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Recently, De Groot’s conjecture that cmp X = def X holds for every separable and metrizable
space X has been negatively resolved by Pol. In previous efforts to resolve De Groot’s conjecture
various functions like cmp have been introduced. A new inequality between two of these functions
is established. Many examples which have been constructed so far in relation with the conjecture
are obtained by attaching a locally compact space to a compact space. An upper bound for the
compactness deficiency def of the resulting space is given.
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compactification compactness degree
dimension compactness deficiency

Unless stated otherwise, all spaces under consideration are separable and
metrizable.

0. Introduction

In 1941 J. de Groot [7] proved the following theorem:

Theorem. A space X is rimcompact (i.e., every point of X has arbitrarily small
neighborhoods with compact boundary) if and only if X has a compactification F(X)
such that the dimension of the remainder F(X )\ X does not exceed 0.
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Looking for natural compactifications of manifolds Freudenthal [6] obtained a
similar result. By this theorem the rimcompactness of a space X may be viewed as
an internal characterization of the existence of a compactification F(X) of X the
remainder F(X)\X of which has dimension <0. The similarity of the definitions
of rimcompactness and zero-dimensionality then naturally leads to the conjecture
below.

For any subset U of a space X let aU denote the topological boundary of U
in X.

The compactness degree cmp X of a space X is inductively defined as follows.

(i) cmp X = —1 if and only if X is compact,

(i1) cmp X < n if every point of X has arbitrarily small neighborhoods U whose
topological boundary dU has cmpoU<n-—1.

The compactness deficiency def X of a space X is defined as the minimum of the
numbers dim Y\ X where Y varies over all compactifications of X. As all dimension
functions agree on a separable and metrizable space there is no ambiguity here.

Various examples of spaces X with cmp X =n or def X =n, neN, are exhibited
in [8]. See also [9]. It is a theorem that cmp X =< def X for any space X. The problem
whether the reverse inequality holds was posed by De Groot.

Conjecture (J. de Groot [7, 8]). For every (separable and metrizable) space X the
equality cmp X = def X holds.

Recently R. Pol resolved this conjecture in the negative.

Example (R. Pol. [13]). There exists a (separable and metrizable) space P with
cmp P=1 and def P=2.

In previous efforts to resolve De Groot’s conjecture various functions like cmp
were introduced. In Section 1 a new inequality between two of these functions is
established (Theorem 1). Many examples which have been constructed so far in
relation with De Groot’s conjecture are obtained by attaching a locally compact
space to a compact space. In Theorem 2 an upper bound for the compactness
deficiency of the resulting space is given. This result is of interest as the above-
mentioned example of Pol as well as an example of Van Mill (see Section 1) are
of this type.

1. The inequality Cmp < Skl

The large inductive compactness degree Cmp is defined in a similar way as the
large inductive dimension:

(i) Cmp X =cmp X if X is rimcompact,

(i) for n=1, Cmp X <n if every non-empty closed set has arbitrarily small
neighborhoods U whose topological boundary 4U has CmpoU=n-1.
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It can be proved [8] that for any space X we have
cmp X <Cmp X <def X. (1)

This is a splitting of the original problem of De Groot. The space P of Pol’s example
has Cmp P =2. So the problem whether Cmp X = def X for every space X is still
unresolved. Up to now only very little is known about this problem [8]. It should
be noticed that a similar problem for completeness degree and completeness
deficiency has been positively resolved [1]. See also [11] where it is shown that for
the obtaining of this positive result the restriction to metrizable spaces is essential.
The analogous problem for o-compactness degree and deficiency, posed by Nagata
[12], has been resolved in the negative [2].

Another splitting of De Groot’s problem is due to Sklyarenko [14]. A space X
is said to have Skl X = n if X has a base 8 ={B;: i €N} for the open sets such that

for any n+1 different indices iy, ..., i, the intersection 8B, ~- - - " 4B, is compact.
It can be shown that for any space X we have
cmp X < Skl X < def X. (2)

It should be noticed that slight modifications of the definition of Skl X can be found
in the literature (e.g. [9, 14]). At this stage of the development there seems to be
little point in making a definite choice.

The inequalities (1) and (2) are interrelated as follows:

Theorem 1. Let X be a space. Then Cmp X = Skl X.

