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Abstract. For graphs of bounded maximum degree, we consider acyclic t-improper colourings,
that is, colourings in which each bipartite subgraph consisting of the edges between two colour classes
is acyclic and each colour class induces a graph with maximum degree at most .

In the first part, we show that all subcubic graphs are acyclically 1-improperly 3-choosable, thus
extending a result of Boiron, Sopena and Vignal (1997, DMTCS 49, 1-10). In the second part, we
consider the supremum, over all graphs of maximum degree at most d, of the acyclic t-improper
chromatic number and provide ¢-improper analogues of results by Alon, McDiarmid and Reed (1991,
RSA 2(3), 277-288) and Fertin, Raspaud and Reed (2004, JGT 47(3), 163-182).
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1. Introduction. Recall that a colouring is acyclic if each bipartite subgraph
consisting of the edges between two colour classes is acyclic. In other words, a
colouring is acyclic if it contains no alternating cycle (that is, a cycle which alter-
nates between two distinct colours). The starting point of our study is the work
of Boiron, Sopena and Vignal [3, 4]. These authors considered acyclic colourings
whose colour classes satisfy certain hereditary properties (their main motivation be-
ing the connection of such colourings with oriented colourings). The property we
are predominantly concerned with here is the following: given an integer t > 0, a
set of vertices is t-dependent if it induces a subgraph of maximum degree at most
t. A colouring is t-improper if its colour classes are t-dependent. Given a graph
G, we let x'(G) denote the acyclic t-improper chromatic number of G, that is,
the least number of colours in an acyclic colouring of the vertices of G such that
each colour class is t-dependent. Note xU(G) is just the usual acyclic chromatic
number x,(G), since a O-dependent set is an independent set. Let x(d) denote
the maximum possible value of X! (G) over all graphs G with maximum degree d.
We observe that x,(G) = x2(G) > x:(G) > --- > XGA(G)(G) = 1 and also that
Xo(d) = x2(d) > xL(d) > -+ > x4(d) = 1. We will investigate the behaviour of x%,(d)
viewed as a function of ¢.

In [3], Boiron et al. considered the problem of acyclically improperly colouring
subcubic graphs, i.e. graphs of maximum degree at most three. In particular, they
proved that x!(3) = 3 and conjectured that x2(3) = 2. The list colouring variant
of this problem is our first main topic. Given a graph G, a list assignment L is a
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mapping that assigns to every vertex v a list L(v) of colours. We say G is L-colourable
if there exists a proper colouring such that each vertex v is assigned a colour chosen
from L(v). Given an integer £ > 0, G is {-choosable if, for any list assignment L
such that |L(v)| > ¢ for each vertex v, the graph is L-colourable. The choice number
ch(G) of G is the smallest £ such that G is ¢-choosable. As well as being interesting
in its own right, studying the choice number is rewarding because (a) for all graphs
G, ch(G) > x(G), so upper bounds on the choice number yield upper bounds on the
chromatic number, and (b) inductive proofs often succeed in bounding ch(G) where
similar approaches to bounding x(G) directly fail. The choice number has been well-
studied since it was introduced by Erd8s, Rubin and Taylor [6]. In parallel with the
definition of X% (G) and X% (d), we define ch! (G) and ch! (d) in the natural way. Note
that, for any graph G and any integers ¢,d with 0 < ¢t < d, ch’(G) > ch’™(Q),
ch! (d) > cht(d), b, (G) > x4 (G) and chl,(d) > x*(d) for any t > 0.

Consider the complete bipartite graph G = Kg4,4. Suppose each vertex from one
stable set is assigned the list {1,2,...,d — 1} and each vertex from the other stable
set is assigned the list {d,d + 1,...,2d — 2}. Then, in any colouring of G using
colours from these lists, some colour must be repeated in each stable set, so there is
an alternating cycle. It follows that ch?(d) > ch?(K44) > d and, in particular, that
chl(3) > ch?(3) > ch?(3) > 3, so no list colouring analogue of the above-mentioned
conjecture of Boiron et al. that x2(3) = 2 can hold. On the other hand, as our first
main result, we prove the following strengthening of their upper bound:

THEOREM 1. Every subcubic graph is acyclically 1-improperly 3-choosable.

In other words, chl(3) < 3. We note that Montassier, Ochem and Raspaud [12]
showed ch,(3) =4 and ch,(4) = 5.

Our second main topic is to look at bounds on ! (d) for large values of d and ¢.
For some intuition, note that % (d) < x,(d) < d? + 1: we can greedily colour each
vertex v by picking a colour different from those already assigned at distance two from
v, thus guaranteeing that no alternating cycles shall arise. In 1976 (cf. [1]), Erdds
conjectured that it would be possible to do asymptotically better, that x,(d) = o(d?).
Fifteen years later, Alon, McDiarmid and Reed [2] proved this conjecture by showing
that x,(d) < cd*/3, for some fixed constant ¢ < 50, using the Lovdsz Local Lemma,;
hence, \4(d) = O(d*?). They also showed that y,(d) = Q(d*/®/(Ind)*/?) using
probabilistic methods.

