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1. HOMEWORK EXERCISE

The following exercise is the homework exercise of October 10 (hand in at latest thursday
october 20 before the start of the exercise class).

Exercise 1.1. Let Q = {£1, +i,+j,+k} be the quaternion group.

(1) Determine the conjugacy classes of Q.

(2) Give the one-dimensional representations of Q.

(3) Prove that @ consists of four one-dimensional representations and one two-dimensional
irreducible representation.

(4) Give the character table of Q.

2. INTRODUCTION

In this supplement to Serre [2, §2.5] we discuss the center of the group algebra of a
finite group GG. We also give an alternative apprach to the canonical decomposition of a
representation ([2, §2.6]).

We discuss the structure of the group algebra in detail. We relate it explicitly to the
structure theory of semisimple algebras. In addition we study the Fourier transform of
a finite group and its inverse. This part of the supplement is an addition to Serre [2,
§6.1-§6.3].

3. PRIMITIVE IDEMPOTENTS IN THE CENTER OF THE GROUP ALGEBRA

A will always be a finite dimensional associative commutative C-algebra with unit 1.
An element a € A is called an idempotent if a*> = a. Two elements a,b € A are called
mutually orthogonal if ab = 0.

Suppose that a,b € A are mutually orthogonal idempotents. Then

(a+b)P=a*+b"+2ab=a+b+0=a+b,
so a+ b€ A is also an idempotent.
Example 3.1. (i) If a € A is an idempotent, then so is 1 — a, since
(1—a)i=1-2a+a>=1-2a+a=1-a.

The idempotents a and 1 — a are mutually orthogonal since a(l —a) =a —a = 0.
(ii) Consider py € C[S,,] given by

b+ = % Z €o b- = % Z 6(0)607

" o€eS, " o€eS,
1
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where €(o) € {£1} is the sign of the permutation o. Then py and p— are mutually orthog-
onal idempotents in C[S,]. Indeed,

P’ = (n1')2 Z €(oT)eyr = % Z e(o)e, = p_,

o, TESy " o€eS,
1 1 1
pap_ = WJ; e(T)e,, = m#{T € Sy le(r)=1}py — m#{T € Syle(r)=—1}ps =0

and pi = py is immediate.

The second example suggests that the construction of mutually orthogonal idempotents
in group algebras has something to do with representation theory (we have seen that Cp,
realizes the trivial representation in the regular representation of S,,, and Cp_ realizes the
sign representation). This is indeed the case, as we shall see in a moment.

An idempotent a € A is called primitive if the following properties hold: a # 0 and if
a = b+ c with b, ¢ € A mutually orthogonal idempotents, then either b = 0 or ¢ = 0.

Lemma 3.2. Suppose a,b € A are primitive idempotents. Prove that ab =0 iff a # b.

Proof. We prove ab # 0 iff a = b.
Let a,b € A be primitive idempotents such that ab # 0. Then

a=ab+a(l—0)

is a decomposition of a in mutually orthogonal idempotents (A is commutative!). Since a
is primitive and ab # 0 we conclude that a(1 —b) = 0, hence a = ab. Reversing the role of

a and b we also conclude that b = ab. Hence a = b. Thus ab # 0 implies a = b. Conversely,
if a = b then ab = a* = a # 0. U

Corollary 3.3. The set {a;}; of primitive idempotents of A is a finite, linear independent
set.

Proof. 1t is a linear independent set for if > . \;a; = 0 (A\; € C, all but finitely many zero),
then 0 = a; ), A\ja; = Aja; for all j by the previous lemma, hence A; = 0 for all j. Since
A is finite dimensional we conclude that {a;}; is a finite set. U

If B and C' are commutative associative algebras with units 1z and 1¢ over C, then the
direct sum

BoC

is a commutative associative algebra with respect to the multiplication (b,c)(V,c) =
(b, cc’), and with unit element 1 = (1p,1¢). The two algebras B and C' naturally embed
as ideals in B @ C via b — (b,0) and ¢ — (0, ¢) respectively. We write simply b for (b,0)
(b € B) and c for (0,¢) (c € C). Note that BC'=0in B@® C (meaning bc = 0 for all b € B
and ¢ € C).
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Exercise 3.4. Let B and C be two commutative, associative, finite dimensional unital
algebras over C. Let {b;}; and {ci}r be the set of primitive idempotents of B and C
respectively. Show that {b;}; U {cx}i is the set of primitive idempotents of B & C.

