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It is known that if P is either the property w-bounded or countably compact, then for every
cardinal a = w there is a P-group G such that wG = & and no proper, dense subgroup of G is a
P-group. What happens when P is the property pseudocompact? The first-listed author and
Robertson have shown that every zero-dimensional Abelian P-group G with wG > w has a proper,
dense, P-group. Turning to the case of connected P-groups, the present authors show the following
results: Let G be a connected, pseudocompact, Abelian group with wG = a > w. If any one of
the following conditions holds, then G has a proper, dense (necessarily connected) pseudocompact
subgroup: (a) wG < ¢; (b) |G| = a®; (¢) a is a strong limit cardinal and cf(a) > w; (d) |tor G| > c;
(e) G is not divisible.
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1. Introduction

All topological spaces considered here (in particular, all topological groups) are
assumed to be completely regular, Hausdorff spaces, i.e., Tychonoff spaces.
Following Engelking [12], we use w, x, ¢ and d to denote weight, local weight
(=character), pseudocharacter and density character, respectively. As usual, a space
X is said to be:

w-bounded if clx A is compact whenever A< X and |A|<w;

countably compact if each infinite subset of X has an accumulation pointin X; and

pseudocompact if every locally finite family of nonempty open subsets of X is
finite—equivalently, if every real-valued continuous function on X is bounded.

For extensive information and references to the literature concerning these proper-
ties, the reader may consult [12].
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1.1. History of the problem

Of course, every w-bounded space is countably compact. It has been known for
some time [8, 3.3] that for every infinite cardinal « there is an w-bounded group
G with wG = a such that no proper, dense, subgroup of G is countably compact.
For an example to this effect let G be the 2-product in T (first defined in a related
context in [15, 10, 21]) by

G={xeT": [{¢<a:x #1} <o}
For every countable A< G there is countable C = & such that
Ag TC x{l}a\C < Ga

so G is w-bounded. Now let D be a dense, countably compact subspace of G. As
with every dense, pseudocompact space, D is then G;s-dense in G. To prove that
D = G it is enough to show that for every p € G there is a sequence x(n) in D such
that x{(n) - p. To see this, for each xe G write

E(x)={¢<a:x;#1)},
choose x(0) € D so that
x(0),=p, foréec E(p)
and recursively, x(k) having been defined in D for all k < n, choose x(n)€ D so that

p: forée E(p),
1 forfe(U E(x(k)))\E(p).
k<n

x(n)_f =
(The availability for 0= n < ® of such points x{n)€ D is immediate from the fact
that D is G;-dense in G.)

The group G just defined is connected. If a zero-dimensional example is desired,
replace T by {0, 1}. For a torsion-free group which is zero-dimensional or connected
(and of weight «), replace T with 4, or 2, as in [17, 25.8]. Obviously non-Abelian
modifications are also readily constructed.

The foregoing remarks and the close relationship between pseudocompactness
and countable compactness [12] make it attractive to conjecture the existence, for
each infinite cardinal «, of pseudocompact groups of weight @ with no proper,
dense, pseudocompact subgroups. As our Abstract indicates, however, the available
evidence runs otherwise: it is shown in [7] that every zero-dimensional pseudocom-
pact Abelian group of uncountable weight (in particular, every pseudocompact,
Abelian torsion group of uncountable weight) does have a proper, dense,
pseudocompact subgroup. This has led us to consider the connected case, with the
results listed in the Abstract.

The five results enunciated in the Abstract and labelled (a), (b), (c), (d) and (e)
are proved below in Theorems 4.3(a), 5.5, Corollary 5.8(ii) and Theorems 6.1 and
7.1, respectively.



W.W. Comfort, J. van Mill / Connected, pseudocompact groups 23

Every topological group of countable weight is metrizable [17, 8.3], and every
pseudocompact metrizable space is compact (see [12, 8.5.13(c)] or [14, 9.7]). It
follows that a pseudocompact group of weight < w has no proper, dense, pseudocom-
pact subgroup. For the most part, therefore, we are concerned in this paper only
with topological groups of uncountable weight.

1.2. Present status of the problem

Consider now the following three statements:

(1) every zero-dimensional pseudocompact Abelian group of uncountable weight
has a proper, dense, pseudocompact subgroup;

(2) every connected, pseudocompact Abelian group of uncountable weight has
a proper, dense, pseudocompact subgroup; and,

(3) every pseudocompact Abelian group of uncountable weight has a proper,
dense, pseudocompact subgroup.

The situation at present concerning these three statements is: (1) is true [7], (2)
and (3) are as yet undetermined. While attempting unsuccessfully to establish (2)
in full generality, we were led to consider the natural question whether (3) follows
from (1) and (2). (This question is “‘natural” because it happens frequently in the
theory of topological groups that a theorem is established by treating separately the
zero-dimensional and the connected cases and then “pasting together” to achieve
full generality. See {17] for examples of this procedure.) Two avenues of approach
for deriving (3) from (1) and (2) attracted our attention, as follows, but each appears
ineluctably blocked.

(i) The technique: Given G as in (3) with identity component C, attempt to
apply (1) to find a proper, dense pseudocompact subgroup H of G/C and then,
with ¢ the natural homomorphism from G onto G/C, use ¢ '(H) as the desired
subgroup of G. The difficulties: First, in contrast with the situation in compact
groups, a totally disconnected pseudocompact group need not be zero-dimensional
(see Corollary 7.7 below for elucidation of this point). Thus G/C need not be
zero-dimensional. Second, given a continuous, open surjective homomorphism
h:G - K with G and K pseudocompact Abelian groups and H a dense, pseudocom-
pact subgroup of K, the group h~'(H) need not be pseudocompact; in Remark 7.5
below we describe briefly a construction to this effect taken from [7].