We begin by considering lower bounds on x%(d). Observe that, for any graph G,

(G > tii/Gs) given an acyclic t-improper colouring, we can acyclically colour each
colour class with at most ¢t*/3 new colours to obtain an acyclic colouring of the entire
graph. Hence, x;(d) = Q ((d/t)*/3/(Ind)'/3). Our second main result is to show that
this basic lower bound on x/(d) can be much improved upon asymptotically, as long
as d —t > 10vdInd. More fully,

THEOREM 2. Ift < d —10V/dInd, then x'(d) = Q ((d —t)*/3/(Ind)'/3).

In particular, if ¢ = (1 — e)d for any fixed constant £, 0 < ¢ < 1, then we obtain
the same asymptotic lower bound as Alon et al. Comparing this lower bound with the
upper bound x%(d) = O(d*/3), we see the surprising fact that even allowing ¢ = Q(d)
does not greatly reduce the number of colours needed for improper acyclic colourings
of graphs with large maximum degree.

Lastly, we consider bounds on x%(d) when d —t = O(d'/?). At some point, x%(d)
must drop significantly as ¢ increases, because x%(d) = 1. Although we are unable to
pin down the behaviour of x! (d) viewed as a function of ¢, we can improve upon the
upper bound of Alon et al. when t is very close to d. More precisely, our third main
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result is the following:

THEOREM 3. x%(d) = O(dlnd + (d — t)d).

As for lower bounds in the regime d —t = O(d'/?), first note that Boiron et
al. showed x%=%(d) > 3; we can straightforwardly generalise this result by showing
that x%(d) > d —t + 1. This is done as follows: if K441 is the complete graph on
d + 1 vertices, then x%(K441) > d —t + 1, since, in any acyclic t-improper colouring
of K441, at most one colour class has more than one vertex and no colour class has
more than t+ 1 vertices. We can, however, improve upon this further and, in the final
section, we exhibit a set of examples showing the following lower bound.

THEOREM 4. ¢~ 1(d) = Q(d*/?).

We would like to reduce the gaps between the lower and upper bounds on X (d).
For ¢ = d — 1, the problem is particularly tantalising, and, in this case, the lower
bound of Theorem 4 and the upper bound of Theorem 3 differ by a factor of d*/3 Ind.
For this choice of t, the problem also includes the conjecture of Boiron et al. that
every subcubic graph is acyclically 2-improperly 2-colourable.

In the rest of the paper, we use the following notation. The degree of a given
vertex v is denoted by d(v). A k-verter (resp. a Sk-verter) is a vertex of degree k
(resp. degree at most k). We denote by N(v) the set of the neighbours of v. A k-cycle
(resp. a Zk-cycle) is a cycle containing k vertices (resp. at least k vertices). For a
graph G and a vertex v € V(G), we denote by G \ {v} the graph obtained from G
by removing v and its incident edges; for an edge uv of E(G), G \ {uv} denotes the
graph obtained from G by removing the edge uv. These notions are extended to sets
of vertices and edges in an obvious way. Let G be a graph and f be a colouring of G.
For a given vertex v of G, we denote by imy(v), or simply im(v) when the colouring
is clear from the context, the number of neighbours of v having the same colour as
v and call this quantity the impropriety of the vertex v. In all the figures depicting
configurations, we use the following drawing convention: a vertex whose neighbours
are totally specified is white, whereas a vertex whose neighbours are partially specified
is black. For notation not defined here, we refer the reader to [13].

2. Upper bound for ch!(3). In this section, we prove Theorem 1, i.e. we show
that chl(3) < 3. Our approach is to consider a minimal counterexample H to the
theorem, i.e. H has maximum degree three and list assignment L such that |L(v)| > 3
for any v € V(H), H is not acyclically 1-improperly L-colourable and, subject to these
conditions, H is minimal with respect to |V (H)|. We first show in Subsection 2.1 that
H is a 2-connected cubic graph. Then, in Subsection 2.2, we provide an inductive
approach to give an acyclic 1-improper L-colouring of H. This contradiction gives us
the theorem. We remark that this proof technique was also used in [8].

2.1. H is a 2-connected cubic graph. The aim here is Lemma 6 below, by
using the following lemma.

LEMMA 5. Let G be a connected subcubic graph with list assignment L such that
each list size is at least three.

(a) Suppose that v € V(G) is a <2-vertex and that G \ {v} has an acyclic 1-
immproper L-colouring f. Then there is an acyclic 1-improper L-colouring f' of G
such that every vertex v’ at distance at least three from v satisfies f'(v') = f(v').

(b) Suppose that wv € E(G) is a cut-edge and that G \ {uv} has an acyclic
1-improper L-colouring f. Then there is an acyclic 1-improper L-colouring [’ of G.

Before proving Lemma 5, let us use it to prove the following.

LEMMA 6. Suppose H, together with list assignment L, is a minimal counterex-
ample to Theorem 1. Then H is a 2-connected cubic graph.
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Proof. H is clearly connected; suppose H has a cut-vertex u. Since H is subcubic,
there is a cut-edge uv. Let H; and Hs be the connected components of H \ {uv}.
By minimality of H, there is an acyclic 1-improper L-colouring f (resp. fa2) of H
(resp. Hs). Now, f = f1 U fa is an acyclic 1-improper L-colouring of H \ {uv} and
thus, by Lemma 5(b), there is an acyclic 1-improper L-colouring of H, contradicting
that H is a counterexample.

