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Fkdswhu 4

Lqwurgxfwlrq dqg rxwolqh

414 Ervh Hlqvwhlq Frqghqvdwlrq

Wkh skhqrphqrq Ervh Hlqvwhlq Frqghqvdwlrq +EHF, zdv suhglfwhg lq wkh hduo|
gd|v ri txdqwxp phfkdqlfv e| Ervh dqg Hlqvwhlq ^4`1 Iru d v|vwhp ri zhdno|
lqwhudfwlqj Ervrqv frq�qhg lq d er{/ lw zdv irxqg wkdw dw d vpdoo/ exw �qlwh
whpshudwxuh d odujh iudfwlrq ri wkh Ervrqv zrxog jr lqwr wkh orzhvw hqhuj|
ohyho/ wkxv iruplqj d Ervh0Hlqvwhlq frqghqvdwh1 Wkh pdmru sk|vlfdo vljql�fdqfh
ri EHF lv wkdw wkh frqghqvdwh lv d v|vwhp/ zklfk vkrzv txdqwxp phfkdqlfdo
ehkdylru rq d phvrvfrslf vfdoh1 Dv vxfk/ EHF lv uhodwhg wr skhqrphqd olnh
vxshu xlglw| dqg vxshufrqgxfwlylw|1

Wkh frqglwlrq iru EHF wr rffxu lv wkdw wkh wkhupdo gh Eurjolh zdyhohqjwk
� @

s
5�|5@+pnW , lv ri wkh rughu ri wkh lqwhudwrplf vsdflqj1 Iru dwrplf

jdvvhv wklv fdq rqo| rffxu iru h{wuhpho| orz whpshudwxuhv1 Iru h{dpsoh/ iru
dondol0ydsruv dw d ghqvlw| durxqg 4347 sduwlfohv shu fxelf fhqwlphwhu wkh fulwlfdo
whpshudwxuh lv ri wkh rughu 4 �N1 Ryhu wkh odvw wzhqw| |hduv/ vhyhudo whfkqltxhv
zhuh ghyhorshg wr frro dwrplf jdvvhv/ qhduo| uhdfklqj wkh wudqvlwlrq srlqw1 Wkh
nh| wr EHF zdv irxqg lq d frpelqdwlrq ri wzr gl�huhqw whfkqrorjlhv= odvhu
frrolqj dqg pdjqhwr0rswlfdo wudsslqj/ dqg hydsrudwlyh frrolqj dqg pdjqhwlf
wudsslqj1 Wklv uhvxowhg lq wkh |hdu 4<<8 lq wkh h{shulphqwdo revhuydwlrq ri
EHF zlwk wkh dondol hohphqwv Uxelglxp/ Vrglxp dqg Olwklxp +^5`/ ^6`/ ^7`,1

415 Hydsrudwlyh frrolqj lq wkh h{shulphqw

Wkh jrdo ri wkh h{shulphqw shuiruphg dw DPROI lv wr rewdlq EHF zlwk ;:Ue
dwrpv1 Wklv zloo surylgh dq hqylurqphqw iru ixuwkhu vwxg| ri wkh surshuwlhv
ri wkh frqghqvdwh1 Yhu| eulh |/ wkh h{shulphqw fdq eh ghvfulehg dv iroorzv1
Odvhu frrolqj dqg pdjqhwr0rswlfdo wudsslqj whfkqltxhv duh dssolhg wr rewdlq
d suhfrrohg dwrplf jdv vdpsoh ri �43< dwrpv lq dq xowud kljk ydfxxp jodvv
fhoo1 Wkh odvhu oljkw lv wkhq vzlwfkhg r� dqg wkh vdpsoh lv wudqvihuuhg wr d
pdjqhwlf wuds1 Diwhu dq dgldedwlf frpsuhvvlrq vwdjh/ wkh ghqvlw| ri wkh dwrplf
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Iljxuh 414= Wkh ohyho vfkhph ri ;:Ue1 Wkh pdjqhwlfdoo| wudsshg dwrpv duh
suhsduhg wr eh lq wkh 5V4@5/ I @ 5/ pI @ 5 vwdwh1

vdpsoh q � 4345 fp�6 dqg wkh whpshudwxuh W � 633 �N/ fruuhvsrqglqj wr d
skdvh0vsdfh ghqvlw| q�6 ri wkh rughu 43�91 Ilqdoo|/ wkh vdpsoh lv frrohg wr wkh
EHF wudqvlwlrq e| hydsrudwlyh frrolqj1 Dw wkh fxuuhqw vwdjh lq wkh h{shulphqw/
dwrpv fdq eh ordghg lqwr d pdjqhwr rswlfdo wuds +PRW, dqg wkh wudqvihu wr
wkh pdjqhwlf wuds zloo eh vrrq hvwdeolvkhg1 Wkh lqlwldo ydoxhv iru hydsrudwlyh
frrolqj ri ghqvlw| dqg whpshudwxuh jlyhq khuh duh edvhg rq suhylrxvo| shuiruphg
h{shulphqwv lq rwkhu jurxsv xqghu vlplodu frqglwlrqv/ vhh iru h{dpsoh BB1

Lq wklv uhsruw zh zloo irfxv rq wkh �qdo vwdjh ri wkh frrolqj surfhvv= hydsr0
udwlyh frrolqj lq d pdjqhwlf wuds1 Wkh sulqflsoh ri pdjqhwlf wudsslqj lv edvhg
rq wkh iroorzlqj1 D sduwlfoh zlwk d pdjqhwlf prphqw �� sodfhg lq d pdjqhwlf
�hog �E h{shulhqfhv d srwhqwldo X+�{, @ ��� � �E1 Zkhq �� lv gluhfwhg sdudooho
wr wkh pdjqhwlf �hog wkh sduwlfoh pryhv xqghu lq xhqfh ri wkh pdjqhwlf irufh
�I @ ��uX wrzdugv d uhjlrq ri kljk pdjqhwlf �hog1 Wkhvh sduwlfohv duh fdoohg
�kljk �hog vhhnhuv�1 Rq wkh frqwudu|/ zkhq �� lv gluhfwhg dqwl0sdudooho wr wkh
pdjqhwlf �hog lw whqgv wr pryh wrzdugv d uhjlrq ri orz pdjqhwlf �hog1 Wkhvh
sduwlfohv duh uhihuuhg wr dv �orz �hog vhhnhuv�1 Vlqfh rqo| orfdo plqlpd lq wkh
pdjqlwxgh ri d E0�hog fdq h{lvw lq d fxuuhqw iuhh uhjlrq ^9`/ rqo| orz �hog vhhnhuv
fdq eh wudsshg1 Wkhuhiruh/ pdjqhwlfdoo| wudsshg dwrplf forxgv duh suhsduhg lq
vxfk d zd| dv wr kdyh doo wkhlu vslqv srlqwlqj sdudooho wr wkh pdjqhwlf �hog1 Wklv
lv fdoohg �vslq srodul}dwlrq�1 Lq rxu h{shulphqw/ wkh ;:Ue dwrpv duh rswlfdoo|
sxpshg wr wkh 5V4@5 / I @ 5 / pI @ 5 vwdwh gxulqj wkh wudqvihu iurp wkh PRW
wr wkh pdjqhwlf wuds +vhh �jxuh 414,1 Wkh vslq vwdwhv pI @ 5 dqg pI @ 4 duh
uhihuuhg wr dv �wudsshg� vwdwhv dqg wkh rwkhu wkuhh pI vwdwhv duh uhihuuhg wr dv
�xqwudsshg� vwdwhv1

7



Dwrpv lq pdjqhwlf wudsv duh frrohg e| hydsrudwlyh frrolqj/ zklfk lv gh0
vfulehg lq Fkdswhu 71 Wkh surfhvv lv edvhg rq wkh vhohfwlyh uhprydo ri sduwlfohv
zlwk hqhujlhv kljkhu wkdq wkh phdq hqhuj| shu sduwlfoh dqg rq wkhupdol}dwlrq
e| hodvwlf froolvlrqv1 Wklv lv vlplodu wr iru h{dpsoh wkh frrolqj ri krw zdwhu
gxh wr hydsrudwlrq ri zdwhu prohfxohv1 Lw lv d yhu| srzhuixo whfkqltxh wkdw fdq
lqfuhdvh skdvh vsdfh ghqvlw| ryhu pdq| rughuv ri pdjqlwxgh zlwk uhodwlyho| orz
sduwlfoh orvv1 Vhohfwlyh uhprydo ri dwrpv fdq eh dffrpsolvkhg e| vhohfwlyho| lq0
gxflqj wudqvlwlrqv wr xqwudsshg vwdwhv/ zkhuh iru wkh vkdoorz pdjqhwlf wudsslqj
srwhqwldov xvhg/ wkh ]hhpdq vsolwwlqj fruuhvsrqgv wr iuhtxhqflhv lq wkh udglr
iuhtxhqf| uhjlph1 Wklv surfhvv lv ghvfulehg lq Fkdswhu 61 Zkhq wkh wudqvlwlrq
lv vx!flhqwo| vdwxudwhg/ doo dwrpv zlwk dq hqhuj| kljkhu wkdq d fhuwdlq wkuhvk0
rog ydoxh/ wkh vr fdoohg wuxqfdwlrq hqhuj| %w/ fdq eh frqwlqxrxvo| uhpryhg iurp
wkh wuds1 Wkh v|vwhp h�hfwlyho| frrov zkhq wkh wuxqfdwlrq hqhuj| lv fkrvhq wr
eh lq wkh rughu ri vhyhudo wlphv wkh phdq hqhuj| shu uhpdlqlqj dwrp � nW 1 Dv
wkh whpshudwxuh ri wkh dwrplf jdv gursv derxw wzr rughuv ri pdjqlwxgh gxulqj
wkh frrolqj surfhvv/ wkh wuxqfdwlrq hqhuj| kdv wr eh orzhuhg dffruglqjo|1

Wkh �uvw jrdo ri p| zrun zdv wr fdofxodwh ri wkh h!flhqf| ri wkh ui0wudqvlwlrq
iru uhdolvwlf sdudphwhuv gxulqj hydsrudwlyh frrolqj1 Rq wkh edvlv ri wkh uhvxowv
wkh lqwhqvlw| ri wkh ui0�hog qhhghg iru h!flhqw hydsrudwlyh frrolqj zdv �{hg1
Dovr whfkqlfdo dvshfwv ri wkh lpsohphqwdwlrq ri wkh ui0flufxlw zhuh frqvlghuhg1
Wkh pdlq jrdo ri p| zrun zdv wr rswlpl}h wkh hydsrudwlrq udps/ l1h1 wr gh0
whuplqh krz wr lqvwdoo dqg orzhu wkh hydsrudwlrq eduulhu lq vxfk d zd| dv wr
uhdfk wkh rq0vhw ri EHF zlwk plqlpdo sduwlfoh orvv1 Wklv rswlpl}dwlrq zdv grqh
e| qxphulfdo vlpxodwlrq ri wkh frrolqj surfhvv edvhg rq dq dqdo|wlfdo prgho
ghvfulelqj wkh wkhuprg|qdplfv ri wkh dwrplf forxg1 Dv d zkroh/ wklv wkhvlv
irupv d idluo| frpsohwh vwxg| ri hydsrudwlyh frrolqj iru Uxelglxp dwrpv lq d
pdjqhwlf wuds1
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Fkdswhu 5

Wkh pdjqhwlf wuds

514 Wuds ghvljq

Pdq| gl�huhqw pdjqhwlf wuds frq�jxudwlrqv kdyh ehhq xvhg wr wuds dwrplf jdv
vdpsohv1 Lq rxu h{shulphqw zh xvh vr fdoohg wkh Lr�h wuds1 Lw frqvlvwv ri wzr
�d{ldo frlov�/ wzr �frpshqvdwlrq frlov� dqg irxu vwudljkw eduv fdoohg �Lr�h eduv�/
zlwk fxuuhqwv  rzlqj dv lqglfdwhg lq �jxuh 5141 Wkh frlov duh zrxqg iurp vtxduh
frsshu zluh/ zklfk lv kroorz wr doorz zdwhu frrolqj1 Wkh fxuuhqwv duh surylghg
e| d KS prgho 99;4D srzhu vxsso|/ wkdw lv deoh wr surylgh fxuuhqwv xs wr 8;3
D1

Wkh �hog frpsrqhqwv ri wkh Lr�h wuds qhdu wkh wuds fhqwhu/ ghvfulehg lq
f|olqgulfdo frpsrqhqwv/ duh irxqg iurp ^:` dqg duh jlyhq e|

E} @ E3 . e}5/

E� @ �d� vlq 5!� e�}/ +514,

E! @ �d� frv 5!/

zkhuh } ghqrwhv wkh d{lv ri d{ldo v|pphwu|1 Wkh �hog judglhqw lq wkh odwhudo
gluhfwlrq d lv surylghg e| wkh Lr�h eduv dqg wkh d{ldo fxuydwxuh e lv sulpdulo|
surylghg e| wkh d{ldo frlov1 Wkh r�0vhw �hog jhqhudwhg e| wkh d{ldo frlov lv frp0
shqvdwhg e| wkh frpshqvdwlrq frlov wr |lhog d vpdoo ydoxh E3/ wkhuhe| voljkwo|
uhgxflqj wkh d{ldo fxuydwxuh1 Xvlqj d e|0sdvv ryhu wkh frpshqvdwlrq frlov wkh
ydoxh ri E3 fdq eh wxqhg1

Wkh sdudphwhuv d dqg e iurp +5=4, zhuh ghwhuplqhg iurp pdjqhwlf �hog
phdvxuhphqwv dw orz fxuuhqwv +L @ 73 D,1 Wkh �hog zdv phdvxuhg xvlqj d
I1Z1Ehoo Jdxv phwhu zlwk d uhvroxwlrq ri 3=4 J1 Wkh phwhu hvvhqwldoo| frqvlvwv
ri d Kdoo sureh zlwk dq dfwlyh duhd ri 3=4;pp lq gldphwhu1 Xvlqj dq dvvhpeo| ri
wudqvodwlrq vwdjhv wkh sureh frxog eh pryhg wkurxjk wkh lqwhulru ri wkh pdjqhwlf
wuds lqghshqghqwo| lq wkuhh glphqvlrqv1

Iljxuh 515 vkrzv wkh pdjqhwlf �hog frpsrqhqw dorqj wkh yhuwlfdo gluhfwlrq
dw } @ 3 dv surgxfhg e| wkh Lr�h eduv1 Wkh gdwd srlqwv duh zhoo �wwhg dqg
|lhog d judglhqw d3 @ 3=686 W2p1 Lq �jxuh 516 wkh d{ldo �hog frpsrqhqw dorqj
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Iljxuh 514= Wkh Lr�h wuds= Vkrzq duh wkh �d{ldo frlov�/ wkh �frpshqvdwlrq frlov�
dqg wkh �Lr�h eduv�/ zkhuh fxuuhqwv duh  rzlqj dv lqglfdwhg e| wkh duurzv1 Wkh
ui0frlo lv srvlwlrqhg lq ehwzhhq wkh d{ldo frlov1 Wkh }0d{lv lv wdnhq wr eh wkh d{lv
ri d{ldo v|phwu|1

wkh }0d{lv dv surgxfhg e| wkh d{ldo frlov wrjhwkhu zlwk wkh frpshqvdwlrq frlov
lv vkrzq1 Djdlq wkh gdwd srlqwv duh zhoo �wwhg/ |lhoglqj d judglhqw e3 @ 47=3
W2p51 Iru d uhdolvwlf fxuuhqw ri 733 D1 gxulqj wkh h{shulphqw/ zh rewdlq wkh
ydoxhv d @ 6=86 W2p dqg e @ 473 W2p51

515 Wkh ui0frlo

Wkh srvlwlrq ri wkh ui0frlo lq wkh pdjqhwlf wuds lv vkrzq lq �jxuh 5141 Wkh ui0
frlo lv �wwhg lq ehwzhhq wkh d{ldo frlov/ zklfk |lhogv d pd{lpxp rxwhu gldphwhu
g @ 64 pp1 Iru d frlo ri wzr zlqglqjv dqg zluhwklfnqhvv � 4pp/ wkh glvwdqfh
ehwzhhq wkh fhqwhu ri wkh frlo dqg wkh fhqwhu ri wkh pdjqhwlf wuds pxvw eh dw
ohdvw 4: pp1

Wkh pdjqhwlf �hog jhrphwu| lq uhodwlrq wr wkh gluhfwlrq ri wkh ui0�hog lv
vkrzq lq �jxuh BB1 Zhoo dzd| iurp wkh fhqwhu ri wkh pdjqhwlf wuds wkh pdjqhwlf
�hog lv grplqdwhg e| wkh txdguxsrodu �hog ri wkh Lr�h eduv1 Iru wklv fdvh wkh
ui0�hog lv gluhfwhg sdudooho wr wkh pdjqhwlf �hog olqhv lq wkh {0gluhfwlrq dqg
gluhfwhg shushqglfxodu wr wkh pdjqhwlf �hog olqhv lq wkh |0gluhfwlrq1 Qhdu wkh
fhqwhu ri wkh pdjqhwlf wuds wkh pdjqhwlf �hog lv grplqdwhg e| lwv frpsrqhqw
E3 lq wkh d{ldo gluhfwlrq } +vkrzq lq wkh slfwxuh dv dq duurz wdlo lq wkh fhqwhu,/
vr wkdw wkh ui0�hog lv dozd|v gluhfwhg shushqglfxodu wr wkh wudsslqj �hog1

516 Wudsslqj srwhqwldo dqg ghqvlw| ri vwdwhv

Wkh pdjqlwxgh ri wkh pdjqhwlf �hog m �Em qhdu wkh �hog fhqwhu lv rewdlqhg iurp
htxdwlrq +5=4,1 Qhjohfwlqj doo whupv ri rughu kljkhu wkdq �5 dqg xvlqj eE3 � d5

:
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Iljxuh 515= Phdvxuhphqw ri wkh pdjqhwlf �hog frpsrqhqw dorqj wkh yhuwlfdo
gluhfwlrq dw } @ 3 dv surgxfhg e| wkh Lr�h eduv iru d fxuuhqw L @ 73 D1 Iru
d uhdolvwlf fxuuhqw L @ 733 D gxulqj wkh h{shulphqw/ zh rewdlq iru wkh �hog
judglhqw d @ 6=86 W2p1

rqh �qgv

m �Em @
s
d5�5 . +E3 . e}5,51 +515,

Wkh dvvrfldwhg pdjqhwlf wudsslqj srwhqwldo lv jlyhq e|

YE+�> }, @ jI�EpI

�
m �Em �E3

�
@
s
�5�5 . +X3 . �}5,5 � X3/ +516,

zklfk lv vhw wr }hur lq wkh wuds fhqwhu1 Wkh udgldo judglhqw �/ wkh d{ldo fxuydwxuh
� dqg wkh sdudphwhu X3 duh gh�qhg dv � � jI�EpId/ � � jI�EpI e dqg
X3 � jI�EpIE31
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Iljxuh 516= Phdvxuhphqw ri wkh d{ldo �hog frpsrqhqw dorqj wkh }0d{lv dv sur0
gxfhg e| wkh d{ldo frlov wrjhwkhu zlwk wkh frpshqvdwlrq frlov iru d fxuuhqw L @ 73
D1 Iru d uhdolvwlf fxuuhqw L @ 733 D gxulqj wkh h{shulphqw zh rewdlq iru wkh
d{ldo fxuydwxuh e @ 473 W2p51

Iru d zkroh fodvv ri srwhqwldov/ wkh vr fdoohg srzhu0odz wudsv/ htxdwlrq 518 |lhogv

�+%, @ DSO%
4@5.�/ +519,

zkhuh DSO lv d wuds ghshqghqw frqvwdqw1 Wkhvh lqfoxgh vtxduh +� @ 3,/ kdu0
prqlf +� @ 6@5, dqg vskhulfdoo| v|pphwulf wudsv/ zlwk X+u, � u6@�/ dv zhoo dv

srwhqwldov ri wkh irup X+{> |> }, � m{m4@�4 . m|m4@�5 . m}m4@�6 / zlwk � @
S

l �l1
Wkh ghqvlw| ri vwdwhv lq wkh Lr�h wuds lv irxqg e| vxevwlwxwlqj wkh Lr�h wudsslqj
srwhqwldo +5=6, lqwr +5=8,1 Wklv |lhogv d vxp ri txdgudwlf +� @ 6@5, dqg fxelf
+� @ 8@5, whupv

