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THE SPACE OF INFINITE-DIMENSIONAL COMPACTA
AND OTHER TOPOLOGICAL COPIES OF {l})ω

J. J. DIJKSTRA, J. VAN MILL, AND J. MOGILSKI

To Doug Curtis, on the occasion of his retirement

We show that there exists a homeomorphism from the hyperspace
of the Hubert cube Q onto the countable product of Hubert cubes
such that the > A:-dimensional sets are mapped onto Bk x Q x Q x
• , where B is the pseudoboundary of Q. In particular, the infinite-
dimensional compacta are mapped onto Bω , which is homeomorphic
to the countably infinite product of lj. In addition, we prove for
k G { 1 , 2 , . . . ,00} that the space of uniformly > A-dimensional
sets in 2Q is also homeomorphic to (lj)ω .

1. Introduction. If X is a compact metric space then 2X denotes
the hyperspace of X equipped with the Hausdorff metric. According
to Curtis and Schori [6] 2X is homeomorphic to the Hubert cube Q
whenever X is a nontrivial Peano continuum.

Our primary interest is the subset of 2Q consisting of all infinite-
dimensional compacta. This space is an F^-set in 2 e and one may
expect that it is homeomorphic to the countable product of the pre-
Hilbert space

lj = {x el2 : Xi = 0 for all but finitely many /}.

We prove this conjecture. The space (β)ω is in a sense maximal in the
class 3^$ of absolute Fσδ -spaces and it has received a lot of attention
in recent years because of its topological equivalence to numerous
function spaces, see e.g. Dijkstra et al. [7].

For k G {0, 1, 2, . . . , 00} we let Dim>^(X) denote the subspace
consisting of all > /:-dimensional elements of 2X. We define

and Dim<^(X) in the same way. Let Dim>^(X) stand
for all uniformly > A:-dimensional compacta in 2X, i.e. spaces such
that every nonempty open subset is at least ^-dimensional. The de-
fault value here is X = Q, i.e., Dim>^ = Dim>^(Q) etc.

Let / stand for the interval [0, 1]. The Hubert cube is denoted
by Q = YYiίi1 w i t h metric d(x, y) = max{2"I"|xJ - yt\ : / e N} .
The pseudointerior of Q is s = ΠSi(0> 1) a n d B = Q\s is the
pseudoboundary.
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THEOREM 1.1. (a) There exists a homeomorphism a from 2Q onto
Q N = UZ\Q such that for every fc e {0, 1, 2, . . . } ,

a(Dim>k) = B x - - x B^ x Qx Qx .

k times

This implies that α(Dimoo) = BN.
(b) There exists a homeomorphism β from 2Q onto QN such that

for every ke{0, 1 , 2 , . . . } ,

β(Dim<k) = Qx xQ x ί x ί x .

k times

The pseudoboundary B is an absorber for the collection of σ-
compacta £% . Furthermore, BN is an absorber in QN for the collec-
tion 9Γ

σδ . For definitions see §2 and §3. The space 2?N is homeomor-
phic to (lj)ω. If Y is an J*^-absorber in Q, i.e., the pair (Q, Y) is
homeomorphic to ( β N ? BN) > then we have the following:

THEOREM 1.2. There exists a homeomorphism a from 2Q onto QN

such that for every k e {0, 1,2, . . . } ,

α(Dim>fc) = J x x Γ x β x β x .
k times

This means that Dim>^ is homeomorphic to BN and (lj)ω for k e

{ 1 , 2 , . . . , o o } .

In the final section we illustrate the power of the technique that
we developed to prove the main theorems by applying the method to
function spaces CP(X).

For an explanation of undefined terminology see van Mill [12].

2. Absorbing systems. Let Γ be an ordered set and let Jίy be
a collection of spaces for each γ e Γ. Each Jty is assumed to be
topological and closed hereditary. Let ^# stand for the whole system
(^γ)γeΓ' Let X = (Xγ)γer be an order preserving indexed collection
of subsets of a topological copy E of Q, i.e., Xγ c Xγ> if and only