The fact that H is cubic follows from Lemma 5(a). O

Proof of Lemma 5(a). If d(v) = 1, then f can be extended to G by selecting any
colour f’(v) € L(v) for v that is different from its neighbour’s. So we may suppose
that v has exactly two neighbours v and w. If f(u) # f(w), then we can just choose a
colour f(v) from L(v)\ {f(u), f(w)}; thus, from now on we assume f(u) = f(w) = a.

Let S be the set of colours appearing on vertices of {u} U N(u) \ {v}. If |S] < 2,
then we may choose f’(v) from L(v) \ S; this prevents a new alternating cycle and
does not increase the impropriety of u or w. We may thus assume that |S| = 3, so u
has two neighbours ui, us aside from v, and u; # w #* us. Symmetrically, we may
assume that w has neighbours w; and wy aside from v, and wy # u # wy. This is
depicted in Figure 2.1.

Note that possibly u; € {wi,ws} or us € {wy,ws}, but this does not affect
our arguments. If there is no colour from L(v) that would extend f to G, then
w.l.o.g. the following holds: L(v) = {a,b,c} and assigning b (resp. ¢) to v would
create an alternating cycle through ujuvww, (resp. usuvwws); in particular, f(uq1) =
flwy) = b, f(ug) = f(wz) = ¢, and the colour a appears at least twice in N(uq),
N(uz), N(wy), and N(wz).

ui Wy

V7] Wo
Fi1G. 2.1. A worst configuration for Lemma 5(a)

Assume u cannot be recoloured to obtain an acyclic 1-improper L-colouring f’
of G\ {v} with f'(u) # f'(w); otherwise, this could be easily extended to a valid
colouring of G. Then we have that L(u) = {a,b,c} and im(u;) = im(uz) = 1. By
recolouring u; with a colour chosen from L(uq) \ {a,b} we obtain a colouring with
im(up) = 0. Since we possibly created an alternating cycle containing w, we also
recolour w with the colour b. This new partial colouring f’ of G\ {v} is acyclic and
1-improper with f'(u) # f'(w) and so is easily extended to G. Since we recoloured
only vertices at distance at most two from v, we are done. O

Proof of Lemma 5(b). Let G; and Ga be the two connected components of
G\ {uv} with u € G; and v € Go. If we have f(u) # f(v), or if we have f(u) = f(v)
with im(u) = 0 in G; and im(v) = 0 in Go, then f is also an acyclic 1-improper L-
colouring of G. So suppose f(u) = f(v) = a with im(u) =1 in G;. Let uy, us be the
two neighbours of v in G; and assume f(u1) = f(u) = a. Clearly, f(uz2) # a and we
can recolour v with a colour from L(u) \ {a, f(u2)} without creating any alternating
cycle in G;. The resulting acyclic 1-improper L-colouring f' of G \ {uv} is a valid
L-colouring of G, since f'(u) # f'(v). O

2.2. Inductive colouring of H. Here, we will complete the proof of the theo-
rem by using the following lemma.
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LEMMA 7. Let G be a 2-connected cubic graph with list assignment L such that
each list size is at least three. Suppose G contains two adjacent vertices u* and v*
such that L(u*) # L(v*).

(a) There exists a vertexr order x1,%a,...,2T, for G such that r1 = u*, x, = v*
and for every 1 < i < n, the verter x; is adjacent to some vertex x; with j > i.
Let G; = G\ {Zit1,...,xp} for 1 <i < n.

(b)) If2<i<n-—1 and f;—1 is an acyclic 1-improper L-colouring of G;_1, then
there is an acyclic 1-improper L-colouring f; of G; such that fi(x1) = fi—1(x1).

(¢) If fn—1 is an acyclic 1-improper L-colouring of Gn—1 such that fn_1(x1) ¢
L(zy,), then there is an acyclic 1-improper L-colouring f of G.

Before we prove the lemma, we first show how it is used to prove the theorem.

Proof of Theorem 1. Let H, together with list assignment L, be a minimal coun-
terexample to the theorem. By Lemma 6, H is 2-connected and cubic. Recall that
every subcubic graph is acyclically 1-improperly 3-colourable [3]. We can therefore
assume that H contains two adjacent vertices u* and v* such that L(u*) # L(v*).