Proposition 3.5. Let {a;}; be the set of primitive idempotents in A. Then

1= Z ;.
Proof. With induction to dim(A). There is nothing to prove if dim(A) = 1 (then 1 is the
only primitive idempotent in A).

Suppose dim(A) > 1. If 1 € A is primitive, then it is the only primitive idempotent. For
if a € A is another primitive idempotent then 0 # a = a - 1, hence by the above lemma
a=1.

Thus it suffices to prove the induction step in case 1 € A is not primitive. In that
case there exists 0 # b,c € A pairwise orthogonal idempotents such that 1 = b+ ¢. Set
A(D) := Ab:= {ab|a € A}, and similarly A(c). Then A(b), A(c) C A are unital subalgebras
with unit elements b and ¢ respectively. In addition, A = A(b) + A(c) since 1 = b+ ¢ and
A(b) N A(c) = {0} since bec = 0. Hence

(3.1) A= A(b) & A(c)

as vector spaces. Since in addition A(b)A(c) = 0, we conclude that A is isomorphic to the
direct sum of the two subalgebras A(b) and A(c).

Now A(b) # 0 # A(c) since b € A(b) and ¢ € A(c), hence dim(A(b)) < dim(A) and
dim(A(c)) < dim(A). By the induction hypothesis, b = >, b; and ¢ = >, ¢ with {b;};
(resp. {ck}x) the set of primitive idempotents of A(b) (resp. A(c)). Then Exercise 3.4
completes the proof. O

Lemma 3.6. Suppose {a;}; is a set of mutually orthogonal, nonzero idempotents of A.
If {a;}; is a linear basis of A then it is the set of primitive idempotents of A (hence, in
particular, 1 =Y. a;).

Proof. Just as in the proof of the proposition,
A =P Ala)

as algebras, and A(a;) # 0 since a; € A(a;). The extra assumption that {a;}; is a linear
basis of A gives A(a;) = Cay, hence a; is the only primitive idempotent of A(a;). Exercise
3.4 completes the proof. O

Recall from Exercise 5 of the extra set of exercises of October 3 that the subspace F(G)
of Fun(G) consisting of class functions is a commutative subalgebra with respect to the
convolution product

(fxh)(z) =) fl@)hly), =z€C

z,yeG:
TY=2
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on Fun(G) (f,h € Fun(G)). The unit element of Fun(G) with respect to convolution
product is 6.(g) == deg (9 € G).

Frobenius defined irreducible characters of a finite group G as the set of primitive idem-
potents of F(G) with respect to convolution product. We relate now Frobenius’ notion of
an irreducible character to the modern definition using representation theory.

Proposition 3.7. Define for 7 € G (i.e. 7 : G — GL¢(Vy) is an irreducible linear
representation of G),

~ dim(Vy)_
Xﬂ' T #G Xﬂ' S F(G)a

where . 1s the irreducible character associated to m and X,.(9) = X»(9) (9 € G). Then:
(1) {X=},eq is a linear basis of F(G),
(ii) 0 = > e X
(iii) {Xx},cq %5 the set of primitive idempotents of F(G) with respect to the convolution
product.

Proof. (i) We proved this last week, see [2, §2.5, Thm. 6].

(ii) For g € G,
Z X~ (g G Z dime (V) X, (9)

el el

1

= Zg"cl0) = %),

where 7 is the character of the regular representation of G and the last identity follows
from [2, §2.4, Prop. 5].

