditional expectation of X given Y =y is defined via:

EX|Y =y] =E[X Y =y| - E[X_|Y = y] € R,
where Xy := max(£X,0) > 0 and:

dE,
dpPY apv W)

is the Radon-Nikodym derivative/density w.r.t. PY of the following measure on Y :

E[XL]Y =y] =

Ey(B) :=E[X:-1p(Y)] = /m - 1p(y) AP (2, y).

One can easily see that B+ < PY and that the densities exist by the Radon-
Nikodym theorem.
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2. The conditional expectation of X given Y is then the measurable map defined
via!

EX|Y]: W =R, we EX|Y](w):=EX|Y =Y (w)] =EX|Y = ylly=yw),
i.e. the composition of Y with the measurable map y — E[X|Y = y].

Remark A.7.2. The construction from above also works with a measure p such that

uY is o-finite (instead of P) since we only need to guarantee the existence of the Radon-

Nikodym derivative.

Notation A.7.3. Let W, Z, Y be measurable spaces and Z : W — Z andY : W — Y
be measurable maps. We write:
Z3Y

if there exists a measurable function F :Y — Z such that Z = F oY ; in other words if
Z is a deterministic (measurable) function of Y, i.e.: Z = F(Y).
If 1 is a measure on W we also write:

Z3,Y
if there exists a measurable map F such that Z = F(Y) p-almost-surely.

Theorem A.7.4. Let (W, P) be a probability space and X, T : W - R, Y : W — ),
Z : W — Z be random variables with E[| X|] < oo (or as long as we do not run into the
“0o0 — 00 =7 problem). Then we have the following properties:

1. E[X|Y] is the unique real valued random variable Z (up to P-null set) such that:
a) Z ZpY and:
b) for all measurable B C Y:

E[Z-1p(Y)] = E[X - 15(Y)].
2. For all real valued random variables Z Zp Y with E[|Z - X|] < oo we have:
E[Z X|Y]=Z EX|Y] P-as.
3. Linearity: For all a,b € R we have:
Ela- X 4+b-T|Y]=a-E[X|Y]+b-E[T|Y] P-a.s.

Constants: E[1|Y] =1 P-a.s.
Constant maps: If Y is a constant map then: E[X|Y]| = E[X] P-a.s.

Independence (see 2.5.23): If X 1LY then: E[X|Y] = E[X] P-a.s.

NS S

Deterministic dependence: If X Sp Y then: E[X|Y] = X P-a.s.
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8. Monotonicity: If X > T P-a.s. then we have:

E[X|Y] > E[T|Y] P-a.s.

9. Jensen inequality: Let ¢ : R — R be convex then we have:
p (E[X]Y]) <Elp(X)[Y] P-a.s.
10. Triangle inequality: |E[X|Y]| < E[|X]|Y] P-a.s.
11. Tower rule: If Y = Z then:

EEXY]||Z] =E[E[X|Z]|Y] =E[X|Y] P-a.s.
12. Tower rule, special case:
EEXY]Y,Z] =E[E[X|Y, Z]|Y] = E[X|Y] P-a.s.
13. Monotone convergence, dominated convergence, etc. (see literature).

A.8. The Lebesgue Measure

Definition A.8.1 (The Lebesgue (outer) measure). The Lebesgue (outer) measure
AP on RP is given for subsets A C RP wia:

AP(A) :=inf {ZVOID ([a(”), b(")])

neN neN

AC U [a™, b(”)]} :

where the infimum is running over sequences of D-dimensional cubes:
(a6 = " 6] < ol b5,

with o™ = (@\™,... al?), o™ = " ... ) e RP, o < 0" for d = 1,...,D,
n € N, that jointly cover A, where the D-dimensional volume is given by:

vol? ([a(n)7 b(n)]) — (bgn) _ agn)) L (bgl) _ a(Dn)>, vol? () := 0.

Theorem A.8.2 (The Lebesgue measure). The Lebesgue measure AP, when restricted
to the Borel-o-algebra of RP, is the unique measure on R that satisfies:

AP ([CL, b]) = vol” ([a7 b]) )

for all D-dimensional cubes |a,b]. If the dimension is clear from the context we might
just write X for \P.
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Theorem A.8.3. Let A be the Lebesque measure on the interval |a,b]. Let f : [a,b] — R
be a Riemann integrable function (e.g. a continuous function) then f is also A-integrable
and we have:

/f(:c)d:c: RLCRCE!