Therefore, Lemma 7 applies and we inductively colour H as follows. At Step 1,
set fi(x1) = ¢ for some ¢ € L(z1) \ L(z,). Then, at each Step i, 2 < i < n — 1,
extend the colouring without changing the colour of z1, by Lemma 7(b). At Step
n, use Lemma 7(c). The resulting L-colouring f of H is acyclic and 1-improper, a
contradiction. O

Proof of Lemma 7(a). Such an ordering is used in a standard proof of Brooks’
Theorem; the proof can be found in a standard reference, e.g. [13]. O

Proof of Lemma 7(b). All vertices of G; except x; are coloured by f;—1. Notice
that x; is a S2-vertex in G; by definition of the order z1, ..., 2,. The vertex z; is also
a S2-vertex in G; since it is adjacent to x, in G. If x; and x; are distance at least
three apart, then Lemma 5(a) applies with v = x; and we are done. Furthermore, by
closely examining the arguments in Lemma 5(a), we see that the only case in which
we might recolour any vertex (as opposed to an extension of f;—1 to v = z;) is when
the neighbours of v are as in Figure 2.1, i.e. they both have degree 3 and are not
adjacent. Since x; has degree 2, we may thus assume that x; and x; are not adjacent.
By symmetry, we need only consider the case that x; = wuy (see Figure 2.2(a)).
As before, we can assume the following: L(v) = {a,b,c}, fi—1(u) = fi—1(w) = a,
fifl(ul) = fifl(’wl) = b, fifl(’u,g) = fifl(wQ) = C, and the colour a appears at
least twice in N(u1), N(uz), N(wy1), and N(ws). Since z; is a 2-vertex, it follows
that im(z;) = 0, and we can recolour u with a colour from L(u) \ {a,c}. We then
obtain an acyclic 1-improper colouring f; which can be easily extended to G since
fi(u) # fi(w). O

Proof of Lemma 7(c). Let y and z be the neighbours of z,, distinct from 27 and
let y1 and y2 (resp. z1 and z3) be the neighbours of y (resp. z) distinct from x,, (see
Figure 2.2(b)). Let a = f,_1(x1). We consider some cases depending on the colours
appearing in the neighbourhood of z,.

1. If y, z, 1 have pairwise distinct colours, then f,,_; easily extends to G since
a ¢ L(x,).

2. Now suppose that exactly one colour distinct from a, say b, appears in the
neighbourhood of x,,. We consider two cases depending on the colours of y and z.

(a) Suppose that fr,—1(y) = fn—1(2) = b. If we can choose a colour in L(x,)
for x,, without creating an alternating cycle or having im(v) > 1 for some v, then we
are done. Otherwise, we may assume w.l.o.g. that L(z,) = {b,c,d} with f,_1(y1) =
fr—1(z1) = ¢, fn-1(y2) = fn-1(22) = d, and the colour b appears at least twice in
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y1
ui=xq W1 y
u Xi w Y2 Xn X1
Al
U Wy z
2
(a) For Lemma 7(b) (b) For Lemma 7(c)

Fic. 2.2. Configurations for Lemma 7

N(y1), N(y2), N(z1), and N(z2). We first try to recolour y with a suitable colour dis-
tinct from b. (This would not create an alternating cycle since f,,—1(y1) # fn—1(y2).)
If this colouring succeeds, then we assign x,, the colour b. Otherwise, L(y) = {b, ¢, d}
and im(y;) = im(y2) = 1. In this case, we recolour y; with a colour from L(y1)\ {b, ¢}
and recolour y with the colour ¢. As the neighbours of y5 all now have distinct colours,
there is no alternating cycle through y- nor through y;, and so we have not created
an alternating cycle. Furthermore, y, z, ; have three distinct colours and we are
back in Case 1.

(b) Now suppose that f,_1(y) = a and f,_1(2) = b. If we can choose a colour
for x,, without creating an alternating cycle or having im(v) > 1 for some v, then we
are done. Otherwise, we may assume w.l.o.g. that L(z,) = {b,¢,d} with im(z) = 1,
frn—1(y1) = ¢, fa—1(y2) = d, and the colour a appears at least twice in N(y;) and
N(y2). We first try to recolour y with a colour distinct from a. If this is possible,
we are in the situation of Case 1 or of Case 2(a). Otherwise, L(y) = {a,c,d} and
im(y;) = im(y2) = 1, so we recolour y; with a colour from L(y;) \ {a,c} and recolour
y with the colour ¢; we are back in Case 1.

3. Finally, suppose that f,—1(y) = fn-1(2) = fo-1(z1) = a. Let L(z,) =
{b,¢,d} (and recall that a ¢ L(x,)). If no colour from L(z,) can be used to colour
Zn, then each colour could create an alternating cycle containing x,,. We may assume
w.lo.g. that f,—1(y1) = b, fn_1(y2) = ¢ and the colour a appears at least twice in
N(y1) and N(y2). As usual, we first try to recolour y with a colour distinct from a.
If successful, then we return to one of the previous cases. Otherwise, L(y) = {a,b, c}
and im(y1) = im(y2) = 1, so we recolour y; with a colour in L(y1)\{a, b} and recolour
y with the colour b; we then return to Case 2.

O

The analysis above can be easily adapted to give an algorithm to acyclically 1-
improperly list colour any subcubic graph from lists of size at least three in time
O(|V(G)|?). Indeed, our arguments, those of Boiron et al., and a well-known linear
algorithm for finding cut-vertices may be straightforwardly combined to yield a linear-
time algorithm, but we decline to give the details here.