(iii) In view of (i), (ii) and the previous lemma it suffices to prove that {X»} .z is a set
of mutually orthogonal idempotents, i.e. that

(3.2) Xr * Xa/ = Ox 2/ X
for m, 7’ € G. For this we use the following slight generalization

_ Ot ~
3.3 #(2)xx R (2), G, m,n eC
(3.3) #G ZX L)X (2271 = dimC(Vﬂ)X (2) ze G, m,n €

zeCG
of Exercise 3 of the extra set of exercises of October 3, which can be proved using the

orthogonality relations for the matrix coefficients of the irreducible linear GG-representations
(cf. also Exercise 3.8). But then (3.3) implies for all z € G,

(e % X)) (2) = ) X2z )X ()
zeG
_ dlm@ dlm(c ZXW (oo )
zeG

= 57r,7r’X7r (Z),
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where we used that x-(¢g71) = xx(g) in the second equality. O

Exercise 3.8. (i) For = € G let {mi;}i; be the matriz coefficients with respect to an
orthonormal basis of V; (where we have endowed V, with a scalar product turning 7 into
a unitary representation). Set

~ dim(V;)_
(34) Tj = %ﬂ-lj'

Prove that

’ﬁij * ’ﬁ;l - 57r,w’ j,k%il
for m, 7 € G.
(i) Derive (3.2) as consequence of (i).

4. THE CANONICAL DECOMPOSITION

Exercise 5 of the extra set of exercises of October 3 shows that

frodr=> flge,

geG

defines an isomorphism 1 : Fun(G) — C[G] of algebras (with the convolution product on
Fun(G)). It restricts to an isomorphism of commutative algebras

v F(G) — Z(ClG)),
where Z(C[G]) is the center of the group algebra C[G]. We write for 7 € G,

pei= v, = T S, € Z(ClG)

geG
Proposition 3.7 now immediately gives
Corollary 4.1. (i) {p«},cc is a linear basis of Z(C[G]),

(ii) ec = Y. capr with e. € C[G] the unit element,
(iii) {pr},cq is the set of primitive orthogonal idempotents of Z(C[G]).

Lemma 4.2. (i) Let m € G and write Vy for its representation space. Then
pleﬂ/ = 5W,W’ide/

for all 7' € G.
(ii) Let o : G — GL¢(V) be a finite dimensional linear G-representation. Then there ezists
a unique decomposition

(4.1) V=V(n
e

in G-invariant subspaces such that, for all w7 € G, (Xv(m) | xar) = 0 for n’ € G unless
7w’ =mx (V(m) is called the w-isotypical component of o. The decomposition (4.1) is called
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the canonical decomposition of V).
(iii) For a representation o : G — GL(V') we have V() = p,V for all m € G (here we use
the fact that the representation space V inherits the structure of a C[G]-module).

Proof. Part (i) is an immediate consequence of [2, §2.5, Prop. 6]. By Corollary 4.1, we
have a direct sum decomposition
V=V,

and p,V C V are G-invariant since p, lies in the center of the group algebra. If V ~
@ﬂ"eé dﬂ-/vﬂ./ then pWV ~ dﬂ—vﬂ. by (1)’ hence

(XpWV | Xﬂ") = dﬂ' (XTI’ | Xﬂ’) = 57r,7r’d7r

for all 7 € G. Thus V = @.,.cap~V is a decomposition satisfying the properties as stated
in (ii). It thus remains to prove the uniqueness. Suppose

V=Vn)

WG@
is a second decomposition with V' (7) C V' G-invariant subspaces such that (XV(ﬂ') | Xw') =0
if G 5 ' # m. The last condition implies V() ~ d,V, for all = € G, hence p,V(7') =
dp oV (n') for all m,7" € G by (i). But then
V(m) =Y pV(a) =p.V
re@
for all 7 € G. O

Lemma 4.3. Let 7 € G and o : G — GL(V) a finite dimensional linear G-representation.

Then
Vim) =) W

with the sum over G-invariant subspaces W C V' such that W ~ V.. as G-representations.

