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Preface

When I was scheduled to give an introductory course on the modern quantum gases I was full of
ideas about what to teach. The research in this field has flourished for more than a full decade
and many experimental results and theoretical insights have become available. An enormous body
of literature has emerged with in its wake excellent review papers, summer school contributions
and books, not to mention the relation with a hand full of recent Nobel prizes. So I drew my
plan to teach about a selection of the wonderful advances in this field. However, already during
the first lecture it became clear that at the bachelor level - even with good students - a proper
common language was absent to bring across what I wanted to teach. So, rather than pushing my
own program and becoming a story teller, I decided to adapt my own ambitions to the level of
the students, in particular to assure a good contact with their level of understanding of quantum
mechanics and statistical physics. This resulted in a course allowing the students to digest parts
of quantum mechanics and statistical physics by analyzing various aspects of the physics of the
quantum gases. The course was given in the form of 8 lectures of 1.5 hours to bachelor students at
honours level in their third year of education at the University of Amsterdam. Condensed into 5
lectures and presented within a single week, the course was also given in the summer of 2006 for a
group of 60 masters students at an international predoc school organized together with Dr. Philippe
Verkerk at the Centre de Physique des Houches in the French Alps.

A feature of the physics education is that quantum mechanics and statistical physics are taught
in ‘vertical courses’ emphasizing the depth of the formalisms rather than the phenomenology of
particular systems. The idea behind the present course is to emphasize the ‘horizontal’ structure,
maintaining the cohesion of the topic without sacrificing the contact with the elementary ingredients
essential for a proper introduction. As the course was scheduled for 3 EC points severe choices had to
be made in the material to be covered. Thus, the entire atomic physics side of the subject, including
the interaction with the electromagnetic field, was simply skipped, giving preference to aspects of
the gaseous state. In this way the main goal of the course became to reach the point where the
students have a good physical understanding of the nature of the ground state of a trapped quantum
gas in the presence of binary interactions. The feedback of the students turned out to be invaluable
in this respect. Rather than presuming ‘existing’ knowledge I found it to be more efficient to simply
reintroduce well-known concepts in the context of the discussion of specific aspects of the quantum
gases. In this way a firmly based understanding and a common language developed quite naturally
and prepared the students to read advanced textbooks like the one by Stringari and Pitaevskii on
Bose-Finstein Condensation as well as many papers from the research literature.

The starting point of the course is the quasi-classical gas at low densities. Emphasis is put
on the presence of a trapping potential and interatomic interactions. The density and momentum
distributions are derived along with some thermodynamic and kinetic properties. All these aspects

ix
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meet in a discussion of evaporative cooling. The limitations of the classical description is discussed
by introducing the quantum resolution limit in the classical phase space. The notion of a quantum
gas is introduced by comparing the thermal de Broglie wavelength with characteristic length scales
of the gas: the range of the interatomic interaction, the interatomic spacing and the size of a gas
cloud.

In Chapter [§] we turn to the quantum gases be it in the absence of interactions. We start by
quantizing the single-atom states. Then, we look at pair states and introduce the concept of distin-
guishable and indistinguishable atoms, showing the impact of indistinguishability on the probability
of occupation of already occupied states. At this point we also introduce the concept of bosons and
fermions. Next we expand to many-body states and the occupation number representation. Using
the grand canonical ensemble we derive the Bose-Einstein and Fermi-Dirac distributions and show
how they give rise to a distortion of the density profile of a harmonically trapped gas and ultimately
to Bose-FEinstein condensation.

Chapter[2]is included to prepare for treating the interactions. We review the quantum mechanical
motion of particles in a central field potential. After deriving the radial wave equation we put it
in the form of the 1D Schriodinger equation. I could not resist including the Wronskian theorem
because in this way some valuable extras could be included in the next chapter.

The underlying idea of Chapter [3]is that a lot can be learned about quantum gases by considering
no more than two atoms confined to a finite volume. The discussion is fully quantum mechanical.
It is restricted to elastic interactions and short-range potentials as well as to the zero-energy limit.
Particular attention is paid to the analytically solvable cases: free atoms, hard spheres and the square
well and arbitrary short range potentials. The central quantities are the asymptotic phase shift and
the s-wave scattering length. It is shown how the phase shift in combination with the boundary
condition of the confinement volume suffices to calculate the energy of interaction between the
atoms. Once this is digested the concept of pseudo potential is introduced enabling the calculation
of the interaction energy by first-order perturbation theory. More importantly it enables insight
in how the symmetry of the wavefunction affects the interaction energy. The chapter is concluded
with a simple case of coupled channels. Although one may argue that this section is a bit technical
there are good reasons to include it. Weak coupling between two channels is an important problem
in elementary quantum mechanics and therefore a valuable component in a course at bachelor level.
More excitingly, it allows the students to understand one of the marvels of the quantum gases: the
in situ tunability of the interatomic interaction by a field-induced Feshbach resonance.

Of course no introduction into the quantum gases is complete without a discussion of the relation
between interatomic interactions and collisions. Therefore, we discuss in Chapter [] the concept of
the scattering amplitude as well as of the differential and total cross sections, including their relation
to the scattering length. Here one would like to continue and apply all this in the quantum kinetic
equation. However this is a bridge too far for a course of only 3EC points.

I thank the students who inspired me to write up this course and Dr. Mikhail Baranov who was
invaluable as a sparing partner in testing my own understanding of the material and who shared
with me several insights that appear in the text.

Amsterdam, January 2007, Jook Walraven.

In the spring of 2007 several typos and unclear passages were identified in the manuscript. I
thank the students who gave me valuable feedback and tipped me on improvements of various kinds.
When giving the lectures in 2008 the section on the ideal Bose gas was improved and a section on
BEC in low-dimensional systems was included. In Chapter 3 the Wronskian theorem was moved to
an appendix. Chapter 4 was extended with sections on power-law potentials. Triggered by the work
of Tobias Tiecke and Servaas Kokkelmans I expanded the section on Feshbach resonances into a
separate chapter. At the School in Les Houches in 2008, again organized with Dr. Philippe Verkerk
I made some minor modifications.

Over the winter break I added sections on field operators and improved the section on the grand
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cannonical ensemble. These improvements enabled to add a section on the weakly-interacting Bose
gas in which most of the lecture material comes together in the derivation of the Gross-Pitaevskii
equation.

Amsterdam, January 2009, Jook Walraven.

In the spring and summer of 2009 I worked on improvement of chapters 3 and 4. The section
on the weakly-interacting Bose gas was expanded to a small chapter. Further, I added a Chapter
on the Boltzmann equation, which makes it possible to give a better introduction in the kinetic
phenomena.

Amsterdam, January 2010, Jook Walraven.
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The quasi-classical gas at low densities

1.1 Introduction

Let us visualize a gas as a system of N atoms moving around in some volume V. Experimentally
we can measure its density n and temperature 7" and sometimes even count the number of atoms.
In a classical description we assign to each atom a position r as a point in configuration space and
a momentum p = mv as a point in momentum space, denoting by v the velocity of the atoms and
by m their mass. In this way we establish the kinetic state of each atom as a point s = (r,p) in
the 6-dimensional (product) space known as the phase space of the atoms. The kinetic state of the
entire gas is defined as the set {r;, p;} of points in phase space, where i € {1,--- N} is the particle
index.

In any real gas the atoms interact mutually through some interatomic potential V(r; —r;). For
neutral atoms in their electronic ground state this interaction is typically isotropic and short-range.
By isotropic we mean that the interaction potential has central symmetry; i.e., does not depend
on the relative orientation of the atoms but only on their relative distance r;; = |r; —r;|; short-
range means that beyond a certain distance 7y the interaction is negligible. This distance rg is
called the radius of action or range of the potential. Isotropic potentials are also known as central
potentials. A typical example of a short-range isotropic interaction is the Van der Waals interaction
between inert gas atoms like helium. The interactions affect the thermodynamics of the gas as well
as its kinetics. For example they affect the relation between pressure and temperature; i.e., the
thermodynamic equation of state. On the kinetic side the interactions determine the time scale on
which thermal equilibrium is reached.

For sufficiently low densities the behavior of the gas is governed by binary interactions, i.e. the
probability to find three atoms simultaneously within a sphere of radius 7o is much smaller than the
probability to find only two atoms within this distance. In practice this condition is met when the
mean particle separation n~'/3 is much larger than the range rq, i.e.

nry < 1. (1.1)

In this low-density regime the atoms are said to interact pairwise and the gas is referred to as dilute,
nearly ideal or weakly mtemctingﬂ

INote that weakly-interacting does not mean that that the potential is ‘shallow’. Any gas can be made weakly
interacting by making the density sufficiently small.



2 1. THE QUASI-CLASSICAL GAS AT LOW DENSITIES

Kinetically the interactions give rise to collisions. To calculate the collision rate as well as the
mean-free-path travelled by an atom in between two collisions we need the size of the atoms. As a
rule of thumb we expect the kinetic diameter of an atom to be approximately equal to the range
of the interaction potential. From this follows directly an estimate for the (binary) collision cross
section

o =nre, (1.2)
for the mean-free-path
{=1/no (1.3)
and for the collision rate
7t =no,0. (1.4)

Here o, = 4/16kgT /7mm is the average relative atomic speed. In many cases estimates based on rg are
not at all bad but there are notable exceptions. For instance in the case of the low-temperature gas
of hydrogen the cross section was found to be anomalously small, in the case of cesium anomalously
large. Understanding of such anomalies has led to experimental methods by which, for some gases,
the cross section can be tuned to essentially any value with the aid of external fields.

For any practical experiment one has to rely on methods of confinement. This necessarily limits
the volume of the gas and has consequences for its behavior. Traditionally confinement is done
by the walls of some vessel. This approach typically results in a gas with a density distribution
which is constant throughout the volume. Such a gas is called homogeneous. Unfortunately, the
presence of surfaces can seriously affect the behavior of a gas. Therefore, it was an enormous
breakthrough when the invention of atom traps made it possible to arrange wall-free confinement.
Atom traps are based on levitation of atoms or microscopic gas clouds in vacuum with the aid
of an external potential U(r). Such potentials can be created by applying inhomogeneous static
or dynamic electromagnetic fields, for instance a focussed laser beam. Trapped atomic gases are
typically strongly inhomogeneous as the density has to drop from its maximum value in the center
of the cloud to zero (vacuum) at the ‘edges’ of the trap. Comparing the atomic mean-free-path
with the size of the cloud two density regimes are distinguished: a low-density regime where the
mean-free-path exceeds the size of the cloud (8 > v/ 3) and a high density regime where £ < V/3.
In the low-density regime the gas is referred to as free-molecular or collisionless. In the opposite
limit the gas is called hydrodynamic. Even under ‘collisionless’ conditions collisions are essential to
establish thermal equilibrium. Collisionless conditions yield the best experimental approximation
to the hypothetical ideal gas of theoretical physics. If collisions are absent even on the time scale
of an experiment we are dealing with a non-interacting assembly of atoms which may be referred to
as a non-thermal gas.

1.2 Basic concepts

1.2.1 Hamiltonian of trapped gas with binary interactions

We consider a classical gas of N atoms in the same internal state, interacting pairwise through a
short-range central potential V(r) and trapped in an external potential U (r). In accordance with
the common convention the potential energies are defined such that V(r — oo) = 0 and U (rmin) = 0,
where iy is the position of the minimum of the trapping potential. The total energy of this single-
component gas is given by the classical hamiltonian obtained by adding all kinetic and potential
energy contributions in summations over the individual atoms and interacting pairs,

2
H=Y" @n +M(ri)) + %Z'V(Tij), (15)

where the prime on the summation indicates that coinciding particle indices like ¢ = j are excluded.
Here p?/2m is the kinetic energy of atom i with p; = |p;|, U(r;) its potential energy in the trapping
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field and V(r;;) the potential energy of interaction shared between atoms ¢ and j, with ¢,j €
{1,--- N}. The contributions of the internal states, chosen the same for all atoms, are not included
in this expression.

Because the kinetic state {r;, p;} of a gas cannot be determined in detaiﬂ we have to rely on
statistical methods to calculate the properties of the gas. The best we can do experimentally is to
measure the density and velocity distributions of the atoms and the fluctuations in these properties.
Therefore, it suffices to have a theory describing the probability of finding the gas in state {r;, p;}.
This is done by presuming states of equal total energy to be equally probable, a conjecture known as
the statistical principle. The idea is very plausible because for kinetic states of equal energy there is
no energetic advantage to prefer one microscopic realization (microstate) over the other. However,
the kinetic path to transform one microstate into the other may be highly unlikely, if not absent. For
so-called ergodic systems such paths are always present. Unfortunately, in important experimental
situations the assumption of ergodicity is questionable. In particular for trapped gases, where we
are dealing with situations of quasi-equilibrium, we have to watch out for the implicit assumption
of ergodicity in situations where this is not justified. This being said the statistical principle is an
excellent starting point for calculating many properties of trapped gases.

1.2.2 Ideal gas limit

We may ask ourselves the question under what conditions it is possible to single out one atom to
determine the properties of the gas. In general this will not be possible because each atom interacts
with all other atoms of the gas. Clearly, in the presence of interactions it is impossible to calculate
the total energy ¢; of atom ¢ just by specifying its kinetic state s; = (r;, p;). The best we can do is
write down a hamiltonian H(?)| satisfying the condition H = Y. H (*), in which we account for the
potential energy by equal sharing with the atoms of the surrounding gas,

»;

[ 1 ’ .
H( ) = Hy (I‘Z‘, pi) + 5 Z V(T‘ij) with Hy (I‘i, pi) = % —I—U(I‘Z‘). (1.6)
J

The hamiltonian H® not only depends on the state s; but also on the configuration {r;} of all
atoms of the gas. As a consequence, the same total energy H® of atom i can be obtained for many
different configurations of the gas.

Importantly, because the potential has a short range, for decreasing density the energy of the
probe atom H () becomes less and less dependent on the configuration of the gas. Ultimately the
interactions may be neglected except for establishing thermal equilibrium. This is called the ideal
gas regime. From a practical point of view this regime is reached if the energy of interaction e;,,
is much smaller than the kinetic energy, €;n: < €gin < Hp. In Section [1.4.3]| we will derive an
expression for g;,; showing a linear dependence on the density.

1.2.3 Quasi-classical behavior

In discussing the properties of classical gases we are well aware of the underlying quantum mechan-
ical structure of any realistic gas. Therefore, when speaking of classical gases we actually mean
quasi-classical gaseous behavior of a quantum mechanical system. Rather than using the classical
hamiltonian and the classical equations of motion the proper description is based on the Hamilton
operator and the Schrédinger equation. However, in many cases the quantization of the states of the
system is of little consequence because gas clouds are typically macroscopically large and the spacing
of the energy levels extremely small. In such cases gaseous systems can be accurately described by
replacing the spectrum of states by a quasi-classical continuum.

2Position and momentum cannot be determined to infinite accuracy, the states are quantized. Moreover, also from
a practical point of view the task is hopeless when dealing with a large number of atoms.
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NERNRRNENEY.

b L/A = L/2xhe--t-e

BRRRSTEE
L=n\&k=n(2r/L) p = hk=n(2rh/L)

Figure 1.1: Left: Periodic boundary conditions illustrated for the one-dimensional case. Right: Periodic
boundary conditions give rise to a discrete spectrum of momentum states, which may be represented by
a quasi-continuous distribution if we approximate the deltafunction by a distribution of finite width A =
27h/L and hight 1/A = L/27h.

Let us have a look how this continuum transition is realized. We consider an external potential
U(r) representing a cubic box of length L and volume V = L? (see Fig.. Introducing periodic
boundary conditions, ¢ (x + L,y+ L,z + L) = ¢ (x,y,2), the Schrodinger equation for a single
atom in the box can be written as

h? _,
- %V '¢k (I') = Ek'ﬁbk (I’) 5 (17)

where the eigenfunctions and corresponding eigenvalues are given by

1 h2k?
U (r) = We " and g, = T

(1.8)

The ¢k (r) represent plane wave solutions, normalized to the volume of the box, with k the wave
vector of the atom and k = |k| = 27/ its wave number. The periodic boundary conditions give
rise to a discrete set of wavenumbers, ko = (27/L) no with no € {0,£1,%£2,---} and a € {z,y, z}.
The corresponding wavelength A is the de Broglie wavelength of the atom. For large values of L the
allowed k-values form the quasi continuum we are looking for.

We write the momentum states of the individual atoms in the Dirac notation as |p) and normalize
the wavefunction 1p(r) = (r|p) on the quantization volume V = L3, (p|p) = [ dr|(r|p)|*> = 1. For
the free particle this implies a discrete set of plane wave eigenstates

1 ip-r/h
Yp(r) = vi2° P/l (1.9)

with p = fik. The complete set of eigenstates {|p)} satisfies the orthogonality and closure relations

(pIp) =0pp and 1= |p)(pl, (1.10)

where 1 is the unit operator. In the limit L — oo the momentum p becomes a quasi-continuous
variable and the orthogonality and closure relations take the form

(Blp') = @h/L) fo(p—p)  and 1= (k)" / drdp p) (p), (111)
where
fr(0) = (L/27h)* and Jim fr(p—p') =d(p—p) (1.12)

Note that the delta function has the dimension of inverse cubic momentum; the elementary volume
of phase space drdp has the same dimension as the inverse cubic Planck constant. Thus the con-
tinuum transition does not affect the dimension! For finite L the Egs. (1.10) remain valid to good
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approximation and can be used to replace discrete state summation by the mathematically often
more convenient phase-space integration

Z — 7(27371)3 /drdp. (1.13)

Importantly, for finite L the distribution fr(p — p’) does not diverge for p = p’ like a true delta
function but has the finite value (L/27h)°. Its width scales like 27h/L as follows by applying
periodic boundary conditions to a cubic quantization volume (see Fig.[1.1)).

1.2.4 Canonical distribution

In search for the properties of trapped dilute gases we ask for the probability Ps of finding an
atom in a given quasi-classical state s for a trap loaded with a single-component gas of a large
number of atoms (Nir > 1) at temperature 7. The total energy FEjo; of this system is given by
the classical hamiltonian (1.5)); i.e., Fior = H. According to the statistical principle, the probability
Py(e) of finding the atom with energy between € and € + d¢ is proportional to the number Q(©) (¢)
of microstates accessible to the total system in which the atom has such an energy,

Py(e) = Co? (e), (1.14)

with Cy being the normalization constant. Being aware of the actual quantization of the states the
number of microstates Q) (¢) will be a large but finite number because a trapped gas is a finite
system. In accordance we will presume the existence of a discrete set of states rather than the
classical phase space continuum.

Restricting ourselves to the ideal gas limit, the interactions between the atom and the surrounding
gas may be neglected and the number of microstates Q(°) (€) accessible to the total system under
the constraint that the atom has energy near ¢ must equal the product of the number of microstates
Q4 (¢) with energy near ¢ accessible to the atom with the number of microstates 2 (E*) with energy
near E* = FEy, — ¢ accessible to the rest of the gas:

Po(e) = Co () Q (Bror — €) . (1.15)

This expression shows that the distribution Py(e) can be calculated by only considering the exchange
of heat with the surrounding gas. Since the number of trapped atoms is very large (Nyor > 1) the
heat exchanged is always small as compared to the total energy of the remaining gas, ¢ << E* < Fy.
In this sense the remaining gas of N* = Ny,; — 1 atoms acts as a heat reservoir for the selected
atom. The ensemble {s;} of microstates in which the selected atom i has energy near ¢ is called the
canonical ensemble.

As we are dealing with the ideal gas limit the total energy of the atom is fully defined by its
kinetic state s, e = 5. Note that Py(es) can be expressed as

PO(ss) =0 (5S)Psa (116)

because the statistical principle requires Py, = P for all states s’ with e, = €,. Therefore, comparing
Egs. (1.16)) and (1.15) we find that the probability Ps for the atom to be in a specific state s is given
by

P, =CoQ(Eior —g5) = CoQ(EF). (1.17)

In general P, will depend on E*, N* and the trap volume but for the case of a fixed number of
atoms in a fixed trapping potential U(r) only the dependence on E* needs to be addressed.
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As is often useful when dealing with large numbers we turn to a logarithmic scale by introducing
the function, S* = kg In Q(E*), where kg is the Boltzmann constantﬂ Because ¢, << E* we may
approximate In Q(E*) with a Taylor expansion to first order in g,

MQ(E*) = Q (o) — £, (Ol QE") /OE), - - (1.18)

Introducing the constant 8 = (0InQ(E*)/OE"), y. we have kpB = (95" /OE"), y. and the
probability to find the atom in a specific kinetic state s of energy ¢4 takes the form

Py = CoQ (Biop) e 5 = Z7 e Pes, (1.19)

This is called the single-particle canonical distribution with normalization ), Ps = 1. The normal-
ization constant Z; is known as the single-particle canonical partition function

7y =3 e P (1.20)

Note that for a truly classical system the partition sum has to be replaced by a partition integral
over the phase space.

Importantly, in view of the above derivation the canonical distribution applies to any small
subsystem (including subsystems of interacting atoms) in contact with a heat reservoir as long as
it is justified to split the probability into a product of the form of Eq. . For such a

subsystem the canonical partition function is written as
Z =3 e " (1.21)

where the summation runs over all physically different states s of energy F of the subsystem.

If the subsystem consists of more than one atom an important subtlety has to be addressed.
For a subsystem of N identical trapped atoms one may distinguish Qx (Fs,s) = N! permutations
yielding the same state s = {s1, -+, sy} in the classical phase space. In quasi-classical treatments
it is customary to correct for this degeneracy by dividing the probabilities P; by the number of
permutations leaving the hamiltonian invariantﬂ This yields for the N-particle canonical
distribution

P, = CoQ (Byoy) e PP = (N1Zy) "' e P2, (1.22)

with the N-particle canonical partition function given by
Zn = (N h (e e=FE: (1.23)

Here the summation runs over all classically distinguishable states. This approach may be justified
in quantum mechanics as long as multiple occupation of the same single-particle state is negligible.
In Section we show that for a weakly interacting gas Zy = (ZfV/N!) J, with J — 1 in the
ideal gas limit.

Interestingly, as the role of the reservoir is purely restricted to allow the exchange of heat of the
small system with its surroundings, the reservoir may be replaced by any object that can serve this
purpose. Therefore, in cases where a gas is confined by the walls of a vessel the expressions for the
small system apply to the entire of the confined gas.

3The appearance of the logarithm in the definition S* = kg InQ(E) can be motivated as resulting from the wish
to connect the statistical quantity Q(F), which may be regarded as a product of single particle probabilites, to the
thermodynamic quantity entropy, which is an extensive, i.e. additive property.

4Omission of this correction gives rise to the paradox of Gibbs, see e.g. F. Reif, Fundamentals of statistical and
thermal physics, McGraw-Hill, Inc., Tokyo 1965. Arguably this famous paradox can be regarded - in hindsight - as a
first indication of the modern concept of indistinguishability of identical particles.
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Problem 1.1 Show that for a small system of N atoms within a trapped ideal gas the rms energy
fluctuation relative to the total average total energy E

NN

E VN

decreases with the square Toot of the total number of atoms. Here A is a constant and AE = E - E
s the deviation from equilibrium. What is the physical meaning of the constant A? Hint: for an
ideal gas Zy = (Z{' /N!).

Solution: The average energy FE = (E) and average squared energy <E2> of a small system of N
atoms are given by

— — -1 —-BEs _ _ _— _
<E> - ZSESPS - (N'ZN) ZsEse - ZN aﬁ - aﬁ

(E?) = S E2P, = (N'Zy) "' S0 E2e™PP: = i%.
s s Zn 0?8

The (E?) can be related to (E)” using the expression

L2y 9 (10Zy) _ 1 (9Zn\
Zn 028 0B \Zy Op zZ\ 08 )’

Combining the above relations we obtain for the variance of the energy of the small system
(AE?) = ((E - E)%) = (E?) — (E)? = 0°In Zy /0°8.

Because the gas is ideal we may use the relation Zy = (Z{V /N !) to relate the average energy E and
the variance <AE2> to the single atom values,

E=-0NInZ /0B = Ne
(AE?) =0°NInZ1/9°B = N (Ae?).

Taking the ratio we obtain

VIAE?) 1 (Ae?)
E VN §

Hence, although the rms fluctuations grow proportional to the square root of number of atoms of

the small system, relative to the average total energy these fluctuations decrease with v N. The

constant mentioned in the problem represents the fluctuations experienced by a single atom in the

gas, A = \/(Ae?)/g. In view of the derivation of the canonical distribution this analysis is only

correct for N < Nyoy and E <K Fiop. >

1.2.5 Link to thermodynamic properties - Boltzmann factor

Recognizing S* = kpln Q(E*) as a function of E*, N*,U/ in which N and U are kept constant, we
identify S* with the entropy of the reservoir because the thermodynamic function also depends on
the total energy, the number of atoms and the confinement volume. Thus, the most probable state
of the total system is seen to corresponds to the state of maximum entropy, S* + S = max, where
S is the entropy of the small system. Next we recall the thermodynamic relation

1 1 o
dS = =dU — =dW — =dN 1.24
§=gdU — 7dW — dN, (1.24)
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where dW is the mechanical work done on the small system, U its internal energy and p the
chemical potential. For homogeneous systems dW = —pdV with p the pressure and V' the volume.
Since dS = —dS*, dN = —dN* and dU = —dE* for conditions of maximum entropy, we identify
kB = (0S*JOE*), n« = (05/0U)y,n and 8 = 1/kgT, where T is the temperature of the reservoir
(see also problem . The subscript U indicates that the external potential is kept constant, i.e.
no mechanical work is done on the system. For homogeneous systems it corresponds to the case of
constant volume.

Comparing two kinetic states s; and so having energies €1 and 9 and using 8 = 1/kgT we find
that the ratio of probabilities of occupation is given by the Boltzmann factor

Py, /Py, = e 8/koT, (1.25)
with Ae = g5 — 1. Similarly, the N-particle canonical distribution takes the form
P, = (N'Zy) e Pe/knT (1.26)

where
Zy = (NN '3 e Be/knT (1.27)

is the N-particle canonical partition function. With Eq. (1.26]) the average energy of the small
N-body system can be expressed as

E =Y EP,=(NZy)"' Y Eee /T = kpT? (0In Zy /OT),, - (1.28)
Identifying E with the internal energy U of the small system we have
U=kpT?(0InZn/0T)y y =TI[0(kgTnZy) /0T, x — kpTIn Zx. (1.29)

Introducing the energy
F=—kgThhZy <& Zy=e F/keT (1.30)

we note that F =U +T (OF/ 3T)u, - Comparing this expression with the thermodynamic relation
F =U — TS we recognize in F with the Helmholtz free energy F. Once F' is known the thermo-
dynamic properties of the small system can be obtained by combining the thermodynamic relations
for changes of the free energy dF = dU — T'dS — SdT" and internal energy dU = dW +TdS + pudN
into dF = dW — SdT + udN,

oOF oOF
__(9F _(9%) 1.31
8 <6T>Mszd # <6N)u¢ (131)

Like above, the subscript ¢ indicates the absence of mechanical work done on the system. Note
that the usual expression for the pressure

oF
=—| == 1.32
3 <8V>TN 32
is only valid for the homogeneous gas but cannot be applied more generally before the expression
for the mechanical work dW = —pdV has been generalized to deal with the general case of an

inhomogeneous gas. We return to this issue in Section [I.3.1]

Problem 1.2 Show that the entropy Sy, = S+ 5™ of the total system of Nyo particles is maximum
when the temperature of the small system equals the temperature of the reservoir (8 = 5*).



1.3. EQUILIBRIUM PROPERTIES IN THE IDEAL GAS LIMIT 9

Solution: With Eq. (1.15) we have for the entropy of the total system
Stot/kp =InQn (E) +InQ (E*) =1n Py(E) — InCy.

Differentiating this equation with respect to E we obtain

O0Siot Ol Py(E)  0lnQy (E) n 3an(E*)(8E*
kpOE oF N oF OFE* OF

)=5- 5.
Hence In Py(E) and therefore also Sy,; reaches a maximum when § = 5*. »

1.3 Equilibrium properties in the ideal gas limit

1.3.1 Phase-space distributions

In this Section we apply the canonical distribution to calculate the density and momentum
distributions of a classical ideal gas confined at temperature 7" in an atom trap characterized by the
trapping potential U(r), where &(0) = 0 corresponds to the trap minimum. In the ideal gas limit the
energy of the individual atoms may be approximated by the non-interacting one-body hamiltonian

P2

e = Ho(r,p) = o +U(r). (1.33)

Note that the lowest single particle energy is € = 0 and corresponds to the kinetic state (r,p) = (0,0)

of an atom which is classically localized in the trap center. In the ideal gas limit the individual

atoms can be considered as small systems in thermal contact with the rest of the gas. Therefore, the

probability of finding an atom in a specific state s of energy e, is given by the canonical distribution

1.26]), which with NV = 1 and Z; takes the form P; = Zfle_gs/kBT. As the classical hamiltonian

1.33]) is a continuous function of r and p we obtain the expression for the quasi-classical limit by

turning from the probability P of finding the atom in state s, with normalization ) P; = 1, to the
probability density

P(r,p) = (2rh) % Zy te Horp)/kaT (1.34)

of finding the atom with momentum p at position r, with normalization [ P(r,p)dpdr = 1. Here
we used the continuum transition (1.13]). In this quasi-classical limit the single-particle canonical
partition function takes the form

1
7y = e [ e Ho@P/ksT gy, L.

' (2rh)? /e par (1.35)
Note that (for a given trap) Z; depends only on temperature.

The significance of the factor (27rﬁ)_3 in the context of a classical gas deserves some discussion.
For this we turn to a quantity closely related to P(r,p) known as the phase-space density

n(r,p) = NP(r,p) = (2xh)"* f(r, ). (1.36)

This is the number of single-atom phase points per unit volume of phase space at the location (r, p).
In dimensionless form the phase-space distribution function is denoted by f(r,p). This quantity
represents the phase-space occupation at point (r,p); i.e., the number of atoms at time ¢ present
within an elementary phase space volume (27771)3 near the phase point (r, p). Integrating over phase
space we obtain the total number of particles under the distribution

N = ﬁ/f(r,p)dpdr. (1.37)
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Thus, in the center of phase space we have
£(0,0) = (27h)> NP (0,0) = N/Z; = D (1.38)

the quantity D = N/Z; is seen to be a dimensionless number representing the number of single-atom
phase points per unit cubic Planck constant. Obviously, except for its dimension, the use of the
Planck constant in this context is a completely arbitrary choice. It has absolutely no physical signif-
icance in the classical limit. However, from quantum mechanics we know that when D approaches
unity the average distance between the phase points reaches the quantum resolution limit expressed
by the Heisenberg uncertainty relation Under these conditions the gas will display deviations from
classical behavior known as quantum degeneracy effects. The dimensionless constant D is called the
degeneracy parameter. Note that the presence of the quantum resolution limit implies that only a
finite number 2 of microstates of a given energy can be distinguished, whereas at low phase-space
density the gas behaves quasi-classically.

Integrating the phase-space density over momentum space we find for the probability of finding
an atom at position r

1 oo
n(r) = /f r,p)dp = f (0,0) e Y@/ kT ____ / e~ @/ yrp2dp (1.39)

27rﬁ (2mh)3

with a = /2mkpT the most probable momentum in the gas. Not surprisingly, n(r) is just the
density distribution of the gas in configuration space. Rewriting Eq. (1.39) in the form

n(r) = noe Yx)/keT (1.40)
and using the definition ([1.38) we may identify

o0

no = n(0) = D/(2rh)> / e~ @/ 4rp2dp (1.41)
0

with the density in the trap center. This density is usually referred to as the central density, the

maximum density or simply the density of a trapped gas. Note that the result ((1.40) holds for both

collisionless and hydrodynamic conditions as long as the ideal gas approximation is valid. Evaluating

the momentum integral using (B.3|) we obtain

/ ef(p/a)24ﬂ-p2dp = 7'['3/20[3 = (27Th/A)3 ) (142)
0

where A = [277h%/(mkpT)]'/? is called the thermal de Broglie wavelength. The interpretation of A
as a de Broglie wavelength and the relation to spatial resolution in quantum mechanics is further
discussed in Section Substituting Eq. into we find that the degeneracy parameter
is given by

D = ngA3. (1.43)
The total number of atoms IV in a trapped cloud is obtained by integrating the density distribution
n(r) over configuration space

N = /n(r)dr = no/e*“@/kBTdr. (1.44)

Noting that the ratio N/ng has the dimension of a volume we can introduce the concept of the
effective volume of an atom cloud,

Ve=N/ng = /e_u(r)/kBTdr. (1.45)

5 AzApg > %ﬁ with similar expressions for the y and z directions.
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The effective volume of an inhomogeneous gas equals the volume of a homogeneous gas with the
same number of atoms and density. Experimentally, the central density ng of a trapped gas is often
determined with the aid of Eq. after measuring the total number of atoms and the effective
volume. Note that V. depends only on temperature, whereas ny depends on both N and T'. Recalling
that also Z; depends only on T we look for a relation between Z; and V.. Rewriting Eq.(L.38) we
have

N =noA3Z;. (1.46)

Eliminating N using Eq. (1.45) the mentioned relation is found to be
Z, =V, A3 (1.47)

Having defined the effective volume we can also calculate the mechanical work done when the
effective volume is changed,
dW = —podVe, (1.48)

where pg is the pressure in the center of the trap.

Similar to the density distribution n(r) in configuration space we can introduce a distribution
n(p) = (2rh)~* J f(r,p)dr in momentum space. It is more customary to introduce a distribution
Py (p) by integrating P(r,p) over configuration space,

o~ (p/a)?

3203

1 e_(p/a)z

oo (1.49)

Pu(p) = [ Plr.p)dr = 27 [T s — (8 2y e 0/

which is again a distribution with unit normalization. This distribution is known as the Maxwellian
momentum distribution.

Problem 1.3 Show that the average thermal speed in an ideal gas is given by Ty, = /8kpT/mm,
where m is the mass of the atoms and T the temperature of the gas.

Solution: By definition the average thermal speed oy, = p/m is related to the first moment of the
momentum distribution,

_ 1
p=— /pPM(P)dD
m
Substituting Eq. (1.49)) we obtain using the definite integral (B.4))

_ 1 (p/a)? 4oy a2
D= W/e P/ 4epddp = 7z [ € 3dx = \/SmkpT /. » (1.50)

Problem 1.4 Show that the average kinetic energy in an ideal gas is given by Ex = %k:BT.

Solution: By definition the kinetic energy Ex = p?/2m is related to the second moment of the
momentum distribution,

p? = /p2PM (p)dp-
Substituting Eq. (1.49) we obtain using the definite integral (B.4))

1 4o
2= m/(;<p/a>24m,4tdp _ %/e*wzx‘*dx = 3mkpT . » (1.51)
o/t 7T

Problem 1.5 Show that the variance in the atomic momentum around its average value in a thermal
quasi-classical gas is given by

((p—D)°) = (3—8/m)mkpT ~ mkpT/2,

where m is the mass of the atoms and T the temperature of the gas.
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Solution: The variance in the atomic momentum around its average value can be written as
_\2 _ 9 5
((p=0)) = (p*) —2(p)p +p* = p* - P, (1.52)

where p and p? are the first and second moments of the momentum distribution. Substituting

Egs. (1.50) and (1.51)) we obtain the requested result. »

1.3.2 Example: the harmonically trapped gas

As an important example we analyze some properties of a dilute gas in an isotropic harmonic trap.
For magnetic atoms this can be realized by applying an inhomogeneous magnetic field B (r). For
atoms with a magnetic moment p this gives rise to a position-dependent Zeeman energy

Ez(r) = —p-B(r) (1.53)

which acts as an effective potential U (r). For gases at low temperature, the magnetic moment
experienced by a moving atom will generally follow the local field adiabatically. A well-known
exception occurs near field zeros. For vanishing fields the precession frequency drops to zero and
any change in field direction due to the atomic motion will cause in depolarization, a phenomenon
known as Majorana depolarization. For hydrogen-like atoms, neglecting the nuclear spin, p = 2ugS
and

Ez(r) =2upmsB(r), (1.54)

where ms = +1/2 is the magnetic quantum number, up the Bohr magneton and B (r) the modulus
of the magnetic field. Hence, spin-up atoms in a harmonic magnetic field with non-zero minimum
in the origin given by B (r) = By + %B” (0)r? will experience a trapping potential of the form

U(r) = supB" (0)r* = gmw’r?, (1.55)

where m is the mass of the trapped atoms, w/27 their oscillation frequency and r the distance
to the trap center. Similarly, spin-down atoms will experience anti-trapping near the origin. For
harmonically trapped gases it is useful to introduce the harmonic radius R of the cloud, which is
the distance from the trap center at which the density has dropped to 1/e of its maximum value,

n(r) = nge~ /R’ (1.56)

Note that for harmonic traps the density distribution of a classical gas has a gaussian shape in the
ideal-gas limit. Comparing with Eq. (1.40) we find for the thermal radius

2kpT
= . 1
R= =2 (1.57)

Substituting Eq. (1.55) into Eq. (1.45)) we obtain after integration for the effective volume of the gas

3/2
. 2
Ve = /e_('/R)247rr2dr =73/2R3 = (M> . (1.58)

mw?

Note that for a given harmonic magnetic trapping field and a given magnetic moment we have
mw? = pB"(0) and the cloud size is independent of the atomic mass.

Next we calculate explicitly the total energy of the harmonically trapped gas. First we consider
the potential energy and calculate with the aid of Eq.

Ep = /L{(r)n(r)dr = nUkBT/ (r/R)* e~ /B 4p2dy = gNkBT. (1.59)
0
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Similarly we calculate for the kinetic energy

NkgT [ /a2 3
B = [ /2 niotp = ST [ pje)t e 0 iy = INET. (160)
0
Hence, the total energy is given by
E =3NEkgT. (1.61)

Problem 1.6 An isotropic harmonic trap has the same curvature of mw?/kg = 2000 K/m? for
ideal classical gases of "Li and ° K.

a. Calculate the trap frequencies for these two gases.

b. Calculate the harmonic radii for these gases at the temperature T = 10 puK.

Problem 1.7 Consider a thermal cloud of atoms in a harmonic trap and in the classical ideal gas
limit.

a. Is there a difference between the average velocity of the atoms in the center of the cloud (where
the potential energy is zero) and in the far tail of the density distribution (where the potential energy
s high?

b. Is there a difference in this respect between collisionless and hydrodynamic conditions?

Problem 1.8 Derive an expression for the effective volume of an ideal classical gas in an isotropic
linear trap described by the potential U(r) = wor. How does the linear trap compare with the
harmonic trap for given temperature and number of atoms when aiming for high-density gas clouds?

Problem 1.9 Consider the imaging of a harmonically trapped cloud of 87 Rb atoms in the hyperfine
state |F' = 2, mp = 2) immediately after switching off of the trap. If a small (1 Gauss) homogeneous
field is applied along the imaging direction (z-direction) the attenuation of circularly polarized laser
light at the resonant wavelength A = 780 nm is described by the Lambert-Beer relation

A
I(r) 9z

I(r) = —on(r),

where 1(r) is the intensity of the light at position v, o = 3\? /2 is the resonant optical absorption
cross section and n (r) the density of the cloud.
a. Show that for homogeneously illuminated low density clouds the image is described by

I(z,y) = Io [1 — onz(z,y)],

where Iy is the illumination intensity, na(x,y) = [n(r)dz. The image magnification is taken to be
unaty.

b. Derive an expression for no(x,y) normalized to the total number of atoms.

c. How can we extract the gaussian 1/e size (R) of the cloud from the image?

d. Derive an expression for the central demsity ng of the atom cloud in terms of the absorbed
fraction A(z,y) in the center of the image Ag = [Ig —1(0,0)] /Io and the Ry, radius defined by
A(0,Ry/e) /Ao = 1]e.

1.3.3 Density of states

Many properties of trapped gases do not depend on the distribution of the gas in configuration
space or in momentum space separately but only on the distribution of the total energy, represented
by the ergodic distribution function f(g). This quantity is related to the phase-space distribution
function f(r,p) through the relation

f@@z/%VWNW—mmML (1.62)
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To obtain the inverse relation we note that there are many microstates (r, p) with the same energy
¢ and introduce the concept of the density of states

ple) = (2mh) 3 / drdp §[e — Hy(r, p)], (1.63)

which is the number of classical states (r, p) per unit phase space at a given energy ¢ and Hy(r,p) =
p?/2m + U(r) is the single particle hamiltonian; note that p(0) = (2wh)~3. After integrating
Eq. (L.63) over p the density of states takes the form’]

27(2m) 3/2

ple) = ve—U(r)dr, (1.64)

27Th U(r)<

which expresses the dependence on the potential shape. In the homogeneous case, U(r) = 0, the
density of states takes the well-known form

ple) = ?;;;VQms, (1.65)

where V is the volume of the system. As a second example we consider the harmonically trapped
gas. Substituting Eq. (1.55) into Eq. (1.64)) we find after a straightforward integration for the density
of states

ple) = 3(1/hw)’e? (1.66)

Problem 1.10 Show the relation
/ﬁMpﬂnpﬁk—HanH=ﬂde=f@[/ﬁﬂﬁk—ﬂdnm1 (1.67)

Solution: Substituting Eq. (1.62) into the left hand side of Eq.(1.67]) we obtain using the definition
for the density of states

(%myﬁ/ﬁéf@ﬁ/ﬁu@d@—ﬂ&npﬂék—Hdnpﬂ:i/défkﬁp&ﬁék—sﬁzf@ﬁwﬂ.>

1.3.4 Power-law traps

Let us analyze isotropic power-law traps, i.e. power-law traps for which the potential can be written
as
Ur) =Uy (r/ro)>" = wer®, (1.69)

where «y is known as the trap parameter. For instance, for v = 3/2 and wy = %mw2 we have the

harmonic trap; for v = 3 and wy = VU the spherical linear trap. Note that the trap coefficient
can be written as wg = Upre 3/ 7, where Uy is the trap strength and r. the characteristic trap size.
In the limit v — 0 we obtain the spherical square well. Traps with v > 3 are known as spherical
dimple traps. A summary of properties of isotropic traps is given in Table More generally one
distinguishes orthogonal power-law traps, which are represented by potentials of the typeEI

U(z,y,z) =w |J:|1/'Y1 + wo |y|1/ﬂ{2 + ws |z|1/’y3 with v = Z’yi, (1.70)

%

Note that for isotropic momentum distributions [ dp = 47 [ dpp? = 2m(2m)3/2 [ d (p?/2m) \/p?/2m
"See V. Bagnato, D.E. Pritchard and D. Kleppner, Phys.Rev. A 35, 4354 (1987).
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Table 1.1: Properties of isotropic power-law traps of the type U(r) = Uo(r/re)s/'y.

square well harmonic trap linear trap square root dimple trap
wo L{ore_S 7 with v — 0 %mw2 L(m“e_l L{ore_l
v 0 3/2 3 6
apr srs (27Tk3/mw2)3 2 3mrs 3! (kg /Uo)® 37 6!(kp/Uo)®
App | 22(m'2r/h)? 1(1/hw)? 322 (! 2r, [h)SUy * | 282 (12 1)Uy

where v is again the trap parameter. Substituting the power-law potential (1.69)) into Eq. (1.45) we
calculate (see problem [1.11)) for the volume

Ve(T) = ap T, (1.71)

where the coefficients apy, are included in Table for some typical cases of «. Similarly, substi-
tuting Eq. (1.69) into Eq. (1.64])) we find (see problem [1.12)) for the density of states

p(e) = Apre'/*™. (1.72)
Also some Apy, coefficients are given in Table

Problem 1.11 Show that the effective volume of an isotropic power-law trap is given by

4 kT
V. = —aril 1
s (M2

where 7y is the trap parameter and T' (z) is de Euler gamma function.

Solution: The effective volume is defined as V, = [ e~“(")/ksTdr, Substituting U(r) = wer®/7 for

the potential of an isotropic power-law trap we find with wg = Upre 3/

) 4 kgT\"
V. :/67w0r3/ /kBT47T’I”2dT'= 37_‘,7“8,7/( Z/B; ) /efmx’yfldx’
0

where x = (Uy/kpT) (r/ re)?’/ 7 is a dummy variable. Evaluating the integral yields the Euler gamma
function I'(y) and with vT'(y) = I'(v 4 1) provides the requested result. »

Problem 1.12 Show that the density of states of an isotropic power-law trap is given by

12, /53
p(E) _ g (m TC/ ) F(7 + 1) 51/2+7.

T 3Uy I'(v+3/2)

Solution: The density of states is defined as p(e) = 27(2m)3/2/(27h)? fZA(r)<s v/e —U(r)dr. Sub-

stituting U(r) = wor®/7 for the potential with wy = L{ore_?’M

T=€— wor?’/”f this can be written as

and introducing the dummy variable

27 (2m)®/2 4

&) = —mapE 3™ 7/ Varle —a) e

Using the integral (B.17)) this leads to the requested result. »
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1.3.5 Thermodynamic properties of a trapped gas in the ideal gas limit

The concept of the density of states is ideally suited to derive general expressions for the thermody-
namic properties of an ideal classical gas confined in an arbitrary power-law potential U(r) of the
type (1.70). Taking the approach of Section we start by writing down the canonical partition
function, which for a Boltzmann gas of N atoms is given by

1 -
Zn = ﬁ(27rh)*3N/e*H@m“'»sz”)/’%*pol. --dpydry - - dry. (1.73)
In the ideal gas limit the hamiltonian is the simple sum of the single-particle hamiltonians of the
individual atoms, Hy(r, p) = p?/2m+U(r), and the canonical partition function reduces to the form
_ 4
- NI

Here Z; is the single-particle canonical partition function given by Eq. (1.35). In terms of the density
of states it takes the fornf

Zy = (2rh)° / { / e~</*8T §[e — Hy(r, p)]de }dpdr = / ek T p(e)de. (1.75)

Zy (1.74)

Substituting the power-law expression Eq. ((1.72)) for the density of states we find for power-law traps
Z1 = Apy, (kpT) /2 / e 20D dy = Ap T (y +3/2) (kpT) /2 | (L.76)

where T'(2) is the Euler gamma function. For the special case of harmonic traps this corresponds to
Zy = (kT /hw)?. (1.77)

First we calculate the total energy. Substituting Eq. into Eq. we find
E = NkpT?(01n Z,/0T) = (3/2 + v) NkpT, (1.78)

where v is the trap parameter defined in Eq. (1.70). For harmonic traps (y = 3/2) we regain the
result £ = 3NkpT derived previously in Sectio Identifying the term %k BT in Eq. with
the average kinetic energy per atom we notice that the potential energy per atom in a power-law
potential with trap parameter « is given by

To obtain the thermodynamic quantities of the gas we look for the relation between Z; and the
Helmholtz free energy F'. For this we note that for a large number of atoms we may apply Stirling’s
approximation N! ~ (N/e)" and Eq. |L.74) can be written in the form

Zie\ N
ZN =~ (1\1/_) for N >> 1. (1.80)

Substituting this result into expression (1.30) we find for the Helmholtz free energy
F = —NkgT[l 4+ 1In(Z/N)] & 7 = Ne WHF/NksT), (1.81)

As an example we derive a thermodynamic expression for the degeneracy parameter. First we
recall Eq. (1.46)), which relates D to the single-particle partition function,

D =ngA® = N/Z,. (1.82)

8Note that e~ Ho(r:P)/kpT — fefs/kBTé[E — Ho(r, p)|de.
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Substituting Eq. (1.81)) we obtain
noA® = el HF/Nk T (1.83)
or, substituting F = E — T'S, we obtain
noA® = exp [E/NkpT — S/Nkg +1]. (1.84)

Hence, we found that for fized E/NkpT increase of the degeneracy parameter expresses the removal
of entropy from the gas.
To calculate the pressure in the trap center we use Eq. (1.48)),

po = — (OF/OV.) gy - (1.85)
Substituting Eq. (1.47) into Eq. (1.81) the free energy can be written as
F=—-NkgT[l+InV,—3InA —InN]J. (1.86)

Thus, combining and , we obtain for the central pressure the well-known expression,
po = (N/Ve) kpT = nokpT. (1.87)
Problem 1.13 Show that the chemical potential of an ideal classical gas is given by
p=—kpgTIn(Z/N) < p=kgTIn(ngA?). (1.88)

Solution: Starting from Eq. (L.31)) we evaluate the chemical potential as a partial derivative of the
Helmholz free energy,

jw=(0F/ON), = —kpT[L +In(Z1/N)] — NkpT[01n(Z1/N) /0Ny .

Recalling Eq. (1.47), Z; = V.A~3, we see that Z; does not depend on N. Evaluating the partial
derivative we obtain

= —kgT[1+1n(Z/N)] = NkgT[0In(N)/ON)y1r = —ksT In(Z1/N),

which is the requested result. »

1.3.6 Adiabatic variations of the trapping potential - adiabatic cooling

In many experiments the trapping potential is varied in time. This may be necessary to increase the
density of the trapped cloud to promote collisions or just the opposite, to avoid inelastic collisions,
as this results in spurious heating or in loss of atoms from the trap.

In changing the trapping potential mechanical work is done on a trapped cloud (dW # 0) chang-
ing its volume and possibly its shape but there is no exchange of heat between the cloud and its
surroundings, i.e. the process proceeds adiabatically (d@Q = 0). If, in addition, the change proceeds
sufficiently slowly the temperature and pressure will change quasi-statically and reversing the process
the gas returns to its original state; i.e., the process is reversible. Reversible adiabatic changes are
called isentropic as they conserve the entropy of the gas (dQ = TdS = O)ﬂ

In practice slow means that the changes in the thermodynamic quantities occur on a time scale
long as compared to the time to randomize the atomic motion, i.e. times long in comparison to the
collision time or - in the collisionless limit - the oscillation time in the trap.

9Ehrenfest extended the concept of adiabatic change to the quantum mechanical case, showing that a system stays
in the same energy level when the levels shift as a result of slow variations of an external potential. Note that also in
this case only mechanical energy is exchanged between the system and its surroundings.
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An important consequence of entropy conservation under slow adiabatic changes may be derived
for the degeneracy parameter. We illustrate this for power-law potentials. Using Eq. (1.78) the
degeneracy parameter can be written for this case as

noA® = exp [5/2 +~ — S/Nkg], (1.89)

implying that ngA3 is conserved provided the cloud shape remains constant (7 = constant). Under
these conditions the temperature changes with central density and effective volume according to

T(t) = To [no(t) /o] (1.90)
To analyze what happens if we adiabatically change the power-law potential
Ur) = Uo(t) (r/r)* (1.91)

by varying the trap strength Uy(t) as a function of time. In accordance, also the central density ng
and the effective volume V, become functions of time (see Problem [1.11])

o _Ve®)  (T)/To "
no(t) Vo _(Uo(t)/uo) ‘ (1.92)

Substituting this expression into Equation (1.90]) we obtain
T(t) = T [Uo () /o] /2, (1.93)

which shows that a trapped gas cools by reducing the trap strength in time, a process known as
adiabatic cooling. Reversely, adiabatic compression gives rise to heating. Similarly we find using
Eq. (1.90) that the central density will change like

no (£) = no [Uo(t) /U] T2/ . (1.94)

Using Table we find for harmonic traps T ~ L{(}/ ? ~ w and ng ~ Z/lg/ o w3/ 2. for spherical
quadrupole traps T ~ u§ /3 and ng ~ Uy; for square root dimple traps T ~ Ug /% and ng ~ Z/{g /3,

Interestingly, the degeneracy parameter is not conserved under slow adiabatic variation of the
trap parameter v. From Eq. we see that transforming a harmonic trap (y = 3/2) into a square
root dimple trap (y = 6) the degeneracy parameter increases by a factor e?/2 ~ 90.

Hence, increasing the trap depth Uy for a given trap geometry (constant r. and ) typically
results in an increase of the density. This increase is linear for the case of a spherical quadrupole
trap. For harmonic traps the density increases slower than linear whereas for dimple traps the
increases is faster. In the limiting case of the square well potential (v = 0) the density is not
affected as long as the gas remains trapped. The increase in density is accompanied by and increase
of the temperature, leaving the degeneracy parameter D unaffected. To change D the trap shape,
i.e. 7y, has to be varied. Although in this way the degeneracy may be changed signiﬁcantlym or even
substantiallyiﬂ adiabatic variation will typically not allow to change D by more than two orders of
magnitude in trapped gases.

10p W.H. Pinkse, A. Mosk, M. Weidemiiller, M.W. Reynolds, T.W. Hijmans, and J.T.M. Walraven, Phys. Rev.
Lett. 78 (1997) 990.

1D, M. Stamper-Kurn, H.-J. Miesner, A. P. Chikkatur, S. Inouye, J. Stenger, and W. Ketterle, Phys. Rev. Lett.
81, (1998) 2194.
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Figure 1.2: Measurement of evaporative cooling of a ’Rb cloud in a Ioffe-Pritchard trap. In this example
the efficiency parameter was observed to be slightly larger than unity (o = 1.1). See further K. Dieckmann,
Thests, University of Amsterdam (2001).

1.4 Nearly-ideal gases with binary interactions

1.4.1 Evaporative cooling and run-away evaporation

An enormous advantage of trapped gases is that one can selectively remove the atoms with the
largest total energy. The atoms in the low-density tail of the density distribution necessarily have
the highest potential energy. As, in thermal equilibrium, the average momentum of the atoms
is independent of the position also the average total energy of the atoms in the low-density tail
is largest. This feature allows an incredibly simple and powerful cooling mechanism known as
evaporative coolingE in which the most energetic atoms are continuously removed by ‘evaporating
off’ the low-density tail of the atom cloud on a time scale slow in comparison to the thermalization
time Ty, which is the time required to achieve thermal equilibrium in the cloud. Because only a
few collisions are sufficient to thermalize the atomic motion in the gas we may approximate

Tih =~ Te = (N0,0) v (1.95)

where v, is the average relative speed given by Eq. . The finite trap depth by itself gives rise
to evaporation. However in many experiments the evaporation is forced by a radio-frequency field
inducing spin-flips at the edges of a spin-polarized cloud. In such cases the effective trap depth &4,
can be varied without changing the shape of the trapping potential. For temperatures kT < e
the probability per thermalization time to produce an atom of energy equal to the trap depth is
given by the Boltzmann factor exp [—&,./kpT]. Hence, the evaporation rate may be estimated with

b~ nv,oe

—Etr/k‘BT
ev N

Let us analyze evaporative cooling for the case of a harmonic traﬂ where the total energy is
given by Eq. (1.61). As the total energy can be changed by either reducing the temperature or the
number of trapped atoms, the rate of change of total energy should satisfy the relation

E =3NkgT + 3NkgpT. (1.96)

12Proposed by H. Hess, Phys. Rev. B 34 (1986) 3476. First demonstrated experimentally by H. Hess et al. Phys.
Rev. Lett. 59 (1987) 672.