(ii) The technique: Given G and C as in (i), and assuming further that C is
divisible, let h be a (possibly discontinuous) homomorphism from G onto the
divisible group C such that h(x)=x for all x€ C, use (2) to find a proper, dense,
pseudocompact subgroup H of C, and use A '(H)= H xkerh as the desired
subgroup of G. The difficulties: First, the group C need not be pseudocompact.
Indeed, we show in Theorem 7.6 that many nonpseudocompact groups arise as the
identity component of a pseudocompact group. Second, even if the connected
component C is pseudocompact, it need not be divisible; we give an example to
this effect in Remark 7.2 below.
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We draw attention explicitly to a question which remains unsolved: Does every
pseudocompact, Abelian group G such that w <wG=<¢ have a proper, dense
pseudocompact subgroup?

1.3. Future considerations

Despite the many “‘positive” results now available, including those in this paper,
we are ambivalent on the question of whether every pseudocompact Abelian group
of uncountable weight has a proper, dense, pseudocompact subgroup. As our results
make clear, the simplest or most accessible counterexample, if one exists, may be
a (connected) G;-dense subgroup G of T'“"' such that |G|=c; see Question 8.6
below. We hope to return to this matter in a later communication.

2. Prerequisites

In this section we fix notation, cite the results we need from the literature, and
establish some elementary, preliminary lemmas. The proofs we omit are available
in [3] or [17].

Since we are concerned chiefly with Abelian groups, we use additive notation
throughout (even in discussing groups which are, perhaps, non-Abelian); the identity
of every group is denoted 0. (As in Section 1, we make an exception in the case of
the circle group T, where we use the usual multiplicative notation and denote the
identity by 1.)

The torsion subgroup of an Abelian group G is denoted tG or ¢(G). That is,

tG ={x € G: there is n € Z\{0} such that nx =0}.

A topological group G is said to be totally bounded (by some authors: precompact)
if for every nonempty open U < G there is a finite F< G such that G=F+ U. It
is a theorem of Weil [26] that a topological group G is totally bounded if and only
if G is (topologically isomorphic with) a dense subgroup of a compact group K;
when these conditions are satisfied the group K is unique in the obvious sense [26]
and we write K = G.

2.1. Theorem [2, 20, 16, 18]. Let K be a compact group with wK =a = w and let G
be a dense subgroup of K (so, K = G). Then

(a) [K[=2%

(b) dK =log a; and

(¢) wK =x(K)=xG=wG.

The following result gives a convenient characterization of those totally bounded
groups which are pseudocompact.
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2.2. Theorem ([8]. Let G be a totally bounded group. The following statements are
equivalent:

(a) G is pseudocompact;

(b) G is Gs-dense in G;

(c) G=8G.

2.3. Corollary. Let G be a pseudocompact group and H a dense subgroup of G. Then
(a) G is connected if and only if G is connected; and
(b) H is pseudocompact if and only if H is G;-dense in G.

2.4. Theorem [9]. Let G be a compact, connected Abelian group such that wG > w.
Then there is a continuous homomorphism from G onto T'“".

The following easy result allows us to give a simplified proof of a theorem from
[7] in Theorem 2.7(d).
For a space X a zero-set of X is a set of the form f~'({0}) with fe C(X, R).

2.5. Lemma. Let X be a pseudocompact space and let Z be a zero-set of X. Then
clgy Z is a zero-set of BX.

Proof. Let Z =f"'({0}) with bounded fe C(X,R) and let fe C(BX, R) satisfy
f< f Then clgx Z< £7'({0}), and if there is
pef ' ({0)\clex Z,
then, choosing ge C(BX, R) such that g(p) =0 and g=1 on Z and writing
h=|fl+g,
we have he C(BX, R), h(p)=0, and h>0 on X, this contradicts the hypothesis

that X is pseudocompact. [

We use the word “normal” only in its algebraic sense. In detail: A subgroup N
of a group G is normal if and only if aN = Na for all ae G.
We adopt the following notation from [7].

2.6. Notation. Let G be a topological group. Then

A(G)={N < G: N isaclosed, normal, Gs-subgroup of G}.

Here we collect together the information needed later about groups in the set
A(G) with G pseudocompact.
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2.7. Theorem. Let G be a pseudocompact group such that wG > w, and let N € A(G).
Then

(a) G/ N is compact and metrizable,

(b) N is a zero-set of G,

(¢) Nis a zero-set of G;

(d) [7, 6.2] N is pseudocompact; and

(e) wN=wG.

Proof. (a) is proved in [9, 3.3].

(b) The natural surjection ¢: G- G/ N is continuous, so from the fact that { N}
is a zero-set of G/ N it follows that ¢ '({N}), which is N, is a zero-set of G.

(c) Since G =BG by Theorem 2.2, statement (c) is immediate from (b) and
Lemma 2.5.

(d) From the fact that N is a Gs-set of G and G is Gs-dense in G (Lemma 2.5)
it is immediate that N is Gs-dense in N. Hence, by Lemma 2.5 (applied to N), the
group N is pseudocompact.

(e) Since local weight y and pseudocharacter ¢ agree on compact spaces,
Theorem 2.1(c) yields

wN=wN=¢N and ¢G=wG=wG.
Now from (c) it follows that N is a Gs-set of G, so from
w<yG=w+y(N)

follows G = ¢ N and hence wN = wG, as required. O

2.8. Notation. Let X =(X, J) be a topological space. The P-space topology on X
determined by J is the smallest topology P on X such that J < P7 and every
Gs-subset of (X, PT) is PT-open.

The set X with the PJ topology is denoted PX.

Given X =(X, 7), the 7-Gj;-sets are a base for PX. Thus a subset Y of X is
dense in PX if and only if Y is G;s-dense in X, and the following statements are
immediate from Theorem 2.2.

2.9. Theorem [6]. Let G be a pseudocompact group and H a dense subgroup of G.
Then H is pseudocompact if and only if H is dense in PG.

2.10. Theorem. Let G be a pseudocompact group with wG = a = w. Then
(a) w(PG)sa”;
(b) G has a dense, pseudocompact subgroup H such that |[H|< a”; and
(c) if |G|> a®, then G has a proper, dense pseudocompact subgroup.
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A space X is a Baire space if every intersection of countably many dense, open
subsets of X is dense. The following theorem derives from these two facts: (a) PX
is a Baire space whenever X is compact; and (b) a G;-dense subspace of a Baire
space is a Baire space.