Proof. Since V() ~ d, V., the inclusion C is clear. Conversely, if W C V is a G-invariant

subspace such that W ~ V., then p,|w = idy, hence W = p, W C p,V = V(7). O
5. THE FOURIER TRANSFORM OF A FINITE GROUP

As a special case of the canonical decomposition we have for the regular representation
p: G — End(C[G]),

(5.1) C[G] = P A(x)

e
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with A(7) = p,C[G| ~ dim(V;)V; given by
Am)=> I
I

with the sum over left ideals I, C C[G] such that I, ~ V, as left C[G]-module.

Lemma 5.1. Let m, 7’ € CAJ, then
(i) A(r) C C[G] is a subalgebra with unit p,.
(ii) A(m)A(n") ={0} if m # n'.

In other words, (5.1) is a direct sum of algebras.

Proof. Since A(r) = p;C[G] for m € G this follows from the fact that the p, (1 € G) are
mutually orthogonal idempotents in the center Z(C|G]) of the group algebra C[G]. O

Theorem 5.2. For all € G we have
A(m) ~ End(V;)
as algebras.

Proof. Note that dim(A(7)) = dim(V;)? = dim(End(V;)) since A(r) ~ dim(V;)V,. Hence
it suffices to show that the algebra map

A(ﬂ') — End(Vﬂ), a +— @‘VW,

with aly, the action of a € A(m) on the representation space V;, is surjective. Since A(n’)
acts as zero on V. if ©’ # 7 it suffices to show that for each f € End(V;) there exists
an a € C[G] such that f(v) = a-v for all v € V. This is a special case of the theorem
below. U

Theorem 5.3 (Special case of the density theorem). Let 7 € G. For each f € Ende(V;)
there ezists an a € C[G] such that f(v) = a-v for all v € V;.

Proof. We give two proofs. The first proof is quick and uses the orthogonality relations
of the matrix coefficients of 7. It has the disadvantage though that it does not generalize
to the more general setup of semisimple algebras. The second proof, which is based on
abstract representation theoretic arguments, does generalize to this setting.

First proof: Let F, : C[G] — End¢(V;) be given by Fy(a) := aly, (a € C[G]). Let {e;},
be an orthonormal basis of V. (with respect to the scalar product on V; turning 7 into an
unitary representation). Then ef(-)e; (1 <4,j < n) is a linear basis of End¢(V;) and for
g€@q,

Folg) =Y ej(mlg)edei()e; = Y mialo)ei (e
i,j=1 6j=1
Suppose F}; is not surjective. Then there exists a nonzero linear functional n on End¢(V;)
which vanishes on the image of F.. The linear functional 7 is characterized by a choice of
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complex numbers \;; € C, not all zero, such that n(e;(-)e;) = A;; for all 1 < 4,57 < n. But
then for all g € G,

0=n(Fx(g)) = Z AijTji(9),

which contradicts the fact that the m;; are linearly independent in Fun(G) (the linear
independence of the m;; is an immediate consequence of the orthogonality relations of the

Wij)-

Second proof: Fix a linear basis {vq,...,v,} of V; and consider the finite dimensional
linear G-representation

(5.2) E=V,eV,&---dV,;

(n summands). Define for 1 <4, j < n intertwiners ¢;; € End“(E) by

iUy .y Up) = u, u; € Vy
where ugj ) is the r-vector with jth entry u; and zeros everywhere else. We now use the
following

Lemma 5.4. End“(E) = @._, Ce;.

ij=1
Proof. For 1 <i < n define ¢; € Hom® (V,, E) and p; € Hom'“)(E, V,) by
vi(u) = u®, u e Vq,
pi(ur, ... up) = g, uj € Vr.

Let h € End'@(E). Then for 1 <i,j < n we have hy; := p; o hot; € End“(V), hence it
equals \;;idy, for some A;; € C by Schur’s lemma. But then
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Hence h € ZZ]‘:1 Ceyj. Finally, {e;;}};—; is a linear independent set in End®(E). This

follows from the fact that
Ps © €45 0 Ly = 0;,0; 5idy,, 1<i,5,1ms<m,
which in turn follows from a direct computation,
(ps 0 €55 0 ,) () = (ps 0 e55) ()
= i,rps(u(j))
= 0;,70; 5.
O

We continue with the proof of the special case of the density theorem. Fix f € End(V;).
Define h € End¢(FE) by

h(uy, ... un) = ((f(u1), .-, flu)).