131n this course we only emphasize the essential aspects of evaporative cooling. More information can be found in
the reviews by W. Ketterle and N.J. van Druten, Adv. At. Mol. Opt. Phys. 36 (1997); C. Cohen Tannoudji, Course
96/97 at College de France; J.T.M. Walraven in: Quantum Dynamics of Simple Systems, G.-L. Oppo, S.M. Barnett,
E. Riis and M. Wilkinson (Eds.) IOP Bristol 1996).
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Suppose next that we continuously remove the tail of atoms of potential energy ¢4 = nkpT with
1> 1. Under such conditions the loss rate of total energy is given b

E = (n+1)NkgT. (1.97)
Equating Eqs.(1.96) and (1.97) we obtain the relation
T/T = L(n—2)N/N. (1.98)

This relation shows that the temperature decreases with the number of atoms provided n > 2, which
is easily arranged. The solution of Eq. (1.98)) can be written aﬁ

T/Ty = (N/No)® with o = (5 — 2),

demonstrating that the temperature drops linearly with the number of atoms for = 5 and even
faster for n > 5 (see Fig[l.2).

Amazingly, although the number of atoms drops dramatically, typically by a factor 1000, the
density ng of the gas increases! To analyze this behavior we note that N = ngV, and the atom loss
rate should satisfy the relation N = noVe + nOVe, which can be rewritten in the form

fno/ng = N/N — V] V.. (1.99)
Substituting Eq. for the effective volume in a harmonic trap Eq. takes the form

fio/no = N/N — 3T/T, (1.100)
and after substitution of Eq.

fio/no = 5 (4 —n) N/N. (1.101)

Hence, for evaporation at constant 7, the density increases with decreasing number of atoms for
n > 4.

The phase-space density grows even more dramatically. Using the same approach as before we
write for the rate of change of the degeneracy parameter D = ngA® + 3ngA2A and arrive at

D/D=(3-n)N/N (1.102)

This shows that the degeneracy parameter D increases with decreasing number of atoms already
for n > 3. The spectacular growth of phase-space density is illustrated in FiglT.3]
Interestingly, with increasing density the evaporation rate

N/N = -1} ~ —ngt,0e7", (1.103)

becomes faster and faster because the loss in thermal speed is compensated by the increase in
density. We are dealing with a run-away process known as run-away evaporative cooling, in which
the evaporation speeds up until the gas density is so high that the interactions between the atoms
give rise to heating and loss processes and put a halt to the cooling. This typically happens at
densities where the gas has become hydrodynamic but long before the thermodynamic properties
deviate significantly from ideal gas behavior.

Problem 1.14 What is the minimum value for the evaporation parameter n to observe run-away
evaporation in a harmonic trap?

14 Naively one might expect E = (n+ 3/2)Nk:BT. The expression given here results from a kinetic analysis of
evaporative cooling in the limit n — oo, see O.J. Luiten et al., Phys. Rev. A 53 (1996) 381.

15Eq. is an expression between logarithmic derivatives (y'/y = dIny/dz) and corresponds to a straight line
of slope a on a log-log plot.
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Figure 1.3: Example of the increase in phase-space density with decreasing temperature as observed with
a cloud of ¥ Rb atoms in a Ioffe-Pritchard trap. In this example the gas reaches a temperature of 2.4 uK
and a phase-space density of 0.24. Further cooling results in Bose-Einstein condensation. See further K.
Dieckmann, Thesis, University of Amsterdam (2001).

Problem 1.15 The lifetime of ultracold gases is limited by the quality of the vacuum system and
amounts to typically 1 minute in the collisionless regime. This means that evaporative cooling to
the desired temperature should be completed within typically 15 seconds. Let us consider the case of
8TRb in an isotropic harmonic trap of curvature mw?/kg = 1000 K/m?. For T < 500 uK the cross
section is given by o = 8ma?, with a ~ 100ay (ag = 0.529 x 10719 m is the Bohr radius).

a. Calculate the density ng for which the evaporation rate is N/N =—-1s!atT =05 mK and
evaporation parameter n = 5.

b. What is the thermalization time under the conditions of question a?

c. Is the gas collisionless or hydrodynamic under the conditions of question a?

1.4.2 Canonical distribution for pairs of atoms

Just like for the case of a single atom we can write down the canonical distribution for pairs of
atoms in a single-component classical gas of N trapped atoms. In analogy with Section [[:2:4] we
argue that for N >> 1 we can split off one pair without affecting the energy E of the remaining gas
significantly, Eyos = F + ¢ with ¢ < E < E;o;. In view of the central symmetry of the interaction
potential, the hamiltonian for the pair is best expressed in center of mass and relative coordinates

(see Appendix [A.1)),

2 2

P
e=H(P,R;p,r) = m-ﬁ-%-l—zh (R,r) +V(r), (1.104)

with P2/2M = P?/4m the kinetic energy of the center of mass of the pair, p?/2u = p?/m the
kinetic energy of its relative motion, Us (R,r) = U(R + 3r) + U(R — ir) the potential energy of
trapping and V(r) the potential energy of interaction.

In the ideal gas limit introduced in Section the pair may be regarded as a small system
in thermal contact with the heat reservoir embodied by the surrounding gas. In this limit the
probability to find the pair in the kinetic state (P, R; p,r) < (p1,r1; P2, r2) is given by the canonical
distribution

1 .
(2rh) =8 Z; e~ HPRipx) kT (1.105)

P(P7R;p7r) = 5

with normalization [ P(P,R;p,r)dPdRdpdr = 1. Hence the partition function for the pair is given
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1 .
Zy = 5(27rh)—6 / e HPRpD)/ksT 1P R dpdr.

The pair hamiltonian shows complete separation of the variables P and p. This allows us to
write in analogy with the procedure of Section [[:3.1] a unit-normalized distribution for the relative
momentum

Py (p) = /P(P,R;p,r)deRdr.
As an example we calculate the average relative speed between the atoms

1 fy% pe®/)" amp?dp

oo
7 :/ P py(p)dp = ~ N e (1.106)
0

u o fy el dmp2dp

where where a = /2ukpT. Here we used the definite integrals (B.3)) and (B.4) with dummy variable
x = p/a. As for a single component gas ;1 = m/2 and we obtain 7, = /20, (compare with problem

3

1.4.3 Pair-interaction energy

In this section we estimate the correction to the total energy caused by the interatomic interactions
in a single-component a classical gas of N atoms interacting pairwise through a short-range central
potential V(r) and trapped in an external potential ¢(r). In thermal equilibrium, the probability to
find a pair of atoms at position R with the two atoms at relative position r is obtained by integrating
the canonical distribution over P and p,

P(R,r) = /P(P,R;p,r)dep, (1.107)

normalization [ P(R,r)drdR = 1. The function P(R,r) is the two-body distribution function,

1 .
PR,r) = 5(2#71)’6 / Zyle HPRpD) kel gpgp — joly —2e-M®)FV/ksT (7 108)
and V, the effective volume of the gas as defined by Eq. (1.45)). Further, we introduced the normal-
ization integral

Jig =V, 72 / e~ W (BRr)+V/EksT grgR (1.109)

as an integral over the pair configuration. The integration of Eq. over momentum space is
straightforward because the pair hamiltonian shows complete separation of the momentum
variables P and p.

To evaluate the integral Jio we note that the short-range potential V (r) is everywhere zero
except for very short relative distances r < rg. This suggests to split the configuration space for the
relative position in a long-range and a short-range part by writing e~ V("/k8T = 1 4 [¢=V(")/ksT _1],
bringing the configuration integral in the form

Jig = V2 / ¢ Ue(Rr)/knT grqR 4 V2 / e U2(Ror)/kpT [e*"“)/kﬂ - 1} drdR. (1.110)

The first term on the r.h.s. is a free-space integration yielding unitym The argument of the second
integral is only non-vanishing for r < rg, where Us (R,r) ~ Us (R,0) = 2U (R). This allows us to

16Note that fe*MQ(R’r)/kBTdrdR = fe*“(rl)/kBTdrle*”(m)/kBTdrg = V2 because the Jacobian of the trans-

formation drdR = ) O(r,R)
9(r1,r2)

)drldrg is unity (see Problem .
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separate the configuration integral into a product of integrals over the relative and the center of
mass coordinates. Comparing with Eq. 1) we note that fe’zu(R)/kBTdR =V, (T/2) = Vi is
the effective volume for the distribution of pairs the configuration integral can be written as

Ji2 = 14 vintVae / V2, (1.111)
where

Vint = / [e*"“‘)/’“BT - 1] Arrdr = / g (r) — 1] drr2dr (1.112)

is the interaction volume. The function f(r) = [g (r) — 1] is called the pair correlation function and
g (1) = e V/kBT the radial distribution function of the pair.
The trap-averaged interaction energy of the pair is given by

V= / V(r)P(R,r)drdR = J5,' V., / V(r)e MRV kT grgR, (1.113)

In the numerator the integrals over R and r separate because the argument of the integral is only
non-vanishing for » < ry and like above we may approximate Us (R,r) ~ 2U (R). As a result

Eq. (T113) reduces to
} _ dln J
V= V;?/e—2“<R>/’“BTdRJ;21/V(r)e—WT)/’fBTdr ~ kpT? ;T”, (1.114)

which is readily verified by substituting Eq. . The approximate expression becomes exact for
the homogeneous case, where the effective volumes are temperature independent. However, also for
inhomogeneous gases the approximation will be excellent as long as the density distribution may
be considered homogeneous over the range 7 of the interaction, i.e. as long as r§/V, < 1. The

integral
/v ()/keT gy — /v (1.115)

is called the strength of the interaction. In terms of the interaction strength the trap-averaged
interaction energy is given by

In Eq. the interaction strength is expressed for thermally distributed pairs of classical atoms.
More generally the volume integral may serve to calculate the interaction strength whenever
the g (r) is known, including non-equilibrium conditions.

To obtain the total energy of interaction of the gas we have to multiply the trapped-averaged
interaction energy with the number of pairs,

Ejpe = %N (N -1)V. (1.116)

Presuming N > 1 we may approximate N (N — 1) /2 ~ N?/2 and using definition (1.45) to express
the effective volume in terms of the maximum density of the gas, V. = N/ng, we obtain for the
interaction energy per atom

1 Vs
5int:Eint/N:§J§V
12Ve

Note that V./Va. is a dimensionless constant for any power law trap. For a homogeneous gas
V./Vae = 1 and under conditions where v;,; < V. we have Jy3 ~ 1.

As discussed in Section ideal gas behavior is obtained for €;,; < €gin. This condition may
be rephrased in the present context by limiting the ideal gas regime to densities for which

noU. (1.117)

n|U| < kpT. (1.118)
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Problem 1.16 Show that the trap-averaged interaction energy per atom as given by Eq. can

be obtained by averaging the local interaction energy per atom €y (r) = %n (r) U over the density
distribution,

1
Eint = N /5int (I‘) n (I‘) dr.

Solution: Substituting n (r) = nge %®)/#8T and using V, = N/ng we obtain

e

1 1 ”3 7 —2U(r)/kpT 1 Ve -
N/amt(r)n(r)dr—iﬁU/e dr—§vn0U.>
Problem 1.17 Show that for a harmonically trapped dilute gas
Vae/Ve = Ve (T/2) [Ve (T) = (1/2)*. (1.119)

Solution: The result follows directly with Eq. (1.45). »

1.4.4 Example: Van der Waals interaction

As an example we consider a power-law potential consisting of a hard core of radius r. and a ~ 1/r%
attractive tail (see Fig. [1.4]),

V(r) = oo for r <r.and V (r) = —Cg/r° for r > r, (1.120)

where Cg = Vor8 is the Van der Waals coefficient, with Vo = |V (r.) | the well depth. Like the well-
known Lennard-Jones potential this potential is an example of a Van der Waals potential, named
such because it gives rise to the Van der Waals equation of state (see Section . Note that
the model potential gives rise to an excluded volume b = %’ﬂ'?"g’ around each atom where no
other atoms can penetrate.

In the high temperature limit, kg7 > Vy, we have

U= /V(r)e_v(r)/kBTdr 2/ V(r)dnridr = —47r7°§V0/ 1/2z*dx = bV, (1.121)
Te 1

where x = r/r. is a dummy variable. Note that the integral only converges for power-law potentials
of power p > 3, i.e. short-range potentials. The trap-averaged interaction energy (1.117) is given
by

1Vae -~
Eint = 5 ; noU. (1.122)

0.5

0.0

-05

potential energy (/1)

-1.0
0 1 2 3

internuclear distance (r/r )

Figure 1.4: Model potential with hard core of diameter r. and Van der Waals tail.
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For completeness we verify that the interaction volume is indeed small, i.e.

oo
Ving = /TC {e_v(’")/kBT 1| drrdr ~ —kB—T/ V(r)dnridr = bk};—T < V. (1.123)

This is the case if kgT > (b/V.) Vo. The latter is satisfied because b/V, < 1 and Eq. (1.121]) was
obtained for temperatures kg1 > V.

1.4.5 Canonical partition function for a nearly-ideal gas

To obtain the thermodynamic properties in the low-density limit we consider a small fraction of the
gas consisting of N < Ny, atoms. The canonical partition function for this gas sample is given by

1
N = N (2 h) /e_H(pl’rl;"' ;perN)/kBpor --dpydry---dry. (1124)

After integration over momentum space, which is straightforward because the pair hamiltonian
(1.104)) shows complete separation of the momentum variables {p;}, we obtain

1, _ N
Zn = A 3N/e UGermen) /BT gy gy — ﬁj, (1.125)
where we substituted the single-atom partition function (1.47) and introduced the configuration
integral J = VN [eUram)/ksTqp, . dry, with U(ry, - rn) = >, U(r) + 2ici V(rij).
Restricting ourselves to the nearly ideal limit where the gas consists of free atoms and distinct pairs,

i.e. atoms and pairs not overlapping with other atoms, we can integrate the configuration integral
over all ry with & # ¢ and k # j and obtahﬂ

J =1 =Nb/Vo)¥ Tl ;05 (1.126)

where J;; = V.72 [ e ME)FUE)TVE)l/ksT gy, dy; and Nb is the ezcluded volume due to the hard
cores of the potentials of the surrounding atoms. The canonical partition function takes the form

ZN

= (1= Nb/V )N =2 =72, (1.127)

In =

1.4.6 Example: Van der Waals gas

As an example we consider the high-temperature limit, kT > V), of a harmonically trapped gas of
atoms interacting pairwise through the model potential . In view of Eq. the essential
ingredients for the calculation of the thermodynamic properties are the excluded volume b = %777"5’
and the configuration integral Jio = 1 4 vipVae/ Vf with interaction volume v,y = bVo/kgT.
Substituting these ingredients into Eq. we have for the canonical partition function of a

nearly-ideal gas in the high-temperature limit

ZN b\ N b Voo Vo N?/2
Z 1-N— 1+ ——— : 1.12
YN ( Ve) < +VevekBT> (1.128)

Here we used N — 2 ~ N and N(N — 1)/2 ~ N?/2, which is allowed for N > 1. For power-law
traps Va./V, is a constant ratio, independent of the temperature.
To obtain the equation of state we start with Eq. (1.31),

Po = — (8F/6V6)T)N = ]{ZBT (81n ZN/ave)TW . (1129)

17This amounts to retaining only the leading terms in a cluster expansion.
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Then using Eq. 1) we obtain for the pressure under conditions where U /kpT < 1 and Nb <« 1

N N? N2 Vo Va
=kpT | = +b—F5 —b—F5-—F+= . 1.130
Po=Fs (V LSRR Yy v@> (1.130)
This expression may be written in the form
Po
=14+ B(T 1.131

where B(T) = b[17(1/2)5/2 Vo/kpT] = b—(Vae/V.) U /2kpT is known as the second virial coefficient.
For the harmonic trap Va./V. = (1/2)3/2. Note that B(T) is positive for kgT > V,, decreasing
with decreasing temperature. Not surprisingly, comparing the nearly-ideal gas with the ideal gas at
equal density we find that the excluded volume gives rise to a higher pressure. Approximating

1 N 1

SRy S SO 1.132
Ve + vz V.- Nb ( )
we can bring Eq. ((1.130]) in the form of the Van der Waals equation of state,
N2
(pO—HIVQ) (Ve — Nb) = NkgT, (1.133)
e
with a = — (Vae/V.) U /2 a positive constant. This famous equation of state was the first expression

containing the essential ingredients to describe the gas to liquid phase transition for decreasing
temperatures@ For the physics of ultracold gases it implies that weakly interacting classical gases
cannot exist in thermal equilibrium at low temperature.

The internal energy of the Van der Waals gas is obtained by starting from Eq. ,

U=kpT? (0 Zn/0T)y y -
Then using Eqs.(1.127)) and (1.114)) we find for kT > Vy

U = kpT? <3N SEARCIUTE

1 _
=3NkgT + ~N?V.
T2 ot ) sty
A similar result may be derived for weakly interacting quantum gases under quasi-equilibrium con-
ditions near the absolute zero of temperature.

1.5 Thermal wavelength and characteristic length scales

In this chapter we introduced the quasi-classical gas at low density. The central quantity of such
gases is the distribution in phase space. Aiming for the highest possible phase-space densities we
found that this quantity can be increased by evaporative cooling. This is important when searching
for quantum mechanical limitations to the classical description. The quasi-classical approach breaks
down when we reach the quantum resolution limit, in dimensionless units defined as the point where
the degeneracy parameter D = nA® reaches unity. For a given density this happens at sufficiently
low temperature. On the other hand, when taking into account the interactions between the atoms
we found that we have to restrict ourselves to sufficiently high-temperatures to allow the existence
of a weakly-interacting quasi-classical gas under equilibrium conditions. This approach resulted in
Van der Waals equation of state. It cannot be extended to low temperatures because under such
conditions the Van der Waals equation of state gives rise to liquid formation. Hence, the question

18Gee for instance F. Reif, Fundamentals of statistical and thermal physics, McGraw-Hill, Inc., Tokyo 1965.
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arises: what allows the existence of a quantum gas? The answer lies enclosed in the quantum
mechanical motion of interacting atoms at low-temperature.

In quantum mechanics the atoms are treated as atomic matter waves, with a wavelength A\yp
known as the de Broglie wavelength. For a free atom in a plane wave eigenstate the momentum
is given by p = fik, where k = |k| = 27/Agp is the wave number. However, in general the atom
will not be in a momentum eigenstate but in some linear combination of such states. Therefore,
we better visualize the atoms in a thermal gas as wavepackets composed of the thermally available
momenta.

From elementary quantum mechanics we know that the uncertainty in position Az (i.e. the
spatial resolution) is related to the uncertainty in momentum Ap through the Heisenberg uncertainty
relation ApAx ~ h. Substituting for Ap the rms momentum spread around the average momentum
in a thermal gas, Ap = [((p — p)°)]*/2 ~ [mkpT/2]'/? (see Problem 7 the uncertainty in position
is given by Al ~ h/Ap = [2h?/(mkpT)]*/?. The quantum resolution limit is reached when Al
approaches the interatomic spacing,

Al ~ h/Ap = [20%)(mkpT)]"/? ~ ng />

Because, roughly speaking, Ap ~ p we see that Al is of the same order of magnitude as the de Broglie
wavelength of an atom moving with the average momentum of the gas. Being a statistical quantity
Al depends on temperature and is therefore known as a thermal wavelength. Not surprisingly,
the precise definition of the resolution limit is a matter of taste, just like in optics. The common
convention is to define the quantum resolution limit as the point where the degeneracy parameter
D = ngA® becomes unity. Here A = [277%/(mkpT)]'/? is the thermal de Broglie wavelength
introduced in Section [1.3.1] (note that A and Al coincide within a factor 2).
At elevated temperatures A will be smaller than any of the relevant length scales of the gas:

e the size of the gas cloud V1/3

e the average interatomic distance n~1/3

e the range 7y of the interatomic potential.

Under such conditions the classical description is adequate.

Non-degenerate quantum gases: For decreasing temperatures the thermal wavelength grows.
First it will exceed the range of the interatomic potential (A > r) and quantum mechanics will
manifest itself in binary scattering events. As we will show in the Chapter [3] the interaction energy
due to binary interaction can be positive down to T = 0, irrespective of the depth of the interaction
potential. This implies a positive pressure in the low-density low-temperature limit, i.e. unbound
states. Normally this will be a gaseous state but also Wigner-solid-like states are conceivable. These
states are metastable. With increasing density, when 3-body collisions become important, the system
becomes instable with respect to binding into molecules and droplets, which ultimately leads to the
formation of a liquid or solid state.

Degeneracy regime: Importantly, the latter only happens when A is already much larger than
the interatomic spacing (nA® > 1) and quantum statistics has become manifest. In this limit the
picture of classical particles has become useless for the description of both the thermodynamic and
kinetic properties of the gas. We are dealing with a many-body quantum system.

Problem 1.18 A classical gas cloud of rubidium atoms has a temperature T =1 pK.

a. What is the average velocity v of the atoms?

b. Compare the expansion speed of the cloud after switching off the trap with the velocity the cloud
picks up in the gravitation field

c. What is the average energy E per atom?

d. Calculate the de Broglie wavelength A of a rubidium atom at T =1 pK?
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e. At what density is the distance between the atoms comparable to A at this temperature?
f. How does this density compare with the density of the ambient atmosphere?



Quantum motion in a central potential field

2.1 Introduction

The motion of particles in a central potential field plays an important role in atomic and molecular
physics. First of all, to understand the properties of the individual atoms we rely on careful analysis
of the electronic motion in the presence of Coulomb interaction with the nucleus. Further, also many
properties related to interactions between atoms, like collisional properties, can be understood by
analyzing the relative atomic motion under the influence of central forces.

In view of the importance of central forces Wdﬂ summarize in this chapter the derivation of the
Schrodinger equation for the motion of two particles interacting through a central potential V(r),
r = |r; — ra| being the radial distance between the particles. In view of the central symmetry and
in the absence of externally applied fields the relative motion of the particles, say of masses m; and
ma, can be reduced to the motion of a single particle of reduced mass p = myms/(my + ms) in the
same potential field (see appendix. To further exploit the symmetry we can separate the radial
motion from the rotational motion, obtaining the radial and angular momentum operators as well
as the hamiltonian operator in spherical coordinates (Section . Knowing the hamiltonian we can
write down the Schrodinger equation (Section and specializing to specific angular momentum
values we obtain the radial wave equation. The radial wave equation is the central equation for the
description of the radial motion associated with specific angular momentum states. In Section [2.4]
we show that the radial wave equation can be written in the form of a one-dimensional Schrédinger
equation, which simplifies the mathematical analysis of the radial motion.

2.2 Hamiltonian

The classical hamiltonian for the motion of a particle of (reduced) mass p in the central potential
V(r) is given by

1
H = §,uv2 +V(r), (2.1)

where v = 1 is the velocity of the particle with r its position relative to the potential center. In the
absence of externally applied fields p = pv is the momentum of the particle and the hamiltonian

IThe approach of this chapter is mostly based on Albert Messiah Quantum Mechanics, North-Holland Publishing
company, Amsterdam 1970.

29
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can be written ad?] )
P

Hy=—+V(r). 2.2

0=, T (r) (2.2)

Turning to position and momentum operators in the position representation (p — —ihV and r — r)

the quantum mechanical hamiltonian takes the familiar form of the Schrédinger hamiltonian,
h2
=—-——A . 2.
Ho o +V(r) (2.3)

To fully exploit the central symmetry we rewrite the classical hamiltonian in a form in which the
angular momentum, L = r X p, and the radial momentum, p, = ¥ - p with ¥ = r/r the unit vector
in radial direction (see Fig.[2.1)), appear explicitly,

H—1<$+L2)+V(r). (2.4)

2 2
This form enables us to separate the description of the angular motion from that of the radial motion
of the reduced mass, which is a great simplification of the problem. In Section we show how
Eq. (2.4) follows from Eq. (2.1)) and derive the operator expression for p2. However, first we derive

expressions for the operators L, and L2. In Sections and we formulate Schrédinger equations
for the radial motion.

2.2.1 Symmetrization of non-commuting operators - commutation relations

With the reformulation of the hamiltonian for the orbital motion in the form (2.4)) we should
watch out for ambiguities in the correspondence rules p — —iAV and r — r. || Whereas in
classical mechanics the expressions p, = © - p and p, = p - T are identities this does not hold for
pr = —ih(V - £) and p, = —ifi (- V) because I = r/r and —iAV do not commute. The risk of
such ambiguities in making the transition from the classical to the quantum mechanical description
is not surprising because non-commutativity of position and momentum is at the core of quantum
mechanics.

To deal with non-commutativity the operator algebra has to be completed with expressions for
the relevant commutators. For the cartesian components of the position r; and momentum p; the
commutators are

[ri,pj] = ihd;;,  withi,j € {z,y,z}. (2.5)

This follows easily in the position representation by evaluating the action of the operator [r;, p;] on
an arbitrary function of position ¢(ry,ry, ),

[ri,pj] & = —ih(ri0; — Ojri) ¢ = —ih (ri0;¢ — ri0;¢ — $di;) = ihdi; ). (2.6)

Here 0; = 0/0r; is a shorthand notation for the partial derivative operator. Note that the commu-
tation relations in the form are specific for cartesian coordinates; in general their form will be
different.

For the anti-commutator {r;,p;}, by construction, no ambiguity appears in the correspondence
rule since {r;,p;} = {p;,r;} both in classical mechanics and in quantum mechanics. Hence, after
symmetrization with respect to non-commuting dynamical variables, e.g. p, = % (f-p+p-t), the
correspondence rules allow unambiguous construction of quantum mechanical operators starting
from their classical counter parts.

2In the presence of an external electromagnetic field the non-relativistic momentum of a charged particle of mass
m and charge q is given by p = mv + ¢A, with mv its kinetic momentum and gA its electromagnetic momentum.

3Here we emphasized in the notation that r is the position operator rather than the position r. As this distiction
rarely leads to confusion the underscore will omitted in most of the text.
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>

e=r — P

Figure 2.1: (a) We use the unit vector convention: # =&, = &, sinfcos¢ + é,sinfsing + &, cosd; & =
&, cosfcosgp+ @&, cosfsing —&,sinb, &, = —&,sin ¢ + &, cos ¢; (b) vector diagram indicating the direction
t and amplitude p, of the radial momentum vector.

2.2.2 Angular momentum operator L

To obtain the operator expression for the angular momentum L = rXx p in the position representation
we use the correspondence rule (p — —iAV and r — r). Interestingly, explicit symmetrization in
the form L = % (r X p—p X r) is not required,

L=—ifir x V. (2.7)
This is easily verified using the cartesian vector componentsEI
LZ‘ = —ih% (é‘ijk-rjﬁk — €i]'kaj7‘k) = —iﬁ&‘ijijak. (2.8)

Here we used the Einstein summation conventiorﬂ and g;;; is the Levi-Civita tensotﬂ

Having identified Eq. as the proper operator expression for the orbital angular momentum
we can turn to arbitrary orthogonal curvilinear coordinates {w,v,w}. In this case the gradient
vector is given by V = {h;; 20y, h;10,, h;; 0y}, where h, = |0r/0al, O, = 0/0a and the unit vectors
are defined by & = &, = h;'0,r with a € {u,v,w}. The angular momentum operator can be
decomposed in the following form

a s w
L=—i(rx V)=—1ih| ry Ty T

w ; (2.9)
hy'0y hytd, hy'dy

For spherical coordinates we have h, = |9r/dr| = 1, hy = |0r/d¢| = r/sin® @ sin® ¢ + sin® f cos? ¢ =
rsin@ and hg = |0r/80] = rv/cos? 0 cos? ¢ + cos? Osin® ¢ + sin? 6 = r. The components of the radius
vector are r, = r and 79 = r¢ = 0. Working out the determinant in Eq. 7 while respecting the
order of the vector components r, and h;'d,, we find for the angular momentum operator in
spherical coordinates

. (. 1 0 . 0
L = —ih(r x V)=ih (eesinﬁaqzﬁ - e¢89) . (2.10)

Here both &g and &4 are unit vectors of the spherical coordinate system (see Fig.[2.1)). Importantly,
as was to be expected for a rotation operator in a spherical coordinate system, L depends only on
the angles # and ¢ and not on the radial distance r.

4Note that —€4jk0jTr = —€ijkTKOj = €ikjTrO; = €417 0k for cartesian coordinates because for j # k the operators
r; and O commute and for j = k one has €;j, = 0.

5In the Einstein convention summation is done over repeating indices.

6sijk = +£1 for all even (+) or odd (—) permutations of i, j,k = x,y, z and €;5, = 0 for two equal indices.
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2.2.3 The operator L,

The operator for the angular momentum along the z direction is a differential operator obtained
by taking the inner product of L with the unit vector along the z direction, L, = &, - L. From

Eq. (2.10) we see that
oA A 1 9 N
L, =ih ((ez - &) sn00¢ (& - &) 86) .

Because the unit vector &4 = —&,sin¢ + &, cos¢ has no z component, only the § component of
L will give a contribution to L,. Substituting the unit vector decomposition &y = &, cosf cos ¢ +
é, cos fsin ¢ — &, sin § we obtain

0
L,=—ih—. 2.11
i (211)
The eigenvalues and eigenfunctions of L, are obtained by solving the equation
.0
— zha—(b@m(qﬁ) =mh ®,,(9). (2.12)

Here, the eigenvalue is called the m quantum number for the projection of the angular momentum
L on the quantization axism The eigenfunctions are

D, (0) = ame™?. (2.13)

Because the wavefunction must be invariant under rotation of the atom over 27 we have the boundary
condition e¢ = ¢(¢+27)  Thus we require /™2™ = 1, which implies m = 0, +1, +2,... With
the normalization

27
/0 |@,(6)?] dop = 1

we find for the coefficients the same value, a,, = (27r)_1/ 2 for all values of the m quantum number.

2.2.4 Commutation relations for L., L,, L, and L?

The three cartesian components of the angular momentum operator are differential operators satis-
fying the following commutation relations

(L, Ly] = ihL., [Ly, L.] = ihL, and L., L,] = ihL,. (2.14)

These expressions are readily derived with the help of some elementary commutator algebra (see
appendix B.7). We show the relation [L,, L,] = ihL, explicitly; the other commutators are obtained
by cyclic permutation of =,y and z. Starting from the definition L; = €;;,7;pr We use subsequently

the distributive rule (B.18b]), the multiplicative rule (B.18d)) and the commutation relation ([2.5)),

[L(E7 Ly] = [ypz — ZPy, ZPx — -sz] = [ypzy sz] + [Zpy, xpz]
=y [pz, 2l ps — @ [p2, 2] py = th(@py — yps) = ihL..

The components of L commute with L2,

[L.,L*] =0, [L,,L*] =0, [L,,L*] =0. (2.15)

"In this chapter we use the shorthand notation m for the magnetic quantum numbers m; corresponding of states
with orbital quantum number . When other forms of angular momentum appear we will use the subscript notation
to discriminate between the differrent magnetic quantum numbers, e.g. Im;, sms, jm;, etc..
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We verify this explicitly for L. Since L2 = L-L = L2 + ij + L? we obtain with the multiplicative

rule (B.18d))

[Lza Lg} =0
[LmLi} = [Lm Ly]Ly + Ly [Lz’ Ly] = _m(LwLy + LyLw)
[LZ,Li] =[L,,L.]L, + L,[L., L] = —|—ih(I/yI/$ + LzLy).

By adding these terms we find [L., L} + L?] = 0 and [L.,L?] = 0.

2.2.5 The operators L

The operators
Li=L,+iL, (2.16)

are obtained by taking the inner products of L with the unit vectors along the z and y direction,
Ly = (&, -L)+i(&,-L). In spherical coordinates this results in

1 0 0
Lo =it ([0, 20) (0, - &0)] g~ (0000 (6, 80l ).

as follows directly with Eq. (2.10). Substituting the unit vector decompositions &3 = —&, sin ¢ +
é, cos ¢ and &g = &, cost) cos ¢ + &, cos O sin ¢ — &, sin § we obtain

; 0 0
+ip [+
Ly =he <zcot96¢iae) . (2.17)

These operators are known as shift operators and more specifically as raising (L) and lowering (L_)
operators because their action is to raise or to lower the angular momentum along the quantization
axis by one quantum of angular momentum (see Problem .

Several useful relations for Ly follow straightforwardly. Using the commutation relations
we obtain

[L.,L+]=[L,,L,)+i[L,,L,] =ihL, +hL, = +hL.. (2.18)

Further we have
LiL_=L}+L)—i[Ly, L)) =L, +L}+hL.=L*— L +hL, (2.19a)
L L,=L2+L+i[Ly Ly =L+ L, —hL,=L"—L?-hL., (2.19b)

where we used again one of the commutation relations (2.14)). Subtracting these equations we obtain
[Ly,L_]=2hL, (2.20)

and by adding Egs. (2.19) we find

L?=L2+1(LyL_+L_Ly). (2.21)

2.2.6 The operator L?

To derive an expression for the operator L? we use the operator relation (2.21)). Substituting
Egs. (2.11)) and (2.17)) we obtain after some straightforward but careful manipulation

2
L 9 L 0 sinﬂg) . (2.22)

2o _p2|t o 19
76002 " smoaa ™05
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The eigenfunctions and eigenvalues of L? are obtained by solving the equation

N IR VUL N NP
n2600% " smoos " M0gg) |V (#:0) = AY(0,9). (2.23)

Because L? commutes with L, the § and ¢ variables separate, i.e. we can write
Y(0,0) = P(0)Pm(9), (2.24)

where the function ®@,,,(¢) is an eigenfunction of the L, operator and the properties of the function
P(0) are to be determined. Evaluating the second derivative 8?/0¢? in Eq. (2.23]) we obtain

1 9,. ,0 m?

Using the notation u = cos @ and A = [(I+1) this equation takes the form of the Legendre differential

equation (B.22)),
(1_u2)ﬁ_2ui_m72
du? du 11— u2
The solutions are the associated Legendre polynomials P™(u), with |m| < [; i.e., 2l + 1 possible
values of m for given value of [. They are obtained, see Eq. (B.23)), by differentiation of the Legendre

polynomials Pj(u), with P;(u) = P?(u). The lowest order Legendre polynomials are

FU+ 1)] P (u) = 0. (2.26)

Po(u) =1, Pi(u)=u, Py(u)= %(3u2 —1).

The spherical harmonics are defined (see Section [B.8.1]) as the normalized joint eigenfunctions
of L? and L, in the position representation. Hence, we have

L?Y™(0,¢) = L(L + )R*Y," (0. ¢) (2.27)
and
L.Y;™(0,¢) = mhY,™ (0, ¢). (2.28)
Angular momentum and Dirac notation
In the Dirac notation we identify Y;™ (6, ¢) = (£ |, m) and write
L2 |1, m) = I(1 + 1)A? |, m) (2.29)
L. |[l,m) =mh|l,m), (2.30)

where the |I,m) are abstract state vectors in Hilbert space for the joint eigenstates of L? and L,

as defined by the quantum numbers [ and m. The actions of the shift operators L4 are derived in
Problem 211

Lill,m)=+101+1) —m(m+1h|l,m=*1). (2.31)

Expressions analogous to those given for L2, L, and L+ hold for any hermitian operator satisfying
the basic commutation relations . Such operators are called angular momentum operators.
Another famous example is the operator S for the electronic spin. Using the commutation relations
it is readily verified that Eq. is a special case of the more general inner product rule for two
momentum operators L and S,

L-S=L.S.+%(LyS_-+L_S}). (2.32)

Note that the L,S, operator as well as the operators L, S_ and L_S; conserve the total angular
momentum along the quantization axis m = m; + ms.
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Problem 2.1 Show that the action of the shift operators Ly is given by

Lil|l,m)=+1(1+1)—m(m=+1)h|l,m=+1). (2.33)

Solution: We show this for L, for L_ the proof proceeds analogously. Using the commutation

relations (B.18¢) we have
LoLy |lom) = (Ly Ly + [Lo, Ly]) llm) = (Lymh+ KL ) |l m) = (m + 1) AL |1, m)
Comparison with L, |l,m + 1) = (m+1)%|l,m + 1) shows that Ly |I,m) = ci (I, m)|l,m + 1).
Similarly we obtain L_|l,m) = c¢_ (I,m) fi|l,m — 1). The constants c4 (I,m) remain to be deter-
mined. For this we write the expectation value of Ly L_ in the form
(I,m|L_Ly |[l,m) =c_ (I,m+1)cy (I,m) h>. (2.34)

On the other hand we have, using Eq. ([2.19a))

(I,m|L_Ly|l,m) = (I,m|L® = L? —hL. |l,m) = [I (1 +1) —m(m + 1)] h? (2.35)

Next we note c (I,m) = ¢* (I,m+ 1) and c_ (I,m) = ¢ (I,m — 1) because L, and L, are hermitian,
and L4 the hermitian conjugates of L+. For L, we have

(I,m+1 Ly|l,m)=(,m+1Ly|l,m)+ ({,m+1|iL,|l,m)
=(,m| Ly |l,m+1)" —i{l,m| Ly |l,m+1)"
={({,m|L_|l,m+1)".

Hence, combining this with Egs. (2.34) and (2.35)) we obtain
c— (I,m+1) ey (I,m) = [et (l7m)‘2 =[(+1)—m(m+1)],
which is the square of the eigenvalue we were looking for. »

2.2.7 Radial momentum operator p,

The radial momentum operator in the position representation is given by
1 /4 N ih r r
przi(r~p+p-r)=—5[;~V+V~(;)}7 (2.36)

which in spherical coordinates takes the form

prth = —ih (5; + i) P = —m%%(rw) (2.37)
and implies the commutation relation
[r, pr] = ik (2.38)
Importantly, p? commutes with L, and L?,
[p?,L.] =0 and [p},L*] =0, (2.39)

because p, is independent of # and ¢ and L is independent of r, see Eq. (2.10)).
In the position representation the squared radial momentum operator takes the form

o 1\’ 2 20 162
20, _2(9 1 _ 2[99 20 _ 2107
Py ==h <8r + T) v h (8r2 + T 87‘) ¥ f r Or? (re). (2.40)
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In Problem it is shown that p, is only hermitian if one restricts oneself to the sub-class of
normalizable wavefunctions which are reqular in the origin; i.e.,

l_irr%) ry(r) =0.

This additional condition is essential to select the physically relevant solutions for the (radial)
wavefunction.

To demonstrate how Eq. follows from Eq. we express the classical expression for L2 /r2
in terms of r and p using cartesian coordinates

L?/r? = (eijerpk) EitmTipm) /72 = (6j10km — OjmOki) TjPKTIDm /T2
= [(rj7) (Pepr) — r3psperil /T2 = () (Ppi) — (r5p5)°]/7?
= [’p? — (r-p)’]/r® =p* — (#-p)*. (2.41)

Before constructing the quantum mechanical operator for L?/7? in the position representation we

first symmetrize the classical expression,
L2 1. 2
= ——pz—z(r-p—l—p-r) . (2.42)

Using Eq. (2.36) we obtain after elimination of p?

=i+ %) oo (2.43)

which is valid everywhere except in the origin.

Problem 2.2 Show that p, is Hermitian for square-integrable functions 1(r) only if they are regular
at the origin, i.e. lim,_,o19(r) = 0.

Solution: For p, to be Hermitian we require the following expression to be zero:
. 10 L /10
<,(/}7p’r‘1/)> - <p7"’(/)7 ’(/J> = —ih <1/)7 T37“T¢> —ih <T87“T¢’ ¢>

. L1 0 1 0 N
= —zh/ {w - (r¢) + ;1/}5 (ry )] rdrdQ
= —ih/ 7"1/)*2 (rv) + 7"1/)2 (ry*)| drdQ
N or or
. 0 2
= zh/ o |r)|” drdQ

For this to be zero we require

0 2, 2]
[ oot ar=[Irof?] =0,

Because 1(r) is taken to be a square-integrable function; i.e., [ lrp|?dr = N with N finite, we
have lim, o, ¢ (r) = 0 and lim,_q ¢ (r) = x0, where o is finite. Thus, for p, to be hermitian we
require 1(r) to be regular in the origin (xo = 0) on top of being square-integrable. Note: p,. is not
an observable. To be an observable it must be Hermitian. This is only the case for square-integrable
eigenfunctions ¢ (r) that are regular at the origin. However, the square-integrable eigenfunctions of
pr can also be irregular at the origin and have complex eigenvalues, e.g.

ih 0 7Aexp[—ozr]

L = iha

exp[—ar]
r Or r r '

8In the Einstein notation the contraction of the Levi-Civita tensor is given by €ijkEitm = 0j10km — 0jm Ok
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2.3 Schrédinger equation

We are now in a position to write down the Schrodinger equation of a (reduced) mass p moving at
energy E in a central potential field V(r)

1 L?

5 (1245 ) + V)] w00.60) = Bor0.0) (2.44)
Because the operators L? and L, commute with the hamiltonian they share a complete set of
eigenstates with the hamiltonian; i.e., the joint eigenfunctions ¥(r, 8, ¢) must be the fornﬂ

¥ =R(r,0,0)Yim(0,9), (2.45)

where in view of Eq. we require L2R(r, 0, ¢) = 0. This can only be satisfied for arbitrary value
of r if the radial variable separates from the angular variables, R(r,0,¢) = R(r)X(0,¢). In turn
this requires L?2X (6, #) = 0, which in general can only be satisfied if X (6, ) is independent of 6
and ¢. In other words X (6, ¢) has to be a constant and without loss of generality we may presume
X(0,¢) = 1 and write R(r,0,¢) = R(r). Hence, using Eq. and substituting Eqs. and
into Eq. we obtain

h? 2 2d I
5 (i 2+ ) V0| RO (6.0) = EROYin 00, (246
Here the term 14 )2
Viot (1) = (;FWQ) (2.47)

is called the rotational energy barrier and represents the centrifugal energy at a given distance from
the origin and for a given value of the angular momentum. Because the operator on the left of
Eq. is independent of § and ¢ we can eliminate the functions Y}, (6, ¢) from this equation. The
remaining equation takes the form of the radial wave equation.

R 2d U+
2u dr?2 rdr 72

where the solutions R;(r) must depend on ! but be independent of § and ¢. Note that the solutions
do not depend on m because the hamiltonian does not depend L,. This is a property of central
potentials. Eq. is the starting point for the description of the relative radial motion of any
particle in a central potential field.

Note that the expectation values of L? and L, are conserved whatever the radial motion, showing
that L2 and L. are observables (observable constants of the motion). The corresponding quantum
numbers [ and m; are called good quantum numbers within the context of the hamiltonian considered.
As p? does not commute with the hamiltonian it is not an observablem

> + V(’I"):| R(r) = ERy(r), (2.48)

2.4 One-dimensional Schrédinger equation

The Eq. (2.40) suggests to introduce functions
xi(r) = rR(r), (2.49)

which allows us to bring the radial wave equation ([2.48]) in the form of a one-dimensional Schrédinger

equation
2u I(1+1)
X;l + = (E _ V) _ 2 x: = 0. (2.50)

9Note that L. commutes with L2 (see section [2.2.6); L. and L? commute with r and p, (see section [2.2.7)).
0Note that pr does not commute with r (see section [2.2.7).
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The 1D-Schrodinger equation is a second-order differential equation of the following general form
X"+ F(r)x = 0. (2.51)

Equations of this type satisfy some very general properties. These are related to the Wronskian
theorem, which is derived and discussed in appendix [B:12]

Not all solutions of the 1D Schrédinger equation are physically acceptable. The physical solutions
must be normalizable; i.e., for bound states

/7"2 |R(r)| dr = / () dr =N, (2.52)

where N is a finite number. However, there is an additional requirement. Because the separation
in radial and angular motion as expressed by Eq. is only valid outside the origin (r > 0) the
solutions of the radial wave equation are not necessarily valid in the origin. To be valid for all
values of r the solutions must, in addition to be being normalizable, also be regular in the origin;
i.e., lim,_,orR(r) = lim,_ox(r) = 0. Although this is stated without proof we demonstrate in
Problem that normalizable wavefunctions ¢ (r) scaling like R(r) ~ 1/r near the origin do not
satisfy the Schrodinger equation in the origin. All this being said, only wavefunctions based on the
regular solutions of Egs. and can be valid solutions for all values of r, including the
origin.

Problem 2.3 Show that a normalizable radial wavefunction scaling like R(r) ~ 1/r for r — 0 does
not satisfy the Schrédinger equation in the origin because the kinetic energy diverges.

Solution: We first use the Gauss theorem to demonstrate that A (1/r) = —47d (r). For this we
integrate this expression on both sides over a small sphere V of radius € around the origin,

/ Aldr = —4.
% T

Here we used [, d (r) dr = 1 for an arbitrarily small sphere around the origin. The Lh.s. also yields
—4r as follows with the divergence theorem (Gauss theorem)

lim [ Aldr=lim ¢dS- V2 = lim das- <1> = lim 47€” <> = —4r.
e—0 v r e—0 S r e—0 s r €

Next we turn to solutions ¥ (r) = R;(r)Y;™ (0, ¢) of the Schrédinger equation for the motion
of a particle in a central field. We presume that the wavefunction is well behaved everywhere but
diverges like R;(r) ~ 1/r for r — 0. We ask ourselves whether this is a problem because - after all
- the wavefunction remains normalizable. The divergent wavefunction R;(r) is defined everywhere
except in the origin. This is more than simply a technical problem because it implies that the
Schrodinger equation is not satisfied in the origin:

(—hQA +V(r) — E) Y(r) = —47Th25 (r).

21 2u
Note that in this expression, without separation of the radial and angular motion, the hamiltonian
is valid throughout space, i.e., also in the origin. Physically, irregular solutions must be rejected
because the kinetic energy diverges: writing Ro(r) = (xo(r)/r) with lim, o x0(r) = xo # O the
kinetic energy is given by

h? n? , 1.1
= [ Ror)¥E (0.6) AR (0.0)dr> = 3 (0) i | A
_ P roim [ Lsd >
= 2uX0 lim T r)dr — oo.



Motion of interacting neutral atoms

3.1 Introduction

In this chapter we investigate the relative motion of two neutral atoms under conditions typical for
quantum gases. This means that the atoms are presumed to move slowly at large separation and to
interact pair wise through a potential of the Van der Waals type. In Section the term slowly was
quantified with the aid of the thermal wavelength as A > 7y, which is equivalent to kro < 1, where
k ~ 1/A is the wavenumber of the relative motion of free atoms and ry the range of the interaction
potential.

Importantly, as the Van der Waals interaction is an elastic interaction the energy of the relative
motion is a conserved quantity. Because the relative energy is purely kinetic at large interatomic
separation it can be expressed as E = h?k?/2u, which implies that also the wavenumbers for the
relative motion before and after the collision must be the same. This shows that far from the
scattering center the collision can only affect the phase of the wavefunction and not its wavelength.
Apparently, the appearance of a phase shift relative to free atomic motion is the key parameter for
the quantum mechanical description of elastic collisions.

In our analysis of the collisional motion three characteristic length scales will appear, the interac-
tion range ro, the scattering length a and the effective range r., each expressing a different aspect of
the interaction potential. The range ry was already introduced in Chapter [1| as the distance beyond
which the interaction may be neglected in the limit & — 0. The second characteristic length, the
s-wave scattering length a, is the effective hard sphere diameter. It is a measure for the interaction
strength and determines the collisional cross section in the limit k — 0 as will be shown in Chapter
[ It is the central parameter for the theoretical description of all bosonic quantum gases, deter-
mining both the interaction energy and the kinetic properties of the gas. The third characteristic
length, the effective range r, expresses how the potential affects the energy dependence of the cross
section. The condition k?ar. < 1 indicates when the & — 0 limit is reached.

This chapter consists of three main sections. In Section [3.2] we show how the phase shift appears
as a result of interatomic interaction in the wavefunction for the relative motion of two atoms. For
free particles the phase shift is zero. An integral expression for the phase shift is derived. In Section
[3-3 we specialize to the case of low-energy collisions. First, the basic phenomenology is introduced
and analyzed for simple model potentials like the hard sphere and the square well. Then we show
that this phenomenology holds for arbitrary short-range potentials. In the last part of the section
we have a close look at the underpinning of the short range concept and derive an expression for

39
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Figure 3.1: Example showing the high-lying bound states near the continuum of the singlet potential 12:{
(the bonding potential) of the hydrogen molecule; v and J are the vibrational and rotational quantum
numbers, respectively. The dashed line shows the effect of the J = 3 centrifugal barrier. The Mg = —1
branch of the triplet potential 3% (the anti-bonding potential) is shifted downwards with respect to the
singlet by 13.4 K in a magnetic field of 10 T.

the range r¢ of power-law potentials with special attention for the Van der Waals interaction. In
the last section of this chapter (Section we analyze how the energy of interaction between two
atoms is related to their scattering properties and how this differs for identical bosons as compared
to unlike particles.

3.2 The collisional phase shift

3.2.1 Schrédinger equation

The starting point for the description of the relative motion of two atoms at energy E is the

Schrodinger equation (2.44]),

o (14 5) v vino.0) = Buro.e). (3.1)

Here p is the reduced mass of the atom pair and V(r) the interaction potential. As discussed in
Section the eigenfunctions ¥ (r, 8, ¢) can be written as

d} = Rl(T)Y—lm(ga ¢)7 (32)

where the functions Y;,, (6, ¢) are spherical harmonics and the functions R;(r) satisfy the radial wave
equation

By this procedure the angular momentum term is replaced by a repulsive effective potential

h2

Vior(r) = U+ 1),

(3.4)
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representing the rotational energy of the atom pair at a given distance and for a given rotational
quantum number [. In combination with an attractive interaction it gives rise to a centrifugal barrier
for the radial motion of the atoms. This is illustrated in Fig.[3.1] for the example of hydrogen.

To analyze the radial wave equation we introduce the quantities

e=2uE/R* and U(r) =2uV(r)/h?, (3.5)
which put Eq. (3.3]) in the form

101+ 1)
7“2

2
R/ + ;RQ + le=U(r) — Ry =0. (3.6)

With the substitution x; (r) = 7R (r) it reduces to a 1D Schrdinger equation

I(1+1)

XE/ + [E - U(T) - r2

i = 0. (3.7)
The latter form is particularly convenient for the case [ = 0,
Xg + [E - U(’I’)]X(] =0. (38)

In this chapter we will introduce the wave number notation using k = [2uE]"/?/h and & = k?
for e > 0. Similarly, we will write e = —x? for € < 0. Hence, for a bound state of energy FEj, < 0 we
have k = [—2uBy]"/?/h = [2u | Ey|)Y/?/h.

3.2.2 Free particle motion

We first have a look at the case of free particles. In this case V(r) = 0 and the radial wave equation

(3.6) becomes
2 I(l+1
R/ + =R+ [kQ — (t)} R =0, (3.9)
r T
which can be rewritten in the form of the spherical Bessel differential equation by introducing the
dimensionless variable o = kr,

1(1+1)
92

2
R'+=R/+ [1 — } R, =0. (3.10)
0
The general solution of Eq. (3.10]) for angular momentum [ is a linear combination of two partic-
ular solutions, a regular one j;(o) (without divergencies), and an irregular one n;(o) (cf. Appendix

BIL):
Ri(0) = Aji(e) + Br(o). (3.11)

To proceed we introduce a dimensionless number 7; = arctan B/A so that A = Ccosn and B =
C'sinm;. Substituting this into Eq. (3.11]) yields

Ri(0) = Ccosm 5i(0) + sinm ny(o)] . (3.12)

For m; — 0 the general solution reduces to the regular one, j;(kr), which is the physical solution
because it is well-behaved throughout space (including the origin). For ¢ — oo the general solution
assumes the following asymptotic form

C 1 1
Ri(o) =~ E{cos n sin(o — 5l7r) + sinn; cos(o — ilﬂ)}, (3.13)

0—00
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Figure 3.2: The lowest-order spherical Bessel functions jo(kr) and j1(kr), which are the l =0 and [ =1
eigenfunctions of the radial wave equation in the absence of interactions (free atoms). Also shown is the
I = 1 rotational barrier and the corresponding classical turning point for the radial motion for energy
E = 1%Kk?/2u of the eigenfunctions shown. The j1(kr) is shifted up by 1 for convenience of display. Note
that j1(kr) < jo(kr) for kr < 1.

which can be conveniently written for any finite value of £ using the angle-addition formula for the
sine
c o 1
Ry(r) ~ —sin(kr+mn — ilﬂ'). (3.14)

r—oo T

Hence, the constant 7;(k) may be interpreted as an asymptotic phase shift, which for a given value of
k completely fixes the general solution of the radial wavefunction R;(r) up to a (k and I dependent)
normalization constant ¢;(k). Note that for free particles Eq. is singular in the origin except
for the case of vanishing phase shifts. Therefore, in the case of free particles we require 7, = 0 for
all angular momentum values [. Further, it is instructive to rewrite Eq. in the form

eikr efik:r
Rl(r) ~ D JrD?<

r—00 r T ’

(3.15)

where D; = (¢;/2i) exp[i(m—41m)] is a k-dependent coefficient. This expression shows that for r — oo
the stationary solution R;(r) can be regarded as an ‘outgoing’ spherical wave e**” /r interfering with
an ‘incoming’ spherical wave e~**"/r. We return to these aspects when discussing collisions in
Chapter [4

3.2.3 Free particle motion for the case [ =0

The solution of the radial Schrodinger equation is particularly simple for the case I = 0. Writing
the radial wave equation in the form of the 1D-Schrédinger equation (3.8]) we have for free particles

X0 + k*x0 = 0, (3.16)

with general solution xo(k,r) = C'sin (kr 4+ ng). Thus the case | = 0 is seen to be special because
Eq. (3.14) is a good solution not only asymptotically but for all values r > 0,

C
Ro(k,r) = p sin(kr + no). (3.17)
Note that this also follows from Eq. (B.72a)). Again we require 79 = 0 for the case of free particles
to assure Eq. (3.17) to be non-singular in the origin. For ng = 0 we observe that Ry(k,r) reduces to
the spherical Bessel function jo(kr) shown in Fig.|3.2]
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For two atoms with relative angular momentum [ > 0 there exists a distance r.;, the classical
turning point, under which the rotational energy exceeds the total energy E. In this classically
inaccessible region of space the radial wavefunction is exponentially suppressed. For the case [ =1
this is illustrated in Fig.[3.2)

3.2.4 Sigpnificance of the phase shifts

To introduce the collisional phase shifts we write the radial wave equation in the form of the 1D-

Schrodinger equation ((3.8))

X+ [k — l(l%l) = U(r)]x; = 0. (3.18)

For sufficiently large r the potential may be neglected in Eq. (3.18)
|U(r)| < k*  forr >y, (3.19)

where 7, is defined byfl]
|U(ry)| = k2. (3.20)

Thus we find that for » > 7, Eq. (3.18]) reduces to the free-particle Schrédinger equation, which
implies that asymptotically the solution of Eq. (3.18]) is given by

1
lim x;(r) = sin(kr +n — ilw). (3.21)

r—00

Whereas in the case of free particles the phase shifts must all vanish as discussed in the previous
section, in the presence of the interaction a finite phase shift allows to obtain the proper asymptotic
form for the distorted wave Ry(k,r) = x;(r)/kr, which correctly describes the wavefunction
near the scattering center. Thus we conclude that the non-zero phase shift is a purely collisional
effect.