�+%, @ DLT+%
6 . 5X3%

5,/ +51:,

zkhuh DLT @ +5p�5, 6@5@^+5�|,65�5�4@5`1 Lw lv uhdglo| vhhq wkdw iru whp0
shudwxuhv nW  X3 wkh ghqvlw| ri vwdwhv +5=:, zloo h�hfwlyho| eh wkh rqh ri
d srzhu0odz srwhqwldo � @ 8@51 Wklv fruuhvsrqgv wr wkh fdvh �5�5  X3 lq
wudsslqj srwhqwldo +5=6,/ vr wkdw wkh srwhqwldo lv h�hfwlyho| olqhdu lq wkh udgldo
gluhfwlrq1 Iru whpshudwxuhv nW � X3 wkh ghqvlw| ri vwdwhv lv h�hfwlyho| kdu0
prqlf +� @ 6@5,1 Wklv fruuhvsrqgv wr wkh fdvh �5�5 � X3 lq wkh wudsslqj
srwhqwldo +5=6,/ vr wkdw wkh srwhqwldo lv h�hfwlyho| olqhdu lq wkh udgldo gluhfwlrq1
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Iljxuh 517= Wkh pdjqhwlf �hog jhrphwu| lq uhodwlrq wr wkh gluhfwlrq ri wkh ui0
�hog1 Wklv slfwxuh uhsuhvhqwv d furvvhfwlrq wkurxjk wkh wuds fhqwhu +} @ 3, shu0
shqglfxodu wr wkh Lr�h eduv1 Zhoo dzd| iurp wkh fhqwhu ri wkh pdjqhwlf wuds wkh
pdjqhwlf �hog lv grplqdwhg e| wkh txdguxsrodu �hog ri wkh Lr�h eduv1 Iru wklv
fdvh wkh ui0�hog lv gluhfwhg sdudooho wr wkh pdjqhwlf �hog olqhv lq wkh {0gluhfwlrq
dqg gluhfwhg shushqglfxodu wr wkh pdjqhwlf �hog olqhv lq wkh |0gluhfwlrq1 Qhdu
wkh fhqwhu ri wkh pdjqhwlf wuds wkh pdjqhwlf �hog lv grplqdwhg e| lwv frpsrqhqw
E3 lq wkh d{ldo gluhfwlrq } +vkrzq lq wkh slfwxuh dv dq duurz wdlo lq wkh fhqwhu,/
vr wkdw wkh ui0�hog lv dozd|v gluhfwhg shushqglfxodu wr wkh wudsslqj �hog1
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Fkdswhu 6

Lqgxflqj k|shu�qh

wudqvlwlrqv zlwk UI

614 Lqwurgxfwlrq

Pdjqhwlfdo| wudsshg dwrpv fdq eh uhpryhg iurp wkh wuds e| lqgxflqj wudqvl0
wlrqv wr xqwudsshg k|shu�qh vslq vwdwhv1 Wklv lv grqh e| dsso|lqj dq rvfloodwlqj
pdjqhwlf �hog zlwk d olqhdu srodul}dwlrq wudqvyhuvh wr wkh vwdwlf wudsslqj �hog
�E1 Wkh vxuidfh lq vsdfh zkhuh wudqvlwlrqv pd| rffxu/ lv ghwhuplqhg e| wkh
uhvrqdqfh frqglwlrq

jI�Em
�E+�{uhv,m @ |$ui/ +614,

zlwk $ui wkh iuhtxhqf| ri wkh rvfloodwlqj pdjqhwlf �hog/ jI wkh Odqgì j0idfwru
dqg �E wkh Erku pdjqhwrq1 Iru w|slfdo wudsslqj �hogv ri 43�6 W/ $ui lv lq wkh
udglr0iuhtxhqf| uhjlph1

Zkhq $ui lv fkrvhq vr wkdw uhvrqdqfh rffxuv dw wkh hgjhv ri wkh wuds/ wkh
dwrpv ri orz hqhuj|/ wkdw uhpdlq prvwo| qhdu wkh fhqwhu ri wkh wuds/ duh xqdi0
ihfwhg1 Krzhyhu/ wkh dwrpv wkdw kdyh hqrxjk hqhuj| wr uhdfk wkh hgjhv ri wkh
wuds zloo sdvv wkurxjk d uhjlrq ri uhvrqdqfh dqg wudqvlwlrqv wr xqwudsshg vwdwhv
zloo rffxu1 Li wklv wudqvlwlrq lv vx!flhqwo| vdwxudwhg/ h�hfwlyho| doo dwrpv zlwk
dq hqhuj| kljkhu wkdq d fhuwdlq wkuhvkrog ydoxh zloo hydsrudwh iurp wkh wuds1

Wkh pdlq sduw ri wklv fkdswhu lv ghyrwhg wr d fdofxodwlrq ri wkh wudqvlwlrq
suredelolw| wr xqwudsshg vslq vwdwhv iru rxu 80ohyho Uxelglxp dwrp iru uhdolvwlf
h{shulphqwdo frqglwlrqv1 Wklv zloo eh grqh rq wkh edvlv ri wkh �guhvvhg vwdwh�
irupdolvp ^;` dqg lqyroyhv qxphulfdo vroxwlrq ri wkh wlph ghshqghqw Vfkuùglqjhu
htxdwlrq1 Rq wkh edvlv ri wkhvh uhvxowv/ wkh ui0�hog dpsolwxgh wkdw zloo surylgh
h!flhqw hydsrudwlyh frrolqj lv ghwhuplqhg1 Ilqdoo|/ whfkqlfdo dvshfwv ri wkh
lpsohphqwdwlrq ri wkh ui0flufxlw zloo eh frqvlghuhg1

44



615 Lqwhudfwlrq zlwk d ui0�hog

61514 Wkh Kdplowrqldq

Dvvxplqj wkdw wkh dwrp lv iroorzlqj d fodvvlfdo wudmhfwru|/ wkh vlwxdwlrq ri dq
dwrp prylqj lq d pdjqhwlf �hog zlwk d �hog judglhqw lv htxlydohqw wr wkh vlwx0
dwlrq ri dq dwrp dw uhvw lq d wlph ydu|lqj pdjqhwlf �hog1 Wkh odwwhu srlqw ri
ylhz zloo eh dgrswhg khuh1

Wkh Kdplowrqldq iru d vslq lq d wlph ydu|lqj pdjqhwlf �hog �E+w, lv jlyhq e|

K+w, @ � �E+w, � �I / +615,

zlwk �I wkh rshudwru ri wrwdo dqjxodu prphqwxp dqg � � jI�E
|

d frqvwdqw1 Wkh
pdjqhwlf �hog frqvlvwv ri d frqwulexwlrq ri wkh wudsslqj �hogEwuds gluhfwhg dorqj
wkh }0d{lv dqg d frqwulexwlrq iurp wkh ui0�hog1 Dvvxplqj d olqhduo| srodul}hg ui0
�hog zlwk wkh pdjqhwlf �hog frpsrqhqw gluhfwhg dorqj wkh {0d{lv shushqglfxodu
wr wkh wudsslqj �hog/ wkh pdjqhwlf �hog lv h{suhvvhg dv

�E+w, @ Ewuds a} .Eui frv+$uiw,a{/ +616,

zlwk Eui wkh dpsolwxgh ri wkh ui0�hog dqg $ui lwv iuhtxhqf|1 Vxevwlwxwlqj wklv
h{suhvvlrq iru wkh pdjqhwlf �hog lqwr wkh Kdplowrqldq +6=5, |lhogv

K+w, @ $3+w,I} . 5$U frv +$uiw,I{/ +617,

zlwk $3+w, @ �Ewuds+w, wkh wlph ghshqghqw ]hhpdq vkliw dqg $U @ 4
5�Eui d

phdvxuh ri wkh lqwhqvlw| ri wkh ui0�hog dqdorjrxv wr wkh Udel iuhtxhqf| iru d
wzr ohyho v|vwhp1 Hqhuj| dqg vslq duh phdvxuhg lq xqlwv ri |1

61515 Urwdwlqj iudph dqg urwdwlqj zdyh dssur{lpdwlrq

Wklv v|vwhp lv prvw hdvlo| wuhdwhg lq d urwdwlqj frruglqdwh v|vwhp/ wxuqlqj
durxqg wkh }0d{lv zlwk iuhtxhqf| $ui ^;`1 Wkh rshudwru X jhqhudwlqj wklv urwdwlrq
lv jlyhq e|=

X+w, @ h�l$u i wI} = +618,

Lqvwhdg ri wkh xvxdo edvlv ri pI vwdwhv m�p A zh xvh urwdwlqj edvlv yhfwruv
jlyhq e|

m�up+w, A@ X+w,m�p A +619,

dqg wkh vwdwh yhfwruv m�+w, A wudqvirup dv

m�u+w, A@ X�4+w,m�+w, A> +61:,
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zkhuh wkh vxevfulsw u ghqrwhv wkh urwdwlqj fr0ruglqdwh iudph1 Wkh Kdplowrqldq
lq wkh urwdwlqj iudph pxvw eh wkh rshudwru jhqhudwlqj wkh wlph hyroxwlrq=

l
C

Cw
m�u+w, A@ Ku+w,m�u+w, A = +61;,

Vxevwlwxwlqj +6=:, lqwr +6=;, dqg xvlqj lC�Cw @ K�/ zh �qg wkdw wkh Kdplowrqldq
lq wkh urwdwlqj iudph pxvw eh jlyhq e|

Ku+w, @ X�4K+w,X . l bX�4X> +61<,

zkhuh wkh h{solflw wlph ghshqghqfh ri X kdv ehhq rplwwhg iru frqyhqlhqfh1
Ohw*v orrn vrphzkdw forvhu dw wkh rewdlqhg uhvxow1 Wkh �uvw sduw wr wkh uljkw

ri htxdwlrq +6=<, lv jlyhq e|=

X�4K+w,X @ $3I} . $UI{ . $UI{ frv 5$uiw. $UI| vlq 5$uiw1 +6143,

Wkh odvw wkuhh whupv rq wkh uljkw ri +6=43, kdyh d vwudljkw iruzdug sk|vlfdo
lqwhusuhwdwlrq1 Wkh olqhduo| srodul}hg ui0�hog fdq eh uhjdughg dv wkh vxp ri
wzr frxqwhu0urwdwlqj flufxoduo| srodul}hg �hogv1 Lq wkh urwdwlqj iudph wkh fr0
urwdwlqj frpsrqhqw dsshduv vwdwlf/ zkloh wkh frxqwhu0urwdwlqj frpsrqhqw ur0
wdwhv dw wzlfh wkh iuhtxhqf|1 Shuwxuedwlrq wkhru| vkrzv wkdw wklv txlfno| rvflo0
odwlqj whup fdq eh qhjohfwhg1 Wklv lv nqrzq dv wkh urwdwlqj zdyh dssur{lpdwlrq1

Dsduw iurp wkh ruglqdu| wudqvirupdwlrq Kdplowrqldq X�4K+w,X / dq h{wud
whup kdv ehhq dgghg wr Ku/ zklfk pxvw eh wdnhq lqwr dffrxqw iru dq| wlph
ghshqghqw wudqvirupdwlrq1 Lq rxu fdvh lw lv jlyhq e|=

l bX�4X @ �$uiI}1 +6144,

Wkxv/ wkh lqwhudfwlrq hqhuj| zlwk wkh pdjqhwlf �hog kdv ehhq ghfuhdvhg e| d
qxpehu ri pI skrwrq hqhujlhv1 Wkh dssur{lpdwhg Kdplowrqldq lq wkh urwdwlqj
frruglqdwh v|vwhp fdq qrz eh zulwwhq dv

Ku+w, @ �+w,I} . $UI{/ +6145,

zkhuh wkh ghwxqlqj � lv lqwurgxfhg dv

�+w, � $3+w,� $ui 1 +6146,

Wkh wkxv rewdlqhg dssur{lpdwhg Kdplowrqldq lv ri d yhu| vlpsoh irup dqg
lv rqo| lpsolflwo| wlph ghshqghqw e| wkh wlph ghshqghqfh ri �+w,1 Iru d �yh0
ohyho vslq v|vwhp +I@5, wkh hqhuj| hljhqydoxhv duh fdofxodwhg dqg sorwwhg dv d
ixqfwlrq ri � lq �jxuh 6141 Idu r� uhvrqdqfh/ wkh hljhqvwdwhv ri Ku frlqflgh
zlwk wkh hljhqvwdwhv ri wkh qrq0lqwhudfwlqj v|vwhp1 Iru hdfk hljhqydoxh d qxpehu
ri skrwrq hqhujlhv kdyh ehhq dgghg dv wr pdnh wkhp furvv dw uhvrqdqfh � @
31 Wkh suhvhqfh ri wkh shuwxuedwlrq whup wxuqv wklv furvvlqj lqwr dq dyrlghg
furvvlqj1 Khuh/ dq hljhqvwdwh ri Ku zloo eh d vxshusrvlwlrq ri wkh hljhqvwdwhv ri
wkh xqshuwxuehg v|vwhp1 Wklv phdqv wkdw qhdu uhvrqdqfh/ rqh fdq qrw vshdn ri
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Iljxuh 614= Hljhqydoxhv ri Ku dv ixqfwlrq ri wkh ghwxqlqj �1 Iru uhihuhqfh/
dovr wkh qrq shuwxuehg hljhqhqhujlhv duh vkrzq +gdvkhg olqhv,1 Idu ri uhvrqdqfh
wkh hljhqvwdwhv frlqflgh zlwk wkh hljhqvwdwhv ri wkh qrq0lqwhudfwlqj v|vwhp/ exw
qhdu uhvrqdqfh wkh ohyhov �uhsho� wr irup dq �dyrlghg furvvlqj�1 Wkh vsolwwlqj
ehwzhhq wkh hqhuj| ohyhov htxdov $U1

d skrwrq ehlqj hlwkhu lq wkh �hog ru devruehg e| wkh dwrp1 Lqvwhdg/ wkh dwrp
lv vdlg wr eh �guhvvhg� zlwk wkh skrwrq hqhuj|1 Hljhqvwdwhv ri Ku duh wkhuhiruh
fdoohg �guhvvhg vwdwhv�1

Lq wklv slfwxuh d wudqvlwlrq iurp wkh wudsshg vwdwh wr wkh xqwudsshg vwdwh
fruuhvsrqgv wr dq dgldedwlf sdvvdjh dorqj wkh hljhqhqhuj| fxuyh1 Iru d wzr ohyho
v|vwhp dqg iru d pdjqhwlf �hog ydu|lqj olqhduo| lq wlph/ wkh suredelolw| S wkdw
dq dwrp sdvvhv dgldedwlfdoo| lv jlyhq e| wkh Odqgdx0]hqhu irupxod S @ 4�h�5��

^<`/ zlwk � jlyhq e|

� �
$5U
g�
gw

1 +6147,

Wklv sdudphwhu zloo dsshdu qdwxudoo| lq rxu htxdwlrqv dv zh zloo vhh odwhu rq1
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61516 Lqwhusuhwdwlrq

Wkh Kdplowrqldq Ku gh�qhg lq +6=45, lv htxlydohqw zlwk wkh Kdplowrqldq ri d
vslq lq dq h�hfwlyh pdjqhwlf �hog Eh� zlwk d wlph ydu|lqj frpsrqhqw �+w,@� lq
wkh }0gluhfwlrq dqg d vwdwlf frpsrqhqw $U@� lq wkh {0gluhfwlrq1 Wklv h�hfwlyh
E0�hog lv ri pdjqlwxgh

s
�5 . $5U@� dqg lwv gluhfwlrq fkdqjhv iurp wkh qhjdwlyh

}0d{lv wr wkh {0d{lv wr wkh srvlwlyh }0d{lv dv wkh dwrp pryhv wkurxjk uhvrqdqfh
vr wkdw � fkdqjhv lwv vljq1

Wklv v|vwhp ri d vslq lq d fkdqjlqj pdjqhwlf �hog ehkdyhv dv wkh fodvvlfdo
v|vwhp ri dq dqjxodu prphqwxp xqghu lq xhqfh ri d fkdqjlqj h{whuqdo irufh1
Lqlwldoo|/ wkh vslq zloo eh suhfhvvlqj durxqg wkh h�hfwlyh pdjqhwlf �hog d{lv zlwk
d iuhtxhqf| sursruwlrqdo wr wkh pdjqlwxgh ri wkh h�hfwlyh �hog1 Dv wkh gluhfwlrq
ri wkh h�hfwlyh pdjqhwlf �hog lv fkdqjhg vorzo|/ doorzlqj pdq| f|fohv ri wkh vslq
suhfhvvlrq iru d vpdoo fkdqjh lq gluhfwlrq ri wkh �hog/ wkh d{lv ri wkh suhfhvvlrq
iroorzv wkh d{lv ri wkh h�hfwlyh pdjqhwlf �hog1 Vr/ dv � fkdqjhv vljq/ wkh vslq
lv uhyhuvhg +dgldedwlf sdvvdjh,1 Krzhyhu/ zkhq wkh gluhfwlrq ri wkh h�hfwlyh
E0�hog lv fkdqjhg deuxswo| wkh d{lv ri suhfhvvlrq grhv qrw iroorz wkh d{lv ri wkh
�hog dqg wkh lqlwldo vslq vwdwh uhpdlqv xqfkdqjhg +gldedwlf sdvvdjh,1

616 Hyroxwlrq ri wkh v|vwhp

61614 Wlph ghshqghqw Vfkurglqjhu htxdwlrq

Wkh wlph hyroxwlrq ri wkh vwdwh ri wkh dwrp dv wkh lw pryhv wkurxjk uhvrqdqfh
lv ghwhuplqhg e| wkh Vfkuùglqjhu htxdwlrq

l
C

Cw
m�u+w, A@ Ku+w,m�u+w, A 1 +6148,

Zh h{sdqg m�+w, A lq wkh guhvvhg vwdwh edvlv m!p+w, A dv iroorzv

m�u+w, A@
[
p

dp+w,h
�l

U
w �p+w

3,gw3 m!p+w, A / +6149,

zlwk �p ghqrwlqj wkh hljhqydoxhv ri Ku dqg zkhuh wkh xqnqrzq wlph ghshqghqw
frh!flhqwv dp+w, duh wr eh ghwhuplqhg1 Vxevwlwxwlqj wkh h{sdqvlrq +6=49, lq
wkh Vfkuùglqjhu htxdwlrq +6=48,/ xvlqj Kum!q A@ �qm!q A dqg pxowlso|lqj erwk
vlghv zlwk ? !qm iurp wkh ohiw/ zh �qg d vhw ri frxsohg gl�huhqwldo htxdwlrqv iru
wkh frh!flhqwv dq =

C

Cw
dq+w, .

[
p

dp+w,h
l
U
w �q+w

3,��p+w
3,gw3 ? !q+w,m

C

Cw
!p+w, A@ 31 +614:,

Zkhq wkh hqhuj| gl�huhqfh ehwzhhq wzr hljhqvwdwhv lv odujh/ wkh idfwru hl
U
w �q+w

3,��p+w
3,gw3

zloo eh txlfno| rvfloodwlqj lq wlph dqg vr wkh frxsolqj ri wkhvh wzr hljhqvwdwhv
lv vxusuhvvhg1 Rqo| qhdu uhvrqdqfh/ zkhq wkh gl�huhqfh lq hqhuj| lv plqlpxp
frxsolqj fdq ehfrph vljql�fdqw1
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61615 Glphqvlrqohvv yduldeoh

Lq rughu wr idflolwdwh qxphulfdo fdofxodwlrq dqg wr jdlq pruh lqvljkw lq wkh
sdudphwhuv jryhuqlqj wkh sureohp zh lqwurgxfh wkh glphqvlrqohvv yduldeoh

}+w, �
�+w,

$U
1 +614;,

Wkh qhz Kdplowrqldq dv ixqfwlrq ri } dqg lq xqlwv ri |$U/ lv wkhq jlyhq e|

K}+}, @ �}I} � I{ +614<,

dqg lv lpsolflwo| ghshqghqw rq wkh sk|vlfdo sdudphwhuv $3+w, dqg $U ri wkh
v|vwhp1

Vxevwlwxwlqj wkh qhz yduldeoh } lq htxdwlrq +6=4:,/ d qhz vhw ri htxdwlrqv lv
rewdlqhg iru wkh qhz frh!flhqwv fq/ gh�qhg dv fq+}+w,, � dq+w,

C

C}
fq+}, .