Theorem A.8.4 (Fundamental theorem of calculus). Let f : R — R be a measurable
function such that f[a 0 |f|d\ < oo for a,b € R. For fized ¢ € R define F : [c,00) — R
va:

Flz):= [ fdX

(c,7]

Then F is differentiable in A-almost-all x € R and for those points we have:

A.9. Transformation Rules

Theorem A.9.1 (General integral transformation). Let (W, i) be a measure space and
X:W— X and F: X — R be measurable. Then we have:

/F(X)duz/Fd(X*u),

if either side is well-defined. Written in longer form this is:

/ F(X(w)) p(dw) = / F(2) (X.p1)(do).

Theorem A.9.2 (Push-forward of densities). Let (W, u) be a measure space and v
another measure on W. Let ¢ : W — Y be a measurable mapping such that p.pu s
o-finite. If v has a density w.r.t. p then the push-forward measure p,v has a density
w.r.t. Y. given as follows:

d(p.v dv

) -5, | T

d(pxpt) dp

for g, p-almost-all y € Y, where the conditional integral E,, is constructed the same way

as the conditional expectation but using the o-finite measure ..
If, furthermore, ¢ is a measurable isomorphism then we get:

@:y} =”/Z—:(w)u(dwlsﬁ=y)”,

() = j—:w—l(y))

for v, p-almost-all y € Y.

Theorem A.9.3 (Transformation formula for the Lebesgues measure). Let ¢ : RP —
RP be a continously differentiable bijection of RY (or of open/closed subsets therein)
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with Jacobian ¢'(x) at point x. Let \ be the Lebesque measure on RP. Then @\ is
absolute continuous w.r.t. X with density given by:

W) () = et/ (6~ )

for all y € RP (or in that open/closed subset, and = 0 outside).

Corollary A.9.4 (Transformation of (probability) densities w.r.t. the Lebesgue mea-
sure). Let the setting be like in A.9.3. Let v be a (probability) measure on RY with
(probability) density p w.r.t. \. Then p,v also has a (probability) density w.r.t. X, which
15 then given by:

d(psv)  d(p.v) d(ps) | -1 1 =10, \—1
D W= G W T W = el W) - [det gl )
Theorem A.9.5 (A bit more general, | | Cor. 263F, 262F(b)). Let X C RP be a

measurable set and ¢ : X — RP an injective Lipschitz function. Let X' C X be the set
of points = at which ¢ has a derivative @' (z) relative to X%. Then we have:

1. X\ X' is a A\-null set.

2. |det¢/| :+ X' — [0,00) is measurable.
3. o(X) CRP is a measurable set.

4 Mp(X)) = [y [det ¢'(2)] dA().
5

. For every real-valued function g defined on a subset Y C p(X) we have:

/ 9(y) dA(y) = / g(p(a)) - | det /()] dA(z),
@(X)

X

if either integral is defined in [—o0, 00| and provided we interpret g(p(z))-| det ¢’ (x)] :
0if p(xz) ¢ Y and |det ¢'(x)| = 0.

Remark A.9.6 (Transformation rule for discrete measures). Let X' be a measurable
space and j be a discrete (probability) measure on X supported on the countable discrete
subset W C X with mass function given by:

dp
m(x) = ),
() = 12 (r)
where #y is the counting measure w.r.t. W given by: #w(A) == #(W N A). Let

v : X — Y be a measurable map. Then p.u is a discrete measure supported on (W)
with mass function/density:

ol = 3 mw)

d#so(W) wep—1(y)NW

88We say that ¢ is differentiable relative to X at z € X if there exists ¢'(z) € RP*P such that
for every € > 0 there exists a 6 > 0 such that for all y € X with ||y — z|] < § we have that:
lo(y) —o(z) —¢'(z) - (y—z)|| < e-|ly —z||. Note that in this definition such a derivative ¢'(x) does
not need to be unique.

360



Example A.9.7 (Linear transformation of Gaussian distributions).

Example A.9.8 (Density of Chi-square distributions).