3. A probabilistic lower bound for x/(d). In this section, we prove Propo-
sition 10 below, a more explicit version of Theorem 2. Our argument mirrors that
of Alon et al. but uses upper bounds on the t-dependence number o, the size of a
largest t-dependent set, in the random graph G, ,. For more precise upper bounds
on a'(Gy,p), consult [10].
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LEMMA 8. Fiz an integer n > 1 and p € R with 4(Inn/n)'/* < p < 1. Let
m = |n —1281Inn/p*|. Then asymptotically almost surely and uniformly over p in
the above range, any colouring of Gy, , with k < (n—m)/4 colours and in which each
colour class contains at most m vertices contains an alternating 4-cycle.

Proof. As there are at most k™ < n™ possible k-colourings of Gy, ,, to prove
the lemma it suffices to show that for any fixed k-colouring of the vertices of Gy,
(which we denote {v1,...,v,}) with colour classes C,...,C) in which |C;| < m for
all 1 < i < k, the probability that G, , does not contain an alternating 4-cycle is
o(n™").

Fix a colouring as above, and let ¢ be minimal such that |C1U. ..UCy| > (n—m)/2.
Let A=C1U...UCj and let B = Cyy1U...UC}. As no colour class has size greater
than m, |A| < (n+m)/2 and so |B| > (n —m)/2. By symmetry, we may also assume
that |A] > n/2.

Next, let P = {{z1,2}},...,{xr, 2. }} be a maximal collection of pairs of elements
of A such that for 1 < i < r, x; and «} have the same colour, and for 1 <i < j <r,
{wi, ;} and {z;,2)} are disjoint. As we may place all but perhaps one vertex from
each colour class C; in some such pair (with one vertex left over precisely if |C;] is
odd), it follows that

S TR IC

N | =

Similarly, let Q = {{y1,v1},-..,{ys, ¥} } be a maximal collection of pairs of elements
of B satisfying identical conditions; by an identical argument to that above, it follows
that s > (n —m)/8.

Let E be the event that for all 1 <i <r, 1 <j <'s, {z;,y;,2},9;} is not an
alternating 4-cycle, and let E’ be the event that G, , contains no alternating 4-cycle;
clearly E' C E. For fivred 1 <i <7 and 1 <j < s, the probability that {z;,y;, 7}, y}}
is not an alternating 4-cycle is (1 — p*) and this event is independent from all other
such events. As (n —m) > 1281Inn/p? it follows that

Pr(E')<Pr(E)<(1-pY)" <e?rs

4 —
< exp{_p n(7g4 m)} < e—2nlnn _ O(n—n)7

as required. O

Using this lemma, we next bound the acyclic t-improper chromatic number of
G,,p for p in the range allowed in Lemma 8.

LEMMA 9. Fiz an integer n > 1 and p € R with 4(Inn/n)'"/* < p < 1. Let
m = |n—128Inn/p*| and let t(n,p) = p(m—1)—2,/np. Then asymptotically almost
surely, for all integers t < t(n,p), X' (Gnp) > 32Inn/p*, uniformly over p and t in
the above ranges.

Proof. Fix n and p as above, and choose ¢t < t(n,p). We will show that asymp-
totically almost surely Gy, ;, contains no t-dependent set of size greater than m, from
which the claim follows immediately by applying Lemma 8 as (n—m)/4 > 32Inn/p*.
Let G[m)] represent the subgraph of G, ,, induced by {v1,...,v,}. By a union bound
and symmetry, we have

n

Pr (o' (Gpp) > m) < (m

)Pr(A(Glml) < 1) < 27Pr (Al < 1)
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Since, if A(G[m]) <t then G[m] has at most tm/2 edges, it follows that

Pr (a'(G,,p) > m) <2"Pr (E(G[m]) < t7m>

<2pr (6D () <5 -0())

Finally, by a Chernoff bound and by the definition of ¢(n,p), we conclude that

Pr (a'(Ghp) > m) < 2" exp {‘ (%m _p(,;))z ' (279(7;))_1}

< 2" exp {—W} < (2/e)" = (1),

as claimed. O
Using Lemma 9, it is a straightforward calculation to bound x? (d) for d sufficiently

large and t sufficiently far from d.
PROPOSITION 10. For all sufficiently large integers d and all non-negative integers

t<d—-10vdlnd,
d _ t)4/3
td) > 4D
Xa( ) = 214(1nd)1/3
Proof. Choose n so that
21303 Inn < d3(d — t) < 203 Inn; (3.1)

such a choice of n clearly exists as long as d is large enough. Let p = (d—4vdInd)/n;
we first check that p and ¢ satisfy the requirements of Lemma 9. Presuming d is large
enough that np > d/2, by the lower bound in (3.1) and the fact that d(d —t) < d? we
have

d _ (d®(d—t)"* _ 8n3/*(Inn)/* Inn\*
> — > > =4(— . 3.2
b= 2n — 2n - 2n n (32)
Furthermore, letting m = |n — 128 Inn/p*|, we have
1281 1281
p(m—1)—2/np > np — 3nn—2\/np—2=d—4\/d1nd—2\/np—2— Bnn
p p
1281
>d—8Vdnd — — 2" (3.3)

P’
Since p > d/2n and by the lower bound in (3.1),

1281nn < 21033 Inn < d—t
3 d3 - 8’

which combined with (3.3) yields

p(m—1) —2y/np >d—8Vdln _d=?