3.2.5 Integral representation for the phase shift

An exact integral expression for the phase shift can be obtained by applying the Wronskian Theorem.
To derive this result we compare the distorted wave solutions x; = krR;(r) with the reqular solutions
y; = krji(kr) of the 1D Schrodinger equation

. lI+1)
-8

in which the potential is neglected. Comparing the solutions of Eq. (3.18) with Eq. (3.22) at the
B.104)

same value € = k? we can use the Wronskian Theorem in the form (

v + [k

Jyi =0 (3.22)

b
Wl =~ [ UCDaIntdr (3.23)
The Wronskian of x; and y; is given by

W(xe, ) = xa(r)yi(r) — xi(r)yu(r). (3.24)

Because both y; and y; should be regular at the origin, the Wronskian is zero in the origin. Asymptot-
ically we find y;(r) with Eq. (B.73a]) lim, . 3 (r) = sin(kr—3i7) and lim, .o y;(r) = k cos(kr—31r).

INote that unlike the range 7o the value r;, diverges for k — 0.
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For the distorted waves we have lim, o x;(r) = sin(kr +n — £l7) and lim, .o X} (r) = k cos(kr +
n — %lﬂ). Hence, asymptotically the Wronskian is given by

lim W (xi, yi) = ksinn,. (3.25)

With the Wronskian theorem (3.23) we obtain the following integral expression for the phase shift,

: 2u [ .
sinny, = —h—/;/ V(r)xi(k,r)gi(kr)rdr. (3.26)
0

Problem 3.1 Show that the integral expression for the phase shift only holds for potentials that
tend asymptotically to zero faster than 1/r, i.e. for non-Coulomb fields.

Solution: Using the asymptotic expressions for V(r), x;(r) and y;(r) the integrand of Eq. (3.26)
takes the asymptotic form

*

V(r)xi(k,r)gi(kr)r ~ Cs {Sin(kr - %lw) cosny + cos(kr — %lw) sin m} sin(kr — %lw)

r—oo krs

S
~

r—oo krs
*
s

~Y
r—oo 2krs

{cosm; [1 — cos(2kr — Im)] + sin(2kr — ) sinn; }

[cosm — cos(2kr — lm + ;)] .

The oscillatory term is bounded in the integration. Therefore, only the first term may be divergent.
Its primitive is 1/r*~!, which tends to zero for r — oo only for s > 1. »

3.3 Motion in the low-energy limit

In this section we specialize to the case of low-energy collisions (krg < 1). We first derive analytical
expressions for the phase shift in the £ — 0 limit for the cases of hard sphere potentials (Sections
and and spherical square wells (Sections - . Specializing in this context to
the case [ = 0 we introduce the concepts of the scattering length a, a measure for the strength of
the interaction, and the effective range r., a measure for its energy dependence. Then we turn to
arbitrary short range potentials (Section . For the case [ = 0 we derive general expressions
for the energy dependence of the s-wave phase shift, both in the absence (Sections and in
the presence (Section of a weakly-bound s level. Asking for the existence of finite range rg
in the case of the Van der Waals interaction, we introduce in Section power-law potentials
V(r) = Cr~*, showing that a finite range only exists for low angular momentum values I < % (s —3).
For | > 1 (s—3) we can also derive an analytic expression for the phase shift in the k& — 0 limit
(Section provided the presence of an [-wave shape resonance can be excluded.

3.3.1 Hard-sphere potentials

We now turn to analytic solutions for model potentials in the limit of low energy. We first consider
the case of two hard spheres of equal size. These can approach each other to a minimum distance
equal to their diameter a. For r < a the radial wave function vanishes, R;(r) = 0. Outside the hard
sphere we have free atoms, V(r) = 0 with relative wave number k = [2uE]'/2/h. Thus, for r > a
the general solution for the radial wave functions of angular momentum [ is given by Eq.

Ri(k,r) = C[cosnji(kr) + sinmgny(kr)]. (3.27)

To determine the phase shift we require as a boundary condition that R;(k,r) vanishes at the hard

sphere (see Fig.,
Ri(k,a) = C[cosmiji(ka) + sinmn(ka)] = 0. (3.28)
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Figure 3.3: Radial wavefunction for the case of a hard sphere. The boudary condition is fixed by the
requirement that the wavefunction vanishes at the edge of the hard sphere, Ro(a) = 0.

Hence, the phase shift follows from the expression

tanm = — (3.29)

or, in complex notationﬂ

¢ ji(ka) + iy (ka)”

(3.30)

For arbitrary [ we analyze two limiting cases using the asymptotic expressions (B.73)) and (B.74])
for j;(ka) and ny(ka).

e For the case ka < 1 the phase shift can be written asEI

20+1 20+1
tany ~ ————— (ko) = ~ _— (ka)® . (3.31)
k=0 (21 + 1) k=0 [(21 + 1)!]
e Similarly we find for ka > 1
tan - tan(ka — 1lr) =1 L —ka + 3im. (3.32)

Substituting Eq. (3.32]) for the asymptotic phase shift into Eq. (3.14)) for the asymptotic radial wave
function we obtain

Ri(r) ~ 1sin [k(r —a)]. (3.33)

r—oo T

Note that this expression is independent of [; i.e., all wavefunctions are shifted by the diameter of
the hard spheres. This is only the case for hard sphere potentials.

2Here we use the logarithmic representation of the arctangent with a real argument c,

_1 11—«
tan” " a = —In —.
2 1+ i

3The double factorial is defined as n!! = n(n —2)(n —4)---
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Figure 3.4: Plot of square well potential with related notation.

3.3.2 Hard-sphere potentials for the case | =0

The case | = 0 is special because Eq. (3.33)) for the radial wavefunction is valid for all values of k
and not only asymptotically but for the full range of distances outside the sphere (r > a),

Ro(k,7) = kg sin [k(r — a)] . (3.34)

r

This follows directly from Eq. (3.27) with the aid of expression (B.72a)) and the boundary condition
Ro(k,a) = 0. Hence, the expression for the phase shift

no = —ka (3.35)

is exact for any value of k. Note that for &k — 0 the expression (3.34)) behaves like

Ror) ~ (1-%)  (or0<r—a<1/k). (3.36)
This is an important result, showing that in the limit & — 0 the wavefunction is essentially constant
throughout space (up to a distance 1/k), except for a small region of radius a around the potential
center.

In preparation for comparison with the phase shift by other potentials and for the calculation of
scattering amplitudes and collision cross sections (cf. Chapter [4)) we rewrite Eq. in the form
of a series expansion of kcotng in powers of k2,

L

3 4 ...
TTIGLAR (3.37)

1 1
kcotno(k) = -t gak2 +

This expansion is known as an effective range expansion of the phase shift. Note that whereas
Eq. (3.35) is exact for any value of k this effective range expansion is only valid for ka < 1.

3.3.3 Spherical square wells

The second model potential to consider is the spherical square well with range ry as sketched in
Fig.[3-4

[ 2uEwmin/h? = Unin = —K3 for r < rg

Ulr) = { 0 for r > ry. (338)
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10

boundary condition

R M)

Figure 3.5: Radial wavefunctions for square wells: a.) continuum state (¢ = k% > 0); b.) Zero energy state
(e = k? = 0) in the presence of an asymptotically bound level (¢ = —x? = 0); c.) bound state (¢ = —x? < 0).
Note the continuity of Ro(r) and Ry(r) at r = ro.

Here |Umin| = K2, corresponds to the well depth. The energy of the continuum states is given by
¢ = k2. In analogy, the energy of the bound states is written as

ey = —K>. (3.39)

With the spherical square well potential (3.38) the radial wave equation (3.6)) takes the form

2 I(l+1
R/ + =R+ |:(E — Umin) — ( —Z )] R =0 forr<mrg (3.40a)
7 r
2 l(l+1
R§'+;R§+ [s— ( ; )]RIZO for r > ro. (3.40b)

Since the potential is constant inside the well (r < rg) the wavefunction has to be free-particle
like with the wave number given by K, = [2u(F — Emin)]*/?/h = [k + k?]'/2. As the wavefunction
has to be regular in the origin, inside the well it is given by

Ri(r) = Aji(Kyr) (for r < rg), (3.41)

where A is a normalization constant. This expression holds for F > Eni, (both E > 0 and E < 0).

Outside the well (r > r9) we have for E > 0 free atoms (U(r) = 0) with relative wave vector
k = [2uE]'/?/h. Thus, for 7 > ro the general solution for the radial wave functions of angular
momentum [ is given by the free atom expression ,

Ry(k,r) = Clcosn ji(kr) + sinn ni(kr)]  (for r > ro). (3.42)

The full solution (see Fig.[3.5)) is obtained by the continuity condition for R;(r) and Rj(r) at the
boundary r = ro. This is equivalent to continuity of the logarithmic derivative with respect to r
K. j/(Kiro) cosny jj(kro) + sinmy nj(kro)

- =k - - . 3.43
Ji(Kyrog) cosmy Ji(kro) + sinn ng(kro) ( )

This is an important result. It shows that the asymptotic phase shift n; can take any value depending
on the depth of the well.
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Figure 3.6: The s-wave scattering length a normalized on rg as a function of the depth of a square potential
well. Note that, typically, a ~ ro, except near the resonances at koro = (n + %)’Tl’ with n being an integer.

3.3.4 Spherical square wells for the case | = 0 - scattering length

The analysis of square well potentials becomes particularly simple for the case [ = 0. Let us first
look at the case E > 0, where the radial wave equation can be written as a 1D-Schrédinger equation

(3.8)) of the form
Xo + [k* = U(r)]xo0 = 0. (3.44)

The solution is

[ Asin(Kyr) for r <rg
Xo(k,) = { C'sin (kr + no) for r > ro. (3.45)

with the boundary condition of continuity of x(/x0 at r = r¢ given by
k cot(kro + no) = K4 cot K4ro. (3.46)

Note that this expression coincides with the general result given by Eq. ; i.e., the boundary
condition of continuity for x{/xo coincides with that for R{,/Ry. As to be expected, for vanishing
potential (kg — 0) we have K cot K.ry — kcot krg and the boundary condition yields zero phase
shift (10 = 0).

Introducing the effective hard sphere diameter a by the definition ny = —ka; i.e., in analogy
with Eq. @ , the boundary condition becomes in the limit k& — 0, K, = [x2 + k*]'/? — kg

1
= Kg cot KoTo. (3.47)
o —a
Eliminating a we obtain
t
P <1 _ tansioro "WO> . (3.48)
RoTo

As shown in Fig.[3.6| the value of a can be positive, negative or zero depending on the depth 2.
Therefore, the more general name scattering length is used for a. We identify the scattering length
a as a new characteristic length, which expresses the strength of the interaction potential. It is
typically of the same size as the range of the potential (a ~ r() with the exception of very shallow
potentials (where a vanishes) or near the resonances at koro = (n + %)m with n being an integer.
The scattering length is positive except for the narrow range of values where korg < tan (koro).
Note that this region becomes narrower with increasing well-depth. This is a property of the square
well potential; in Section we will see that this is not the case for Van der Waals potentials.
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Figure 3.7: Radial wavefunctions xo(r) = 7Ro(r) in the k£ | O limit for increasing well depth near the
resonance value koro = (n + %)71 in the presence of: a.) an almost bound state (k = ikw); b.) resonantly
bound state (x = 0); c¢. bound state (k = Kps). For r > ro the wavefunction is given by xo(r) = 1 — a/r,
hence the value of a is given by the intercept with the horizontal axis. Note that the curves are shifted
relative to each other only for reasons of visibility.

For r > rg the radial wavefunction Ry(r) = xo(r)/r corresponding to (3.45) with ny = —ka has
the form

C
Ro(k,r) = p sin [k(r — a)] (3.49)
and for k£ — 0 this expression behaves like
a
Ro(r) o C (1 — ;) for r > ry. (3.50)

These expressions coincide indeed with the hard sphere results (3.34]) and (3.36). However, in the
present case they are valid for distances r > rg and a may be both positive and negative.
3.3.5 Spherical square wells for the case | = 0 - bound states

Turning to the case F < 0 we will show that the scattering resonances coincide with the appearance
of new bound s levels in the well. The 1D Schrédinger equation takes the form

xXo + [~K% = U(r)]xo = 0. (3.51)
The solutions are of the type
[ Csin(K_r) for r <
Xo(#,7) = { Ae™ k" for r > rg. (3.52)

The corresponding asymptotic radial wavefunction is
Ro(r) = Ae™" /r  (for r > 1g), (3.53)

where k > 0 and A is a normalization constant (see Fig.[3.7)). The boundary condition connecting the
inner part of the wavefunction to the outer part is given again by the continuity of the logarithmic
derivative x(/xo at r = ro,

—rk=K_cot K_ro, (3.54)

where K_ = [2u(E — Ewin)]'/? /1 = [k — k?]'/2. The appearance of a new bound state corresponds
to k — 0, K_ — kg. For this case Eq. (3.54) reduces to kg cot kgrp = 0 and new bound states are
seen to appear for koro = (n + %)w, as mentioned above.
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Weakly bound s level - halo states

For a weakly bound s level (k — 0) we may approximate —xk = K_ cot K_rg ~ kg cot korp and
substituting this relation into Eq. (3.48) we obtain

a=ro[l—(1/koro) tan (koro)] = 1/k (0 < krog < 1). (3.55)

We note that in the presence of a weakly bound s-level the scattering length is large and positive,
a > rg. The relation (3.55) may be rewritten with Eq. (3.39) as a convenient relation between the
binding energy of the most weakly bound state and the scattering length

h?k? h?

E, = ~ — .
b 21 w—0  2ua?

(3.56)

In Section [3.3.1]] this relation is shown to hold for arbitrary short-range potentials. The weakly-
bound state is referred to as a halo state because for kry < 1 most of the probability of the bound
state is found outside the potential well, thus surrounding the scattering center like a halo.

3.3.6 Spherical square wells for the case | = 0 - effective range

To obtain the energy dependence of the phase shift we rewrite the boundary condition in the
form L
10 = Tbg + Tres = —kro + tan™? (M) , (357)

where ny, = —kry is called the background contribution and nyes = tan™! [kro/ (K47 cot K 1g)] the
resonance contribution to the phase shift. The background contribution give rise to the same linear
phase development as obtained for hard spheres. For wells with many bound levels (kgrg > 1) the
resonance contribution is small for most values of k because Kyrg = [k3 + kQ]l/ 2rg > Koro > L.
However, for cot Kyrg crossing through zero; i.e.,around K.y = (n + %)w = Kresro (with n =
0,1,2,---), the phase shifts over m, with n.s = m/2 at the center of the resonance.

The leading energy dependence of the phase shift is obtained by applying the angle-addition
formula to the tangent of the r.h.s. of Eq. . Expanding tan krg in (odd) powers of k, we find
for krg cot np an expression containing only even powers of k,

Kirgcot Kyrg + k*rg + -+

, 3.58
1— (1+ k%2 +---) Kyrocot Kyro (3:58)

krgcotng =

Since K 1o = [k 4+ k%]"/?r¢ =~ koro + %k‘QT%/HoTQ, for k < ko we can expand K rocot K rg in to
leading order in k? using the angle-addition formula for the cotangent,

Kyrgcot Kirg = ycoty — %kjrg [1+ (1—tanvy/v) cot? v+ (3.59)

Here we introduced the dimensionless well parameter v = kgrg. Substituting Eq. (3.59) into
Eq. (3.58) and retaining again only the terms to leading order in k? we arrive after some calcu-
lus at an expansion in even powers of k

1 3(1—t 2
k:TOCOt'I’]O:—i—f—%kQTg 1— ( an’)//’}/)‘i";/ 4 (360)
1 —tany/vy 372 (1 —tanvy/7)

In the limit & — 0 we regain the expression (3.48)) for the scattering length: a = ro (1 — tan~y/7).
Divided by rq, the expansion is called the effective range expansion,

1
kcotn0:75+%k2r6+-~- . (3.61)
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where

3arg + v*r3
Te =T0 (1 - 3,.)/2(12 (362)
is called the effective range.

Note that the effective-range expansion breaks down for 1 — tanvy/y = 0, i.e., for vanishing
scattering length (a = 0). For |a|] < 7 this break down emerges as a divergence of the effective
range,

_1 2
r { 370 (ro/a)” (a— 0 and vy >0) . (3.63)

ro(ro/a) (v —0)
To find the energy dependence of the phase shift for this case, we recall the relation kg cot korg =
1/(ro — a). Hence, for a = 0 Eq. 1) reduces to K rocot Kyrg =1— %kzrg + -+, the phase shift
is given by ng ~ —krg + tan™! [kr()/( — %k%g)} ~ %k?’rg’ and the leading term in the expansion of
k cot ng becomes
6/5

kCOtm:kTrg’—’_.“ (a=0). (3.64)
Another case of interest is the case a = ry. For this special case we find with the aid of Eq. (3.62])

re =719 (2/3 —1/4%) ~ 2r,. (3.65)
Hence, for v — oo this result coincides with that of the hard sphere, r. = %'ro. Since v > 7 for all
instances of a = 7, the hard-sphere expression is found to provide an excellent approximation for
essentially all instances.

3.3.7 Spherical square wells for the case [ = 0 - scattering resonances

It is instructive to write Eq. (3.61)) in the form of an effective (k-dependent) scattering length,

1 a(0)
kcotng 1— 1k2rea(0)

a(k) =

(3.66)

Hence, the k? term becomes important for k2 > 1/|ar.|. The effective range 7. represents a new
characteristic length providing information on the range of £ values for which the scattering length
approximation is valid; i.e., for which a(k) ~ a(0). In view of its importance in the context of
quantum gases we elaborate a bit on Eq. (3.66). We exclude for simplicity shallow potential wells,
presuming rorg > 1. First we consider the case of a typical, not resonantly-enhanced scattering
length a = 2ry and calculate with Eq. (??) r. ~ rq. For the special case a = rg we found r, ~ %7“0.
Hence, in such cases the k? term becomes important only for krq > 1, showing that in ordinary
quantum gases, where krg < 1, the effective range term may be neglected. However, this conclusion
is only valid as long as |al| is not too large. For a >> rg the effective range expression yields r. ~ rq
and the k? term is important for krg > (ro/a)/?; i.c.,in the limit |a|] — oo even for the lowest
values of k.

Example: resonant enhancement by a weakly-bound s level

Resonant enhancement of the scattering length is further explored in two examples. Here we in-
vestigate as a first example a potential well (korg > 1) with n bound levels with binding energies
e = —k2 of which the last one, k,, = &, is a weakly-bound s level (k79 < 1). Hence, in view of
Eq. , the scattering length is large and positive, a = 1/k. Substituting this value into Eq.

we obtain ) )
k)= — = . 3.67
a(k) kcotny Kk — %k%’e ( )
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In this case the scattering length is said to be resonantly enhanced by the presence of a weakly-
bound s level A compact expression for the phase shift is obtained starting from Eq. . Since
K_ ~ kg ~ K, we can use the boundary condition of the bound state, —x = K_ cot K_rq,
to evaluate Eq. . Simply replacing K, by K_ we immediately obtain

k
no ~ —krg — tan™! = (3.68)

or, in complex notation

o 2ikro k+ m.
k—ik

Eq. represents the leading terms in the expansion in powers of k (cf. Problem [3.2). The phase

shift appears as the sum of two contributions,

2“70 —

e (3.69)

o = —k[?"o + ares(k)]v (370)

where 7 is the background contribution and a,es(k) = (1/k)tan=! (k/k) ~ 1/k (for k? < k/ro) the
resonance contribution to the scattering length. Eq. shows that the presence (or absence) of
the resonance can be established by measuring the k-dependence of a(k) and to obtain a = 1/x and
r. with a fitting procedure. In practice this is done by studying elastic scattering (cf. Chapter [4).
The most famous example of a system with a weakly-bound s level is the deuteron, the weakly-bound
state of a proton and a neutron with parallel spin. When scattering slow neutrons from protons (with
parallel spin) the scattering length increases with decreasing energy in accordance with Eq. (3.67)).
The fitting procedure yields a = 5.41 x 10~* m and r. = 1.75 x 107> m (7, = 0.31)[] Among the
quantum gases the famous example of a system with a weakly-bound s level is doubly spin-polarized
133Cs, where a ~ 2400 ag and r¢ ~ 101 ag (kro ~ 0.042)E|

Example: resonant enhancement by a virtual s level

Interestingly, Eq. (3.66) is also valid for large negative scattering lengths. Therefore, we consider in

this second example the presence of an ‘almost-bound state’, a = —1/k,s. Such states are called
virtual bound states and in this case Eq. (3.66]) can be written in the form
1 1
alk) = — = . 3.71
(k) kcotng  —kKys — %k‘Qre ( )

The phase shift can be written as

k
no ~ —kro + tan~! , (3.72)
Rys
or, in complex notation
: ook — iRy
2ino _ —2ikrg Vs ) 3.73
€ € k+ 1Ky ( )

Eq. may be derived along the same lines as Eq. by using for the virtual bound state the
boundary condition k,s = K_ cot K_rg. A virtual bound state is observed in low-energy collisions
between a neutron and a proton with opposite spins, a = —2.38 x 1074 m and 7, = 2.67 x 10~ m
(—Kysre = O.ll)ﬂ An example of a virtual bound state in the quantum gases is doubly-polarized
85Rb, where a ~ —369 ag and 79 ~ 83 ag (—kysro ~ 0.22)[|

4N.F. Mott and H.S.W. Massey, The theory of atomic collisions, Clarendon Press, Oxford 1965.

5M. Arndt, M. Ben Dahan, D. Guéry-Odelin, M.W. Reynolds, and J. Dalibard, Phys. Rev. Let., 79, 625 (1997);
P.J. Leo, C.J. Williams, and P.S. Julienne, Phys. Rev. Let. 85, 2721 (2000).

6N.F. Mott and H.S.W. Massey, loc. cit..

7J.L. Roberts, N.R. Claussen, J.P. Burke, C.H. Greene, E.A. Cornell, and C.E. Wieman, Phys. Rev. Lett. 81,
5109 (1998).
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Problem 3.2 Show that in the presence of a weakly-bound s level and for kro < 1 the following
expansion holds for a not shallow (K_ry > 1) square well potential

k

e = —Kyes + O(K?).
K, cot Kirg ares + O(K)

Solution: In wavenumber notation the bound state is represented by K_ = [k3 — x?]'/2. Since

K_ ~ kg ~ K we can use the boundary condition of the bound state, —x = K_ cot K_rg,
to evaluate Eq. . Simply replacing K by K_ we immediately obtain Eq. . Higher order
terms are obtained by expanding Ky = [k —r?+k? + 1|12 = K_[1+ (k* + £?) /K2]'/? in powers
of (k* + K?) /K% we obtain to first order K ro ~ K_ro + (k? + k%)ro/2K_. As the cotangent
appears in the denominator of Eq. we have

k ok [1— (k? + k%) /2K2] tan K_rq + tan[(k? + x%)ro /2K _]

K, cot Kymg K_ 1 — tan K_7g tan[(k2 + k2)ro/2K_]’

Using the boundary condition (3.54]) and expanding the tangents we obtain

k
K4 cot K rg

—1/k + (k* + k?*)rg/2K?
1+ (k2 + k2)ro/2k

~ k[1 — (k* + &?) J2K2]
Retaining only the terms of order —k/k in the numerator and expanding the denominator we obtain

k k
_  ~—— 1 - 2—k k 2)] = —kayes ]C?)’
K+ cot K+’FO K [ HTO/ To ( TO/ )] Areg + O( )

where ayes ~ (1 — kr/2)/k >~ 1/K. »

The Breit-Wigner formula

We can expand K cot K7y around the points of zero crossing. Writing Ky = [k2+ (kres + 0k)*]2/2,
where 0k = k — kyes, we have for |6k|kes < K2, = k3 + k2

Ko~ [k2+ K2 + 20k kyes| % ~ Ko + 0k kres/ Kres. (3.74)

Hence, close to the zero crossings (|6k;|kres < K2

2 ) we may approximate Ky ~ K¢ and obtain

k ol —(kthe)
Kicot Kirg  0krg (k2 — K2

res)

. 3.75
- (375)
Using this expression the resonant phase shift can be written as a function of the collision energy
E =h2k?/2u

-Tr/2
E— Ejres7

where T'(k) = h? (k + kyes) /uro is called the width and E,.s = h%k2,,/2u the position of the reso-
nance. Knowing the tangent we readily obtain the sine and Eq. (3.76|can be reexpressed in the form

of the Breit-Wigner distribution

tan Nees = (3.76)

(I'/2)
(E - EreS)2 + (F/z)z.

(3.77)

in 2 —
SIN” Nres =

For optical resonances this from is known as the Lorentz lineshape. Note that I' corresponds to the
full-width-at-half-maximum (FWHM) of this line shape.
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Narrow versus wide resonances

Eq. shows that the resonant phase shift changes only substantially for energies in the range
|E—FEyes| ST/2. fT/2 < Eyes the resonance is called narrow because it only contributes in a narrow
band of energies to the phase shift. In this case we may approximate k ~ k,es and the resonance width
is to good approximation energy independent. For I'(k)/2 2 E,s the resonance is called wide because
it contributes for any collision energy in the range 0 < F < 2FE,s to the phase shift. Adopting this
convention the s-wave resonances of the spherical square well (when located within the s-wave band
of energies, kesro < 1) are of the broad type, I'(k) > h2kres/1iro = 2(kresT0) " h2k2. /211 > Fhres.

3.3.8 Spherical square wells for the case [ = 0 - zero range limit

An important model potential is obtained by considering a spherical square well in the zero-range
limit 79 — 0. For E > 0 and given value of ry the boundary condition is given for k — 0 by
Eq. (3.47), which we write in the form

1
Kirg—a

= cot Ky ro. (3.78)

Reducing the radius ro the same scattering length can be obtained by adapting the well depth x2.
In the limit ryg — 0 the well depth should diverge in accordance with

1
K+:,/n3+k2:(n+§)%. (3.79)

With this choice cot Ko = 0 and also the Lh.s. of Eq. (3.78) is zero because K — oo for ro — 0.
In the zero-range limit the radial wavefunction for k£ — 0 is given by

Ro(k,r) = ]?C; sin[k(r —a)] (for r > 0), (3.80)

which implies Ro(k,r) ~1—a/r for 0 <r < 1/k.
Similarly, for £ < 0 we see from the boundary condition (3.54)) that bound states are obtained
whenever

- Ki = cot K_ry. (3.81)

Reducing the radius ro the same binding energy can be obtained by adapting the well depth x2. In
the limit 7o — 0 the well depth should diverge in accordance with

1.7
K - m: (nt5)7 (3.82)

With this choice cot K_r¢ = 0 and also the Lh.s. of Eq. (3.81) is zero because K_ — oo for ro — 0.
In the zero size limit the bound-state wavefunction is given by

Ro(r) = Ae """ /r (for r > 0) (3.83)

and unit normalization, [47wr?R3(r)dr = 1, is obtained for A = \/k/2m.

Bethe-Peierls boundary condition

Note that Eq. (3.83)) is the solution for E < 0 of the 1D-Schrodinger equation in the zero-range
approximation
Xo—K°x0=0 (r>0), (3.84)
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under the boundary condition
X0/Xolr—0 = =K. (3.85)

The latter relation is called the Bethe-Peierls boundary condition and was first used to describe

the deuteron, the weakly-bound state of a proton with a neutronﬂ It shows that for weakly-bound

states the wavefunction has the universal form of a halo state, which only depends on the binding
_ 2

energy, €, = —K-.

For FE > 0 the 1D-Schrodinger equation in the zero-range approximation is given by
xXo+E*x0o=0 (r>0). (3.86)

The general solution is xo(k,r) = Csin[kr + ng]. Using the Bethe-Peierls boundary condition we
obtain

kcotng(k) = —k, (3.87)
which yields after substituting 79(k — 0) ~ —ka the universal relation between the scattering length
and the binding energy in the presence of a weakly bound level, e, = —k? = —1/a?.

3.3.9 Arbitrary short-range potentials

The results obtained above for rectangular potentials are typical for so called short-range potentials.
Such potentials have the property that they may be neglected beyond a certain radius of action rg,
the range of the potential. Heuristically, an interaction potential may be neglected for distances
r > ro when the kinetic energy of confinement within a volume of radius r (i.e. the zero-point
energy ~ h?/ur?) dominates over the potential energy |V(r)| outside the sphere. Estimating r( as
the distance where the two contributions are equal,

V(ro)| = h*/urg, (3.88)

it is obvious that V(r) has to fall off faster than 1/72 to be negligible at long distance. More careful
analysis shows that the potential has to fall off faster than 1/r® with s > 21+ 3 for a finite range
to exist; i.e., for s-waves faster than 1/r% (cf. Section . Inversely, for given power s the finite
range only exists for low angular momentum values, e.g. for the Van der Waals interaction (s = 6)
it only applies for s-wave and p-wave collisions.

For short-range potentials and distances r > ry the radial wave equation reduces to the
spherical Bessel differential equation

R/ + 2R; + {kQ — l(“;l)} R =0. (3.89)
r r

Thus, for r > rg we have free atomic motion and the general solution for the radial wave functions
of angular momentum [ is given by Eq. ,

Ry(k,r) = Clcosn ji(kr) + sinn ng(kr)]. (3.90)

For any finite value of k this expression has the asymptotic form

1 1
Ri(r) ~ —sin(kr+mn — §l7r), (3.91)

rT—00 T

thus regaining the appearance of a phase shift like in the previous sections.

For kr <« 1 equation (3.90) reduces with Eq. (B.74) to

Ri(kr) ~ A (kr) | @+ 1 ( ! >l+1. (3.92)

ko0 (20 + 1)1 2041 \kr

8H. Bethe and R. Peierls, Proc. Roy. Soc. A 148, 146 (1935).
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To determine the coefficients A = C cosn; and B = C'sinn; we are looking for a boundary condition.
For this purpose we derive a second expression for R;(r), which is valid in the range of distances
ro < r < 1/k where both V(r) and k* may be neglected in the radial wave equation, which reduces
in this case to

2 l(1+1)
R/ + =R, = R;. 3.93
; + pels 2 1 (3.93)
The general solution of this equation is
Ri(r) = cyrt + eq/ritt. (3.94)

Comparing Egs. (3.92)) and (3.94]) we find

20+ 1
A= Ccosn kfocll(%—’_l)"k ; B=Csing - @00

Writing alzlJr1 = —cg;/cy; we find

20+ 1
tann, o~ 7% (ka )QZ'H .
kr—0 [(20 + 1]

(3.95)
Remember that this expression is only valid for short-range interactions. The constant a; is referred
to as the l-wave scattering length. For the s-wave scattering length it is convention to suppress the
subscript to avoid confusion with the Bohr radius ag.

With Eq. we have regained the form of Eq. . This is not surprising because a hard
sphere potential is of course a short-range potential. By comparing Egs. and we see that
for hard spheres all scattering lengths are equal to the diameter of the sphere, a; = a. Eq. also
holds for other short-range potentials like the spherical square well and for potentials exponentially
decaying with increasing interatomic distance.

In particular, for the s-wave phase shift (I = 0) we find with Eq.

1
t ~ —ka < kcot ~ —— 3.96
an 7o K0 a €Ot 7o b0 g ( )

and since tanny — 1o for k& — 0 this result coincides with the hard-sphere result (3.35)), 7o = —ka.
For any finite value of k the radial wavefunction (3.91)) has the asymptotic form

1 1
Ro(r) ~ =sin(kr+n) ~ —sin[k(r — a)]. (3.97)
r—oo T r
As follows from Eq. (3.94)), for the range of distances ¢ < r < 1/k the radial wavefunction takes
the form

Ro(r) = C (1 - 9) (for ro < r < 1/k). (3.98)

— r
This is a very important result. Exactly as in the case of hard spheres or spherical square-well
potentials the wavefunction of an arbitrary short-range potential is found to be constant throughout
space (in the limit & — 0) except for a small region of radius a around the potential center.
For the p-wave phase shift (I = 1) we find in the limit k¥ — 0

1, 3
tan 7y =73 (ka1)” & kcotm o T @R (3.99)
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3.3.10 Energy dependence of the s-wave phase shift - effective range

In the previous section we restricted ourselves to the £k — 0 limit by using Eq. to put a
boundary condition on the general solution of the radial wave equation. We can do better
and explore the region of small k£ with the aid of the Wronskian Theorem. We demonstrate this
for the case of s-waves by comparing the regular solutions of the 1D-Schrédinger equation with and
without potential,

xo +[E>—=U()xo=0 and yj + k?yo = 0. (3.100)
Clearly, for r > ry, where the potential may be neglected, the solutions of both equations may be
chosen to coincide. Rather than using the normalization to unit asymptotic amplitude (C' = 1) we
turn to the normalization C' = 1/sinng(k),

yo(k,r) = cot no(k) sin (kr) + cos (kr) =~ xo(k,r). (3.101)

r>1o

which is well-defined except for the special case of a vanishing scattering length (a = 0). For r < 1/k
we have yo(k,r) =~ 1 + kr cot ng, which implies for the origin yo(k,0) = 1 and y{(k,0) = k cot no (k).
This allows us to express the phase shift in terms of a Wronskian of yo(k,r) at k1 = k and ko — 0.
For this we first write the Wronskian of yo(k1,7) and yo(ke, 1),

W lyo(k1,7), yo(k2,7)] |r=0 = k2 cot no(k2) — k1 cot no(kq).
Then we specialize to the case k1 = k and obtain using Eq. in the limit ks — 0
W yo(k1,7),yo(ka, )] |r=0 =~ —1/a — k cotno(k). (3.102)
To employ this Wronskian we apply the Wronskian Theorem twice in the form with
k1 =k and ke =0,
W Lo (k1) 90 (0,116 = K [y o (k. 7)yo (0, r)dr (3.103)
W Dxo(k. ). x0(0.7)] 6 = K f3xo (k. 7)x0 (0, 7)dr- (3.104)

Since xo(k,0) = 0 we have W [xo(k1,7), xo(k2,7)] |,—o0 = 0 . Further, we note that for b > ry we

have W [xo(k1,7), x0(k2, )] |,—p = W lyo(k1,7),y0(k2,7)]|,_,- Thus subtracting Eq. (3.104]) from
Eqg. (3.103)) we obtain the Bethe formulaﬂ

1/a+kcotno(k) = kaob [yo(k,7)yo(0,7) — xo(k,7)x0(0,7)] dr = %Te(k)kz- (3.105)

In view of Eq. (3.101]) only the region r < ¢ (where the potential may not be neglected) contributes
to the integral and we may extend b — oco. The quantity r.(k) is known as the effective range of
the interaction. Replacing r.(k) by its £ — 0 limit,

re = 2[5 [43(0,7) = x5(0,7)] dr, (3.106)

where yo(0,7) =1 — r/a, and the phase shift may be expressed as
11,
k cotno(k) o a + irek +ee (3.107)

Comparing the first two terms in Eq. (3.107) we find that the & — 0 limit is reached for
Kar, < 1. (3.108)

Comparing Eq. with the effective range expansion for hard spheres we find r., =
2a/3. Thus we see that for hard spheres rg = a ~ r.. This close proximity of the characteristic
lengths rg, a and r. is a coincidence. A counter example is given by two hydrogen atoms in the
electronic ground state interacting via the triplet interaction. In this case we have a = 1.22ag
and r, = 348 ag, where aqg is the Bohr mdiusm In this case 7o is not well-defined because of the

9H.A. Bethe, Phys. Rev. 76, 38 (1949).
10M. J. Jamieson, A. Dalgarno and M. Kimura, Phys. Rev. A 51, 2626 (1995).
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importance of the exchange interaction.

It is good to remember that the range r¢, the scattering length a and the effective range r, express
quite different aspects of the interaction potential within the context of low energy collisions. The
range is the distance beyond which the potential may be neglected, the scattering length expresses
how the potential affects the phase shift in the & — 0 limit and the effective range expresses how
the potential affects the energy dependence of the phase shift at low but finite energy.

Problem 3.3 Show that the effective range of a spherical square well of depth —rk% and radius To

is given by
1 2 1 t 1 2
re:2r0{1—r0+(ro) +<CO'W°— — )(1—”))} (3.109)
a 3\a 2 KoTo sin” Koro a

Note that this equation can be rewritten in the form .

Solution: Substituting yo(0,7) = (1 — r/a) and x0(0,r) = (1 — ro/a) sin kor/ sin kero into Eq. (3.106))
the effective range is given by

. 2
sin® kor
—— (1 ro/a)ﬂ dr.
S~ KoTo

re =2[," {(1 —r/a)? —
Evaluating the integral results in Eq. (3.109), which coincides exactly with Eq. (??). »

3.3.11 Phase shifts in the presence of a weakly-bound s state (s-wave resonance)

The analysis of the previous section can be refined in the presence of a weakly-bound s level with
binding energy Ej, = —h%k?/2u. In this case four 1D Schrodinger equations are relevant to calculate
the phase shift:

X + [k = U(r)]xo = 0 Yo + ko =0

B —[k*+U(r)]By=0 B! — k?B, = 0.

The first two equations are the same as the ones in the previous section and yield the continuum
solutions (3.101f). The second couple of equations deal with the bound state. Like the continuum

solutions they can be made to overlap asymptotically, B, (r) = e™*" = By(r). Hence, we have
0

B,(0) =1 BL(0) = —k
Yo(k,0) =1 yo(k,0) = kcotno(k).

As in the previous section we apply the Wronskian Theorem in the form (B.103)) to the cases with
and without potential.

W [Bo(r), xo(k, )] |6 = = (5% + k) Jy Bo(r)xo(k, 7)dr
W [Ba(r), yo(k, 1] 1§ = — (52 + k2) [y Ba(r)yo(k, 7)dr.

Subtracting these equations, noting that xo(0) = By(0) = 0 and hence W [By(r), xo(k, )] |,—o = 0,
and further that W [Bo(r), xo(k, )] |,—p = W [Ba(r), yo(k,7)]|,_, for b > ¢ we obtain

W [Ba(r), yo(k, )] lr—o = (k% + k2) [ [Ba(r)yo(k,7) — Bo(r)xo(k,r)] dr.

With W [Ba(r), yo(k,7)] |,—¢ = k cot no(k) + £ we obtain in the limit &k — 0

1
kcotno(k) ~ —k + 3 (8% + &) re, (3.110)
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where
re = 2y [Ba(r)yo(0,7) = Bo(r)xo(0, )] dr (3.111)

is the effective range for this case. Comparing Eq. (3.110) with Eq. (3.107)) we find that the scattering
length can be written as

1, 1 1
——=—RK+ SR Tre o K=

—_ 3.112
a 2 al—kr./2 ( )

For the special case kr. < 1; i.e., for very weakly-bound s levels, the scattering length has the
positive value a ~ 1/k > r. and the binding energy can be expressed in terms of the scattering
length and the effective range as

_h72 1 o h?
2#(@—7“6/2)2 T 2pa?

B ~ (3.113)

For the case of a square well potential this result was obtained in Section [3.3.4]

3.3.12 Power-law potentials

The general results obtained in the previous sections presumed the existence of a finite range of
interaction, rg. Thus far this presumption was based only on the heuristic argument presented
in Section [3.3.9] To derive a proper criterion for the existence of a finite range and to determine
its value rg we have to analyze the asymptotic behavior of the interatomic interactionﬂ For this
purpose we consider potentials of the power-law type,

V(r) = —==2, (3.114)

where Cs = Vyre is the Power-law coefficient, with Vo = |V (r.) | the well depth.These potentials
are also important from the general physics point of view because they capture major features of
interparticle interactions.
For power-law potentials, the radial wave equation is of the form
Uo?"g l(l + 1)
T-s

R/ + %Rﬁ + k% +
where Uy = 2u),/h?. Because Eq. can be solved analytically in the limit k£ — 0 it is ideally
suited to analyze the conditions under which the potential V(r) may be neglected and thus to
determine rg.

To solve Eq. we look for a clever substitution of the variable r and the function R;(r) to
optimally exploit the known r dependence of the potential in order to bring the differential equation
in a well-known form. To leave flexibility in the transformation we search for functions of the type

Gi(z) =r""Ri(r), (3.116)

where the coefficient v is to be selected in a later stage. Turning to the variable z = fr(2=%)/2 with
8 = Uol/zr;j/z[Q/ (s —2)] (i.e. excluding the case s = 2) the radial wave equation (3.115) can be
written as (cf. Problem

— s v 2 s — (v
W E 1%7 I +(1)_ 8/2()2+ D) % Gy =0. (3.117)

G| +

11See, N.F. Mott and H.S.W. Massey, The theory of atomic collisions, Clarendon Press, Oxford 1965.
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Choosing v = —1 we obtain for r < r, = 7. (Uo/kz)l/S S x> = kre (Ug/l<:2)l/S the Bessel
differential equation (B.77]),
1 2
G!+ =G+ (1 - "2> G, =0, (3.118)
x x

where n = (21 + 1)/ (s — 2). In the limit ¥ — 0 the validity of this equation extends over all space
and its general solution is given by Eq. . Substituting the general solution into Eq.
with v = —1/2, the general solution for the radial wave equation of a power-law potential in the
k — 0 limit is given by

Ri(r) = r~Y2[AJ,(z) + BJ_,(z)], (3.119)

where the coeflicients A and B are to be fixed by a boundary condition and the normalization.

Problem 3.4 Show that the radial wave equation can be written in the form

Qo524 2) e R WD Zv DI

G// + J—
! (1-s/2)z Up 78 (1—s/2)° x2

where x = TUS/2(7’0/T)S/2[2/ (s —2)] and Gi(x) = r " Ry(r).

Solution: We first turn to the new variable = 517 by expressing R, R; and R; in terms of the
function (G; and its derivatives

R, =7"Gi(x)
R} = r'Gia’ +vr’ rGy = 4pr G 4+ vt TAG
R = ?B2r27 2G4y (y = 14 20) B 2G4 v (v — 1) 1V 26,
where 2’/ = dz/dr = yBr7~!. Combining the expressions for R} and R] to represent part of the

radial wave equation (3.115)) we obtain

2
R + ZRy = y*B*r* 2 G 4y (L y 4 20) B 2G4 v (v + 1) PG

— 23222 [G;’ i (1+9+2) oV (v + 1)Gl] .

vBr T AR

Now we use the freedom to choose 3 by setting 4?3% = Uprs. Replacing twice 7 by x the radial
wave equation (3.115]) can be expressed in terms of G(z) and its derivatives,

vv+1) | [k (1 e+ 1)(52/z2><”/2)”> ] “Gi=o.

G+ ————G — £
ot ~2x2 et { + Uors rs

G/l
1+ Uo

S
TC

(1+~v+2v)
T

Collecting the terms proportional to G(z), substituting the expression for 32 and choosing v =

1 —s/2 (i.e. excluding the case s = 2) we obtain the requested form, with z = [Ué/2rg/2/7]r7 =
1/2 s

rUy 2 (re/r) 12/ (s = 2)). »

3.3.13 Existence of a finite range 7

To establish whether the potential may be neglected at large distances we have to analyze the
asymptotic behavior of the radial wavefunction R;(r) for r — oo. If the potential is to be neglected
the radial wavefunction should be of the form

Ry(r) = cur' + cu/r' . (3.120)
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as was discussed in Sectionm The asymptotic behavior of R;(r) follows from the general solution
(3.119) by using the expansion in powers of (z/2)? given by Eq. (B.79),

z? x?

Ri(r) ~ Y2 | Ag™(1 -
where n = (21 + 1)/ (s —2). Substituting the definition 2 = Br2=)/2 = grRHL/2n with g =
U()l/zri/z[Q/ (s — 2)] we find for r — oo

Ry(r) ~ Ar'(1—air® ™ + ) + Bro' (L= 0?70 40, (3.122)

where the coefficients a, and b, (with p = 1,2,3,---) are fully defined in terms of the potential
parameters and [ but not specified here. As before, the coefficients A and B depend on boundary
condition and normalization. From Eq. we notice immediately that in both expansions on
the r.h.s. the leading terms are independent of the power s. Hence, for the r-dependence of these
terms the potential plays no role (leaving aside the value of the coefficients A and B). If further the
first-order term of the left expansion may be neglected in comparison with the zero-order term of
the right expansion the two leading terms of the asymptotic r-dependence of R;(r) are independent
of s and are of the form . This is the case for [ +2 —s < —I — 1. Thus we have obtained that
the potential may be neglected for

.’132

1
l< 5 (s —3) provided 0 Ln) < 1. (3.123)
This shows that existence of a finite range depends on the angular momentum quantum number [;
for s-waves the potential has to fall off faster than 1/r3; for 1/r% potentials the range does not exist
for I > 2.

To obtain an expression for ry in the case of s-waves we presume n < 1, which is valid for large
values of s and not a bad approximation even for s = 4. With this presumption the inequality
may be rewritten in a form enabling the definition of the range r,

1/(s-2)

P2« 2 (s —2)2 (Uor?) = 2Tt S g =7, [Uorf/ (s — 2)2] (3.124)
In terms of the range ry the variable x is defined as
x=2(ro/r)" 22, (3.125)

For 1/r°® potentials we obtain ro = r. [Upr2/16] /% Note that this value agrees within a factor of 2
with the heuristic estimate ro = r. [UoTz/Q] 1/4 obtained with Eq. 1}

3.3.14 Phase shifts for power-law potentials

To obtain an expression for the phase shift by a power-law potential of the type (3.114])) we note
that for [ < % (s — 3) the range rg is well-defined and the short-range expressions must be valid,

tanm o~ lerz (kay)* ™ (3.126)
kr—0  [(20 + 1)!]
For [ > %(s —3) we have to adopt a different strategy to obtain an expression for the phase
shifts. At distances where the potential may not be neglected but still is much smaller than the
rotational barrier the radial wavefunction R;(k,r) will only be slightly perturbed by the presence
of the potential; i.e., R;j(k,r) ~ j;(kr). In this case the phase shift can be calculated perturbatively
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Table 3.1: Van der Waals Cs coefficients and the corresponding ranges for alkali-alkali interactions. D™ is
the maximum dissociation energy of the last bound state.

Cs(Hartree a.u.) ro(ag) D*(K)

TH-TH 6.49 5.2 249

614-5L14 1389 31 1.16
61i-22Na 1467 36 0.565
614-10K 2322 41 0.391
51Li-8"Rb 2545 43 0.335
23Na-2Na 1556 45 0.146
23Na-19K 2447 54 0.081
25Na-*"Rb 2683 58 0.056
40K 40K 3897 65 0.040
K 8RY 4274 72 0.024
8TRb-8"Rb 4691 83 0.011
133133 6851 101 0.005

in the limit & — 0 by replacing x;(k,r) with krj;(kr) in the integral expression (3.26)) for the phase
shift. This is known as the Born approximation. Its validity is restricted to cases where the vicinity
of an [-wave shape resonance can be excluded. Thus we obtain for the phase shift by a power-law

potential of the type (3.114))
oo U S
sinm ~ g/ %rc [Jl+1/2(kr)]2rdr. (3.127)
0

Here we turned to Bessel functions of half-integer order using Eq. (B.75). To evaluate the integral
we use Eq. (B.89) with A=s—1and p=1+4+1/2

= k=20 (5) T (2t3=s —s)ll
/ fsl_l [Jl+1/2(k7")]2d7" = ( ) ( 2 ) = 6k5727(21+3 5)
0

=— 5 =
25=1 [0 (3)]° T (247) (20 + 5)!!

This expression is valid for 1 < s < 2l 4+ 3. Thus the same k-dependence is obtained for all angular

momentum values [ > 1 (s — 3),

. 3r(20 43— s)!
N 2

st >, Uore — o5y
Note that the same k-dependence is obtained as long as the wavefunctions only depend on the

product kr. However, in general R;(k,r) # R;(kr), with the cases V(r) = 0 and s = 2 as notable
exceptions.

(kre)*™2. (3.128)

3.3.15 Van der Waals potentials

A particularly important interatomic interaction in the context of the quantum gases is the Van
der Waals interaction introduced in Section [1.4.4] It may be modeled by a potential consisting of a
hard core and a —1/7% long-range tail (see Fig. [1.4)),

00 for r <
Vi) = { —Ce /78 for r > r.. (3.129)

where Cg = Vyr? is the Van der Waals coefficient, with Vo = |V (r.) | the well depth. For this model
potential the radial wavefunctions R;(r) are given by the general solution (3.119) for power-law
potentials in the £ — 0 limit for the case s = 6. Choosing | = 0 we find for radial s-waves,

Ro(r) =r~"? [AJy)4(z) + BJ_14(2)] (3.130)



3.3. MOTION IN THE LOW-ENERGY LIMIT 63

/ Bo(r)

U TR0

Figure 3.8: The radial wavefunction Ro (r) of a —1/r® power-law potential for the case of a resonant bound
state (diverging scattering length). The corresponding first regular bound state By () is also shown. It has
a classical outer turning point close to the last node of Ro (7). The sign of the wavefunction is determined
by the normalization. Note the 1/r long-range behavior typical for resonant bound states.

where we used n = (214+1)/ (s —2) = 1/4 and = = 2 (ro /7). Here ro = 7 [Uor?/16] "4 is the range
of the Van der Waals potential as defined by Eq. (3.124). In Table some values for Cg and rg
are listed for hydrogen and the alkali atomﬁ

Imposing the boundary condition Ry(r.) = 0 with r. < r¢ (i.e. z. = 2 (ro/rc)2 > 1) we calculate
for the ratio of coefficients

A Joapu(me) 0 cos(xe —3m/8 4 7/4)

= —27Y2[1 — tan (z. — 37/8)] . (3.131)

B Jija(e) we—oo cos (z. — 3m/8)

An expression for the scattering length is obtained by analyzing the long-range (r >> ro) behavior of
the wavefunction with the aid of the short-range (z < 1) expansion (B.82)) for the Bessel function.

Choosing B = ré/ ’T (3/4) the zero-energy radial wavefunction is asymptotically normalized to unity

and of the form (3.98),

o | A2V @) a
Ro(r) = Br—Y/ BTG + Tea | T 1-— - (3.132)
where
a=a [l —tan(z. — 37/8)], (3.133)

with @ = r2~ /2T (3/4) /T (5/4) ~ 0.956 1 is identified as the scattering length. The parameter a
has been referred to as the average scattering lengthE

It is interesting to note the similarities between Eq. and the result obtained for square
well potentials given by Eq. . In both cases the typical size of the scattering length is given
by the range rg of the interaction. Also the resonant structure is similar. The scattering length
diverges for . — 37/8 = (p+ 1/2) w with p = 0,1,2,---. However, whereas the scattering length is
almost always positive for deep square wells, for Van der Waals potentials this is the only case over
3/4 of the free phase interval of 7, with —7/2 < . — 37 /8 — pr < w/4. For arbitrary . this means
that in 25% of the cases the scattering length will be negative.

12The Cg coefficients are from A. Derevianko, J.F. Babb, and A. Dalgarno, PRA 63 052704 (2001). The hydrogen
value is from K.T. Tang, J.M. Norbeck and P.R. Certain, J. Chem. Phys. 64, 3063 (1976).
13See G.F. Gribakin and V.V. Flambaum, Phys. Rev. A 48, 546 (1993).
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3.3.16 Asymptotic bound states in Van der Waals potentials

Asymptotic bound states are bound states with a classical turning point at distances where the
potential may be neglected; i.e., r = ro > 7. In the limit of zero binding energy they become
resonant bound states. In Fig. [3.8] we sketched the radial wavefunction Ry(r) of such a resonant
bound state for the case x. = (p+ 7/8) 7 with p = 15 in a Van der Waals model potential of the
type (3.129)). Because for such states the scattering length diverges the radial wavefunction
must be of the form

Ro(r) ~ 7“_1/2J1/4(x). (3.134)

The uppermost | = 0 regular bound state B (r) for the same value of z. < 7. (obtained by
numerical integration of the Schrodinger equation from r. outward) is also shown in Fig. 3.8 The
binding energy of this state corresponds to the largest binding energy ¢; the last bound state can
have and may be estimated by calculating the potential energy at the position r = r; of the classical
outer turning point, Ej = —Cg/r’f. For the numerical solution Bg (r) we find 7%, = 0.860 7. Thus
the largest possible dissociation energy D* = —E; of the uppermost ! = 0 bound state are readily
calculated when Cy and rg are known,

D* ~ 2474 Cg/78. (3.135)

These energies are also included in Table Comparing D*/kg = 249 K for hydrogen with the
actual dissociation energy Di40/kp =~ 210 K of the highest zero-angular-momentum bound state
|lv=14;J = 0) (see Fig. we notice that indeed D149 < D*, in accordance with the definition
of D* as an upper limit. Because r; >~ ry asymptotic bound states necessarily have a dissociation
energy D < D*.

The value for D* was obtained above by imposing the boundary condition Ry(r.) = 0. This
forces all continuum and bound-state wavefunctions to have the same phase at r = r.. Importantly,
forre <r K ry = |C’6/E\1/67 where |E| < Cs/r§ the phase development is fully determined by the
interaction potential. Note in Fig.that the value %, = 0.860 ¢ coincides to within 1.5% with the
value (r}; = 0.8487¢) obtained from the last node of Ro(r), i.e. from Jy 4(z*) = 0, where 2* =~ 2.778
is the lowest non-zero node of the Bessel function J; /4(x). Thus, the subsequent nodes of .J; /4(x)
may be used to quickly estimate the turning points of the next bound states in the Van der Waals
potential and their binding energies. The expression for D* holds for all potentials with a
long-range Van der Waals tail provided the phase of the wavefunction accumulated in the motion
from the inner turning point to a point r = ry is to good approximation independent of E. The
concept of accumulated phase is at the basis of semi-emperical precision descriptions of collisional
phenomena in ultracold gases@ In a semi-classical approximation the turning points a and b of the
p-th bound state are defined by the phase condition

¢=(p+1/2)7 = [ kdr, (3.136)

where k = [2u[E — V(r)]]'/2/h.
In cases where the scattering length is known we can derive an expression for the effective range
of Van der Waals potentials in the k — 0 limit using the integral expression ([3.106)),

re = 2[5 [y5(r) — x(r)] dr, (3.137)

where yo(r) = 1—r/a. The wavefunction xo(r) is given by Eq. (3.130]), normalized to the asymptotic
form xo(r) ~ 1 — r/a. Using Egs. (3.133) and (3.131) and turning to the dimensionless variable
p = r/ro the function xo(r) takes the form

Xo(p) = p'* [T (5/4) J1/a(2/p%) = (ro/a) T (3/4) J_1,4(2/p%)] - (3.138)

14 A.J. Moerdijk and B.J. Verhaar, Phys. Rev. Lett. 73, 518 (1994).
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Substituting this expression into Eq. (3.137]) we obtain for the effective rang

re/2ro = Iy — 2 (ro/a) I + I (ro/a)’ (3.139)
= 3 [P /47 =5 Gu/a) + 0 G/ (r/?]. (3.140)

Substituting numerical values the expression (3.107)) for the s-wave phase shift becomes

11
kcot iy = —— + Srok? x 2.789 (1= 1912 (ro/a) + 1828 (ro/a)? . (3.141)

Note that in the presence of a weakly bound state (a — oo) the effective range converges to the
value r, = 2.789 7y, which is somewhat larger than in the case of the spherical square well.