A.10. Measure Extension Theorems

Theorem A.10.1 (Measure extension theorem, see | | Thm. 1.53, Thm. 1.36). Let
A be a ring (e.g. an algebra) of subsets of a set X. Let pn: A — [0,00) be a (finitely)
additive set function with p(0) = 0 that is also -continuous:

inf p(A,) =0, (72)

neN

for all non-increasing sequences (Ay)nen with A, € A and A1 C A, for alln € N and

ﬂnEN A” = @
Then there exists a unique o-finite measure v : o(A) — [0, 00| such that v(A) = u(A)

for all A € A.

Theorem A.10.2 (Ionescu-Tulcea extension theorem, see | ) ). Let I be an
arbitrary set (not necessarily countable) and (X;,B;), i € I, measurable spaces. For
subsets J C I we put:

XJ = H/Yj, BJ ::®Bj7 (73)

jedJ jedJ

the product space endowed with its product o-algebra. Now assume that we have a prob-
ability measure py on (X;,By) for every finite subset J C I such that:

1. for every finite subsets L € J C I we have: pry  ji; = piz,

2. for every finite subset J C I and i € I\ J there exists a Markov kernel: ;. :
Xy --» X, such that:

iy o = Hilg @ . (74)

Then there exists a probability measure puy on (X1, Br) such that for every finite subset
J C I we have:

PTjo b = fLJ. (75)

Proof. We first put, with pr; : X; — X’y the canonical projections:

A= |J prsBy={pr;"(B) C X/ | J C I, #J < o0,B € By}. (76)

JCI
#J<o0

Then, per definition, B; = o(A). Furthermore, A is an algebra of subsets of 7. Indeed,
let A1, Ay € Athen A, € prj}lBJl for some finite subsets J; C I, [ = 1,2. Then J := J;UJ,
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is also a finite subset of I and we have: Ay, Ay € pryB;. So, A, = prjl(Bl) for some
By € By, 1l =1,2. This then shows that:

Af = pr; (Bf) €pryB; C A, (77)
Al U Ag = pr;l(Bl U Bg) € pl"?}B] - A, (78)
Al N A2 = pl";l(Bl N Bg) € pl"ik]BJ Q .A (79)

It is also clear that: X7,0 € A. So, A is an algebra of subsets of X7.
We can now define the set function p: A — [0, 1] via:

w(A) :==py(B), for A=pr;(B), BEe€B,. (80)

This is well-defined because of the condition: pr; 41y = pz for finite subsets L C J C I.

It is also clear that pu is additive. Indeed, if A;, Ay € A are disjoint then A; = pr}l(BZ)
for some finite subset J C I and some disjoint B; € B;, [ = 1,2. The additivity of puy
then shows the additivity of u:

H(A1U Az) = p15(B1 U Bs) = py(B1) + py(B2) = (A1) + p(Az). (81)

To apply the extension theorem A.10.1 it is left to check that y is #-continuous on A. For
this, and, by way of contradiction, consider a non-increasing sequence A, € A, n € N,
with (,cny An = 0 and inf, ey p(A,) > € > 0. We can assume that A, = pr}nl(Bn) with
B,, € Bj, with the inclusion of finite subsets: J, C J,+1 C I for all n € N. We totally
order the countable set |, .y Jn such that k < [if k € J,, and [ € Jyq1 \ J.

We introduce the following abbreviations for n € N:

n

yn = XJn\Jn—l’ yﬁn = HY’H,7 yc = XI\UnGN In> (82)
=1
Hnj<n ‘= ® Kk {led, | I<k}Ud,_15 H<n = K, - (83)
k€Jn\JIn—-1

Then Y := Y. x HneN YV, = X;. We also put:

ho(y) = gn(Y<n) == 1, (y<n) = 1a,(y), h(y) := inf h,(y). (84)

neN

By assumption, (o An = 0, we have that h(y) = 0 for all y € V. Since A,, C A,,_; we

have for all n € N:

We define for k,n € N:
F yer) = /gn(yk-‘rl:m Y<to) Mkt1n| <k (AYrt1m|Y<i), (86)
PO (y<i) = inf £ (y<r). (87)
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Note that we then also have for all k,n € N and y € N:
0< fPyr) < FPyer) < F2 ) < 1. (88)
We also put for £ € N:

Cep, o= {y<r € Var | [P (y<r) > €} . (89)

By the above assumption we have for every n € N:

0 < e < inf u(Ay) (90)
= inf <, (By) (91)
= inf By, [90] (92)
= 0t [ [ 900 10) s daln) s () (93)
= inf / £V () g (dyn) (94)
- / inf £ () () (95)

- / FO () o (). (96)

Where the integral and infimum can be interchanged because fU) is B;-measurable
and the monotone convergence theorem, applied to 1 — fT(LI). We see that: u(Cy) >
0. Otherwise, [ T (1) i (dyy) < €, which would contradict the above sequence of
inequalities.