2.11. Theorem (see [7]). Let G be a pseudocompact group. Then G and PG are Baire
spaces (and hence of second category).

The core of the following theorem appears in [6, 2.5]} and perhaps elsewhere; we
include a proof in order that the present paper be self-contained.

2.12. Theorem. Let G be a pseudocompact group such that wG > w. Then
(a) |Gl=c;
(b) cf(d(PG))> w; and
(c) if G has no proper, dense pseudocompact subgroup, then cf(|G|)> w.

Proof. {(a) Thereis N € A(G) such that |G/ N|= w (and hence w(G/N)}= w). Since
G/ N is compact by Theorem 2.7(a) we have |G/ N| = ¢ by Theorem 2.1(a) and hence
|G|=|G/N|=c
(b) Let H be a dense, pseudocompact subgroup of G (that is, a dense subgroup
of PG) such that
|H|=d(PG)=1,
suppose that c¢f(y) = w (so that y > ¢ by part (a)) and let {H,: n <w} be a sequence
of subgroups of H such that

|H, <y and |J H,=H.
n<w
Let K, denote the PH-closure of H,. Since H =\, K, and PH is a Baire space
(Theorem 2.11) there is n <w such that K, has nonempty interior in PH. There is
N € A such that N < K,, and from Theorem 2.7(a) we have

IH/K,|<|H/N|<e<y.
It then follows that
d(PG)<sd(PH)<dK,|H/K,|<|H,|c<y,

a contradiction.
(¢) Clearly a group G as in (c) satisfies |G| = d(PG), so {c) follows from (b). I

2.13. Lemma. Let G be a pseudocompact group and let G =\, .., A..

(a) There is n < w such that PG-int( PG-¢cl A,)) #0;

(b) there are n<w, pe G and N € A(G) such that A,n(p+ N) is Gs-dense in
p+ N; and

(c) if the sets A, are subgroups of G one may take p=0 in (b).
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Proof. (a) Simply restates a portion of Theorem 2.11.
(b) Choosing n as in (a), and choosing pe G and N € A(G) such that

p+ N < PG-int( PG-¢cl A,),
we see that p+ N is open-and-closed in PG and hence
p+ N=PG-cl{A,n(p+N)),;

this gives (b).

(c) To derive (c) from (b) it is enough to show that if K is any topological group
with subgroups A and B such that An(x+ B) is dense in x+ B for some x€ K|,
then An B is dense in B (we here take K = PG, A=A,, B= N and x = p). Indeed
ifge An(x+ B), then g+ B = x+ B so one may choose x = g€ A. Clearly (A—x)n
B is dense in B, i.e., An B is dense in B. [

2.14. Definition. Let G be an Abelian group.
(a) An indexed set {H,: n <y} of subgroups of G is independent if

H,n{U{H;: £ # n})={0}
for each n <y, and

(b) a subset X of G is independent if {{x): x€ X} is an independent set of
subgroups of G.

Of course, a set {H,: 7 <y} of subgroups of G is independent if and only if the
relation
Y{kx,: ne F}=0

(with finite F< v, x,€ H,, k, €Z) implies k,x, =0 for each ne F.
We continue this introductory section with an elementary lemma which will allow
us to find large independent subsets of certain Abelian groups.

Lemma 2.15. Let G be an Abelian group such that G # tG and let k be an uncountable
cardinal number. Then the following statements are equivalent:

(a) There is an independent X = G such that | X|=x and X ntG =

(b) |G/tG|= «.

Proof. (a)=>(b). Clearly the function from X into G/tG given by

x->x+1tG

is one-to-one.
(b)=>(a). Let X be a maximal independent subset of G\tG and suppose that
| X| < k; from k> o follows [(X)| <« so there is

Y={p:: {<x}s G\(X)
such that £ <7 <« implies p,—p, € tG.
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We claim there is ¢ <« such that ne Z\{0} implies np, g (X). If for every £<«
there is n, € Z\{0} such that n.p, € (X), then since the function &-(n,, n.p,) from
k into (Z\{0}) x (X is not one-to-one there are distinct ¢, 7 <k and n € Z\{0} such
that np, = np,. This contradicts the independence of X and establishes the claim.
The set X u{p,} is then independent, contrary to the maximality of X. O

The referee has observed that Lemma 2.15 is essentially the familiar statement
that G and G/tG have equal torsion-free ranks; see in this connection [17,
pp. 439-444].

The hypothesis G # tG of Lemma 2.15 is satisfied by every nondegenerate Abelian
group with a connected pseudocompact group topology. Indeed we have this simple
result.

2.16. Theorem. Let G be a connected, totally bounded Abelian group such that |G| > 1.
Then |G/1G|= ¢

Proof. Let 0# x € G and let h be a continuous homomorphism from G to T such
that h(x)# 1. From h[G]=T and h[tG] < (T follows

|G/1Gl=|T/(T|=c O

2.17. Remark. It is worthwhile to record an elementary argument showing that if
G is a pseudocompact Abelian group such that G # tG, then the coset space G/tG
is uncountable. Let

G,= U {xeG:kx=0}

O<k=n

for n <w, note that G, is a closed subgroup of G, and note also that G, is nowhere
dense in G. (Indeed, suppose that some G, satisfies int G, # 4§, so that G, is open
in G. Since G is totally bounded the coset space G/ G, is finite—say |G/ G,|=m<
w—and then mnx =0 for all xe G, a contradiction.) From tG =\, .. G, and the
fact that G is of second category (Theorem 2.11) it follows that |G/tG|= ™, as
asserted.

In fact, more can be said (in ZFC) about such G: the inequality |G/ tG|= ¢ holds.
When G has a nontrivial connected subspace, this follows easily from Theorem
2.16. When G is totally disconnected, a proof can be constructed either by appealing
appropriately to the structure theory for compact Abelian groups [17] or by arguing
as in [25]; the latter approach shows that in fact a suitable quotient of G contains
an independent Cantor set (that is, a homeomorph of {0, 1}*). Since we do not need
the relation |G/ G| = ¢ explicitly here, we omit the proof. We hope 10 return to this
inequality and some of its consequences in a later paper.
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3. The set A(G) when G is connected

We have seen (Theorem 2.7(d)) that a closed, normal G;-subgroup N of a
pseudocompact group G is itself pseudocompact. When in addition G is connected,
however, the subgroup N need not be connected. For an example of this
phenomenon with wG = a > w take

G={xeT*: [{(<a:x. 2T} <w},
fix n <a, and define
N={xeG: x,==%1}.