The proof of Theorem 1 is by induction on Skl X. It is shown that, for every
n =1, if Skl X < n, then Cmp X < n. The inductive step of the proof is provided by
the following lemma:

Lemma. Let X be a space with Skl X < n, n= 1. For any closed set F and any open
set U with F< U there exists an open set W such that Fc Wecl We U and
SkloW=n-—1.

Proof. Let 3B ={B;: i eN} be a countable base for the open subsets of X such that
the intersection B, n - - - N 4B; is compact for any n+ 1 different indices i, ..., i, €
N.

Consider the countable collection @ = {(C;, D;): i € N} of all pairs of elements of
% such that ¢l C;< D, and

cddD,cU or DNF=0. (3)

Observe that {C.:ieN} is an open cover of the space X. Define V,=
DAU{cl G;: j=0,...,i—1}, ieN. As is easily seen, ¥"={V;: i N} is a locally finite
open cover of X and for each ieN we have

aVicoCou - - -uaC,_,uaD, (4)
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Now let W=|_{V;:cl V,< U}. Obviously W is an open set and in view of (3) we
have F< W. Because 7 is locally finite, cl W< U and

aWc | J{aVi:cl V,c U} (5)

As in view of (4) each 9V, is the union of a finite collection of closed subsets of
boundaries of elements of &, from (5) it follows that W, for some subset S of N,
is the union of the locally finite collection {E;: j € S}, where each E, is a non-empty
and closed subset of dB;. Observe that here and also in the sequel of the proof the
original indexing of % is used.

For each je S, a point p; € E; is selected. Let P={p;: je S}. Observe that P is
closed. Now let B, ={B;: i€ N,}, where N, <N, be the set of all Be B withdBn P =
@. It is easily seen that %, is a base for the open subsets of X and that for each
B e @B, the boundary 9B is distinct from any boundary 8B, j€ S. So, in particular,
SN N,=0.

Let U be a point-finite open cover of X such that each element of % meets at
most finitely many members of {E;: j € S}. Finally let 8, ={B;: i € N,}, where N,<
N,, be the set of all Be %, such that ¢l Bc U for some Ue ¥ and let €=
{B;ndW: ie N,}. Obviously € is a base for the open sets of 8 W. We claim that €
witnesses the fact that SklIaW=sn—1. To this end, choose n different indices
igy...,1,y from N, and consider the intersection T=3d,w(B,ndW)n---n
33w (B;,_,ndW). We shall show that T is compact. It is not hard to see that T is a
closed subset of the set R=4B,n---naB;  ,NaW. As each cl B, U for some
UecU, j=0,...,n—1, and U is point-finite and each member of 9 meets at most
finitely many E,, where j€ S, it follows that R=J{Rn E;: j€ F} for some finite
subset F of S. For each je€ F, the set RN E; is a closed subset of B, Now RN aB,
is compact, because the n+1 indices j, i, ..., i,—; are distinct. It follows that R
and, consequently, T are compact. [

2. An upper bound for def

In the following theorem a situation is discussed which occurs in many examples
which have been constructed in relation with De Groot’s problem (e.g. {8, 11, 13]).

Theorem 2. Let X = AU B, where A is closed and B is locally compact. Then def X <
dim A+1.

Remark. Under the conditions stated in the theorem one also hascmp X <dim A+1.
This follows from a much more general result [8, Theorem 3.3.2]: If X =AU B,
then cmp X <dim A+cmp B+1. It also follows from Theorem 2 of course since
cmp X < def X.

Preliminary observation. Before embarking upon the proof of Theorem 2 we first
make the following observation. It was shown by Bothe [3] that each n-dimensional
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compactum can be embedded in an (n+1)-dimensional compact absolute retract.
In Krasinkiewicz [10] an elementary proof of this fact was presented. In fact, it
follows from the proof in [10], that if A is an n-dimensional compactum, then there
is an (n+1)-dimensional compact absolute retract Y, containing A as a subspace,
and a homotopy H: Y xI > Y such that Hy=1id and H(Y)n A=0 for all t< (0, 1].

We need the following lemma:

Lemma. Let X = AU B, where A is closed and dim A < n. Then there is a compactifica-
tion 8X of X such that the closure of A in X is a compactum of dimension <n.