Now inductively for &k € N and y<;, € C<;, we have:

0 <e< [P (y<s) (97)
= inf £ (y<p) (98)
= lnf/f yk+17y§k:) Mk+1|§k(dyk+1\ygk) (99)
= [ 0t £ (s, ) il delycn) (100)
= /f<k+1)(yk+1ay§k)Mk+1|<k(dyk+1|yék)' (101)

This shows that: f41<e(CSyyly<e) > 0 for y<x € C<p. This means that we can
inductively construct a y € Y with components: y; € Cy and yp1 € C5, for k € N,
and an arbitrary y. € ).. This y then satisfies h,(y) > € > 0 for all n € N and thus
h(y) = inf,en hn(y) > € > 0, which lies in contradiction to h(y) = 0 for all y € V.

This shows that p is (-continuous. It follows by the extension theorem A.10.1 that p
has a unique extension to a probability measure to o(.,A) = B;. This shows the claim. [
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Corollary A.10.3 (Ionescu-Tulcea extension theorem for Markov kernels). Let I be an
arbitrary set (not necessarily countable) and (Z,Bz) and (X;,B;), i € I, measurable
spaces. For subsets J C I we put:

X =] By =) B;, (102)

jedJ jeJ

the product space endowed with its product o-algebra. Now assume that for every finite
subset J C I we are given a Markov kernel:

KJ(XJ‘Z) 2 - XJ7
such that:
1. for every finite subsets L C J C I we have:

KJ(XL‘Z) = KL<XL’Z) 2 - XL,

2. for every finite subset J C I andi € I\ J there exists a Markov kernel:
Kiy(Xil X5, Z) : X5 x Z - X,
such that:

Ky (Xil X5, Z) @ Kj(X4|Z) = Ko g (X, Xg|Z) 0 2 - Xo g

Then there exists a Markov kernel:
K(X(|Z): Z - &,
such that for every finite subset J C I we have:
K(X)|Z) = K;,(Xy|Z) : 2 --> &)

Proof. For every z € Z we can apply the Ionescu-Tulcea extension theorem A.10.2
separately and get a probability measure K (X;|Z = z) on B; such that for every finite
subset J C I we have:

K(XJ’Z = Z) = KJ(XJ'Z = Z).
We are left to check that the map:
K(X;1Z): Z = P(X)), z— K(X[|Z = 2),

is measurable. By Dynkin’s lemma and the definition of the product o-algebra By this
only needs to be checked on sets A; € B for finite subsets J C I. Since we have:

KXrepr;' (A Z=2)=K(X;€ AlZ =2)=K;(X; € A|Z = 2),

and z — K;(X; € A|Z = z) is measurable for finite J C I, the claim follows. O
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Corollary A.10.4 (Kolmogorov extension theorem for Markov kernels). Let I be an
arbitrary set (not necessarily countable) (Z,Bz) a measurable space and (X;,B;), i € I,
standard measurable spaces. For subsets J C I we put:

X ::HXj, Bj 3:®Bj7 (103)

jeJ jeJ

the product space endowed with its product o-algebra. Now assume that for every finite
subset J C I we are given a Markov kernel:

K;(X;|2): Z --» &,
such that for every finite subsets L C J C I we have:
Ky (X |Z)=K(X1|Z): Z--» XL.
Then there exists a Markov kernel:
K(X|Z): Z --» &},
such that for every finite subset J C I we have:
K(X;1Z2)=K;(X;|Z): Z-- X,.

Proof. This directly follows from Ionescu-Tulcea extension theorem for Markov kernels
A.10.3 and the fact that on standard measurable spaces we always have conditional
Markov kernels by the disintegration theorem 2.4.16. O]
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