Since G contains densely the 3-product defined in Section 1.1, G itself is pseudocom-
pact and hence BG = T” (Theorem 2.2); thus G is connected. (It is easy to see,
alternatively, that each element of G is connected by an arc to the identity of G.)
Here Ne€ A(G), and N is not connected. It is clear, however, that there exists a
connected M < N such that M € A(G): one may choose

M={xeN:x,=1}.

We will see in Theorem 3.4 that this situation is typical: when G ={(G, J) is itself
connected (and pseudocompact), for every N € A(G) there is aconnected M € A(G)
such that M < N. Alternatively expressed: the J-connected, P7-open sets are basic
for PG.

3.1. Lemma. Let G be a pseudocompact group, and let He A(G) and M =H n G.
Then

(a) Me A(G);

(b) M is Gs-dense in H,

(c) M=H,

{d) M is a pseudocompact group; and

(e) if H is connected, then M is connected.

Proof. (a) is obvious. For (b), note simply that every nonempty G,-subset U of H,
since it is a nonempty G;-subset of G, satisfies

UnM=UnG#0.
Now (c) is immediate, (d) follows from (b), (c) and Corollary 2.3, and (e) follows
from (c), (d) and Theorem 2.2. [

We prove a lemma to be used in Lemma 3.3.

3.2. Lemma. Let X and Y be compact spaces, let A be a compact Gs-set in X, and
let h be a continuous, open function from X onto Y. Then h[ A] is a compact Gs-set
in'Y.
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Proof. Write
A= m Un= m CIXUII

n<w n<w
with U, open in X and with clx U,,,< U, for n < w; clearly
h[Alc M KU, 1= Blel, U1,

1= L~na 11 oLy X Yy
n<w n<w

If g Y satisfies g€ h[clx U,] for each n, then from the nesting of the sets cly U,
follows h~'({gq})nA#9p and hence qgeh[A]. Thus h[A}={.-. h[U,], as
required. O

3.3 Lemma. Let G be a compact, connected Abelian group and N € A(G), and let H
be the component of 0 in N. Then H € A(G).

Proof. If H is not a G;-set of G, then G/ H is not metrizable and hence w(G/ H) > w.
It follows from Theorem 2.4 that there is a continuous homomorphism h from G/ H
onto T*“". Since the continuous surjections h: G/H - T*" and ¢:G > G/ H are
both open functions, by Lemma 3.2 the set

K=(he¢)[N]
is a compact Gs-set of T(‘"”; hence there is countable S < w™ such that
K =75 (ms[K]).

Denoting by 15 the identity of the group T* and writing A = {15} x T, we have
Ac K, A is connected, and [A]=2/“",
The set N/H = ¢[N]is a compact, zero-dimensional space, and since

RIN/H:N/H->K

is an open function the space K is also zero-dimensional. This contradiction
completes the proof. [

We extend the result just proved to pseudocompact groups.

3.4. Theorem. Let G be a connected, pseudocompact Abelian group, let N € A(G)
and let C be the component of 0 in N. Then C e A(G).

Proof. Let H be the component of 0 in N and set M = H n G. Since N € A(G) by
Theorem 2.7(c) we have H € A(G) by Lemma 3.3 and hence M € A(G); thus it is
enough to show M =C.

Since H< N and N is closed in G we have

M=HnNnGgcN
and hence M < C by Lemma 3.1(e); and from
CcNcN
follows C < H and hence C< Hn G =M, as required. [
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4. Connected groups G such that wG < ¢

We say as in [4, 5] that a pseudocompact group fragments into S-many dense,
pseudocompact subgroups if there is an independent family {H,: n <B} of dense,
pseudocompact subgroups of G. The existence of such a family (with 8 =¢) has
been shown in special cases—for G dense in T° in [4], for example, and for
1G] <|G| =B =(wG)* in [5]. In this section we improve the results of [4, 5] and
we show that every connected, pseudocompact Abelian group G such that @™ <
wG < ¢ has a proper, dense, pseudocompact subgroup.

4.1. Lemma. Let G be an Abelian group and let {H,: n <y} be an independent set
of subgroups of G with each |H,|<vy. Let N be a subgroup of G containing an
independent set X such that

|X|=8>1, B>w and XntG=4.
Then for each pe G there is {x,: n<y}< p+ N such that {{H,u{x,}): n<v} is an
independent set of subgroups of G.

Proof. (In the terminology of [17, Appendix A], the conditions on N reduce simply
to the statement that the torsion-free rank of N, denoted ry( N), satisfies ro( N)>

max{y, w}.)
We claim first, writing

Jo=H, and K():<U{HW:O<77<'Y}),
that there is
x=xpep+X<Sp+N,

such that (J,u {x}) and K, are independent. If not, then for every xe p+ X there
are meZ, reJ, and s K, such that

r+tmx=s#0;

since J, and K, are independent we have m # 0. The map x - {(m, r, s) from p+ X into
(Z\{O}) X Jox Ko |

is not one-to-one so there are distinct x, x’€ p+ X and m, r, s such that
rtmx=r+mx'=s

and hence m(x—x")=0. From
x—xe(p+X)—(p+X)c X-Xc NcG\tG

then follows m =0, a contradiction establishing the claim. We define x; as furnished

by the claim.
Suppose now that { <y and that x, has been defined for n <{ so that

{(H,u{x,): n<u{H,;:{=sn<vy}
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is an independent set of groups. We define
J£ = H§ and K§=<U {H,,U{X,,}: n <§}UU{H71: §< n < 7}>

and we note, arguing exactly as in the claim, that there is x; € p+ X such that
(J; u{x}) and H; are independent.