[
p

fp+},h
l
U
} $U

gw

g}
+�q+}

3,��p+}
3,,g}3

? !q+},m
C

C}
!p+}, A@ 3/ +6153,

zkhuh wkh !q*v dqg �q*v duh hljhqyhfwruv dqg hljhqydoxhv uhvshfwlyho| ri K}1
Wkh htxdwlrq wkxv rewdlqhg lv rqo| lpsolflwo| ghshqghqw rq wkh uhdo sdudp0

hwhuv ri wkh v|vwhp/ vxfk dv wkh vshhg ri sdvvdjh/ wkh irup ri wkh wuds srwhqwldo
dqg wkh lqwhqvlw| ri wkh ui0�hog1 Doo wkhvh sdudphwhuv duh frqwdlqhg lq wkh idfwru
$U

gw
g} dsshdulqj xqghu wkh lqwhjudo lq wkh h{srqhqwldo1 E| gh�qlwlrq +6=4;, ri

}/ zh vhh wkdw wklv idfwru lv htxlydohqw wr wkh sdudphwhu � lq ht1 +6=47,

$U
gw

g}
@

$5U
g�
gw

� ��+},/ +6154,

zkhuh wkh wlogh v|pero lv xvhg wr vwuhvv wkdw wklv �sdudphwhu� lv dfwxdoo| d ixqf0
wlrq ri wkh glphqvlrqohvv yduldeoh }1 Wklv ixqfwlrq zh zloo fdoo wkh dgldedwlflw|
ixqfwlrq1 Rqo|/ zkhq � lv ydu|lqj olqhduo| lq wlph/ �� lv d frqvwdqw1 Lq wkdw fdvh
zh zloo rplw wkh wlogh v|pero dqg vshdn ri wkh dgldedwlflw| sdudphwhu1

61616 Wkh pdwul{hohphqwv 	 �?m
Y

Y5
�6 :

Ilqdoo|/ zh ghulyh dq dqdo|wlfdo h{suhvvlrq iru wkh pdwul{ hohphqwv ? !qm
C
C}!p A

dsshdulqj lq +6=53,1 Wdnlqj wkh }0ghulydwlyh ri wkh htxdwlrqK} m!p A@ �pm!p A
dqg pxowlso|lqj erwk vlghv iurp wkh ohiw zlwk ? !qm rqh �qgv wkdw iru p 9@ q
wkh pdwul{ hohphqwv duh jlyhq e|

? !qm
C

C}
!p Aq9@p@

? !qmCK
}

C} m!p A

�p � �q
1 +6155,

Iru wkh fdvh p @ q zh xvh wkh idfw wkdw m!q A fdq dozd|v eh fkrvhq uhdo +wuxh
iru qrq0ghjhqhudwh vwdwhv, wr vkrz wkdw

? !qm
C

C}
!q A@

4

5

C

C}
? !qm!q A@ 3/ +6156,
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vhh iru h{dpsoh ^B`1
E| gldjrqdol}dwlrq ri K} lq wkh edvlv ri wkh xvxdo mpI A vwdwhv dqg xvlqj

wkh hdv| gldjrqdo irup ri CK}

C} / wkh txdqwlwlhv
?!qm

CK}

C} m!pA

�p��q
dsshdulqj lq wkh

uljkw kdqg vlgh ri +6=55, fdq eh dqdo|wlfdoo| fdofxodwhg1
Diwhu vrph dqdo|wlf pdqlsxodwlrq/ d yhu| vlpsoh irup lv rewdlqhg

? !qm
C

C}
!p A@

3
EEEEC

3 4 3 3 3
�4 3 � 3 3
3 �� 3 � 3
3 3 �� 3 4
3 3 3 �4 3

4
FFFFD�

4

4 . }5
/ +6157,

zkhuh � � ?pi@4mI.mpi@3A
?pi@5mI.mpi@4A

@
t

6
5 1 Wkh pxowlsoh }hur hqwulhv ri wklv pdwul{

lpso| wkdw rqo| qhljkerulqj guhvvhg vwdwhv duh frxsohg e| wkh ui0�hog1 Zk| wklv
lv wkh fdvh lv qrw |hw fohdu1

617 Wudqvlwlrq suredelolwlhv

Ohw*v vxppdul}h wkh sureohp1 Zh dlp wr fdofxodwh wkh suredelolw| ri �qglqj
dq dwrp/ lqlwldoo| suhsduhg lq wkh wudsshg vwdwh pI @ 5/ lq dq xqwudsshg pI

vwdwh diwhu lw kdv pryhg wkurxjk d uhjlrq ri uhvrqdqfh zlwk wkh ui0�hog1 Wklv
sureohp kdv ehhq uhgxfhg wr qxphulfdoo| vroylqj wkh htxdwlrqv +6=53,1

Lq wkh olplw ri odujh dqg qhjdwlyh }/ wkh lqlwldo vwdwh ri wkh dwrp pI @
5 fruuhvsrqgv wr wkh hljhqvwdwh m!4 A/ zkhuh wkh guhvvhg vwdwhv m!p A duh
qxpehuhg iurp 4 wr 8 e| lqfuhdvlqj hljhqydoxhv dv vkrzq lq �jxuh 6141 Vr/ wkh
erxqgdu| frqglwlrqv iru htxdwlrq +6=53, duh vxppdul}hg dv

olp
}$�4

f4+}, @ 4 dqg olp
}$�4

fq9@4+}, @ 31 +6158,

Lq wkh vdph zd|/ wkh wudqvlwlrq suredelolw| S wr wkh xqwudsshg pI vwdwhvpI @
�5>�4> 3 fdq eh h{suhvvhg dv

S � olp
}$4

+mf4+},m5 . mf5+},m5 . mf6+},m5,1 +6159,

Iru vlpsolflw|/ ohw*v dvvxph wkdw wkh dgldedwlflw| ixqfwlrq ��+}, lv d frqvwdqw=

��+}, @ �1 +615:,

Wkh vroxwlrqv ri htxdwlrqv +6=53,/ dqg vr wkh ydoxh ri wkh wudqvlwlrq suredelolw|
S / duh wkhq sxuho| ghwhuplqhg e| wkh ydoxh ri �1 D vhw ri vroxwlrqv fq+}, iru
� @ 3=4 lv vkrzq lq �jxuh 6151 Wkh slfwxuh vkrzv fohduo| krz frxsolqj ehwzhhq
guhvvhg vwdwhv lv vxusuhvvhg iru odujh dqg qhjdwlyh }/ wkhq ehfrphv lpsruwdqw
lq d uhjlrq ri uhvrqdqfh durxqg } @ 3 dqg wkhq jhwv vxusuhvvhg djdlq iru odujh
}1 Iru lqfuhdvlqj �/ wkh frxsolqj ehwzhhq gl�huhqw guhvvhg vwdwhv lv vxusuhvvhg1

4:
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Iljxuh 615= D vhw ri vroxwlrqv fq+}, iru � @ 3=41 Frxsolqj ehwzhhq wkh guhvvhg
vwdwhv lv vwurqj durxqg wkh uhvrqdqfh } @ 31

Wklv lv vkrzq lq �jxuh 616/ zkhuh wkh frh!flhqw mf4+},m fruuhvsrqglqj wr wkh
lqlwldo vwdwh m!4 A ri wkh dwrp/ lv sorwwhg iru gl�huhqw ydoxhv ri �1 Wkh wudqvlwlrq
suredelolw| wr xqwudsshg vwdwhv S lv fdofxodwhg iru gl�huhqw ydoxhv ri � dv vkrzq
lq �jxuh 6171 Wkh ydoxh ri S dssurdfkhv xqlw| durxqg � � 41 Dw � @ 4 wkh
wudqvlwlrq suredelolw| lv= S @ 3=<:1

618 Ui0dpsolwxgh iru h!flhqw hydsrudwlyh frro0

lqj

61814 Orzhu erxqg

Zh �uvw dsso| wkh uhvxowv ri wkh suhfhglqj vhfwlrq wr fdofxodwh wkh plqlpxp
ui0dpsolwxgh Eui qhhghg lq rughu wr h!flhqwo| gulyh wudqvlwlrqv wr xqwudsshg
vwdwhv1 Zh frqvlghu wkh fdvh ri d Uxelglxp dwrp/ wudsshg lq wkh Lr�h wuds
ghvfulehg lq fkdswhu 5/ sdvvlqj d uhjlrq ri uhvrqdqfh zlwk d frqvwdqw yhorflw| y
lq wkh rxwzdug udgldo gluhfwlrq lq wkh sodqh ri v|pphwu| plgzd| ehwzhhq wkh
d{ldo frlov +} @ 3,1 Wkh pdjqhwlf �hog frpsrqhqw ri wkh ui0�hog lv dvvxphg wr
eh gluhfwhg shushqglfxodu wr wkh vwdwlf wudsslqj �hog1

Wkh pdjqlwxgh ri wkh pdjqhwlf wudsslqj �hog lv irxqg iurp htxdwlrq +5=5,
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Iljxuh 616= Wkh vroxwlrq mf4+},m iru gl�huhqw ydoxhv ri �1 Iru lqfuhdvlqj �
frxsolqj ehwzhhq guhvvhg vwdwhv lv vxusuhvvhg1 Iru � @ 5 wkh wudqvlwlrq lv
doprvw frpsohwho| dgldedwlf/ zkloh iru � @ 3=5 wkh wudqvlwlrq lv qrq0dgldedwlf1

dv
��� �E+�> } @ 3,

��� @
t
d5�5 .E5

3 / +615;,

zlwk d wkh pdjqhwlf �hog judglhqw dqg E3 wkh r�0vhw �hog1 Dv glvfxvvhg lq
vhfwlrq 5/ wkh pdjqhwlf �hog lv h�hfwlyho| olqhdu lq � iru whpshudwxuhv nW  X3
dqg iru nW � X3 lw lv kduprqlf/ zkhuh X3 � jIpI�EE31 Wkhvh wzr olplwv duh
vhsdudwho| glvfxvvhg1

Olqhdu olplw

Dw wkh vwduw ri wkh frrolqj surfhvv wkh pdjqhwlf �hog lv h�hfwlyho| olqhdu lq �=
E � d�1 Xvlqj wkh gh�qlwlrq ri wkh ghwxqlqj � lq htxdwlrq +6=46,/ zh �qg wkdw
wkh dgldedwlflw| ixqfwlrq ��+}, ri +6=54, lv d frqvwdqw=

��+}, @
$5U
g�
gw

@
$5U

� gEg�
g�
gw

@
$5U
�dy

@ � +615<,

Vr/ wkh uhvxow rewdlqhg lq wkh suhfhglqj vhfwlrq fdq eh gluhfwo| dssolhg wr �qg
wkh wudqvlwlrq suredelolw| S iru dq| jlyhq ydoxhv ri $U dqg y1

4<
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Iljxuh 617= Wkh wudqvlwlrq suredelolw| wr xqwudsshg vwdwhv S dv ixqfwlrq ri wkh
dgldedwlflw| sdudphwhu �1

Zh dvvxph wkh wudqvlwlrq wr eh vx!flhqwo| vdwxudwhg zkhq wkh wudqvlwlrq
suredelolw| ri dq dwrp prylqj dw wzlfh wkh phdq wkhupdo yhorflw| lv forvh wr
xqlw|1 Vr zh ghpdqg

S +$U> 5yW , * 41 +6163,

zlwk yW @
t

;nEW
�pUe

wkh phdq wkhupdo yhorflw| ri wkh Uxelglxp dwrp1 Il{lqj

S +$U> 5yW , dw 3=<:/ d ydoxh wkdw lv rewdlqhg iru � @ 4/ zh fdq h{suhvv wkh
dpsolwxgh ri wkh ui0�hog qhhghg lq wkh hydsrudwlrq surfhvv dv d ixqfwlrq ri
wkh whpshudwxuh1 Iru d whpshudwxuh ri 633�N lq wkh ehjlqqlqj ri wkh frrolqj
surfhvv zh �qg= Eui @ 4=6 43�8 Whvod1 Dv whpshudwxuh jrhv grzq/ nhhslqj wkh
wudqvlwlrq suredelolw| S frqvwdqw/ Eui ghfuhdvhv dv

7
s
W 1

Kduprqlf olplw

Iru whpshudwxuhv ehorz � 43�N wkh pdjqhwlf �hog dw uhvrqdqfh lv qr orqjhu
olqhdu1 Wkh pdjqhwlf �hog judglhqw zloo ghyldwh iurp wkh ydoxh d lq wkh olqhdu
olplw dqg pruhryhu/ lw zloo ydu| ryhu wkh uhvrqdqfh uhjlrq1 Krzhyhu/ zkhq wkh
uhvrqdqfh lv frqvlghuhg wr eh vkdus vr wkdw gE

g� zloo qrw ydu| dssuhfldeo| ryhu

wkh uhjlrq ri uhvrqdqfh/ lw lv uhdvrqdeoh wr dssur{lpdwh ��+}, e| lwv ydoxh dw wkh
uhvrqdqfh ��+3,1 Wkh h�hfwlyh dgldedwlflw| �h� wkxv lqwurgxfhg fdq eh zulwwhq

53



dv wkh surgxfw ri wkh dgldedwlflw| sdudphwhu � lq wkh olqhdu fdvh dqg d idfwru
ghshqglqj rq wkh udwlr ri wkh wuxqfdwlrq hqhuj| %w wr wkh wudsslqj sdudphwhu
X3=

�h� @ ��+3, @
$5U
�dy

4t
4� + X3

X3.�w
,5

+6164,

Wkh h{wud idfwru vlpso| dulvhv iurp wkh idfw wkdw wkh �hog judglhqw ghfuhdvhv dv
wkh srvlwlrq ri uhvrqdqfh pryhv wrzdugv wkh �hog plqlpxp1 Iru kljk whpshud0
wxuhv zh kdyh %w  X3 dqg �h� zloo dssurdfk wkh ydoxh ri � lq wkh olqhdu olplw
jlyhq lq +6=63,1

Wkh ydolglw| ri wklv dssur{lpdwlrq fdq eh hdvlo| fkhfnhg e| frpsdulqj wkh
ydoxh ri S fdofxodwhg iurp wkh h{dfw vroxwlrqv ri +6=53, zlwk wkh ydoxhv rewdlqhg
xvlqj wkh frqvwdqw �h� 1 Iru �h� @ 4 zh irxqg wkdw wkh huuru lq wkh ydoxh ri S
lv ryhu wkh zkroh whpshudwxuh udqjh vpdoohu wkdq 3=4(1

Wkh ui0�hog dpsolwxgh iru d frqvwdqw ydoxh ri �h� @ 4 lv vkrzq dv ixqfwlrq
ri whpshudwxuh lq �jxuh 618 iru d frqvwdqw wuxqfdwlrq sdudphwhu � @ ;1 Lq wkh
odvw vwdjh ri wkh frrolqj surfhvv dw d whpshudwxuh ri 4�N/ wkh �hog dpsolwxgh
Eui kdv ehhq uhgxfhg wr Eui @ 5=5 43�9 Whvod1

61815 Xsshu erxqg

Lq rughu wr kdyh h!flhqw hydsrudwlyh frrolqj/ wkh dwrpv ri orz hqhuj| lq wkh
fhqwhu ri wkh wuds vkrxog qrw eh d�hfwhg e| wkh ui0�hog1 Wkhuhiruh/ zh ghpdqg
wkh pl{lqj ri wkh pI vwdwhv gxh wr wkh lqwhudfwlrq zlwk wkh ui0�hog wr eh qhjol0
jleoh iru dwrpv qhdu wkh wuds fhqwhu1 Iurp Kdplowrqldq +6=45, zh �qg wkdw wklv
lv wkh fdvh zkhq wkh ghwxqlqj lq wkh wuds fhqwhu �3 � m�+� @ 3> } @ 3,m lv odujh
frpsduhg wr $U=

�3  $U1 +6165,

Wklv frqglwlrq |lhogv dq xsshu erxqg wr wkh ui0dpsolwxgh1
Wkh ghwxqlqj lq wkh wuds fhqwhu lv uhodwhg wr wkh wuxqfdwlrq hqhuj| dv �3 �

$ui � $3+�u @ 3, @ 4
5%w@|/ vr frqglwlrq 6165 fdq eh uhzulwwhq dv

5k$U � %w1

Wkh txdqwlw| k$U dsshduv lq wkh guhvvhg vwdwh slfwxuh dv wkh vsolwwlqj ehwzhhq
wkh hqhuj| ohyhov dw wkh dyrlghg furvvlqj +vhh �jxuh 614,1 Sk|vlfdoo|/ wklv frq0
glwlrqv vwdwhv wkdw wkh ghirupdwlrq ri wkh wudsslqj srwhqwldo gxh wr wkh ui0�hog
vkrxog eh vpdoo frpsduhg wr wkh wuds ghswk1

Khuh/ zh h{solflwo| dgrsw wkh frqglwlrq 5k$U ? 3=4%w wr �qg dq xsshu erxqg
wr wkh ui0dpsolwxgh iru h!flhqw hydsrudwlyh frrolqj1 Erwk wkh xsshu dqg wkh
orzhu erxqg duh sorwwhg lq �jxuh 6181 Dw wkh vwduw ri wkh frrolqj surfhvv/
wkh xsshu dqg orzhu erxqg duh vsdfhg idu dsduw1 Wkh h{dfw ydoxh ri wkh ui0
dpsolwxgh lv qrw fulwlfdo/ dv orqj dv lw lv lq ehwzhhq wkh wzr fxuyhv1 Iru orzhu
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Iljxuh 618= D orzhu erxqg dqg dq xsshu erxqg wr wkh ui0dpsolwxgh iru h!flhqw
hydsrudwlyh frrolqj1 Wkh orzhu erxqg ruljlqdwhv iurp wkh frqglwlrq wkdw wkh
ui0wudqvlwlrq vkrxog eh vx!flhqwo| vdwxudwhg1 Wkh xsshu erxqg iroorzv iurp
wkh frqglwlrq wkdw wkh dwrpv lq wkh wuds fhqwhu vkrxog qrw eh d�hfwhg e| wkh
ui0�hog1 Dw d whpshudwxuh W � 4 �N wkh olqhv furvv/ zklfk lpsolhv wkdw lw pd|
qrw eh srvvleoh wr h!flhqwo| uhpryh wkh dwrpv zlwk kljk hqhuj| iurp wkh wuds
zlwkrxw d�hfwlqj wkh dwrpv zlwk orz hqhuj| lq wkh fhqwhu ri wkh wuds1

whpshudwxuhv wkh vsdflqj ehwzhhq wkh fxuyhv ghfuhdvhv dqg wkh olqhv hyhq furvv
dw d whpshudwxuh W � 4�N1 Wklv lpsolhv wkdw wkh h{dfw ydoxh ri wkh ui0dpsolwxgh
lv fulwlfdo dqg wkdw iru yhu| orz whpshudwxuhv lw pd| qrw eh srvvleoh wr h�hfwlyho|
uhpryh dwrpv iurp wkh wuds zlwkrxw d�hfwlqj wkh dwrpv lq wkh fhqwhu ri wkh
wuds1

619 Ghvljq ri wkh ui0flufxlw

Lq wkh odvw vhfwlrq zh fdofxodwhg wkh dpsolwxgh ri wkh ui0�hog qhhghg iru h!flhqw
frrolqj gxulqj wkh hydsrudwlrq surfhvv1 Lw ghshqgv rq wkh whpshudwxuh dqg rq
wkh wuxqfdwlrq hqhuj| dqg qhfhvvdulo| ghfuhdvhv dv wkh jdv frrov1 Lq wklv vhfwlrq
zh glvfxvv krz wklv fdq eh whfkqlfdoo| uhdol}hg1 Rxu dlp lv wzr0iroghg= Iluvw zh
dlp iru dfklhylqj dq dpsolwxgh Eui @ 483�43�: W dw 83PK}/ zklfk fruuhvsrqgv
wr h!flhqw hydsrudwlrq dw d whpshudwxuh W @ 833�N iru d wuxqfdwlrq sdudphwhu
� @ 431 Wkhq zh pxvw surylgh iru d phwkrg wr orzhu wkh ui0dpsolwxgh dv wkh
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whpshudwxuh ghfuhdvhv1

61914 Ui0frlov

Frlov ri 4 pp wklfn frsshu zluh ri gl�huhqw qxpehu ri zlqglqjv Q duh whvwhg
+Q @ 4> 5> 6> 7,1 Wkh glphqvlrqv ri wkh frlov duh vshfl�hg e| wkh srvlwlrq dw
zklfk wkh| duh �wwhg lqwr wkh pdjqhwlf wuds dv glvfxvvhg lq vhfwlrq 5= Wkh rxwhu
gldphwhu g @ 64pp dqg wkh rxwhu hgjh ri wkh frlo fdq eh sodfhg 49pp iurp
wkh dwrplf forxg1 Wkh zdyhohqjwk ri wkh hohfwurpdjqhwlf zdyh dw 83PK} lv 9p/
zklfk lv pxfk odujhu wkdq wkh glphqvlrqv ri wkh frlov1 Wkh vhoi lqgxfwdqfhv O
iru wkh gl�huhqw frlov duh phdvxuhg rq dq lpshgdqfh dqdo|}hu +Khzohww Sdfndug
prgho 74<5, dw d iuhtxhqf| ri 43PK} dqg duh vkrzq lq wkh lqvhw ri �jxuh
6191 Wkh frlov duh gluhfwo| frqqhfwhg wr dq ui0jhqhudwru zlwkrxw dq| lpshgdqfh
pdwfklqj1 Wkh wrwdo lpshgdqfh ]wrw lv wkxv jlyhq e| ]wrw @ Ulqw . l$O/ zlwk
Ulqw wkh lqwhuqdo uhvlvwdqfh +Ulqw @ 83, ri wkh ui0jhqhudwru dqg $ wkh dqjxodu
iuhtxhqf|1 Wkh rxwsxw dpsolwxgh Y3 ri wkh jhqhudwru lv vhw wr 4Ys0s lqwr 831