if y < / .
The system X is called ^-universal if for every order preserving

system (Aγ)γ in Q such that Aγ e Jtγ for every γ G Γ, there is an
embedding / : Q —• E with f~ι(Xγ) = Aγ. The system X is called
strongly ^-universal if for every order preserving system (Aγ)γ in Q
such that Ay e J£y for every γ e Γ, and for every map f:Q—>E
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that restricts to a Z-embedding on some compact set K, there exists a
Z-embedding g: Q-+E that can be chosen arbitrarily close to / with
the properties: g\K = f\K and g~ι(Xγ)\K = Aγ\K for every γ . The
system X is called reflexively universal if for every map f:E—>E
that restricts to a Z-embedding on some compact set K, there exists a
Z-embedding g: E —> E that can be chosen arbitrarily close to / with
the properties: g\K = f\K and g~ι{Xγ) \K = Xγ\K for every γ.
Observe that X is strongly ^"-universal whenever X is ^-universal
and reflexively universal. If X7 e ^#7 then the converse is also true.

The system X is called ^-absorbing if

(1) Xy G JίΊ for every y e Γ ,
(2) \J{Xγ : y e Γ } is contained in a σZ-set of E, and
(3) X is strongly ^-universal.

This notion appears to be a successful synthesis of the β-matrices
technique of van Mill [11] and the generalized absorbers of Bestvina
and Mogilski [2]. The power of the method we introduce here comes
mainly from the relative ease of application.

As expected we have a uniqueness theorem for absorbing systems:

THEOREM 2.1. If X and Y are both A-absorbing systems in E re-
spectively E' then (E, X) and {Er, Y) are homeomorphic, i.e., there
is a homeomorphism h: E —• E' such that h(Xγ) = Yγ for all γ e Γ.
If E — E1 then the map h can be found arbitrarily close to the identity.

Proof. This is a standard back and forth argument. Obviously, we
may assume that E = Ef = Q. Let \Jγ Xγ c U/ Ai and let | J y

 Yγ C
\JιBi, where 0 = Ao c A\ c A2 C and 0 = Bo c Bι c B2 C
-" are sequences of Z-sets in Q. By induction we shall construct
sequences of homeomorphisms f: Q-+ Q and gt• = f ^ o • o fQ with
the properties:

where 1 denotes the identity map. Put /o = 1.
Assume that f has been constructed. Since Xγ e ^ and J£y is

topological and closed hereditary we have gi(Xγ) Π (gi(Ai+\) U J?, ) G
^r y . Put Λ: = gi(Ai)uBi and observe that gι(Xγ)nK = YγnK. Since
7 is strongly universal we can find a Z-embedding a: gj(Aj+\)\JBj —•
(2 that fixes AΓ and that has the property

<*-ι(Yy) n gi{AM) = gi(Xγ n Ai+i).
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Let ά be an extension of a to a homeomorphism of Q. Since
a o gi(X) is just as X strongly universal we can find a Z-embedding
β: α o gi(Ai+\) U Bi+\ -+ Q that fixes K' = ao gi{AM) U Bt and that
has the property

Let β be an extension of β to a homeomorphism of Q. If we put
fi+\ = jfiH1 oά then one can easily verify the induction hypothesis for
i+l. Since a and β and hence fi+\ can be chosen arbitrarily close to
the identity we may assume that h = lim^oo g, is a homeomorphism
of Q. The function Λ maps each Xy onto Yy.

3. Absorbing sequences in β N . We shall now consider the special
case that the system X is a decreasing sequence Q D X\ D Xι D
• . Formally, this corresponds to choosing Γ = N with an inverted
ordering. As a further simplification we assume that all the Jtγ 's
are equal to a fixed Jt and use the term ^f-absorbing sequence. In
addition, if Γ is a singleton then we call X an •#-absorber. Recall
that the pseudoboundary B of Q is an <?£-absorber, where 5ζ is
the collection of σ-compact spaces. Observe that if X is an jf-
absorbing sequence and Jί is closed under finite intersections then
X^ = pi?^ χt is an ^-absorber, where Jίδ stands for the collection
of countable intersections of elements of Jt.

Let X be a subset of Q. We define three decreasing sequences of
subsets of β N

Sn(X) = X x xX^ xQxQx ,

n times

= {x € β N : at least n of the X/'s are in X},

= {XGQN : Xi e X for some / > n).

Note that Sn(X) c ^(ΛΓ) C S '(ΛΓ) and that ^ ( X ) = Z N and

THEOREM 3.1. If X c Q is strongly J?-universal then the sequences
S(X), S'(X) and S"(X) are strongly J!-universal in β N . If, in addi-
tion, Jί is closed under finite intersections then XN and S'^X) are
strongly ^-universal.