The definition of x,, for n <y is complete. It is clear that {(H, u{x,}): p <y} is
an independent set of groups, as required. [

4.2. Theorem. Let G be a pseudocompact, Abelian group with wG = a > w and |G| =
B = a*. Suppose further that each N € A(G) contains an independent set X such that

[ X|=8 and XnitG=9

(that is, each N e A(G) satisfies ri{ NY=|G|). Then G contains an in

{H,: n<B} of (proper) dense, pseudocompact subgroups.

Proof. Since w(PG)<a® (Theorem (2.10(a)) there is a set & of nonempty
G;-subsets of G (each of the form p+ N for some pe G, Ne A(G)) such that
|#| < a®” and such that each nonempty G;-subset of G contains an element of R.
We write & ={U(£): £ < B} with each element of & listed 8-many times.

Now for 0= n=<{<f we will define x(n, ) and H(n, ¢) so that

(i) x(n,{)e UQ),

(i} H(n, O}={x(n, L) n<s{=<({}), and

(iti) {H(m, {): n=<{} is independent, for { <.
We proceed by recursion on { < 8.

Choose x(0,0)e U(0) and set H(0,0)=({x(0, 0)}); then (i), (ii) and (iii) are
satisfied for { =0.

Now let ¢ < and suppose that (i), (ii) and (iii) are satisfied for { < ¢ We will
define x(n, ¢) and H(n, &) for n < £ First, define

H'(n, &)=U{H(n,{): n<{<¢} forn<¢ and H'(¢£)={0}.
Then {H'(n, £): 1< ¢} is an independent set of |£+ 1|-many subgroups of G, each
of cardinality not exceeding w-|¢. It then follows from Lemma 4.1, with
{H'(n, £): n=< ¢}, max{|+ 1|, w - [£]} and U(¢) replacing {H,: 7 <y}, y and p+ N,
respectively, that there is

{x(n, &): n=¢te UE)
such that, defining

H(n, &) =(H'(n, £)u{x(n, &),

the set {H (7, £): n< &} is an independent set of subgroups of G.
The definition of x(%, {) and H(», {) for n<{ < B is complete. We define

H,=U{H(n,{):n<{<B} forn<B.
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It is clear that {H,: n <} is an independent set of subgroups of G. For each n <j
and U € % there is { such that n<{< g and U = U({); we have

x(n,{)eH,nU.

It follows that H,, is Gs-dense in G, and hence pseudocompact (Theorem 2.9). O

4.3. Theorem. Let G be a connected, pseudocompact Abelian group such that
w<wG=<c Then

(a) G has a proper, dense, pseudocompact subgroup; and

(b) there is an independent set {H,: n<c} of c-many (proper) dense, pseudo-
compact subgroups of G.

Proof. It is enough to prove (b).

Since (wG)” = ¢, by Theorem 2.10(b) there is a dense, pseudocompact subgroup
G’ of G such that |G’ < c Then {G'| = ¢ by Theorem 2.12(a), and G’ is connected
by Corollary 2.3. Thus to deduce the result from Theorem 4.2 it is enough to assume
G = G’ (hence, |G| = ¢) and to show that every N € A(G) contains an independent
set X such that |X|=¢ and X ntG =0.

Given such N, let a connected M € A(G) satisfy M = N (Theorem 3.4), note that
since wM > w by Theorem 2.7(e) there is xe€ M such that x#0, and let h:G->T
be a continuous homomorphism such that h(x)# 1. As in Theorem 2.16 we have
h[M]=T, and to complete the proof it is enough to choose an independent subset
Y of T\(T such that | Y] = c and then a subset X of M such that h| X is one-to-one
from X onto Y. [J

5. Connected groups G such that |G| 2 (wG)*

We have observed in Theorem 2.10 that every pseudocompact group G such that
wG = a = w and |G|> a” has a proper, dense, pseudocompact subgroup (of cardi-
nality not exceeding «). In this section, taking G connected and wG> w, we
achieve the same conclusion for [G|=a“.

For n <w we define ¢,: G~ G by

@n(x) = nx,
and we write
t,.G =ker ¢, ={xe G: nx =0}.
5.1. Theorem. Ler G be a connected, pseudocompact Abelian group and A a subgroup

of G such that A+ tG is Gs-dense in G. Then there is a connected C € A(G) such that
An Cis Gs-dense in C.
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Proof. We assume without loss of generality, the statement being obvious otherwise,
that wG > w. We write

H=A+tG=J A,

n<w

with A, = A+1t,G, we note from Corollary 2.3 that H is a connected, pseudocompact
group, and we use Lemma 2.13 to find n<w and N e A(H) such that A,~ N is
Gs-dense in N. Let C be the component of 0 in N. Then C € A(G) by Theorem
3.4, and C is pseudocompact by Theorem 2.7(d). From C € A(N) it follows that
A, C is Gs-dense in C and hence in C; hence

é.[A, N C]is Gs-dense in ¢,[C]. (*)
Now C is compact and connected, hence divisible [17, 24.25]; thus ¢,[C]= C. And
é.[1.G1=1{0}, so

¢.[A, N Clc ,[A+1,G]n ¢, [Cle (S [A]U{Ohn C

SAnCcsCcC=9¢,[C].

It is then immediate from (*) that A~ C is G;-dense in C, as required. O

5.2. Corollary. Let G be a connected, pseudocompact Abelian group and A a subgroup
of G such that A+1G is Gs-dense in G. Then there is E < G with |E|< ¢ such that
(A+E) is Gs-dense in G.

Proof. By Theorem 5.1 there is (connected) N € A(G) such that An N is Gs-dense
in N. Since G/ N is a compact metric space (Theorem 2.7(a)) there is E < G with
|[E|< ¢ such that every pe G satisfies En{p+ N)#@. It is clear that E is as
required. O

We indicated in Theorem 2.16 that every nondegenerate, pseudocompact, con-
nected Abelian group G satisfies |G/tG|= ¢. Here we give a stronger conclusion.