Proof. Let yA be a compactification of A such that dim yA=dim A [5, 1.7.2]. Let
oX be any compactification of X. Assume that yA < Q, where Q denotes the Hilbert
cube. Since Q is an absolute retract, the embedding e: A > yA c Q can be extended
to a mapping €: X » Q. The mapping h: X » oX X Q, defined by h(x) = (x, é(x)), is
a topological embedding, which sends X onto the graph G of the mapping €: X - Q
[4,2.3.22]. Now X is identified with its topological copy G. Under this identification
the action of é corresponds to the action of the restriction ,|G, where 7, is the
projection of o X X Q onto the second coordinate space. Let y'X be the closure of
G in oX X Q. In addition, let y'A be the closure of A in y'X. Itis clear that f = 7|y’ A
maps y'A onto yA. Let 8X be the adjunction space y'X u,vA [4,p. 127]. It is
easily seen that the quotient mapping y'X ®@ yA - 8X is a perfect mapping. It follows
that 6X is a metrizable compactum which satisfies all properties required. [

Proof of Theorem 2. Let X, A and B be as mentioned in the theorem and let 6X
be as in the above lemma. In addition, let A’ denote the closure of A in §X. For
convenience, assume that A~ B =0. Since A’ is a compactum of dimension at most
n, we can find a compact absolute retract Y and a homotopy H such as in the
preliminary observation. As B is locally compact and open in X, B is open in 6X
[4,3.5.8]. Because Y is an absolute retract containing A’ as a subspace, the identity
mapping of A’ can be extended to a continuous mapping f:8X\ B~ Y. Define
f: 8X\B- Ybyf"(x) = H,(f(x)),wheret =d(x, A’). Clearlyfis continuous, whence
a perfect mapping since 8X\B is compact. Observe that f|A’=id and f(x)g A’
whenever x2 A’. Now let yX = 86X u;f(SX\B), the adjunction space [4, p. 127].

Observe that by the adjunction the set §X\B is replaced by f(éX\B) and that
dim f(«SX\B) = n+1. Because f is closed, the quotient mapping 8X ®f~(6X\B)—>
vX is closed, whence perfect. It follows that vX is a (metrizable) compactification
of X and dim(yX\X)<dim f(6X\B)<n+1. O

Remarks. Let X be an n-simplex with an open face D removed. Write X = AU B,
where A is the boundary of D and B=X\A. Then X, A and B satisfy the
requirements of Theorem 2, whence def X <dim A+ 1= n. Actually def X =n [9].
This shows that the upper bound for def in Theorem 2 cannot be improved.
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The example in Van Mill [11] also shows that in Theorem 2 the metrizability of
X is essential.

References

[1] J.M. Aarts, Completeness degree. A generalization of dimension, Fund. Math. 63 (1968) 27-41.
[2] J.M. Aarts and T. Nishiura, Kernels in dimension theory, Trans. Amer. Math. Soc. 178 (1973)
227-240.
[3] H.G. Bothe, Eine Einbettung m-dimensionaler Mengen in einem (m + 1)-dimensionaler absoluten
Retract, Fund. Math. 52 (1963) 209-224.
[4] R. Engelking, General Topology (PWN, Warszawa, 1977).
[5] R. Engelking, Dimension Theory (PWN, Warszawa, 1978).
[6] H. Freudenthal, Neuaufbau der Endentheorie, Ann. Math. 43 (1942) 261-279.
[71 J. de Groot, Topologische studién, Thesis, Groningen, 1942.
[8] J. de Groot and T. Nishiura, Inductive compactness as a generalization of semicompactness, Fund.
Math. 58 (1966) 201-218.
[9] J.R. Isbell, Uniform Spaces (Amer. Math. Soc., Providence, RI, 1964).
[10] J. Krasinkiewicz, A method of constructing ANR-sets. An application of inverse limits, Fund. Math.
92 (1976) 95-112.
[11] J. Van Mill, Inductive Cech completeness and dimension, Compos. Math. 45 (1982) 145-153.
[12] J. Nagata, Some aspects of extension theory in general topology, Internat. Symp. on extension
theory, Berlin (1967) 157-161.
[13] R.Pol, A counterexample to J. de Groot’s problem cmp = def, Bull. Pol. Acad. Sci., 30 (1982) 461-464.
[14] E. Sklyarenko, Bicompact extensions and dimension, Trudy Tbilis. Mat. Inst. 27 (1960) 113-114
(in Russian).