Proof. Let pn be a metric on Q such that

ρ ( x , y) = m a x { p n ( x n , y n ) : n € N }
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is a metric on <2N. Consider a map / : Q —> <2N that restricts to a Z-
embedding on some compactum K and a sequence <2 D A\ D AΊ D
• of elements of jf. We may assume that / is a Z-embedding.
Write Q\K as a union of compacta ( ^ ) £ 0 with Ft c int(JF/+i)
and Ĵ o = 0 Let ε > 0 and define the decreasing sequence εz =
min{2"zε, \p{f(K),f{Fϊ))}. Consider now the n-th component
fn- Q —> Q of f. We shall construct a sequence α 0 , a\, . . . of
functions from <2 into Q with the following properties:

= fn\Q \ Fi+Ϊ, α/|F/ is a Z-embedding?

Put ctQ = fn and assume that αz has been constructed. Using the
strong ^-universality of X we find a Z-embedding β: Fi+χ —• Q ?

close to α/l^ +i, with β\Fi = α/|F/ and β'ι(X) = AnnFi+ι. Extend
jS to a map α/+ 1: Q —• Q that restricts to / on Q \ F ί + 2

The α/ 's obviously form a Cauchv sequence and we can define the
continuous map gn = lim^oo α/. One may verify that gn has the
following properties:

Pn(gn, fn)<e,
if x G F / + 1 \ Fi then /7,(^(x), /„(*)) < p(f(K),

^ Λ |F Z is a Z-embedding for every /,

g-\X)\K = An\K.

Define g = (gn)n- Q -* β N Note that ^ is one-to-one and hence
an embedding. The set g(Q) is contained in the σ Z-set f(K) U
U/^o ̂ (^z) x β x β x * and is therefore a Z-set. The maps / and
g are ε-close and f\K = g\K. Let X G ( 2 \ ^ . If x is an element
of An then x G f|y=i A/ Consequently, we have <?7(x) G X for
j=l,29...,n. This means that #(x) G Sn(X) c ^(JΓ) c ^ ( X ) .
On the other hand, if g(x) is an element of S'^(X) then gj{x) G X
for some y > n and hence x G AJ C 4̂« . This completes the proof.

Consider now the pseudoboundary B of the Hubert cube. This is
an ^-absorber in Q. The conditions (1) and (2) of the definition of
absorbing system are trivially satisfied by S(B), S'(B) and S"(B),
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so we have:

COROLLARY 3.2. The sequences S(B), S'(B) and S"{B) are %-
absorbing and hence they are homeomorphic in QN. Moreover, BN

and S'^B) are

Consider the σ Z-set

σ = {x e Q : X[ = 0 for all but finitely many /}.

It is well known that σ is homeomorphic to Ij and that it is a so-called
fd-capset in Q or, in our terminology, an absorber for the strongly
countable dimensional σ-compacta. It is easily verified by juggling
coordinates that the system S(σ) is homeomorphic to S(B) in β N

and hence ^-absorbing. Observe that the following systems are all
homeomorphic: S(σ) in (? N , S(σ x /) in (Q x 7) N , S(σ) x 7N in
QN x 7 N , S(σ) x QN in β N x β N , S(σ x Q) in ( β x β ) N and finally
S(B) in Q N .

We can take this one step further:

COROLLARY 3.3. If Y is an S^#-absorber in Q then the sequences
S(Y), S'(Y) and S"(Y) are S^s-absorbing and hence they are home-
omorphic in Q N . Moreover, YN and S'^Y) are also S^s-absorbers.

4. The space of infinite-dimensional compacta. In this section we
prove Theorem 1.1. The following lemma is easily verified.

LEMMA 4.1. If X and Y are compact spaces and if F: X -+ 2Y is
continuous then G(A) = \J{F(a) : a e A} defines a continuous map
from 2X into 2Y.

PROPOSITION 4.2. The sequence (Dim>^)^ 1 is reflexively universal

in 20.