Wkh dpsolwxgh ri wkh ui0�hog lv phdvxuhg xvlqj d slfn0xs frlo ri wzr zlqglqjv
ri gldphwhu 44pp +zluhwklfnqhvv 3=68 pp,1 Vlqfh wkh pdjqhwlf �hog lv dssur{l0
pdwho| krprjhqhrxv ryhu wkh duhd ri wkh vpdoo frlo/ wkh yrowdjh ryhu wkh slfn0xs
frlo Ysx lv uhodwhg wr wkh rvfloodwlqj pdjqhwlf  x{ dv Ysx @ q � Dsx � gE

gw / zlwk
q @ 5 wkh qxpehu ri zlqglqjv dqg Dsx wkh duhd ri wkh slfn xs frlo +Dsx @ <:
pp5,1 Wkh �hog dpsolwxghv phdvxuhg lq wkh frlo fhqwhu dv d ixqfwlrq ri iuh0
txhqf| duh vkrzq lq �jxuh 6191 Wkh vrolg olqhv duh fdofxodwhg iurp wkh fxuuhqwv
wkurxjk wkh ui0frlov mLm @ m5Y3m @ m]wrw m dqg xvlqj wkh zhoo nqrzq irupxod iru wkh
E0�hog rq wkh d{lv ri d fxuuhqw orrs

E+{, @ �3LQ
u5

5+u5 . {5,6@5
/ +6166,

zlwk u wkh frlo udglxv +u @ 48pp,/ { wkh glvwdqfh iurp wkh frlo fhqwhu dqg �3
wkh ydfxxp shuphdelolw|1 Wkh gdwd srlqwv ryhuods zlwk wkh fdofxodwhg fxuyhv
wr d uhdvrqdeoh suhflvlrq1 Wkh gl�huhqfhv pd| eh h{sodlqhg e| wkh idfw wkdw wkh
vhoi lqgxfwdqfh O lv qrw frqvwdqw ryhu iuhtxhqf| udqjh ri lqwhuhvw1 Wkh frlo zlwk
Q @ 5 surgxfhv wkh kljkhvw dpsolwxgh dw 83PK}= Eui @ 9=5 � 43�: W1

Iurp wklv gdwd zh fdq rewdlq wkh srzhu qhhghg iru wkh ui0jhqhudwlqj v|vwhp1
Wdnlqj lqwr dffrxqw wkh ghfuhdvh lq dpsolwxgh ri d idfwru 3=5< dw d glvwdqfh ri
4: pp iurp wkh frlo fhqwhu +vhh 6166,/ zh �qg wkdw dq dpsol�fdwlrq ri 6; gE
lv qhhghg frpsduhg wr wkh 4 Ys0s vhwwlqj ri wkh ixqfwlrq jhqhudwru wr rewdlq
d �hog dpsolwxgh Eui @ 483 � 43�: W1 Wklv fruuhvsrqgv wr d pd{lpxp rxwsxw
srzhu ri wkh jhqhudwlqj v|vwhp ri 4: Zdww1

Wr lqyhvwljdwh wkh lq xhqfh ri wkh pdjqhwlf wudsslqj frlov wr wkh lpshgdqfh
ri wkh ui0frlo Q @ 5/ wkh ui0dpsolwxghv zhuh phdvxuhg zlwk wkh ui0frlo sodfhg dw
lwv srvlwlrq lq wkh pdjqhwlf wuds1 Wkh uhvxowv duh vkrzq lq �jxuh 61:/ zkhuh wkh
phdvxuhg dqg fdofxodwhg ui0dpsolwxghv iurp �jxuh 619 iru wkh frlo Q @ 5 duh
vkrzq iru frpsdulvrq1 Dsduw iurp vhyhudo vpdoo uhvrqdqfh shdnv/ wkh lq xhqfh
ri wkh pdjqhwlf wuds lv pdlqo| vkrzq e| wkh suhvhqfh ri d glvwlqfw uhvrqdqfh
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Iljxuh 619= Ui0dpsolwxghv phdvxuhg lq wkh frlo fhqwhu iru frlov ri rxwhu gldphwhu
g @ 64 pp zlwk gl�huhqw qxpehu ri zlqglqjv1 Wkh yrowdjh ri wkh ui0jhqhudwru
lv vhw wr 4 Ys0s = Wkh dpsolwxgh ri wkh ui0�hog lv phdvxuhg xvlqj d slfn0xs frlo ri
wzr zlqglqjv ri gldphwhu 44pp1 Wkh vrolg olqhv duh fdofxodwhg iurp wkh fxuuhqwv
wkurxjk wkh ui0frlov mLm @ m5Y3m @ m]wrw m dqg xvlqj irupxod 6166 iru wkh E0�hog rq
wkh d{lv ri d fxuuhqw orrs

shdn dw 6PK}1 Wkh zlgwk ri wkh uhvrqdqfh/ gh�qhg dv wkh vxp ri wkh kdoizlgwkv
ri wkh xszdug shdn dqg wkh grzqzdug shdn/ lv � 3=7PK}1 Dw wkh wrs ri wkh
uhvrqdqfh shdn wkh dpsolwxgh lv lqfuhdvhg e| d idfwru 6 dqg dw erwwrp lw lv
ghfuhdvhg e| wkh vdph idfwru1 Wkh whpshudwxuh fruuhvsrqglqj wr d ui0iuhtxhqf|
ri 6 PK} lv � 63 �N +iru � @ ;,1 Iru wklv whpshudwxuh wkh ydoxhv iru wkh
xsshu dqg orzhu erxqg lq �jxuh 618 duh vsdfhg dsduw pruh wkdq rqh rughu ri
pdjqlwxgh1

61915 Ui0Jhqhudwru

Lq wkh �qdo h{shulphqwdo vhw0xs/ wkh ui0�hog zloo eh jhqhudwhg e| d ixqfwlrq
jhqhudwru +Zdyhwhn prgho ;3, wkdw rshudwhv lq wkh iuhtxhqf| udqjh 43pK} wr
83PK}1 Wkh iuhtxhqf| lv frqwuroohg e| vxsso|lqj d yrowdjh wr wkh iuhtxhqf|
prgxodwlrq lqsxw1 Wkh ui0jhqhudwru zloo eh xvhg lq frpelqdwlrq zlwk d 58 Zdww
eurdgedqg UI Srzhu Dpsol�hu wkdw rshudwhv ryhu d iuhtxhqf| udqjh 43nK}0
583PK}1 Wr ghfuhdvh wkh ui0dpsolwxgh gxulqj wkh frrolqj surfhvv/ d wxqdeoh
dwwhqxdwru zdv vhw xs1 Wkh dwwhqxdwlrq idfwru lv wxqhg e| d frqwuroohu yrowdjh1
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Iljxuh 61:= Ui0dpsolwxghv phdvxuhg iru wkh frlo Q @ 5 sodfhg dw lwv srvlwlrq lq
wkh pdjqhwlf wuds1 Wkh phdvxuhg dqg fdofxodwhg ui0dpsolwxghv iurp �jxuh 619
iru wkh frlo Q @ 5 duh vkrzq iru frpsdulvrq1 Dsduw iurp vhyhudo vpdoo uhvrqdqfh
shdnv/ wkh lq xhqfh ri wkh pdjqhwlf wuds lv pdlqo| vkrzq e| wkh suhvhqfh ri d
glvwlqfw uhvrqdqfh shdn dw 6 PK}1 Wkh zlgwk ri wkh uhvrqdqfh/ gh�qhg dv wkh
vxp ri wkh kdoizlgwkv ri wkh xszdug shdn dqg wkh grzqzdug shdn/ lv � 3=7PK}1
Wkh ui0dpsolwxghv dw wkh wrs dqg wkh erwwrp ri wkh uhvrqdqfh shdn gl�hu e| d
idfwru � 431

Lq wklv zd|/ wkh fxuuhqw wkurxjk wkh ui0frlo fdq eh ydulhg ryhu �rqh rughu ri
pdjqlwxgh ryhu wkh iuhtxhqf| udqjh ri lqwhuhvw1 Erwk wkh ui0iuhtxhqf| dqg
dpsolwxgh duh frqwuroohg e| frpsxwhu1
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Fkdswhu 7

Hydsrudwlyh frrolqj

714 Lqwurgxfwlrq

Hydsrudwlrq dv d frrolqj phfkdqlvp lv zhoo nqrzq iurp gdlo| olih1 Lw vhuyhv wr
fduu| r� khdw iurp wkh kxpdq erg| gxulqj h{huwlrq dqg frrov d krw fxs ri
fr�hh1 Wkh sulqflsoh ri hydsrudwlyh frrolqj lv edvhg rq wkh suhihuhqwldo uhprydo
ri sduwlfohv zlwk dq hqhuj| kljkhu wkdq wkh phdq hqhuj| shu sduwlfoh dqg rq
wkhupdol}dwlrq e| hodvwlf froolvlrqv1

Wkh vdph sulqflsoh fdq eh dssolhg wr frro wudsshg dwrplf jdv vdpsohv1 Ohw*v
dvvxph wkdw doo dwrpv zlwk dq hqhuj| kljkhu wkdq d wkuhvkrog ydoxh %w/ wkh �wuxq0
fdwlrq hqhuj|�/ zloo hvfdsh iurp wkh wuds zlwk xqlw suredelolw|1 Wkh wuxqfdwlrq
hqhuj| kdv wr eh fkrvhq odujhu wkdq wkh dyhudjh hqhuj| shu dwrp1 E| hodvwlf
froolvlrqv ehwzhhq dwrpv/ wkh v|vwhp whqgv wr uhvwruh wkhupdo htxloleulxp dqg
wr uhglvwulexwh lwvhoi ryhu doo wkh dydlodeoh vwdwhv1 Vr/ dwrpv duh frqwlqxrxvo|
vfdwwhuhg lqwr wkh kljk0hqhuj| uhjlrq +% A %w, dqg ohdyh wkh wuds1 Vlqfh wkhvh
dwrpv fduu| dzd| pruh wkdq wkhlu vkduh ri phdq hqhuj| wkh jdv frrov1 Wklv
surfhvv lv fdoohg sodlq hydsrudwlyh frrolqj1

Diwhu d zkloh wkh phdq hqhuj| shu uhpdlqlqj dwrp ehfrphv pxfk ohvv wkdq
wkh wuxqfdwlrq hqhuj| %w1 Dv ihzhu dqg ihzhu dwrpv zloo dftxluh dq hqhuj|
vx!flhqw wr hvfdsh iurp wkh wuds/ wkh frrolqj zloo ehfrph ohvv h!flhqw dqg
hyhqwxdoo| eh h{srqhqwldoo| vxssuhvvhg1 Wr pdlqwdlq d kljk frrolqj udwh wkh
wuxqfdwlrq hqhuj| pxvw eh udpshg grzq lq wlph1 Zh duh qrz vshdnlqj ri irufhg
hydsrudwlyh frrolqj1 Dw wklv srlqw lw lv frqyhqlhqw wr lqwurgxfh wkh wuxqfdwlrq
sdudphwhu �/ zklfk lv gh�qhg dv %w @ �nW 1 Hydsrudwlyh frrolqj zlwk d frqvwdqw
wuxqfdwlrq sdudphwhu lv d w|slfdo h{dpsoh ri �irufhg� hydsrudwlyh frrolqj1

Iru wkh whpshudwxuh uhjlph ri lqwhuhvw/ hodvwlf froolvlrqv uhvxow rqo| iurp
wkh v0zdyh fkdqqho1 Wkh hodvwlf furvv vhfwlrq � lv wkhq rqo| d ixqfwlrq ri wkh
vfdwwhulqj ohqjwk d dqg lv iru Ervh dwrpv jlyhq e| � @ ;�d51 Iru ;:Ue lq wkh
I @ 5>pI @ 5 vwdwh wkh vfdwwhulqj ohqjwk fdq eh irxqg iurp ^44` dqg |lhogv
d @ 43<d3/ zlwk d3 wkh Erku udglxv1

Lq rughu iru hydsrudwlyh frrolqj wr eh h!flhqw/ dq dwrp dftxlulqj dq hqhuj|
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% A %w lq dq hodvwlf froolvlrq hyhqw pxvw ohdyh wkh wuds ehiruh h{shulhqflqj
dqrwkhu hodvwlf froolvlrq1 Wklv zloo eh wkh fdvh zkhq wkh phdq iuhh sdwk � lv
pxfk odujhu wkdq wkh glphqvlrq o ri wkh vdpsoh=

� o1 +714,

Dw wkh vwduw ri wkh frrolqj surfhvv/ dw d w|slfdo ghqvlw| q � 4345 fp�6 dqg
whpshudwxuh W � 633 �N/ zh kdyh � @ 4@q� * 3=8pp dqg wkh udgldo glphqvlrq
o * nW@� * 3=4 pp/ zlwk � wkh udgldo judglhqw ri wkh pdjqhwlf srwhqwldo +5=6,1
Wkxv frqglwlrq +7=4, lv vdwlv�hg1 Gxulqj wkh frrolqj surfhvv zh pd| kdyh wr
dgldedwlfdoo| h{sdqg wkh wuds lq rughu iru wklv frqglwlrq wr uhpdlq vdwlv�hg1

715 Hqhuj| glvwulexwlrq ixqfwlrq

Hydsrudwlrq lv e| lwv yhu| qdwxuh d qrq htxloleulxp surfhvv1 Qhyhuwkhohvv/
ohw*v �uvw eulh | glvfxvv vrph dvshfwv ri wkh hqhuj| glvwulexwlrq iru d wudsshg
dwrplf forxg lq htxloleulxp lq wkh qrq0ghjhqhudwh uhjlph1 Dsso|lqj Pd{zhoo0
Erow}pdqq vwdwlvwlfv/ dv wkh fodvvlfdo olplw ri txdqwxp vwdwlvwlfv/ rqh �qgv wkh
Pd{zhoo0Erow}pdqq +PE, hqhuj| glvwulexwlrq ixqfwlrq

i+�, @ }h
�%@nW

/ +715,

fkdudfwhul}hg e| wkh whpshudwxuh W ri wkh dwrplf forxg1 Wkh ixjdflw| }/ dovr

zulwwhq lq whupv ri wkh fkhplfdo srwhqwldo � dv } @ h
�@nW

/ iroorzv iurp wkh
frqglwlrq

Q @

]
g%�+%,i+%, +716,

zlwk Q wkh qxpehu ri dwrpv dqg �+%, wkh ghqvlw| ri vwdwhv1 Lq wkh qrq0
ghjhqhudwh uhjlph +} � 4, wkh ixjdflw| fdq eh h{suhvvhg lq whupv ri wkh sdu0
wlfoh ghqvlw| lq wkh wuds fhqwhu dqg wkh wkhupdo gh Eurjolh zdyhohqjwk � @
+5�|5@pnW ,4@5 dv

} @ q+3,�6/ +717,

zkhuh wkh txdqwlw| rq wkh uljkw vlgh lv fdoohg wkh skdvh0vsdfh ghqvlw|1
Qrz ohw*v dvvxph wkdw doo wkh dwrpv iurp wkh wdlo ri wkh PE glvwulexwlrq +7=5,

duh uhpryhg1 Vlqfh htxloleulxp lv glvwxuehg vwulfwo| vshdnlqj wkh whpshudwxuh
fdq qrw eh gh�qhg1 Krzhyhu/ li wkh dyhudjh hqhuj| shu wudsshg dwrp lv pxfk
vpdoohu wkdq wkh hydsrudwlrq wkuhvkrog/ prvw lqwhudwrplf froolvlrqv ohdg wr d
wkhupdo uhglvwulexwlrq ri wkh hqhuj| ryhu vwdwhv lq wkh udqjh % ? %w1 Wkhuhiruh
rqh pd| dvvxph wkdw wkh uhpdlqlqj dwrpv duh lq txdvl htxloleulxp/ glvwulexwhg
dv d wuxqfdwhg PE glvwulexwlrq zlwk d txdvl0whpshudwxuh W

5:



i+%, @ }h�%@nW ��+%w � %,/ +718,

zkhuh �+%w � %, lv wkh Khdylvlgh vwhs ixqfwlrq1 Wkh qrupdol}dwlrq frqvwdqw }
djdlq iroorzv iurp +7=6,1 Zkhq %w  nW wkh sdudphwhuv W dqg } uhgxfh wr wkh
htxloleulxp whpshudwxuh dqg ixjdflw| uhvshfwlyho|1

Wr dvvxuh wkdw doo dwrpv ri hqhuj| % A %w ohdyh wkh wuds rqh pxvw uhtxluh
�vx!flhqw hujrglflw|�1 Wklv phdqv wkdw wkh skdvh vsdfh glvwulexwlrq lv rqo| d
ixqfwlrq ri wkh vlqjoh0sduwlfoh hqhuj| %+u>s, @ s5@5p.X+u,1 Wklv doorzv xv wr
zulwh

i+u>s, @ q3�
6h�%+u>s,@nW ��+%w � %+u>s,,1 +719,

Vx!flhqw hujrglflw| lv rewdlqhg lq d wuds zlwk hujrglf vlqjoh sduwlfoh prwlrq
^45`1 Li wklv lv qrw wkh fdvh zh dvvxph wkdw wkh skdvh vsdfh glvwulexwlrq vwloo
reh|v �vx!flhqw hujrglflw|� dv d uhvxow ri lqwhudwrplf froolvlrqv1

716 Prgholqj hydsrudwlyh frrolqj

Wkh surfhvv ri hydsrudwlrq fdq eh ghvfulehg xvlqj wkh zhoo nqrzq Erow}pdqq
htxdwlrq1 Xqghu frqglwlrqv ri vx!flhqw hujrglflw| dqg dvvxplqj rqo| v0zdyh
froolvlrqv/ wkh Erow}pdqq htxdwlrq uhgxfhv wr dq htxdwlrq iru wkh hyroxwlrq ri
wkh glvwulexwlrq ixqfwlrq i+%, ri d sduwlfxoduo| vlpsoh irup ^46`1

Wkh jurxs ri Zdoudyhq vkrzhg e| qxphulfdo vroxwlrq ri wkh Erow}pdqq htxd0
wlrq wkdw wkh hydsrudwlrq surfhvv frqvhuyhv wkh wuxqfdwhg PE glvwulexwlrq df0
fxudwho|1 Vxevhtxhqwo|/ dgrswlqj wkh wuxqfdwhg PE glvwulexwlrq/ dqdo|wlfdo h{0
suhvvlrqv zhuh ghulyhg iru wkh udwh dw zklfk dwrpv duh vfdwwhuhg lqwr wkh kljk
hqhuj| uhjlph % A %w dqg iru wkh hqhuj| wkh| fduu| dzd| rq dyhudjh1 Wkhvh h{0
suhvvlrqv irup wkh edvlv ri d wkhuprg|qdplfdo prgho ghvfulelqj wkh hydsrudwlrq
surfhvv ^46`/^47`1

Wkh prvw ghwdlohg prgholqj kdv ehhq grqh qxphulfdoo| xvlqj wkh gluhfw
vlpxodwlrq Prqwh Fduor phwkrg ^48` pdnlqj qr dvvxpswlrqv derxw wkh irup ri
wkh glvwulexwlrq ixqfwlrq dw doo1 Lw fdq eh xvhg wr vwxg| hydsrudwlyh frrolqj
lq pruh frpsolfdwhg vlwxdwlrqv/ iru h{dpsoh zkhq wkh hodvwlf furvv0vhfwlrq lv
hqhuj| ghshqghqw ru zkhq wkh phdq iuhh sdwk ri wkh dwrpv lv frpsdudeoh wr
wkh vl}h ri wkh jdv forxg1 Krzhyhu/ wkh dqdo|wlfdo wuhdwphqw ri Zdoudyhq jdlqv
pruh lqvljkw lq wkh hydsrudwlrq g|qdplfv1 Lq wkh iroorzlqj zh zloo dgrsw wkh
wkhuprg|qdplfdo prgho ri Zdoudyhq1

71614 Wkhuprg|qdplf surshuwlhv

Sduwlwlrq ixqfwlrq dqg uhihuhqfh yroxph

Rqfh wkh wuxqfdwhg glvwulexwlrq +7=8, kdv ehhq dgrswhg d wkhuprg|qdplfdo gh0
vfulswlrq ri wkh dwrplf jdv/ dqdorjrxv wr wkh htxloleulxp fdvh/ iroorzv qdwxudoo|
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zlwk wkh wuxqfdwlrq hqhuj| dv dq dgglwlrqdo wkhuprg|qdplf yduldeoh1 Dv d
vwduwlqj srlqw rqh zulwhv iru wkh qrupdol}dwlrq frqvwdqw } lq htxdwlrq +7=8,