3.3.17 Pseudo potentials

As in the low-energy limit (k — 0) the scattering properties only depend on the asymptotic phase
shift it is a good idea to search for the simplest mathematical form that generates this asymptotic
behavior. The situation is similar to the case of electrostatics, where a spherically symmetric charge
distribution generates the same far field as a properly chosen point charge in its center. Not surpris-
ingly, the suitable mathematical form is a point interaction. It is known as the pseudo potential
and serves as an important theoretical Ansatz at the two-body level for the description of interact-
ing many-body systems. The existence of such pseudo potentials is not surprising in view of the
zero-range square well solutions discussed in Section [3.3.8

As the pseudo potential cannot be obtained at the level of the radial wave equation we return
to the full 3D Schridinger equation for a pair of free atoms

(A+E?) ¥y (r) =0, (3.142)

where k = [2uE]"/?/h is the wave number for the relative motion (cf. Section . The general
solution of this homogeneous equation can be expressed in terms of the complete set of eigenfunctions
R (k’ r)Ylm(f‘)’
o +1
Ur(r) =D > cmRilk,1)Y" (8). (3.143)

=0 m=—1

In this section we restrict ourselves to the s-wave limit (i.e. choosing ¢, = 0 for I > 1) where
Ny = —kam We are looking for a pseudo potential that will yield a solution of the type (3.97))
throughout space,
c .
i (r) = - sin(kr + o), (3.144)
where the contribution of the spherical harmonic Y (#) = (4%)71/ % is absorbed into the proportion-
ality constant. The difficulty of this expression is that it is irregular in the origin. We claim that

the operator
47 0
———6(r) — 3.145
k cot no (x) o ( )

15Here we use the following definite integrals:
Iy = [3°0* [1 = [T (3/4) J_1/a(@)]? /o] do = [T (3/4)]? 16/37
I = [0 [1—T(3/4) J_1,4(x)T (5/4) Jy ja(z)] do = 4/3
Io= J& [1 — o[ (5/4) J1/4(a:)}2] do = [I' (5/4)]% 16/3r.

16For the case of arbitrary I see K. Huang, Statistical Mechanics, John Wiley and sons, Inc., New York 1963.
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is the s-wave pseudo potential U(r) that has the desired properties; i.e.,

T s ) £r> i, (r) = 0. (3.146)

A 2
( R k cotng

The presence of the delta function makes the pseudo potential act as a boundary condition at » = 0,

4o (r) [ O B C . _ C o
Froot [&rwk (r)} . 476 (r) 7 Sinmo = 476 (r) 3 sin(ka) = 4raCo (1), (3.147)

where we used the expression for the s-wave phase shift, 79 = —ka. This is the alternative boundary
condition we were looking for. Substituting this into Eq. we obtain the inhomogeneous
equation

(A +E?) oy (r) R 4waCé (). (3.148)

This inhomogeneous equation has the solution (3.144)) as demonstrated in problem
For functions f (r) with regular behavior in the origin we have

[aarrf (r)} . f(r)+ {T;f (r)]r_0 = f(r) (3.149)
and the pseudo potential takes the form of a delta function potentiaE
4
=- ~ 4 1
U(r) Footmo (r) = 7wad (r) (3.150)
or, equivalently, restoring the dimensions
V(r)=gé(r) with g= (2nh*/p)a. (3.151)

This expression, valid in the zero energy limit, is very convenient to calculate the interaction en-
ergy but is accurate only as long as we can restrict ourselves to first order in perturbation theory.

For instance, with the delta function potential (3.150) we can readily regain the interaction en-
ergy Eq. for the boundary condition sing first-order perturbation theory. More
importantly, as shown in the next section, the delta function potential enables us to calculate with
first-order perturbation theory the interaction energy for a pair of atoms starting from the usual
free-atom wavefunctions.

Problem 3.5 Verify that

(A +E*) Yy (r) = 476 (r) % sin ng (3.152)
by direct substitution of the solution setting C' = 1.
Solution: Integrating Eq. by over a small sphere V of radius € around the origin we have

1 4
/ (A + &%) — sin(kr + mo)dr = ~ T sin Mo (3.153)
1 kr k

Here we used [, 0 (r)dr = 1 for an arbitrarily small sphere around the origin. The second term on

the Lh.s. of Eq. (3.153) vanishes,

€

drklim [ rsin(kr + no)dr = 4rk sin(ng) liH(l) e=0.

e—0 0

1"Note that the dependence on the relative position vector r rather than its modulus 7 is purely formal as the delta
function restricts the integration to only zero-length vectors. This notation is used to indicate that normalization
involves a 3-dimensional integration, [§(r)dr = 1. Pseudo potentials do not carry physical significance but are
mathematical constructions that can chosen such that they provide wavefunctions with the proper phase shift.



3.4. ENERGY OF INTERACTION BETWEEN TWO ATOMS 67

2 T
k= p/R
sn(kr
a<o0 oK) = ré )
E 1+ — |
&
a>0
O 1
0.0 05 "

kr/p

Figure 3.9: Radial wavefunctions satisfying the boundary condition of zero amplitude at the surface of a
spherical quantization volume of radius R. In this example |a/R| = 0.1. Note that for positive scattering
length the wavefunction is suppressed for distances r < a as expected for repulsive interactions. The
oscillatory behavior of the wavefunction in the core region cannot be seen on this length scale (i.e., ro < a
in this example).

The first term follows with the divergence theorem (Gauss theorem)
1

. sin(kr + no)

1
ehir(l) , AH sin(kr + no)dr = !gr(l) SdS -V

1 1
= lli% 4rre? <k:e cos(ke +no) — T2 sin 770)

4 . >
= ——sinng.
L Mo

3.4 Energy of interaction between two atoms

3.4.1 Energy shift due to interaction

To further analyze the effect of the interaction we ask ourselves how much the total energy changes
due to the presence of the interaction. This can be established by analyzing the boundary condition.
Putting the reduced mass inside a spherical box of radius R > |a| around the potential center, the
wavefunction should vanish at the surface of the sphere (see Fig.[3.9). For free atoms this corresponds
to the condition

Ro(R) = %’sin(kR) =0 & k= n% with n € {1,2,--- }. (3.154)

In the presence of the interactions we have asymptotically; i.e., near surface of the sphere

Ro(R) ~ ~sin[H(R—a)]=0 & ¥ =n

T
—_ ith 1,2,---}. Nl
e T R—a) withn e {1,2,---} (3.155)

As there is no preference for any particular value of n as long as |a| < R, we choose for the boundary
condition n = 1 and the change in total energy as a result of the interaction is given by

h? h? w2 w2
SF=— (K? -k} ="~ —0u —
00 =5 (e 7)
h? 72 a h? 72
=T g2t o1 ~ =1 g 1
2u R? [ + R+ ] a<R [ R”3 (3:156)
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Note that for a > 0 the total energy of the pair of atoms is seen to increase due to the interaction
(effective repulsion). Likewise, for a < 0 the total energy of the pair of atoms is seen to decrease due
to the interaction (effective attraction). The energy shift 6E is known as the interaction energy of
the pair. Apart from the s-wave scattering length it depends on the reduced mass of the atoms and
scales inversely proportional to the volume of the quantization sphere; i.e., linearly proportional to
the mean probability density of the pair. The linear dependence in a is only accurate to first order
in the expansion in powers of a/Rg. Most importantly note that the shift 0E only depends on the
value of a and not on the details of the oscillatory part of the wavefunction in the core region.

3.4.2 Energy shift obtained with pseudo potentials

The method used above to calculate the interaction energy § E of the reduced mass y in a spherical

volume of radius R has the disadvantage that it relies on the boundary condition at the surface

of the volume. It would be hard to extend this method to non-spherical volumes or to calculate

the interaction energy of a gas of N atoms because only one atom can be put in the center of the

quantization volume. Therefore we look for a different boundary condition that does not have this

disadvantage. The pseudo potentials introduced in Section provide this boundary condition.
For free atoms the relative motion is described by the unperturbed relative wavefunction

pi(r) = Oy (£)jo(kr)

where Y () = (47r)71/ % is the lowest order spherical harmonic with # = r/|r| the unit vector in
the radial direction (6, ¢). The normalization condition is 1 = (@x|er) = [\, [CY(F)jo(kr)]*dr with
kR = 7. Rewriting the integral in terms of the variable o = kr we find after integration and setting
k = m/R we obtain

1 I L [, Ré7
o= ﬁ/o sin“(kr)dr = ﬁ/o sin®(o)do = =5

Then, to first order in perturbation theory the interaction energy is given by

_olvOled ., 2 f 2 oye = P gge [C00))
OB = o o g | Al (D) ei(0)dr = 5oa0 | = s 12 (3.157)

which is seen to coincide with Eq. (3.156)).

3.4.3 Interaction energy of two unlike atoms

Let us consider two unlike atoms in a cubic box of length L and volume V = L? interacting via the
central potential V(r). The hamiltonian of this two-body system is given bylﬂ
h? h?

—_ " g2 _
H= Vi ST

2
o V2 +V(r). (3.158)

In the absence of the interaction the pair wavefunction of the two atoms is given by the product

wavefunction (7.5),

1 . )
’(/}k17k2 (1‘1,1‘2) = Ve_ZklArle_’Lkzlr2

with the wavevector of the atoms 4,5 € {1,2} subject to the same boundary conditions as above,
kio = (2m/L) n;o. The interaction energy is calculated by first-order perturbation theory using the
delta function potential V (r) = gd (r) with r = |r; —ra|,

ki ko|V(r) ki ko) g

(
E= ==z, 1
’ (k1. kalky, ko) v (3.159)

181n this description we leave out the internal states of the atoms (including spin).
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This result follows in two steps. With Eq. (7.5]) the norm is given by
kel e) = [ [ o s (e1v)
1%

1 , ,
= W/ \e—“‘l'rlﬁdrl/ le~tkar2|2qpy = 1, (3.160)
14 |4

because ’e_ia‘2 = 1. As the plane waves are regular in the origin we can indeed use the delta
function potential (3.151)) to approximate the interaction

(ki ko| V (r) |ky, ka) = % // 5 (ry —1a) e mre 2 % p iy, (3.161)
14
iz / etttk 2y = g/V.
14

Like in Eq. (3.156| the interaction energy depends on the reduced mass of the atoms and scales
inversely proportional to the quantization volume.
3.4.4 Interaction energy of two identical bosons

Let us return to the calculation of the interaction energy but now for the case of identical bosonic
atoms. Asin Section we will use first-order perturbation theory and the delta function potential
V(r)=gd(r) withg= (4nh*/m)a, (3.162)

where m is the atomic mass (the reduced mass equals = m/2 for particles of equal mass).

First we consider two atoms in the same state and wavevector k = k; = ko. In this case the
wavefunction is given by Eq. with (k, k|k,k) = 1. Thus, to first order in perturbation theory
the interaction energy is given by

OFE = g (k, k| 0(r) [k, k) = ‘fg // 0(r; —ry) |e*"k"“e*“"r2 2 dridrs;
1%
_ 9 —i2kery |2 g Vv 3163
V2 V|e i r=g/V. (3.163)

We notice that we have obtained exactly the same result as in Section [3.4.3]
For k; # ko the situation is different. The pair wavefunction is given by Eq. (7.9) with norm
(k1,ko|k1, ko) = 1. To first order in perturbation theory we obtain in this case

0F = g <k1, k2| (5(1‘) |k1, k2>
1 . . . .
— 7i // 6 (rl _ r2) ‘e—zkl‘rle—le'I‘Q _|_ e—’LkQ'I‘le—’Lk1~r2 ‘2 dr1dr2
14

— 1%/ [‘e—i(k1+k2).r1|2 + |e—i(k1—k2)-r1‘2 + |ei(k1—k2)-r1|2 + |ei(k1+k2)<r1‘2]dr1
2v2 J,
= 2g/V. (3.164)

Thus the interaction energy between two bosonic atoms in same state is seen to be twice as
small as for the same atoms in ever so slightly different states! Clearly, in the presence of repulsive
interactions the interaction energy can be minimized by putting the atoms in the same state.
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Elastic scattering of neutral atoms

4.1 Introduction

To gain insight in the kinetic properties of dilute quantum gases it is important to understand the
elastic scattering of atoms under the influence of an interatomic potential. For dilute gases the
interest primarily concerns binary collisions; by elastic we mean that the energy of the relative
motion is the same before and after the collisions. Important preparatory work has already been
done. In Chapter [3] we showed how to obtain the radial wavefunctions necessary to describe the
relative motion of a pair of atoms moving in a central interaction potential. In the present chapter we
search for the relation between these wavefunctions and the scattering properties in binary collisions.
This is more subtle than it may seem at first sight because in quantum mechanics the scattering of
two ‘particles’ does not only depend on the interaction potential but also on the intrinsic properties
of the particlesﬂ This has to do with the concept of indistinguishability of identical particles. We
must assure that the pair wavefunction of two colliding atoms has the proper symmetry with respect
to the interchange of its constituent elementary particles. We start the discussion in Section [£.2] with
the elastic scattering of two atoms of different atomic species. The atoms of such a pair are called
distinguishable. In Section we turn to the case of identical (indistinguishable) atoms. These are
atoms of the same isotopic species. First we discuss the case of identical atoms in the same atomic
state (Section . This case turns out to be relatively straightforward. More subtle questions
arise when the atoms are of the same isotopic species but in different atomic states (Section [4.4)). In
the latter case we can distinguish between the states but not between the atoms. Many option arise
depending on the spin states of the colliding atoms. In the present chapter we focus on the principal
phenomenology for which we restrict the discussion to atoms with only a nuclear spin degree of
freedom. In Chapter [5] collisions between atoms in arbitrary hyperfine states will be discussed.

We derive for all cases considered expressions for the probability amplitude of scattering and the
corresponding differential and total cross sections. As it turns out the expressions that are obtained
hold for elastic collisions at any non-relativistic velocity. In Section [£.5] we specialize to the case of
slow collisions. At low collision energy the scattering amplitude is closely related to the scattering
length. Important differences between the collisions of identical bosons and fermions are pointed
out. At the end of the chapter the origin of Ramsauer-Townsend minima in the elastic scattering
cross section is discussed.

IN.F. Mott, Proc. Roy. Soc. A126, 259 (1930).
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4.2 Distinguishable atoms

We start this chapter with the scattering of two atoms of different atomic species, which includes
the case of two different isotopes of the same atomic species. These atoms are called distinguishable
because they have a different composition of elementary particles and consequently lack a prescribed
overall exchange symmetry, i.e. the pair wavefunction can be symmetric or antisymmetric (or any
linear combination of the two) under exchange of the two atoms. Before discussing the actual
collision we first consider two non-interacting atoms moving freely in space. Since the atoms are
distinguishable it is possible to label them 1 and 2 and to define the relative momentum as p =
p(vi —vs) = pv = Rk in the center-of-mass-fixed coordinate frame (see Appendix [A1]). Let us
choose, purely for mathematical convenience, the direction of p along the positive z-axis, i.e. the
reduced mass p moves in the positive z direction (the same holds for the motion of atom 1 relative to
atom 2). Experimentally, this can be arranged by providing the colliding atoms in opposing atomic
beams. For free atoms the relative motion may be described by the plane wave

win (I‘) _ eik-r _ eik:z’ (4.1)

where k - r = krcos; = kz for 6; = 0, with 6; representing the angle of incidence with respect to
the positive z-axis. The relative kinetic energy of the atoms is given by

E = 1*k?/2u. (4.2)

If the atoms can scatter elastically under the influence of a central potential V(r) the wavefunction
for the relative motion must contain a term representing the scattered wave. In view of the central
symmetry the variables for the radial and angular motion separate (see Section and at large
distance from the scattering center the radial dependence of this term must be of the form

wout (T) ~ ezkr/r. (43)
T— 00
Note that the intensity of the scattered wave falls off like 1/72 and that the modulus of the relative
wave vector k = |k| is conserved as required for elastic collisions. Combining Eqs. and we
obtain a general expression for the wavefunction describing the relative motion of the pair far from
the scattering center at position r = (r, 0, ¢),

(0 (I‘) r:Joo Yin + f (97 ¢) Yout- (44)
Here the quantity f (6, ¢) represents the probability amplitude for scattering of the reduced mass
in the direction (6, ¢). Because the potential V(r) has central symmetry f (0, ¢) is independent of
the azimuthal scattering angle ¢. Hence, the wave function for the overall relative motion will be
an axially symmetric solution of the Schrodinger equation (2.44)) of the following asymptotic type:

Yi(r,0) ~ e+ f(0)e™/r. (4.5)
Here we omitted the explicit normalization factor. The quantity f(6) is called the scattering am-
plitude and 6 is the scattering angle of the reduced mass, defined with respect to the positive
z-axis. The scattering behavior of the reduced mass in the center-of-mass-fixed frame is illustrated
in Fig. When observing this collision experimentally in the center-of-mass frame, particle 1 is
moving from left to right and scatters over the angle ¥ = 6 in the direction (6, ¢), while particle
2 moves from right to left and scatters also over the angle ¥ = 6 in the complementary direction
(m — 0,7 — ¢). A pair of mass spectrometers in the directions 6 and m — 6 would be an appropriate
(atom selective) detector in this case.
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Figure 4.1: Schematic drawing of the scattering of a matter wave at a spherically symmetric scattering center
in the center-of-mass coordinate system. Indicated are the wavevector k of the incident wave representing
the reduced mass p moving in the positive z-direction (6; = 0) as well as the scattering angle 0.

Knowing the angular and radial eigenfunctions, the general solution for a particle in a central
potential field V(r) can be expressed in terms of the complete set of eigenfunctions R;(k, r)Y;™(6, ¢),

oo +I
Ue®) =33 Rk, )Y (0, 9), (4.6)

=0 m=—1

where r = (r,0, ¢) is the position vector. This important expression is known as the partial-wave
expansiton. The coefficients ¢; depend on the particular choice of coordinate axes. Our interest
concerns in particular the wave functions with axial symmetry along the z-axis. These are ¢ in-
dependent. Hence, all coefficients ¢; with m # 0 should be zero. Accordingly, for axial symmetry
along the z-axis the partial wave expansion reduces to

Y(r,0) = chRl(k,r)Pl(cos ), (4.7)

=0

where the Pj(cosf) are Legendre polynomials and the R;(r) satisfy the radial wave equation ([3.6]).
The coefficients ¢; must be chosen such that at large distances the partial-wave expansion has the
asymptotic form (4.5)). For short-range potentials, the asymptotic form should satisfy the spherical

Bessel equation (3.9)), hence satisfy the form ((3.14)):

1 1
Ri(k,r) ~ po sin(kr +n; — §l7r) =

r—00

5T [Z‘fleikreim o Z‘lefikrefim]
IRT
i—le—im ) ) .
_ Sk [ezkr + (62”” . l)ezkr + (71)l+1671kr] ) (48)
IRT

Substituting this into the partial-wave expansion (4.7) we obtain

T—00

1 & ) ) . . )
Y(r,0) ~ Yy Z e Pi(cos 0)i~te M [T 4 (2 — 1)e™™" + (—1)! e ] (4.9)
1=0

Similarly, using the asymptotic relation Eq. (B.73al), the partial-wave expansion of the plane wave
e'** given by Eq. (4.12)) becomes

, 1 < . ,
ikz -] .—] ikr 1\ +1 _—ikr
e S ZZ;(QZ +1)i' Py(cos 0)i~" [e*" + (—1)" e "] (4.10)
Comparing the terms of order [ in Egs. (4.9) and (4.10) we find that by choosing ¢; = i(21+1)e" for
the expansion coefficients, the partial-wave expansion (4.9) takes the asymptotic form (4.5). Thus,
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subtracting the plane wave expansion (4.10) from the partial-wave expansion (4.9) we obtain the
scattering amplitude as the coefficient of the e /r term,

1 & :
FO) =5 ;(21 +1)(e?™ — 1) Py(cos 6). (4.11)
Problem 4.1 Show that the plane wave e***, describing the motion of a free particle in the positive
z direction, can be expanded in partial waves as

o0

et = ZZ(% + 1)i'5;(kr) Py(cos 0). (4.12)
=0

Solution: The only regular solutions of the spherical Bessel equation are the spherical Bessel
functions (see Section [B.11.1)). So we set R;(kr) = j;(kr) in the partial-wave expansion (4.7) and
our task is to determine the coefficients ¢;. Expanding the l.h.s. in powers of kr cosf we find

oo 4. l

ikr (ikr cos )

D (4.13)
1=0

Turning to the r.h.s. of Eq. (4.7) we obtain

= = (kn)'1 )
Z cji(kr)Py(cos 8) o Z ¢ (2§ +)1)” T ( l') (cos)". (4.14)
=0 =0 . L

Here we used the expansion of the Bessel function j;(kr) in powers (kr)" as given by Eq. (B.73b),

!
(k) ~ (kr)

o @y nnt )

and used Eq. (B.23) formula (with u = cosf) to find the term of order (cos 0)l in the expansion of

Py(cosb),

1d o, ., 1 d, 1 @),

Pilw) = gy gt 0 =0 = g g (74 ) = g (0

Thus, equating the terms of order (kr cos 9)l in Egs. 1' and lj we obtain for the coeﬁicient
a =i'(2l + 1)"ﬂ =420 + 1) (4.15)

e ’ '
which leads to the desired result after substitution into Eq. (4.7)). »

kz

Problem 4.2 Calculate the current density of a plane wave €** running in the positive z direction.

Solution: We only have to calculate the z component of the current density vector,

). = @ (¢Vz¢ - ¢ Vz"/))
ih

=1 (-2
5, (72ik)

ke (4.16)
W

where v is the velocity of the reduced mass along the positive z direction. »

2Note that (2n)!/ (2n — D! = (2n)!! = 27n!
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4.2.1 Partial-wave scattering amplitudes and forward scattering

Eq. (4.11) can be rewritten as

oo

£(0) = (21 +1)fiPi(cosb), (4.17)

=0

where the contribution f; of the partial wave with angular momentum [ can be written in several
equivalent forms

1 .
fi = ﬂ(ezml —-1) (4.18a)
=k e sinm (4.18b)
1
=" 4.18
kcotm — ik ( °)
= k™" (sinm cosm + isin®n;) . (4.18d)

Each of these expressions has its specific advantage. In particular we draw the attention to:
e Eq. (4.18a) can be written in the form
S = €2 =1+ 2ikf;, (4.19)

which is called the S matrix. This relation between the scattering amplitudes f; and the S
matrix is one of the fundamental relations of scattering theory because the S matrix makes is
possible to factorize different contributions to the phase shift

S = e2im — 62”” o2 = ShySres (4.20)
and to approximate these separately.
e Eq. (4.18d)) shows that the imaginary part of the scattering amplitude f; is given by
1
Im f; = fsm e (4.21)

Specializing this equation to the case of forward scattering and summing over all partial waves
we obtain an important expression that relates the forward scattering to the phase shifts.

o0 1 oo
Im f(0 Z 20+ 1)Im f; B(1 = Z (20+1) sm i, (4.22)
1=0 1=0

again a fundamental relation of scattering theory.

4.2.2 The S matrix

The S-matrix 4
Sy = e2m (4.23)

is an important quantity in the formal theory of scattering. The name is somewhat confusing because
in the present context of a single elastic scattering channel it is no more than an [-dependent complex
function of k£ with modulus equal to unity, S;'S; = 1. The S-matrix is interesting in the vicinity of
resonances where it suits to factorize different contributions to the phase shift. For instance, in the
case of two contributions to the phase shift, 7, = 77[ + 1%, we have

S; = 2 2 = SbgSres- (4.24)
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Applying this to the resonance structure analyzed in Section and writing Eq. (3.76)) in the form

Nes = —tan " *[(T/2) / (E — Fres)], (4.25)
the S-matrix becomed]
E — E,os —il'/2 i
res — N = 1= — = 4.2
S E — By +1iT/2 E — Eres +1i1'/2 (4.26)

Importantly, the same expression may be obtained without the approximating expansion ((3.74)
around the zero crossing. For this we recall that in the presence of a weakly-bound (k = k) or
virtually-bound (k = —k,p) s-level the phase shift is given by

k
no = —kro —tan"* . (4.27)
K
Thus the resonance contribution to the S-matrix is given by
k+1ik
Sres - . 4.28
k— ik ( )

4.2.3 Differential and total cross section

To obtain the partial cross-section for scattering over an angle between 6 and 6 + df we have to
compare the probability current density of the scattered wave with that of the incident wave. For
the scattered wave in Eq. (4.5)), s = f(0)e?*" /r, the probability current density is given by

2 Bk _ v

i
32(r) = 5 WacT el = ULV 00e) =L FOF 5 = 1 170)F 5. (4.29)

pr

Hence, the probability current (i.e. probability per unit time) dI = j,.(r) - dS of atoms (reduced

masses) scattering through a surface element dS = r2d€Q in the direction € = (6, ) is given by

dI(Q) = j,(r)dS = v|f(#)|> . Its ratio to the current density (4.16) of the incident wave is
_dI(Q)

do () = - |£(0)]? dQ, (4.30)

with d€2 = sin 8dfd¢. The probability per unit solid angle to scatter in the direction €2 is given by

do(€2)
dQ

=1fOF, (4.31)

This quantity is called the differential cross section. The partial cross section for scattering over an
angle between 6 and 0 + df is
do(0) = 2msin 0 | f(0) do. (4.32)

For pure d-wave scattering this is illustrated in Fig. [1.2]
The total cross section is obtained by integration over all scattering angles,

s
. 2
o= / 2 sin 0| £(0)[2 do. (4.33)
0
3Here we use the logarithmic representation of the arctangent with a real argument o,
7 1—ix
tan"la = -1

n .
2 14ia
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Figure 4.2: Schematic plot of a pure d-wave sphere emerging from a scattering center and its projection as
can be observed with absorption imaging after collision of two ultracold clouds. Also shown are 2D and 3D
angular plots of |f (0)|2 where the length of the radius vector represents the probability of scattering in the
direction of the radius vector. See further N.R. Thomas, N. Kjaergaard, P.S. Julienne, A.C. Wilson, PRL
93 (2004) 173201.

Substituting Eq. (4.18a)) for the scattering amplitude we find for the cross-section

o=2r Z QU412+ 1) 6 / Py (cos ) P;(cos ) sin 0df. (4.34)
1,I'=0 0

The cross terms drop due to the orthogonality of the Legendre polynomials,

o =213 @+ 124 / [P (cos 0)]% sin 00, (4.35)
1=0 0
which reduces with Eq. (B.28)) to

o=4r) Q@+ 1[AP=D . (4.36)
=0

=0

Here
op = 4m (2l + 1)| fi|? (4.37)

is called the partial cross section for [-wave scattering. The squared moduli of the partial-wave
scattering amplitudes are usually written in one of three equivalent forms

L
fil* = @|62 m—1)? (4.38a)
1
=5 sin? 7 (4.38b)
1
=\ 4.38
k2 cot? m; + k2 (4.38¢)
Optical theorem and unitarity limit
Using Eq. (4.38b]) the cross section takes the well-known form
4 o0
o= k—g (20 + 1) sin? ;. (4.39)

=0
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Substituting Eq. (4.22) into Eq. (4.39) we obtain

4
o= & Im £(0). (4.40)

This expression is known as the optical theorem. This theorem shows that the imaginary part of the
forward scattering amplitude is a measure for the loss of intensity of the incident wave as a result of
the scattering. Clearly, conservation of probability assures that the scattered wave cannot represent
a larger flux than the incident wave. Writing Eq. as o = Z?io oy, we note that the [-wave
contribution to the cross section has an upper limit given by

47

Usz2

(21 + 1). (4.41)

This limit is called the unitarity limit.

4.3 Identical atoms

In this section we turn to collisions between two atoms of the same atomic isotope. In this case the
atoms are identical because they have the same composition of elementary particles, which implies
that two conditions are satisfied:

1. it is impossible to construct a detector that can distinguish between the atoms,

2. the pair wavefunction must have a prescribed symmetry under exchange of the atoms.

Condition 1 is the same in classical physics. Condition 2 is specific for quantum mechanics: it
is impossible to distinguish by position; the pair wavefunction is symmetric if the total spin of the
pair is integer (bosons) and antisymmetric if the total spin of the pair is half-integer (fermions). At
this point we recognize two more possibilities: the identical atoms can be in the same internal state
or in different internal states. In first case the total spin of the pair is necessarily integer and the
wavefunction for the relative motion of the atoms must be either symmetric (for bosonic atoms) or
anti-symmetric (for fermionic atoms). If the atoms are in different internal states neither symmetric
nor anti-symmetric spin states can be excluded. This is a complicating factor and will be discussed
in Section [4.41

4.3.1 Identical atoms in the same internal state

Let us start again with two non-interacting atoms moving freely in space in opposite directions
along the z-axis. For identical atoms it is impossible to determine which atom is moving in the
positive direction (to the right) and which in the negative direction (to the left). Therefore, also
the direction of the reduced mass is unknown and the wavefunction for the relative motion has to
be symmetrized. In this section we consider the case where the atoms are in the same internal
state. Therefore, the spin state is symmetric under exchange of two complete atoms. In accordance,
the wavefunction for the relative motion must be symmetric (+) in the case of bosonic atoms and
anti-symmetric (—) in the case of fermionic atoms,

Yin(r) = eF* 4+ 72, (4.42)

What happens in the presence of scattering? When an atom is detected after scattering in
the direction 6 it may be an atom coming from the left after scattering over the angle ¥ = 6
into the detector. Equally well it may be an atom coming from the right after scattering over the
complementary angle, ¥ = m — 0. Since we cannot distinguish between these two processes the
corresponding waves interfere and we have to add their amplitudes.
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Let us analyze how this works. Because the scattering is elastic the atoms stay in the same
internal state and we only have to consider the orbital part of the motion. Adding to the incident
wave a scattered part, the wavefunction for the relative motion of the pair takes the following general
form,

D) ~ (e*xe ) L fi(@)e*)r (0<0<7/2). (4.43)

r—00

Here the first term expresses that one of the atoms is initially moving from left to right. Similarly,
f+(0) expresses the probability amplitude that one of the two atoms is scattered in the direction
0. The substitution § — 7 — 6 amounts to interchanging the scattered atoms, fi(m —0) = +f1(0),
and because this does not represent a different scattering process (in both cases one of the atoms
scatters in the direction €) the angle 6 is restricted to the interval 0 < 6 < 7/2. As any relative
motion can be expanded it its partial waves, the amplitudes f1(6) can be obtained by term-by-term
comparison of the partial wave expansion with the asymptotic expansions of (e?** £ e=%%),
(e £ e7ih7) o L i(w +1)[1 £ (1)1 P(cos ) [e™* + (1) Fle k] (4.44)
r—oo 2ikr =
The expansion of e**# is given by Eq. . The expansion for e~?*# is also obtained from this
equation by the substitution § — 7w — 6 (cos @ — — cos ) and use of the parity rule for the Legendre
polynomials, P;(—u) = (—1)'P;(u) (cf. Section ??). Comparing the terms of order I in Egs. (4.9)
and we find for the expansion coefficients ¢; = /(21 + 1)[1 £ (—1)!]e’™. Subtracting the plane
wave expansion from the expansion we obtain for the scattered wave

ezkr

kr

fr(0)e* /r = 2(21 + D1+ (=1) e Pi(cosf)sing  (0<60<7/2). (4.45)

1
This implies fy(0) = f(0) £ f(7 — 6) as follows with Eq. (4.17)). Rewriting Eq. (4.45]) we find that
the scattering amplitude is represented by sum over the even (bosonic atoms) or odd (fermionic
atoms) partial waves,

f0)+ f(r—0) = % Z (21 + 1)e®™ Py(cos 0) sin (bosons)

f:l: (9) — 9 l=even - (446)
f0)— f(mr—0) = Z Z (21 + 1)e*™ Py(cos @) sinm (fermions),
I=odd

with 0 < 0 < /2. In view of the parity of the Legendre polynomials we note that the even terms
have even parity and the odd terms odd parity. Therefore, the parity of the orbital wavefunction is
conserved in the collision.

4.3.2 Differential and total section

For identical atoms in the same state the scattered wave is given by
Vse = |£(0) £ f(m = )" ™ /r (4.47)
and its current density is

ih ih 2 Vr
j = = scr*** r¥sc) — 0) + -0 - 4.4
a(1) = G = 5 (Vo = ViV ete) = |£(60) £ £(x - 0) 5 (4.43)
Throughout this section the scattering angle is restricted to the interval 0 < § < /2. Hence, the
probability current dI(Q) = j,.(r)-dS that one of the colliding atoms scatters through a surface ele-

ment dS = r2d2 in the direction £ = (6, ¢) is given by dI(2) = j,.(r)dS = v|f(0) + f(r — )| dS.
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rg
o

- 2w W

Figure 4.3: Absorption images of collision halo’s of two ultracold clouds of ¥ Rb atoms just after their
collision. Left: collision energy E/kp = 138(4) uK (mostly s-wave scattering), measured 2.4 ms after the
collision (this corresponds to the & — 0 limit discussed in this course); Right: idem but measured 0.5 ms after
a collision at 1230(40) pK (mostly d-wave scattering). The field of view of the images is ~ 0.7 x 0.7 mm?.
See further Ch. Buggle, Thesis, University of Amsterdam (2005).

Note that an atom observed in the direction € must originate either from the incident wave e?** or

form the incident wave e **#. Therefore, the partial cross section for one of the atoms to scatter in
the direction €2 is given by

do(Q) = dl;ﬂ) = |£(0) £ f(x — 0)]* dD, (4.49)

where j, is the current density given by Eq. (4.16)), i.e. the current density of one of the incident
waves. The total cross section is defined as

2 77/2 . 2
os :/|f(9) + f(r— 0)d9) :/0 2msind|£(0) + f(x — 0)[ b, (4.50)

where we used d) = 27sinfdf. After substitution of the scattering amplitude (4.46[), the cross
section is given by

8 , _ ) /2 .
or = k—g (20" + 1)(21 + 1)’ =m) sin gy sin gy /0 Py (cos ) Py(cosB) sin 0d6. (4.51)

l,l'’=even/odd

For the case of almost pure s-wave scattering and d-wave scattering the probability for scattering
over an angle between 0 and 6+ df, do(0) = 2rsin6|f(0) + f(x — 0)|> db, is illustrated in Fig.
Using the orthogonality of the Legendre polynomials Eq. (4.51)) becomes

/2
re = T+ sty [ (Picos0) sinoa. (452)
l=even/odd 0
Evaluating the integral using Eq. (B.28)) we obtain
8 .. 92 .
o= 1% (2l 4+ 1)sin“n;  (bosons/fermions). (4.53)

l=even/odd

For a given partial wave the total cross-section is found to be either zero or twice as large as for
distinguishable atoms.
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4.4 ldentical atoms in different internal states

Arguably more subtle situations occur in the elastic scattering between atoms of the same isotopic
species but in different atomic states. In the context of the quantum gases this usually means that
both atoms are in their electronic ground state but in different hyperfine states. From a general point
of view we know that the total angular momentum of the pair must be conserved in the collision.
Neglecting spin-orbit interaction, this means that also the total spin must be conserved. This will
be presumed throughout this section. But what is the total spin of the pair? For arbitrary hyperfine
states the answer to this question can become rather elaborate. Therefore, this is postponed till
Chapter [5] To reveal the essential physics we focus in the present chapter on the relatively simple
case of fermionic atoms with a nuclear spin degree of freedom but in a 'Sy electronic ground state.
Interestingly, for atoms in different spin eigenstates the same expression for the elastic cross section
is obtained as was found in Section for distinguishable atoms. First we show this for the
important case of spin-1/2 atoms (Section . In Section it is generalized to the case of
arbitrary half-integer nuclear spin.

4.4.1 Fermionic 'S, atoms with nuclear spin 1/2

We start with 1Sy atoms with nuclear spin 1/2. The famous example is the inert gas 3He but also
the closed-shell rare earth '"Yb and the ‘group 12’ atoms "’Hg, '1Cd and ''3Cd fall in this class.
Let us consider collisions between two >He atoms in their electronic ground state, one with nuclear
spin ‘up’ and the other with nuclear spin ‘down’. Experimentally, we can prepare >He pairs in such
a way that the spin ‘up’ atoms always move in the positive z-direction and the spin ‘down’ atoms
always in the negative z-direction. However, because the atoms are identical, for any pair of colliding
atoms it is impossible to determine which atom carries the ‘up’ spin and which the ‘down’ spin.
All we know is that the 3He atoms are fermions and the pair wavefunction must be anti-symmetric
under exchange of complete atomsﬂ

Vin ~ €FF1L) — e RF|LT). (4.54)
r—00
To better reveal the relevant symmetries this expression can be rewritten in the form
Vin o~ % (e + e_ik'z) |0,0) + % (eikz — e_“”) 1, 0), (4.55)

where the state |I,my) represents the total nuclear spin state of the pair, with Clebsch-Gordan
decomposition

0,0) = J5[11) — 4D [1,0) = J5[I#) + [4)]. (4.56)

Note that the symmetric spin state |1,0) combines with the anti-symmetric pair wavefunction for
the ‘end-over-end’ orbital motion and the anti-symmetric spin state |0, 0) with the symmetric orbital
pair wavefunction. We found that with two angular momenta i; = i3 = 1/2 the total spin I = i; +1iy
can take the values I € {0, 1} for ‘anti-parallel’ and ‘parallel’ coupling, respectively. Since the total
spin of the pair is conserved in the collision this must also hold for the parity of the orbital part.
Thus, the symmetric spin state |1, 0) (anti-symmetric spin state |0, 0)) can only give rise to scattering
into odd (even) partial waves and along the same lines of reasoning as used in Section we find
for the corresponding scattering amplitudes

fO)+ f(m—0)= % Z (20 + 1)e™™ Py(cos 6) sin (I =0)

f:t (0) = 9 l=even ‘ (457)
f(G)—f(ﬂ'—@):% Z (20 + 1)e*™ Py(cos 0) sin (I=1).
l=o0dd
4The curved brackets |s1,--- ,sn) are used for unsymmetrized many-body states with the convention of refering

always in the same order to the states of particle 1,---, N. With the symbol } we refer to a nuclear spin 1/2.
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The two options are referred to in the present context as the singlet (I = 0) and the triplet (I = 1)
channel. Note that the expression for the triplet scattering amplitude f_(6) coincides with the
expression obtained in Section for fermionic atoms in the same internal state. On closer
inspection this is not surprising because two *He atoms in the same spin state carry total spin
I =1,1|%) = |1,1) and |{}) = |1,—1), which implies that these atoms also scatter through the
triplet channel.

Differential and total cross section

In view of the modern quantum theory of measurement the concepts of singlet- and triplet-channel
must be handled with caution. The spin states are examples of mazimally entangled states,
also known as Bell statesﬂ By repeated measurement with spin-selective detectors only the prob-
ability of observing a singlet or a triplet state can determined. For *He atoms in different spin
eigenstates the pair-wavefunction for the scattered wave is asymptotically given by

Vse ~ > SO+ (D = 0L,0e* /r (0<6<7/2). (4.58)
1=0,1

For the same reasons as presented in Section the scattering angle is restricted to the interval
0 < 0 < /2. The probability current density of the scattered wave is

5e(r) = G (Vo = 0LV ) =5 3 [FO)+ V-0 110 @)

1=0,1

The singlet-triplet cross terms drop due to the orthogonality of the singlet and triplet wavefunctions.
The probability current that one of the colliding atoms scatters through a surface element dS = r2d$2
in the direction = (6, ¢) is given by

1

dI(Q) = jr(r)dS = 5 > v|f(O) + (~1) f(x - )| a2
1=0,1

Note that any atom observed in the direction €2 must originate either from the incident wave
e*%|1}) or form the incident wave e~**#|}1). Therefore, the partial cross sections for scattering in
the direction €2 is given by

doy () = ‘”J@ - % 3" 1F0) + (1) f( - 0)|* de, (4.60)
z I1=0,1

where j, is the current density given by Eq. (4.16)), i.e. the current density of one of the incident
waves. The total cross section is given by

1 w/2
o1 =3 > o1, where o7 :/ 2rsin@ | £(0) + (—1)" f(m — e)dee. (4.61)
1=0,1 0
Evaluating the integral like in Section we obtain
8

O+ =13 (20 +1)sin®n, (I =0)
l=even
or = g (4.62)
o =23+ 1)sin’y (I=1).
I=odd

5].8. Bell, Physics 1, 195 (1964).
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Thus the expression for the triplet (I = 1) cross section o; = o_ is found to coincide with the
expression obtained in Section for two fermionic atoms in the same internal state. This is in
line with the comment made below Eq. where we point out that two 3He atoms in the same
spin state also carry total spin I = 1. Substituting Eq. into Eq. we establish that the
cross section is given by the average of the even (1) and odd (o_) parity contributions,

o0
o1y = % (op +o_)= % > (21 +1)sin® ;. (4.63)
1=0
Note that this expression coincides with the result obtained for distinguishable atoms.

To conclude this section we discuss the consequences of the above analysis for the collisions in an
unpolarized gas of spin 1/2 fermionic atoms. In this case we identify four possibilities for the initial
spin configurations, |11), |$1), [1) and |{}), each with equal probability. Therefore, the effective cross
section required to calculate for instance the thermalization rate of the gas is given by the statistical

average,
o=1(cy+30). (4.64)

4.4.2 Fermionic 1S, atoms with arbitrary half-integer nuclear spin

In this section we will generalize the discussion to collisions between fermionic 1Sy atoms with
arbitrary half-integer spinﬂ Aside from the spin-1/2 systems ®He, '1Cd and '3Cd, "°Hg and
171Yb this class includes the spin-3/2 systems °Be, ?!Ne, 13°Ba, *"Ba and 2°'Hg, , the spin-5/2
systems 2*Mg,57Zn and 1™®Yb, the spin-7/2 system 43Ca, and the spin-9/2 systems ®3Kr and 87Sr.
As we are dealing with fermions the pair wavefunction must be anti-symmetric under exchange of
complete atomsm

Vin ~ € |myimy) — e ** | momy), (4.65)

T—00

which can be rewritten in the form

Yin ~ % (eikz + e*ikz) [[mimg) — |maomy)] + % (eikz - efikz) [[mims) 4 |mamy)) (4.66)

With two equal angular momenta (i1 = i2) the total spin I = i; 415 takes the values 0 < I < Ipax =
2i1 and using a Clebsch-Gordan decomposition we obtain (cf. Problem

Imax I

bin ~ (e® e "N [ IM)(IM|iviymymy)

T—00
I=even M=—1

Imax 1
+ (k= — emik®) Z Z |[TM)Y(IMliyiymims). (4.67)
I=odd M=—1

Note that the symmetric spin states, [IM) with I = odd, combine with the anti-symmetric orbital
pair wavefunctions; the anti-symmetric spin states, |/ M) with I = even, combine with the symmetric
orbital pair wavefunctions. Since the total spin of the pair is conserved in the collision this must
also hold for the parity of the orbital part. Thus, the symmetric spin states (anti-symmetric spin
states) can only give rise to scattering into odd (even) partial waves and along the same lines of
reasoning as used in Section [£.4.1] we find for the corresponding scattering amplitudes

fO)+ f(w—0) = % Z (21 + 1)e™™ Py(cos 0) sin (I = even)
fe(0) = o loven ‘ (4.68)
fO) = flm—0) =~ > (20 + 1)et™ Py(cos ) sin, (I = odd).
l=o0dd

6 All stable bosonic isotopes with 1Sg electronic ground state have nuclear spin I = 0.
"The curved brackets |s1,--- ,sn) are used for unsymmetrized many-body states with the convention of refering
always in the same order to the states of particle 1,---, N. With the symbol } we refer to a nuclear spin 1/2.
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These expressions represent a generalization of the expressions for the scattering amplitude f1(6)
obtained in Section for spin 1/2 fermionic atoms.

Differential and total cross section

The pair-wavefunction for the scattered wave is asymptotically given by

Imax

Vse ~ Z Z (IMiviymima)[f(6) + (=1) f(m — O))|I, M)ei*™ /r, (4.69)

where the scattering angle is restricted to the interval 0 < § < /2. The probability current density
of the scattered wave is

jr( ) (wsc T¢sc w:ch¢SC)

2

I I

-y Py (ivimama| IM)[? |£(6) + (~1)' f (= O)[* 11, M) 5. (4.70)
I M=-I

Here we used the orthogonality of the singlet and triplet wavefunctions. The probability current that
one of the colliding atoms scatters through a surface element dS = r2d€2 in the direction Q2 = (6, ¢)
is given by

Imax

dI(2) = j,(r)dS = Z Z (ivivmimal IM) 0 | £(0) + (=1)! f(x = 0)]” a2

Note that any atom observed in the direction £2 must originate either from the incident wave e?**|t4)
or form the incident wave e~**#|m;msy). Therefore, the partial cross sections for scattering in the
direction €2 is given by

Imax

Z Z |(iismama| IM)[? | £(8) + (—1)" f(x — 6)|” d9, (4.71)

d077L1’m2 (Q

where j, is the current density given by Eq. (4.16)), i.e. the current density of one of the incident
waves. The total cross section is given by

Imax /2
Omyms = Z Z |(iyiymima|IM)|?or, where o7 = / 2rsin | £(0) + (—1)" f(m — 9)|2 de.
0
(4.72)
Evaluating the integral like in Section [4.3.1] we obtain
8

oL = k72r (21 +1)sin®n, (I = even)
or = 81 [=even (4.73)

o- =13 (20 +1)sin®n, (I = odd).

I=odd

Thus the expressions for the cross sections with I = odd are found to coincide with the expression
obtained for o_ in Section for two fermionic atoms with the same internal state. Substituting
Eq. into Eq. we establish that the cross section is given by the average of the even (o)
and odd (o_) parity contributions,

Imax Imax

Omymy = Z Z (iriymama|IM)|?o_ + Z Z 21i1m1m2|IM)|20+. (4.74)

I=even M= I=o0dd M=
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The summations both yield 1/2, see Eq. (C.8)), therefore Eq. (4.74) reduces to
1 4 & . 9
Omims = 5 (o_+o0y)= 2 ;(2[ + 1)sin®n  for my # mag, (4.75)

which coincides with Eq. obtained in Section for the special case i1 = io = 1/2. Hence
the elastic cross section of two fermions in different spin eigenstates is given by the same expression
as was obtained for distinguishable atoms.

To obtain the effective elastic cross section in an unpolarized gas we have to calculate the
statistical average over all (2i; + 1) possible initial spin configurations {|iiymyms)}. From these
possibilities we have (2i; + 1) cases with m; = msg and cross section oy, m, = 0—. The remaining
(241 + 1)2 — (2i1 + 1) = (2i1 + 1) 24 possibilities correspond to my # mz and cross section 0., m, =
1 (0_ + 04). Therefore, the effective elastic cross section is given by

1 . .
7 D Omims = gy o+ (0 Do), (4.76)

mi,ma

2@ —|—1

Problem 4.3 Derive the following relation

221

% [|ililm1m2) + |i1i1m2m1)] = Z Z |IM IM|2121m1m2)
I=even/odd M=

Solution: Using a Clebsch-Gordan decomposition we have

27,1

% [|Z'1i1m1m2) + |Z'1i1m2m1)} = — Z Z |IM IM|2111m1m2) <IM\i1i1m2m1)]
I 0M=
211

:72 Z 1:t |IM><IM|Z1Z1m1m2)

I=0 M=

Here we used the property (IMlijiymem,) = —(IMlijiymyms). The latter summation can be
rewritten as the requested expression. »

4.5 Scattering at low energy

4.5.1 s-wave scattering

In this section we apply the general scattering formalism to the case of cold atoms under conditions
typical for quantum gases. As discussed in Section [I.F] the classical description of gases has to be
replaced by a quantum mechanical description when the thermal wavelength A exceeds the radius
of action 7y of the interaction potential. Note that the condition A > r( is equivalent with the
condition krg < 1 for which we derived in Section [3.3.9] an expression for the phase shifts in the
presence of an arbitrary short-range potential,

20+ 1
tanm ~ —% (kay)* ™+ (4.77)
k=0 (20 + 1!
Knowing these phase shifts we can calculate the scattering amplitudes using Eq. (4.18¢)),
1t 2041
L P vr—— M g 5 (kay)™ (4.78)
—ttann k—0 [(20 + D]
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We see that for krg < 1 all partial-wave amplitudes f; with [ # 0 are small in comparison to the
s-wave scattering amplitude fy, showing that in the low-energy limit only s-waves contribute to
the scattering of atoms. This may be traced back to the presence of the rotational barrier for all
scattering processes with [ > 0 (see Section . Under these conditions the gas is said to be in
the s-wave scattering regime.

Depending on the symmetry under permutation of the scattering partners Eq. leads to the
following expressions for the total scattering amplitudes in the s-wave regime:

unlike atoms:  f(0) ~ fo ~ —a (4.79a)
identical bosons:  f(0) + f ~2fo~ —2a (4.79b)
identical fermions: f(6) — f ~ 6f1 cosO ~ —2ay (kay)® cos . (4.79¢)

We notice that for bosons the scattering amplitude is closely related to the s-wave scattering length
a, which is the effective hard sphere diameter of the atoms introduced in Section For fermions
the lowest non-zero partial wave is the p-wave (I = 1), which turns out to vanish in the limit & — 0.
In practice this means that fermionic quantum gases do not thermalize.

4.5.2 Existence of the finite range rg

In this section we derive a criterion for the existence of a finite range r( for potentials with long-range
power-law behavior

V) ~ -2, (4.80)

r—00 rs

where Cs = Vors is the Power-law coefficient, with Vo = |V (r.) | the ‘well depth’. We start by com-
bining Egs. (4.18b]) and ([3.26)) to obtain the integral expression for the s-wave scattering amplitude,

. 9y, [®
fo=Fk"te" sinny = —k_le“mh—/;/ V(r)xo(kr)jo(kr)rdr. (4.81)
0

For the finite range to exist we require the contribution A fy of distances larger than a radius rg to
the s-wave scattering amplitude fy to vanish for & — 0. Substituting Eq. (3.101)) into Eq. (4.81)) this
contribution can be written as

o0
: 1
Afo = k71 (kro)* €™ (Ug/k?) / — [sinng cos g + cos g sin g] sin pdp
kro ©
, 0 1
= k5*3€”’°U07‘§/k — [cosno — cos(2¢ + mo)] do. (4.82)
To

where Uy = 21V /h?. Because the integral in Eq. converges for s > 1, we see that the zero-
energy limit of Afy is determined by the prefactor k°~3 in front of the integral. This implies that,
for s-waves in the limit & — 0, the contribution of distances r > rg to the scattering amplitude
vanishes provided s > 3.

4.5.3 Energy dependence of the s-wave scattering amplitude

To analyze the k-dependence for scattering in the s-wave regime we use expression (4.18¢c]) to write
the s-wave scattering amplitude in the form

1

fo= kcotny — ik’

(4.83)
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Let us first look at the case of hard spheres of diameter a, where gy = —ka for all collision

energies (see Eq. (3.35))). Substituting this phase shift into Eq. (4.83)) yields with the expansion
(13.37)) for the cotangent
1 1
fo

= Fcot (—ka) — ik ka<1 —1/a+ Lak? — ik

(4.84)

For arbitrary short-range potentials we have to substitute expression ([3.107)) for the s-wave phase

shift into Eq. (4.83)),
1

fo k—0 —1/a + %rekQ — ik’
with r. given by Eq. (3.106). This expression may be refined by taking into account the weakest
bound level at energy Ej, = —h?x2/2p. In this case the phase shift is given by Eq. (3.110) and
fy 1 1 1
%20 —k + ire (K24 k2) —ik k1= ires(1+k2/K2) +ik/k
Here r, is the effective range defined by Eq. (3.111). For &k < k we reach the k — 0 limit for the
scattering amplitude,

(4.85)

(4.86)

1 1
— = _= _ 4.87
fo “ k1l—Kre/2 (4.87)
In the limit of a weakly-bound s-level (kr. < 1) this expression simplifies to
1 —h?
~ = 4.88
fox—3 2uEy’ (4.88)

showing that the scattering amplitude diverges with vanishing binding energy of the bound level.

4.5.4 Expressions for the cross section in the s-wave regime

Using Egs. (4.39) and (4.77) the cross-section for unlike atoms in the limit ¥ — 0 is found to be

Am o 2
0= ysinin & dma*. (4.89)

Similar we find, starting from Eq. (4.53)), for the cross section of bosons in the k£ — 0 limit

8 .
=13 sin? no o 8ra’. (4.90)
For fermions we find g
T . 4
o= ﬁ?) sin? o 8ma? (kay)" . (4.91)

With Egs. — we have obtained the quantum mechanical underpinning of Eq. for
the zero temperature limit (k — 0). Importantly, although the interaction energy (and therefore the
thermodynamics) differs dramatically depending on the sign of the scattering length a (see Section
this has no consequences for the kinetic aspects (such a the collision rate) because the cross
section depends on the scattering length squared.

For the example of the spherical square well of Section [3.3.4] we have an explicit expression in
the form of Eq. for the s-wave scattering length as a function of the well depth. Substituting
this expression into Eq. the cross section can be expressed as
tan koo ) 2

(4.92)

o = 4mrg (1 i

As shown in Fig. this expression shows resonances which may be associated with the appearance
of new bound states in the potential.
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Figure 4.4: Cross section as a function of the depth of the square potential well of section with the
atoms treated as distinguishable. Note that the cross section equals o = 4712 except near the resonances
at koro = (n + %)ﬂ' with n being an integer.

Problem 4.4 Show that for bosons in the limit k — 0 the k-dependence of the s-wave cross-section
is given by

8mra?

(1 — %kQaref + (k;a)Q’

~

where a is the s-wave scattering length and r. is the effective range of the interaction.
Solution: The s-wave cross section for bosons is given by

81 1
k2 1+ cot?no(k)

8

o= —sin’ny =

k2

Substitution of the effective range result cotng(k) ~ —1/ka + kre, see Eq. (3.107), directly yields
the requested result. »

4.5.5 Ramsauer-Townsend effect

Whenever the phase of a partial wave has shifted by exactly m with respect to the phase in the plane
wave expansion, the influence of the potential on the scattering pattern vanishes. This gives rise to
minima in the total cross section. The contribution of the involved partial wave vanishes completely
because sinn; = 0.

Let us look in particular to the case of bosons at relative energies such that all but the lowest
two partial waves contribute. At the first s-wave Ramsauer minimum we have 79 = 7. Hence the
d-wave contributes to the scattering in leading order. The differential cross-section becomes,

2
do(u) = %Z‘r’ sin®ny (3u® —1)% du, (4.93)
where we used the notation u = cos6 and substituted Py(u) = (3u? —1) /2. This expression

demonstrates that the differential cross-section will vanish in directions where w = +4/1/3 i.e. for
scattering over 6 ~ 53° or its complement with 7. The total cross section is given by

_ 8

730 sin? 1. (4.94)

g
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Problem 4.5 Show that in the limit k — 0 the cross-section of hard-sphere bosons of diameter a is
given by o = 8ma? and determine the value of k for which the first Ramsauer minimum is reached.