Then for all 1 <i,5 < n,

= e;j(h(ur,. .., up)),
hence ho & =€ oh for all € € End'?(E). Set = := (vy,...,v,) € E. Then
ClGlzCFE
is a G-invariant subspace, hence there exists a G-invariant subspace F° C E such that

E =C[G)z@F. Let £ € End'®(E) be the projection onto C[G]z along this decomposition.
Then

(f(v1),--., f(vn)) = h(z)

= h(¢(z))

= {(h(x)) € C[G]x,
showing that there exists an a € C[G] such that

(a'Ul,...,CL'Un> :CLZ':h(l’) = (f(vl)%.‘af(Un))?
hence f = aly, = Fr(a) by linearity. O
Corollary 5.5. The algebra C[G] is isomorphic to the direct sum algebra @, s Endc(Vr).
The isomorphism F : C|G] — D,.ca Ende(Vr) is explicitly given by
F(a) = (FW(CL))WGG

with Fr(a) == aly, € Endc(V;y) for a € C|G] (in particular, Fr(e,) = m(g) for g € G and
m € G). The algebra map F is called the Fourier transform of the finite group G.
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Exercise 5.6. (i) Let V be a finite dimensional complex vector space. Show that
Z(End¢(V)) = Cidy.

(ii) Combine (i) and Corollary 5.5 to give another proof that { X}, .z is the set of primitive
idempotents of Z(C[G]).

~

Theorem 5.7 (Inversion formula). The inverse of the algebra isomorphism F : C[G] —
@D.,.ca Endc(Vr) is explicitly given by

(53) )= 3 (X i (rl )10,

9€G rec@

for f = (fr),eq with fr € Ende(Vz).

Proof. Since the right hand side of (5.3) is linear in f it suffices to prove (5.3) for f = F'(e;)
(x € G arbitrary). Then

fr=Fple,) =m(z), 7wed.
In that case the right hand side of (5.3) thus becomes

S (3 Bt nl o)), = X (X e vate ) )

9€G red !IEG e
- o Srola™
geG
= 2 duaty
geG
which yields the desired result. U

For a finite group G, write (Fun(G), %) for the associative algebra of complex valued
functions on G with respect to convolution product and (Fun(G),-) for the commutative
associative algebra of complex valued functions on G with pointwise product.

Exercise 5.8 (Plancherel formula). Let u,v € C[G] and write w and v asw = ) . a(x)e,
and v =73 ;b(y)e, with a(-),b(:) € Fun(G). Show that

#G Z a(x™1)b( Z dim(V;) Try, (uvlys, ).

xeG e
Corollary 5.9 (Discrete Fourier transform). For a € Fun(Z/nZ) define a € Fun(Z/nZ)
by

ar) = > as)emrm

SEZ/NnZ
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The discrete Fourier transform  : (Fun(Z/nZ),*) — (Fun(Z/nZ),-), a ~— @, is an iso-
morphism of algebras, and

aE) =~ 3 @Fe T Ya e Fun(Z/n).

TFEL/NZL

(Fourier inversion).

Proof. The irreducible representations of Z/nZ are one-dimensional since Z/nZ is abelian.
We can thus identify W with the set {x7}rez/mz of irreducible characters of Z/nZ, which
are given by Y#(3) = e?™rs/n,

Recall the algebra isomorphism v : (Fun(Z/nZ),*) — C[Z/nZ)] given by (a) =
2 rez/nz A(T)er. We also have an isomorphism

@ Endc(Vy) — (Fun(G), )

WEW

of algebras as follows. An element b € P T Endc(V;) is in fact a choice b = (by)rez/mz

of complex numbers b7, with b € C the component in the one-dimensional subalgebra
End¢(V,,) >~ C. Then ¢(b) is defined to be the function on Z/nZ mapping 7 to b for all
7 € Z/nZ.