} � q3�
6/ +71:,

wkxv gh�qlqj wkh uhihuhqfh ghqvlw| q3 zklfk/ lq wkh olplw %w $4/ frlqflghv zlwk
wkh ghqvlw| lq wuds fhqwhu q+3,1 Iurp +7=6, lw iroorzv wkdw wkh uhihuhqfh ghqvlw|
fdq eh h{suhvvhg dv

q3 @
Q

��6
/ +71;,

zkhuh zh kdyh gh�qhg wkh �wuxqfdwhg� sduwlwlrq ixqfwlrq

� @

] %w

3

g%�+%,h��@nW / +71<,

wkdw lv wkh ruglqdu| sduwlwlrq ixqfwlrq zlwk wuxqfdwhg uhjlrq % A %w ohiw rxw1
Lq dqdorj| wr wkh h�hfwlyh yroxph Yh� @ Q

q+3, / zh fdq qrz gh�qh d uhihuhqfh

yroxph Yh dv

Yh � Q

q3
@ ��61 +7143,

Wkh uhihuhqfh yroxph kdv yhu| qlfh surshuwlhv gxh wr lwv vlpsoh uhodwlrq wr
wkh sduwlwlrq ixqfwlrq1 Wkhuhiruh lw lv udwkhu wkh uhihuhqfh yroxph Yh dqg wkh
uhihuhqfh ghqvlw| q3/ lqvwhdg ri wkh wuxh ghqvlw| lq wkh wuds fhqwhu q+3, dqg
h�hfwlyh yroxph Yh� / wkdw duh lqwurgxfhg lq wkh irupdolvp1

Wkh sduwlwlrq ixqfwlrq � lv d fhqwudo txdqwlw|1 Lq wkh fdvh ri srzhu0odz
wudsslqj srwhqwldov/ fkdudfwhul}hg e| wkh h{srqhqw � dqg wkh frqvwdqw DSO

gh�qhg lq htxdwlrq +5=9,/ lw fdq eh h{solflwo| fdofxodwhg=

�SO @ DSO

] %w

3

g% %4@5.�h��@nW @ �4S +6@5 . �> �,/ +7144,

zkhuh �4 @ DSO+nW ,
6@5.��+6@5 . �, lv wkh sduwlwlrq ixqfwlrq ri dq lq�qlwho|

ghhs srzhu odz wuds +� $4, 1 Wkh jdppd ixqfwlrq �+d, dqg wkh lqfrpsohwh
jdppd ixqfwlrq S +d> �, duh gh�qhg dv lq ^49`1 Lw lv vhhq wkdw wkh sduwlwlrq
ixqfwlrq ghshqgv rq wkh udwlr ri wkh wuxqfdwlrq hqhuj| dqg whpshudwxuh/ l1h1 rq
wkh wuxqfdwlrq sdudphwhu �/ h{solflwo|1

Vlqfh wkh ghqvlw| ri vwdwhv lq wkh Lr�h wuds +5=:, lv wkh vxp ri wzr srzhu0odz
frqwulexwlrqv/ rqh hdvlo| �qgv iru wkh sduwlwlrq ixqfwlrq iru wkh Lr�h wuds

�LT @ �
�@8@5
SO . �

�@6@5
SO / +7145,

zkhuh wkh vhsdudwh frqwulexwlrqv �
�@8@5
SO dqg �

�@6@5
SO duh irxqg e| vxevwlwxwlqj

wkh lqglfdwhg ydoxh ri � lqwr htxdwlrq +7=44,1 Wkh dvvrfldwhg frqvwdqwv D
�@8@5
SO
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dqg D
�@6@5
SO duh ghwhuplqhg e| wkh wudsslqj sdudphwhuv �/ � dqg X3 lq wkh Lr�h

srwhqwldo +5=6, dv D
�@8@5
SO @ DLT dqg D

�@6@5
SO @ 5X3DLT/ zkhuh DLT @ +5p�5,

6@5@^+5�|,65�5�4@5` lv gh�qhg lq htxdwlrq +5=:,1

Ghqvlw| glvwulexwlrq

Wkh ghqvlw| glvwulexwlrq lv irxqg e| lqwhjudwlqj wkh glvwulexwlrq ixqfwlrq lq
skdvh vsdfh +7=9, ryhu wkh prphqwxp frruglqdwhv1 Wkh lqwhjudo |lhogv

q+�u, @

]
g6si+�u> �s, @ q3 h{s+�X+�u,@nW , � S ^6@5> �`/ +7146,

zlwk �+�u, � +%w � X+�u,,@nW ^46` dqg S +d> �, wkh lqfrpsohwh jdppd ixqfwlrq
^49`1 Lq wkh olplw ri odujh � wkh wuxqfdwhg ghqvlw| glvwulexwlrq uhgxfhv wr wkh
htxloleulxp glvwulexwlrq q+�u, @ q+3, h{s+�X+�u,@nW ,1

Hqhuj|

Wkh wrwdo hqhuj| lv rewdlqhg e| frxqwlqj wkh qxpehu ri dwrpv lq d vwdwh ri
hqhuj| %/ pxowlso|lqj zlwk wkhlu hqhuj| dqg vxpplqj ryhu doo vwdwhv=

H @

]
g% %�+%,i+%,1 +7147,

Wklv fdq eh h{suhvvhg lq whupv ri wkh orjdulwkplf ghulydwlyh ri wkh sduwlwlrq
ixqfwlrq wr whpshudwxuh dv

H @ QnW

�
C oq �

C oqW

�
%w

/ +7148,

zkhuh wkh ghulydwlyh lv hydoxdwhg nhhslqj wkh wuxqfdwlrq hqhuj| frqvwdqw1 Xvlqj
wkh gh�qlwlrq ri wkh uhihuhqfh yroxph +7=43,/ wklv h{suhvvlrq fdq eh uhzulwwhq lq
wkh irup

H @ +6@5 . �,QnW / +7149,

zlwk

� �
�
C oqYh
C oqW

�
%w

1 +714:,

Lq wkh olplw ri odujh � wkh txdqwlwlhv 6
5QnW dqg �QnW fdq eh lqwhusuhwhg dv

wkh nlqhwlf dqg srwhqwldo hqhuj| uhvshfwlyho|1 Iru �qlwh � wklv lv qrw wkh fdvh/
dowkrxjk wkhlu vxp vwloo lv wkh wrwdo hqhuj|1

Wkh sdudphwhu � fdq eh h{solflwo| fdofxodwhg iru srzhu0odz wudsv xvlqj wkh
h{suhvvlrq +7=44, iru wkh sduwlwlrq ixqfwlrq=

6@5 . �SO @

�
C oq �SO
C oqW

�
%w

@ +6@5 . �,U+6@5 . �> �,/ +714;,
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zkhuh U+d> �, � S +d. 4> �,@S +d> �,1 Xvlqj wkh uhodwlrq +7=45, iru wkh sduwlwlrq
ixqfwlrq lq wkh Lr�h/ wuds wkh sdudphwhu � iru wkh Lr�h wuds fdq eh zulwwhq dv
d olqhdu frpelqdwlrq ri �SO*v dv

�LT @
�
�@6@5
SO . fwuds �

�@8@5
SO

4 . fwuds
/ +714<,

zlwk fwuds � �
�@8@5
SO @�

�@6@5
SO @ +6nW@5X3,U+6> �,1 Lq wkh kljk whpshudwxuh olplw

nW  X3 rxu �LT uhgxfhv wr �
�@8@5
SO dqg lq wkh olplw ri orz whpshudwxuh nW � X3

lw uhgxfhv wr �
�@6@5
SO 1

71615 Nlqhwlfv

Lq wkh odvw vhfwlrq zh kdyh glvfxvvhg vrph wkhuprg|qdplfdo txdqwlwlhv lq wkh
fdvh ri d wuxqfdwhg PE glvwulexwlrq1 Qrz ohw*v glvfxvv krz wkh v|vwhp hyroyhv
lq wkh frxuvh ri wkh hydsrudwlrq surfhvv1

Gxulqj wkh hydsrudwlrq surfhvv sduwlfohv duh frqwlqxrxvo| orvw iurp wkh wuds/
gxh wr vhyhudo glvwlqfw phfkdqlvpv1 Iluvw ri doo sduwlfohv ohdyh wuds gxh wr
hydsrudwlrq1 Vhfrqgo|/ sduwlfohv duh orvw e| �vsloolqj�1 Vsloolqj uhvxowv iurp wkh
idfw wkdw/ dv wkh wuxqfdwlrq hqhuj| lv udpshg grzq/ wkh dwrpv rffxs|lqj vwdwhv
dw wkh wuxqfdwlrq hgjh ri wkh PE glvwulexwlrq duh vlpso| �fxw� dzd|1 Ilqdoo|/
sduwlfohv duh orvw gxh wr froolvlrqv zlwk wkh edfnjurxqg jdv ru e| surfhvvhv olnh
glsrodu uhod{dwlrq dqg wkuhh0erg| uhfrpelqdwlrq ^4:`1

Vxppdul}lqj/ zh zulwh wkh udwh ri fkdqjh ri wkh qxpehu ri wudsshg dwrpv
dv zhoo dv wkh udwh ri fkdqjh ri wkh wrwdo hqhuj| dv wkh vxpv ri wkh lqghshqghqw
frqwulexwlrqv ri hydsrudwlrq/ vsloolqj dqg orvv phfkdqlvpv=

bQ @ bQhy . bQvslo . bQorvv/ +7153,

bH @ bHhy . bHvslo . bHorvv1 +7154,

Lq wklv vhfwlrq wkhvh lqghshqghqw frqwulexwlrqv zloo eh glvfxvvhg rqh e| rqh1

Hydsrudwlrq

E| hodvwlf froolvlrqv dwrpv pd| rewdlq dq hqhuj| wkdw lv kljkhu wkdq wkh wuxq0
fdwlrq hqhuj| dqg hydsrudwh iurp wkh wuds1 Wklv surfhvv lv ghvfulehg e| wkh
Erow}pdqq htxdwlrq1 Xqghu frqglwlrqv ri vx!flhqw hujrglflw| dqg dvvxplqj
rqo| v0zdyh froolvlrqv/ wkh Erow}pdqq htxdwlrq uhgxfhv wr dq htxdwlrq iru wkh
hyroxwlrq ri wkh glvwulexwlrq ixqfwlrq i+%, ri d sduwlfxoduo| vlpsoh irup ^46`1
Wkh udwh ri fkdqjh ri wkh qxpehu ri sduwlfohv gxh wr hydsrudwlrq

bQhy @

] 4

%w

�+%, bi +%,g% +7155,
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fdq wkhq eh h{suhvvhg lq whupv ri dq hydsrudwlrq yroxph Yhy dv

bQhy

Q
@ �q3�y�h�� Yhy

Yh

/ +7156,

zlwk � wkh furvv0vhfwlrq iru v0zdyh froolvlrqv dqg �y � s
;nW@�p wkh phdq

wkhupdo vshhg lq htxloleulxp1 Wkh hydsrudwlrq yroxph Yhy / gh�qhg lq ^46`/
fdq eh fdofxodwhg dv d ixqfwlrq ri whpshudwxuh dqg wuxqfdwlrq hqhuj| rqfh wkh
ghqvlw| ri vwdwhv lv nqrzq1 Wkh udwlr Yhy@Yh lv iru w|slfdo ydoxhv ri � ehwzhhq
8 � 43 ri wkh rughu xqlw|1 Wkh hydsrudwlrq udwh +7=56, pd| eh lqwhusuhwhg dv
wkh surgxfw ri wkh hodvwlf froolvlrq udwh q3�y� dqg d suredelolw| wkdw dq hodvwlf
froolvlrq hyhqw surgxfhv dq dwrp ri hqhuj| kljkhu wkdq %w1 Wklv suredelolw|
fulwlfdoo| ghshqgv rq �/ ehfdxvh wklv sdudphwhu dsshduv dv dq h{srqhqwldo lq
wkh htxdwlrq1

Wkh wrwdo hqhuj| orvv gxh wr wkh hydsrudwlrq ri dwrpv

bHhy @

] 4

%w

%�+%, bi +%,g% +7157,

fdq eh fdofxodwhg lqwurgxflqj dqrwkhu yroxph [hy =

bHhy @ bQhy ^� . +4�[hy@Yhy,`nW / +7158,

zkhuh wkh gh�qlwlrq ri wkh yroxph [hy fdq eh irxqg lq ^46`1Wkh udwlr [hy@Yhy

ghshqgv rqo| rq wkh ghqvlw| ri vwdwhv lq wkh wuds dqg pd| ydu| ehwzhhq }hur dqg
rqh1 Sk|vlfdoo| wklv phdqv wkdw wkh hydsrudwlqj dwrpv fduu| dzd| rq dyhudjh
dq hqhuj| ohvv wkdq nW deryh wkh wuxqfdwlrq hqhuj|1

Wkh hydsrudwlrq yroxphv duh h{solflwo| fdofxodwhg iru srzhu odz wudsv1 Zh
kdyh

YhySO @ �6�4^�S +6@5 . �> �,� +8@5 . �,S +8@5 . �> �,` +7159,

dqg

[hySO @ �6�4S +:@5 . �> �,1 +715:,

Iru wkh Lr�h wuds/ Yhy dqg [hy pd| eh h{suhvvhg dv wkh vxpv wzr srzhu0odz
frqwulexwlrqv=

YhyLT @ Y
�@6@5
hySO . Y

�@8@5
hySO / +715;,

dqg

[hyLT @ [
�@6@5
hySO .[

�@8@5
hySO 1 +715<,
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Vsloolqj

Zkhq wkh hydsrudwlrq eduulhu lv udpshg grzq/ dwrpv rffxs|lqj vwdwhv dw wkh
wuxqfdwhg hgjh ri wkh wuxqfdwhg PE glvwulexwlrq duh uhpryhg iurp wkh wuds
zlwkrxw frqwulexwlqj wr wkh frrolqj ri wkh vdpsoh1 Wklv lv fdoohg vsloolqj1 Vsloolqj
pd| dovr rffxu gxh wr rwkhu fkdqjhv lq wkh wuds jhrphwu|/ exw khuh zh frqvlghu
rqo| vsloolqj gxh wr wkh orzhulqj ri wkh wuxqfdwlrq hqhuj|1 Wkh vsloolqj udwh lv
wkhq jlyhq e| wkh qxpehu ri dwrpv rffxs|lqj vwdwhv qhdu wkh wuxqfdwhg hgjh
wlphv wkh udwh dw zklfk wkh wuxqfdwlrq hqhuj| lv udpshg grzq=

bQvslo @ �+%w,i+%w,b%w1 +7163,

Xvlqj wkh idfw wkdw �+%w,i+%w, @ q3�
6
�
C�
C%w

�
W
dqg xvlqj wkh gh�qlwlrq +7=43, ri

wkh uhihuhqfh yroxph zh rewdlq

bQvslo

Q
@ �

b%w
%w
/ +7164,

zkhuh wkh vsloolqj sdudphwhu � lv gh�qhg e|

� �
�
C oqYh
C oq %w

�
W

1 +7165,

Wkh hqhuj| orvv udwh lv vlpso| jlyhq e|=

bHvslo @ %w bQvslo +7166,

Iru srzhu0odz wudsv wkh vsloolqj sdudphwhu � fdq eh h{solflwo| fdofxodwhg/

�SO @ +6@5 . �,^4�U+6@5 . �> �,`/ +7167,

dqg lw lv lqwhuhvwlqj wr qrwh wkdw iru srzhu0odz wudsv � lv uhodwhg wr � lq d
sduwlfxoduo| vlpsoh zd|=

�SO . �SO @ �1 +7168,

Vlplodu wr wkh h{suhvvlrq iru �LT / zh fdq zulwh iru wkh vsloolqj sdudphwhu
iru wkh Lr�h wuds

�LT @
�
�@6@5
SO . fwuds�

�@8@5
SO

4 . fwuds
/ +7169,

iurp zklfk zh hdvlo| rewdlq

�LT . �LT @
6@5 . +8@5,fwuds

4 . fwuds
1 +716:,
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Orvv surfhvvhv

Lq rxu dwrplf vdpsoh wkuhh nlqgv ri froolvlrqv pd| frqwulexwh wr dwrp orvv1
Wkhvh duh edfnjurxqg froolvlrqv/ wzr0erg| vslq0uhod{dwlrq dqg wkuhh0erg| uh0
frpelqdwlrq ^4:`1 Zh pd| dvvxph wkdw doo wkh surgxfwv ri vxfk froolvlrqv ohdyh
wkh wuds/ hlwkhu gxh wr wkh idfw wkdw wkh surgxfw lv lq dq xqwudsshg vwdwh ru
ehfdxvh wkh uhfrlo hqhuj|/ wkdw dffrpsdqlhv wkhvh froolvlrqv/ pdnhv wkh dwrp
wrr hqhujhwlf wr eh frq�qhg lq wkh wuds1

Wkh udwh ri fkdqjh ri sduwlfohv gxh wr vrph l0erg| froolvlrq surfhvv lv jlyhq
e| �

bQorvv

�
l
@ �

]
guJl+u,q

l+u,/ +716;,

zlwk Jl+u, wkh srvlwlrq ghshqghqw udwh frqvwdqw1 Qhjohfwlqj wkh srvlwlrq gh0
shqghqfh ri Jl/ wklv h{suhvvlrq fdq eh zulwwhq lq wkh irup#

bQorvv

Q

$
l

@ �Jlq
l�4
3

Ylh
Yh

/ +716<,

zkhuh zh kdyh lqwurgxfhg wkh uhihuhqfh yroxph iru pxowlerg| froolvlrqv dv

Ylh @

]
gu

�
q+u,

q3

�l
1 +7173,

Iru wzr0 dqg wkuhh0erg| froolvlrqv +l @ 5> l @ 6 uhvs1,/ wklv uhihuhqfh yroxph fdq
eh fdofxodwhg qxphulfdoo| xvlqj wkh h{suhvvlrq iru wkh ghqvlw| +7=46,1 Iru edfn0
jurxqg froolvlrqv +l @ 4, wklv uhihuhqfh yroxph vlpso| uhgxfhv wr wkh ruglqdu|
uhihuhqfh yroxph lqwurgxfhg lq +7=43,1

Wkh hqhuj| orvv gxh wr dq l0erg| surfhvv fdq eh zulwwhq dv�
bHorvv

�
l
@
�
bQorvv

�
l
�%l/ +7174,

zlwk �%l wkh dyhudjh hqhuj| ri dq hvfdslqj dwrp/ wkdw lv jlyhq e|=

�%l @

U
gugs q+u,l�4i+u>s,%+u>s,U

gugs q+u,l�4i+u>s,
1 +7175,

Lw fdq eh vkrzq wkdw wklv h{suhvvlrq fdq eh uhzulwwhq dv

�%l @ +6@5 . �l,nW / +7176,

zlwk

�l �
W

lYlh

�
CYlh
CW

�
%w

1 +7177,

Iru edfnjurxqg froolvlrqv zh kdyh �4 @ �/ zklfk lpsolhv wkdw dwrpv wkdw duh
uhpryhg e| edfnjurxqg froolvlrqv rq dyhudjh fduu| dzd| dq dprxqw ri hqhuj|
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htxdo wr wkh phdq hqhuj| shu dwrp/ wkxv ohdylqj wkh whpshudwxuh ri wkh vdpsoh
xqd�hfwhg1 Iru wzr0 dqg wkuhh0erg| froolvlrqv zh kdyh �6 ? �5 ? �1 Ehfdxvh
wkhvh surfhvvhv duh pruh olnho| wr rffxu lq wkh wuds fhqwhu/ zkhuh wkh ghqvlw|
lv wkh kljkhvw/ wkh uhpryhg dwrpv fduu| dzd| rq dyhudjh dq dprxqw ri hqhuj|
vpdoohu wkdq wkh phdq hqhuj| shu uhpdlqlqj dwrp1 Dv d uhvxow wkhvh surfhvvhv
pd| fdxvh khdwlqj ri wkh vdpsoh1

71616 Gl�huhqwldo htxdwlrqv iru wkh hyroxwlrq ri wkh jdv

Lq wkh odvw vhfwlrqv zh kdyh glvfxvvhg wkh surfhvvhv wkdw ohdg wr sduwlfoh dqg
hqhuj| orvv gxulqj hydsrudwlyh frrolqj1 Iurp d wkhuprg|qdplfdo srlqw ri ylhz
wkh ghfuhdvh lq hqhuj| lv uhodwhg wr d fkdqjh lq wkh wkhuprg|qdplfdo yduldeohv1
Irupdoo| zh fdq zulwh=

gH+Q>W> �,

gw
@

�
CH

CQ

�
W>�

bQ .

�
CH

CW

�
Q>�

bW .