=t+ 7(d8_ D _8/dmd > t, (3.4)
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the last inequality holding since ¢t < d — 10v/dInd. As (3.2) and (3.4) hold we may
apply Lemma 9 to bound x%(G,, ) with this choice of t and p; as n > d, it follows
that as long as d is sufficiently large,

3
> = .
=5 (35)

Pr <XZ(Gn,p) > 32 lnn>

P
say. Furthermore, by a union bound and a Chernoff bound,

n

< neflﬁlnd/B < l, (36)
n

the last inequality holding as Ind > Inn/2 (which is an easy consequence of (3.1)).

Combining (3.5) and (3.6), we obtain that

32Inn

3 1
<d|>Z_-Z>
i ,A(Gn,p)_d> >T-—z

1
Pr (XZ(GMP) > D)

as long as n > 4, so there is some graph G with maximum degree at most d and with
XL (G) > 32Inn/p*. Since ! is monotonically increasing in d, it follows that

32lnn  32ntlnn

t
Xa(d) = PEEE—T (3.7)
An easy calculation using the upper bound in (3.1) and the fact that Inn < 2Ind

gives the bound

d4 _ 219n4(1n d)4/3
(d—t)3
so 32ntInn/d* > (d —t)*/3 /2" (Ind)'/. By (3.7), it follows that

d—t)*3
t d) > (

as claimed. O

4. A probabilistic upper bound for x!(d). In this section, we study the
situation when ¢ is even closer to d, when d —t = o(d'/?) in particular. Theorem 3 is
a corollary of our main result here.

We analyse a different parameter from, but one that is closely related to, the
acyclic t-improper chromatic number. A star colouring of G is a colouring such that
no path of length three (i.e. with four vertices) is alternating; in other words, each
bipartite subgraph consisting of the edges between two colour classes is a disjoint union
of stars. The star chromatic number x,(G) is the least number of colours needed in
a proper star colouring of G. We analogously define the parameters x%(G) and x%(d)
in the natural way. The star chromatic number was one of the main motivations for
the original study of acyclic colouring [9]. Clearly, any star colouring is acyclic; thus,
X% (d) < x4(d). Fertin, Raspaud and Reed [7] showed that x,(d) = O(d®/?) and that
Xs(d) = Q(d*?/(Ind)'/?). We note that a natural adaptation to star colouring of
the argument given in the last section gives the following:
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THEOREM 11. There ezists a fived constant C > 0 such that, ift < d—Cvdlnd,
then xi(d) = Q ((d —)*?/(Ind)*/?).

Given a graph G of maximum degree d, the idea behind our method for improved
upper bounds is to find a dominating set D and a function g = g(d) = 0(d3/2) such
that |(N(v) UN?(v)) ND| < g for all v € V(G). Given such a set D in G, we assign
colours to the vertices in D by greedily colouring D in the square of G (i.e. vertices in
D at distance at most two in G receive different colours) with at most g + 1 colours;
then we give the vertices of G\ D the colour g + 2. It can be verified that this
colouring prevents any alternating paths of length three (and so prevents alternating
cycles) and ensures that every vertex has at least one neighbour of a different colour.
Furthermore, we can generalise this idea by prescribing that our set D is k-dominating
— each vertex outside of D has at least k neighbours in D — to give a bound on
X4M(a).

THEOREM 12. x!(d) = O(dInd + (d — t)d).

This result provides an asymptotically better upper bound than x%(d) = O(d3/2)
when d — t = o(d'/?). Tt also provides a better bound than x!(d) = O(d*/®) when
d —t = o(d'/?). Theorem 12 is an easy consequence of the following lemma:

LEMMA 13. Given a d-reqular graph G and an integer k > 1, let (G, k) be the
least integer k' > k such that there erists a k-dominating set D for which, for all
v e V(Q), INw)ND| <K'. Let(d, k) be the maximum over all d-regular graphs G
of W(G, k). Then, for all d sufficiently large, ¥(d, k) < max{3k,311Ind}.

We postpone the proof of this lemma, first using it to prove Theorem 12:

Proof of Theorem 12. We first remark that the function x! is monotonic with
respect to graph inclusion in the following sense: if G and G’ are graphs with V(G) =
V(G), A(G) = A(G') and E(G) C E(G’'), then x4(G) < xL(G’"). As any graph
G of maximum degree d is contained in a d-regular graph, to prove that x%(d) =
O(dInd + (d — t)d) it therefore suffices to show that x%(G) = O(dInd + (d — t)d)
for d-regular graphs G. We hereafter assume G is d-regular and d is large enough to
apply Lemma 13. Let k = d — t. We will show that x%(G) < dv(d, k) + 2, which
proves the theorem.

By Lemma 13, there is a k-dominating set D such that |N(v) N D| < ¢(d, k) for
all v € V(G). Fix such a dominating set D and form the auxiliary graph H as follows:
let H have vertex set D and let uv be an edge of H precisely if v and v have graph
distance at most two in G. As |[N(v)ND| < ¢(d, k) for all v € V(G), H has maximum
degree at most dy)(d, k).