Solution: The cross-section for bosons is given by Eq. (4.53). For hard-sphere bosons the low
energy phase shifts are given by Eq. (3.31)),

~ — (ka)2H
Ulkﬂo (ka)

Hence, for ka < 1 all but the I = 0 phase shift vanish (to first order in ka) and

8
o= k—;r sin? g ot 8ma?. (4.95)
For hard spheres the radius of action is the sphere diameter, 7y = a, so we confirm that for ka < 1
we are in the s-wave regime. The Ramsauer minima are reached for (sinng) /k = 0, i.e. for ka = n,
where n € {1,2,3,---}. So the lowest Ramsauer minimum is reached for k = w/a. »

Problem 4.6 Show that for low energies, where only the s-wave and d-wave contribute to the
scattering of bosons in the same internal state, the differential cross section can be written in a
quadratic form of the type

e

do (u) 2

sin? 7 [1 + 2cos (no —n2) f (Mo, 2, u) + f? (M0, M2, u)] sin 6d6,

where u = cos O with 0 the scattering angle and

5 sin o 9
= -——703u" —1).
f(770a7727U) 2sinn0( U ) >
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Feshbach resonances

5.1 Introduction

In the previous chapters we only considered a single interaction potential to describe the scattering
between two cold atoms. Along this potential the atoms enter and leave the scattering center
elastically. However, in general the interaction potential depends on the internal states of the atoms
and when during the collision the internal states change the atoms may become trapped in a bound
molecular state. This is known as scattering into a closed channel. Similarly, the term open channel
is used for scattering into all states in which the atoms leave the scattering center, with or without
excess energy.

In this chapter we discuss how the spin dependence of the interatomic interaction gives rise to
both open and closed channels. The presence of closed channels affects the elastic collisions between
atoms when their energy is close to resonant with the energy of the atoms in the incoming channel.
In such a case we are dealing with a bound-state resonance embedded in a continuum of states.
Within the Feshbach-Fano partitioning theory one separates the resonance due to the bound state
from the background contribution of the continuumﬂ Such resonances are known in nuclear physics
as Feshbach resonances and in atomic physics as Fano resonances. In molecular physics they give rise
to predissociation of molecules in excited states or the inverse processEI In the context of ultracold
gases they are of special importance as they allow in situ modification of the interactions between
the atoms, in particular the scattering lengthﬂ The modification of the scattering length near a
Feshbach resonance was pioneered by B.J. Verhaar and his groupﬂ

5.2 Open and closed channels

5.2.1 Pure singlet and triplet potentials and Zeeman shifts

To introduce the concept of open and closed channels we consider two one-electron atoms in their
electronic ground state. At short internuclear distances (< 15 ag) the electrons redistribute them-
selves in the Coulomb field of the nuclei. As the electronic motion is fast as compared to the

1H. Feshbach, Ann. Phys.(NY) 5 (1958) 357; U. Fano, Physical Review 124 (1961) 1866.
2W.C. Stwalley, Physical Review Letters, 37 (1976) 1628.

3C. Chin, R. Grimm, P. Julienne and E.Tiesinga, Rev. Mod. Phys., submitted.

4E. Tiesinga, B.J. Verhaar and H.T.C. Stoof, Physical Review A, 47 (1993) 4114.
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Figure 5.1: Example showing the Ms = —1 branch of the triplet potential >3} (the ‘anti-bonding’ potential -
solid line) which acts between two spin-polarized hydrogen atoms. Choosing the zero of energy corresponding
to two spin-polarized atoms at large separation the singlet potential 12;‘ (the ‘bonding’ potential - dashed
line) is shifted upwards with respect to the triplet by 13.4 K in a magnetic field of 10 T. The triplet potential
is open for s-wave collisions, whereas the singlet is closed because its asymptote is energetically inaccesible

in low-temperature gases.

nuclear motion, the electronic wavefunction can adapt itself adiabatically to the position of the
nuclei. This effectively decouples the electronic motion from the nuclear motion and enables the
Born-Oppenheimer approximation, in which the potential energy curves are calculated for a set of
fixed nuclear distances (‘clamped nuclei’) and the nuclear motion is treated as a perturbation. The
potentials obtained in this way are known as adiabatic potentials.

The lowest adiabatic potentials correspond asymptotically to two atoms in their electronic ground
states. These are ¥ potentials because in its electronic ground state the molecule has zero orbital
angular momentum (A = O)E Depending on the symmetry of the electronic spin state the potentials
are either of the singlet and bonding type X 12;‘, subsequently denoted by Vi(r), or of the triplet
and anti-bonding type a3X, further denoted by V;(r). To assure anti-symmetry of ¥ molecular
states under exchange of the electrons, the symmetric spin state (¢riplet) must correspond to an odd
(ungerade) orbital wavefunction. Similarly, the anti-symmetric spin state (singlet) must correspond
to an even (gerade) orbital wavefunctionﬁ

For our purpose it suffices to represent the interatomic interaction by an expression of the form

V(r) =Vp(r)+ J(r)s; - sa, (5.1)

where Vp(r) = 1[Vi(r) + 3V;(r)] and J(r) = V,(r) — Vi(r) are known as the direct and exchange
contributions, respectively. Asymptotically, Vp(r) describes the Van der Waals attractive tail. The

exchange J(r) may be parametrized with a function of the typ(ﬂ
J(r) = Jorza ~tem207, (5.2)

where —a? /2 is the atomic ionization energy and r both Ba and r in atomic units. As this function
decays exponentially with internuclear distance, beyond typically 15 ag the exchange interaction

5The molecular orbital wavefunctions are denoted by ¥, II, A, --- corresponding to A = 0,1,2,--- , where A is

the quantum number of total electronic orbital angular momentum around the symmetry axis.

6The superscript + refers to the symmetry of the orbital wavefunction under reflection with respect to a plane
containing the symmetry axis.

"B.M. Smirnov and M.S. Chibisov, Sov. Phys. JETP 21, 624 (1965).
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may be neglected and V;(r) and V(r) coincide. Introducing the total electronic spin of the system,
S = s;1 + sq, with corresponding eigenstates |s1, s2,S, Mg), the spin-dependence can be written in
the form s - s9 = % (82 —s? — S%) Because s? and s3 only have a single eigenvalue (3/4 for spin
1/2) in the |s1, 82, S, Mg) representation, the eigenvalues may replace the operators, which results
in the simplified expression

1

18 =187 — (5.3)

and allows us to write the spin states more compactly as | S, Mg), with S € {0,1} and =S < Mg < S.
One easily verifies that V(r)|0,0) = Vs(r)|0,0) and V(r) |1, Ms) = Vi(r)|1, Mg), thus properly
yielding the singlet and triplet potentials.

In the presence of a magnetic field the molecule experiences a spin-Zeeman interaction, which
also depends on the total electron spin,

3
1

Hz =7es1-B+7es2-B=7.S-B, (5.4)

where v, = gspp/h is the gyromagnetic ratio of the electron, v, /27 = 2.802495364(70) MHz/Gauss,
with g5 &~ 2 the electronic g-factor and pp the Bohr magneton. Therefore, the states with non-zero
magnetic quantum number M will show a Zeeman effect causing the triplet potential to shift up
(Mg = 1) or down (Mg = —1) with respect to the singlet potential,

AEZ :gs,uBBMS. (55)

In Fig.[5.] this is illustrated for the case of hydrogen in the Mg = —1 state and for a field of
B =10 T. The triplet potential is open for s-wave collisions in the low-energy limit, whereas the
singlet is closed because its asymptote is energetically inaccesible in low-temperature gases. The
highest bound level of the singlet potential corresponds to the |v = 14, J = 4) vibrational-rotational
state of the Hs molecule and has a binding energy of 0.7 £ 0.1 K. Note that the triplet potential
is so shallow that it does not support any bound state. This is an anomaly caused by the light
mass of the H-atom. In general both the singlet and the triplet potentials support bound states.
By adjusting the magnetic field to B ~ 1 T the asymptote of the triplet potential can be made
resonant with the |v = 14, J = 4) bound state. The consequences for an electron-spin polarized gas
of hydrogen atoms was observed to be enormous because even a weak triplet-singlet coupling gives
rise - in the presence of a third body - to rapid recombination to molecular states

5.2.2 Radial motion in singlet and triplet potentials

To describe the relative motion in the presence of triplet and singlet potentials we follow the proce-
dure of section [2.3] asking for eigenstates of the hamiltonian

H= = 2+L—2 + Vs(r) (5.6)
72# Dy 2 S\T). .

This hamiltonian is diagonal in the representation {|Rf, l ml> |s1, 82,5, Mg)}, where (r ’Rf, [ ml> =
RP(r)Y;™(0, ¢). Restricting ourselves to specific values of s1, s2, S and [ the eigenvalues may replace
the operators and the hamiltonian (5.6)) takes the form of an effective hamiltonian for the radial
motion

2 2
D ll+1)h
Hrel = 277‘ + %
w 2ur
The corresponding Schrodinger equation is a radial wave equation as introduced in section which
for given values of s1, s, S5 and [ is given by

+Vi(r) + J(r)S (5.7)

2
Rg, + ;R/s,l +[e = Us,(r)] Rs,; = 0, (5.8)

8M.W. Reynolds, I. Shinkoda, R.W. Cline and W.N. Hardy, Physical Review B, 34 (1986) 4912.
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with Us(r) = (2u1/h?) Vs, (r) and

L1+ 1) 12

Vs(r) =Vi(r)+ J(r)S + 2y

(5.9)

represents the effective potential energy curves for given values of S and .
For £ > 0 (open channel) the solutions of Eq.(5.8) are radial wavefunctions R; s (k,7) = <’I“|R;?,l>
corresponding to a scattering energy in the continuum,

ep = k% (5.10)

For & < 0 (closed channel) the solutions of Eq.(5.8) are radial wavefunctions R, s (r) = <T\Ril>
corresponding to the bound states |1/Jf ;) of energy

e =—rlg+I(I+1)R] (5.11)

v,

where RS, = (RJ|r—2|RS,) is the rotational constant. In Fig. the five highest ro-vibrational
energy levels are shown for the singlet potential of hydrogen. Note the increasing level separation.

5.2.3 Coupling of singlet and triplet channels

Aside from the electron spin also the nuclear spin i couples to the magnetic field B, which is known
as the nuclear Zeeman interaction,

Hy = —ni- B, (5.12)

where 7, = gpun/h is the gyromagnetic ratio of the nucleus and p,, the nuclear magneton. Thus,
the states with non-zero magnetic quantum number m,; will show a Zeeman effect,

AEZ = gnuNBmi. (513)

A weak coupling between the triplet and singlet channels arises when including the hyperfine
interaction of the atoms

Hue = (ane1/B?) i1 - 1+ (ane2/h%) iz - s2, (5.14)

where i; and iy are the nuclear spins of atom 1 and 2, respectively. In general the two hyperfine
coefficients differ (anf1 # ant2). For instance, in the case of the HD molecule, the two hyperfine
coefficients correspond to those of the hydrogen and deuterium atoms. Eq. can be rewritten
in the form Hys = ’H]Tf + H, ¢, where

Hi = (ane1/212) (51 £52) - i1 £ (ane2/202) (581 £ 82) - o (5.15)

For ansy = anrs = ans these equations reduce to
Hi = (ane/2h2) (31 £82) - (11 £12).- (5.16)
Because H}Tf depends on the total electronic spin S = s; + s5 it may induce changes in Mg but
the total spin S is conserved, i.e. Hf{f does not couple singlet and triplet channels (see problem

5.1). On the other hand the term H;, does not conserve S but transforms triplet into singlet and
vice versa (see problem [5.2]).

Problem 5.1 Show that Hgf as defined in Eq. does not induce singlet-triplet mizing.
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Solution: Because Hﬂ'f depends on the total electronic spin S = s; + s; we can use the inner

product rule (2.32)) to write Eq. (5.15)) in the form
H = Z,y (angy/20%) {Sziqz + & [Syiq— 4+ S_iyy]}, (5.17)

where v € {1,2} is the nuclear index. Hence, although M, may induce changes in Mg the total
spin S is conserved

Problem 5.2 Show that Hy; as defined in Eq.(5.15)) transforms singlet states into triplet states and
vice versa.

Solution: We first write Eq. (5.15) in the form
H}Tf = Z—Y (—)V71 (ahf7/2ﬁ2) {(Slz — 82z> i’yz + % [(51+ — 82+) i,y, + (81, — 82,) i,er]} . (518)

Acting on the singlet state |S, Mg) = 10,0) = /1/2[|T]) —|11)] the components of the difference
term (s1 — s2) yield

(812 — 82,)10,0) = R|1,0); (s14 — $24)0,0) = |1,1); (s1— — $2-)]0,0) = h|1,—1) (5.19)
Acting on the triplet states non-zero results are obtained only in the cases
(812 — $22) |1,0) = (s1— — s2-)|1,1) = (s14 — s24)|1,—1) = |0,0). (5.20)

Hence, the H,; operator transforms triplet into singlet and vice versa.

5.2.4 Radial motion in the presence of singlet-triplet coupling

To describe the radial motion in the presence of singlet-triplet coupling we extend the effective
hamiltonian for the radial motion H,e with the electronic plus nuclear Zeeman term

HZ = "}/eS -B — "ylil'B — ’)/QiQ'B, (521)

with «; and -5 the gyromagnetic ratios of the nuclei 1 and 2, and the hyperfine terms given by

Eq. (5.14),
H = Hrea + Hz + H + Hyy (5.22)

The first two terms of this hamiltonian are diagonal in the {|RlS, l ml> |s1, 82,5, Mg) i1, 2, m1,m2)}
representation, the third term gives rise to hyperfine coupling within the singlet and triplet manifolds
separately and the last term is purely off-diagonal and non-zero only when connecting the singlet
and triplet manifolds.

To find the eigenvalues of the Schrodinger equation H |¥) = E'|¥) we have to solve the following
secular equation

‘(S’, M, mly, mb| (RS [H — E|RS) |S, Mg, my, ma)| = 0. (5.23)

Here we used the property of the hamiltonian that it does not mix states of different [ and m;.
Because this hamiltonian also conserves the total angular momentum projection Mp = Mg+mq+ms
only matrix elements with Mg 4+ m) + m)j = Mg 4+ mq + mgy are non-zero. Importantly, all terms
of the hamiltonian except the singlet-triplet mixing term H,; conserve S and, hence, are
diagonal in the orbital part |RlS >

With regard to the mixing term H, ; we first consider singlet-triplet coupling in the closed channel.
This involves coupling between the bound states (possibly quasibound states) of the singlet |RY ;)

9Note that St |S, Mg) = hy/S (S +1) — Mg (Mg £ 1) |S, Mg £ 1).
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potential with those of the triplet potentials, |R11},)l>. Then, we can factor out the radial integral
and using He|RY ;) = €5 )[Ry ;) the secular equation becomes for given I

l,v’<S/a M./S’7m/17m/2|HZ + H}Tf + <R§’/,I|R§,I>H1?f + Eg,l —-F |S, M57m17m2>l,v =0,

Note that <Rf,/,l|R§7l><S’|H}:f\S> = 0 unless S # S’. The overlap integral <Rf,l,l|Rf’l> is a so-called
Franck-Condon factor.. For most combinations of vibrational levels these are small, (Ry, ||R; ;) < 1.
Small distances (typically r < 15a0) do not contribute to the overlap because the exchange dominates
and the potentials (and hence also the wavefunctions) differ a lot. Further, the location of the outer
turning points will generally be quite different causing also the overlap of the outer region to be
small. In such cases the singlet-triplet coupling may be neglected and the secular equation for given
I reduces to the form

|10 (S, MG, m), mh|Hz + Hiy + €5, — E|S, Mg, m1,ma)| = 0. (5.24)

This equation is solved by a diagonalization procedure. Note that Eq. factorizes into a singlet
and a triplet block. A good example of the absence of singlet-triplet coupling between bound states
is the case of hydrogen, in the present context HD, because the triplet potential does not support
bound states.

Asymptotic bound states

An important exception can happen in the presence of asymptotically bound states in both the
singlet and triplet potential. These are states for which the outer classical turning point is found at
inter-nuclear distances where the exchange is negligible (typically r = 15a9). Whenever the binding
energy of an asymptotically bound state in the singlet potential |R8 ;) is close to resonant with the
binding energy of an asymptotically bound state in the triplet potential |R71/,z> the Franck-Condon
factor of these states is close to unity, <R2',1|R11;,1> ~ 1. In such cases the secular equation may be
approximated by

Lo (87, Mg, mh, mb|Hy + Hus + €5 — E[S, Mg, my,ma), | =0 (5.25)

and the energy eigenvalues follow again by diagonalization. A good example of nearly complete
Franck-Condon overlap is the case of SLi**K[[7] In Fig.[5.2] we show for this system the level shifts
as a function of magnetic field for the case Mp = Mg + mi + mo = —3.

5.3 Coupled channels

5.3.1 Pure singlet and triplet potentials modelled by spherical square wells

potential represented by a square well of range 79 shown as the solid line in Fig.|5.3, with V;(r) = —x2

for r < rog and Vi(r) = 0 for r > rg, i.e. open for s-wave collisions at energy ¢ = k2. Similarly,
the singlet potential is represented by a square well of the same range r(, the dashed gray line in
Fig. with Vi(r) = —k2 for r < 1o, measured relative to the asymptote of the triplet potential at
e = 0 and Vi(r) > k? for 7 > rg, i.e. at the energy € = k? only supporting bound states because
its asymptotic energy is much higher than the collision energy. In the present example pure triplet
and singlet potentials are associated with open and closed s-wave scattering channels, respectively.

Let us model a two channel system with square well potentials like in section [3.3.4] with the triplet
5 L

0E, Wille et al., Physical Review Letters 100, 053201 (2008).
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Figure 5.2: Energy levels of *Li**K for the I = 0 (curved drawn lines) and I = 1 (curved dotted lines)
molecular bound states as a function of magnetic field. The horizontal lines represent the highest bound
states in the pure singlet (Eo) and triplet (E1) potentials. The energy shift of the open channel of atoms in
the |%Li; 1/2,1/2) and |*°P;9/2, —7/2) states carry the experimental data points.

For the triplet potential the radial wave function is given by Eq. (3.45)). The full radial wave-
function, including spin part, describing the motion in the open channel is written as

in(k

[%0) = w [1,ms)  forr>r (5.26a)
in K

|tho) = % 11, ms) for r <o (5.26b)
+

where K = y/k2 + k2 is the wavenumber of the relative motion.
The singlet potential only has bound-state radial wave functions with the full wavefunction
describing the motion in the closed channel being written a@

[the) =0 for r > rq (5.27a)
o) = sin K_r

= |0, 0) for r < rg. (5.27b)

Bound states occur for K_ry = nm = q,ro, i-e. for energies €, = g2 with respect to the potential
bottom at . We have K_ = /2 + k2 for the wavenumber of the relative motion at the collision
energy ¢ = k?. where V,(r) = —k?2 for r < ry corresponds to the depth of the singlet potential (see
Fig.[5.3). The energy . = &, — k2 — k? defines the energy of the n-th bound state of the closed
channel relative to € = k? and can be positive or negative.

5.3.2 Coupling between open and closed channels

In this section we consider the case of a weak coupling €2 between the open and the closed channelE
In the presence of this coupling the interaction operator of the previous section takes the form

U(r) = —r2|1,ms) (1,mg| — £210,0) (0,0] + 2 {]0,0) (1,mg| + [1,ms) (0,0]} forr <ry (5.28)

Here we presume for simplicity Vi (r) — oo for r > 7g.
128ee Cheng Chin, cond-mat /0506313 (2005).
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Figure 5.3: Plot of the potentials corresponding to the open (black solid line) and closed (gray dashed line)
channel with related notation. The asymptote of the closed channel is presumed to be at a high positive
energy and is not shown in this figure.

with U(r) = 0 for r > ro. Here we used the definition U(r) = (2u4/h*) V(r). The coupling will mix
the eigenstates of the uncoupled hamiltonian into new eigenstates |+ ) and cause the wavenumbers
K to shift to new values which we shall denote by ¢.

Turning to distances within the well (r < ry) we note that for arbitrary triplet-singlet mixtures
the solutions of the corresponding 1D-Schrédinger equation

[—V2+ U] o =< ) (5.29)

should be of the form
[x) = Asingr{cosf|1,mg) +sin6 |0, 0)} for r < rg (5.30a)
[x) = sin(krg + no) |1, ms) for r > rg. (5.30b)

Here the coupling angle 6 defines the spin mixture of the coupled states such that the spin state

remains normalized. For § = 0 the wavenumber ¢ corresponds to the pure triplet value (¢ = K)

and with increasing 6 the wavenumber crosses over to the pure singlet value ¢ = K_ at 8 = 7/2.
Substituting Eq. into the 1D-Schrédinger equation we obtain two coupled equations

(1Lmg| [-V2+U(r) — k%] |x) = Asingr {[¢* — k2 — k*] cos 6 + Qsinf} =0 (5.31a)
(0,0[ [-V2+U(r) — k*] [x) = Asingr {Qcosf + [¢* — k2 — k*] sin6} = 0. (5.31b)
The solutions are obtained by solving the secular equation
2,2 2 0
la 5 ] ] ' —0, (5.32)

which amounts to solving a quadratic equation in (q2 — k2) and results in

1 1
=K+ 3 (K2 +K2) £ 5\/(53 — k2)? +402. (5.33)
For weak coupling, i.e. for Q < k2, k2 and |I€3 — Kz|, and presuming x2 — k2 > 0 as in Fig./5.3[ the
two solutions can be expressed in terms of shifts with respect to the unperturbed wavenumbers

QQ

2 _ 2
qi—Kiim‘F“'. (534)
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Note that the coupling makes the deepest well deeper and the shallowest well shallower.
The eigenstates corresponding to the new eigenvalues g+ can be written as

Ix+) = Axsingyr|+), (5.35)

where we introduced the notation |+) = cos 4 |1, mg) + sin 4 |0,0). To establish how 61 depends
on the coupling €2 we return to Eqs. and notice that these equations should hold for arbitrary
values of < ry. Using the upper equation to fix #; and the lower equation to fix #_ we find for
the limit of weak coupling

2 2
tanf, =cotf_ = — q ~ — Z ) (5.36)

o —

Hence for weak coupling the coupling angles satisfy the relation 0, = (n +1/2) 7 — 6_ = 6 and the
spin states are given by
|+) = +cos@|1,mg) +sind |0, 0) (5.37a)
|-) = —sinf|1,mg) + cos|0,0) . (5.37b)

Having established the effect of the coupling 2 on both g+ and 61 we are in a position to write
down the general solution of the radial wave equation for r < rg,

singqr sing_r

) = Ay l+)+ A

o wr (5.38)

To fully pin down the wavefunction and to obtain the phase shift in the presence of the coupling we
have to impose onto |¢) the boundary conditions at r = ry. Because for r > r¢ the wavefunction is
a pure triplet state we rewrite Eq. in the form [¢(r)) = ¢.(r) |1,ms) +1s(r) |0,0), expressing
the effect of the coupling on the triplet and singlet amplitudes,

[th(r)) = {A+ cos 2T 4 sin@smqr} I1,mg) +
q+r q-r
+ {A+ sin 02 LA cos 92 qr} |0,0) . (5.39)
qa+r q-r

We notice that the amplitudes 1 (r) and ¥(r) consist of two terms, one term displaying the spatial
dynamics of the |t (r)) eigenstate of the coupled system and another term doing the same for the

| (r)) state.
At the boundary the singlet amplitude 9)4(r) should vanish, which implies the condition

A g
o= _w tan . (5.40)
Ay gysingorg

Further, the amplitude v (r) of the triplet component should be continuous in 7 = 7, which implies

bolre) = KO =) _ {Cosgsmqm _ Asmgmqro}_ (5.41)
krg q4+To A+ 4-To

In combination with Eq. (5.40) this equation can be rewritten in a form defining the Ay or A_
coefficients independently,

sin(kro +-m0) _ singyro Ay  sing_rg A_

= . 5.42
kro qyro cosf q_ro sinf ( )
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Using this result in imposing continuity on the logarithmic derivative ;(r)/1¢:(r) of the triplet
amplitude in r = ry we obtain

Ecot(kro + 1) = g4 cot qprocos? 8 + q_ cot q_rosin’ 0 = Q4 + Q_ = Q, (5.43)

which reduces in the limit k¥ — 0 to

. 1_ =Q++Q-. (5.44)
0 a

The first term on the r.h.s. gives the contribution of the triplet channel to the scattering length.
As this is the open channel it is only marginally affected by the weak coupling to the closed channel.
Comparing with Eq. (3.47) and approximating cos? ~ 1 and ¢, ~ K this term is written as

g+ cos? N 1

Q+ (5.45)

Ctangyrg  To — Gpg
where apg is known as the background scattering length. To first approximation ap, simply equals
the scattering length in the absence of the coupling.

The second term on the r.h.s. of Eq. is the contribution of the closed channel. In general
this term will be small because the coupling angle 8 is small in the limit of weak coupling. However,
an important exception occurs for g_rg = nm, when this term diverges. This happens when a bound
state of the closed channel is resonant with the collision energy € = k2 in the open channel. Defining
e as the energy of the n-th bound state relative to € = k2, the resonance condition for this state
can be written as g,r0 = nm = ro\/k2 + k? + .. For |e.| < k2 + k? this enables the expansion
q— = K2+ k% ~q, (1 —&./2¢2 + - ) In accordance, the denominator of the second term of
Eq. can be expanded as tang_rg ~ —e.79/2q, and approximating g_ ~ ¢, ~ k. we obtain

g sin? @ 2262
© tanq_ro .o

Thus, combining Egs.(5.45) and (5.46]), we arrive at the following important expression for the
scattering length:

Q-

(5.46)

1 __1 7 (5.47)
o —a To — Qpg Ee
where v = 2k262 /r( is known as the Feshbach coupling strength. Eq. shows that the scattering
length diverges whenever ¢, is small. Hence, the divergence occurs whenever the coupling connects
the open channel to a resonant level in the closed channel. This resonance phenomenon is known
as a Feshbach resonance.

5.3.3 Feshbach resonances

In this section we characterize Feshbach resonances in a system of one closed and one open channel
using the model potentials of the previous section. As a starting point we note that resonances
occur whenever

kcotng =0 ny = (n+ 3)m. (5.48)

Indeed, in this case the scattering amplitude diverges in accordance with the unitarity limit,

1 1

Jo= kcotny — ik Tk

(5.49)

Our first task is to obtain a criterion for the occurrence of Feshbach resonances. Writing the
boundary condition (5.43)) in the form

_k
Q+ +Q-

no ~ —krg 4+ tan™! (5.50)
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We can expand ¢_ cot ¢_rp around the points of zero crossing. Writing ¢_ = [k2 + (kpes + 5kz)2]1/2,
where 6k = k — kyos, we have for [0k|kyes < Q2% = K2 + k2

res res

-~ [Kg + ko + 206k hres]'/? 2 Qres + 0k Kres / Qres. (5.51)

2

res

Hence, close to the zero crossings (|§k|l<:reS < Q ) we may approximate q_ ~ (..s and obtain

E 1 (k4 ke
QJr + Q* N Q+ + ok T092 B Q+ + (k2 - k?eS)T() .

Using this expression the resonant phase shift can be written as a function of the collision energy
E = h%k?/2u

(5.52)

-T/2
5Eres + E— Eres’

where T'(k) = h? (k + kyes) /(170 sin 6?) is called the width and Eyes — 0 Fres = h2k2.,
position

tan Nyes = (5.53)

/21 — 6 Eres the

h?(k+ kres) 7o
2urg (ro —a)
we can apply the angle-addition formula for the tangent. Restricting ourselves to slow collisions
(krg < 1) the boundary condition becomes

1 k2r2 4 ...
kcotmy = Qro + k7rg +

— . 5.54
To 1+ k213 — (Qro + k*>rd)(1 + $k2r3 + -+ ) (5:54)

For simplicity we restrict ourselves in the rest of this section to cases without resonance structure
in the open channel, i.e. Q179 =~ 1 for krg < 1. Comparing Eqgs. (5.48)) and (5.50] the criterion for
the occurrence of a Feshbach resonance is found to be

Qro+k*rd ~1+Q_ry=0. (5.55)

Deviding Eq. 1) in numerator and denominator by (Q + k2rg + - ) the boundary condition

takes the form L

1
kcotnyg = — , 5.56
o To ares(k‘)—ro(l—kékzrg—i--“) (5:56)
where a,.s(k) is the k-dependent resonant contribution to the scattering length
To
res(k) = ———. 5.57
() = (557)
In this notation the scattering amplitude and the cross section are given by
ares(k) —ro(1+ 3E2rd + )
= 5.58
fo 1 — ik[ares (k) — 7o) (5:58a)
k) — 2
o(k) = 4 —L2realk) ~ 7o) (5.58b)

14+ k2[apes(k) —ro]?”

Here we used a,es(k)k*ry < [ares(k) — 70]. Since a,..s(k) diverges tangent-like (or cotangent-like)
around k = k,.s we find that the cross section has an asymmetric lineshape (provided ro # 0),
and is zero when a(k) = 79. Note that the cross section changes-over from the value o = 47r?
for conditions far from resonance (a,.s = 0) to o = 47 /k? exactly on resonance. Introducing the
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‘overall’ scattering length —a = a,..s(k) — ¢ the expression for the cross section takes the well known

general form
2

a
and a is given by
1
a=ro (1 - ) . (5.60)
1 -+ Q—TO

What remains to be done is to write the scattering length as a function a = a(B, E) of colli-
sion energy F and magnetic field B. For this purpose we expand (Q_rg around the value —1.
Restricting ourselves for convenience to deep potentials (k.rg > 1) we note that g_ro > 1 and
Q_ro = q_rocot q_rosin?0 = —1 for q_ry ~ (n+ %)TF Recalling the boundary condition for the
bound states in the closed channel, ¢,r¢9 = nm and accounting for the change in well depth ,
— (k2 — K2) tan? 0, we obtain q_ro = ro\/k2 — (k2 — k2) tan® 0 + k2 + &, — £, which we write for
purposes of the expansion of cot g_rg around ¢, + %71’ in the form

q-10 = (quro + 37) — 37 — 2eur0/qn — 3 tan® 0 (k2 — K2) 15 /qn.

For very weak coupling,
o\ otan?d

(2 - ) g

N[
A

we can neglect the change in well depth and obtain
1+Q_rog=1+q_rgcotq_rosin®6
=1- %ﬂang sin? 6 + %snrg sin? 0 (1 + %snro/qn) ,

where the expansion of the cotangent is only valid as long as %&J‘o /Gn <K %ﬂ'. Furthermore, for very
weak coupling, %TFanO sin? § < 1, we may further approximate,
1 T2
1+Q-ro T/2+4¢e,

Here T' = (2/rsinf)® is the resonance width. Substituting &, = k2 — k2, with k2 representing
the resonance energy relative to the asymptote of the open channel at the magnetic field of the
measurement, we obtain

1 _ HretAB
1+Q-mo U7'eZAB + Lrel (B - Bn) - h2k2/2u.

Thus, the resonance is observed at the field where By = B,, — Ap

h? 2

A= ———5—

B 241 13 sin? 0

:u'relAB
= 1 . 5.61
e=r < * R2E2 /20 — pirer (BBO)) ( )

The phase shift is given by
kroirer A

no = —kro — tan~* [Ofrel 215 (5.62)

h2k2/2u = Mrel (B - BO) .
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scattering length a/r:%g
[=) =
g

)

0 1 2 3 4 5 6
magnetic field B (arb. u.)

Figure 5.4: Example of the magnetic field dependence of a scattering length in the presence of a Feshbach
resonance. Note that far from the resonance the scattering length attains its background value apg.

5.3.4 Feshbach resonances induced by magnetic fields

In general, the potentials corresponding to the open and the closed channels will show different
Zeeman shifts when applying a magnetic field B. This opens the possibility of tuning of the scattering
length near Feshbach resonances. Let us analyze this for the spin 1/2 atoms of section The
bound states in the closed channel correspond to singlet states and they can be Zeeman shifted with
respect to ¢ = 0 asymptote of the Mg = —1 triplet channel with the aid of a magnetic field. A
given singlet bound state at energy FE. = (h2 / m) €. will shift with respect to the triplet asymptote
in accordance with
EC(B) =F.+ ,LLMB,

where pps is the difference in magnetic moment of the two channels. In this particular case
pa = 2pp. Replacing e. by ec(B) = ec + pa (m/h?) B = pag (m/h?) (B — Bhres), where Byes =
— (h?/m) ec/par is the resonance field Eq. can be written as

1 1 B,
= — , 5.63
ro—a ro—apg (ro — abg) (B — Bres) ( )

where we introduced B, = (h?/m)« (apy — 70) /1tar, a characteristic field reflecting the strength of
the resonance and chosen to be positive for ayy > 9. Eq. (5.63) can be rewritten as

(TO - abg) B’y AB
= 1 - 1 - . 4
4= Gbg { + by B — B,.s + B, by B—-By)’ (5.64)

where Ap = B, (1o — ayg) Jarg = (h?/m) v (apy — 7o) Javgpens is the Feshbach resonance width,
again chosen to be positive for ayy > ro, and By = B,.s — B the apparent Feshbach resonance field.
Not surprisingly, in case of weak Feshbach coupling (B, < Bys) one has By ~ B,., and Eq. (5.64)

reduces to A
a~ ay, (1 B) . (5.65)

B - Bres
Note that for ap, > ro the scattering length first decreases with increasing field until the resonance is
reached; beyond the resonance the scattering length increases until the background value is reached
(See Fig.|5.4). For ap, < 0 this behavior is inverted.

Zeeman tuning of a Feshbach resonance is an extremely important method in experiments with
ultracold gases as it allows in situ variation of the scattering properties of the gas. When the energy
width of the resonance is large as compared to a typical value for k? the term broad resonance is
used. In this case all atoms experience the same scattering length. When the resonance is narrower
than k2 the scattering length is momentum dependent and one speaks of a narrow resonance.
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Kinetic phenomena in dilute quasi-classical gases

The statistical theory of Chapter [1| was developed to describe the equilibrium properties of gaseous
systems. This does not provide us information about the time scales on which the equilibrium
is reached. Thermal equilibrium in dilute atomic gases arises as the result of random collisions
between the atoms. which is the domain of kinetic theory. In the present chapter we discuss how
binary collisions affect the phase space distribution of a dilute gas of neutral atoms moving quasi-
classically under the influence of an external potential. To keep the discussion general we allow for
the presence v components, in principle all experiencing different confinement potentials, I;(r) with
ie{l,-- v}

6.1 Boltzmann equation for a collisionless gas

Let us presume that at a given time ¢ the phase-space distribution of a dilute gas of neutral atoms is
given by the dimensionless distribution function f(r,p,t), not necessarily the equilibrium function.
The quantity f(r,p,t) represents the phase-space occupation at point (r,p); i.e., the number of
atoms at time ¢ present within an elementary phase space volume (27rﬁ)3 near the phase point
(r,p). In quasi-classical gases this occupation is small, f(r,p,t) < 1. We ask for the evolution
of f(r,p,t) as a function of time. The number of atoms at time ¢ present within an infinitesimal
volume drdp in phase space near the phase point (r,p) is given by (27rh)73 f(r,p,t)drdp. In the
absence of collisions the same number of atoms will be found at a slightly later time ¢ = ¢+ dt in a
slightly displaced and distorted volume dr’dp’ near the phase point (r’,p’). Hence,

f(',p',t)dr'dp’ = f(r,p,t)drdp. (6.1)

The points (r, p) and (r/, p’) are related by a coordinate transformation in phase space, which follows
from the Newton equations of motion,

v =r+rtdt=r+ (p/m)dt (6.2a)
p =p+pdt=p+Fdt, (6.2b)
where p = F = —gradl/(r) is the force imposed on the atoms by the external potential U(r).

Fortunately, the Jacobian of the transformation dr'dp’ = |9 (r/,p’) /0 (r,p)|drdp is unity (see
Problem . Therefore, Eq. (6.1]) can be written in the form

flr+rtdt,p+pdtt+dt)— f(r,p,t) =0. (6.3)

105
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Physically this means that the phase space density is conserved for an observer moving along with
the atoms, which expresses the Liouville theorem. By Taylor expansion of f(r+1&dt,p+pdt,t+dt)
in Cartesian coordinates to first order in dt Eq. (6.3) takes the form Df(r,p,t)dt = 0, where D is
the differential operator defined byfl]
.0 . 0 0 o

Dzria—m +pi5’7pi+§ with i € {z,y, z}. (6.4)
Hence, Eq. (6.3) holds when the linear partial differential equation D f(r,p,t) = 0 is satisfied. This
equation is called the Boltzmann equation for collisionless classical gases. In vector notation it takes
the form

0 0 0
LS. ,p,t) =0, 6.5
(i 40 5o+ 57) St (65)
where 0/0r = 0, = V and 9/0p = 0, are the gradient operators in position and momentum space,
0/0t = 0, the partial derivative with respect to time, # = v the atomic velocity and p = F the force

on the atoms. Thus, Eq.(6.5)) also can be written in the compact form
(v'al‘+F'ap+at)f(r)p,t):Oa (66)

Solving a partial differential equation with 7 variables is in general a non-trivial task. In contrast,
it is easy to verify that the equilibrium distribution function fy(r,p,t) for ideal gases obtained in
Chapter (1| is indeed a solution of Eq. ,

fo(r,p,t) = ngA> exp[—Ho(r,p)/kpT). (6.7)

Here Hy(r,p) = p?/2m + U(r) is the classical Hamiltonian for atoms of mass m in the external
potential U(r), ng = N/V. the central density for a cloud of N atoms with V. = [ exp[—U(r)/kpT]dr
the effective volume and A = (27h? /mkpT)"/? the thermal wavelength, both at temperature T". For
the left hand side of Eq. we obtain with Eq.

ou
87",;

which indeed evaluates to zero since —(0U/Or;) = F; = p; and p;/m = v;.

Dfo=—viz—fo— Fi%fO» (6.8)

Problem 6.1 Show that the Jacobian for the transformation
a(r',p’)
d(r,p)

describing the infinitesimal distortion of an infinitesimal volume in phase space as a result of free
evolution in time 1s unity.

dr'dp’ = ‘ drdp, (6.9)

Solution: The free evolution in the x direction is described by
¥ =x+adt=1z+ (ps/m)dt
plx :pm+pzdt:pm+det-

Hence, the Jacobian for the transformation in the z direction dz’dp, = |0 (2',p)) /0 (%, ps)| dzdp,
is given by

d(x',p,) | 0a'/ox 0x'/Ops 1 (1/mydt | _, _ OF

d(x,ps) | Opp/Ox Op,/Opx | ‘ (9F,/dx) dt 1 oL
The Jacobian of the transformation is given by the modulus of the product of three such terms.

Since the deviation from unity vanishes quadratically with dt the Jacobian becomes unity in the
infinitesimal limit. »

(dt)?.

Here we use the Einstein summation convention for repeating indices.
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6.2 Boltzmann equation in the presence of collisions

The obvious challenge is to include collisions in the Boltzmann equation. Starting again from the
phase-space occupation f(r,p,t) of a dilute atomic gas at time ¢ trapped in the external potential
U(r), we note that on a time scale ¢ < 7, i.e. short as compared to the average time interval 7
between two collisions of the same atom, the time evolution of f(r,p,t) remains governed by the
Newton equations of motion . This holds certainly for the infinitesimal time dt. However, even
during the time dt atoms can scatter into or out off the infinitesimal volume drdp during its motion
from point (r,p) to point (r + Idt,p + pdt) in phase space. Denoting the infinitesimal change in
the number of atoms over the period dt by (27rh)73 [e(r,p,t)drdpdt Eq. has to be replaced by.

f(r+1tdt,p+ pdtt+dt)dr'dp’ = f(r,p,t)drdp + Tc(r, p, t)drdpdt. (6.10)

Taylor expansion of f(r+ 1 dt,p+ pdt,t+dd) in Cartesian coordinates to first order in dt yields for
the total time derivative of the phase space occupation

= ) =1 S R A A 11
g/ o) = lim 5t o TPt (O
Combining Egs. (6.10) and (6.11]) we obtain after subsitution of # = v and p = F
(V'ar+F'ap+at) f(r7p7t) :Fc(rvpvt)‘ (612)
In shorthand notation this equation becomes
df
L =Df=T,, 1
. =Df (6.13)

where f = f(r,p,t), I'c = Tc(r,p,t) and D is given by Eq. (6.4). Equation (6.12)) is called the
Boltzmann equation and

Lo(r,p,t) =T (x,p,t) + T (r, p. t) (6.14)

is the collision term, the net rate at which the phase-space occupation f(r,p,t) increases (+) or
decreases (—) at point (r,p) and time ¢.

To obtain an expression for the collision term we analyze in the coming sections the elementary
collision processes. We restrict ourselves to elastic collisions. Before the collision the motion of the
atoms is presumed to be uncorrelated. This is called the assumption of molecular chaos. In dilute
gases this fundamental approximation is well satisfied because the collisions occur as well-separated
binary events. Further, as the collisional behavior depends on the properties of the colliding atoms,
the collision rate depends on the composition of the gas. Therefore, to keep the discussion general
in this respect we presume the gas to consist of ¥ components.

6.2.1 Loss contribution to the collision term

For a dilute gas of v components the rate of loss of phase-space occupation of atoms of type i €
{1,2,--- ,v} at point (r, p;) and time ¢ as the result of collisions with atoms of type j € {1,2,--- ,v}
is given by

_ - 1
I (r,pi,t) = *Z fi(l‘,Pi,t)(%T)g /de fi(x.pj, t)vijoij(vij). (6.15)
j=1
where
Rij = UijO'ij(’Uij) = Vij /dQ/O'ij(Uij,Q/) (616)

is the scattering rate per unit density for one pair of atoms (of types ¢ and j) in a given initial state
of relative momentum p;; = ;;(p;/m; —p;j/m;) and with total cross section o;;(v;;) (cf. Appendix
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Figure 6.1: Elastic scattering of a matter wave from a centrally symmetric scattering potential in the center-
of-mass-fixed coordinate system. Indicated are the scattering angle (polar angle) ¢ and the azimuthal angle
o, which defines the scattering plane.

for a discussion of center-of mass and relative coordinates). To keep the notation compact and
self-explanatory we use the relative speed v;; = p;j/pi; = |pi/m; — pj/m;| rather than the relative
momentum and write

QO =pi; = (0, ¢) (6.17)
for the direction of motion of the reduced mass 11;; after scattering. This direction is defined relative
to the initial direction p;;. The angles are illustrated in Fig.[6.1l The polar angle ¥ is given by
cos? = P;j - f);j and is called the scattering angle. The azimuthal angle ¢’ defines the plane of
scattering in the center of mass frame. In elastic collisions the relative speed v;; is a conserved
quantity. The total cross section is given by the angular integral over o;;(v;;, '), the differential
cross section for scattering with relative speed v;; in the direction €Y/,

| f (i, ) (i # J)
Uz‘j(’l}ij,Q/) = (618)
| (vig, ) & fluij, =) (i=).
The quantity f(v;j, '), with dimension length, is the scattering amplitude. As discussed in Chapter
the relation between the partial cross section and the scattering amplitude depends on the identity

of the particles involved: for ¢ = j we distinguigh between identical bosons and identical fermions
by symmetrization (4) and anti-symmetization (—) of the scattering amplitudes, respectively.

6.2.2 Relation between 7" matrix and scattering amplitude

To reveal the underlying symmetries of the collision term in the Boltzmann equation we use Fermi’s
golden rule of time-dependent perturbation theory to write an expression for the loss contribution

(©-19).

_ - 2m
T (Pint) = =) np(8) Y mp, (8) Y 5|07, PIT|pi, ;) *(E — E). (6.19)
J=1 Pj p;.p}
Here np, (t) is the occupation of state |p;) at time ¢ with ¢ € {1,--- ,»}. The double summation in

Eq. represents the overall transition rate R;; from the initial state |p;, p;) into any state in the
quasi-continuum of final states |p}, pg) under conservation of energy and momentum (Fermi’s golden
rule). The matrix elements (p;, pj|7'|pi, p;) represent the transition amplitude between the (unit
normalized and properly symmetrized) eigenstates |p;, p;) and |p;, pj) before and, respectively, after
the collision. These matrix elements define the so-called transition matrix (short: 7" matrix) and
have the dimension of energy. The operator T is called the transition operator and depends in cold
atomic gases only the electromagnetic interaction, which is invariant under time reversal (t — —t)
and space inversion (r — —r),

(pi, P;|TIpi, pj) = (—p;, —p;|T| — P}, —pj)  (time reversal) (6.20)
(. P;|TIPi, Pj) = (—p;, —P;|T| — Pis—P;)  (space inversion). (6.21)
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Hence, the T matrix is also invariant under the combination of these two operations, which is the
state inversion of initial and final statesEI

(pi, P;|TIPi, pj) = (p;> Pj|TIP;, P;)  (state inversion). (6.22)

To determine the relation between the T' matrix and the scattering amplitude f(v;;, Q') we make
the continuum transition (L.13]) from the quantum mechanical expression (6.19)) to its quasi-classical
analogue,

F( ) I' pz, Zfz I‘ Pw /drjdpjf,](r Py, ) X Rija (6'23)

1
(2mh)?
where the overall transition rate Rij takes the form

1 2 9
Rij = W/drédr}dpédmh<p2,p;-|Tpi,pj>| S(E-E). (6.24)

In making this transition we presumed implicitly that it is possible to define at position r a quan-
tization volume L3 over which the system can be treated as a locally homogeneous quasi-classical
gas. The quasi-classical approximation is valid if L can be chosen large as compared to the range
ro of the interaction potential, ry < L; the gas is homogeneous over the volume L3 if L is much
smaller than the characteristic size L. of the gas cloud, L <« L.. Combining these two conditions
we find that the quasi-classical expression for the collision term is valid if

ro < L < L. (6.25)

This is only possible if the confinement by the external potential (r) is not too tight. Integrating
over the quantization volume we obtain for the transition rate per unit density

(27Th)_3L9 / / Tlym! i /
R;; = A hE dpidpj<pi,pj|T ‘piapj><pi7pj|T‘pivpj>5(E - L£). (6.26)

Next we transform to the center of mass and relative momentum. As the interaction does not affect
the center of mass motion it can be factored out and we obtain

[(p'[T|p)? (i #J)
/d 'dP' (P|P')(P'|P)§(E—E')x (6.27)
[(p'|T|p) £ (P'|T| —p)|* (i=3).

To avoid the redundant proliferation of indices we suppressed the common subscript 75 in all quan-
tities associated with the center of mass and relative motion; i.e. pu;; — u, Py — P, p;j — p/, etc..
After integration over P’ the expression for the scattering rate becomesﬂ

6 (/| T|p)I? (i # 4)
Rij = o /dp’5(p2/2u — "% /2p) % (6.28)
(/| Tlp) = (P'IT| —p)]*  (i=17).

Here we used the normalization (P|P) = 1. Transforming to spherical coordinates for the relative
motion dp’ = dQ'dp'p? and using the delta function property §(p?/2u — p'?/2u) = (u/p") 5(p — p')
we obtain after integration over p’

(2rh)—3L°

Rij = An2 it

Rij = Uij/dQ/Uij(UijaQ/)a (6.29)

2The invariance under state inversion remains valid also in the presence of spin.
3Recalling Eq. (1.13)) we substitute [ dP’'(P|P')(P’|P) = (2rh/L)2 [ dP'(P|P")s(P — P').
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where we restaured the indices and

2L (/| T|p)I? (i #J)

X

472t L
T (p'|TIp) £ (P'IT| - p)* (i =3).

is the differential cross section (with |p’| = |p|). Comparing Eq. (6.18) with (6.30) we arrive at the
following relation between the scattering amplitude and the transition matrix element,

(Tij(’l)ij,Ql) = (630)

pL?
2mh2

fvig, Q) = S — (P TIpij)- (6.31)

6.2.3 Gain contribution to the collision term

We are now half-way in deriving an expression for the full collision term I (r, p;,t) in the Boltzmann

equation and turn to the gain contribution F§+)(r,pi,t), which represents the overall transition
rate from any initial state |pj,p’;) to any of the final states |p;, p;) in which the atom of type i
emerges under conservation of energy and momentum moving with momentum p; at position rﬁ
Implementing right from the start the invariance of the 7" matrix under state inversion of the initial
and final states, this contribution can be written as

2
(o) =3 D o (g (1) 3 (Pl 5 T1Pis ) *0(E — ). (6.32)

J=1p},p} Pi

Like in the case of the loss contribution we make the continuum transition (1.13) and transform to
the center of mass and relative momentum. To keep the discussion compact we demonstrate this
only for unlike atoms,

SN |
I (r, pr, f) = ;W / dp;dP'dp! fi(r, (mi/M)P' + p',t) f;(r, (m; /M) P’ — p',)x
L (P[P")3(P —P")[(p'|T|p)[*6(E — E'). (6.33)
yPTe p|T|p . .
After integration over P’ the becomes

v

F((:+)(I‘,pi,t) = Zﬁ /dpjdplfi(r7 (ml/M) P+ p/,t) fj(r’ (mJ/M) P - p/,t)x
j=1

L6
a1 P ITIP)*8(p* /2 = 1% /21). (6.34)
This integration takes care of the momentum conservation. Transforming to spherical coordinates
for the relative motion dp’ = d§¥dp’p’?> and integrating over p’ we also account for the energy

conservation

v

1
F£+) (I‘, Pi, ﬁ) = Z
= (27h

E /dpj/dQ' file, P, t) f3(x, P, t)vijoij(vig, Q). (6.35)

Here p; = (m;/M)P +p', p} = (m] /M) P —p’ and oy;(v;5, ') is the differential cross section. It is
straightforward to show that Eq.(6.35) also holds in the general case; i.e., for like as well as atoms.
Importantly, E cannot be further reduced to the form because ; and p’; depend on
Q1.10 v, Eq.(6.35) (6.15) p; and pj; dep

4Note that for the loss/gain contribution the primed quantities refer to the initial/final states.
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6.2.4 Boltzmann equation

Combining the gain and loss terms we obtain the Boltzmann equation for component ¢ of a v
component mixture

v

1
(V . 8r + Fz . api -+ at) f1 = ZW / dpde/'Uijaij (Uij; Q/)(f;f; — fif]) (636)
j=1
Here we use the shorthand notation f/ = f;(r,p},t), fj’ = fj(r,p;-,t) and f; = fi(r,pst), fj =
fj(r,pj,t), where the primed momentum states are given by

p; = (mi/My;) (Pi + Pj) + wij [Pi/mi — pj/my| B; (6.37a)
P = (m;/Mi;) (Pi + Pj) — pij [Pi/mi — p; /m;| Bl (6.37b)

To finish this section we verify that the equilibrium distribution function for ideal gases obtained
in Chapter |1|indeed provides a solution of Eq. (6.36]). Using the Boltzmann distribution the product

fif} is given by
fi(r,pi, t) fi(r,p},t) = n,-Af’njA;-’ exp|—Hij(r, p;, p})/ kBT, (6.38)
with n; and A; the central density and thermal wavelength of component i. Since H;;(r, pj, p;) =
P2 /2m; +U;(r) +p;-2/2mj +U;(r) = P?/2M 4 p*/2p+ U;(r) + U;(r) = H;j(r, pi, pj), the difference
fifj — fif; vanishes,
fi(r, p;a t)fj (I‘, p;v t) - fi(ra Pi, t)fj (I‘, P, t) =0. (639)

This implies that also the collision integral vanishes, as it should because in thermal equilibrium all
occupations are stationary.

6.3 Collision rates in equilibrium gases

As an exercise we calculate the collision rate in a dilute gaseous mixture of v components at tem-
perature T' and confined by the external potentials U;(r) with ¢ € {1,--- ,v}. The collision rate of
atoms of type 7 is given by

v

1 —
= Zm/drdpil"goﬁ (r,pi,t). (6.40)

Jj=1

Substituting Eq. lj the expression for N becomes

v

- 1
N; = _ZW /drdpidpjfi(rapi7t)fj(rapjat)vijo'ij(vij)- (6.41)

j=1
Next we substitute the equilibrium distributions
fi(r,pi) = niAde” Hitrpa)/keT (6.42)

where H;(r, p;) = p?/2m;+U;(r) is the classical hamiltonian for atoms of type i in the external poten-
tial U;(r), n; = N;/V. the central density for a cloud of N; atoms with VA = [ exp[~24;(r)/kpT]dr
the effective volume and A; = (27h?/m;kpT)'/? the thermal wavelength, both at temperature 7.
Turning to center of mass and relative coordinates, [ dp;dp; = [ dPdp, and suppressing again the
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double subscripts (P;; — P and p;; — p) the rate of collisions between atoms of type ¢ and j # ¢
takes the form

‘" (2mh)S

P2 U() 1 U(r)
QMkBT QMkBT kBT

[ dxaap (o)1) oy p) ex [— (6.43)

For ¢ = j we should include a factor 1/2 to avoid double counting. Evaluating the integrals and
specializing for convenience to the case of the same external potential for all components, U;(r) =

U(r) for i € {1,--- , v}, we obtain for the collision rate
_ Nz 1 ‘/28 V2e
Te 1 = ﬁl = §n2<'l)0'”>7€ —+ ZHJ<UUU>7E, (644)
J#i
where

(vo) = (%)S/dp (p/p) o(p)e? /2knT (6.45)

is the thermally-averaged collision rate per unit density and Voo = [exp[—2U(r)/kpT]dr the ef-
fective volume corresponding to the distribution of pairs. In particular, for a homogeneous one-
component gas of density ny with a velocity-independent cross section we have (vo) = U, o and
find for the collision rate the well-known expression

1 1

T, = ——=ngvo, 6.46
c \/5 0 ( )

where © = /8kpT/mm is the average speed of the atoms.

6.4 Thermalization

As a first example of the use of the Boltzmann equation we analyze the process of thermalization by
elastic collisions (thermal relazation). Thermalization is the generic name for all kinds of processes
giving rise to relaxation towards thermal equilibrium starting from a non-equilibrium situation. The
characteristic time for thermalization by elastic collisions is called the thermal relazation time T[]
Obviously, there are many different ways to be out of equilibrium. Here we will simply select the
most convenient one from the computational point of view.

We consider a two-component gas consisting of N7 of atoms of type 1 mixed with Ny atoms
of type 2. Choosing Ny < N; the abundant component plays the role of a heat reservoir. In
the most general case the two components will be of different atomic species. For simplicity we
presume both components to be confined by the same trapping potential U(r). Further, we presume
isotropic scattering between the atoms of the two components as well as an energy-independent
differential cross section o(v,Y) = do/dQY = o/4m. As we shall see the latter assumption represents
a substantial simplification because the corresponding total cross section o will appear in front of the
collision integral. To define the initial condition we presume the inter-component cross section o2
to be initially ZGIOH In this way we can prepare a mixture in which both components i € {1,2} are
thermally distributed in the same trapping potential ¢(r) but with distributions of slightly different
temperatures 73,

fi(r, pi, t) = niAde Hilmpi)/knTi, (6.47)

Here n;A? = N; /ZY) is the degeneracy parameter in the trap center, with Zfi) is the single-particle
partition function and H;(r,p;) = p?/2m;+ U(r) the quasi-classical hamiltonian of component i.