5.3. Definition. Let G be a pseudocompact Abelian group. Then
#G =min{|A|: (AU 1G) is Gs-dense in G}.

5.4. Lemma. Let G be a connected, pseudocompact Abelian group such that |G|> 1,
and let Ne A(G). Then #N = c.

Proof. Since wG < w is impossible, and the case wG = is handled by Theorem
2.1(a), we assume wG> w. Let C be the component of 0 in N. Then C e A(G)
(Theorem 3.4), so wC > w (Theorem 2.7(e)) and hence |C|>1. Let 0 xe C and
let h be a continuous homomorphism from N into T such that h(x)# 1; clearly

T<h({Cleh[N]cT

Now let (AU tN) be G;-dense in N. Then h[(AU IN)]=T and from h[IN]< T
and [tT| = w it follows that |h{{A)]| = ¢ and hence |A|= ¢, as required. O
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The following theorem is our principal result.

5.5. Theorem. Let G be a connected, pseudocompact Abelian group with wG=a>w
and |G| =B = a®. Then either
(i) G contains a ( proper) dense, pseudocompact subgroup H such that |H| <8, or
(i1} G contains an independent set {H,: 7 < B} of ( proper) dense, pseudocompact
subgroups.

Proof. We consider two cases.

Case 1. There is a connected N € A(G) such that # N < 8. Then 8> ¢ by Lemma
5.4. From the definition of # N and Corollary 5.2 (applied to N in place of G)
there are A< N with |A|=# N and E c N with|E|=< csuchthat{(Au E)is Gs-dense
in N. From Theorem 2.7(a), there is F< G with |F|< ¢ such that

G/N={x+N:xeF}.
It is then clear, writing H =(Au E L F), that H is Gs-dense in G and that
|[Hl=s#N+c+c<p;

thus (i) holds.

Case 2. Every connected N € A(G) satisfies # N = 8. Then every such N satisfies
|N/tN}= B, so according to Theorem 3.4 every (not necessarily connected) N e
A(G) satisfies| N/tN| = B. It follows from Lemma 2.15 that every N € A(G) contains
an independent set X such that | X|=8 and X ntG =@, and (ii) is immediate from
Theorem 4.2. [J

Theorem 5.5 yields another route to Theorem 4.3. Here are the details.

5.6. Corollary. Let G be a connected, pseudocompact Abelian group such that w <
wG < c. Then there is an independent set {H,: n<c} of c-many (proper) dense,
pseudocompact subgroups of G.

Proof. Asinthe proof of Theorem 4.3, we may assume | G| = ¢. According to Theorem
2.12(a) no dense, pseudocompact subgroup H of G can satisfy (i) of Theorem 5.5,
so (ii) holds with 8 =¢ [

The singular cardinals hypothesis (SCH) is the statement that «* < «*2* for all
infinite cardinals « and A. That it can be useful in connection with the study of
dense subspaces has been demonstrated by Cater, Erdds and Galvin [1]. Concerning
the strength of this axiom, they write in part (here we paraphrase slightly): “‘Clearly,
SCH follows from the generalized continuum hypothesis, but is much weaker. In
fact, models of set theory violating SCH are not easy to come by; Prikry and Silver
(see Jech [19, Section 37] and Magidor [22, 23]) have constructed such models
assuming the existence of very large (e.g., supercompact) cardinals, and Devlin and
Jensen [11] have shown that some large cardinal assumption is necessary.”
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In the following theorem we use SCH to replace the hypothesis 8 = a of Theorem
5.5 with the more natural assumption 8= a.

5.7. Theorem. Assume SCH. Let G be a connected, pseudocompact Abelian group
such that |G|= wG > w. Then G has a proper, dense, pseudocompact subgroup.

Proof. We set wG =ca and |G| = B. According to Theorems 4.3 and 2.12(c) the
conclusion holds in case a=<c¢ or c¢f(8)=w, so we assume a > ¢ and cf(8)> w;
according to Corollary 5.6 it is enough to show 8= a“. If 8 <a"”, then from SCH
follows

asfB<a“sa’2’=a”

and hence a = 8. From cf(a)=cf(B8)> w it follows that for every countable subset
A of «a there is £ <a such that Ac £ so we have
a’< ¥ < ¥ |§"2"<a-c=a=8,
(<a

E<a

as required. [

A cardinal number « is said to be a strong limit cardinal if 2¥ < a whenever y < a.
We consider next some consequences of Theorem 5.7 for groups G whose weight
is a strong limit cardinal.

5.8. Corollary. Let G be a connected, pseudocompact Abelian group such that wG =
a>w and a is a strong limit cardinal. If any one of the following conditions holds,
then G has a proper, dense, pseudocompact subgroup:
(i) SCH;
(il) cf(a)> w;
(i) a*=a”;
(iv) a* =2~

Proof. Set 8 =|G|. Since « is a strong limit cardinal and G is dense in G and
|G| =2 (Theorem 2.1(a)), we have 8= .

If (i) holds, use Theorem 5.7.

If (ii) holds, then as in the proof of Theorem 5.7 we have

a*< Y |¢g°= ¥ 2¥<a-a=a
E<a E<a

and hence 8= a“; thus Theorem 5.5 applies.

If (iii) holds but 8 < a®, then from

asB<a“’sa”
we have B8 = a. The desired conclusion now follows from Theorem 2.12(c) in case
cf(B) = w, and from (ii) in case cf(B)> w.
If (iv) holds, then (iii) holds.
The proof is complete. O
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6. Groups G with [tG|> ¢

Our success heretofore has been based in part on the fact that the groups G we
have been considering have a torsion subgroup tG which in an appropriate sense
is small—so small, for example, that G/tG = ¢ in Theorem 4.3, or |G/tG|=|G] in
Theorem 5.5(ii). In this section, in contrast, we achieve the same conclusion (that
is, the existence of a proper, dense, pseudocompact subgroup) when (G is suitably
large. The theorem we prove here appears to stand in isolation; in particular, its
proof does not depend on the constructions introduced in Section 5.

6.1. Theorem. Let G be a connected, pseudocompact Abelian group such that |tG|> .
Then G has a proper, dense, pseudocompact subgroup.

Proof. Let A be a subgroup of G which is maximal with respect to the property
AN tG={0}. For 0# neZ define ¢,:G - G as before:

dau(p)=np.