To colour G, we first greedily colour H using at most di(d, k) + 1 colours, and
assign each vertex v of D the colour it received in H. We next choose a new colour not
used on the vertices of D, and assign this colour to all vertices of V(G)\ D. We remind
the reader that im(v) denotes the number of neighbours of v of the same colour as v.
If v € D then im(v) =0, and if v € V' \ D then im(v) <d— [N(v)ND| <d—k =t,
so the resulting colouring is t-improper.

Furthermore, given any path P = wvjvovzvs of length three in G, either two
consecutive vertices v;, v;+1 of P are not in D (in which case ¢(v;) = ¢(v;41) and P is
not alternating), or two vertices v;, v; 42 are in D (in which case ¢(v;) # ¢(vi42) and P
is not alternating). Thus, the above colouring is a star colouring G of impropriety at
most ¢ and using at most d(3k + 31Ind) + 2 colours; as G was an arbitrary d-regular
graph, it follows that x%(d) < dvy(d, k) + 2, as claimed. O

We next prove Lemma 13 with the aid of the following symmetric version of the
Lovéasz Local Lemma:
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LEMMA 14 ([5], cf. [11], page 40). Let A be a set of bad events such that for each

AeA

1. Pr(A) <p<1, and

2. A is mutually independent of a set of all but at most § of the other events.
If 4pd < 1, then with positive probability, none of the events in A occur.

Proof of Lemma 13. 'We may clearly assume that k is at least (31/3) Ind, since, if
the claim of the lemma holds for such &, then it also holds for smaller k. Let p = 2k/d
and let D be a random set obtained by independently choosing each vertex v with
probability p. We claim that, with positive probability, D is a k-dominating set such
that |[N(v)ND| < 3k for all v € V(G); we will prove our claim using the local lemma.

For v € V(G), let A, be the event that either |N(v)ND| < k or |[N(v)ND| > 3k.
By the mutual independence principle, cf. [11], page 41, A, is mutually independent
of all but at most d? events A,, (with w # v). Furthermore, since |N(v) N D| has a
binomial distribution with parameters d and p, we have by a Chernoff bound that

Pr(A,) =Pr(|[N(v)ND| - E(IN(w)ND|)| > k) < 2e7*/° = o(d72)

s0 4Pr (A,) d? < 1 for d large enough. By applying Lemma 14 with A = {A, |v € V},
it follows that with positive probability none of the events A, occur, i.e. D has the
desired properties. O

5. A deterministic lower bound for x?~!(d). In this section, we concentrate

on the case t = d — 1 and exhibit an example G,, which gives the asymptotic lower
bound of Theorem 4. Given a positive integer n, we construct the graph G, as follows:
G has vertex set {v;; : 4,5 € {1,...n}}U{w;; : 4,5 € {1,...,n}}. Fori,j €{1,...,n}
we let V;; = {v;j, w;; }. We can think of the set of vertices as an n-by-n matrix, each
entry of which has been “doubled”. Within each column C; = U?:l V;; and within

each row R; = |J_, Vi; we add all possible edges. The graph G,, has 2n? vertices
and is regular with degree d = 4n — 3. We will prove the following proposition, which
directly implies Theorem 4:

PROPOSITION 15. x4~ (Gp) > iy + 1.

Proof. Let f : G, — {1,...,k} be an acyclic (d — 1)-improper colouring of G,;
we will show that necessarily k& > n1+3+1 Since n > 1 it follows that n/2 > n1+3+1
and thus we may assume that k < n/2. Clearly, some colour — say a; — appears on
two vertices x, 2’ of C;. We call the colour a; “black” and refer to vertices receiving
colour a; as black vertices. If i,y € C; both receive colour i # aq, then zyz’y’ forms
an alternating cycle, so a; is the only colour appearing twice in C;. It follows that at
most k — 1 vertices in C; are not black.

Applying the same logic to any column C;, we see that all but k — 1 vertices in
C; must receive the same colour, say a;. Since k < n/2, it is easily seen, then, that
there must be a row Ry such that vg; and wg; are both black, and vy; and wy; are
both coloured a;. This implies that a; = a1, since otherwise vy v wr1wy; would be
an alternating cycle. It follows that in all columns, at most k& — 1 vertices receive a
colour other than a;. Symmetrically, there is a colour b such that in all rows, at most
k — 1 vertices receive a colour other than b; clearly, it must the case that b = a;.

If there are i,j € {1,...,n} such that both R; and C; are entirely coloured black,
then all the neighbours of v;;, w;; are coloured with a1 and the colouring is not (d—1)-
improper; therefore, it must be the case that either all rows, or all columns, contain
a non-black vertex. Without loss of generality, we may assume that all rows contain
a non-black vertex.
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Let z1,...,2, be non-black vertices receiving the same colour, say a, and let
;i € Vi, m,;, for 1 < i < r. As previously noted, no two of zj,...,z, may lie in the
same row or column; i.e., for ¢ # j, ¢; # £; and m; # m;.

CLAIM 1. At least 3(3) vertices of Ui<icj<r Veim; receive a non-black colour
other than a.

