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What is the effect of fixed girth on planar distance colouring?



Distance 1 vertex-colouring of planar graphs

Appel & Haken '77: x < 4. Sharp for Kj.



Distance 1 vertex-colouring of planar graphs and girth

Appel & Haken '77: x < 4. Sharp for Kj.
Grotzsch '58: x < 3 for girth 4. Sharp for odd cycles.



Distance 1 vertex-colouring of planar graphs and girth

Appel & Haken '77: x < 4. Sharp for Kj.
Grotzsch '58: x < 3 for girth 4. Sharp for odd cycles.

Trees, i.e. with girth oo, of course are bipartite.



Distance 1 edge-colouring of planar multigraphs

Shannon '49: X' < [1.5A]. Sharp for Shannon multigraphs.



Distance 1 edge-colouring of planar multigraphs and girth

Shannon '49: X' < [1.5A]. Sharp for Shannon multigraphs.
Vizing '65: X' < A for girth 3 if A large. Sharp for trees.



Distance 2 vertex-colouring of planar graphs

Wegner's Conjecture '77: X2 < [1.5A] + C. Sharp for subdivided Shannon.



Distance 2 vertex-colouring of planar graphs and girth

Wegner's Conjecture '77: X2 < [1.5A] + C. Sharp for subdivided Shannon.
Havet, Van den Heuvel, McDiarmid, Reed '08: x2 < 1.5A + o(A).



Distance 2 vertex-colouring of planar graphs and girth

Wegner's Conjecture '77: X2 < [1.5A] + C. Sharp for subdivided Shannon.
Havet, Van den Heuvel, McDiarmid, Reed '08: x2 < 1.5A + o(A).

Borodin, Glebov, Ivanova, Neustroeva, Tashkinov '04:
x2 < A+ 1 for girth 7 if A large. Sharp for trees.



Distance 2 edge-colouring of planar graphs

Faudree, Schelp, Gyarfas, Tuza '90: X5 < 4A + 4. Sharp for “hairy” Ki.



Distance 2 edge-colouring of planar graphs and girth

Faudree, Schelp, Gyarfas, Tuza '90: X5 < 4A + 4. Sharp for “hairy” Ki.
Borodin & lvanova '13: X2 < 2A — 1 for girth Q(A). Sharp for trees.



Distance 2 edge-colouring of planar graphs and girth

Faudree, Schelp, Gyarfas, Tuza '90: X5 < 4A + 4. Sharp for “hairy” Ki.
Borodin & lvanova '13: X2 < 2A — 1 for girth Q(A). Sharp for trees.

In fact, “hairy” odd cycles show that x5 can be > 2A — 1 with girth ©(A).
No fixed girth achieves the optimal value for trees.



How does the story extend to colouring with larger distance?



Distance t vertex-colouring of planar graphs

For trees:

1 _1)t/2 _
(B) = {“(A(A )72 -2) 2|t

52(A —1)EN2 2y 24t



Distance t vertex-colouring of planar graphs and girth

For trees:

1 _1)t/2 _
(B) = {“(A(A )72 -2) 2|t

52(A —1)EN2 2y 24t

Agnarsson and Halldérsson '03: xt < G - e(A).



Distance t vertex-colouring of planar graphs and girth

For trees:
R £ NN I IES
5(2(A —1)E2 2y 24t
Agnarsson and Halldérsson '03: xt < G - e(A).
Fellows, Hell, Seyffarth '98: G >3/2if2|tand G >9/4if 21t

(Gc=2and ;=3/2+¢.)



Distance t vertex-colouring of planar graphs and girth

For trees:

1 _1)t/2 _
(B) = {“(A(A )72 -2) 2|t

52(A —1)EN2 2y 24t

Agnarsson and Halldérsson '03: xt < G - e(A).
Fellows, Hell, Seyffarth '98: G >3/2if2|tand G >9/4if 21t
(Gc=2and ;=3/2+¢.)

Kang and Van Loon: If 2| t, then 3g: : x: < 7¢(A) for girth g; if A large.
If 2t t, then no such g; exists



Distance t vertex-colouring of planar graphs and girth

For trees:

1 _1)t/2 _
(B) = {“(A(A )72 -2) 2|t

52(A —1)EN2 2y 24t

Agnarsson and Halldérsson '03: xt < G - e(A).
Fellows, Hell, Seyffarth '98: G >3/2if2|tand G >9/4if 21t
(Gc=2and ;=3/2+¢.)

Kang and Van Loon: If 2| t, then 3g: : x: < 7¢(A) for girth g; if A large.
If 2t t, then no such g; exists — not even a g:(A) exists.



Distance t edge-colouring of planar multigraphs

For trees:

—Z(A(A —1)ED2 Ay 24t

=
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Distance t edge-colouring of planar multigraphs and girth

For trees:
(D) = a5A-1)7—a)  2ft
T aRG@ ) —a) 2t
Faudree et al. + Agnarsson and Halldérsson: Xt < G -Ti(A).
Adaptation of Fellows et al.: C{>9/4if2|tand C >3/2if2¢¢t.

(C{ =3/2and G, €[9/4,3].)



Distance t edge-colouring of planar multigraphs and girth

For trees:

(a) = {;2(2(A )Y A 2]t

a5 (AA -2 —p) 24t

Faudree et al. + Agnarsson and Halldérsson: Xt < G -Ti(A).
Adaptation of Fellows et al.: C{>9/4if2|tand C >3/2if2¢¢t.
(G =3/2and G €[9/4,3].)

Kang and Van Loon: If 21 t, then 3g{ : x: < 7{(A) for girth g{ if A large.
If 2 | t, then no such g; exists.



Distance t edge-colouring of planar multigraphs and girth

For trees:

s a1 A 2t
(&)= {iumm SR g) 2fr

Faudree et al. + Agnarsson and Halldérsson: Xt < G -Ti(A).
Adaptation of Fellows et al.: C{>9/4if2|tand C >3/2if2¢¢t.
(C{ =3/2and G, €[9/4,3].)

Kang and Van Loon: If 21 t, then 3g{ : x: < 7{(A) for girth g{ if A large.
If 2 | t, then no such g; exists.

Could girth Q(7{(A)) suffice for x: < 17(A)?



Distance t edge-colouring of planar multigraphs and girth

For trees:

s a1 A 2t
(&)= {iumm SR g) 2fr

Faudree et al. + Agnarsson and Halldérsson: Xt < G -Ti(A).
Adaptation of Fellows et al.: C{>9/4if2|tand C >3/2if2¢¢t.
(C{ =3/2and G, €[9/4,3].)

Kang and Van Loon: If 21 t, then 3g{ : x: < 7{(A) for girth g{ if A large.
If 2 | t, then no such g; exists.

Could girth Q(7{(A)) suffice for x: < 17(A)?
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