5Spin relaxation is an example of relaxation by inelastic collisions.
6In ultracold atomic gases this can be realized experimentally near an inter-species Feshbach resonance where the
inter-species cross section can be made to vanish (cf. Chapter 5).
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Since Ny <« N; and the deviation from equilibrium is small the temperature T of the majority
component remains approximately constant, 77 ~ T, and T5 = T + 07T, with 67'/T < 1. Hence, we
can write

oT/T
kT

§T/T
+] [1—(7+3/2) T T (648)

N.

fa(r,p2,t) = 72)671{2(”’2)/]“371 {1 + Ha(r,p2)
Zy

where the first factor in brackets results from the expansion of the exponent and the second from

the expansion of Z£2) using Eq. 1} Because the collisions conserve the energy of the pair we
obtain to first order in the deviation

2
, OPF—Ps kB o 4
f1f2 f1f2 f 2m2 (kBT)z(S (t)v (6 9)
where
fz‘(o) _ niA?ein(r,pi)/kBT (6.50)

is the equilibrium distribution of component 4 at temperature 7. The quantity (p> — p3)/2ms is the
energy transfer in the collision (cf. Appendix [A.2]). It can be written in the form

/2 2 P- P
BB A,

= .01

where q = p’ — p is the momentum transfer in the collision and u = cosf (u’ = cosf’), with
0 < 0,0 < 7 the angles between the directions of p, p’ and P.

At time t = 0 we switch the inter-component cross section to a non-zero value o152 # 0 and ask
for the rate of change of the heat content of the minority component 2

£y = Lty (r,pa)) =

d
o /dr dngg(I‘?pg)&fg(r?pg,t). (6.52)

1
(2wh)3
Here, the quantity in the brackets represents the sum of the average kinetic and potential energy
per atom. For power-law traps this quantity follows with Eq. (1.78)

Ey = (Ha(r,p2)) = (v + 3/2) NakpTa(t). (6.53)
The thermal relazation time is defined as

1 5T Fy
Lot 54

The connection with the Boltzmann using dfs(r, p2,t)/dt = D fa(r, p2,t). We find by substitution

of Eq. (6.36) into Eq. (6.52)

; 012 / 1 gl
Ey = ———— [ drdp1dp2d€Y Hy(r, p2)v — . 6.55
2 (%h)@m/ P1dp2 o(r, p2)vi2(fifs — fif2) (6.55)
This expression holds for the case of inter-component scattering in a binary mixture. Note that the
total cross section appears conveniently in front of the collision integral. Turning to center of mass
and relative coordinates and using the linearization (6.49) Eq. - ) becomes

kpdT (t)

il (6.56)

: 012 (0) p
Ey =——+—"— [ drdPdpd H — (P
2=~ Gnh)oin / rdPdpdp' f," f3 2(r,p2)ﬂM( q)
Integrating over the azimuthal angles of p’ and p around the direction of P this expression takes
the form

kpdT (t)

Ty (6.57)

- mopks 2 (0) Py
By = W/drdpp dp f1 7 f. dUdu Hy(r,p2)—— M (u u/)
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Note that all terms of odd power in u or u’ vanish. To search for even powers of u we note that

p3  (moeP/M —p)° my P2 myp> Pp

— == =8 5, 6.58
2ma 9me Mo T Mo M (6.58)
Thus, writing only the u-dependent term we have
2 Pp
Hy(r,p2) = p3/2ms + U(r) A (6.59)

Substituting this expression into Eq. (6.57)) we find, with the aid of Eq. (6.54)), after integration over
r and all directions of P to first order in the deviation 67 for the thermal relaxation rate

4 5
1___ 4nonVaemhAingA / dPdp e~ P/ *Wﬁ)z/ duP . (6.60)
T (27Th) (’Y+3/2 N2 kJBT

where a = 2MkgTand 8 = \2ukpT and A; = \/27h?/m;kpT. Evaluating the integrals we arrive

at B
—1 N1Vrei012 Vv?e

(IR TR

where U,..; = /8kpT/mp is the average relative speed between the atoms of the two components.
In terms of the inter-component collision time this expression takes the form

1 § 1
Teh = (7+3/2)Tc )

(6.61)

(6.62)

where & = 4u/M a the mass-mismatch factor (cf. Appendix |A.2)). Note that for ma < m; we have
& ~ 4m/ms and the thermalization rate decreases accordingly. For a homogeneous gas (v = 0) of
two-component with atoms of the same mass (§ = 1) this expression reduces to

1
b=t (6.63)

showing that it takes in this case about three collisions to approach thermal equilibrium to the
1/e level. To conclude this section we note that the results were obtained starting from a specific
deviation from equilibrium. Therefore, care is required in making statements of the type ‘it takes
three collisions to thermalize a dilute gas’.



Quantum mechanics of many-body systems

7.1 Introduction

To describe quantum gases, the classical description of a gas by a set of N points in the 6-dimensional
phase space has to be replaced by the wavefunction of a quantum mechanical N-body state in
Hilbert space. In parallel, to calculate the energy the classical hamiltonian has to be replaced by
the Hamilton operator. In many respects the quantization is of little consequence because gas clouds
are usually macroscopically large and the spacing of the energy levels is accordingly small (typically
of the order of a few nK). Therefore, at all but the lowest temperatures, the discrete energy spectrum
may be replaced by a quasi-classical continuum.

For one specific quantum mechanical effect, known as indistinguishability of identical particles,
the situation is dramatically different. Two atoms are called identical if they are of the same atomic
species. If all atoms of a gas are identical the Hamilton operator is invariant under permutation
of any two of these atoms. As we will discuss in the present chapter this exposes an important
underlying symmetry, which forces the energy eigenstates to be either symmetric or antisymmetric
under exchange of two identical atoms. To distinguish between the two situations the atoms are
referred to as bosons (symmetric) or fermions (antisymmetric). It will be shown that the occupation
of a given single-atom state affects the probability of occupation of this state by other atoms and
through this also the occupation of all other states. Under quasi-classical conditions this is of no
consequence because the probability of multiple occupation is negligible. However, as soon as we
reach the quantum resolution limit we have to deal with this issue, which means that new statistics
- quantum statistics - have to be developed. In the case of fermions double occupation should
be excluded (Pauli principle) whereas for bosons the normalization of the wavefunction should
be adjusted to the degeneracy of occupation. Fortunately a powerful and intuitively convenient
formalism has been developed to take care of these complications. This formalism is known as the
occupation number representation, often referred to as second quantization.

7.2 Quantization of the gaseous state

7.2.1 Single-atom states

To introduce the physical situation we consider an external potential (r) representing a cubic box of
length L and volume V = L3. Introducing periodic boundary conditions, ¢ (z + L,y + L,z + L) =

115
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¥ (z,y, z), the Schrodinger equation for a single atom in the box can be written asﬂ

h2
- %Vzlﬁk (r) = extx (r), (7.1)

where the eigenfunctions and corresponding eigenvalues are given by

1 e h%k?
Pk (r) = me‘k and g =

. 7.2
o (7.2)
The 9k (r) represent plane wave solutions, normalized to the volume of the box, with k the wave
vector of the atom, k = |k| = 27/\ the wave number and X the de Broglie wavelength. The

periodic boundary conditions give rise to a discrete set of wavenumbers, k, = (27/L)n, with
Ng € {0,+1,+2,---} and « € {z,y, 2}

7.2.2 Pair wavefunctions

The hamiltonian for the motion of two atoms with interatomic interaction V(r12) and confined by
the cubic box potential U (r) defined above is given by

H=_ ( i v%+um—)) + V(r12). (7.3)

2m;
i=1,2 v

When the cubic box U(r) is macroscopically large the pair is in the extreme collisionless limit and
the dynamics may be described accurately by neglecting the interaction V(r12), i.e. the Schrodinger
equation takes the form

h? 12
<_ 2m, V? - 2ms V%) Vs ko (T1,T2) = By ko Yy ko (T1,T2) - (7.4)

In this limit we have complete separation of variables so that the pair solution can be written in the
form of a product wavefunction

1 . .
,[/)k17k2 (rh 1‘2) _ 7ezk1<r1ezk2-r2’
v
with k; the wavevector of atom 7, quantized as k;, = (27/L) njq with n;q € {0,4+1,+2,---}. This
wavefunction is normalized to unity (one pair). The energy eigenvalues are

(7.5)

R2k?  h2k2
1, Ry

. 7.6
2m1 2m2 ( )

Ekl,kz =
Importantly, the product wavefunctions ([7.5|) represent proper quantum mechanical energy eigen-
states only for pairs of unlike atoms. By unlike we mean that the atoms may be distinguished from
each other because they are of different species. For identical atoms the situation is fundamentally
different. First of all we notice that the product wavefunctions (|7.5)) are degenerate with pair wave-
functions in which the atoms are exchanged, i.e. Ej, r, = Fk, k,. Therefore, any linear combination
of the type
1 1 - - - -
wkl,kg (1‘1, I‘z) = —72 > (C1elk1'rlelk2'r2 + Cgelk14r2elk2.r1) (77)
le1]? + ez
represents a properly normalized energy eigenstate of the pair. However, as we shall see in the
next section, only symmetric or antisymmetric linear combinations correspond to proper physical
solutions. This is a profound feature of quantum mechanical indistinguishability.

I'Here we neglect the internal state of the atom.
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7.2.3 Identical atoms - bosons and fermions

For two identical atoms, i.e. particles of the same atomic species, the pair hamiltonian is invariant
under exchange of the atoms of the pair, i.e. the permutation operator P commutes with the
hamiltonian. For identical atoms in the same internal state the operator P is defined byf]

Pw (r17r2) :¢(I‘271‘1)7 (78)

where r; and ro are the positions of the atoms. Because P is a norm-conserving operator we have
PTP = 1, where 1 is the unit operator. Furthermore, exchanging the atoms twice must leave the
wavefunction unchanged. Therefore, we have P2 = 1 and writing PT = PTP? = P we see that P is
hermitian, i.e. it has real eigenvalues, which have to be 41 for the norm to be conserved.

Any pair wavefunction can be written as the sum of a symmetric (+) and an antisymmetric (—)
part (cf. problem. Therefore, the eigenstates of P span the full Hilbert space of the pair and P is
not only hermitian but also an observable. Remarkably, in nature atoms of a given species are found
to show always the same symmetry under permutation, corresponding to only one of the eigenvalues
of P. This important observation means that for identical atoms the pair wavefunction must be
an eigenfunction of the permutation operator. In other words: linear combinations of symmetric
and antisymmetric pair wavefunctions (like the simple product wavefunction) violate experimental
observation. When the wavefunction is symmetric under exchange of two atoms the atoms are called
bosons, when antisymmetric the atoms are called fermions. We do not enter in the relation between
spin and statistics except from mentioning that the bosonic atoms turn out to have integral total
(electronic plus nuclear) spin angular momentum and the fermions have half-integral total spin.

In particular, as P and H share a complete set of eigenstates, the energy eigenfunctions (|7.7))
must be either symmetric or antisymmetric under exchange of the atoms,

1 _ , . .
Vi (T1,72) = 174/ gr (efametiars £ etlametiara) (7.9)

For k; # ks this form is appropriate because it is symmetric or antisymmetric depending on the
+ sign and also has the proper normalization of unity, (ki,kslk;, ko) = 1 (cf. problem [7.2]). For
k; = ko = k the situation is different. For two fermions Eq. (7.9)) yields identically zero,

ki (r1,r2) =0 (fermions). (7.10)

Thus, also its norm |¢ i (r1, rg)|2 is zero. Apparently two (identical) fermions cannot occupy the
same state; such a coincidence is entirely destroyed by interference. This is the well-known Pauli
exclusion principle.

For bosons with k; = ko, = k Eq. yields norm 2 rather than the physically required
value unity. In this case the properly symmetrized and normalized wavefunction is the product
wavefunction

1 . ,
Yk (r1,r2) = Ve“”le’k"r2 (bosons) , (7.11)

with (k,k|k, k) = 1. Explicit symmetrization is superfluous because the product wavefunction is
symmetrized to begin with. The general form may still be used provided the normalization is
corrected for the degeneracy of occupation (in this case we should divide by an extra factor \/?)

Thus we found that the quantum mechanical indistinguishability of identical particles affects
the distribution of atoms over the single-particle states. Also the distribution of the atoms in
configuration space is affected. Remarkably, these kinematic correlations happen in the complete
absence of forces between the atoms: it is a purely quantum statistical effect.

2In general the permutation of complete atoms requires the exchange of all position and spin coordinates. As the
atoms are presumed here to be in identical internal states (including spin) only the exchange of position needs to be
considered.
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Problem 7.1 Show that any wavefunction can be written as the sum of a part symmetric under
permutation and a part antisymmetric under permutation.

Solution: For any state we have |1)) = 3 (1 + P) |[¢)) + 3(1 — P) [¢), where P is the permutation
operator, P? = 1. The first term is symmetric, P (1 + P) |[¢)) = (P + P?) [¢) = (1+ P)[¢), and
the second term is antisymmetric, P (1 — P) [¢) = (P — P?) [¢) = — (1 = P) [¢). »

Problem 7.2 Show that Eq. (@ has unit normalization for ky # ko,

N = (ki, kaolky, ko) = // | ki gmike Tz 4 gikar g—ika: r2| dridrs = 1.

V—oo

V22

Solution: By definition the norm is given by

N’ . V2 5 // | Zkl rlelkz ro :I: eZk2 ri ’Lkl I‘2| dr1dr2

2 2 // 2 :t e’L(kl kz) ry 72(1{1 k2) ro :I: ef’L(kl kg) I'le (kl kg) 1'2:| drler
V

— 1 :l: % / ei(k17k2).rldr1 / efi(k1*k2)'!‘2dr2 :l: %/ e*i(klsz)-rldrl / ei(k1*k2)'!‘2dr2
14 14 14 14

= 1+27)%0 (ki —k2)d(k; — ko) =1 because ky # ko, »

V—oo

7.2.4 Symmetrized many-body states

Dealing with quantum gases means dealing with symmetrized many-body states. For each particle
1 we can define a Hilbert space H; spanned by a basis consisting of a complete orthonormal set of
states {|k),},

AR, = Gge and S, k), (k| = 1. (7.12)

Here 1 is the unit operator defined by 1|¢)) = 1[¢) for arbitrary [¢). In principle |k), stands for
the full description of the eigenstates of the particle ¢, including the internal state (for instance the
hyperfine state in the case of atoms). In practice we deal with the internal states implicitly by
calling the particles identical (indistinguishable) or unlike (distinguishable). Thus, in the present
context, |k), only stands for the kinetic state of particle i. The wavefunctions of the Schrédinger
picture are obtained as the probability amplitude to find the particle at position r;,

Y (ri) = (rifk); . (7.13)

For atoms in the box potential U (r) introduced earlier these wavefunctions are best chosen to be
the plane waves given by Eq. ; for harmonic trapping potentials they will be harmonic oscillator
eigenstates, etc.. Also in the presence of interactions such wavefunctions remain a good basis set
but the simple interpretation as eigenstates of the atoms is lost.

For the N-body system we can define a Hilbert space as the tensor product space

HY=H,oH,® --®Hy

of the N single-particle Hilbert spaces H; and spanned by the orthonormal basis {|kq, -, kn)},
where

ki, - k) = [ka)y - k) (7.14)
is a product state with normalization (kj,--- ,kiy|k1, -+, ky) = Ok, X, Ok Ky, and closure

Z |k1a"'7kN)(k17"'7kN|:l]_V[(§|kS>ii<ks|):

ki, kn i=1
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The notation of curved brackets |ki,- - ,ky) is reserved for unsymmetrized many-body states, i.e.
product states written with the convention of referring always in the same order from left to right
to the states of particle 1 through N.

For identical bosons the N-body state has to be symmetrizedﬂ This is done by summing over
all permutations while correcting for the degeneracy of occupation (just like in the two-body case)
in order to maintain unit normahzatlon

ki, ky,--- k) = /N'n B Z k1), ki), |k2>n1+1 ......... k1) s (7.15)

na ny

where we could have written more compactly |kq,ky, -+ ,Ka, -+ ,k;) for the unsymmetrized product
states. To adhere to the ordering convention we permute the states rather than the atom index.
Note that in the fully symmetric form there is no significance in the order in which the states are
written. This property only holds for bosons.

As an example consider the special case of N bosons in the same state, |k, -+, ks). Here all N!
permutations leave the unsymmetrized wavefunction unchanged and we obtain N! identical terms
with normalization coefficient 1/N!, reflecting the feature that the wavefunction was symmetrized
to begin with, i.e. |ks, -+ ,ks) = kg, -+, Kks).

For identical fermions the N-body state has to be antisymmetric

ki, k) = \/EZ(DP ki)y - [kw)n - (7.16)
P

This expression represents a N X N determinant, which is known as the Slater determinant. It
is indeed antisymmetric because a determinant changes sign under exchange of any two columns
or rows. Furthermore, a determinant is identically zero if two columns or two rows are the same.
Therefore, in accordance with the Pauli principle no two fermions are found in the same state.
The notation of symmetrized states can be further compacted by listing only the occupations of
the states,
[ny,ma, -, ny) = ki, ke, -0 ko, ko, ooe o Kg) (7.17)

In this way the states take the shape of number states, which are the basis states of the occupation
number representation (see next section). For the case of N bosons in the same state |k;) the number
state is given by |ns) = |k, -, ks); for a single particle in state |ks) we have |1,) = |ks). Note
that the Bose symmetrization procedure puts no restriction on the value or order of the occupations
ni, -+ ,n; as long as they add up to the total number of particles, ny +ns +---+mn; = N. For
fermions the same notation is used but because the wavefunction changes sign under permutation
the order in which the occupations are listed becomes subject to convention (for instance in order
of growing energy of the states). Up to this point and in view of Egs. and the number
states have normalization

<n/1a n/Qﬂ e ‘nlanla e > - §7L1,n’15ng,n’2 te (718)
and closure
!
an’n2...|n17n27"'><n1an23"" :17 (719)
where the prime indicates that the sum over all occupations equals the total number of particles,
ny +ns + -+ = N. This is called closure within HY.

3The adjective identical appears because in our notation we omit the spin coordinates. The word has become
practice in the literature to indicate that the particles are in the same spin state, i.e. for atoms hyperfine state.

4We use the convention in which all classically defined permutations are included in the summation. In an alter-
native convention the permutations of atoms in identical states are omitted. This results in a different normalization
factor in the definition of the same symmetrized state.
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7.3 Occupation number representation

7.3.1 Number states in Grand Hilbert space - construction operators

An important generalization of number states is obtained by interpreting the occupations ng,ng, - - -
as the eigenvalues of number operators ng,n:,--- defined by

ﬁs |nsanta"' 7nl> = MNg ‘nsanta”' ,Tll>. (720)

With this definition the expectation value of i, is exclusively determined by the occupation of state
|s); it is independent of the occupation of all other states. Therefore, the number operators may be
interpreted as acting in a Grand Hilbert space, also known as Fock space, which is the direct sum of
the Hilbert spaces of all possible atom number states of a gas cloud, including the vacuum,

HGT:HO@Hl@...@HN@...

By adding an atom we shift from HY to HV*!, analogously we shift from HY to HY~! by removing
an atom. As long as this does not affect the occupation of the single-particle state |s) the operator 7,
yields the same result. Hence, the number states |ng,ng,--- ,n;) from HY may be reinterpreted as
number states |ng, ng, -+ ,ny, 0q, 0p, - - - 0,) within HE" by specifying - in principle - the occupations
of all single-particle states. Usually only the occupied states are indicated. Thus the definition
remains valid but the notation may include empty states. For instance, the number states
124, 1¢,- -+ ,1;) and |0g,24, 14, - - -, 1;) represent the same many-body state |y) = |q,q,¢,--- ,1).
The basic operators in Grand Hilbert space are the construction operators defined as

al [ng,me, -, my) = Vg + 1 ng + 1,m4, -+ ,my) (7.21a)
ds |n3,nt, e 7nl> = VN |ns - 17 Mgy anl> 3 (721b)

where the a! and a, are known as creation and annihilation operators, respectively. The creation
operators transform a symmetrized N-body eigenstate in HY into a symmetrized N 4+ 1 body
eigenstate in HY*!. Analogously, the annihilation operators transform a symmetrized N-body
eigenstate in HY into a symmetrized N — 1 body eigenstate in HV~!. Note that the annihilation
operators yield zero when acting on non-occupied states. This reflects the logic that an already
absent particle cannot be annihilated. Note further that af and a, are hermitian conjugates,

(ns + lldl Ins) = (nslas Ins +1)" = Vny + 1.

Hence, when acting on the bra side al and G, change their role, af becomes the annihilation operator
and a4 the creation operator.

For fermions we have to add some additional rules to assure that the construction operators
create or annihilate proper fermions. First, a creation operator acting on an already occupied
fermion state has to yield zero,

alng, -, lg,--,my) =0, (7.22)

Secondly, to assure anti-symmetry a creation (annihilation) operator acting on an empty (filled)
fermion state must yield +1 or —1 depending on whether it takes an even or an odd permutation
‘P between occupied states to bring the occupation number to the most left position in the fermion
state vector,

dl‘qu" 0g, - :(_1)7D|1q,... g, (7.23a)
&’S‘lq"" alsa"'>:(71)7j|1q,"' aOSv"'>' (723b)
For example af [0, 05, ) = +[0g, Ls, -+ ), al [14,05,+++) = — |14, 15, -+ ), @504, Ls, - -+ ) = |14, 0, - -

and @, |1, 1g, -+ ) = — |14, 05, ).

)
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With the above set of rules any occupation of any given one-body state |s) can be obtained by
repetitive use of the creation operator af,

(di)n5 |057nt,' > =V ns! |ns,nt,‘ : > (724)

The notation can even be further compacted by using many-body state vectors |y) and many-
body state occupations |f,) = |ng,ne,--- ,n). For instance, the state |y) = |q,q,t,--- 1) corre-
sponds to |,) = |24, 14, -+ ,1;). By straightforward generalization of Eq. any number state
|fy) can be created by repetitive use of a set of creation operators

af)"™
) = 11 (@)

sEY ng!

10). (7.25)

This expression holds for both bosons and fermions. The index s € v points to the set of one-body
states to be populated and |0) = |04, 0;,---,0;) is the vacuum state. We note that for the special
case of a single particle in state |s)

|s) = [1) = [1,) = al |0). (7.26)

Thus we have obtained the occupation number representation. By extending HY to HE" the
definition of the number states and their normalization (7,/|7y) = ¢/, has remained unchanged.
Note that also the newly introduced vacuum state is normalized,

(010) = (1]alas|1s) = (s]s) = 1,

as may be obtained with any single particle state |s). Importantly, by turning to H®" the condition
on particle conservation is lost. This has the very convenient consequence that in the closure relation
(7.19)) the restricted sum may be replaced by an unrestricted sum, thus allowing for all possible values
of N,

S ) (A =30 g [Py m2, ) (R, mg, | = 1 (7.27)

This is called closure within HE™.

Having defined the construction operators the number operator can be expressed as 7, = ads
(cf. Problem [7.4). Further we can derive the following commutation relations for bosons (—) and
anticommutation relations for fermions (+){]

lagal], =0qs 5 [ag ] = [a;,ai]i =0, (7.28)
For both bosons and fermions we have

(g, al] = +al0gs 5 [fig, 5] = —asys - (7.29)

S
Problem 7.3 Show that for bosons the following commutation relation holds
[&qui] = 0gs-
Solution: By definition [a4,al] = a.al — ala,.
(a) For g # s we obtain by applying the definition of the creation operators
[dq,dl] g, Mg, -+ ) = GgvVns + 1|ng,ms +1,---) — dlx/nq [ng —1,ng,---)
= ngvVns+1lng—Lng+1,---) =vVns+1/ngng —1L,ns+1,---) =0

5Note that we use the convention [a,b] = [a,b]— = ab — ba for the commutator and [a,b]+ = ab + ba for the
anti-commutator.
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(b) For ¢ = s we obtain we obtain

[&s,dl] [ng, ) =asvVns +1|ng+1,--+) — dlw/ns s —1,--+)
= (ns+1)‘ns;> —MNs |n57"'>
= |ng, ). »
Problem 7.4 Show that the occupation number operator can be expressed as

fs = L. (7.30)

Solution: The result follows by subsequent operation of G, and @} on a number state

rﬁs ‘nsanta te 7nl> = &Z&s |nsant7 te >nl>
= \/nsdl |ns — 1,ng, -+ ,ng) =ng |ng,ng, -+ ,ng) .

Note that this holds for both bosons and fermions. »
Problem 7.5 Show that for both bosons and fermions the following commutation relation holds

(g, al] = +aldgs.

7.3.2 Operators in the occupation number representation

Thus far we introduced @, al and 75 as operators in Grand Hilbert space. It may be shown
that for any operator G acting in a N-body Hilbert space HY we can define an extension G into
Grand Hilbert space with the aid of the construction operators defined above. In particular we are
interested in operators G that may be written as a sum of N one-body operators g(*, N(N-1)/2!

two-body operators (), N(N —1)(N —2)/3! three-body operators g(*/¥) etc., i.e. operators of the

type
; 1 o 1 o
- (&) 4 — 1q(hd) o — Tq(dk) 4 L.
G=> 0"+ 5> g 45D g (7.31)
i i,j .5,k
where the primed summations indicate that coinciding particle indices like ¢ = j are excluded. The

best known example of such an operator is the hamiltonian (1.5)) for a gas with binary interactions.
In preparation for the extension of G we first have a look at a cleverly selected one-body operator,

the replacement operator
Ags =318 (8] (7.32)

Acting on the number state |ng, -+ , Mg, -+ , Mg, -+ ,ny) of HY, this operator sums over all possible
ways in which one of the n, particles in eigenstate |s) can be replaced by a particle in eigenstate
|s’). The extension of Ay, from HY into HE" is given by

Ags =3 180(sl = Ay =adla,. (7.33)

Although this extension may be intuitively clear it is better characterized by ‘misleadingly simple’. In
this respect the proof in problem [7.6] may speak for itself. The full complexity of the symmetrization
procedure is contained in an algebra in which we only create and annihilate particles. The role of
the permutation operator is absorbed in the properties of the construction operators, in particular
their commutation relations. The extension of the two-body replacement operator is given by

Agins = Y| 10t (sl = Avine = alaf asas, (7.34)
2%]
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where the primed summation symbol implies ¢ # j. The extensions As/yts = dl,dz,dtds of the two-
body replacement operator, At’s’u’uts = dl,d;r,dz,dudtds of the three-body replacement operator as
well as similar extensions for more-body operators can be demonstrated in a way closely analogous
to the one-body case, be it that the proofs become increasingly tedious and are not given here. In
these expressions attention should be paid to the order of the construction operators.

Let us now return to the operator G. First we look at the one-body contribution G(!) = > gD,
Using twice the single particle closure relation this expression can be rewritten as

6 = % (S10.051) 0 (Shalel) =S 619019 TIlel (239)

The index i on the matrix element ;(s’| g |s), was dropped because the corresponding integral yields
the same value (s'| g(!) |s) for all atoms. Recognizing the replacement operator Agys = 3. |s"),:(s|
in Eq. 1) we have established that the extension of the operator G(!) is given by

GO =yal, (s gM |s) dis. (7.36)

Using the same approach for the pair terms and the three-body terms we obtain for the extension
of the full operator G into the Grand Hilbert space,

G = Z al, (s'| gV |s) as (7.37a)
+ 5 Zzaﬁag (s', |9 s, ) (7.37b)
t't s’s

'ZZZCL at, (st u' | g2 s, b, u)aybgs + - - . (7.37¢)

u'u t't s's

This expression, G=GW4+GD 4GB +... , is the central operator to calculate expectation values
in many-body systems, including the effects of interactions between the particles.

It is important to note the order in which the construction operators appear. Because the matrix
element is non-symmetrized the indices s and s’ are attached to particle 1, ¢t and ¢ to particle 2,
u and u’ to particle 3, etc.. For bosons this is of no consequence because @, a¢, ds, -+ as well as
a,,,a,,a,, commute. For fermions, however this is not the case and mistakes in the order of the
operators can give rise to sign errors.

Problem 7.6 Show that the extension of the replacement operator Ay in HY to 1213/5 in HE™ is
given by

N R
A= S |8),0(s] = Ay, =ala,,
i=1

where |s) and |s") are eigenstates of the same operator A on which the occupation number represen-
tation of di, and as is based.
Solution: The proof is given in the notation of Section We set |s) = |ki) and |s') = |ka),
both eigenstates of the operator A,

Alks) = as k),
with s € {1,2,---1}. In this notation the replacement operator is written as As; = . |ka),, (ki
It acts on the number state |n1,ng,--- ,n;) defined for bosons through by the N-body state
given in Eq. , replacing all particles in state |k;) by particles in state |ks),

A21 |7’L1,7’LQ, cee 7’I’Ll> = “ N'nl nl Z ‘kl 1 ‘kl ik2>l |k2>n1+1 """ |kl>N (738&)

ni—1 no+1

=vno+1yni|lng —Lina+1,--- 0. (7.38b)
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Note that term 4 of the replacement operator only yields a non-zero result if particle 4 is in state |k ).
This follows directly from the orthonormality relations , ko), . (kilks), = |ka2), ds,1. Because
we have initially n; particles in state |k;) there are ny equivalent ways to replace one particle in
state |ki) by a particle in state |ks). The prefactor n; in Eq. results for every value of P
from a different subset of ny terms from the replacement operator. Note that if the state |k;) is not
occupied at all the operator As; is orthogonal to the number state and the procedure yields zero.
Hence, in view of the definitions we infer from Eq. that the extension of the operator

Ao to the Grand Hilbert space is given by Ay = d;&l,
Agy|ng, - my) = d;dl ny, - mg) .

This extension is readily generalized to replacement operators Ay s acting on the occupations of
arbitrary eigenstates |s) = |k,) and |s') = |k.), thus completing the proof for bosons.
For fermions we use a number state defined by the antisymmetric state (7.16]):

1
Al Lo 1) =\ 37 DD By o ) kv = Lo Lo L)
P

The operator A, 4 has replaced in the Slater determinant the column containing all particles in state
lks) by a column with all particles in state |ki). This is exactly the result obtained by the action of
the operator Ay = dlds,

AS'S |11) e alsa e 71N> = (_1)7)&/;/&5 |1S7 117' te )1N>
= (=P 1y, - ,In) =11, 1y, -+, 1N),
where P is the permutation that brings the column containing all particles in state |ks) to the first
position in the bracket. »
7.3.3 Example: The total number operator

An almost trivial but very instructive example of the extension procedure of an operator into Grand
Hilbert space is the extension of the total-number operator, which is the unit operator 1 summed
over all particles of a system,

In the notation of the previous section the one-body operator in this example is ¢(*) = 1 and the
more-body operators are all zero, i.e. ¢) = 0 for v > 2. By substitution into Eq. (7.37) we obtain

N=>al (s|1]sha, = al a0,
s's s’'s

and substituting 7, = alas the extension of the total number operator into Grand Hilbert space is
found to be

N =Y h,.

7.3.4 The hamiltonian in the occupation number representation

As an important application of the many-body formalism we consider the hamiltonian

2
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representing a gas of N atoms interacting pair-wise through the central potential V(r) and trapped
in an external potential U(r). In the language of the previous section the one-body contribution to
the Hamilton operator is

h2
g =1 (p,x) = Ho(p,r) = —5 -V +U(r). (7.40)
The two-body contribution is
9(172) — H(172) (I']_, I'2) = V(lrl — I'2|)’ (741)

and because we only consider binary interaction all more-body contributions are zero, i.e. ¢*) =0
for v > 3. Thus, according to Eq. (7.37)), the extension of the hamiltonian to the occupation number
representation is given by the expression

. 1
H =3l (s'[HD |s) as + 5 YD aliag (st [HD) s, H)asds. (7.42)
s,s’ t,t’ s,s’

This expression can be simplified by turning to a specific representation in which the occupation
numbers refer to the eigenstates |s) of Hy defined by

Ho|s) =ess) .

In this representation, the representation of Hy, the one-body matrix is diagonal, (s'| Hy |s) = £50ss,
and the extension becomes

A X 1 e o
H=HY + g® = ggsns +35 Z Zai,ai,(s’,t’\V(r12)|s7t)atas. (7.43)

t,t’ s,s’

For an ideal gas the expression further simplifies to

H=H®Y =Y e,n,, (7.44)
S

as could be written down without much knowledge of the underlying formalism.
It very instructive to proceed to the interaction term in Eq.(7.42)). Because the interaction
potential V(|r; — ry|) depends on position we evaluate H?) in the position representation,

A 1
O =3 S [ defavgdradradl, al (s i w05, TV, — gDl xa) ol . (7.45)
t,t's,s’

Here we emphasized in the notation that r is a position operator defined by r|r) = r|r), where |r)
is the position state representing a single-particle at position r. Since the operator V(|r;—rs|) is
diagonal in the position representation we have

N 1 A o
O =5 3 [ dearyanideadlal (¢65) ()W (i~ xal) o) ehlea) (ale) o1 s) v, (7.40)
t,t's,s’
where V(|r; — ra|) is not an operator but a function of the positions r; and ry. Since (r'|[r) = d(r—1')
and (r|s) = @,(r) the operator H®?) by integration over r} and r} Eq. (7.46) reduces to
2 1 ~ * ~ * ~ ~
H® — 3 Z /drldrgai,gos, (rl)a;r,cpt,(rg))}(\rl —ra|)arp(ra)asps(ry). (7.47)
t,t's,s’

Note that the indices s and s’ (¢ and t') are attached to particle 1 (2).



126 7. QUANTUM MECHANICS OF MANY-BODY SYSTEMS

7.3.5 Momentum representation in free space

A case of special importance is the homogeneous system, where the wavefunctions are given by plane
waves,

1

wk(r) = —Ve’k'r. (7.48)

A =L ST Gl al i g [ drydegeila k) m il K )y gy, 7.49
=5 iy gy ey O,y 72 ridrye’ e (lr1 — ral). (7.49)

ki kj ko k)

Turning to center of mass and relative coordinates, r; = R +r/2 and ro = R — r/2, this expression
becomes

~ 1 1 . / ,
D D / AR (keI e ) B / dre (ki —ke—KiHKE) w/2) ) (7 50)
K1,k ko k)

which is zero unless the operator conserves momentum
ki +ky = kll + k/2 (751)

Hence,

N 1 i(ki—K' )or
H(Q) Z ak’ ak1+k2 k| akQCLkl VvV /drel(kl kl) V(T)’ (752)
kl,kl,kg

In the limit ky7o, ki1 < 1 the exponent is unity except for distances r > 7y where the potential
vanishes. Therefore, in this limit Eq() may be replaced by reduces to

1
Z iy il ey e ke ncy 77 / drV(r), (7.53)

kl’kl’k2

7.4 Field operators
Introducing the operator densities
b(r) = Z ws(r)as (7.54a)
(r) = Z o (r)al (7.54b)
Eq. (7.47) can be further simplified to the form
N 1 N N ~ ~
12 = 3 [ drades V(e = eal) b )5 ()b e2) ), (7.55)
Note that the relation between summation index and particle index has resulted in the particular
order in which the position variables r; and ry appear in Eq. |D The operator densities ¥(r)

and zﬁl(r) are called field operators because they depend on position.
Analogously it is straightforward to show

H® = / drpt (£)Ho (r)d(x). (7.56)

Let us explore the properties of the field operators defined by Eqs. (7.54). This is done by operating

@T(r) onto vacuum
=Y eimallo) = D" ls)slr) = r), (7.57)



7.4. FIELD OPERATORS 127

where we used the closure relation ) |s) (s| = 1. Thus we found that Pt (r) is itself also a creation
operator, creating from the vacuum a particle in state |r), i.e. at position r. Similarly we can show
that ¢)(r) is the corresponding annihilation operator (cf. Problem [7.9)

¥(r)|r) = [0). (7.58)
Having the field operators we can introduce the number-density operator
a(r) = 91 (x)d(x). (7.59)

Substituting the definitions (7.54)) we obtain
= Zwi(r)&lZ%(r)&t = Z|<Ps(r alas +Z<Ps
s t s t#£s

We recognize two contributions, a part diagonal in the number representation of {|s)}

ZI% )i [y) Zl% s [y) = n(r) |2s) (7.61)

(7.60)

Q>
Q>

having the expectation value of the number density as its eigenvalue, and a part off-diagonal in this
representation, representing the density fluctuations around the average,

Y eime(r)ala i) = [A(r) = n(x)][7,) . (7.62)
t#s

Integrating the number-density operator over position we obtain the total-number operator,
[ m—/m ealan = 3 alas =3 i = N (7.63)
S

Here we used the closure relation [ dr \r) (r| =1 and the orthonormality of states (s|t) = ds...

It is straightforward to show (cf. Problem [7.8)) that the field operators ¢)f(r) and () satisfy
commutation relations very similar to those of the construction operators af and a, (cf. Section
7.3.1))

(), T ()]s =6 =) 5 [P(r), ()]s = [T (x), &1 ()] = 0. (7.64)
Like previously, the commutators (—) refer to to case of bosons and the anti-commutators (+) to
the case of fermions. Further we have for both bosons and fermions

[(r), ¥ (r)] = +4T()s(r — 1) 5 [alr), P(x)] = —d(r')d(r — '), (7.65)
Problem 7.7 Show that the following commutation relation holds for both fermions and bosons,
[(x), AV = Ho(p, 1)d(r). (7.66)

Solution: The operator

0 = [ a5 6o (o))
is a construction operator for the one-body hamiltonian Ho(p,r). Using subsequently the commu-
tation relations [¢(r), ¥(r")]+ = 0 and [Ho(p,r’), ¢ (r)] = 0 we find

(9. BV = [’ [50)50)Ho(p ) 0) ~ P (o) 0N (16
= [ [Be)d! 0 o)) £ 9 (D Ho (o)) (768)

=/WW®¢WNﬁMnﬂMﬂ- (7.69)

Substituting [¢(r'), ¥ (r')]+ = §(r—r') and integrating over r’ we obtain the requested expression. »
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Problem 7.8 Show that the boson (—) and fermion (+) field operators satisfy the following com-
mutation relations

[$(x), " (t))]4 = 6(r — '),

Solution: Starting from the definition we have

[7[1( A Nt = Z@q an‘P Z :I:ZQO:(I‘/)&ZZ%(I‘)&,;

q

= Z 0L (r) g (r)agal £ @i (r)p,(r)ala,
a8
= Z pi(r ag, al]«
= Z r|s)(
In the last step we used the cAomImAltation relation [a4, Gf]+ = &,,5 . Substituting the closure relation
3. 18) (s] = 1 we arrive at [¢)(r),¢T(r")]+ = (rt/) = §(r — /). »
Problem 7.9 Show that 1 (r)|r) = |0).

Solution: Inserting the closure relation ), |s') (s'| = 1 just behind the annihilation operator we

obtain
= Z‘Ps(r)as Z‘Ps Jas|s')( Z‘Ps )6s,510) 05 ( Z |0s(r)]2[0) = |0).

s,s’ s,s’

Here we recognized in the last step the closure relation Y~ |¢s(r)* = 1.

7.4.1 The Schridinger and Heisenberg pictures

There are two equivalent ways to handle time-dependence in quantum mechanics. These are referred
to as the Schrodinger picture and the Heisenberg picture. In this section we summarize these pictures
for the context of the quantum gases in which the hamiltonian has no explicit time dependence.

In Schrodinger picture the states |1g (t)) carry the time-dependence, which is described by the
Schrodinger equation of motion,

Zﬁ* s (1)) = H s (2)) - (7.70)

Rather than writing Hg we have chosen to omit the subscript in the case of the hamiltonian and
simply write H. For all other operators in the Schrodinger picture we will use the explicit notation
with subscript, e.g. Ag. The solution of Eq. (7.70]) is given by form

s (t)) = U(t,t0) [s (to)) » (7.71)

where U (¢,t9) = e~ (i/MH(t=to) i5 the evolution operator covering the time dependence from ¢ty — t
and [1g (tg)) is the state of the system on time to. Because the hamiltonian is hermitian, H = H,
the evolution operator is unitary,

Ut (t,to) = (/MM (t—to) _ (i/h)yH(t—to) _ U~L(t, to), (7.72)
i.e. UTU = UUT = 1. Importantly, the evolution operator commutes with the hamiltonian,

[U(tvtO)aH] =0, (773)
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as follows with Eq. (B.20). The equations of motion of the evolution operator and its hermitian
conjugate are given by

ih%U(t,to):HU(t,to) & —ih%UT(t,to):UT(t,to)H. (7.74)

In the Schrodinger picture the operators Ag are time independent (e.g. H), except in cases where
an explicit time dependence is present. As is well-known, the expectation value for a, say time-
independent, observable A as a function of time ¢ is given by

(Vs (t) |As [¥s (1))
(Vs (t) [s (1))

(A@t)) = (7.75)

The Heisenberg picture is obtained by a unitary transformation of the Schrodinger vectors and
operators in Hilbert space. The unitary transformation

(W) = Ut (L, to) [vs (8)) = |¥s (o)) (7.76)

is chosen such that it removes the time dependence from the Schrodinger state |1g (¢)) by evolving
it back to t = tp. The same unitary transformation by U(t,ty) puts an implicit time dependence on
the operators,

Ap(t) = Ul (t,t0)As(t)U(t, to). (7.77)

Thus, the Heisenberg and Schrodinger pictures coincide at ¢t = ¢,

An(to) = As(to) and  [¢u) = |vs (t)) - (7.78)

Importantly, since U(t, tg) commutes with the hamiltonian H, the transformation to the Heisenberg
picture leaves the hamiltonian unchanged,

Hu(t) =H.

It is straightforward to show starting from Egs. ((7.75|) that in the Heisenberg picture the expectation
value for the observable A on time ¢ is given by

(Vr|An(t) |¢H>.

()= (Yu [Ym)

(7.79)

All time dependence of the expectation value (A (¢)) is contained in the Heisenberg equation of
motion for the operators (cf. Problem [7.10])

L0 .

zhaAH(t) = [Au(t),H] +ih (0As(t)/0t) - (7.80)
This equation of motion is completely equivalent to the Schrodinger equation in the Schrodinger
picture. Note that in the absence of an explicit time dependence of the operator in the Schrédinger
picture, i.e. for 0Ag(t)/0t = 0, the Heisenberg equation of motion reduces to

0
ihaAH(t) = [An(t), H]. (7.81)
Problem 7.10 Derive the Heisenberg equation of motion for an operator A(t) with an explicit
time dependence.
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Solution: The answer is obtained by repetitive use of the definition (7.77)) of Heisenberg operators,
the equations of motion ([7.74) and the commutation relation (7.73)),

z’h%AH(t) = iho[UT(t)As(t)U(t)] /0t
= ih [0U(t)/0t] As(t)U(t) + ihU" (t) [DAs(t) /Ot U(t) + ihU' (t) As(t) [OU () /0t]
= —HUT(t)As(t)U(t) + il (8As(t)/dt) ; + UT (1) As(t)U (t)H
= —HAw(t) +ih (0As(t)/0t)  + Au(t)H
= [Ay(t), H] +ih (0As()/Ot) . »

7.4.2 Time-dependent field operators - second quantized form

Let us consider the hamiltonian of an ideal gas (non-interacting many-body system),
R _,
H = Zf%vi +U(r;) :ZHo(pi,ri). (7.82)
In terms of field operators this hamiltonian can be written in the form H = H®),
0 = [ dd (6)30(p. 1)), (7.89)

where the one-body construction operator HD s expressed in terms of the field operators ’(/AJ(I') and
@T(r) defined by Eqgs. . Let @H(t) = 1[)(1‘, t) be the Heisenberg operator corresponding to 1[1(r)
Because 9 (r) does not contain an explicit time dependence (8¢)(r)/dt = 0), the Heisenberg equation
of motion is given by Eq. and we have

L0 - - -
i tb(r,t) = [ (x, £), A, (7.84)

Applying Eq. (7.66) we obtain

ih%i&(nt) = Ho(p,r)¥(r,1). (7.85)

With this equation we have regained for the Heisenberg equation of motion the form of the Schrodinger
equation! This interesting feature has given rise to the term second quantization.



Quantum statistics

8.1 Introduction

To describe the time evolution of an isolated quantum gas, in principle, all we need to know is the
many-body wavefunction plus the hamiltonian operator. Of course, in practice, these quantities will
be known only to limited accuracy. Therefore, just as in the case of classical gases, we have to rely on
statistical methods to describe the properties of a quantum gas. This means that we are interested
in the probability of occupation of quantum many-body states. In view of the convenience of the
occupation number representation we ask in particular for the probability of occupation P, of the
number states |72,). The canonical ensemble introduced in Sectionis not suited for this purpose
because it presumes a fixed number of atoms N, whereas the ensemble of number states {|7,)} is
defined in Grand Hilbert space in which the number of atoms is not fixed. This motivates us to
introduce an important variant of the canonical ensemble which is known as the grand canonical
ensemble.

8.2 Grand canonical distribution

In the grand canonical approach we consider a small system which can exchange not only heat but
also atoms with a large reservoir. Like in the canonical case a small system is split off as a part of a
one-component gas of Ny, identical atoms at temperature T (total energy E}ot). We can visualize
the situation as a cloud of trapped atoms connected asymptotically to a homogeneous gas at very
low density, a bit reminiscent of the conditions for evaporative cooling (see Section . We are
interested in conditions in which the quantum resolution limit is reached in the center of the cloud
and the cloud has to be treated as an interacting quantum many-body system. In the reservoir the
density can be made arbitrarily low, so the reservoir atoms may be treated quasi-classically.

According to the statistical principle, the probability Py(E, N) that the trapped gas (the sub-
system) has total energy between E and E+ 0F and consists of a number of trapped atoms between
N and N + 0N is proportional to the number Q) (E, N) of states accessible to the total system in
which the subsystem matches the conditions for E and N,

Py(E,N) = CoQ (E,N),

where Cj is a normalization constant. Because the atoms of the subsystem do not interact with the
atoms of the reservoir (except for a vanishingly fraction of the atoms near the edge of the trap) the

131



132 8. QUANTUM STATISTICS

probability Py(E, N) can be written as the product of the number of quantum mechanical N-body
states Qu (E) with energy near E with the number of microstates Q (E*, N*) with energy near
E* = FE;,+ — E accessible to the N* = N;,; — N atoms of the rest of the gas,

Py(E,N)=CoQ(E,N)Q(Eot — E, Nyt — N). (8.1)
If the total number of atoms is very large (Nyo > 1) the trapped number will always be much
smaller than the number in the remaining gas, N <& N*. Similarly, the amount of heat involved is
small, £ <« E*. Thus the distribution Py(E, N) can be calculated by treating the remaining gas
as both a heat reservoir and a particle reservoir for the small system. The ensemble of subsystems
with energy near E and atom number near N is called the grand canonical ensemble.
The probability P, that the small system is in a specific, properly symmetrized, many-body
energy eigenstate |n.) is given by

Py = CoSy (By, N3) Q (Bror — E-, Nyot — Ny) = CoQ (E*, N*), (8.2)

where we used that Q. (E,, Ny) = 1 because the state of the subsystem is fully specified.

Like in the case of the canonical distribution we turn to a logarithmic scale by introducing the
function S* = kg In Q(E*, N*). Because £ < Ey; and N < Ny, we may approximate ln Q(E*, N*)
with a Taylor expansion to first order in E* and N*,

InQ(E*, N*) = InQ (Eor, Niot) — (0InQUE*, N*)/OE*) . Ey — (dInQ(E*, N*)/ON*) 5. N,.

Introducing the quantity 8 = (0lnQ(E*, N*)/OE*) . we have kg8 = (05*/0E*) .. Similarly we
introduce the quantity a = (9InQ(E*, N*)/ON*) . , which implies kpa = (0S* /ON*) ;.. In terms
of these quantities we obtain for the probability to find the small system in the state |7.,)

Py = C,Q (Etot; Niot) e BB oy =z le=AEy—aly (8.3)

ar
This is called the grand canonical distribution with normalization Z'y P, = 1. The normalization

constant
Zgr = ZE_BEW i
5

is the grand partition function. It differs from the canonical partition function in that the
summation over all many-body states |72,) not only includes states of different energy but also states
of different number of atoms. Therefore, the sum over the ensemble of states {|72,) } can be separated
into a double sum in which we first sum over all possible N-atom states {|N,7,)} of the subsystem
and subsequently over all possible values of N of the subsystem,

Zgr = ZNe_aNng)e_BE” = ZNe_aNZ(N)~ (8.4)
Here Z(N) = ZEYN )e=PF~ is recognized as the canonical partition function of a N-body subsystem.
nZ, = ye *N +InZy

Recognizing in S* = kg InQ(E*, N*) a function of E*, N* and Y in which U is kept constant,
we identify S* with the entropy of the reservoir. Thus, the most probable state of the total system
is seen to corresponds to the state of maximum entropy, S* + S = max, where S is the entropy of
the small system. Next we recall the thermodynamic relation

1 1 n
dS = TdU — TdW — TdN’ (8.5)

where dW is the mechanical work done on the small system, U its internal energy and p the
chemical potential. For homogeneous systems dW = —pdV with p the pressure and V' the volume.
Since dS = —dS*, dN = —dN* and dU = —dE* for conditions of maximum entropy, we identify
kpfB = (05*JOE*), n. = (0S/0U)y,n and 8 = 1/kpT, where T is the temperature of the system.
Further we identify kpa = (0S* /ON*) . = (0S/ON),, with a = —pu/kgT , where p is the chemical
potential of the system.
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8.2.1 The statistical operator

Averaged over the grand canonical ensemble the average value of an arbitrary observable A of a
system is given by

A=TAP,
vy

where A, = <ﬁ7|fl|ﬁ7> is the expectation value of A with the system in state |fy) and P, the
probability to find the system in this state, given by Eq.(8.3). Within the occupation number
representation this result may be obtained by introducing the statistical operator

p=2, —(H~ #N)/kBT (8.6)

where H and N are the hamiltonian and total number operator, respectively, and Z,, is the grand
canonical partition function. Using the statistical operator the average of A is given by

A= (pA). (8.7)

To demonstrate that Eq. represents indeed the average value of the observable A we choose
the energy representation |72,), which is the representation based on the eigenstates of H. In this
representation p is diagonal and Eq. (8.7]) can be rewritten as

A= (i, |olity) (s Aly).

Y
Using A, = (fi,|A|fi,) and noting with Eq. (8.3) that (i, |plfi,) = Z,'e”Er=rV)/keT — P e
find that the average is indeed of the form A =3 A, P,.

8.3 Ideal quantum gases

8.3.1 Gibbs factor

An important application of the grand canonical ensemble is to calculate the average occupation 74
of a given single-particle state |s) of energy e, in an ideal quantum gas,

o= 203 iy | e EomM/a Ty 17 ) (8.8)

where Z, is the grand canonical partition function, defined by the normalization condition ) 7, =
N. To calculate this average we choose the representatlon of H. Because the gas is ideal the
hamiltonian is given by H= Zetnt and Eq. (8.8) can be written in the form

= — z—1 § +- s (es ksTp
ns—Zgr <7’L1,"' 7”87"'| ) Aa(Eamp)t1/ks |n1n17 7n37“'>
ny,n2, -
- Zg'r‘l E nge e(€s—1)/kpT E (ne)g=[ra(er—p)tna(ea=p)t--1/kpT (8.9)
T1,M2,0
where the sums over the occupations ni,ng --- run from zero up, unrestricted for the case of bosons

and restricted to the maximum value 1 for the case of fermions. The superscript at the summation
S"(7) indicates that the contribution of state |s) is excluded from the sum. Similarly, the grand
canonical partition function can be written as

Ze ns(es—p)/ksT Z ns)e [n1(e1—p)+na(ea—p)+-1/kpT (8.10)

1,12,
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Substituting Eq. (8.10) into Eq. we obtain for the average thermal occupation

Zn nsefns'(es 7/‘)/kBT
-~y —_ S

Ng = .
s an e—ns(ssfp,)/kBT

(8.11)

From this expression we infer that the probability to find n atoms in the same state of energy ¢ is
given by
P(n) = 2~ temMEmm/kp T (8.12)

with normalization ), P(n) = 1 and normalization factor
Z=) e nlemm/ksT, (8.13)

Comparing the probability of occupation n; with ny for a given state of energy € we find that
their probability ratio is given by the Gibbs factor

P(ng2)/P(n1) = e_A”(E_“)/kBT, (8.14)

with An = ny — ny.
For identical bosons there is no restriction on the occupation of a given state and Z has the form
of a geometrical series with ratio r = e~ (¢=#)/kBT

oo " 1
B =Y = (<), (8.15)

Note that this series only converges if the ratio r is less than unity, i.e. for u < . For identical
fermions the occupation n of a given state is restricted to 0 or 1 and

1
Zrp = ano =147 (8.16)

Comparing Eq. (8.15) with (8.16) we see that the grand canonical partition sums for Bose and
Fermi systems coincide in the limit r < 1, i.e. for kpT < (¢ — p). For a given value of ¢ this is the
case for large negative values of p.

8.3.2 Bose-Einstein statistics

We are now in a position to calculate the average occupation of an arbitrary single-particle state |s)
of energy e,. For a system of identical bosons there is no restriction on the occupation of the state
|s) and using Eq. (8.12)) the average occupation is given by

Ng = Z nPs(n) = Z];é Zne_”(ES_“)/kBT = Zl;El Z nre, (8.17)
n=0 n=0 n=0

where 7y = e~ (=s=#)/k8T  Using the relation

e’} oo 0Z r
n __ n—1 __ BE
ano nr =r ano L T (8.18)

which hold for r < 1, and substituting Egs. (8.15)) and (8.18) into Eq. (8.17)) we obtain for the average
thermal occupation of state |s)

T 1

Il ey R YT R L LGS (8.19)
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As 7 depends for given values of T' and p only on the energy of state |s), we introduced in Eq.
the Bose-Finstein (BE) distribution function fgg(e), which gives the BE-occupation of any single-
particle state of energy e for given values of T' and u. The average total number of atoms is given
by
Zsﬁs = N7
where N is the average number of trapped atoms of the grand canonical ensemble.
To apply the grand canonical ensemble to a gas of NV identical atoms at temperature T" we use

the condition
Yosns =N (8.20)

to determine the value of 1 at which the BE-distribution function yields the correct occupation of
all states. As p has to be a function of temperature, we ask for the properties of this function. We
recall the condition rs < 1 (or equivalently p < &4) from the derivation of Eq. . This also
makes sense from the physical point of view: r; > 1 is unacceptable as it would imply a negative
thermal occupation. As this objection holds for any state we require u < g¢ < g4, where g¢ is the
energy of the single atom ground-state |s = 0). However, also u = ¢g is unacceptable because it
makes P;—g(n) independent of n. This is unphysical as it implies the absence of a unique solution
for the state of the gas in thermal equilibrium (for instance its density or momentum distribution).
Thus, we have to require p < 9. Choosing the zero of the energy scale such that eg = 0 we arrive
at the conclusion that in the case of bosons the chemical potential must be negative, p < 0.