Proof. Let F: 2Q —• 2Q be a map and let K be a closed subset of
2Q such that F\K is a Z-embedding. We may assume that F is a
Z-embedding. Let ε: 2Q —• / be a map with the properties: ε " 1 ^ ) =
F(K) and e(A) < d(A, F{K))/4 for each A e 2®. According to
Curtis [5] the finite sets in 2Q contain an fd-capset and hence there
exists a deformation Ht of 2Q such that Ho = 1 and Ht(A) is finite
for t > 0 and A e 2Q . We may assume, moreover, that d(Ht, 1) < 2t
and that Ht{A) c [0, 1 - t]N for every t and A.
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We shall use the vector addition and scalar multiplication operations
that Q inherits from R N . Define the homotopy at: 2<2 -+ 2Q by

where A is the subset of Π/^2 ^ t h a t * s obtained from A by a coor-
dinate shift. Note that at(A) c [0, ί ] N and that ao(A) = {0}. The
map G: 2Q —> 2 β that approximates i 7 is defined by

G(A) = Jϊβ ( F ( i 4 ) )(F(Λ)) + aε(F{A))(A).

The function (? is continuous by Lemma 4.1 and the continuity of
the homotopies H and a. Observe that d(G(A),F(A)) < 3ε(F(A))
for every A e 2Q. If 4̂ € JKΓ then ε(F(^)) = 0 and hence G restricts
to F on K. Let A be an element oϊ 2®\K. Then ί = e(F(Λ)) > 0
and hence Ht{F(A)) is finite. So G(A) is a finite union of translates
of at(A) and consequently a union of a finite set and a countable
collection of copies of A. This means that G preserves dimension
and

G-ι(Όim>k) \K = Dim>£\K.

We shall now show that G is one-to-one. The restriction of G
to K is obviously one-to-one. If A e 2<2 \ K then d(G{A), F(Λ)) <
3β(f(^)) < ^ ί i 7 ^ ) , F(A)) and hence G(^l) is not in G(K) = F(K).
For the remaining case let A, i? e 2®\K such that G(^) = G(B). Let
π: Q -+ I be the projection onto the first coordinate and define the
positive numbers r = ε(F(A)) and t = e(F(B)). Select a point j ; =
(*, JC) G G(^) = G(5) such that a = mm(π(G(A))) = min(π(G(B))).
Note that y is an element of both Hr(F(A)) and Ht{F(B)). Since
the latter sets are finite we can define λ > 0 as one half of the distance
of y towards the other points in Hr(F(A)) u Ht(F(B)).

Let m and n be the first numbers that satisfy £ < λ and £ < λ.
J m — n —

We now have:

({y} + [0, λ f ) n G(A) = {y} u U {a + f} x (* + μ")

oo

= ( M + [0, λf) n (7(2?) = W U (J{a + f} x (x + \B).
i=n

This implies:
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This means that £ = { and ^A = {B and hence that A = B. So G
is one-to-one and therefore an embedding.

Observe that π(G(A)) is countable if A e 2Q \ K so G(A) is
nowhere dense in Q. Since Dt(A) = {x e Q : d(x, A) < t) is a
deformation of Q through the complement of G{2Q \K)9 we have
that G(2Q\K) is a σZ-set. Consequently, G(2Q) c F(tf)U(j(2fi\tf)
is a Z-set and G is a Z-embedding. This completes the proof.

Observing that G preserves many other properties we find for in-
stance:

COROLLARY 4.3. The sequence (Dim>^)^=1 is reflexively universal

COROLLARY 4.4. The sequence consisting of the collections ofcom-
pacta of cohomological dimension not less than k is reflexively univer-
sal in 2Q.

COROLLARY 4.5. The transfinite sequence {A e 2Q : ind(y4)>α}α < ω i

is reflexively universal in 2Q.

THEOREM 4.6. The sequence (Dim>^)^=1 is ^-absorbing in 2Q.
Consequently, Dim^ is an ̂ σ&-absorber.

Proof. Let k, n e N and define

&n = {A G 2Q : there is in Q a finite open cover of A

with mesh < ί/n and order < k}.

Obviously, ^n is an open subset of 2Q. Note that Dim>^ =
Q \ Π^Li &n is therefore an ivset . According to Curtis [5] the fi-
nite sets in 2Q contain an fd-capset and hence Dim>i is a σ Z-set.