Let F: C[Z/nZ] — &
get an algebra isomorphism

eEE End¢(Vz) be the Fourier transform of Z/nZ. Then we

Ti=¢o Fot: (Fun(G),*) — (Fun(G),-), a— a.

Writing out the explicit formulas we get for a € Fun(Z/nZ),

— a (g) 627rirs/n’
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which coincides with the definition of @ as given in the statement of the corollary. For the
inversion formula, write f = v(a) = > 5,7 a(S)es, then, by the explicit formula for F -1

Z a(S)es = f
SEZ/NnZ
= F(F(f))

= S (X wHEN)e

S€EZ/nZ TEL/NL
1 - )
= 2 (X ame e,
n
SEZ/NZ TEL/NL
hence, for all 5 € Z/nZ,
- 1 ~(—\ _—2mirs/n
a(s) = - Z a(t)e :

TEL/NZ

We have the following generalization of Corollary 5.9:

Theorem 5.10. Let A be a finite abelian group. Since A is abelian, the irreducible repre-
sentations of A are one-dimensional, hence A can (and will) be identified with the set of
irreducible characters of A. Define for f € Fun(A) its Fourier transform f € Fun(A) by

700 =3 fla)x(a).

acA

Then : (Fun(A),*) — (Fun(A),-) is an isomorphism of algebras and we have the inver-
siton formula

f(a) = # S Fox(a™)

xeA

for all f € Fun(A) and a € A.
Exercise 5.11. Prove Theorem 5.10.

6. SEMISIMPLE ALGEBRAS

If B is a finite dimensional, associative, unital algebra over C then there are the obvious
notions of a B-submodule, intertwiners between B-modules, and irreducible B-modules.
The regular representation of B is B itself, viewed as left B-module using the multiplication
in B. The submodules of B are precisely the left ideals of B. The irreducible submodules
of B are called the simple left ideals of B. Note that a left ideal I C B is automatically a
vector subspace (since B is unital, hence I is closed under multiplication by C1, i.e. it is
closed under scalar multiplication).
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In case B = C[G] is the group algebra of a finite group G, a left C[G]-module is the same
as a linear representation of G, and C|G]-submodules, intertwiners and irreducible modules
are subrepresentations, intertwiners and irreducible linear G-representations respectively.

Definition 6.1. A finite dimensional, associative, unital algebra B over C is called semisim-
ple if B is the sum of its simple left ideals.

In particular, the group algebra C[G] of a finite group G is a semisimple algebra. There
is an important structure theorem for semisimple algebras due to Wedderburn generalizing
Lemma 5.1, Theorem 5.2 and Corollary 5.5.

Theorem 6.2. Let B be a finite dimensional, associative, semisimple, unital algebra over
C. Then

B ~ Endc(V1) @ -+ @ Endc(V,)
as algebras for some finite dimensional complex vector spaces V;. Such an isomorphism

can be realized as follows. Let {I;}; be representatives of the isomorphism classes of simple
left ideals of B. This set is finite. Set

B(i):=> 1

with the sum over left ideals I C B isomorphic to I;. Then B(i) C B is a two-sided ideal,

B(i)B(i") =0 ifi # 4 and
B= @B(z’)

as algebras (this is the canonical decomposition of the reqular representation in case B =
C|G]). Furthermore, B(i) ~ Endc(I;) as algebras, with map given by

b b, be B().

Proof. We do not give the proof of the theorem. It follows closely the line of arguments
which we used for the group algebra in the previous section (for the density theorem, using
a slightly adjusted version of the second proof of Theorem 5.3). For details see, e.g., [1,
Chpt. XVII]. 0

Example 6.3. The subalgebra

a b
s {( %) foneec]

of the algebra of 2 x 2 complex-valued matrices is not semisimple. One can for instance eas-
ily show that B s not the sum of simple ideals. Or, if B would be semisimple, then it would
be a direct sum of endomorphism spaces. Since B is three dimensional the only possibility
would be B~ C @ C @ C. But B is not commutative, which gives the contradiction.
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