Interestingly, although the condition p < 0 assures that the occupation of all states remains reg-
ular it does not prevent the ground state occupation Ny from becoming anomalously large (Ng ~ N)
at finite temperature. This happens if the condition —p <« 1 < kT can be satisfied. In this case
we have

1 kT
eﬂu/kBT -1 —l

Ny = (8.21)
which can indeed become arbitrarily large, whereas the occupation of all excited states |s # 0)
remains finite, ngy = kgT'/e,s. The ground state occupation remains regular as long as

No <K N & —/J,/kBT > ]./N (822)

Note that Eqgs. and can indeed be simultaneously satisfied if 1/N <« —u/kpT < 1,
which is possible because N is a macroscopic number (N 3> 1). In classical statistics (Boltzmann
statistics) macroscopic occupation of the ground state could also occur but only in the zero temper-
ature limit (kpT < €1).

The phenomenon in which a macroscopic fraction of a Bose gas collects in the ground state
is known as Bose-FEinstein condensation (BEC) and the macroscopically occupied ground state is
called the condensate. The atoms in the excited states are known as the thermal cloud. As will
appear from the next sections, the occurrence of BEC depends on the density of states of the system.
In extreme cases such as in one-dimensional (1D) gases or in the homogeneous two-dimensional (2D)
gas BEC turns out to be absent. Therefore, the occurrence of BEC should be distinguished from the
occurrence of quantum degeneracy. By the latter we mean the deviation from classical statistics and
this occurs whenever the degeneracy parameter (nA? in 3D, as introduced in Section exceeds
unity.

8.3.3 Fermi-Dirac statistics

For identical fermions the occupation n of a given state is restricted to the values 0 or 1, so the
average occupation of state |s) is given by

T's

L (8.23)

1
ne = Z nPy(n) = Zgée*(ef”)/kBT =
n=0
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where r, = e~ (€s=#)/kBT  Hence,

1

= ey = fo (). (8.24)

N
Note that ns < 1 for any finite temperature. As 7, depends for given values of 7" and p only on
the energy of the state |s) we have introduced the Fermi-Dirac (FD) distribution function frp (),
which gives the FD-occupation of any single-particle state of energy e for given values of T and p.
Note that for u > kT we have iy =~ 1 for e5 < p and fiy < 1 for 5 > p. This is the limit of strong
quantum degeneracy for fermions.

8.3.4 Density distributions of quantum gases - quasi-classical approximation

For inhomogeneous gases the quantum statistics will not only affect the distribution over states but
also the distribution in configuration space. To analyze this behavior we consider a quantum gas
with a macroscopic number of atoms, N 3> 1, confined in the external potential U(r). The sum
over the average occupations 7 of all single-particle states must add up to the total number of
trapped atoms. Therefore, we require

_ 1
N =50 =¥ e (8.25)

where the + sign distinguishes between Bose-Einstein (—) and Fermi-Dirac (4) statistics. For suffi-
ciently high temperatures many single-particle levels will be occupied and their average occupation
will be small, ny < N. For fermions this is the case for all temperatures. For bosons we have to
restrict ourselves to temperatures kg7 much larger than the characteristic trap level splitting hw
and exclude, for the time being, the presence of a condensate. Under these conditions the quantum
gases are characterized by a quasi-continuous Bose-Einstein or Fermi-Dirac distribution function.
Therefore, like in Section the discrete summation over states in Eq. may be replaced by

the integration (27Th)73 | dpdr over phase space,

1 1
N= (27‘&'71)3 / e(Ho(r,p)—pn)/keT L 1dI'dp7 (826)

with the energy of the states given by the classical hamiltonian, e, = Hy(r, p). In principle it is not
allowed to integrate over the full phase space because the zero point motion lifts the energy of the
ground state above the minimum of the classical hamiltonian, g9 > H(0,0). In practice we simply
extend the integral to the full phase space because for kg1 > hw only a small error is made by
neglecting the discrete structure of the spectrum, ey ~ H(0,0) = 0. At this point we realize that
the description has remained mostly classical. Only the quantum mechanical condition on the level
occupation, i.e. the quantum statistics, affects the results.

Along the lines of Section [1.3.1| we note that the total number of atoms N must equal the integral
over the density distribution, N = [n(r)dr. Hence, for given temperature and chemical potential
n(r) is obtained by integrating the integrand of Eq. only over momentum space,

1 1
"= Gy / TG p) - /ReT 1 P (8.27)
Recalling the expression for the one-body hamiltonian,
Ho(r,p) = p*/2m + U(r), (8.28)

we obtain for the density in the minimum of the trap (r = 0)

1 d7rp?
o (27772)3 / eP?/2m—p)/kpT 4 1dp. (8.29)
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L— 2612 —— Inz expanson .~

I B2

Figure 8.1: Bose-Einstein (BE) and Fermi-Dirac (FD) integrals as a function of the fugacity z. For compar-
ison also the linear dependence of Maxwell-Boltzmann statistics is shown. The dotted line corresponds to
the expansion (8.71)) for fermions.

Note that this result is obtained irrespective of the shape of the trap and coincides with the result
for a homogeneous gasﬂ

Local density approximation

Eqgs. (8.27) and (8.28) suggest to make a local density approzimation

1 o 4mp?
"= Gy /0 o2 - T £ 1P (8:30)

Introducing the dimensionless quantity
2(r) = ze UE/kT, (8.31)

where
z = et/keT (8.32)

is called the fugacity, the local density can be written in the following very compact form

1 _FD/BE
n(r) = 5Py (2(r), (8.33)
where
4 o) $2 2 oo t1/2
JFD/BE :7/ T g :7/ T g 8.34
3/2 (2) VT o zler® £1 v VT Jy zlet+1 (8.34)

is a dimensionless integral and the + sign distinguishes between BE (—) and FD (+) statistics. The
F3/5 (2) integrals are monotonically increasing functions of z as shown in Fig. From Eq.
we infer that the Fj/; (2) integrals can be interpreted as the local degeneracy parameters for the
cases of BE and FD statistics. To deal with inhomogeneity, the degeneracy of trapped gases is
defined by the degeneracy parameter in the trap center,

FD/BE
D =noA® = F3/2/ (2).

1V. Bagnato, D.E. Pritchard and D. Kleppner, Physical Review A 35, 4354 (1987). Note that this well-known
result does not hold for reduced dimensinality.
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8.3.5 Grand partition function

In Section we discussed how the thermodynamic properties of trapped classical gases can be
obtained systematically once we have an expression for the canonical partition function Zx. The
grand partition function Z,,. plays a similar role for the quantum gases. In preparation for the
discussion of this topic in Section we first derive expressions for Z, for the cases of BE- and
FD-statistics. Starting from the definition

Zp= Y etmlimrnaeamw )k T (8.35)

Mn1,M2,0
we note that we can sequentially factor-out the contributions of all single-particle states, just as was

done for state s in Eq. (8.36)),
Zgp =[] D e meleemmi/hoT, (8.36)

Introducing the quantity 7, = e~ (es=#)/ksT Eq. 1) can be further simplified to the form
Zy = []D 0 (8.37)

e For identical bosons there is no restriction on the occupation ng of a given state s and we
recognize in 74 the ratio of a geometrical series. After summation we obtain,

Zyr = H ! (bosons). (8.38)

1—rg

e For identical fermions the state occupations ng are restricted to the values 0,1 and we have
only two terms in the sum,

Zgr = H (I+7rs)  (fermions). (8.39)

s

e Combining Egs. (8.38]) and (8.39)) we obtain a single formula,

InZg =+ In(l+r,), (8.40)

where the + sign distinguishes between Bose-Einstein (—) and Fermi-Dirac (+) statistics.

Let us derive an expression for In Z,, in the quasi-classical approximation. Replacing the sum-
mation over all states by the integration (27771)73 | dpdr over phase space we obtain,

1
InZ, = W /ln (1 + ze_HU(p’”)/kBT) dpdr, (8.41)

where Hy(r, p) is again the one-body hamiltonian (1.33). For inhomogeneous gases we write In Z,,
in the form

InZ, = A*3/F5/2(zefu(r)/kBT)dr, (8.42)
where the local contribution to In Z, is given by

In 2,4, (r) = A2 Fy jp(ze UF)/EoT), (8.43)
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Recalling Eq. (8.33) for the local density this expression may be reformulated in the form

F5/2(Z€7u(r)/k:BT)
= n(r).
F3/2(Ze—u(r)/kBT)

InZ,,(r) (8.44)

For homogeneous gases U(r) = 0 and we can simply integrate (8.42)) over configuration space,
In 2y, = (V/A?) F50(z). (8.45)

Introducing @ = v/2mkpT and changing to the integration variable ¢ = (p/a)? the function Fs5/2(2)
can be written as
A3

7)3 / In (1 + ze_(p/a)z) Anp?dp
0

Foal2) = (27h

—71 - n ze t) ¢1/?
_F(3/2)/0 In (1 ze~?) t1/2dt, (8.46)

which can be rewritten by partial integration in the form of the interal representation of the poly-
logarithm (see Appendix [B.2]),

Fape)= L [T 2, (8.47
‘”’/2(2’)_r(5/2)/0 et r10” A7)

Example: BE and FD distributions

As a (first) demonstration of the central role of In Zg, in the grand canonical approach we rederive
the expressions for the average thermal occupation 72; in bosonic and fermionic quantum gases.

Rewriting Eq. (8.11)) in the form

I 2,
7= Ts an ns'r?s 1t7$s et (8 48)
SRR AT ol |
t#£s

we recognize in the denominator the expression (8.37) for Z,, and in the numerator a derivative of
Z

qgrs
rs 0Zgr

s = Zgr Ors
Substituting Eq. (8.40) yields in one line the BE (—) and FD (+) distribution functions,

=rs0lnZ,,./0rs. (8.49)

s 1
T 14r,  eles—mw/ksT £ 1°

(8.50)

n

8.3.6 Link to the thermodynamics

Let us explore how the thermodynamic properties can be obtained from the grand partition function.
The starting point is to indentify the grand canonical average of the total energy E of a system with
the thermodynamic internal energy U of that system,

U=F= gesns = Z—(ss—u)/ksT i1 (8.51)

5 e

In the quasi-classical approximation this becomes

U= /u(r)dr -1 / Ho(r,p) dpdr, (8.52)

(27771)3 e(Ho(r,p)—p)/ksT + |
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where the local energy density u(r) is given by

1 2 t3/2 Ur) 2 /2
U(r) = kBTFﬁ / eiu(r)/kBT2:71€t T 1dt + A3 ﬁ/ e*lx[(r)/kBTzflet T 1dt (853)
Here we recognize two polylogarithms,

3, .1 _ 1 -
u(r) = ShpT 45 Fspa(ze”OVE0T) 4 U(r) 15 Fy o (27 /EPT), (8.54)

Substituting Eqgs. (8.43) and (8.33) the expression for u(r) reduces to the compact form
3
u(r) = §k:BTangr(r) +U(r)n(r). (8.55)

Returning to Eq. (8.54)) and using the properties of the polylogarithm we find that Eq. (8.54) is
equivalent with

1 —U(r
u(r) = kaTEFWg(ze u( )/kBT)

+T <akBT L F5/2(26_u(r)/kBT))

1 —U(r)/ kT
o7k8T 15 + 155 Faalze (x)/ksTy - (8.56)

U,

In the first two terms we recognize the expression (8.43) for In Z,,(r). In the last term we recognize
the local density, but rather than writing un(r) we note that the local density can also be expressed
in terms of In Z,,(r) (see Problem [8.1)),

0
n(r) = <a’ukBTangT(r)>u’T, (8.57)

Thus Eq. (8.56) can be written in a form containing only kg7 In Z,,(r) and its derivatives. Sup-
pressing the explicit position dependence on Z,,(r) we have

u(r) = —kgTIn Z4 + T[0(kpT In Z,,.) /0T |y, + 10lkpT In Z4,) /Optlus - (8.58)
This expression suggests to define the quantity
Q(r) = —kpTIn Z,,(r) & Z,(r) = e @/ksT, (8.59)
By substitution of Eq. Q(r) can be expressed in the form

Fs/Q(Ze—Z/l(r)/kBT)

_ F3/2 (Zefu(r)/kBT)

Qr) = n(r)kpT. (8.60)

We are now in a position to make the connection to thermodynamics. First we will do this for
the homogeneous gas. From Eq. (8.58]) we see that the internal energy can be expressed in terms of
Q= [Q(r)dr = QyV and its derivatives,

o0 o0 o0
U=Q-T|=— — — =Q-T( = . 8.61
<8T)u,u a <6H>u,T <8T>1/{,z ( )

Comparing this relation with the thermodynamic relation Q@ = U —T'S — uN, we recognize in {2
the grand potential 2. Once 2 is known the thermodynamic properties of the small system can
be obtained by combining the thermodynamic relation for changes of the grand potential d) =
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dU —TdS — SdT — pdN — Ndp with that for the internal energy dU = dW 4 T'dS + pdN into the
expression d2 =dW — SdT — Ndu. Hence, we identify

Q Q
5= (a)  N= <5> | (8.62)
oT U ou ur
In a homogeneous gas one has dW = —pdV and
o9
=—| = =-0Q Q= —pV. .
p ((W)TH 0o o oV, (3.63)

For inhomogeneous systems we obtain similarly for the entropy density and the number density,
S(r)=— (69(1')/671)14:# and n(r)=-— (E)Q(r)/a,u)u’T. (8.64)
The corresponding relation for the local pressure p(r) remains to be determined.

Problem 8.1 Show that the relation between the local density and Z,,. is given by
n(r) ( 9 kpTIln Z (r))

=\ 53 B T
I ! u,r

Solution: Starting from the r.h.s. of Eq. (8.57)) we have for constant U(r) and T

9 19 -
a—MkBTlnzgr(r) = kBTF@F5/2(Ze U) kT,

Introducing the notation z(r) = ze “®)/k8T and noting the property 9z(r)/0pu = z(r)/kpT the
above expression takes the form

Lo 9:(r) _ 1 Fyp(elr) _

kpT— 2 F, =5 = =
BI A3 0z(r) 5/2(2(r)) ou A3 z(r) n(r),
where Eq. (8.33) was used in the final step. »

8.3.7 Series expansions for the quantum gases

To deal with the BE and FD integrals a number of mathematical tools is at our disposal, which can
be classified in terms of the value of the fugacity.

Thecase 0 < 2 <1

For p(r)/kpT < 0 the fugacity is small and we can rewrite both the BE and FD integrals in the
form

1 o] tafl
FED/BE (1) = / dt. :
@ (2) Ia) J, z7let+1 (8.65)
Since z < 1 and e~ < 1 the denominator of the integrand can be expanded in powers of ze_“”?,
—t
ze _ YA —y

£=0

and substituting this expansion into Eq. (8.65]) we obtain after swapping summation and integration

1 e
FD/BE 41 e / btya—1 g1 )
F, (2) = EE 1 (£)" =2 (o) /, e YT dt (8.67)
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Note that this swap is allowed because the series converges uniformly (for 0 < z < 1). Evaluating

the integral gives
1 o ttja-1 1
— ot = —
I(a) / ’ 2

and we obtain

FRE( Z 7a = 9a(2) = Lia(2) (8.682)
Zé
FP(2) =Y ()" 5 = fal2) = ~Lia(-2). (8.68D)
=1

where Li, (z) is the polylogarithm (see Appendix [B.2]). These expressions are known as the fugacity
expansions of the BE-function ¢,(z) and FD-function f,(z).

The case z 1T 1

Highly degenerate bosonic gases are characterized by this limit (0 < —p < kgT'). In this case the

integral FPE(z) can be expanded in powers of v = —Inz = —u/kgT (see Appendix B.3). In
particular we have
F3/2(z) =(3/2)+T(-1/2)V=Inz+--- for (—p < kpT). (8.69)
FEE(2) = ¢(5/2) = €(3/2) (~In2) + T (=3/2) (~In2)*? + .- for (~u<kpT).  (8.70)

Note that these expressions satisfy the recursion relations . Note further that these relations
break down for z > 1 (see Fig. [8.1)).

The case z > 1

Highly degenerate fermionic gases are characterized by this limit (1 > kpT'). In this case the integral
F?)F/B( z) can be expanded in powers of v = Inz = u/kgT (see Appendix ,

FiR(2) = %(lnz)?’/z [1+71-8(1nz)_2—|—-~-} for (u>> kpT). (8.71)
5/2(2) = %(l )5/2{1+58(1nz) +] for (> kpT). (8.72)

Note that these expressions satisfy the recursion relations 1@) Note further that sz/g(z) and

Fg/lg( z) diverge logarithmically with z. The approximation by the first two terms of Eq. 1 is

shown for Ff/g( z) as the dotted line in Fig. Note that this approximation is already excellent

for p/kpT 2 1Ind ~ 1.3.



The ideal Bose gas

9.1 Introduction

In this section we analyze the ideal Bose gas in more detail, in particular the phenomenon of
Bose-Einstein Condensation (BEC). Like in previous chapters we consider a gas of N trapped
atoms confined by an external potential U (r) with characteristic level splitting fiw and studied at
temperatures T where many states are populated (kpT > hw). The system is described by the

hamiltonian
H= ZHo(purz‘)v (9.1)

representing the sum of single-particle contributions,

h2
Ho(p, 1) = —%V? +U(r;). (9.2)

The single-particle energy eigenstates |s) and eigenvalues 4 are defined by Ho |s) = €5 ]s). As we
are dealing with bosons, the occupation of the state s is given by the BE-distribution

foe(es;p, T) = S E— (9.3)

T oeles—p)/kBT _

For given €5 and T this distribution is a regular, monotonically increasing function of 1 on the interval
—00 < p < 0, which diverges in the case of the ground state (e = g = 0) when p approaches zero
(see also Section . Excluding the ground state, the BE-distribution is a quasi-continuous
function of €5, even for —p < kpT), as is illustrated in Fig.[0.1] In the absence of a condensate, i.e.
for —u/kpT >> 1/N, this allows us to make the quasi-classical approximation , in which the
summation over single-particle states is replaced by an integral over phase space (see Section.
Clearly, this approximation brakes down when, with the onset of BEC, the ground-state occupation
Ny grows disproportionately and fgr(es) becomes discontinuous at e, = 0. The work-around is
well known: as only the ground-state becomes macroscopically populated it suffices to single-out
the ground state from the summation . In this way the quasi-classical approximation remains
valid for the summation over excited states and we can write

1 1 1
_ - -
N = NO + ; Ns = e_H/kBT -1 + (27Th)3 / e(HU(I‘,P)_H)/kBT _ 1drdp (94)

143
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1000 ¢ . : . : . : . :

thermal occupation

e‘;/lﬁBT

Figure 9.1: Average thermal occupation 7i; = fpg(g5/T) of states of energy es for —u/kpT = 107* (solid
line). The occupation of the lowest levels (5 < kpT) is strongly enhanced as compared to the classical
(Boltzmann) occupation (dashed line). This is known as quantum degeneracy. The lowest plotted energy
corresponds to 1 = kT /100, a typical value for the first excited state in harmonic traps at T ~ Te.

The summation over the occupations of the excited states yields by definition the number of atoms
in the thermal cloud,

> 'Ag=N'=N—N,. (9.5)

As is readily verified, like the Ny-term also the BE-integral in Eq. is a regular, monotonically
increasing function of y on the interval —oco < p < 0 and because Ny diverges for y — 0 the Eq.
can be satisfied for any value of N and T' by choosing the appropriate value for u.

Because the chemical potential is always negative, the fugacity

z = et/ kBT (9.6)

is bounded to the interval 0 < z < 1. Since also 0 < exp[—Hy(r,p)/kpT] < 1 we can use the
fugacity expansion (see Section [8.3.7) for the BE-integral in Eq. (9.4]),

1
(27h)®

N=Ny+N'= & +) 2 / e Hop)/keT qrp, (9.7)
=1

Hence, recalling Eq. (1.35) we can express the total number of trapped atoms N in terms of the
ground-state occupation Ny plus a sum over the single-particle canonical partition functions Z; (7T')
of a classical ideal gas at temperatures T,7/2,--- T/l,---,

z
1—=2

N=Ny+N'= +Y 2 20(T)0). (9.8)
(=1

Making the local density approximation (8.33)), the density distribution n’(r) of a thermal cloud
of bosons in a trap U(r) is given by

1 —U(r
n'(r) = FFBB/% (ze u( )/kBT> , (9.9)
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where
N' = /n’(r)dr (9.10)

is the total number of atoms in the thermal cloud. Since 0 < ze=UY®)/ksT

(8.68al) is valid and Eq. can be written in the form

< 1 the fugacity expansion

1 & 28 _ r
n'(r) = Fzme Ux)/kpT (9.11)
=1

In particular we have at the trap minimum (r = 0)

e 4
z
=1

Note that Eq. (9.12)) does not depend on U(r). Therefore, the degeneracy parameter of the thermal
cloud has the same convergence limit (z — 1 < u — 0), irrespective of the trap shape.

9.2 Classical regime (ngA3 < 1)

At constant n{, the Lh.s. of Eq. (9.12]) decreases monotonically for increasing temperature 7. There-
fore, the corresponding fugacity z has to become smaller until in the classical limit (D — 0) only
the first term contributes significantly to the series, >, 2t/ 03/2 ~ z. Hence, in the classical limit,
where n{, = ng the fugacity is found to coincide with the degeneracy parameter
z TL()AS Sd kBThl[noAS]. (913)
T—o0
Apparently, in the classical limit ¢ must have a large negative value to assure that the Bose-Einstein

distribution function corresponds to the proper number of atoms. In Chapter (1| expression ((9.13)
was obtained for the classical gas starting from the Helmholtz free energy (see Problem [1.13)).

9.3 The onset of quantum degeneracy (1 < noA® < 2.612)

Decreasing the temperature of a trapped gas the chemical potential increases until at a critical
temperature, T¢, the fugacity expansion reaches its convergence limit (z — 1) and the density is
given by

n(r) = % > ﬁ% exp[—U(x) /kpT].
=1

Note that only in the trap center all terms of the expansion contribute to the density. Off-center
the higher-order terms are exponentially suppressed with respect to the lower ones. This reflects
the property of the Bose statistics to favor the occupation of the most occupied states. We thus
established that the parameter D = ngA? is indeed a good indicator for the presence of quantum
degeneracy, i.e. for the deviation from classical statistics. For the trap center we have at T

=1
D =noA® =" 77z = C(3/2) 2612, (9.14)
(=1

Hence, T, only depends on the density in the trap center and not on the trap shape,

kpT. =~ 3.31 (h2/m) ng'>. (9.15)
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9.4 Fully degenerate Bose gases and Bose-Einstein condensation

In this section we have a closer look at what happens close to T, where the general expression
holds,

N=Ny+N = & + 32 Z4(T/0) (9.16)
=1

and the partition function is given by Eq. (1.47)),

VUT/O)  Vu(T/0) 1
(1)) = [A(T/K)]?’ T A3 32

In accordance with Eq. ((1.45)

(9.17)

Vo(T/0) = / e~ Um/ksT gy (9.18)

is the effective volume V. of a classical cloud at temperature 7'/¢. Although this volume cannot be
observed in the quantum gas it is convenient from the mathematical point of view.

We first analyze Eq. for the homogeneous gas confined to a volume V. Since for a homo-
geneous gas V,(T'/¢) = V the partition function takes the form

V1

and substituting this expression into Eq. we obtain

z V
For T' < T, the chemical potential is always close to zero. Therefore, in the degenerate regime the
Bose function is best represented by the expansion (8.69) in powers of (—Inz) = —u/kpT,

_kgT |V

+hwwmm”+ﬂ for (u10). (9.21)

N
- A3 kBT

Just above T, i.e. for 1/N <« —p/kpT < 1, the chemical potential can be expressed as

—ngA3\ 2

which is plotted in Fig.[0.2] As expected, the chemical potential increases with decreasing temper-
ature. For —u < kT the curve deviates from the classical expression shown as the dashed
line in Fig.[9.2] For —p < kpT, the fugacity expansion approaches its convergence limit and the
thermal term of Eq. can no longer account for all atoms. For a large but finite number of
atoms (N >> 1) this happens for T = T, where p has a small but finite negative value and the
following expression is satisfied,

N = AKE |:C(3/2) +C(1/2)\/E+ } ~ AKE’C(?)/Q) (9.23)

Lowering the temperature below T, the ground state occupation starts to grow from Ny =
—kpT/u < N to macroscopic values, which marks the onset of Bose-Einstein condensation. Below
T, the non-condensed fraction is given by

N'/N = ((3/2)/nA® = (T/T.)*? (9.24)
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Figure 9.2: Chemical potential as a function of temperature for a homogeneous Bose gas close to T, (solid
line). For comparison the classical expression (9.13)) is also plotted (dashed line).

which implies that the number of atoms in the condensate is given by Ng = N — N’ = —kpT/u and
condensate fraction is growing in accordance with

No/N =1—(T/T.)*?.

(9.25)
Far below T, the condensate fraction is close to unity (Ng
its limiting value,

~

N) and the chemical potential reaches
w=kpTIn(l—1/Ny) ~ —kgT/N.

(9.26)
Note that p is zero for all practical purposes provided N 3> 1 and truly zero only in the thermody-
namic limit (N,V — oo, N/V = nyg).

The above analysis can be generalized to inhomogeneous gases. Combining Egs. (9.10]) and (9.11])
the number of atoms in the thermal cloud can be expressed as

1 o 2f
N / W) = 5 3 V(T 0, (9.27)
=1
Restricting ourselves to power-law traps we can relate the effective volumes at two temperatures
with the aid of Eq. (1.71]),
Ve (T/) = (1/0)" Ve (T). (9.28)
where + is the trap parameter. Substituting this relation into Eq. (9.27) we obtain

Ve(D) s~ _2° _Ve(D)
N= A3 ; 73/217 — A3 93/24~(2)- (9.29)
=1
For T' < T, we have z = 1 and

Ve (T)
N'= T93/2+v(1) <N. (9.30)
For power-law traps with trap parameter v we obtain after substitution of Eq. (1.71)) N'/N =
(T/ Tc)?’/ 2+7, which implies for the condensate fraction,
No/N =1— (T/T.)*/*7.

(9.31)
The analysis can be further generalized with the aid of the density of states p(¢) of the system,

introduced in Section For T' < T, we have starting from Eq.

NSz =3 [T e 032
=1 =170
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Figure 9.3: The density profile of a fully saturated (z = 1) thermal cloud of bosons in an isotropic harmonic
trap (solid line). For comparison the gaussian profile of a classical gas is also drawn (dashed line); R =
v/2kT /mw? is the thermal radius of the classical cloud.

where we used Eq. - For any trap, isotropic or anisotropic, with a density of states of the type
ple) = Ae'/?T7 we have

N' = AZ/OO e e/keTl 247 e — A (kgT)*/*™ Z /00 et/ 2y, (9.33)
=170 =170

Hence, using the integral relation (B.5) Eq. (9.33) reduces to
N =A (k:BT)B/ PHYT(3/2 4+ 7)g3 /214 (2) (9.34)

and Eq. (9.31] - for the condensate fraction is seen to hold for all traps with a density of states of the
type p(e) = As'/**7.

9.4.1 Example: BEC in isotropic harmonic traps

As an example we consider the harmonically trapped ideal Bose gas (trap parameter v = 3/2) at
temperatures kT > hw, where w/27 is the oscillation frequency of a single trapped atom. For this
system we have a quasi-continuous level occupation and the quasi-classical single-particle partition

function is given by Z; = (k:BT/ hw)3, see Eq. (1.77). The density profile of the thermal cloud is

found by substituting U(r) = §mw r? into Eq. (9.9),

! .z mwer

The profile of a fully saturated (z = 1) Bose-Einstein distribution is shown in Fig. Note that
the cloud is gaussian for mw?r? > kT, which means that the tail of the distribution remains quasi
classical, irrespective of the value of z. Clearly, the center of the cloud is the interesting part. Here
the density is enhanced, a plausible precursor for BEC.

The onset of BEC occurs when the fugacity expansion reaches its convergence limit z — 1. This
process is best analyzed starting from Eq. , which takes for harmonic traps the form

z
N=—— E .
1> kBT/ﬁw 2 (9 36)
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The convergence limit of the series is given by
) z
lim 75 =93(1) = C(3) = 1.202 (9.37)

Thus at T, we find with the aid of Eq. (9.36) N = (kpT./hw)® ¢ (3), which can be written in the
form of an expression for T,

kT, = [N/ (3)]Y3 hw ~ N3 hw. (9.38)

With this expression we calculate that for a million atoms in a harmonic trap the critical temperature
corresponds to 100x the harmonic oscillator spacing. Thus we verified that down to T, the condition
kpT > hw remains satisfied. Note that this holds for any harmonic trap and only as long as N >> 1
and the ideal gas condition is satisfied (vong < kpTe).

For T < T, Eq. takes the form

N = No + (kaT/hw)* ¢ (3) = No+ (I/T.)° N, (9.39)

where Ny is the number of atoms in the oscillator ground-state (the condensate). Because the ground
state is highly localized in the trap center, the condensation process results in a dramatic increase
of the density in the center of the cloud and, in most cases, the ideal-gas approximation breaks
down. Note that this density increase is a feature of the inhomogeneous gas. In homogeneous gases
the density is constant and BEC manifests itself only in momentum space. Rewriting Eq. we
obtain for the for the condensate fraction of a harmonically trapped gas

No/N =1—(T/T.)*. (9.40)
Note that at T/T. = 0.21 the condensate fraction is already 99%.

Problem 9.1 Show that for one million bosons in a harmonic trap at T, the first excited state has
a hundred fold occupation.

Solution: The occupation of the lowest excited state, i.e. the state of energy 1 = hw < kT, ~
N'3hw, is given by

1 kT,
e1/keTe 1~ hw

For N = 10° this implies that 7, = 100. »

ny = ~ N/3,

9.5 Release of trapped clouds - momentum distribution of bosons

For a gas of bosons above T, the momentum distribution is given by

1 [e)

¢ 1 / —(Ho(r,p)/knT ¢ —t(p)a)?
n :E z e PIEBEdp = g 2te WYY (T /) 9.41
) — (27771)3 (27771)3 — (/0 (0.41)

where o = /2mkgT and V,(T'/{) is the effective volume of a classical cloud at temperature T'/¢ as
defined in Eq. . Importantly, whatever the trap shape the momentum distribution is seen to
be isotropic. This means that when releasing a trapped cloud by switching-off the trapping potential
the cloud shape will always evolve into a spherical form. Once the cloud is much larger than its
initial size only the radial distribution of the density reflects the properties of the original trap.
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Substituting Eq. (9.28) into Eq. (9.41) we obtain for the momentum distribution

oo - . )
’n(p) = Ve (T) ile_e(p/a)z _ N 1 g’y(Ze (p/) )
(2rh)® — 176 T/r  gyia(z)

(9.42)

where we used

Ve (T
N = /n(p)dp = (27(71)2;47043411\/7?97+3/2(Z)- (9.43)

Since A3 = 773/2 (2xh/)’ the above expression coincides with Eq. (9.29). Interestingly, for har-
monic traps (7 = 3/2) the momentum distribution (9.42)) has exactly the same functional form as

the density distribution ({9.35)).

To conclude this section we introduce the normalized momentum distribution

11 gy (zem @/
Amad 3T gytsya(2)

and give expressions for the variance and the average value of the momentum

fpr(p) =n(p)/N =

o\ 9 — o2 8\f97+5/2(2) —3m Gry+5/2(%)
) = [ Psoiap lfgwg(z) ke )
. — 297+4 m 7 Jra\E) 9r+4(2)
(p) = / piee(p)dp = —4 V9132 = \/8mkpT/ PG

Comparing the first and second moments we obtain

)/ 0 = 2 y052(2)0702(2) 97420

which implies that for harmonic traps the ratio (p?) / (p)? increases by ~ 2.5% when the fugacity
changes from its value in the classical gas (z < 1) to that of the saturated Bose-Einstein distribution
(z =1). Clearly, this ratio is not a sensitive indicator for the onset of BEC.

9.6 Degenerate Bose gases without BEC

Interestingly, not any Bose gas necessarily undergoes BEC. This phenomenon depends on the density
of states of the system. We illustrate this with a two-dimensional (2D) Bose gas, i.e. a gas of bosons
confined to a plane. Like in Section we require the sum over the average occupations 7 of all
single-particle states to add up to the total number of trapped atoms,

> 1
N=Yn,=)» 2
. ; (27h)?

e HorP) ke T gr gy (9.44)

In 2D the phase space is 4-dimensional and after integration we obtain

N —ou(r
= p27/6 u( )/kBTdI'. (945)
=1

For the homogeneous gas of N bosons confined to an area A this expression reduces for p < kgT
to

D =nA?= Z = —In(1-2)~—In(—p/ksT), (9.46)
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where n = N/A is the two-dimensional density. Because the fugacity expansion does not converge
to a finite limit Eq. shows that, at constant n, the 2D degeneracy parameter D = nA? can
grow to any value without the occurrence of BEC. The ground state occupation grows steadily until
at T'= 0 all atoms are collected in the ground state.

The homogenous 2D Bose gas is seen to be a limiting case for BEC; even the slightest enhance-
ment of the density of states will result in a finite T;. for Bose-Einstein condensation, also in two
dimensions. This is easily demonstrated by including a trapping potential of the isotropic power-law
type, U(r) = wor®/7. In this case Eq. can be written as

1 > Ze Ae i Ze Ae
N = F Z er(T/g) = F Z W = Fgl+2'y/3(’z)? (947)
=1 =1

where A, = apT2/3 (see problem [9.2)) is the classical effective area of the atom cloud. Hence, the
condition for BEC in a 2D trap coincides with the existence of the convergence limit,

lim g149/3(2) = ((1 +27/3). (9.48)

This limit exists for 4 > 0, which shows that even the weakest power-law trap assures BEC in gas
of bosons confined to a plane.

Similarly, it may be shown (see problem that BEC occurs for 1D Bose gases in power-law
traps with v > 3/2. EHZ| Interestingly, unlike the 3D gas where the density in the trap center is also
an indicator for the onset of BEC in lower dimensions this is not the case. For instance, as follows
from Eq. the 2D density in the trap center is independently of v given by

> 1
Mo = g3 0 7 =~ ga (ke (9.49

Hence, the density in the trap center locally diverges irrespective of the occurrence of BEC and is
as such no indicator for BEC.

Problem 9.2 Show that the effective area of a classical cloud in a 2D isotropic power-law trap is
given by
2
k BT> 37
)

_ 2 2
Ao = rtarns) (22

where v is the trap parameter and T (z) is de Euler gamma function.

Solution: The effective area is defined as A, = [ e “(")/*5Tdr. Substituting U(r) = wer®/? for

the potential of an isotropic power-law trap we find with wg = Upre 3/

/v 2 kpT\ + .
Ve = /e_w‘”a/ IesTomrdr = Sarly [ 22 /flm%v‘ldw,
3 Uy

where x = Uy /kpT) (r/re)?’/v is a dummy variable. »

Problem 9.3 Show that BEC can be observed in a 1D Bose gas confined by a power-law potential
if the trap parameter satisfies the condition v > 3/2.

INote that for T, very close to T' = 0 the continuum approximation brakes down because the condition kT > hw
is no longer satisfied. In this case the discrete structure of the excitation spectrum has to be taken into account.

2See W. Ketterle and N. J. van Druten, Phys. Rev. A 54, 656 (1996) and D.S. Petrov, Thesis, University of
Amsterdam, Amsterdam 2003 (unpublished).



152 9. THE IDEAL BOSE GAS

Solution: The total number of bosons confined by a power-law potential U(r) = wor/7 along a
line can be written in form equivalent to Eq. (9.47):

B 1 oo Z( £ _ Le oo} ZZ B Le
N=3 Zz_:l WLQ(T/ )= A Zz_:l 23 Xgl/2+w/s(2),

where L, is the classical effective length

1 1
s 1 kT ¥ 1 kpT\ "
I — /e_ons/ /kBT g — 5707 (50) /e_wx%“Y_ldx = 3707 (:;()) I'(1v/3),

with @ = (Uo/kpT) (r/re)g/w a dummy variable. Like in the 3D and 2D case the condition for the
existence of BEC is determined by the existence of a convergence limit of a g, (z)-function,

lim g1/24+/3(2) = C(1/2 +7/3).

In the 1D case the limit exists for v > 3/2. Taking into account the discrete structure of the
excitation spectrum it may be shown that BEC also occurs in harmonic traps.” »

9.7 Absence of superfluidity in ideal Bose gas - Landau criterion

Superfluidity is the name for a complex of phenomena in degenerate quantum ﬂuidsﬂ It was
discovered in 1938 in liquid *He by Kapitza as well as by Allan and Misener, who found that, below
a critical temperature Ty ~ 2.17 K, liquid *He flows without friction through narrow capillaries
or slits. London (1938) conjectured a relation with the phenomenon of BEC and Landau (1941)
suggested an explanation for the absence viscosity. Not surprisingly, the question arises ‘is a dilute
Bose-Einstein condensed gas a superfluid’? The answer knows many layers but in this chapter
we restrict ourselves to ideal gases and show that in this case BEC is not sufficient to observe
viscous-free flow.

As all experiments with quantum gases require surface free confinement, a capillary arrangement
like in liquid helium is out of the question from the experimental point of view. Therefore, we analyze
an equivalent situation in which a body of mass my moves at velocity v through a Bose-condensed
atomic gas as sketched in Figure[0.4] The body may be an impurity atom or a spherical condensate
of a different atomic species. For simplicity we presume the Bose-condensed gas to be a homogenous
Bose-Einstein condensate at rest at 7' = 0. In the absence of external forces the momentum of
the body p = mgv is conserved unless the condensate gives rise to friction. At the microscopic
level friction means the creation of excitations and this will only occur if this excitation process is
energetically favorable. We will show that an ideal Bose gas is not a superfluid because for any
speed of the moving body we can identify excitations that can be created under conservation of
energy and momentum.

Before excitation the energy of the moving body is p?/2mg and the energy of the condensate is
zero (g9 = 0), i.e. the total energy of the system is

After creating in the condensate an excitation of energy e and momentum hk the energy of the
body is known to be (p — fik)? /2mq as follows by conservation of momentum. Thus, the total
energy in the final state is

Ey=(p- hk)? /2mg + e, = p? /2mo + h2k?/2mo — Bk - p/mg + k. (9.51)

3A.J. Leggett, Rev. Mod. Phys. 73, 307 (2001); also in Bose-Einstein Condensation: from Atomic Physics to
Quantum Fluids, C.M. Savage and M. Das (Eds.), World Scientific, Singapore (2000).
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O—»V
m,

Figure 9.4: A body moving at velocity v through a Bose-Einstein condensate at rest.

Energy conservation excludes excitation if Ef—FE; > 0, which is equivalent to e, > fik - v—h2k? /2my.
This condition is most difficult to satisfy for v parallel to k, in which case we obtain after some
rearranging

v < e /hk + hk/2mo = v.. (9.52)

Here v, is the critical velocity for the creation of elementary excitations of momentum fk. Thus we
found that elementary excitations of momentum Ak cannot be created if the speed of the body is
less than v,.

In the case of an ideal Bose gas the elementary excitations are free-particle-like, i.e. the dispersion
is given by e = h%k?/2m, where m is the mass of the condensate atoms. Substituting this dispersion
into Eq. we find for the critical velocity in an ideal gas

ve = hk/2u, (9.53)

where p = mmg/ (m+ myg) is the reduced mass of the body with the excited atom. For heavy
bodies p ~ m and v, is simply half the speed of the excited atom. Importantly, in an ideal gas v, is
seen to scale with the momentum of the excitation. Hence, for any velocity of the body it is possible
to create elementary excitations under conservation of energy and momentum. The efficiency of
excitation is of course another matter. Here, this is left out of consideration because it only sets the
time scale on which friction brings the body to rest.

In the case of the liquid *He at 7' = 0 the excitation spectrum is phonon-like £;, = hck, with c the
speed of sound. Substituting the linear dispersion into Eq. the condition for excitation-free
motion becomes

v < c+ hk/2mg = v..

Apparently, below a critical velocity, the Landau critical velocity v. = ¢, non of the phonon-like
modes can be excited, which explains the absence of phonon-related friction. Note that the Landau
critical velocity is independent of the mass of the moving body. In general the criterion v < ¢ is not
sufficient to guarantee superfluidity, because any other cause of dissipation, like the excitation of
vortices or of different elementary modes (like the so-called rotons in liquid helium), could destroy
the effect. This being said we conclude from experiment that this is apparently not the case in
liquid “He! Nevertheless, the existence of other types of excitations should not be forgotten, if only
because they make it extremely difficult to observe the theoretical value for the Landau critical
velocity in liquid helium.
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Ideal Fermi gases

10.1 Introduction

In the case of fermionic gases the quasi-classical approximation ({8.26) is always valid because as
a result of the Pauli principle for N 3> 0 the typical single-particle energy is always much larger
than the characteristic level splitting fiw. The number of atoms is given by the Fermi-Dirac integral

E20).

1 1
- (2mh)? / e(Ho(r,p)—p)/kpT 4 1dI‘dp. (10.1)

Because the integrand (the Fermi-Dirac distribution function) is a regular, monotonically increasing
function of u, the integral expression can be satisfied for any temperature T by choosing the
appropriate value for the chemical potential. This value can be positive or negative, depending on
N and T.

For p < 0 the fugacity z = e# is a small positive number (0 < z < 1) and the distribution
function can be expanded in powers of z exp|—Hy(r,p)/ksT],

/ksT

oo

1 _ 0+1 ¢ —0Ho(r,p)/ksT
e(Ho(r,p)—p)/keT |1 — 521(_) z'e olfP)/RB L, (10.2)

Note that this fugacity expansion has the form of an alternating series. Substituting Eq. (10.2)) into

Eq. (10.1)) we obtain

N = )+ ei/e_éHU(r’p)/kBTdrd : 10.3
; Pk p (10.3)
The density distribution is given by Eq. (8.27] - ) for the case of fermions in a trap U(r),
oo oo e
e+ zi —LHo(e,p) /KT gy 1 V2 i) kT 104
H=3 O i e p= a2 (" e o (104)

In particular, at the trap minimum (r = 0) we have for the degeneracy parameter

o0

4
z
D=nph? =3 (-)! s = fa2(2) = Fypaw) - (for 0< 2 <1), (10.5)
=1
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where z = e~ with u = —pu/kpT.

For p > 0 the series does not converge uniformly. Hence, the interchange of the order of
summation and integration as applied in Eq. (10.3)) is not allowed and a different approach is required
to evaluate the Fermi-Dirac integral [10.1] (cf. section [10.4).

10.2 Classical regime (noA® < 1)

At constant ng the Lh.s. of Eq. decreases monotonically for increasing temperature 7. There-
fore, the corresponding fugacity z has to become smaller until in the classical limit (D — 0) only
the first term contributes significantly to the series, 52, (=)' 2¢/¢3/2 ~ 2. Hence, just like for
bosons, in the classical limit the fugacity is found to coincide with the degeneracy parameter

z =~ TL()A3 S u = kBTln[n0A3]. (106)
T—o0

In Chapter [1| expression (9.13)) was obtained for the classical gas starting from the Helmholtz free
energy (see Problem [1.13)). Hence, in the classical limit the expressions for the chemical potentials
of the quantum gases coincide with that of the Boltzmann gas, i.e., u is a large negative number.

10.3 The onset of quantum degeneracy (noA® ~ 1)

Decreasing the temperature of a trapped fermionic gas the chemical potential increases monoton-
ically until at the degeneracy temperature T the fugacity expansion reaches its limit of validity
(z =1) in the trap center. At this temperature the density distribution is given by

ii 1 2 o~ U()/ksT
A3 o 53/2

1 —U(r
= Ff?)/z(ze u )/kBT)
— k
_ e u(l")/ BTD {1 _ ]_ e—z/l(l‘)/kBTD + ]. e_2u(r)/k7BTD . }
A3 23/2 33/2 '

Note that only in the trap center all terms of the expansion contribute to the density. Off-center
the higher-order terms are exponentially suppressed with respect to the lower ones. Hence, the
degeneracy is largest in the center and because the leading correction is negative the density is
suppressed as compared to the classical Boltzmann gas. This reflects the Pauli exclusion of doubly
occupied states. Like in the case of bosons the parameter D = ngA? is a good indicator for the
presence of quantum degeneracy. For the trap center we have at Tp

0 (_)Z-i-l

D =noA}, =) g = (- 271/2)¢ (3/2) ~ 0.765. (10.7)
(=1

Hence, the degeneracy temperature is given

kpTp =~ 7.51 (h%/m) ny/®

and depends only on the density in the trap center and not on the trap shape.

10.4 Fully degenerate Fermi gases

In this section we have a closer look at what happens below the degeneracy temperature T, where
w/kgT > 1 and z > 1. In accordance with Eq.(8.71) the local density can be written as
1

4 3/2 2 —2
n= A3FFD() NG (Inz) 1+ 3 (Inz)" "+ . (10.8)
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Restoring the position dependence by substituting

Inz=p(r)/kgT (10.9)

we obtain 3/2 )

1 4 (pu(r) 72 (kT
=—— 1+ — o 10.1
") =3 (kBT> S\im) T (10.10)
Eliminating the chemical potential we obtain
B, 2/3 72 (kpT\’

= 1—— (2B . 10.11
) = 5o fomn o) 1= T (220 (10,1

Introducing the Fermi energy of the gas

2

o _h 2 12/3
Ep = %1210u(0) =5 [67°no]

(10.12)

and defining the Fermi temperature as ep = kg1 the chemical potential of a homogeneous system

can be written as

2

L e [1 -5 (T/TC)Q} (for T — 0). (10.13)

10.4.1 Thomas-Fermi approximation

The local density approximation in the zero-temperature limit is called the Thomas-Fermi approx-
imation

2/3

[67°n (r)] (10.14)

2
m

p(r) =ep—U(r)

The corresponding Thomas-Fermi profile is obtained by eliminating n (r) from this equation

m 3/2 ,
n(r) = # {2712 ler — U(r)]} = no [l —U(r)/er]*?.
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The weakly-interacting Bose gas for 7' — 0.

In this chapter we add interactions to our discussion of a gas of N trapped atoms confined by
an external potential U(r) and studied at temperatures 7" where many single-particle states are
populated (kT > hw). We consider the weakly interacting limit,

nry < 1, (11.1)

defined in Section [I-I] as the regime dominated by binary collisions between the atoms. The hamil-
tonian for this system can be written in the form

1
H: ZHo(pi,ri)+§Z/V(I‘i,I‘j). (112)
7 1,7

where Ho(pi,r;) is the single-particle hamiltonian (9.2) and V (r;,r;) represents the interaction
between particles ¢ and j. Because we are dealing with a quantum many-body system we turn to
the hamiltonian in second quantization,

N . N A A 1 A A A A
= B0 B = [ b eHop.x)iw) + 5 [ dede'd @) 6 () G000, (113)
Restricting ourselves to the low temperature limit (7" — 0) we know that s-wave collisions dominate

the physics. As was discussed in Section in this case the interaction potential V (r1,r2) may
be approximated by a contact interaction

V(ri,r2) = g6(r1 —r2), (11.4)

where g = (47rh2 / m) a, with a being the s-wave scattering length. Within this approximation, the
interaction term H® reduces to

. 1 e

H® = 59 / drat (r)n(r)i(r). (11.5)
In the same way as we derived for H® the commutation relation 1’

[@(r)vﬁ(l)] = HO(pvr)’(ﬁ(r,t)v (116)
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we can derive for H® the commutation relation (see Problem
(), H] = gi(r) i (x). (11.7)
Note the absence of the factor 1/2 on the r.h.s. of this equation.
Problem 11.1 Derive the commutation relation
[ (), H®] = gi(r)i(r).
Solution: The operator

1% = 39 [ drdl@itie)

is a construction operator for the two-body interaction V (r1,r2) = gd(r; — r2). Using the commu-

tation relations [1h(r), T (r')] = d(r — 1), [¢h(r),(r')] = 0 and [ﬁ( ), b)) = —p(r)6(r — ') we

find after integration over r’

(), ] = g / v’ (D) (e Y () — 3 (e Y ) ()

=29 /dr[w)

= gn(r)P(r). »
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11.0.2 Gross-Pitaevskii equation

The Heisenberg equation of motion for the field operator 1&(1‘, t) is given by
9 - . R R
iﬁaw(r,t) = [T/J(l”a t)aH*,u'N]' (118)

Here we added to the hamiltonian the term f,u]\Af and ask for the value of u that makes the field
operator stationary. To answer this question we consider a Bose-Einstein condensate of Ny atoms in
the ground state (s = 0) represented by the number state |Ng). The total energy of this interacting
many-body system is given by Eo = (No|H|Ny), where Ey depends on the number of atoms Ey =
Eo(No),

i (No = 1] (r, ) [No) = (No — 1/ [9(x), H ~ u] | No)

= [Eo (No) — Eo (No — 1) — ] (No — 1] ¢b(x, ) | Np) . (11.9)

Hence, the field operator is stationary, @Z}(r, t) = T/AJ(I‘, tg) = TZJ(I‘), if we choose u equal to the chemical
potential of the system
/,L:EQ(No)—Eo(No—l).

Substituting Eq. 1) and 1) into the Heisenberg equation of motion for the field operator zﬁ(r)
we obtain for stationary conditions

9 - A .
(1) = [Ho(p. 1) + g (e, 1) — ] (e, 1) = 0. (11.10)
Recalling the definition of the field operator 4 (r),

b(r) =D @u(r)as = po(r)ao + Y @s(r)is, (11.11)

s#0
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we can introduce the order parameter ¥y, (r,t),

(No — 1]4b(r, ) |No) = (No — 1| v/Nowg" (x,£) [No — 1) = \/Now§ "™ (r,£) = v, (r,1),  (11.12)

where <p(()N°) (r,t) is the unit-normalized Ny-particle ground state wavefunction. The order parameter

serves to calculate the properties of a Bose-Einstein condensate. To find the order parameter we
have to solve Eq. (11.9)),

L0 .
i ¥, (r,t) = [Ho(P,) + g (No = 1 a(r, 8) [No — 1) — p 9o (r, ). (11.13)
For Ny 3> 1 the shape of the condensate wavefunction <p(()N°) (r,t) depends only very weakly (and in

an infinite homogeneous system not at all) on the exact value of Ny, i.e. @E)Nofl) (r,t) ~ @éNO)(r, t).
Hence, using the definition of the order parameter we have

ng 1

— ¥ (1,8) 2 Y (r,8) - (for No >> 1) (11.14)

and the expectation value of the density operator becomes

(No — 1| n(r,t) [Ng — 1) ~ thny—1(r, ) = [N, (v, 1) = g (r, t). (11.15)

At this point we omit the explicit use of the subscript Ny, replacing it by the normalization
condition

/ |4 (r)[Pdr = No. (11.16)

In this notation the action of the field operator acting on the N-times occupied ground state is given
by
P(r) [N) =9(r) [N - 1) (11.17)

with a similar expression for zﬁT (r). Thus we arrive at the equation of motion for the order parameter,

ih%t/)(r,t) ~ [Ho(p,r) + g |e(r, )2 — p] d(x,t)  (for Ny 3> 1). (11.18)

The stationary solution has the form of a non-linear Schrodinger equation,
h? 9
o AFUE) +g )| D) = pih(r) - (for No>>1) (11.19)

and is called the Gross-Pitaevskii equatz’onﬂ With the concept of the order parameter we found a
powerful tool to describe the collective properties of a many-body system while properly accounting
for the internal correlations between the atoms. This is certainly one of the deepest achievements of
condensed matter physics.

11.0.3 Thomas-Fermi approximation

The Gross-Pitaevskii equation is easily solved analytically for conditions where the interactions
are repulsive (g > 0) and dominate over the kinetic energy, i.e. for gn(r) > | (h?/2m) Ay(r)|.
Under these conditions the kinetic energy term can be simply neglected, which is known as the

IE.P. Gross, Nuovo Cimento, 20, 454 (1961). L.P. Pitaevskii, Zh. Eksp. Teor. Phys., 40, 646 [Sov.Phys. JETP,
451 (1961)).
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Thomas-Fermi approzimation. For instance, for the homogeneous gas we obtain, using U(r) = 0
and n(r) = [(r)[?,
w=gn(r). (11.20)

For the inhomogeneous gas, the Gross-Pitaevskii equation reduces to
w=gn(r)+U(r) = gno. (11.21)

Extracting the density we obtain the famous Thomas-Fermi density profile observed in the very first
experiments with Bose-Einstein condensed gasesﬂ

n(r) =[p—U(r)] /g with Ny = /n(r)dr. (11.22)

Note that at the edge of the Thomas-Fermi profile the approximation must break down because the
density (and thus the interaction energy) vanishes. For condensates with many atoms this is of little
consequence because only a small fraction of the atoms occupy this region.

Let us calculate the Thomas-Fermi radius Ry of a Bose-Einstein condensate in an isotropic

harmonic trap U(r) = %mwQTQ. As the density is zero at the edge of the condensate we find with

Eq. (TT.21)
imw’R} = 1 & Ro = /2p/mw?. (11.23)

It is instructive to compare Ry with on the one hand the thermal radius of a harmonically trapped
cloud at the critical temperature for BEC (cf. Section [1.3.2)),

imw’R2, = kpT. < Rer = \/2kpT./mw?, (11.24)

and with on the other hand the harmonic oscillator length, which is defined by

1

Imw?l} = Thw & Iy = /hw/mw?. (11.25)
One may show that aside from exceptional experimental cases the following inequalities are satisfied:
1hw < p < kT, < ly < Ry < Rey. (11.26)

This means that down to T' = T, the interactions may be neglected (¢ ng < kgT.). In other words,
above T, the gas behaves as an ideal gas. However, as soon as the condensate becomes macroscop-
ically occupied, its properties are strongly affected by the interactions (gng > hw). Apparently,
since Ry > [y, the repulsive interactions give rise to a substantial broadening of the ground state
wavefunction, from the size of the harmonic oscillator length in the case of the ideal gas to the
Thomas-Fermi radius in the case of an interacting boson gas with positive scattering length. Note
that the Thomas-Fermi approximation is valid because

h? h2w?
o9mRZ ~ Ap

< Lhw < p, (11.27)

i.e. the kinetic energy contribution is small as compared to the chemical potential.
A relation between Ry and the total number of atoms Ny = [ n(r)dr is obtained by integrating

over the density distribution (11.22)),
2 5
%mwQRb’. (11.28)

2See M.H. Anderson, J.R. Ensher, M.R. Matthews, C.E. Wieman, and E.A. Cornell, Science 269, 198 (1995); K.
B. Davis, M.-O. Mewes, M. R. Andrews, N. J. van Druten, D. S. Durfee, D. M. Kurn, and W. Ketterle, Phys. Rev.
Lett., 75, 3969 (1995).