�
CH

C�

�
Q>W

b�1 +7178,

Wkh wlph ghulydwlyh ri wkh wuxqfdwlrq sdudphwhu � lv uhodwhg wr wkh wlph ghulyd0
wlyh ri wuxqfdwlrq hqhuj| dqg whpshudwxuh dv b�@� @ b%w@%w� bW@W 1 Khuh/ zh kdyh
h{solflwo| fkrvhq � dv wkh wklug wkhuprg|qdplfdo yduldeoh/ �uvwo| ehfdxvh pdq|
wkhuprg|qdplf txdqwlwlhv ghshqg h{solflwo| rq � dqg vhfrqgo| ehfdxvh zh h{0
shfw � wr ydu| rqo| voljkwo| zkhq wkh hydsrudwlrq udps lv shuiruphg h!flhqwo|1
Wkhuhiruh/ wkh whup +CH@C�,Q>W b� zloo eh vpdoo dqg pd| iru vrph sxusrvhv eh
qhjohfwhg1

Kdylqj rewdlqhg h{solflw h{suhvvlrqv iru bQ dqg bH lq wkh suhfhglqj vhf0
wlrq/ zh vhh wkdw h{suhvvlrq +7=78, ghwhuplqhv wkh wlph hyroxwlrq ri wkh txdvl0
whpshudwxuh1 Xvlqj htxdwlrqv +7=49, dqg +7=54,/ zh uhzulwh +7=78, dv

F�
bW @ bHhy . bHvslo . bHorvv � +6@5 . �, bQnW �QnW

�
C�

C�

�
W

b�/ +7179,

zkhuh zh kdyh gh�qhg wkh khdw fdsdflw| dw frqvwdqw � dv

F� �
�
CH

CW

�
Q>�

@ ^6@5 . � . W

�
C�

CW

�
�

`Qn1 +717:,

Wrjhwkhu zlwk htxdwlrq +7=53, zh kdyh qrz rewdlqhg d frxsohg vhw ri htxdwlrqv
ghvfulelqj wkh hyroxwlrq ri wkh txdvl0whpshudwxuh dqg wkh qxpehu ri sduwlfohv
gxulqj wkh frrolqj surfhvv1

717 Wkh h!flhqf| ri hydsrudwlyh frrolqj

Wkh dlp ri wklv wkhvlv lv/ dprqj rwkhuv/ wr rswlpl}h wkh hydsrudwlrq udps1
Zkdw gr zh phdq e| wkdw B Lw pd| eh fohdu wkdw/ wkh kljkhu zh fkrrvh wkh
wuxqfdwlrq hqhuj|/ wkh pruh hqhuj| hdfk hydsrudwlqj sduwlfoh zloo fduu| dzd|1
Lq wkh h{wuhph fdvh zh zrxog sxw lw doprvw dw lq�qlw| dqg mxvw zdlw iru wkh
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rqh sduwlfoh frqwdlqlqj doo wkh hqhuj| ri wkh vdpsoh wr frph dorqj/ dfklhylqj
EHF dw rqfh1 R� frxuvh wklv lv d yhu| vshfxodwlyh fdvh= zh zrxog kdyh wr zdlw
vr orqj iru wklv wr kdsshq wkdw zh zrxog suredeo| qrw olyh wr vhh wkh hyhqw
dqg pruhryhu wkh vdpsoh zrxog kdyh vlqfh orqj ydqlvkhg gxh wr froolvlrqdo orvv1
Wkhuhiruh/ zh kdyh wr wudgh r� ehwzhhq hydsrudwlrq h!flhqf| dqg hydsrudwlrq
vshhg wr �qg wkh rswlpxp ydoxh ri wkh wuxqfdwlrq hqhuj|1

Lq wklv vhfwlrq zh zloo h{sodlq krz wr �qg wklv rswlpxp ydoxh dw dq| jlyhq
lqvwdqw lq wlph zlwk jlyhq ydoxhv ri Q dqg W 1 Odwhu rq wkh uhvxowv zloo eh xvhg
wr �qg wkh rswlpxp wudmhfwru| ri wkh wuxqfdwlrq hqhuj| %w+w,1

71714 Wkh h!flhqf| sdudphwhu

Wkh h!flhqf| ri hydsrudwlyh frrolqj lv gh�qhg dv wkh lqfuhdvh lq skdvh0vsdfh
ghqvlw| shu sduwlfoh orvv1 Zh irupdoo| gh�qh dq h!flhqf| sdudphwhu " dv

" � � g oq }

g oqQ
@ � b}@}

bQ@Q
1 +717;,

Vlqfh zh rewdlqhg h{solflw h{suhvvlrqv iru wkh wlph ghulydwlyhv ri Q dqg W lq
htxdwlrqv +7=53, dqg +7=79,/ lw pd| eh frqyhqlhqw wr h{suhvv wkh h!flhqf| sd0
udphwhu " lq whupv ri wkh ghfuhdvh lq whpshudwxuh shu sduwlfoh orvv1 Vr/ zh
uhzulwh h{suhvvlrq +7=7;, dv

" @ �g oq }+Q>W> �,
g oqQ

@ �
�
C oq }

C oqQ

�
W>�

�
�
C oq }

C oqW

�
Q>�

��
�
C oq }

C oq �

�
Q>W

�/

+717<,

zlwk

� � g oqW

g oqQ
+7183,

dqg

� � g oq �

g oqQ
1 +7184,

Lq wkh frxuvh ri wkh frrolqj surfhvv zh h{shfw wkh qxpehu ri sduwlfohv lq wkh
wuds wr ghfuhdvh derxw wzr rughuv ri pdjqlwxgh/ zkloh wkh wuxqfdwlrq sdudphwhu
vkrxog eh dssur{lpdwho| frqvwdqw1 Vr/ xqohvv vxgghq fkdqjhv lq wkh wuxqfdwlrq
sdudphwhu rffxu/ zh pd| h{shfw wkh sdudphwhu � wr eh pxfk vpdoohu wkdq
xqlw| wkurxjkrxw wkh frrolqj surfhvv +� � 4,1 Ixuwkhupruh/ uhplqglqj wkdw
} @ Q

Yh
�6/ zh kdyh

C oq }

C oq �
@ �

�
C oqYh
C oq �

�
W

@ �
�
C oqYh
C oq %w

�
W

� ��/ +7185,
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zklfk lv pxfk vpdoohu wkdq xqlw| iru w|slfdo ydoxhv ri � +� � 4,1 Wkhuhiruh zh
pd| qhjohfw wkh odvw whup lq h{suhvvlrq +7=7<, dqg zulwh wkh h!flhqf| sdudphwhu
lq whupv ri wkh sdudphwhuv � / � dqg � dv

" @ +6@5 . � . �,�� 41 +7186,

Vlqfh wkh txdqwlw| +� . �, iru wkh Lr�h wuds rqo| voljkwo| ghshqgv rq � +dqg lv
frqvwdqw lq wkh fdvh ri d sxuh srzhu0odz wuds, wkh � ghshqghqfh ri " lv sulpdulo|
frqwdlqhg lq wkh sdudphwhu �1 Wkhuhiruh/ rswlpl}lqj � dxwrpdwlfdoo| rswlpl}hv
" dqg iurp qrz rq zh frqvlghu vlpso| wkh rswlpl}dwlrq ri �1

Wkh sdudphwhu � lq wkh devhqfh ri orvv surfhvvhv

Wkh sdudphwhu � lv irxqg e| vroylqj iru + bW@W ,@+ bQ@Q, lq htxdwlrq +7=79,/ zkloh
vxevwlwxwlqj bQhy @ bQ� bQvslo� bQorvv iru wkh hydsrudwlrq udwh1 Iru wkh vlpsol�hg
fdvh ri hydsrudwlrq lq wkh devhqfh ri orvv surfhvvhv wkh sdudphwhu � fdq eh
zulwwhq dv

� @ �� � �
�+4�[hy@Yhy, . � C�C�
F� . �+4�[hy@Yhy,

1 +7187,

zkhuh

�� �
�
g oqW

g oqQ

�
�

@
� . +4�[hy@Yhy,� +6@5 . �,

F�@Qn . �+4�[hy@Yhy,
+7188,

lv wkh sdudphwhu � iru hydsrudwlrq dw frqvwdqw wuxqfdwlrq sdudphwhu +� @ 3,1
Qhjohfwlqj wkh whup ri wkh rughu � lq +7=87, +� � 4,/ zh kdyh � � ��1 Iru
srzhu0odz wudsv lq wkh olplw ri odujh �/ +7=88, uhgxfhv wr

�� * � � +6@5 . �,

+6@5 . �,
+� $4,/ +7189,

zklfk vkrzv wkdw lq wkh devhqfh ri froolvlrqv wkh h!flhqf| sdudphwhu fdq eh
pdgh duelwudulo| odujh e| fkrrvlqj d odujh � 1

71715 Wkh uroh ri froolvlrqv

Wkh suhvhqfh ri froolvlrqdo orvv vhwv d olplw wr wkh h!flhqf| zh pd| dfklhyh1 Lq
rughu wr kdyh h!flhqw hydsrudwlyh frrolqj/ vxevwdqwldoo| pruh dwrpv vkrxog eh
uhpryhg e| hydsrudwlrq wkdq e| edfnjurxqg ru lqhodvwlf froolvlrqv1 Vlqfh wkh
hydsrudwlrq udwh ghshqgv lqyhuvho| h{srqhqwldo rq �/ wklv srvhv dq xsshu olplw
wr wkh wuxqfdwlrq sdudphwhu iru wkh hydsrudwlrq surfhvv wr grplqdwh1

Lq wklv frqwh{w zh frqvlghu wkh udwlr ri hydsrudwlrq udwh wr froolvlrq udwh gxh
wr vrph l0erg| orvv surfhvv/ Ul � bQhy@ bQorvv 1 Iurp htxdwlrqv +7=56, dqg +7=6<,
zh �qg

Ul @
q3�y�

Yhy

Yh
h��

ql�43 Jl
Yl h

Yh

� 4

�l

Yhy

Yh
h��/ +718:,
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Iljxuh 714= Wkh h!flhqf| sdudphwhu � lq d kduprqlf wuds dv d ixqfwlrq ri wkh
wuxqfdwlrq sdudphwhu � iru gl�huhqw ydoxhv ri wkh froolvlrq udwlr �/ l1h1 wkh udwlr
ri wkh orvv udwh gxh wr vrph l0erg| surfhvv dqg wkh hodvwlf froolvlrq udwh1 Hdfk
ydoxh ri � fruuhvsrqgv wr wkuhh fxuyhv/ hdfk fxuyh fruuhvsrqglqj wr wkh fdvh ri
rqo| rqh0erg| +�4,/ wzr0erg| +�5, ru wkuhh0erg| +�6, orvv/ zkhuh �l @ �1 Iru
ghfuhdvlqj �/ wkh pd{lpxp h!flhqf| wkdw pd| eh dfklhyhg lqfuhdvhv1

zkhuh zh kdyh gh�qhg wkh froolvlrq udwlr �l dv wkh udwlr ri wkh orvv udwh gxh wr
dq l0erg| surfhvv wr wkh hodvwlf froolvlrq udwh=

�l � 4@� l
4@� ho

@
ql�53 Jl

�y�

Ylh
Yh

1 +718;,

Wkh txdqwlw| 4@�l lv nqrzq dv wkh udwlr ri jrrg wr edg froolvlrqv1 Lq rxu
htxdwlrqv zh qrz vxevwlwxwh iru wkh udwh ri fkdqjh ri sduwlfohv

bQhy . bQorvv @ bQhy ^4 .
l@6[
l@4

U�4l ` +718<,

dqg iru wkh udwh ri fkdqjh ri hqhuj|

bHhy . bHorvv @ bQhy ^� . +4�[hy@Yhy, .
[l@6

l@4

+6@5 . �l,

Ul
`1 +7193,
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Wkh sdudphwhu � lq wkh suhvhqfh ri orvv surfhvvhv

Iru wkh sdudphwhu � dw frqvwdqw wuxqfdwlrq sdudphwhu lqfoxglqj orvv surfhvvhv/
rqh �qgv

�� @
� . +4�[hy@Yhy,� +6@5 . �,� h� Yhy

Yh

Sl@6
l@5+� � �l,�l

F�@Qn . �+4�[hy@Yhy, . h� Yh y

Yh

Sl@6
l@4^F� . �+6@5 . �l � �,`�l

= +7194,

Frpsduhg wr wkh h{suhvvlrq +7=88, iru �� lq wkh devhqfh ri orvvhv/ dgglwlrqdo
whupv dsshdu wkdw ghshqg h{srqhqwldoo| rq �1 Iru wkh fdvh ri d kduprqlf
wudsslqj srwhqwldo +� @ 6@5,/ �� lv sorwwhg dv d ixqfwlrq ri � iru gl�huhqw ydoxhv
ri � lq �jxuh 7141 Hdfk ydoxh ri � fruuhvsrqgv wr wkuhh fxuyhv/ hdfk fxuyh
fruuhvsrqglqj wr wkh fdvh ri rqo| rqh0erg| +�4,/ wzr0erg| +�5, ru wkuhh0erg|
+�6, orvv/ zkhuh �l @ �1 Iru orz ydoxhv ri � +l1h1 h��� 4, wkh whupv ruljlqdwlqj
iurp orvv surfhvvhv lq +7=94, duh qhjoljleoh1 Iru lqfuhdvlqj ydoxhv ri � krzhyhu/
lqhylwdeo| wkhvh whupv zloo grplqdwh +h��  4,/ fdxvlqj �� wr ghfuhdvh1 Wkh
vpdoohu �/ wkh kljkhu lv wkh h!flhqf| wkdw pd| eh dfklhyhg1

Ohw*v glvfxvv zkdw ydoxhv ri � zh pd| h{shfw lq sudfwlfh1 Lq dffrugdqfh
zlwk suhylrxvo| shuiruphg h{shulphqwv lq rwkhu jurxsv xqghu vlplodu ydfxxp
frqglwlrqv +s � 43�44pedu,/ zh h{shfw wkh olihwlph lq wkh pdjqhwlf wuds gxh
wr edfnjurxqg froolvlrqv wr eh �ej � 43v1 +vhh iru h{dpsoh ^4;`,1 Iru wkh
udwh frqvwdqw J4 wklv |lhogv J4 @ 4@ �ej @ 3=4v�41 Wkh ydoxh ri wkh udwh
frqvwdqw J5 iru

;:Ue dwrpv lq wkh I @ 5/ pI @ 5 vwdwh zdv rewdlqhg iurp ^4<`1
Wklv fdofxodwlrq suhglfwv d voljkwo| �hog ghshqghqw udwh frqvwdqw/ wkdw pd| eh
dssur{lpdwhg/ iru wkh uhohydqw �hog udqjh 408 Jdxvv/ e| J5 r <+5, � 43�48
fp62v1

Iru wkh udwh frqvwdqw iru wkuhh0erg| uhfrpelqdwlrq J6/ gl�huhqw ydoxhv fdq
eh irxqg lq wkh olwhudwxuh1 Dq dqdo|wlfdo uhvxow zdv rewdlqhg e| Ihglfkhy hw
do1= Wkh udwh frqvwdqw zdv h{suhvvhg e| lq whupv ri wkh vfdwwhulqj ohqjwk d dv
J6 @ 6=<kd7@p1 Iru ;:Ue lq wkh I @ 5/ pI @ 5 vwdwh zh kdyh d @ 43<d3 ^44`
dqg wkxv J6 @ 4=3 � 43�5< fp92v1 D fdofxodwlrq rq wkh edvlv ri wkh Mdvwurz
dssur{lpdwlrq/ |lhoghg J6 @ 7 � 43�63fp92v ^53`1 Dovr phdvxuhphqwv ri J6

kdyh ehhq shuiruphg1 Lw kdv ehhq ghwhuplqhg iru ;:Ue lq wkh I @ 4/ pI @ �4
vwdwh lq wkh qrq0ghjhqhudwh jdv +J6 @ 7=6+4=;, � 43�5<fp92v, dv zhoo dv lq wkh
Ervh Hlqvwhlq frqghqvdwh +Jf

6 @ 8=;+4=<, � 43�63fp92v, ^54`1 Iru ;:Ue lq wkh
I @ 5/ pI @ 5 vwdwh lq wkh frqghqvdwh wkh udwh frqvwdqw zdv irxqg wr eh
Jf
6 @ 4=;+4=<, � 43�5<fp92v ^4;`1
Rq wkh edvlv ri wkh uhodwlrq J6 � d7 rqh h{shfwv wkh udwh frqvwdqw iru wkh

m5/5A vwdwh wr eh d idfwru 517 kljkhu wkdq wkh udwh frqvwdqw iru wkh m4/04A vwdwh
+d @ 43<d3> d @ ;;d3 ^55` uhvshfwlyho|,1 Wkhuhiruh/ zh hvwlpdwh wkh frqvwdqw
rq wkh edvlv ri wkh h{shulphqwdo ydoxh irxqg iru wkh m4/04A vwdwh lq wkh qrq0
ghjhqhudwh uhjlph dv J6 r 5=7 � 7=6+4=;, � 43�5< @ 4=3+3=7, � 43�5; fp92v1

Wkh froolvlrq udwlr*v �l iurp htxdwlrq +7=8:, duh sorwwhg lq �jxuh 715 dv d
ixqfwlrq ri ghqvlw| dw d w|slfdo whpshudwxuh ri 43 �N1 Iru fkdqjlqj whpshudwxuh
doo wkh olqhv vkliw e| wkh vdph vpdoo dprxqw/ gxh wr wkh ghshqghqfh ri wkh hodvwlf
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Iljxuh 715= Wkh froolvlrq udwlr*v �l ri wkh orvv udwh wr wkh hodvwlf froolvlrq udwh iru
vhyhudo orvv phfkdqlvpv/ uhohydqw iru ;:Ue1 Wkh fruuhvsrqglqj udwh frqvwdqwv
duh= J4 @ 3=4 v�4/ J5 @ < � 43�48 fp62v/ J6 @ 4 � 435; fp�62v1 Iru d ghqvlw|
q3 � < � 4346 / wkh grplqdqw orvv whup ruljlqdwhv iurp glsrodu uhod{dwlrq/ iru
zklfk �5 � 43�71 Lq wklv ghqvlw| uhjlph h!flhqw hydsrudwlyh frrolqj lv dvvxuhg1

froolvlrq udwh wr wkhupdo vshhg +��4ho �
s
W ,1 Iurp wklv slfwxuh lw lv yhu| fohdu

wkdw iru ghqvlwlhv durxqg < � 4346 fp�6 hydsrudwlyh frrolqj fdq eh h{wuhpho|
h!flhqw1 Iru �5 � 43�7/ zh �qg iurp �jxuh 714 wkdw �� pd| uhdfk d ydoxh ri
51 Vxevwlwxwlqj wklv ydoxh lqwr htxdwlrq +7=86, zh �qg dq h!flhqf| " @ 81

71716 Uxqdzd| hydsrudwlrq

Iru d w|slfdo ghqvlw| q3 � 4345 fp�6 dw wkh vwduw ri wkh frrolqj surfhvv/ zh
vhh iurp �jxuh 715 wkdw wkh grplqdqw orvv whup ruljlqdwhv iurp edfnjurxqg
froolvlrqv1 Lq wklv fdvh/ lw lv ri ylwdo lpsruwdqfh wkdw wkh hodvwlf froolvlrq udwh lq0
fuhdvhv gxulqj wkh hydsrudwlrq surfhvv1 Wklv zloo fdxvh �4 wr judgxdoo| ghfuhdvh/
pdnlqj wkh surfhvv pruh dqg pruh h!flhqw dv lw surfhhgv1 Wklv lv nqrzq dv
uxq0dzd| hydsrudwlrq1 Wkh frqglwlrq iru uxq0dzd| hydsrudwlrq fdq irupdoo| eh
zulwwhq dv

g oqq3W
4

5

g oqQ
@ 4� +� . � � 4@5,� ? 31 +7195,
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Iru d srzhu0odz wuds zlwk � @ 8@5/ zklfk ghvfulehv zhoo wkh LT wudsslqj sr0
whqwldo lq wkh kljk whpshudwxuh olplw nW  X3/ wklv wudqvodwhv wr d frqglwlrq
iru �= � A 4@51 Iurp �jxuh 714 zh vhh wkdw wklv fdq eh hdvlo| dfklhyhg iru dq
lqlwldo froolvlrq udwlr �lqlwldo 1 43�51 Dw d ghqvlw| q3 @ 4345 fp�6 dqg whpshu0
dwxuh W @ 633 �N/ zh �qg iurp +7=8;, d plqlpxp olihwlph gxh wr edfnjurxqg
froolvlrqv zh fdq doorz iru=

�ej ) 4 v1 +7196,

Zkhq wklv frqglwlrq lv vdwlv�hg/ wkh ghqvlw| pd| lqfuhdvhv idvwhu dqg idvwhu
dv wkh hydsrudwlrq surfhvv surfhhgv/ pdnlqj wkh frrolqj pruh dqg pruh h!0
flhqw/ xqwlo hyhqwxdoo| wkh pd{lpxp h!flhqf| lv dfklhyhg dw ghqvlwlhv durxqg
< � 4346 fp�61 Lqhylwdeo|/ wkh ghqvlw| frqwlqxhv wr lqfuhdvh/ qrz fdxvlqj wkh
h!flhqf| wr ghfuhdvh/ vlqfh wkuhh0erg| uhfrpelqdwlrq kdv ehfrph wkh grplqdqw
orvv phfkdqlvp1 Dgldedwlf h{sdqvlrq ri wkh wuds pd| wkhq eh xvhg wr frqwuro
wkh ghqvlw|/ dq lvvxh wkdw lv glvfxvvhg lq vhfwlrq 7191