In view of Proposition 4.2 it suffices to show that the system is 3^-
universal. The space Dimi (/) is an ^-absorber in the Hubert cube
2 7 . This can be found essentially in Kroonenberg [10] if we note
that Ht(A) = {x e I: d(x, A) < t} is a deformation of 21 through
Dimi(7), see also [1]. So the pair (2 7, Dimi(/)) is homeomorphic to
(Q, B). Corollary 3.2 now guarantees that S"(Dimi(/)) is an 9^-
absorbing sequence in (2 7 ) N . Define the embedding a: (2 7)N ~> 2Q

by α((/>i)£i) = Π £ i / > i s i n c e UZιpi i s ^-dimensional if and only
if precisely k of the P; 5s are in D i m ^ / ) , we have
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The sequence Dim>^ is then ^-universal because S'(Όimι(I)) is.

We find Theorem 1.1 by combining Theorem 2.1, Corollary 3.2 and
Theorem 4.6. The fact that ( 2 β , ( D i m ^ ) ^ ) is homeomorphic to
(βN> S(B)) means that there exists a homeomorphism a: 2Q —> β N

such that
α(Dim>fc) = B x x B^ x Q x Q x .

& times

This implies that a^Dim^) = i? N , which space is homeomorphic to
(lj)ω. Observe that in view of the remark following Corollary 3.2 it
is also possible to find an af with

α;(Dim>fc) = σ x x σv x β x β x .

A: times

Comparing (22,Dim>^) with (<2N, £"(#)) we find part (b) of
Theorem 1.1. There exists a homeomorphism β from 2Q onto <2N

such that for every A; e {0, 1, 2 , . . . } ,

Qx-'-xQ xs xs x -- .

k times

Note that

β(Dimk) = Qx -" xQ xB xs xs x --

k-\ times

and hence the pair (Dim<^ , Dim^), 0 < k < oc, is homeomorphic to
(Qxs, B xs), i.e., Dim^ is a so-called Z-absorber in the topological
Hubert space Dim<^.

Let cDim>£ stand for all elements of 2 e with cohomological di-
mension at least k with respect to for instance the group Z .

QUESTION. IS cDim>^ σ-compact?

Observe that it follows from the proof of Theorem 4.6 that the
sequence cDim>^ is ^-universal. If the answer to the question is yes
then we have in view of Corollary 4.4 and the fact cDim>i = Dim>i
that cDim>£ is ^-absorbing and cDinioo is homeomorphic to B^.

5. Uniformly > k-dimensional compacta in 2Q . This section is de-
voted to the proof of Theorem 1.2. Consider the following decreasing
sequence of subsets of ( 2 e ) N :

χk = {p e (2Q)N : Pi e Dim>^ for infinitely many i}.
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LEMMA 5.1. The sequence (Xk)^ is

Proof. Let A\ D A2 D be a sequence of i^-sets in Q. Choose
cr-compact sets A\ such that An

k

+X UA£+ι c A\ and Ak = p|£Li An

k .
Since (Dim>^)^=1 is ^-universal, Theorem 4.6, there exist embed-
dings fn: Q~-+ 2Q such that f»ι(Όim>k) = A\. Put / = (/„)„: Q -*
(22) N . If JC e Λ* then xeA% for all π . So /π(x) e Dim>^ for all
n and hence /(x) e X^. If x £ A^ then x £ AJ

k for some 7, so
Λ: έ̂ A% for all n > j . Consequently, fn(x) φ Dim>k f°Γ a ^ n ^ 7

REMARK. One may use the method of Theorem 3.1 to show that
{Xk)k is in fact ^-absorbing in (2<2)N.

PROPOSITION 5.2. The sequence (Dim>A:)^=1 w strongly ^
versaί

Proof. In view of Corollary 4.3 it suffices to show that the sequence
is ^s -universal. We shall prove that the system Xk can be embedded
in Dim>£.

Let G stand for the compact, multiplicative subspace {0} U
{2~m : r a = l , 2 , . . . } o f / . According to Curtis [5] there exists
a deformation Ht: 2^ -+ 2<2 such that Ho = 1 and Ht(A) is finite
if t > 0. Let P = (Pw)S?=i b e a n dement of (2^) N . We define the
continuous function F: Gx ( 2 β ) N -* 2<2 by

F0(P) = {0} and F 2-,(P) = 2 " w P m u { 0 } .

We shall define inductively a sequence of compacta (An)™=ι such
that

Anc(GxQ)n-1 xG,

i.e., the n odd coordinates are in G and the « - 1 even ones in Q.
Put Aχ(P) = G and

(x, a) eAn(P) and b eG}.