Proof. No vertices in |, <, ;< Ve,,m; receive colour a as each such vertex is in the
same row as one of z1, ..., z,. On the other hand, for each pair ¢, j with1 <i < j <,
at least three of the vertices in Ve;;m; U Ve, ,m; must receive a colour other than a;.
For if y,y' € Vi, ;m; U Ve, m, both receive colour ay, then x;yx;y’ forms an alternating
cycle. The result follows as there are (g) pairs¢,j with 1 <i<j3<r. O

CrAM 2. At least r distinct non-black colours appear on U1§i<j§r Ve, m; -

Proof. By an argument just as above, each of V¢, p,, ..., Ve, m, must contain a
vertex receiving a colour other than a; or a. These colours must all be distinct as
Vi1 mas -+ Ver,m, are all contained within R,,. O

Let {az,as, ..., ax} be the set of non-black colours. Let %, ... ,x%z be the vertices
receiving colour ag, and for i = 3,...,k let 21, ..., z] be the vertices receiving colour
a; which are in a different row from all vertices in Uj<i USS” xl. As every row

contains a non-black vertex, Zf:z r; = n; it is possible that r; = 0 for certain i, if
there is a vertex coloured with one of as, ..., a; in every row.
Fori€{2,...,k} and s € {1,...,7;}, say vertex % € Vyi i, and let

A= U Vi UV i

1<s<t<r;

By Claim 1, at least 3(2) vertices of A; are non-black. Furthermore, if 7 # ¢’ then for
any s € {1,...,m;}, 8 € {1,...,ri}, ¢ and. xl;, are in different rows — so A; and A;
are disjoint. It follows that in Uf:2 AUy, ..., 2;, }, at least

Zk: <3 (g) n ri) > grf (5.1)

=2

vertices are non-black. As Zf:z r; = n, it is easily seen that

st

i=2

As there are only k — 1 non-black colours, it follows that some non-black colour —
say ap — appears at least (|n/(k — 1)])? times. If (|n/(k — 1)])? > n?/3, then by
Claim 2, at least n?/3 +1 > nl+3+1 + 1 colours appear on G,,, so we may assume that
n??% > (In/(k—1)])> > (n/(k — 1) — 1)%. But then k > —7577 + 1, as claimed. O

Since d = 4n — 3, the above proposition yields x?~1(G,) > (1 + o(1))2=4/3d%/3.
It is worth noting that the correct asymptotic order of y¢~1(G,,) is unknown; it is
even conceivable that x9~1(G,,) = O(d). For improper star colouring, a construction
and accompanying argument that are similar to the above gives x4=(d) > (1 +
0(1))2-1/642/3,

6. Conclusion. In this paper, we studied the problem of acyclically t-improperly
colouring graphs with maximum degree at most d. We first considered the list colour-
ing variant of the problem for d = 3 and showed that every subcubic graph is acycli-
cally 1-improperly 3-choosable. This strengthens a result of Boiron et al. A natural
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question is to consider the case of d = 4; however, it seems unlikely that the method
used in this paper easily extends. In light of [12], it might be fruitful to study the
relationship between acyclic t-improper colourings and maximum average degree.
We next considered the behaviour of the acyclic t-improper chromatic number in
the case of large d. We showed that the same asymptotic lower bound for ordinary
acyclic chromatic number by Alon et al. could also be established for the acyclic t-
improper chromatic number for any ¢ = t(d) satisfying d —t = ©(d). We remark that,
in this case, the upper bound x,(d) < cd*/3 can be easily adapted to list colouring,
i.e. ch,(d) < ¢/d*/3 for some absolute constant ¢’. This means that, for d — t = ©(d),
Theorem 2 is asymptotically tight up to a factor of (Ind)'/?, even for list colouring.
Lastly, we studied the case of large d and ¢ very close to d. For this case, we
showed Theorem 12 using the Lovész Local Lemma. This theorem improves upon
upper bounds for x%(d) and x%(d) implied by the results of Alon et al. and Fertin et
al., respectively, giving for instance that x%(d) = O(dInd) for d—t = O(Ind). On the

other hand, we showed that y¢~1(d) = Q(d?/?) by a deterministic construction.
Xa(d) X4(d)
d—t lower upper lower upper
1/3 3/2
oW | (i) 2 ()

—\4/3 —\3/2 O(d3/?
w(v/dInd) Q(%) O(d*/3) Q(%) (@)

o | 0@ s 2@ | ow-0a
O(In d) O(dIn d) O(dInd)
0 1 1 1 1
TABLE 1

Asymptotic bounds for x! (d) and x%(d).

There is much remaining work in the case d —t = o(d). Table 1 is a rough
summary of the current bounds on X' (d) and x%(d) when d is large. Of particular
interest, it is unknown if x2~1(d) is ©(d?/?), ©(dInd) or somewhere strictly between
these extremes.

CONJECTURE 16. x¢71(d) = ©(d) and x?~1(d) = O(d).

a S
Another line of enquiry would be to consider the list colouring analogue of this

problem. For instance, the first question one might consider is whether chg(d) is closer
to ©(d) or ©(d*?). To our knowledge, there has been no progress on this question to
date.
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