718 Vlpxodwlrq ri wkh hydsrudwlyh frrolqj sur0

fhvv

Wkh prgho ghyhorshg lq vhfwlrq 516/ ghvfulehv wkh hydsrudwlyh frrolqj surfhvv e|
wkh htxdwlrqv +7=53, dqg +7=79, iru wkh wlph hyroxwlrq ri wkh qxpehu ri dwrpv Q
dqg wkh txdvl0whpshudwxuh W ri wkh dwrplf forxg iru d jlyhq wudmhfwru| �+w, ru
%w+w,1 Lq wklv vhfwlrq zh zloo suhvhqw qxphulfdo vroxwlrqv ri wkhvh htxdwlrqv1 Wklv
zloo eh grqh iru wkh rswlpxp wudmhfwru| �+w,/ uhdfklqj wkh rq0vhw ri EHF zlwk
plqlpdo sduwlfoh orvv/ dqg iru olqhdu vzhhsv %w+w, @ %3 � d � w ri wkh wuxqfdwlrq
hqhuj|1 Wkh uhvxowv duh h{suhvvhg lq skdvh gldjudpv }+Q,/ zkhuh wkh h{solflw
wlph ghshqghqfh }+Q+w,> W +w,> �+w,, dqg Q+w, lv rplwwhg1 Ilqdoo|/ zh glvfxvv wkh
ydolglw| olplwdwlrqv ri wkh prgho lq wkh frqwh{w ri wkh h{shulphqwdo vlwxdwlrq1

Iru qxphulfdoo| vroylqj htxdwlrqv +7=53, dqg +7=79,/ zh uhzulwh wkhvh htxd0
wlrqv lq d glphqvlrqohvv irup1 Glylglqj erwk vlghv ri +7=53, e| Q dqg erwk
vlghv ri +7=79, e| QnW / dqg ixuwkhu lqwurgxflqj wkh glphqvlrqohvv wlph yduldeoh
� � w@� hy / zkhuh wkh hydsrudwlrq wlph � hy lv gh�qhg dv

� hy � �
#

bQhy

Q

$
�4

/ +7197,

zh rewdlq wkh vhw ri htxdwlrqv

bQ

Q
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zkhuh wkh grw ghqrwhv wkh ghulydwlyh wr � 1 Wkh txdqwlwlhv �> �>[hy@Yhy > Ul dqg
F� dsshdulqj lq wkh htxdwlrqv +7=98, dqg +7=99, duh h{solflw ixqfwlrqv ri wkh
wkhuprg|qdplf yduldeohv Q>W dqg � dv glvfxvvhg lq wkh suhfhglqj vhfwlrqv1
Wkh txdqwlw| b�@� pd| eh uhsodfhg e| b%w@%w � bW@W +wklv iroorzv gluhfwo| iurp
%w @ �nW ,/ ghshqglqj rq zhwkhu � ru %w duh vshfl�hg ixqfwlrqv ri wlph1

71814 Rswlpl}hg wudmhfwrulhv wkurxjk skdvh0vsdfh

Lq rughu wr �qg wkh rswlpl}hg wudmhfwru| wkurxjk skdvh vsdfh rqh vkrxog frq0
vlghu wkh h{dfw h{suhvvlrq +7=7<, iru wkh h!flhqf| sdudphwhu "/ d ixqfwlrq ri wkh
qxpehu ri sduwlfohv Q / wkh whpshudwxuh W / wkh wuxqfdwlrq sdudphwhu � dqg ri
wkh udwh ri fkdqjh ri wkh wuxqfdwlrq sdudphwhu b�/ wr plqlpl}h wkh wrwdo sduwlfoh
orvv dv wkh ghjhqhudf| sdudphwhu lqfuhdvhv iurp lwv lqlwldo ydoxh }3 wr wkh ydoxh
dw wkh EHF rq0vhw }EHF 1 Irupdoo|/ rqh vkrxog plqlpl}h wkh ixqfwlrq

�oqQ @

] oq }EHF

oq }3

"�4+Q>W> �> b�,g oq }/ +719:,

xqghu yduldwlrq ri wkh hqwluh wudmhfwru| �+w,1
Rqh pd| dvvxph wkdw iru dq| rswlpl}hg wudmhfwru| �+w, wkh wuxqfdwlrq sd0

udphwhu ydulhv rqo| voljkwo| frpsduhg wr yduldwlrqv lq wkh qxpehu ri sduwlfohv/
l1h1 � � g oq �

g oqQ � 41 Wklv doorzv xv wr qhjohfw wkh frqwulexwlrq ri wkh yduldwlrq ri
� lq wkh h!flhqf| sdudphwhu "1 Wkhq wkh udwkhu frpsoh{ sureohp ri plqlpl}lqj
+7=9:, uhgxfhv wr plqlpl}lqj

�oqQ �
] oq }EHF

oq }3

"�4� +Q>W> �,g oq }/ +719;,

zlwk "� � +6@5 . � . �,�� � 4 dqg �� jlyhq e| h{suhvvlrq +7=94,1

Plqlpl}lqj wkh lqwhjudo lq +7=9;, zdv grqh e| rswlpl}lqj wkh sdudphwhu
�� dw hyhu| wlph vwhs/ xvlqj d vlpsoh qxphulfdo rswlpl}dwlrq vfkhph= 4, Dq
lqlwldo rswlpdo ydoxh �4pd{ lv irxqg iurp wkh pd{lpxp ri wkh sdudphwhu �� dw
wkh lqlwldo ydoxhv ri wkh qxpehu ri dwrpv dqg whpshudwxuh Q4 dqg W4 1 5,
Wkh htxdwlrqv duh vroyhg iru d vpdoo lqwhuydo lq wkh hydsrudwlrq wlph/ nhhslqj
� @ �4pd{ frqvwdqw1 6, Wkh �qdo ydoxhv Q5 dqg W5 duh vxevwlwxwhg lqwr �� wr
�qg dq rswlpxp ydoxh ri wkh wuxqfdwlrq sdudphwhu � @ �5pd{ 1 7, Wkh htxdwlrqv
duh vroyhg iru wkh vdph wlph lqwhuydo/ qrz zlwk � ydu|lqj olqhduo| iurp �4pd{

wr �5pd{ 1 Vwhsv 6, dqg 7, duh uhshdwhg xqwlo wkh ydoxh ri �5pd{ kdv frqyhujhg wr
vrph vshfl�hg suhflvlrq1 Wklv urxwlqh lv shuiruphg iru vxffhvvlyh wlph lqwhuydov
xqwlo wkh ghjhqhudf| sdudphwhu } @ q3�

6 kdv uhdfkhg wkh ydoxh ri 5=91 Iru rxu
fdvh/ xvlqj d wlph lqwhuydo �� @ 3=4/ wkh rq0vhw ri EHF zdv uhdfkhg lq derxw
53 lqwhuydov1 Zh vkrxog vwuhvv wkdw/ dowkrxjk wkh wudmhfwrulhv duh frqwlqxhg xs
wr wkh EHF wudqvlwlrq srlqw/ wkh prgho grhv qrw lqfoxgh ghjhqhudf| h�hfwv dqg
lv wkxv rqo| ydolg iru } � 41

Li wkh vwdwh ri wkh wkhuprg|qdplf v|vwhp zrxog eh hqwluho| vshfl�hg e|
Q dqg } +ru e| Q dqg W ,/ wkhq wkh dssurdfk ri lqvwdqwdqhrxvo| rswlpl}lqj
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wkh sdudphwhu "� wr plqlpl}h wkh lqwhjudo lq +7=9;, zrxog eh h{dfw1 Wklv fdq
eh xqghuvwrrg e| frqvlghulqj wkh skdvh0vsdfh ghqvlw| surgxfhg e| wkh lqvwdq0
wdqhrxvo| rswlpl}hg wudmhfwru| }lqvw+Q, dqg wkdw ri dq dowhuqdwlyh wudmhfwru|
}dow+Q,1 Vlqfh }lqvw lv rswlpl}hg dw wkh ehjlqqlqj ri wkh wudmhfwru|/ lqlwldoo|
�Qdow A �Qlqvw iru d jlyhq lqfuhdvh lq }1 Li �qdoo| �Qdow ? �Qlqvw dw wkh rq0
vhw ri EHF/ wkhq wkh wzr wudmhfwrulhv pxvw kdyh furvvhg1 Wklv fdq rqo| rffxu li
iru vrph ydoxh ri Q

�g}dow+Q,

gQ
A �g}lqvw+Q,

gQ
/ +719<,

zklfk lv lpsrvvleoh e| wkh frqvwuxfwlrq ri }lqvw+Q,1 Vr/ }lqvw+Q, uhsuhvhqwv wkh
rswlpxp wudmhfwru| ^56`1 Dv wkh vwdwh ri wkh wkhuprg|qdplf v|vwhp grhv qrw
ghshqg rq Q dqg } dorqh/ exw dovr rq wkh wuxqfdwlrq sdudphwhu �/ wklv dujx0
phqw vwulfwo| vsrnhq grhvq*w dsso|1 Krzhyhu/ vlqfh wkhuprg|qdplf txdqwlwlhv
ghshqg rqo| voljkwo| rq � / wkh wudmhfwru| }lqvw+Q, plqlpl}hv +7=9;, wr d jrrg
dssur{lpdwlrq1

Wkh wudmhfwrulhv }+Q, rswlpl}hg iru plqlpxp sduwlfoh orvv xvlqj wkh qxphu0
lfdo vfkhph ghvfulehg deryh/ duh vkrzq lq �jxuh 716 iru gl�huhqw vwduwlqj ydoxhv
Q3 ri wkh qxpehu ri dwrpv1 Wkh fruuhvsrqglqj wudmhfwrulhv %w+w, duh vkrzq lq
�jxuh 7171 Iru d odujh lqlwldo qxpehu ri dwrpv Q3 � 4343 wkh vwduwlqj ghqvlw|
lv ri wkh rughu 4346 fp�6 iru wkh wudsslqj frqglwlrqv ghvfulehg lq fkdswhu 51
Wklv doorzv yhu| h!flhqw frrolqj +" � 8,/ zklfk vkrzv iurp wkh vwhhsqhvv ri wkh
fxuyh1 Dv wkh v|vwhp dssurdfkhv wkh EHF rqvhw/ wkh h!flhqf| ghfuhdvhv gxh
wr udslg orvv iurp wkuhh erg| froolvlrqv1 Wkh rq0vhw ri EHF lv uhdfkhg dw W � 7
�N dqg q3 � 6 � 4348 fp�6/ zklfk |lhogv iru wkh froolvlrq udwlr �6 � 5 � 43�61
Gxh wr wkh frqglwlrqv ri kljk ghqvlw|/ wkh hydsrudwlrq surfhvv lv idvw> wkh EHF
rq0vhw lv uhdfkhg lq derxw 3=8 v1 Iru Q3 @ 43</ wkh ryhudoo h!flhqf| lv wkh
kljkhvw= "wrw � ��oq }@�oqQ @ 6=;1 Wkh EHF rq0vhw lv uhdfkhg dw d ghqvlw|
q3 � 4� 4348 fp�6 dw d whpshudwxuh W � 5 �N dqg wkh hydsrudwlrq udps wdnhv
derxw 5v1 Iru Q3 @ 4 � 43; fp�6/ wkh �qdo ydoxhv iru ghqvlw| dqg whpshudwxuh
duh= q3 � 4 � 4347 fp�6/ W � 3=8 �N iru dq hydsrudwlrq udps ri : v1

Zkhq wkh ohdglqj orvv whup lv edfnjurxqg froolvlrqv/ uxq0dzd| hydsrudwlyh
frrolqj pdqlihvwv lwvhoi lq dq xszdug fxuylqj wudmhfwru| lq skdvh0vsdfh1 Wkh
lpsruwdqfh ri uxq0dzd| hydsrudwlrq lv qlfho| looxvwudwhg e| wkh wzr wudmhfwrulhv
rxwhuprvw wr wkh ohiw lq �jxuh 7161 Dw Q3 @ 5 � 43: wkh froolvlrq udwlr �4 lv
mxvw deryh wkh ydoxh doorzhg iru uxq0dzd| hydsrudwlrq/ zkloh dw Q3 @ 6 � 43:
wkh froolvlrq udwlr �4 lv mxvw ehorz wklv ydoxh1 Wkh gl�huhqfh lq wkh skdvh vsdfh
ghqvlw| wkdw pd| �qdoo| eh dfklhyhg lv gudpdwlf1

Lq jhqhudo wkh rswlpl}hg wudmhfwrulhv %w+w, duh ri gl�huhqw vkdsh dqg fdq
qrw eh fkdudfwhul}hg e| vrph vshfl�f irup1 Rqh pljkw vd| wkdw zkhq wkh
ohdglqj orvv whup lv edfnjurxqg froolvlrqv/ wkh wudmhfwrulhv duh ri h{srqhqwldo
irup1 Krzhyhu/ iru dq lqlwldo qxpehu ri dwrpv Q3 @ 43< wkh wudmhfwru| lv wr
d jrrg dssur{lpdwlrq olqhdu dqg iru Q3 A 43< wkh rswlpxp wudmhfwrulhv duh
fxuylqj grzqzdug1
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Iljxuh 716= Rswlpl}hg wudmhfwrulhv wkurxjk skdvh0 vsdfh iru wkh Lr�h wuds iru
gl�huhqw vwduwlqj ydoxhv ri wkh qxpehu ri dwrpv Q31 Wkh lqlwldo whpshudwxuh
lv 633�N lq hdfk fdvh1 Wkh wudsslqj srwhqwldo lv ri wkh irup BB zlwk wudsslqj
sdudphwhuv d @ 6=:: W2p/ e @ 495W2p5 dqg E3 @ 43�7W1 Wkh orvv udwh
gxh wr edfnjurxqg froolvlrqv J4 @ +43v1,�4/ wkh wzr0erg| udwh frqvwdqw J5 @
< � 43�48fp62v1 dqg wkh wkuhh0erg| udwh frqvwdqw J6 @ 4 � 43�5;fp92v1 Wkh
hodvwlf furvvhfwlrq iru ;:Ue lq wkh I @ 5/ pI @ 5 vwdwh � @ ;=8 � 43�45 fp51
Wkh srlqwv fruuhvsrqg wr htxdo lqwhuydov lq hydsrudwlrq wlph �� @ 3=41

Iru w|slfdo h{shulphqwdo frqglwlrqv Q3 @ 43< wkh wudmhfwrulhv wkurxjk skdvh0
vsdfh fruuhvsrqglqj wr d olqhduo| ghfuhdvlqj wuxqfdwlrq hqhuj| duh vkrzq lq
�jxuh 7181 Wkh lqlwldo ydoxh ri wkh wuxqfdwlrq hqhuj| %w+3, fruuhvsrqgv wr wkh
lqlwldo rswlpxp ydoxh ri � dqg wkh vorshv d duh ydulhg1 Ryhu d odujh udqjh lq
d wkh uhvxowlqj wudmhfwrulhv wkurxjk skdvh vsdfh duh yhu| forvh wr wkh rswlpdo
fxuyh1 Wkh hyroxwlrq ri wkh whpshudwxuh lq uhvsrqvh wr wkh yduldwlrq ri wkh
wuxqfdwlrq hqhuj| lv vxfk/ wkdw wkh wuxqfdwlrq sdudphwhu uhpdlqv forvh wr lwv
rswlpdo ydoxh1 Wklv h�hfw lv rqo| vhhq iru wkh rswlpl}hg fxuyh iru vwduwlqj ydoxh
Q3 @ 43<1

71815 Dssolfdelolw| ri wkh prgho dqg h{shulphqwdo uhdol}d0

wlrq

Wkh rswlpl}hg fxuyhv orrn surplvlqj/ lq uhjdug wr wkh qxpehu ri dwrpv zh
vkrxog eh deoh wr frqghqvh1 Dvvxplqj dq lqlwldo qxpehu ri dwrpv Q3 @ 43</ wkh
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Iljxuh 717= Rswlpxp wudmhfwrulhv %w+w, fruuhvsrqglqj wr wkh rswlpl}hg wudmhf0
wrulhv wkurxjk skdvh vsdfh lq �jxuh 7161 Wkh rswlpl}hg hydsrudwlrq udpsv iru
Q3 @ 5 � 43: dqg Q3 @ 6 � 43: duh rqo| vkrzq xs wr : vhfrqgv1 Wkh fruuh0
vsrqglqj fxuyhv lq �jxuh 716 uhsuhvhqw hydsrudwlrq udpsv ri 53 dqg 49 vhfrqgv
uhvshfwlyho|1

vlpxodwlrq suhglfwv wkdw wkh rq0vhw ri EHF fdq eh uhdfkhg zlwk pruh wkdq 43:

dwrpv uhpdlqlqj1 Wklv lv pxfk pruh wkdq zdv rewdlqhg lq suhylrxv EHF h{shu0
lphqwv zlwk ;:Ue/ vhh iru h{dpsoh ^8`1 Krzhyhu/ zh vkrxog pdnh vrph fulwlfdo
uhpdunv frqfhuqlqj wkh h{shulphqwdo uhdol}dwlrq ri wkh rswlpl}hg hydsrudwlrq
udpsv dqg wkh dssolfdelolw| ri wkh prgho1 Wklv zloo eh grqh h{solflwo| iru wkh
rswlpl}hg wudmhfwru| zlwk Q3 @ 43<1

Wkh �uvw uhpdun frqfhuqv frqglwlrq +7=4,/ vwdwlqj wkdw iru hydsrudwlrq wr
eh h!flhqw/ wkh phdq iuhh sdwk ri dq dwrp vkrxog eh pxfk odujhu wkdq wkh
glphqvlrq ri wkh vdpsoh1 Iru wkh �qdo ghqvlw| q3 � 4 � 4348 fp�6 zh �qg iru
wkh phdq iuhh sdwk � @ 4@q3� * 4 �p/ dqg dw d whpshudwxuh W � 5 �N zh �qg
iru wkh udgldo glphqvlrq o @

s
nW@+�5@5X3, * 9 �p1 Fohduo| frqglwlrq +7=4, lv

qrw vdwlv�hg1 Vr/ zh pd| h{shfw frrolqj wr eh ohvv h!flhqw wkdq wkh qxphulfdo
vlpxodwlrq suhglfwv1

Vhfrqgo|/ ohw*v frqvlghu wkh olihwlph ri rxu vdpsoh dw wkh EHF rq0vhw1 Wklv
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Iljxuh 718= Wudmhfwrulhv wkurxjk skdvh vsdfh iru d olqhduo| ghfuhdvlqj wuxqfdwlrq
hqhuj| zlwk gl�huhqw vorshv d1 Wkh lqlwldo qxpehu ri dwrpv Q3 @ 43< dqg wkh
lqlwldo whpshudwxuh W @ 633 �N1 Ryhu d zlgh udqjh lq d wkh wudmhfwrulhv duh
forvh wr wkh rswlpxp wudmhfwru|1

lv ghwhuplqhg e| wkh wkuhh0erg| froolvlrq udwh +7=6<, dv

� 6E @ �
#

bQ6E

Q

$
�4

@

�
J6q

5
3

Y6h

Yh

�
�4

1 +71:3,

Vxevwlwxwlqj wkh �qdo ghqvlw| dqg xvlqj Y6 h

Yh
+�$4, @ 3=5 zh �qg � 6E * 83pv1

Wklv olihwlph lv qrw vx!flhqw iru shuiruplqj h{shulphqwv zlwk wkh frqghqvdwh1
D wklug uhpdun frqfhuqv wkh wlph vfdoh ri wkh hydsrudwlrq1 Lq vslwh ri wkh

yhu| vkruw olihwlph ri wkh vdpsoh/ wkh froolvlrq udwlr �6 � 43�6 srvhv qr vhulrxv
uhvwulfwlrqv wr wkh h!flhqf| ri wkh hydsrudwlrq surfhvv xqghu wkh frqglwlrq wkdw
wkh hydsrudwlrq vshhg lv yhu| kljk1 Pruh suhflvho|/ iru wkh rswlpl}hg fxuyh
Q3 @ 43</ wkh �qdo lqwhuydo lq wkh glphqvlrqohvv wlph �� @ 3=4 fruuhvsrqgv wr
d wuxh wlph lqwhuydo �w * 4pv1 Lq rughu iru wkh prgho wr eh dssolfdeoh wr wkh
wuxh h{shulphqwdo vlwxdwlrq/ wkh wuxqfdwlrq hqhuj|/ l1h1 wkh ui0iuhtxhqf|/ vkrxog
eh vprrwko| ydu|lqj rq wklv wlph vfdoh1 Wklv lv qrw wkh fdvh iru rxu h{shulphqwdo
vhw0xs1

Doo wkuhh sureohpv glvfxvvhg deryh duh gluhfwo| uhodwhg wr wkh kljk ghqvlwlhv
+ ) 4347 fp�6, wkdw duh lqhylwdeo| uhdfkhg zkhq pdq| dwrpv duh frqwdlqhg lq d
wljkw wudsslqj srwhqwldo dw d skdvh0vsdfh ghqvlw| qhdu wkh rq0vhw ri EHF1 Wkhuh0
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iruh/ dgldedwlf h{sdqvlrq ri wkh pdjqhwlf wudsslqj srwhqwldo pd| eh shuiruphg
lq wkh �qdo vwdjh ri wkh frrolqj surfhvv1