4
g Ny = / [,u — %mw%z] dr = /L?R(Q) —
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With the aid of Eq. (11.23]) we can eliminate p from Eq. (11.28) and obtain

(159N, 1/5 B a 1/5
Ry = (meQ) =1lo { 15;-No (11.29)

where a is the scattering length and [y is the harmonic oscillator length. Hence, the Thomas-Fermi
radius grows only slowly with increasing Ny, reflecting a compromise between growth of the central
density ng and growth of the condensate volume.
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Appendix A

Various physical concepts and definitions

A.1 Center of mass and relative coordinates

In this section we introduce center of mass and relative coordinates. These coordinates are optimally
suited to deal with interatomic interactions and collisions between particles. The position of particle

1 relative to particle 2 is given by
r=rj; —ro. (A.1)

Taking the derivative with respect to time we find for the relative velocity of particle 1 with respect

to particle 2
vV =v]— Vs (A.2)
The total momentum of the pair (the center of mass momentum) is a conserved quantity and given
by
P =pi + p2 = mivi + mavy = miiy + maly (A.3)
and the total mass by M = (my 4+ ms). With the definition P = MR we find for the position of

the center of mass
R = (m1r1 + mgrg)/(ml + mg). (A4)

Adding and subtracting Eqs. (A.3)) and (A.2)) allows us to express v; and vy in terms of P and v,
P+ mav = (my1 +m2) vy (A.5a)
P —miv = (my +mg2)va. (A.5D)

With these expressions the total kinetic energy of the pair, E = €1 + €5, can be split in a contribution
of the center of mass and a contribution of the relative motion

1 , 1 P+myv)® 1 (P—mv)® P2 p?

1
E = fmlvf + —mavs = —my + —mgy + — (A.6)

2 2 2 (mq + m2)2 2 (my + m2)2 - 2M 2u°
where
p = puv = pur :milpl - mLQPQ (A7)
is the relative momentum and
w=mims/(mi + ms) (A.8)
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p, .~ i P =p,+p, pl P =p;tp,

Figure A.1: Center of mass and relative momenta for two colliding atoms: left: equal mass; right: unequal
mass with my/mg =1/3.

the reduced mass of the pair. Adding and subtracting Egs. (A.1]) and (A.4) we can express r; and
ry in terms of R and r,

rn=R+ %r andr, =R — %r. (A.9)
Similarly combining Eqgs. (A.3) and (A.7)) we can express p; and ps in terms of P and p,
m m
p1 = ﬁlP +pand p2 = MQP -p (A.10)

The vector diagram is shown in Fig.[A]

dRdr is unity.

Problem A.1 Show that the Jacobian of the transformation dridre = ’8(9((";{’?))

Solution: Because the x, y and z-directions separate we can write the Jacobian as the product of
three 1D Jacobians.
d(ry,ro)

J(R,r)

0 (7“1@‘7 7“2i)

_ 1 ml/M
5‘(Ri,m) o

1 me/M

- 10

1=1,Y,2

IT 1

i=x,y,2

[=1. »

Problem A.2 Show that the Jacobian of the transformation dpidps = ‘%

dPdp is unity.
Solution: Because the x, y and z-directions separate we can write the Jacobian as the product of
three 1D Jacobians.

ml/M 1
T)’LQ/M -1

J(p1,p2)
2(P,p)

0 (prisp2i)|

- 10

1=1,y,2

IT 1

1=1,Y,2

‘|:1.>

A.2 The kinematics of scattering

In any collision the momentum P is conserved. Thus, also the center of mass energy P?/2M is
conserved and since also the total energy must be conserved also the relative kinetic energy p?/2u
is conserved in elastic collisions, be it in general not during the collision. In this section we consider
the consequence of the conservation laws for the momentum transfer between particles in elastic
collisions in which the relative momentum changes from p to p’, with q = p’ — p. Because the
relative energy is conserved, also the modulus of the relative momentum will be conserved, |p| = |p’|,
and the only effect of the collision is to change the direction of the relative momentum over an angle
0. Hence, the scattering angle 6 fully determines the energy and momentum transfer in the collision.
Using Egs. the momenta of the particles before and after the collision (see Fig.[A.1) are given
by

p1 =miP/M +p — py =mP/M +p’ (A.11a)
p2 = moP/M — p — py) = myP/M — p'. (A.11b)



A.3. CONSERVATION OF NORMALIZATION AND CURRENT DENSITY

Hence, the momentum transfer is
Ap;1=p;-pP1=P' -P=dq
Apy=p),—p2=p-p =—q.
The energy transfer is

Ap. _ PP _ Pt _ (mP/M+p)” (mP/M+p)’ P-q
YT omy 2my 2my 2my M

pf  p} _ (mP/M-p)’ (mP/M-p’ P-q

AB,— P2 _ P2 _ _
27 9my  2ma 2me 2ma M

In the special case p; = 0 we have

or

The momentum transfer becomes

q:\/(?:m=\/2p2—2p’~p=p\/2—2cosﬁ

For small angles this implies

U =q/p.
The energy transfer becomes

. . /— 2 2
P-q_ p(p p):L(l_cosﬁ)zivg(1_cosﬂ),

AFE| =
! M mq mq mi

where 6 is the scattering angle. This can be written in the form
1 2
AFE, = §Zm2V2 (1 —cos®),

where
4,u2 4m1m2

mima  (my 4 my)’
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(A.12a)
(A.12Db)

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

is the thermalization efficiency parameter. For m; = my this parameter reaches its maximum value

(£ = 1) and we obtain
AE; = %Ez (1 —cos®).

For m; < mg the efficiency parameter is given by & ~ 4m; /ma.

A.3 Conservation of normalization and current density

The rate of change of normalization of a wave function can be written as a continuity equation

0
5 Y+ vV j=0,

(A.21)
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which defines j as the probability probability current density of the wave function. With the time-
dependent Schrodinger equation

L0
zha\ll(r, t) = HU(r,t) (A.22)
L0 _ *
—zhallf (r,t) = HU"(r,1) (A.23)
we find
0 2 * 9 9 *
& |\I/(T‘, t)' =V (T7 t)a\ll(fr? t) + \If('l“, t)aw (Tv t)
= [ () — (HU"))]
Hence, .
V= 07 (H) — (H ) (A24)

Hence, together with the continuity equation this equation shows that the normalization of a sta-
tionary state is conserved if the hamiltonian is hermitian.

For a Hamiltonian of the type
2

I
H=—-——A+V
ot (r)
the probability current density is given by the expression
. Zh * *
=35, (YVP* — V) (A.25)
as follows with the vector rule

/j~dS:/(V~j) dr:f% [ (M) — (AG)y] dr
ih N *
_ ‘E/V'W (V) — (Vo™ )] dr
ih

= [ (V) = (V™) dS.
Note that the probability current density is a real quantity and can be written in the fornﬂ
= E(Wzb —1"Vy) =Re Tw V| =Re[¢"vy],

where v = p/u = (—ih/p) V is the velocity operator.

IHere we use Re[e’¥] = cosp = %[ew + e,



Appendix B

Special functions, integrals and associated formulas

B.1 Gamma function

The gamma function is defined for the complex z plane excluding the non-positive integers

/ e Pz ldr =T (2). (B.1)
0
For integer values z — 1 =n =0,1,2,--- the gamma function coincides with the factorial function,
(o)
/ e Pz"dx =T (n+1) =nl (B.2)
0
Some special values are:
[(-1/2) = —2y7=-3545, T(1/2)=7=1772, TI(1)=1
r'(-3/2) = % T = 2.363, r'3/2) = é\/% =0.886, TI'(2)=1
I'(5/2) = %\/Tr =1.329, I(3)=2
I(7/2) =37 =3323, T'(4)=6.
Some related integrals are
> 1
/ e 22y = —p) (B.3)
O 2
2 o (2n — 1!
A useful integral relation is
o 1 © .
/0 e xdmzw/o e zMdx. (B.5)

B.2 Polylogarithm

The polylogarithm Li,(z) is a special function defined over the unit disk in the complex plane by

the series expansion
0

Lis(2) = PolyLog|a, 2] = Z ;—a (2] < 1), (B.6)
=1
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where « is an arbitrary complex number. By analytic continuation the polylogarithm can be defined
over a larger range of z. For z and a on the real azis and for o > 1 the polylogarithm are given by
the Bose-Einstein integrals

FPP () = /OO P (<) (B.7)
o I'(a) Jo z7ter—1
and the Fermi-Dirac integrals
FFD () = / T (s, (B.8)
* I'(a) Jo z7ter+1 -
Recurrence relations:
Lin(z) = zdiZLiaJrl(z) < Lig(e") = %Lia+1(e“). (B.9)

B.3 Bose-Einstein function

The Bose-Einstein (BE) integrals are defined for real z and o > 1 as

FER (2) = (la) /OOO fo:;_ e (2 < 1), (B.10)

The integrals can be expanded in powers of z on the interval 0 < z < 1,

FBE (4 Z/ 21l _“dm—zga = ga (2) = Lia(2), (B.11)

where Li, (z) is the polylogarithm. For non-integer values of « the BE-integrals can also be expanded
in the formfl

] oo (—1)"
FPE(e™™) =T (1 —a)u* ' 4+ (=1 C(a—n)u", (B.12)
n=0
where the expansion in powers of 4 = —In z is valid on the interval 0 < w < 27. For integer values

a=m € {2,3,4,---} the BE-integrals the expansion is

m—1
BE _(_u) 1 1 1 ™ 1 ( Tl) n
#m 1

with convergence for 0 < u < 2.

B.4 Fermi-Dirac function

The Fermi-Dirac (FD) integrals are defined for real z and o > 1 as

1 < gorl
FEP (2) = ] /0 po 1d:p (z > -1). (B.14)

The integrals can be expanded in powers of z on the interval 0 < z <1,

oo L
FFD( Z / fetrar ==Y Cmp )= L2, (B19)

=1

where Li,(z) is the polylogarithm.

!For a derivation see J.E. Robinson, Phys. Rev. 83, 678 (1951).
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B.5 Riemann zeta function

The Riemann zeta function is defined as a Dirichlet series
li = = 1
lim go (2) = (@) = ;Fv'

Some special values are:

¢(1
q¢

B.6 Special integrals

For§ >0and e >0

) o—1 _ ﬁf(é) 1/2
o VT S g

B.7 Commutator algebra
If A, B,C and D are four arbitrary linear operators the following relations hold:

[A,B] = — B, 4]
[4,B+C)| = [A, B +[A,C]
[4, BC] = [A, B|C + B[A,C]
[AB,CD|=A[B,C]D+C[A,D]|B
0= [4,[B,C]] + [B,[C, A]] + [C, [A, B]].

Commutators containing B"™:
n—1
[A,Bn] — Z B* [A, B] pgr—s—1
s=0
[A,B"] =nB" ' [A,B] if B commutes with [A4, B].

Exponential operator:

Expressions containing exponential operators:

eAeB = ¢ATB+3[ABl  if A and B commute with [A, B|
1

€AB(37A =B+ [A,B] + % [Ay [A7 B]] + 5 [A7 [A7 [A7BH] T

e*Be ™ = B+ [A,B] if A commutes with [A, B]
eABe ™ =¢'B if [A, B] =~B, with v a constant.

/2) = —1.460, ((3/2) = 2.612, C(5/2) = 1.341, ((7/2) = 1.127,
) — 00, C(2)=72/6=1645 ((3)=1.202, ((4)=r*/90 = 1.082.
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(B.16)

(B.17)

B.21a

B.21b

~—~ o~

B.21c
B.21d
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B.8 Legendre polynomials

The Legendre differential equation is given by,

e d 2
2ud Luz FU1+1)| P (w) = 0. (B.22)

— 2 —_—
(1 u)du2 du 1-—

The m = 0 solutions are the Legendre polynomials

Piw) = (02— 1) (B.23
= o gt ' '
P;(u) is a polynomial of degree [, parity

P(—u) = (~1)'A(u) (B.24)

and having [ zeros in the interval —1 < u < 1. The lowest order Legendre polynomials are

1
Py(uw)=1, Pi(u)=u, Py(u)= 5(3u2 -1 (B.25)
1 1
Ps(u) = 5(5u3 —3u), Py(u)= §(35u4 —30u? +3). (B.26)
The associated Legendre functions P/™(u), with |m| < [ are obtained by differentiation of the

Legendre polynomials P;(u),

P ) = (1= w2 ) (B.27)

P/ (u) is the product of (1 —u?)™/2 and a polynomial of degree (I —m), parity (—1)'~™ and having
(I —m) zeros in the interval —1 < u < 1. In particular,

PY(u) = Py(u), Plu)= (20— 1)1 —u?)/2

The ortho-normalization of the associated Legendre functions is expressed by

v m 2 (I+m)!

B.8.1 Spherical harmonics Y;,, (6, ¢)

The spherical harmonics are defined as the joint, normalized eigenfunctions of L? and L,. Their
relation to the associated Legendre polynomials is for m > 0

Yin(0.9) = (1" 2L O P cos )i (8.29)

The inclusion of the prefactor (—1)™ is called the Condon and Shortly phase convention, com-
monly adopted in the quantum mechanics literatureﬂ The complex conjugation and parity (space
inversion) operations are given by

Y E) = (1) Y (®) (B.30)
Y (1) = (1) Y (®). (B.31)

2Note that this convention differs from the convention adopted by Mathematica.
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where # = (0, ¢) and —t = (7 — 0,7 + ¢). The lowest order spherical harmonics are

Y90, ¢) = - (B.32a)
0 3

Y (0,¢) = e cosf (B.32b)

Y6, 0) =T 8% sinf e*i® (B.32¢)
1/

Y3 (0, ) = 5 3 (3 cos® 0 — 1) (B.32d)

Y (6 \/7\ | —sinfcosf eF® (B.32¢)
Y2 (6 \/7\ [ —sin? @ e, (B.32f)
4m

The addition theorem relates the angle 615 between two directions ¥1 = (61, 1) and £3 = (62, p2)
relative to a coordinate system of choice,

2l + * m a2
1 Pilcos012) = m;lylm (£2). (B.33)
I+
A+1)2 +1)2L+1) (LUVL\ (1 U L\« _po.
Vi (B) ¥ (£) = 3 Z \/ A 000 ) \mmrar ) Yo @

L=|l-l'| M=—L
(B.34)
An important relation is the integral over three spherical harmonics

/Yli”l(f)YlQ f)Yl;ng(f)df:\/(211+1)(212+1)(2z3+1) <z1 z2z3)<z1 ly z3>’ (B.35)

47 000 miy Mo M3

where the Wigner 35 symbols are defined by

gy J _yh—iAM
(31 J2 ); UigljgmlmﬂJM), (B.36)

mi1 meo —M \2J —+ 1
with (j1jamimse|JM) Clebsch-Gordan coefficients. In Dirac notation we have
CJRUAD2k+1D)(20+1) (UK U k1
"NYy? -1)m ( . B.37
2@ i) = (-1 - ouo) (it (B.37)

Some special cases are:

e k= 1: In this case I’ =+ 1 and we have (I +1'+ 1) /2 = max(l,!’), which can be even or

odd,
\/f / YV (#) Y (R)Y (R)dE = (1)) /max(1, 1) (7; ;Tln) (B.38a)
Um/ | YE(#) [lm) = (—1)™ x| /max (1, 7 \/;< o qm> 1#1

(B.38b)
(Im| Y{(#) |lm) = 0 I=1 (B.38¢)
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e k= 2: In this case I’ = [,1 + 2 and we have (I +1' +2) /2 = max(l,!"), which is even if [ is

even and odd if [ is odd,

| YI(@) iy = (—1ym 2 e zz/\/7<_l/ 21) 141 (B.39)

4z+1f+1
~ _I(I+1)=3m _
<lm|Y20(r)|lm>—M(zl_1)\/; 1=1

B.9 Hermite polynomials

m' gm

The Hermite differential equation is given by

y" — 22y’ + 2ny = 0.

For n =0,1,2,... its solutions satisfy the Rodrigue’s formula
d’n
(@) = (-1)"¢” (™).

The lowest order Hermite polynomials are

Hy(z)=1 Hy (x) = 162* — 4822 + 12

H (z) =2 Hj (z) = 322 — 16023 + 120x

Hy (x) = 42% — 2 Hg (x) = 642% — 4802* + 72022 — 120
Hj(x) = 82% — 120 Hy (z) = 12827 — 13442° + 336023 — 1680z

The generating function is

e2to— t2 ZH

Useful recurrence relations are
Hp1 () =2xH, () — 2nH,—1 (2)
H) (z) =2nH,_; (z)

and the orthogonality relations are given by

/ T eh, (z) Hy (2) = 2"n!\/T00mm -

B.10 Laguerre polynomials

Generalized Laguerre polynomials satisfy the following differential equation
2y + (a+1—2z)y +2ny =0.
Its solutions can be represented ag’|
1 . _,d
Bl Bl
n! dz™
- n+a)z™
= —1)m i
Z( ) (n — m) m)!
MNa+n+1) ()™ z™
Tla+m+1)(n—m) m!

L3(@) = (e~ 2"

m=0

(B.40)

(B.41)

(B.42)

(B.43)

(B.48)

(B.49)

(B.50)

3Different definitions can be found in the literature. Here we adhere to the definition of the generalized La-
guerre polynomials as used in the Handbook of Mathematical functions by Abramowitz and Stegun (Eds.), Dover

Publications, New York 1965. This definition is also used by Mathematica™ .
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These polynomials are well-defined also for real a > —1 because the ratio of two gamma functions
differing by an integer is well-defined, (8), = B(8+1)(8+2)---(B+n—1) =T(8+n)/T(B). The
lowest order Laguerre polynomzials are given by

Ly(z) =1, LY@)=a+1l-2z, L§(z)=23(a+1)(a+2)— (a+2)z+ iz° (B.51)
Some special cases for « = 0 and o = —n are
Lo@) =1, Li(@)=1-w, Ly(e)=1-2a+%a® L;"(2)=(-1)"" (B.52)
n!

The generating function is

(71)mtm —x — - m "
R PR b

The generalized Laguerre polynomials satisfy the orthogonality relation

/ xe P Ly (x) Ly, (x)dx = 0 for m # n (orthogonality relation) (B.53)
0
[ e La@)n =1+ D (B.54)
0
Useful recurrence relations are given by
xlp(x) =2n+a+1)Ly(x) — (n+a)Ly_(x) — (n+ 1)Ly, (B.55)
d
Ln(@) = —LoT(@) = —[L+ LY (@) + -+ + L5y ()] (B.56)
Series expansions:
Lot (z) =Y LY (x) (B.57a)
m=0
d n—1
T-Ln(w) = - Z::O L2 (2) (B.57b)
d2 n—2
T Ln() = Z::O (n—m—1) L% (x) (B.57c)

Further, it is practical to introduce a generalized normalization integral

J,(m,a) = / e T[L2 (z)])*dx. (B.58)
0
Some special cases are given by
Jo(m, @) = / 2 (L2 (2)]2de = M (B.59)
0 m:
Ji(m,a) = / e " [L2 (2)]*dx = M@m +a+1) (B.60)
0 m:
e r 1
Ja(m, ) = / T2 LY (x)]2dr = %[Gm(m +a+1)+a?+3a+2] (B.61)
O .
J_1(m,a) = / 221" (2)]2da = / eI [L0 (2))2dy = DOFMAED L e
0 ay m/! @
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The integrals J, (m, @) with v > 0 are obtained from Eq. by repetitive use of the recurrence
relation E[) and orthogonality relation ; integrals J,(m, ) with v < 0 are obtained from
Eq. (B.59) by partial integration and use of the recurrence relation , the orthogonality relation
d the special integral .

Selected ratios for m=n—Il—-1land a=2]+1

Ju)Jy = %[35n2(n2 —1) = 30n*(1 +2)(1 - 1)+ 3( +2)(1 + 1)I(I — 1)] (B.63)
J3/Ji =2 [5n* +1 -3l +1)] (B.64)
Jo)J1 = % [3n* —1(1+1)] (B.65)
Ji/Ji=1 (B.66)
Jo/J1 = % (B.67)
J A= %ﬁ (B.68)
1 1
J o) Jy = XSV (ESY (B.69)
)y = 1 3n2 —I(1+1) (B.70)

32n (1+3/2) 1+ 1)1+ 1/2)i(1 — 1/2)
B.11 Bessel functions

B.11.1 Spherical Bessel functions

The spherical Bessel differential equation is given by
2’y +2zy + [2* — (1 +1)] y = 0. (B.71)

The general solution is a linear combination of two particular solutions, solutions j; (), regular
(as x') at the origin and known as spherical Bessel functions of the first kind, and solutions 7;(
x), irregular at the origin and known as spherical Bessel function of the second kind (also called
Neumann functions).

Some special cases are given by

e Lowest orders:
sinx CcosST

Jo (x) = ol no (z) = . (B.72a)
i (2) = si;w _ coxsx, ny (z) = cc;;x sir;x. (B.72b)

e Asymptotic forms for x — oo
Ji (z) o ésin(m — Lim) (B.73a)
ny () o icos(a: — 3lm). (B.73b)

e Asymptotic forms for x — 0
1 2

@) 2~ G {1 ECET R ] (B.74a)

(@) ~ ((22lz++11))” (i)lﬂ {1 + 2(2532_1) +- } . (B.74b)
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Relation to Bessel functions:
The spherical Bessel functions are related to half-integer Bessel functions

\/>Jl+ ) fori=0,1,2,. (B.75)
ny(z) = (= )\/7171 1(z) for1=0,1,2,... (B.76)

The Bessel differential equation is given by

B.11.2 Bessel functions

2y’ +ay + (2* —n®)y =0. (B.77)

The general solution is a linear combination of two particular solutions
y=AJ,(xz)+ BJ_p(z) forn #0,1,2,--- (B.78a)
y = AJ,(z) + BY,(z) for all integer n (B.78b)

where A and B are arbitrary constants and Ji,(z) are Bessel functions, which are defined by

oo -1 P /2 2pEn
Jin(z) = ,; (p!r)(1(+/p)in)' (B.79)

The Y, (z) are Neumann functions and are defined by

In —J_n
Y, (z) = Inlz)cosnm @) for n£0,1,2,- - (B.80)
sinnm
Y () = tim 2o COSPT = on(@) o g (B.81)
p—n sin pm
Extracting the leading term from the Bessel expansion (B.79) results in
(z/2)*" (z/2)*
Jin(x) = 1— ). B.82
n(®) = T EDN (B.82)
The generating function is of the form
e==1/0/2 = Z Tn(2)t" (B.83)

n=—oo

Special cases:
Bessel functions with negative integer index

J_n(z) = (—1)"Jp(x) forn=0,1,2,---
Y—’rb(m) = (_1)71}/’”(‘%) for n = 07 1a 2a U

Bessel function of n =1/4

2/2)1/4 /2)2
2/2)—1/4 /2)2
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Asymptotic expansions:

21
In () = —~cos (.13 - ng — %) (B.86)

- g) (B.87)

Tr— 00 ™ X

Integral expressions for y+v—+1> X >0

BT ()T (125

<1
/ L g her) 1, () = . (B.88)
0o T OAT (Mfl/;r)r‘rl) r (M+V~2|>/\+1) r (Vfu;r)\Jrl)
Special cases 2u+1> A >0
o q , AT ()\) T (2u72>\+1)
o [Ju(kr)]” dr = N WEE IV ETRwERE (B.89)
0 2 [0(3)]°T (72 )
B.11.3 Jacobi-Anger expansion and related expressions
The Jacobi-Anger expansion is given by
eiz cosf _ Z ian(z)einO, (B90)

where n assumes only integer values. This relation can be rewritten in several closely related forms

n=oo n=oo

et#sind — Z Z'"Jn(z)em(e_”ﬂ) = Z Jn(2)e? (B.91)
= Jo(z) + nio Jn(2)[eM? 4 (—1)"e™ ™0 (B.92)
n=1
cos(zsin @) = Re(e*m%) = Jy(z) + 2 3 Jn(z) cos(nf) (B.93)
n=24,.-
sin(z sin @) = Im(e™*5"%) = 2 3 Jn(2) sin(nf). (B.94)
n=1,3,

B.12 The Wronskian and Wronskian Theorem
Let us consider a second-order differential equation of the following general form
X"+ F(r)x =0 (B.95)

and look for some very general properties of this eigenvalue equation. The only restrictions will be
that F'(r) is bounded from below and continuous over the entire interval (—oo, +00). To compare full
solutions of Eq. with approximate solutions the analysis of their Wronskian is an important
tool. The Wronskian of two functions xi(r) and x2(r) is defined as

W(x1,X2) = X1X2 — X1X2- (B.96)
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Problem B.1 If the Wronskian of two functions x1(r) and x2(r) is vanishing at a given value of
r, then the logarithmic derivative of these two functions are equal at that value of .

Solution: The Wronskian W (x1, x2) is vanishing at position r if x1x5 — xix2 = 0. This can be
rewritten as , ,
dlny, X1 _ X2 _

dlIn xo
dr X1 X2 dr

Hence, the logarithmic derivatives are equal.

Problem B.2 Show that the derivative of the Wronskian of two functions x1(r) and x=2(r), which
are (over an interval a < r < b) solutions of two differential equations x{ + Fi(r)x1 = 0 and
X5 + Fa(r)xe = 0, is given by

dW (x1, x2)/dr = [Fi(r) — Fa(r)]x1x2.
This is the differential form of the Wronskian theorem.

Solution: The two functions yi(r) and x2(r) are solutions (over an interval a < r < b) of the
equations

Xll/ + F1 (’I“)Xl =0 (B97)
X + Fa(r)x2 =0, (B.98)
Multiplying the upper equation by x2 and the lower one by 1, we obtain after subtracting the two
equations
AW (x1, x2)/dr = x1x3 — x2x1 = [F1(r) — Fa(r)]x1x2.

In integral form this expression is known as the Wronskian theorem,

b
W(x1: x2)lq :/ [F1(r) = Fo(r)[xa (r)xa(r)dr. (B.99)

The Wronskian theorem expresses the overall variation of the Wronskian of two functions over a
given interval of their joint variable.

Problem B.3 Show that the derivative of the Wronskian of two functions x1(r) and x=2(r), which
are (over an interval a < r < b) solutions of two differential equations x| + Fi(r)x1+ f1(r) =0 and
X5 + Fa(r)x2 + fa(r) = 0, is given by

dW (x1,x2)/dr = [Fi(r) — Fa(r)]x1x2 + f1(r)x2 — f2(r)x1-

Solution: The two functions x1(r) and x2(r) are solutions (over an interval a < r < b) of the
equations

X1+ Fi(r)xi + fi(r) =0 (B.100)
Xa + Fa(r)xz + f2(r) =0, (B.101)

Multiplying the upper equation by x2 and the lower one by 1, we obtain after subtracting the two
equations
dW (x1, x2)/dr = [F1(r) — Fa(r)]xixz2 + f1(r)x2 — fa(r)xa-

In integral form this expression becomes

b b
W (xu, x2)la =/ [ (r) = Fz(r)]xledr+/ [f1(r)x2 = fa(r)]xadr. (B.102)

a



180 APPENDIX B. SPECIAL FUNCTIONS, INTEGRALS AND ASSOCIATED FORMULAS

The Wronskian theorem expresses the overall variation of the Wronskian of two functions over a

given interval of their joint variable.
For two functions xi(r,e1) and xa(r,e2), which are solutions of the 1D-Schrodinger equation

(B.95) on the interval a < r < b for energies €; and &5, the Wronskian Theorem takes the form

b
W, xo)l = (61 — 22) / T () xa(r)dr. (B.103)

Similarly, for two functions x1(r) and x2(r), which are (on the interval a < r < b) solutions for
energy ¢ of the 1D-Schrédinger equation (B.95]) with potential U; (r) and Us(r), respectively, the
Wronskian Theorem takes the form

b
W, xa)l’ = / (U (r) — U ()] (P e (B.104)



Appendix C

Clebsch-Gordan coefficients

C.1 Relation with the Wigner 3j symbols

The Clebsch-Gordan coefficients (j1jomima|J M) for the coupling (j; X j2) of two angular momenta
71 and jo are related to the Wigner 35 symbols in accordance with

(jrjamima| JM) = (=) —72TM /27 11 < nda ) (C.1)

mi1 Mo —M
The Wigner 3; symbols

J1 J2 J3

mi1 Mo M3

have the following properties
Reality:

e the 3j5 symbols are all real
Selection rules:
e the 3j symbols satisfy the triangular inequality A (41, j2, j3)

J1 — Jal < J2 < |1 + Jsl (C.2a)
Aj=0,£1,-£jy (j=0¢j=0) (C.2b)

e conservation of angular momentum projection

my+mo+m3z =0 (03)

Symmetries:

e invariant under cyclic permutation
e multiplied by (—1)717/2%J3 yunder permutation of two columns

e multiplied by (—1)7%177/2+J3 yunder simultaneous change of sign of my, ms and mg.

181
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Orthogonality:

. J1 J2 J3 Ji J2 Js
Z (s + 1) <m mem > <m m 7713’> = s Omam
il 1 M2 m3 1 Mg My

J1tJ2

J1 J2 Js J1 J2 J3
2 Z (2 +1) < >( L m >5mlvm’15mz,m;
mi Mo M3 my Moy M3

Ja=|j1—j2| ma=—7s

In particular:

. . . 2
Z(2j3+1)(31 Jo J3 ) _
my (m3 - ml) —ms3

miy

Y @i (ngmgz]@)ﬁ

J=0M=—-J

Special values:

e even and odd summations

J . . 2
i 3 J 1
(27 +1) ==
> 5 el 0) -
J=even M=
J . . 2
1
PR I RA R
mlmgM 2
J=odd M=

general

<J1 J2 j3>:0 for my +ms +mgz #0
mi1 meo M3

J and M taking their maximum value, (j1jamima|j1 + jo 1 +Jjo) =1

<J1 J2 g1t )2 )_1
m1 ma —(j1 + j2) 2(j1 +j2) +1

one of the j null, (j0m0|jm) =1 or

(o m0) =

one of the jis 1 and m # 0

JoJ 1\ \j—m m
<m—m0>_() ViG+1) (25 +1)

one of the j is 2

m —m 0 ViG+D25+3) 25 +1) (25 — 1)

(C.8a)

(C.8b)

(C.10)

(C.11)

(C.12)

(C.13)
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e one of the j =1/2

P25 =1£1/2Y _ yim (I— M +1/2)!
(m K M ) = (=) \/(Qj +D)@2+1)d +m)!5mﬁ(u+M) (C.14)

<j:|:1/2 1/2 j ) _ (_)jﬁ:1/2+m ( — M)!
m.op M) (25 +1)(2j+1+1) (G +m=£1/2)! O, —(put-M)

(C.15)

e one of the j =1

JL G0N y-G-14m) 1 m
() =) %mwaﬂ) (C.16)

71 J _ j—1+m (.7+1) (mi1>
(m:l:l (m:|:1)> = (1) (—) T+ ])\/ %G D@ 1) (C.17)

e m; =mo =mgz =0 and j; + js + j3 is odd

(J(’)l j(f J03> _0 (C.18)
e my =mo=m3=0and 2p =10 + 5+ 3 is even
<11 Iy zg> _ (C)rly/Allll) ) (C.19)
000/ (p—1)p—1)(p—1ls)!
R can

where 1,1y, and I3 are positive integers (only an integer angular momentum [ can have pro-
jection m; = 0) and satisfy the triangular inequalities |l; — lo| < I3 < |l + la].

e my =my =m3 =0 and [,]' = integer with [ + [’ is even

(500) =V ey (C21)

e my =mg =mg=0and [,!’ = integer with [ + 1’ + 1 even (this implies I’ =1+ 1)

11 max(l,1)
= (=1} —" .22
(000) OV @ Der 1 (C.22)
e my =my=m3 =0 and [,I’ = integer with [ 4+ !’ even (this implies I" = [, 1 & 2)
112 I+ 7 max({, I')
= 02
(ooo) 4z+z'+1 CESNCESY (C.23)

1 1(1+1)
Ol \/ 20+3) (21 +1) (20 —-1) (C.24)

112
000
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C.2 Relation with the Wigner 6 symbols

The Wigner 65 symbols are defined by the relation

(', G5 ga; IM| (§'3) g1, 5" 3 T M"Y = 85508 paare (=) "4 /(291 + 1) (292 + 1) { S }

7" J g2
(C.25)
The Wigner 65 symbols {JJll fo JJ'Z} have the following properties:
Reality:
The 65 symbols are all real.
Selection rules:
J1 J2 Js . N . .
=0 unless the triads (j1,J2,73) (j1, J2, J3) (J1, 42, J3) (J1, J2, j3)
J1 Ja J3
e satisfy the triangular inequalities
e have an integral sum
Symmetry:
e invariant under permutation,
J1 J2 J3 J2 J1 J3
= C.26
{J1J2J3} {J2J1J3} ( )
e invariant under simultaneous exchange of two elements from the first line with the correspond-
ing elements from the second line,
S I g
{]1 J2 J3 } _ { .1 ‘2 J3 } (C.27)
J1 J2 J3 J1J2 Js
Orthogonality:
. J1Je J J1J2 J 01y
25+ 1 = —" C.28
Z(]+ ){JngJ}{J1J2J'} (27 +1) (©2%)

J

Fundamental relations:

e summation over the product of three 35 symbols
Z (7)j1+j2+j3+m1+mz+m3 Jv g2 J J2 g Jsoa J _
mi —me m me —ms m’ mg —mq M

7 Jj}(i' J j)
=9 . . . C.29
{Jl]2]3 m' M m ( )

Note that m1 = mg — m and m3 = ms + m/. Hence, the sum runs over a single independent
index.



C.3. TABLES OF CLEBSCH-GORDAN COEFFICIENTS

C.3 Tables of Clebsch-Gordan coefficients

185

The Glebsch-Gordan coefficients (j1 jomima|J M) for the coupling of two arbitrary angular momenta
j1 and jo to the total angular momentum J = j; + jo is given below for various important cases
(note that this holds in general and does not depend on the type of

lml=1 | [1,1) |1-1) m=0 | [1,0 0,0)
(Jija.1/2,1/2] | 1 0 (J172:1/2-1/2] 1/2 1/2
(J172-1/2,-1/2| 0 1 (J1J2,-1/2, 1/2] 172 -\/1/2
|m|=3/2 | |3/2,3/2) [3/2,-3/2)
(41J2.1,1/2| 1 0
(j142,-1,-1/2] 0 1
m=1/2 | 3/2,1/2)  [1/2,1/2) m=-1/2 \ [3/2,-1/2)  |1/2,-1/2)
(J1g2.1,-1/2] V1/3 V2/3 (J1J2,0,-1/2] V2/3 V1/3
(J12.0, 1/2] V2/3 -V/1/3 (J1j2-1, 1/2] V1/3 -V2/3
lm|=2 | [2,2) ]2,-2)
(7172.3/2.1/2] 1
(J1J2,-3/2,-1/2] 0 1
m=1 | [2,1)  [1,1) m=-1 | [2-1)  [1,-1)
(J192:3/2-1/2] 1/4 3/4 (J1ja-1/2-1/2] | V/3/4  /1/4
(J172,1/2, 1/2] 3/4 1/4 (J172-3/2,1/2| | \/1/4  -/3/4
m=0 | [2,0)  [1,0)
(Jjes1/2-1/2[ | V12 V/1)2
(J1J2,-1/2, 1/2] 172 -\/1/2
lm|=5/2 | |5/2,5/2) |5/2,-5/2)
(412.2,1/2| 1 0
<j1j2~,'27‘1/2‘ 0 1
m=3/2 | 5/2,3/2)  13/2,3/2) m=-3/2 | [5/2,-3/2) |3/2,-3/2)
(J12.2.-1/2] V1/5 V4/5 (J1j2-1,-1/2| 4/5 V1/5
(J1j2.1, 1/2] 4/5 -/1/5 (j172,-2, 1/2] V1/5 V/4/5
m=1/2 | |5/2,1/2)  |3/2,1/2) m=-1/2 | |5/2,-1/2) |3/2,-1/2)
(J172,1,-1/2] V2/5 \/3/5 (j172,0, -1/2] \/3/5 V2/5
(j142,0, 1/2] 3/5 -\/2/5 (J142-1,1/2] 2/5 -\/3/5

(1/2 x 1/2)

(1x1/2)

(3/2 x 1/2)

(2x1/2)
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lm|=3 | [3,3)  [3,-3)
(J1J2.5/2.1/2] 1 0
(J172:-5/2:-1/2] 0 1
m=2 | [3,2)  [|2,1) m=-2 | [3-1) |2,-1)
(J1j2.5/2-1/2] | V1/6  /5/6 (J172-3/2-1/2] | \/5/6  \/1/6
(J1J2:3/2, 1/2] 5/6 -4/1/6 (j142,-5/2,1/2| | /1/6  -\/5/6
(5/2 x 1/2)
m=1 | [3,1)  |1,1) m=-1 | |2,-1) |1,-1)
(J1g2.3/2-1/2] | V/1/3 2/3 (J1j2.-1/2,-1/2] 2/3 1/3
(J142,1/2, 1/2| 2/3  -\/1/3 (J172-3/2,1/2| | V173 -\/2/3
m=0 | [3,0)  [1,0)
(J172.1/2,-1/2] 1/2 1/2
(J142-1/2, 1/2| 1/2 1/2
\m|=7/2 | |7/2,7/2) |7/2,-7/2)
(J172.3.1/2] 1 0
(J172.-3.-1/2] 0 1
m=5/2 | |7/2,5/2)  |5/2,5/2) m=-5/2 | |7/2,-5/2) |5/2,-5/2)
(J142,3:-1/2] VLS V67 (j142,-2,-1/2] /67 1/7
(3x1/2)
m=3/2 | 7/2,3/2)  |5/2,3/2) m=-3/2 | |7/2,-3/2) |5/2,-3/2)
(j22-1/2[ | V2/7 5/ (J1d2-1-1/2] 5/ 2/7
(j142.1, 1/2] /57 ~/2]7 (j142,-2, 1/2] V27 5/7
m=1/2 | |7/2,1/2)  |5/2,1/2) m=-1/2 | |7/2,-1/2) |5/2,-1/2)
<.j1j271a'1/2| 3/7 \/4/7 <j1j2:07 '1/2| \/4/7 \/3/7
(Jij2.0, 1/2[ | V47 ~V/3/7 (J1J2:-1,1/2] 3/ AT
lm|=9/2 | |9/2,9/2) [9/2,-9/2)
(J1J2.4.1/2] 1 0
<j1j27_47_1/2| 0
m=7/2 | 19/2,7/2)  |7/2,7/2) m=-7/2 | [9/2,-7/2) |7/2,-7/2)
(Jij2a-1/2[ | V/1/9 VB/9 (J12-3-1/2] | /B/9 1/9
(j142,3, 1/2] V/8/9 -/1/9 (J172.-4, 1/2] V1/9 V/8/9
m=5/2 | 19/2,5/2)  |7/2,5/2) m=-5/2 | [9/2,-5/2) |7/2,-5/2)
(j172,3-1/2] 2/9 7/9 (J172-2,-1/2] 7/9 2/9 (4x1/2)
<j1j2*,2s 1/2| V7/9 _\/2/9 <j1j2%'37 1/2| V2/9 'V7/9
m=3/2 | 19/2,3/2)  |7/2,3/2) m=-3/2 | [9/2,-3/2) |7/2,-3/2)
(J142,2:-1/2] 1/3 V2/3 (J1J2,1,-1/2] V2/3 V1/3
(41721, 1/2] 2/3 -V/1/3 (J1j2.-2. 1/2] 1/3 2/3
m=1/2 | 9/2,1/2)  |7/2,1/2) m=-1/2 | [9/2,-1/2) |7/2,-1/2)
(J142,1,-1/2] 4/9 5/9 (4142,0, -1/2] \/5/9 V4/9
(J142.,0, 1/2] 5/9 -\/4/9 (j1J2,-1,1/2] 479 5/9




Appendix D

Vector relations

D.1 Inner and outer products

(uy,v,w)=u-(vxw)=v-(wxu)=w-(uxv)
X (vXw)= (u w)iv—(u-v)w
X (vxw)=—(vxXw)xu

(uxv) (wxz)=(u-w)(v-z)—(u-2z)(v w)

D.2 Gradient, divergence and curl

D.2.1 Expressions with a single derivative

V. (Ad) = (A-V6) +6(V - A)
Vx(A¢) —(A X V¢)+6(V x A)
V. (AxB)=B-(VxA)+A- (VxB)
v o ( ><B) (B-V)A—B(V-A)— (A-V)B+A(V-B)
B)=(B-V)A+(A-V)B+Bx (VxA)+Ax(VxB)

A
A
V(A

Special cases:

V.-r=3
Vxr=0
(A-Vir=A
V. i=Vxi=(A-V)I=0

Vr" = pr?t (r/r) = nr" Tl

Combining Egs.(D.9), (D.11) and (D.12)) we find

Ve-A)=A+(r-V)A+rx (VxA).
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Similarly we find by combining Eqs. with Eq.

V(-A)=(F-V)A+ix(VxA).

d 0 .

D.2.2 Expressions with second derivatives
V x(Ve)=0

V- (VxA)=0
Vx(VxA)=V(V-A) - VA

Special case:
V2(1/r) = —4mé(r)

(D.16)

(D.17)

(D.18)
(D.19)

(D.20)

(D.21)



Index

Accumulated phase, [64] Bessel functions
Addition theorem, [I73] ordinary, [I77]
Adiabatic spherical, [I76]
change, Bethe-Peierls boundary condition,
compression, [I§] Binary
cooling, interactions, [I]
heating, scattering events, 27]
Allan and Misener, [152 Bohr radius,
Angular Boltzmann
motion, [30] constant, [f]
variables, equation, [I06] [I07]
Angular momentum, [30] collision term, [107]
cartesian components, [32] collisional gas, [107]
commutation relations, [32] collisionless gas, [105]
conservation, @ factor,
decomposition in orthogonal coordinates, gas, [106]
decomposition in spherical coordinates, statistics, [I35]
definition, Bonding molecular state,
inner product rule, Born approximation, [62]
operator, 29] B Bose-Einstein
projection, [32] condensation,
quantization axis, [33] distribution function, [135
states in Dirac notation, [34] function, [T70]
z-component, [32] statistics, [I34] [136] [13§]
Anti-bonding molecular state, [02] Bosons, [I17]
Asymptotic Bound state
bound states, resonance, [9]]
phase shift, [47] virtual,
Atom weakly bound,
distinguishability, Breit-Wigner
traps, 2] distribution,
Atoms Broad resonance, [103
unlike,
Canonical
Background distribution
phase shift, N-particle, [6]
scattering length, single-particle, [0]
BE, see Bose-Einstein ensemble,
BEC, [[4§ partition function, [9]
Relation to superfluidity, [[52] N-particle,
Bell states, single-particle,
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Cartesian coordinates,
Center of mass, [165
Central

density,

potential,

symmetry, [T}, 1]
Centrifugal

barrier,

energy, [37]
Characteristic length,
Chemical potential,

classical gas,
Classical

limit,

statistics

deviation from, [I35] [145]

turning point, [43]
Classically inaccessible, [43]
Clebsch-Gordan coefficients, [I73]
Closed channel, [96]
Collision

cross section, 2]

time, [I7]
Collision rate,
Collisional

cross section, [39]
Collisionless gas,
Collisionless regime,
Collisions,

elastic, (166,
Commutator

algebra,
Condensate,

radius,
Condensate fraction,
Condensed matter physics, [L61
Configuration space,
Confinement, [2]
Conservation laws

energy, [160]

momentum, [I606]
Conserved

quantity, [B7]
Constants of the motion, [37]
Construction operators, [120]
Continuity condition, [47]
Cooling

adiabatic,

evaporative, [19]
Coordinates

cartesian, [30]

INDEX

center of mass, [165
polar,
relative, [165]

Coupled channels, [07]

Creation operators, [120]

Criterion for BEC, [150]

Critical
temperature (Tc), [145
velocity,

Cross section, [2] [39] [46]
differential, [76]
energy dependence,
partial, [70]
total, [76]

Current density, [76]

Current density of wavefunction, [74]

De Broglie wavelength, [4] 27] [116]
thermal, [10] 27]
Degeneracy
of occupation, [I15]
parameter, [I0} [[6HI8] [I45]} [I50]
evaporative cooling,
local,
quantum, (10} (T35} [T36} [T75}, (150
regime, [27]
Delta function potential,
Density
central,
Distribution for Bose gas, [136
distribution for fermions, [155
Density fluctuations,
Density of states,
Deuteron, 52 [54]
Differential cross section,
Dilute gas, []

Dimple trap, [T4] [1§]

Dirichlet
series, [I71]
Discrete set of states, ]
Distinguishable
atoms, [7]]
Distinguishable atoms,
Distorted wave,
Distribution
Bose-Einstein, [I35]
canonical, [6]
equilibrium, [113]
Fermi-Dirac, [I36]
Maxwellian,
Distribution function



INDEX

two-body ,

Effective

range, 53, F [0} B

volume,

definition,

Effective attraction,
Effective hard sphere diameter,
Effective potential, [A0]
Effective range, [87]
Effective range expansion, [6], [50]
Effective range of an interaction,
Effective repulsion,
Effective volume

harmonic trap,
Eigenvalues,
Einstein summation convention, [31]
Elastic

scattering, [71]
Elastic scattering, [72]
Electrostatics,
Energy

internal,
Energy shift

caused by pair interaction,
Entangled states,
Entropy, [7] [I7] [132]

removal, [17]
Equation of state

Van der Waals, [24]
Equilibrium distribution, [113
Ergodic hypothesis,
Ergodicity,
Evaporative cooling,
Exchange,
Excluded volume,
Extension, [122]

FD, see Fermi-Dirac
Fermi energy, [I57]
Fermi’s golden rule, [I0§]
Fermi-Dirac
distribution function, [L36]

function, [T70]

statistics, [I35] [136} 13§
Fermions, [IT7]
Feshbach

resonance, [I03]

resonance field,

resonance width,
Feshbach coupling strength,

Feshbach resonance, [97]
criterion, [T01]

Feshbach-Fano partitioning, 01
Field operators, [120]

Fock space, [120]
Franck-Condon factor,
Free-molecular gas,

Fugacity, [[37 [[41} [[44] [T55]
Fugacity expansion, [[42] [T44] [I55]

Gamma function, [I69]

Gas
Boltzmann,
collisionless,
dilute,
free-molecular,
homogeneous,
hydrodynamic,
ideal, [2] [3] [148]

inhomogeneous, [2} [I38|
interaction energy, 39

kinetic properties,
metastable,
nearly ideal,
non-thermal,
pairwise interacting, [I]
quasi classical,
quasi-classical, [3]
single-component, [2]
thermodynamic properties,
weakly interacting,
weakly interacting classical,
Gaussian shape,
Gibbs factor, [134]
Gibbs paradox, [0]
Glebsch-Gordan
coefficients, [I8]]
selection rules, [I81]
Good quantum number, [37]
Grand canonical
distribution, (131
ensemble,
Grand Hilbert space, [120]
Grand partition function,
Grand potential,
Gross-Pitaevskii equation, [161
Ground state

occupation, [135]

Halo state,
Halo states,
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Hamiltonian
central fied,
hard sphere diameter, [39]
Harmonic
trap, [[4] [I§]
Harmonic oscillator length, [I62]
Harmonic radius, [12]
Harmonic trap, [I2]
HD, [05]
Heat reservoir, [5} [112] [132]
Heisenberg
equation of motion,
picture, [128] [129]
uncertainty relation,
Helium,
Hermite
differential equation,
polynomials,
Hermitian operator, [36]
Hilbert space, [115
Homogeneous gas, [2]
Hydrodynamic,
Hydrogen,

Ideal gas,
Identical atoms,

Indistiguishability
of identical particles,
Indistiguishable

atoms, [7]]
Indistinguishability,

Indistinguishable atoms, 116
Inert gas, []
Inhomogeneous gas,
Inner product rule
for angular momenta, [34]
Interaction
binary, 2]
energy, 27, 9 55} 9
pairwise, 2] 22
point-like, [65]
range, 39} [55]
strength,
Van der Waals,
volume,
Interatomic
potential,
Interatomic distance,
Internal energy,
Irregular solution,
Isentropic change,

Isotropic, [1]

Jacobi-Anger
expansion, [I7§|

Kapitza, P.L., [152]

Kinematic correlations,
Kinematics of scattering, [166]
Kinetic diameter of an atom, [2]
Kinetic properties, [39]

Kinetic state, [I]

Kinetics

of a gas,

Laguerre
polynomials, [I74] [I75]
generalized, [174]
Landau, L.D., [I52]
Legendre
associated polynomials,
differential equation, [34]
polynomials, [34] 72|
Length
harmonic oscillator, [L62
Length scales,
Lennard-Jones potential, 24]
Levi-Civita tensor, [31]
Levitation, [2]
Liouvill theorem, [106
Local density approximation,
Logarithmic derivative, [20] [A7]
Lorentz lineshape, [53]
Lowering operator, [33]

Mass

center of,

reduced,
Matter wave, [27]

Maximum density, [I0]
Maxwellian distribution, [TJ]
Mean-free-path,
Measurement

quantum theory,

Mechanical work,
Metastable

gas, 1

Microstate, [3]

Molecular chaos,

Moment of distribution
first moment, [T
second moment,

Momentum

INDEX
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angular, see Angular momentum
operator, [30]
radial, [30] [35]
space, [I]
transfer, [166]
Momentum space, [I3]
Most probable momentum,
Motion

angular, [30] 38
radial, [30} 38|

Narrow resonance, [103]
Nearly ideal gas,

Neutron, [54]

Non-condensed fraction, [146
non-degenerate regime,
Non-thermal gas, [2]

Number density, [[27]

Number operator, [120)
Number states, [119
Number-density operator,

Observable,

Occupation
number representation, 119} [120]
phase space, [0} [105]

Occupation number representation,

Open channel,
Operator

hermitian,

norm conserving, [[17]

observable, [I17]

permutation, [T17]
Operator density, [126
Optical theorem,
Order parameter, [161

Pair correlation function,
Pairwise interactions, [I]
Paradox of Gibbs, [f]
Parity, [79] [B1] [83]

Legendre polynomials, [79]
Partial-wave expansion

definition,

plane wave,
Particle reservoir, [[32]
Partition function

canonical, [0} [8] []

grand,
Pauli exclusion principle,
Pauli principle,

Permutation operator, m
Perturbation theory,
Phase shift
asymptotic, [A7]
background contribution,
resonance contribution,
Phase space,
continuum, [f]
occupation, [9] [T05] [I07]
Phase transition
gas to liquid,
Phase-space
density, [0]
Physically relevant solutions, [36]
Plane wave solutions, [4]
Point charge, [65]
Point interaction, [65]
Polylogarithm, [T69]
Position
operator, [30]
Position representation, [30]
Potential
central,
delta function,
effective,
interatomic, [I]
isotropic, [I]
Lennard-Jones,
power-law,
radius of action,

range, 1} 7, B9} B3
shape,
short-range,
singlet,
triplet,
Van der Waals,
well depth, [47]
Power-law
potentials, 9]
trap, [I4]
dimple, [T4] [1§]
harmonic, [T4] [I§
isotropic, [14]
spherical linear, [T4]
square well, [T4]
Predissociation,

Pressure, [§ [132]

ideal classical gas,

weakly interacting classical gas,

Proton, [54]
Pseudo potential,
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Quantum
degeneracy, see Degeneracy
gas
degenerate, [27]
non-degenerate, [27]

resolution limit, [T0} [TT5]
statistics, [117] [136]

theory of measurement, [82]
Quantum mechanical identity,
Quantum number

good,

Quasi-classical

approximation, [I3§|

behavior,

continuum, [3]

Quasi-classical approximation, [136
Quasi-equilibrium,
quasi-static change,

Radial
momentum, [30]
motion, [30]

wave equation, [29] [37]

Radial distribution function,
Radial wave equation, [40]
Radius
thermal,
Thomas-Fermi, [L62
Radius of action, [I} [46]
see range of interaction potential,
Raising operator, [33]
Range, [58]
effective,
of interaction potential,
of potential,
Reduced
mass, [29]
Reduced mass, [I66]
Regular solution,
Regular wavefunctions, [36]
Relative coordinates, [165]
Replacement operators,
Resonance, 51} (2]
Breit-Wigner, [53]
enhancement of scattering legth,
Fano, 0]
Feshbach,
narrow versus wide,
optical,
phase shift,
position, [53] [L07]

INDEX

shape,

width,
Resonances, [4§|
Resonant bound state, [64]
Reversible process, [17]
Riemann

zeta function, [I71]
Rotational barrier, {1} [61]
Rotational constant, [04]
Rotational energy,
Rotational energy barrier,
Run-away evaporative cooling,

s-wave resonance, [58|
s-wave scattering regime, [85] [86]
Scattering
amplitude, {6, 71 73 73 7T 0 B 7
forward, [7§|
imaginary part, [75]
partial wave, [75]
s-wave, [86]
singlet and triplet, [81] [83]
angle, [72]
azimuthal,
integration, [76]
channel
open and closed,
elastic,
isotropic, [112]
length, 39}, [44} [48] 58 [63} [68} [7T}, BT, [91}, [159]

avarage, [63]
background,
l-wave,

near Fesbach resonance, [100
near resonance, B9
relation to binding energy, [50]
s-wave, [39] [56}, [86], [87]
triplet, [I00]
weakly-bound s-level, [50} (9|
Scattering length
background, [52]
resonance contribution,
resonant enhancement,
Schrodinger
equation, [30} [37]
hamiltonian,
picture, [12§|
Schrodinger equation, [ [A0]
Second quantization,

Separation
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of angular variables,
of radial and angular motion,
Shape resonance, [44]
Shift operator, [33]
Short-range, [I]
potential, [39]
potentials, [55]
Single-component gas, [2]
Singlet potential, [02]
Singlet-triplet coupling
absence,
Size of atom cloud,
Slater determinant, [119
Space inversion, [T0§]
Speed of an atom,
Spherical
coordinates,
harmonics,
addition theorem, [173
Spherical linear trap,
Spin angular momentum
relation with statistics,
Spin-polarized hydrogen,
Square well, [T4]
State inversion, [I09]
Statistical operator, [I33]
Superfluidity, [I52]
Symmetry
space inversion, [I08]
state inversion, [T0|
time reversal,

T matrix, [I0§]
Thermal
cloud,
de Broglie wavelength, [I0} 27]
equilibrium, [I]
deviation from, [T12]
radius, [162]
relaxation, [I12]
relaxation time,
wavelength, 27]
Thermalization, [112
in fermionic gases,

time, [I9]

Thermodynamic

properties, [8 [[38] [I40]
Thermodynamic limit,

Thermodynamics

of a gas,
Thomas-Fermi

approximation, [I62]
profile,
radius,

Time reversal,

Total-number operator, [124] [127]
Trap parameter, [14]

Trapped gas
central density,
cloud size,
effective volume, [10]
harmonic radius, [[2]
maximum density,
Triplet potential,
Two-body distribution function,

Unitarity limit,
Universal

form,
Unlike atoms,

Vacuum state, [12]]
Van der Waals
interaction, [55]
potential, 1] [39]
Van der Waals equation of state,
Van der Waals potential,
Virtual bound state,

Wall-free confinement,
Wave number, [4]
Wave vector, [ [T16]
Wavefunction
antisymmetic, [I17]
distorted,
symmetric, [T17]
Weakly bound s-level,
Weakly interacting, [1]
Wealy-bound state, [51]
Well depth of potential, 7]

Wigner

solid,
Wigner 3j-symbols, [T73]
Work

mechanical,
Wronskian

theorem,
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