Here (x, α) G An means that X G ( ( ? X Q)"" 1 and α e G. Note
that since αb < α the odd components of the points in An form a
decreasing sequence. Applying Lemma 4.1 we find that every An is
a compactum that depends continuously on P. We identify each An

with its copy Λ x { ( 0 , 0 , . . . ) } i n ( ( ? x Q) N c (/ x Q ) N . The Hubert
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cube Q! = (IxQ)N is equipped with the metric p = maxz€N Pi, where
P2j-ι is a standard metric on / that is bounded by 2~2j+ι and pij
is a standard metric on Q that is bounded by 2~2j. Observe that
πn(An+\) = An , where πn is the projection from Qf onto (IxQ)n~ιx
I. This implies that p(πn, 1) < 2~2n and p(An, An+χ) < 2~2n so that
{An{P))^Lx is a Cauchy sequence of maps. So a(P) = \imn-*oo An(P)
defines a continuous map from (2β)N into 2 e . In addition, we find
that a(P) = f)™=ιπ-ι(An). Since 0 is an element of every Ft(P)
we have An c An+\. This implies that a(P) is the closure of Y =
U~= 1Λ in β'

We show by induction that

is countable. This is obviously true for A\. Let (x, a, p, #Z>) be an
element of A'n+ι .SoabφO, (x, a) e An and /? e Hab(Fa(P)). This

implies a Φ 0 and (x, α) G ̂ 4J, and hence we have:

x {fl*} :

( x ? α ) G ^ ; and/?G(?\{0}}.

This is a countable union of finite sets because Hab{Fa(P)) is finite if
ab Φ 0. Consequently, the set ^ + 1 is countable.

Assume that P φ Xk . We shall prove that 0 has a neighbourhood
in a(P) with dimension less than k. Since P φ Xk there exists an
m such that dim(.P/) < k for all i > m. So if we put c = 2~m then
dim(/7

α(P)) < k for α < c. Let C consist of all points in Q whose
first component is less than or equal to c. We shall prove inductively
that d i m ^ n C ) < k. Obviously, we have dim(AιΠC) = 0. Assume
that dim(An Π C) < k and consider

An+i ΠC = \J{{(x, a)} x Hab{Fa{P)) x {ab} :

(x, a)eAnnC and b e G).

If a = 0 then α6 = 0 and Hab(Fa(P)) = {0}. Consequently, we
have:

An+ι ΠC = (AnnC)U[j{{(x, a)} x Hab(Fa(P)) x {α£} :

Note that the Hab{Fa(P)) in this expression is either finite or home-
omorphic to Fa(P). Since the odd components of points form a de-
creasing sequence in G we have that a < c whenever (x, a) is a
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point in AnnC. So every Fa{P) is less than /:-dimensional. Since
A'n is countable, the set An+\ n C is a countable union of < k-
dimensional compacta and therefore ά\m(An+\ n C) < k. Note that
a(P) n C = Π^Li π - ^ Λ Π C) . Since π - ^ Λ n C) is the product of a
< λ>dimensional compactum and a Hubert cube of diameter < 2~2n ,
there is for every n an open cover of π~x{An n C) (and hence of
α(P) Π C) with mesh < 2~2n and order < k . Consequently, we have
dim(α(JP) Γ\C) <k and

Consider now the case P G X^ . This means that dim(i^(P)) > k
for infinitely many a e G. Let (x, 0) G An . We show by induction
that An+\ is at least /c-dimensional at this point, i.e., every neigh-
bourhood of the point in An+\ has dimension no less than k . First,
consider 0 e A\. We have:

A2= (J {a}xHab(Fa(P))x{ab}.
a,beG

Selecting b = 0 we find

lim{α} x H0(Fa(P)) x {0} = lim{α} x Fa{P) x {0} = {0}

and hence A2 is > A:-dimensional at 0.
Assume that the induction hypothesis is valid for points (x, 0) in

An. If (y, 0) G ̂ 4n+i then j ; = (x, a,p), where (x, Λ) G ̂ 4rt and
P G H0(Fa(P)) = Fa(P). If a = 0 then F f l(P) = {0} and /? = 0. This
means that (y, 0) = (x, 0, 0, 0) G An and by induction ^4W+1 and
therefore An+2 are > ^-dimensional at the point. If a Φ 0 then for
b, c G G we have:

{(x, α)} x Hab{Fa) x {αδ} x Habc(Fab) x

where we denote Fa(P) simply by Fa. Since
H0(Fa) — Fa in 2 Q we can find points pb e Hab(Fa) such that

= p . Selecting c = 0 we find

lim{(x, α,/?£, aft)} x i 7 ^ x {0} = {(x, a , p , 0, 0, 0)}.