We note that since G is connected and hence divisible [17, 24.25], the function ¢,
is a surjection onto G. We claim that for every x€ G there is n € Z\{0} such that
¢.(x) € A. For x € A this is clear. If xe G\ A there are ac A, k€ Z, and p € G such
that

at+kx=p#0,

from a # p follows k # 0 and if m € Z\{0} satisfies mp =0, then with n = km we have
n#0 and

d.(x)=nx=mp—ma=-macA,

as required. The claim is proved.
Now define

A, ={xeG: ¢ (x)e A}.

From Lemma 2.13(c) there are n <w and N € A(G) such that A, n N is G;s-dense
in N, so from Theorem 2.7(a) there is E = G such that |E|<c¢ and (A, UE) is
G;-dense in G. Since (A, U E) is G,-dense in G, the group ¢,[(A, U E)] is then
G;-dense in ¢,[ G]= G and hence in the intermediate space G. It follows, writing
F = ¢,[E] and noting

¢.[(A, v E)]<(d.[A.]+ ¢, [EDc A+(F),

that [(F)|<c and A+(F) is a dense, pseudocompact subgroup of G. Since each
coset of A contains at most one element of ¢G the inclusion tG < A+ (F) is false
and hence the containment A+(F)< G is proper. The proof is complete. []
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6.2. Remark. Itistemptingto hope orbelieve that every sufficiently large (connected,
pseudocompact, Abelian) group G will satisfy the hypothesis |tG|> ¢ of Theorem
6.1, but this is naive. Indeed, it is clear from [17, 25.8] that for every cardinal number
«a = w there is a connected, compact Abelian group G(«) such that wG(a) = @ and
t{G(a)) ={0}: the Abelian “a-adic solenoid” X, of [17, 10.12] is connected, compact
and torsion-free, so G(a) =(2,)” is such a group.

7. Miscellaneous theorems and examples

The results we give here serve to illuminate the foregoing theorems and to place
them in perspective. Perhaps the principal result of this section is Corollary 7.7,
which shows that there exist totally disconnected pseudocompact groups of positive
dimension. This (somewhat unexpected) phenomenon explains in part our difficulty
in piecing together a solution to the general “proper dense subgroup™ problem for
pseudocompact groups from the restricted results available for the connected case
and the zero-dimensional case.

Let us first establish Result (e) of the Abstract.

7.1. Theorem. Let G be a pseudocompact, connected Abelian group. If G is not divisible,
then G has a proper, dense, pseudocompact subgroup.

Proof. Since G is connected and hence divisible, the continuous homomorphism
é,:G->G
given by ¢,(x)=nx is surjective; further, ¢,[G] is Gs-dense in ¢,[G]=G and

hence in the intermediate group G. It follows that if G is not divisible, then for
some n < w the group ¢,[ G] is a proper, dense, pseudocompact subgroupof G. O

7.2. Remark. Although divisibility and connectedness are equivalent for compact,
Abelian groups [17, 24.25], it is easy to find connected, pseudocompact Abelian
groups G which are not divisible. For an example of weight @ = w, choose a
nondivisible subgroup D of T and set

G={xeT*:|{£<a:x.2 D}|<w}

(That G is pseudocompact and connected follows just as in the case of the group
considered in the first paragraph of Section 3.)

The relation between divisibility and connectivity for pseudocompact groups is
easily clarified (Theorem 7.4).

7.3. Lemma. Let G be a divisible, totally bounded Abelian group. Then G is divisible.

Proof. Given pe G and 0# neZ, let x, be a net in G such that x, » p and find
yx € G such that ny, = x,. Because G is compact the net y, has a subnet converging
to some point g€ G. It is then clear that nq = p, as required. [J
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7.4, Theorem. Let G be a divisible, pseudocompact Abelian group. Then G is connected.

Proof. G isdivisible (Lemma 7.3) and hence connected [17, 24.25], so G is connected
(Corollary 2.3). 1

7.5. Remark. In Section 1.2(i) above we claimed the existence of a 4-tuple
(G, K, h, H) with G and K pseudocompact groups, h a continuous, open, surjective
homomorphism from G onto K, and H a dense, pseudocompact subgroup of K
such that A7'(H) is not pseudocompact. The interested reader may consult [7,
4.10(b)] for a complete, detailed proof of the validity of the following construction.

For i=1, 2 let K; be a compact, Abelian group with a proper, dense subgroup
H; such that H, is pseudocompact, K, is metrizable, and the groups K,/ H, are
algebraically isomorphic. Let

g.:K,»K,/H,=E
be the natural homomorphisms, define
G={(k,, k»): ki€ K;, q,(k;) = g.(k;) € E},
and define h: G- K by h(k,, k;) =k,. The 4-tuple
(G,K\,h, H)=(G, K, h, H)

is as required.

We show next, as promised in Section 1.2(ii), that many nonpseudocompact
groups arise as the identity component of a pseudocompact group.

7.6. Theorem. Let K be a compact, connected, torsion-free Abelian group and let H
be a connected subgroup of K. Then there is a pseudocompact group G such that H
and the identity component of G are topologically isomorphic.

Proof. Let o =|K|”, to avoid the trivial case assume a>1, let M be a compact,
torsion-free, zero-dimensional metrizable group [17, 25.8], and set J = K x M. The
relation w/=a has two consequences: first, each Ne A(J) satisfies |N|=2"
(Theorems 2.1(a) and 2.7(e)); and second, there is, just as in Theorem 4.2, a set
{U(£): ¢ <a} of nonempty Gs-subsets of J such that each nonempty G;-subset of
J contains one of the sets U(£). We assume without loss of generality that 0 U(0).

For £{ <a we will define x, and A, so that

(i) x.e U(8),

(ii) A=({x,:n=<¢}), and

(ili) A;n (K x{0})={0}.
We proceed by recursion. We set x,=0 and A,= {0}, and we note that (i), (ii) and
(iii) are satistied for £ =0. Now let { < « and suppose that (i}, (ii), (iii) are satisfied
for £ <. We then claim, writing

A;={x: <D
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and noting
¢ (K x{0}) ={0}, (++)

that there is x € U({) such that

(A0 {x]) (K x{0}) = {0},

If the claim fails, then for every x € U({) there are a€ A, n€ Z and k € K such that
a+nx=(k 0)#0,

from (**) we have n# 0. Since |U({)| =2* the map x-{(a, n, k) from U({) into
AL x (Z\{0}) x K

is not one-to-one so there are distinct x, x’€ U({) and q, n, k such that
a+nx=a+nx"=(k 0)#0.