719 Dgldedwlf h{sdqvlrq ri wkh wudsslqj srwhq0

wldo

Dv zh kdyh vhhq lq wkh suhfhglqj vhfwlrq/ vhyhudo sureohpv duh hqfrxqwhuhg
zkhq wkh ghqvlw| ri wkh dwrplf jdv vdpsoh ulvhv deryh � 4347 fp�61 Wkhvh
sureohpv pljkw eh flufxpyhqwhg e| dgldedwlfdoo| h{sdqglqj wkh wudsslqj sr0
whqwldo1 Dgldedwlf h{sdqvlrq wudghv lq ghqvlw| iru whpshudwxuh/ nhhslqj wkh
skdvh0vsdfh ghqvlw| frqvwdqw1 Lq wklv vhfwlrq zh zloo jlyh d vkruw glvfxvvlrq ri
wkh vfdolqj ri ghqvlw| dqg whpshudwxuh zlwk wkh wudsslqj sdudphwhuv �/ � dqg
X3/ dqg ghvfuleh krz dq dgldedwlf fkdqjh ri wkh wudsslqj sdudphwhuv d�hfwv
vsloolqj lq wkh hydsrudwlrq surfhvv1 Vlqfh dgldedwlf h{sdqvlrq lv rqo| uhohydqw
dw orz whpshudwxuhv/ zh wuhdw wkh fdvh ri d sxuho| kduprqlf wudsslqj srwhqwldo
dv wkh olplwlqj fdvh nW � X3 ri wkh Lr�h wudsslqj srwhqwldo1

Wkh uhihuhqfh ghqvlw| lq wkh olplw �$4 lv irxqg iurp gh�qlwlrq +7=:,

q3 * Q

�6@5��@6@5
4

@ Qi+�,+nW ,�6@5/ +71:4,

zlwk ��@6@5
4

@ 5X3DLT+nW ,
6�+6, wkh sduwlwlrq ixqfwlrq ri dq lq�qlwho| ghhs

Lr�h wuds lq wkh kduprqlf olplw nW � X31 Khuh/ DLT lv jlyhq lq +5=:, = Wkh
vhw ri wudsslqj sdudphwhuv i�> �> X3j/ wkdw zh ghqrwh e| �/ lv frqwdlqhg lq wkh
ixqfwlrq

i+�, @
4

5�6@5
�5�4@5

X3
1

Iru dq dgldedwlf fkdqjh lq rqh ri wkh wudsslqj sdudphwhuv/ skdvh0vsdfh ghqvlw|
lv frqvhuyhg dqg vr W � +q3,

5@6 gxulqj h{sdqvlrq1 Iurp +7=:4, zh wkhq �qg
wkdw wkh ghqvlw| vfdohv dv

q3 �
s
i+�,1 +71:5,

Lq sduwlfxodu/ iru d yduldwlrq ri wkh udgldo judglhqw �/ wkh ghqvlw| vfdohv dv

q3 � �1 +71:6,

dqg wkh whpshudwxuh

W � �5@61 +71:7,

Lq uhjdug wr frqglwlrq +7=4,/ zh �qg wkdw wkh phdq iuhh sdwk � vfdohv dv � � ��4

dqg wkdw wkh udgldo glphqvlrq ri wkh vdpsoh o � ��5@61
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Wkh sdudphwhu � fdq eh ghfuhdvhg lq d frqwuroohg zd| ryhu vhyhudo rughuv ri
pdjqlwxgh e| ghfuhdvlqj wkh fxuuhqw wkurxjk wkh Lr�h eduv +vhh vhfwlrq 515,1 Rq
wkh edvlv ri wkh vfdolqj uhodwlrq +7=:6, zh �qg wkdw wklv lv dq h�hfwlyh phwkrg
wr lqfuhdvh wkh olihwlph ri wkh vdpsoh dw wkh EHF rqvhw dqg wr frqwuro wkh vshhg
ri wkh frrolqj surfhvv1 Ixuwkhu/ lw voljkwo| lpsuryhv wkh udwlr ri wkh phdq iuhh
sdwk dqg wkh udgldo glphqvlrq ri wkh vdpsoh1

Dq dgglwlrqdo dgydqwdjh ri dgldedwlf h{sdqvlrq lv d vpdoo uhgxfwlrq ri wkh
vsloolqj udwh1 Wkh vsloolqj ri dwrpv iru jhqhudo wuds fkdqjhv fdq eh ghulyhg iurp
wkh wrwdo qxpehu ri txdqwxp vwdwhv  dydlodeoh ^57`1 Lq wkh olplw ri kduprqlf
wudsslqj srwhqwldo/ wkh ghqvlw| ri vwdwhv �+%, � 5X3DLT%

5 dqg vr

+%w> �, @

] %w

3

g% �+%, @
5

6
X3DLT%

6
w 1 +71:8,

Wkh udwh ri fkdqjh ri qxpehu ri dwrpv gxh wr vsloolqj lv jlyhq dv

bQvslo @ i+%w, b @ i+%w,+
C

C%w
b%w .

C

C�
b�,1 +71:9,

Ohw*v djdlq frqvlghu wkh fdvh ri dgldedwlf h{sdqvlrq e| uhgxflqj wkh udgldo
judglhqw �1 Xvlqj C

C� @ �5� +vlqfh DLT � ��5, dqg ixuwkhu 
%w�+%w,

@ 4@6/ wkh

vsloolqj udwh fdq eh zulwwhq dv wkh surgxfw ri wkh vsloolqj udwh iru frqvwdqw wuds
sdudphwhuv +7=64, dqg d idfwru wkdw ghshqgv rq wkh udwlr ri wkh udwh ri fkdqjh
ri � dqg wkh udwh ri fkdqjh ri %w =

bQvslo

Q
@ �

b%w
%w
+4� 5

6

b�@�

b%w@%w
,1 +71::,

Vr/ zkhq b�@� lv ri wkh rughu b%w@%w wkh vsloolqj udwh fdq eh vljql�fdqwo| uhgxfhg1
Krzhyhu/ iru kljk ydoxhv ri wkh wuxqfdwlrq sdudphwhu � � ;/ sduwlfoh orvv

gxh wr vsloolqj lv pxfk vpdoohu wkdq wkh sduwlfoh orvv gxh wr hydsrudwlrq1 Iru
h{dpsoh/ iru wkh rswlpl}hg fxuyh zlwk Q3 @ 43< lq �jxuh 716/ sduwlfoh orvv gxh
wr vsloolqj lv rqo| d idfwru � 4=91 Wkhuhiruh/ wkh uhgxfwlrq ri wkh vsloolqj udwh
zloo qrw eh ri juhdw vljql�fdqfh wr wkh h!flhqf| ri wkh frrolqj surfhvv1

71: Wkh glphqvlrqdolw| ri hydsrudwlrq

Lq wkh glvfxvvlrq ri hydsrudwlyh frrolqj zh kdyh dozd|v frqvlghuhg lghdo hyds0
rudwlrq1 Lq sduwlfxodu/ zh dvvxphg wkdw wkh vhohfwlrq fulwhulrq iru wkh uhprydo
ri dwrpv zdv edvhg rq wkh wrwdo hqhuj| % ri wkh dwrp1 Krzhyhu/ iru uhdo h{shu0
lphqwv wklv lv qrw dozd|v wkh fdvh1

Lq wklv frqwh{w zh lqwurgxfh wkh qrwlrq �h�hfwlyh glphqvlrq ri hydsrudwlrq�1
Li wkh vhohfwlrq fulwhulrq iru uhprydo ri dwrpv lv edvhg rq wkh wrwdo hqhuj|/ l1h1 % A
%w/ hydsrudwlrq lv vdlg wr eh wkuhh glphqvlrqdo +6G,1 Krzhyhu/ li wklv fulwhulrq
lv edvhg rq wkh hqhuj| iru wkh prwlrq lq rqh ru wzr sduwlfxodu gluhfwlrqv/ l1h1
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%{ A %w ru %{ . %| A %w/ hydsrudwlrq lv fdoohg rqh uhvshfwlyho| wzr glphqvlrqdo1
Wkh h!flhqf| ri 4G hydsrudwlrq lv pxfk ohvv frpsduhg wr 6G hydsrudwlrq gxh
wr d gudvwlf ghfuhdvh lq wkh hydsrudwlrq udwh e| d idfwru � 7� ^45`1

Vlqfh wkh hydsrudwlrq vxuidfh/ ghwhuplqhg e| wkh uhvrqdqfh frqglwlrq +6=4,/
hqwluho| hqforvhv wkh dwrplf vdpsoh/ ui0lqgxfhg hydsrudwlrq lq wkh Lr�h wuds lv lq
sulqflsoh d 6G hydsrudwlrq vfkhph1 Krzhyhu/ gxh wr wkh judylwdwlrq srwhqwldo/
wkh hydsrudwlrq pd| ehfrph h�hfwlyho| rqh glphqvlrqdo1

Wdnlqj lqwr dffrxqw judylwdwlrq/ wkh wrwdo srwhqwldo lv qr orqjhu v|pphwulf
lq �1 Lq sduwlfxodu/ lq wkh krul}rqwdo udgldo gluhfwlrq wkh srwhqwldo hqhuj| lv
jlyhq e|

Ykru+�, @ YE+�> 3,/ +71:;,

zlwk YE+�> }, wkh pdjqhwlf srwhqwldo +5=6,/ zkloh lq wkh yhuwlfdo udgldo gluhfwlrq
rqh pxvw wdnh lqwr dffrxqw dovr wkh judylwdwlrqdo srwhqwldo

Yyhu+�, @ YE+�> 3, .puej�/ +71:<,

zlwk j wkh dffhohudwlrq ri judylw|1 Wkh gl�huhqfh lq srwhqwldo hqhuj| �Y lq wkh
krul}rqwdo dqg yhuwlfdo gluhfwlrq dw wkh hydsrudwlrq vxuidfh lv wkxv jlyhq e|

�Y @puej�uhv / +71;3,

zlwk �uhv ghwhuplqhg e| wkh uhvrqdqfh frqglwlrq +6=4,1
Hydsrudwlrq lv prvw olnho| wr rffxu dw wkh erwwrp ri wkh hydsrudwlrq vxuidfh/

zkhuh wkh h�hfwlyh hydsrudwlrq eduulhu lv �Y orzhu wkdq wkh hydsrudwlrq eduulhu
wr wkh vlghv ri wkh vxuidfh1 Zkhq �Y lv pxfk odujhu wkdq nW / hydsrudwlrq lq
rwkhu gluhfwlrqv wkdq wkh yhuwlfdo gluhfwlrq duh uxohg rxw dqg wkh hydsrudwlrq
zloo eh h�hfwlyho| rqh glphqvlrqdo1 Wkh frqglwlrq iru 6G hydsrudwlrq

�Y � nW +71;4,

zloo qrz eh glvfxvvhg iru wkh olplw nW  X3 ri olqhdu udgldo srwhqwldo dqg iru
wkh olplw nW � X3 ri kduprqlf udgldo srwhqwldo vhsdudwho|1

Olqhdu olplw

Iru kljk whpshudwxuhv wkh pdjqhwlf srwhqwldo uhgxfhv wr YE+�> 3, � ��/ dv
vkrzq lq �jxuh 7191 Wkh uhvrqdqfh srvlwlrq �uhv fdq eh zulwwhq dv �uhv @ %w@�/
zlwk %w wkh wuxqfdwlrq hqhuj| dvvxplqj judylwdwlrq lv devhqw1 Frqglwlrq +7=;4,
qrz uhdgv

�Y @
puej

�
%w � nW /

iurp zklfk d frqglwlrq iru wkh wuxqfdwlrq sdudphwhu � fdq eh ghulyhg=

�� �

puej
@ 581 +71;5,

Dv � w|slfdoo| ydulhv ehwzhhq 8 � 43/ hydsrudwlrq fdq eh frqvlghuhg wr eh wkuhh
glphqvlrqdo lq wkh olplw ri olqhdu udgldo wudsslqj srwhqwldo1
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Iljxuh 719= Wkh olqhdu wudsslqj srwhqwldo lq wkh krul}rqwdo udgldo gluhfwlrq +Ykru,
dqg lq wkh yhuwlfdo udgldo gluhfwlrq +Yyhuw, iru wkh olplw nW  X31 Yyhuw lv wlowhg/
gxh wr wkh lq xhqfh ri judylwdwlrq1 Zkhq wkh gl�huhqfh �Y  nW hydsrudwlyh
frrolqj zloo eh rqh glphqvlrqdo1

Kduprqlf olplw

Lq wkh orz whpshudwxuh olplw wkh udgldo wudsslqj srwhqwldo ehfrphv h�hfwlyho|

kduprqlf/ YE � �5

5X3

�5/ dv vkrzq lq �jxuh 71:1 Xqghu lq xhqfh ri judylwdwlrqdo
irufh/ wkh srvlwlrq �3 ri wkh srwhqwldo plqlpxp lv vkliwhg lq wkh yhuwlfdo gluhfwlrq1
Wkh vkliw ��3 lv hdvlo| fdofxodwhg iurp gYyh u

g� @ 3 dqg |lhogv

��3 @
puejX3

�5
@ 4=4 �p1 +71;6,

Wkh fruuhvsrqglqj vkliw lq }hur0srlqw hqhuj| �%3 lv yhu| vpdoo=

�%3 @
+puej,

5
X3

5�5
@ 3=38 �N1 +71;7,

Wkh srvlwlrq ri uhvrqdqfh �uhv iroorzv iurp
�5

5X3
�5uhv @ %w/ vr wkdw frqglwlrq

+7=;4, pd| eh uhzulwwhq dv

�Y @puej

u
5X3

�5
s
%w � nW 1 +71;8,
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Iljxuh 71:= Wkh kduprqlf wudsslqj srwhqwldo lq wkh krul}rqwdo udgldo gluhfwlrq
+Ykru, dqg lq wkh yhuwlfdo udgldo gluhfwlrq +Yyhuw, lq wkh olplw nW � X31 Yyhuw
lv vkliwhg/ gxh wr wkh lq xhqfh ri judylwdwlrq1 Zkhq wkh gl�huhqfh �Y  nW
hydsrudwlyh frrolqj zloo eh rqh glphqvlrqdo1

Vtxdulqj erwk vlghv ri frqglwlrq +7=;8, dqg glylglqj e| nW / rqh �qgv d frqglwlrq
iru wkh whpshudwxuh

nW  �
5X3

�5
+puej,

51 +71;9,

Iru d w|slfdo ydoxh ri � � ; rqh glphqvlrqdo frrolqj vhwv lq iru W ? 4=; �N1
Iurp frqglwlrqv +7=;5, dqg +7=;9, lw lv fohdu wkdw wkh h�hfw ri judylwdwlrq rq

wkh glphqvlrqdolw| ri frrolqj surfhvv ghshqgv vwurqjo| rq wkh vwhhsqhvv ri wkh
wudsslqj srwhqwldo= Wkh wljkwhu wkh frq�qhphqw/ wkh vpdoohu lv wkh lq xhqfh ri
judylw|1 Jlyhq wkh wudsslqj sdudphwhuv dv glvfxvvhg lq vhfwlrq 5/ zh h{shfw wkh
hydsrudwlrq surfhvv wr eh 6G xqwlo forvh wr wkh rq0vhw ri EHF1

Krzhyhu/ dv glvfxvvhg lq wkh suhfhglqj vhfwlrq/ wr rewdlq d Ervh frqghqvhg
vdpsoh zlwk pdq| dwrpv/ dgldedwlf h{sdqvlrq lv qhfhvvdu| wr lqfuhdvh wkh olih0
wlph ri wkh vdpsoh1 Lq wkdw fdvh/ lqhylwdeo| frrolqj zloo ehfrph 4G/ zklfk zloo
fdxvh wkh hydsrudwlrq udwh wr ghfuhdvh ryhu pruh wkdq rqh rughu ri pdjqlwxgh
dv srlqwhg rxw e| ^45`1 Iurp �jxuh 715 rqh �qgv wkdw iru ghqvlwlhv lq wkh rughu
< � 4346fp�6 orvvhv duh grplqdwhg e| glsrodu uhod{dwlrq/ fruuhvsrqglqj wr d
yhu| vpdoo froolvlrq udwlr �5 � 43�71 Wdnlqj lqwr dffrxqw wkh ghfuhdvh ri wkh
hydsrudwlrq udwh e| d idfwru 7�/ dq h�hfwlyh froolvlrq udwlr fdq eh h{suhvvhg dv
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�h�5 * �5 � 7� * 6 � 43�6/ zklfk vwloo doorzv udwkhu h!flhqw hydsrudwlyh frrolqj
+" � 6,1 Wkxv zh h{shfw wkdw hyhq xqghu frqglwlrqv ri 4G hydsrudwlrq EHF
fdq eh uhdfkhg1
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Fkdswhu 8

Frqfoxvlrq

Lq wklv wkhvlv d vwxg| ri ui0lqgxfhg hydsrudwlyh frrolqj zdv suhvhqwhg/ zklfk
zdv grqh h{solflwo| iru ;:Ue dwrpv lq d Lr�h wudsslqj srwhqwldo1 Lq rughu wr gh0
whuplqh wkh ui0dpsolwxgh qhhghg iru h!flhqw hydsrudwlyh frrolqj/ wkh wudqvlwlrq
suredelolw| wr xqwudsshg pI vwdwhv iru rxu �yh ohyho v|vwhp +I @ 5, zdv fdofx0
odwhg iru uhdolvwlf h{shulphqwdo frqglwlrqv1 Wkh dpsolwxgh ri wkh ui0�hog qhhghg
wr pdlqwdlq d frqvwdqw h!flhqf| forvh wr xqlw| zdv h{suhvvhg dv d ixqfwlrq ri
whpshudwxuh1 Dw wkh vwduw ri wkh frrolqj surfhvv/ dw d whpshudwxuh ri 633 �N/
zh irxqg= Eui @ 463 � 43�: W1 Dv wkh whpshudwxuh ghfuhdvhv wkh dpsolwxgh ri
wkh ui0�hog pd| ghfuhdvh gxh wr wkh gurs lq wkhupdo vshhg dqg ru whpshudwxuhv
ehorz 43 �N wkh dpsolwxgh pd| ghfuhdvh hyhq idvwhu/ gxh wr wkh  dwwhqlqj ri
wkh wudsslqj srwhqwldo1 Dw wkh �qdo vwdjh ri wkh frrolqj surfhvv/ iru d whpshu0
dwxuh ri 4 �N/ wklv uhvxowv lq d ui0dpsolwxgh Eui @ 55 � 43�: W1 Dsduw iurp d
orzhu erxqg wr wkh ui0dpsolwxgh dq xsshu erxqg zdv frqvlghuhg/ ruljlqdwlqj
iurp wkh frqglwlrq wkdw wkh dwrpv lq wkh �hog fhqwhu vkrxog qrw eh d�hfwhg e|
wkh ui0�hog1 Zh irxqg wkdw iru whpshudwxuhv ehorz � 4 �N lw pd| qrw eh srv0
vleoh wr h!flhqwo| uhpryh kljk hqhujhwlf dwrpv iurp wkh wuds/ zlwkrxw lqgxflqj
wudqvlwlrqv wr xqwudsshg vwdwhv lq wkh fhqwhu ri wkh wuds1 Ilqdoo|/ wkh ghvljq
ri wkh ui0flufxlw zdv frqvlghuhg1 Iru d wzr wxuq frlo lq frpelqdwlrq zlwk d 4:
Zdww dpsol�hu wkh uhtxluhg �hog dpsolwxghv fdq eh rewdlqhg1 D frqwuroodeoh
dwwhqxdwru zloo surylgh wkh qhfhvvdu| dpsolwxgh ghfuhdvh1

Wkh pdlq sduw ri wklv wkhvlv lv ghyrwhg wr d ghwdlohg vwxg| ri wkh g|qdplfv ri
hydsrudwlyh frrolqj/ rq wkh edvlv ri wkh dqdo|wlfdo prgho ri Zdoudyhq ^47`1 Wkh
hydsrudwlrq surfhvv zdv qxphulfdoo| vlpxodwhg dqg zh ghwhuplqhg rswlpl}hg
wudmhfwrulhv %w+w,/ uhdfklqj wkh rq0vhw ri EHF zlwk plqlpdo sduwlfoh orvv1 Wkh
vlpxodwlrq suhglfwv wkdw wkh EHF wudqvlwlrq srlqw fdq eh uhdfkhg zlwk ohvv wkdq
wzr rughuv ri pdjqlwxgh sduwlfoh orvv/ w|slfdoo| zlwk � 43: dwrpv uhpdlqlqj1
Krzhyhu/ wkh olihwlph ri wkh vdpsoh dw wkh EHF rq0vhw zloo eh vkruw gxh wr
udslg orvv iurp wkuhh0erg| uhfrpelqdwlrq1 Wkhuhiruh/ dgldedwlf h{sdqvlrq ri wkh
wudsslqj srwhqwldo lq wkh �qdo vwdjh ri wkh hydsrudwlrq udps zloo eh qhfhvvdu|
wr lqfuhdvh wkh olihwlph ri wkh vdpsoh1
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