Since Fab is > ^-dimensional for infinitely many b 's we have that
An+2 is > /:-dimensional at (j;, 0, 0, . . .) = (x, a, p, 0, 0, . . . ) .
This completes the induction.

If x is an element of An then (x, 0, 0) is in An+X and hence
An+2 is > /c-dimensional at x. Consequently, the set Y = U™=ϊAn
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is > ^-dimensional at each of its points. So its closure a(P) is an
element of Dim>jc(Qf) and we have:

This does not quite complete the proof of Proposition 5.2 since a is
not one-to-one. This can easily be fixed, however. Define the map β
from (2^)N into the hyperspace of Q" = I x Q x Π £ i Q by

oo

β(P) = ({0} x β(P) x {(0, 0, ...)}) U({1} x Q'

The map β is obviously one-to-one and hence an embedding. Note
that β(P) is a topological sum of a copy of a(P) and a uniformly
infinite-dimensional space, so we retain the property

We may conclude that (Dim>A :(Q/ /))^1 is ^j-universal just as

THEOREM 5.3. The sequence (Dim>^)^j is ^-absorbing and

is an S^s-absorber in 2@.

Proof. Note that Dim> i is contained in the σ Z-set Dim> \. It
remains to be shown that every Dim>^ is in ^σδ. Let {(9/ : i G N}
be a countable open basis for the topology of Q and let k e N. Write
every Oj as a countable union of compacta i7/ c Ff c . Define
the collections

&1 = {A G 2^ : there is in <2 a n finite open cover %S oΐ AnF

with mesh < l/j and order < k}.

If A e &/ and ίί is such a cover then put ε = p(A, FJ \ \J&).
Observe that if p(A, 5) < ε then B Π F/ is also covered by % and
hence 5^ is open in 2Q . So ^ ? = η ^ j ^ ; is a G^-set. Since a count-
able union of < k-dimensional compacta is again < Λ -dimensional
one easily verifies that an element A of 2 β is in ^ if and only if
dim(^ Π Oi) <k. The collection &! = &t \ {A e 2® : A n Oι= 0} is
obviously also G$ . Observe that U/^i^ 7 is precisely the complement
of Dim>£ in 2 β . This shows that Dim>^ is in

We find Theorem 1.2 by combining Theorem 2.1, Corollary 3.3
and Theorem 5.3. If Y is an ^oδ-absorber in Q then there exists
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a homeomorphism a from 2Q onto QN such that for every k e
{ 0 , 1 , 2 , . . . } ,

α(Dim>^) = J x - x 7 x β x β x .

k times

Note that Dim>^, 0 < k < oo, is an ^σs-absorber and hence home-
omorphic to B™ and (lj)ω.

6. Function spaces in the topology of pointwise convergence. In this
section the Hubert cube Q is represented by R N , where R stands
for the compactification [-00, oo]. Consequently, RN is the pseu-
dointerior of Q. If X is countable metric space then CP(X) denotes
the space of continuous, realvalued functions on X endowed with the
topology of pointwise convergence. Define the following subspaces of
R N :

J
and for « G N

Σ W = { X G R N : I JC/I < 2~n for all but finitely many i}.

Observe that Σ = (Σn)n is a decreasing sequence of σZ-sets in Q
with the property that its intersection is CQ . The aim of this sec-
tion is to show that c$ and CP(X) are ^s -absorbers in the Hubert
cubes RN respectively Rx. This is an improvement over the result of
Dobrowolski, Gul'ko and Mogilski [8] and, independently, Cauty [3]
that Co and CP(X) are homeomorphic to (Ij-'2\ω

J

PROPOSITION 6.1. The system Σ is ^-universal in Q.

Proof, We shall use the following fact: if A is an ^-absorber in
Q and A' is a σ Z-set then for every σ-compactum C in Q there is
an embedding / : Q-+Q such that f~ι(A) = C and f(Q\C)Γ)Af =
0 . This can be seen as follows. The proof of Theorem 2.1 shows
that if A\ D A2 is an ^-absorbing system in Q then there is a
homeomorphism h: Q —• Q such that h(A) = Aι and h{Af) c A\.
Such a system exists by Corollary 3.2 and it has the required property.