It follows that (n # 0 and) n(x —x") =0, contrary to the hypothesis that J is torsion-
free. The claim is established. We define x; as furnished by the claim and we note
that, with A, defined by (ii) for { = ¢, conditions (i), (ii) and (iii) are satisfied for { = &
Now define
A= A, =({x;: é<a}) and G=(AuU(H x{0})),
E<a
and let C denote the identity component of G. Since A {and hence G) is G;-dense
in the compact group J, the group G is pseudocompact (Corollary 2.3(b)). Since
M* is zero-dimensional we have

Hx{0}c C< K x{0},
and from AN (K x{0}) ={0} follows
C = H x{0},

as required. O

By the dimension of a space X we mean dim X, the Cech-Lebesgue or covering
dimension of X. The relation dim X =dim 8X holds for every (Tychonoff) space
X [12, 7.2.17], and the spaces X for which dim X =0 are exactly those spaces X
for which BX is zero-dimensional (in the sense that 8X has a basis of open-and-
closed sets). It is clear that if X is a {Tychonoff) space and a point x€ X has an
open-and-closed local basis in X, then x has an open-and-closed local basis in BX.
It is then immediate from Theorem 2.2 above that a pseudocompact group G is
zero-dimensional if and only if dim G = 0.

A space X is rotally disconnected if every connected subset Y of X satisfies
| Y|=<1.Asis wellknown (see[17,3.50r 14, 16.17] for a proof), a compact (Hausdorff)
space X satisfies dim X =0 if and only if X is totally disconnected.
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The fact that a totally disconnected group need not be zero-dimensional was first
noted by Erdés [13], who showed that the group G of “rational points™ in separable
Hilbert space I satisfies dim G = 1. (Relevant details of this example are examined
in [17, 7.18 and 14, Exercise 16L]).) Van Mill [24] shows that for every integer n
there is a totally disconnected group G such that dim G = n. As with the group of
Erdés [13], van Mill’s groups have the strong property that every two points are
contained in disjoint open-and-closed sets. In our next result, a consequence of
Theorem 7.6, we show that totally disconnected groups of positive dimension may
in addition be chosen to be pseudocompact.

7.7. Corollary. For n < w there is a totally disconnected, pseudocompact Abelian group
G(n) such that dim G(n)=n. The groups G(n) may be chosen so that every two
points are contained in disjoint open-and-closed sets.

Proof. In the construction of Theorem 7.6 choose K so that dim K =n and take
H ={0}. Retaining the notation of Theorem 7.6 we have |C| =1, so that G is totally
disconnected, while from

BA=BG=J
follows
dim G=dimJ=dim K+dim M*=dim K+0=n+0=n,

as required.
From

G (K x{0})={0}
it follows that the projection
T KxXM*>M"

is one-to-one on G. Since every two points of M * are contained in disjoint open-and-
closed sets, the same is true of G. [

7.8. Remark. The authors did not determine whether every totally bounded, totally
disconnected group has the stronger property that every two points are contained
in disjoint open-and-closed subsets.

7.9. Remark. It is noted in [7] that for many pseudocompact Abelian groups G
there are topological group topologies  and J” such that <9’ and T# J".
Indeed, for many pseudocompact groups G = (G, J) the existence of such a topology
J"' is equivalent to the condition that G admits a proper, dense, pseudocompact
subgroup [7, 5.8]. Here we record a simple criterion sufficient to ensure the availabil-
ity of a strictly coarser pseudocompact group topology.
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7.10. Theorem. Let G =(G, T) be a pseudocompact group such that |G| < wG. Then
there is a pseudocompact topological group topology J' for G such that 'c J and
T #3.

Proof. For 0# xe€ G there are a compact metric group K, and a continuous
homomorphism h,: G- K such that A (x) # 0in K,. (This is essentially a statement
of the Gel’fand-Raikov theorem [17, 22.12]. When G is Abelian one may choose
K, =T for each x.) The evaluation map

e:G->K=[[K,

given by (ep), = h(p) is an algebraic isomorphism, so the topology I’ induced by
K on G is a (Hausdorff) topological group topology. Since J'< 7, the identity
function from{G, ) onto (G, I is continuous and hence (G, J") is pseudocompact.
Since w(G, 7)> |G| while

w(G, I)<swK <w-|G|=|G|,

we have 7'# J, as required. L[]

8. Questions

For the convenience of the research-oriented reader we collect here, approximately
in descending order of generality, those problems related to the present paper which
we have been unable to solve. In the interest of simplicity, let us say that a
pseudocompact group is extremal if it admits no proper, dense, pseudocompact
subgroup. As indicated earlier, every pseudocompact group of countable weight is
extremal, and we do not know if there are other extremal pseudocompact groups;
the principal result of [17] is that no zero-dimensional pseudocompact Abelian
group of uncountable weight is extremal.

8.1. Question. Is every pseudocompact group of uncountable weight nonextremal?

8.2. Question. Isevery pseudocompact Abelian group of uncountable weight nonex-
tremat?

8.3. Question. Is every pseudocompact Abelian connected group of uncountable
weight nonextremal?

8.4. Question. Is every pseudocompact Abelian group of weight <¢ nonextremal?

8.5. Question. Is every connected pseudocompact Abelian group of cardinality =<¢
nonextremal?

Since there is no extremal, connected Abelian group whose weight a satisfies
o < a < ¢, and since (¢*)* = ¢*, the most accessible context not settled by Theorems
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4.3 and 5.5 is the case of a connected group G such that |G|=¢ and wG =¢".
Specifically, we ask:

8.6. Question. Is there an extremal, pseudocompact group G such that |G| = ¢ and
G is dense in T'°"?
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