Let A\ D A2 D - - - be a sequence of σ-compacta in Q. Let a be
a bijection from N x N onto N and define Nt = {a(i, j) : J G N } .

For every i e N define the Hubert cube Q, = [-2~/+1, 2~i+ι]Ni. It is
easily verified with the capset characterization theorem in Curtis [4]
that

d = {xe Qi: \xa{ij)\ < 2k~j ΐ°* some k }
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is an ^-absorber in Qt. Observe that for every x e C[ we have
lim/^oo xα(/ j) = 0. Define in Qi the σZ-set

Df = {x e Qi: |*α(i,y)l < 2~ι for all but finitely many j }.

Let y}: Q —> Qi be an embedding such that ft~
ι(Ci) = A\ and

fi(Q \ Ai) does not meet Df. Consider the embedding / =
(fi)ieN'. Q -+ UZi Qi c β L e t * G ^Λ If / > Λ then we have
//(*) Ξ β/ a n d hence all components of //(•*) are in [—2~~n, 2~"Λ].
If / < n then we have x G 1̂/ and hence 7/(x) G Q . Note that
only finitely many components of fi(x) are outside [-2~n , 2~~n] and
hence only finitely many components of f(x) are outside this inter-
val. This means that f(x) is an element of Σn . If x φ An then we
have fn(x) <£ Dn. This means that infinitely many components of
fn(x) have absolute value greater than 2~n and hence f(x) £ Σn .
So we may conclude that f~ι(Σn) = An .

A subset A is locally homotopy negligible in X if for every map
f:M~*X from an absolute neighbourhood retract M and for ev-
ery open cover % of X there exists a homotopy h: M x [0, 1] —> X
such that {/z({x} x [0, l ] ) } * ^ refines 2T, h(x, 0) = /(*) and
Λ(Af x (0, 1]) c X \ A. According to Theorem 2.4 in Toruήczyk
[13] A is locally homotopy negligible if the above condition is satis-
fied for M = Q.

For a space X and * e X we define the weak cartesian product

W{X, *) = {x e XN : Xi = * for all but finitely many /}.

Let Γ be an ordered set. The following lemma is an adaptation to
our needs of Proposition 3.2 in Dobrowolski, GuFko and Mogilski [8].

LEMMA 6.2. Let X = (Xγ)γer be an order preserving system in Q
such that Q \ (\yeγXy is locally homotopy negligible in Q and let
* E P\γeΓXγ. Assume that there exists a homeomorphism Φ: Q —• Q N

satisfying

for all γ e Γ. Then X is reflexively universal

Proof. Let f:Q-+Q be a map that restricts to a Z-embedding on
some compact set K and let ε: Q —• (0, 1) be a continuous function.
We can assume that /(£? \ -Ό C ΠyeΓ ̂ 7 \ /CO ^ e choose a metric
ύf on Q N so that d(x, x1) < 2~k~2 if x and xr agree on the first k



270 J. J. DIJKSTRA, J. VAN MILL, AND J. MOGILSKI

coordinates. Let e': β N —• (0, 1) be a Lipschitz function such that if
maps f\, fa\ β —• β N are ε'-close, then Φ~ιofx and Φ~1of2 are β-
close. Define δ: β N -> [0, 1) by δ(x) = min{ε(x), d(x9 Φo f(K))}.
Let φi be the i-th component of the map Φ o / . By local homotopy
negligibility of Q\f\yeTXy there exists a homotopy h: [0, l]xβ—• β
with /*((), x) = x , Λ((0, 1] x β) cf]γer

χγ a n d * (1 ,*) = *. Define
a homotopy 7/^: [0, 1] x β —• β by

J Λ(2-2ί, x), if \ <t < 1,

where Λ :̂ [0, 1] x Q —• Q is a homotopy such that Afc((0, 1] x β) c

Π y € Γ ^ 7 ? Λ]t(O, x) = 0^(x) and hk(l9x)' = *. For x e {j; e β :

2-k~ι <δ(Φof(y))<2-k}, k= 1 , 2 , . . . , define

x, x, Λ(-fc - log2 ί5(Φ o /(x)), x) , * , * , . . . )

and extend / ' on K by f'\K = Φ o f\K. By the construction
Γ'Q-* β N is a continuous, one-to-one map which is ε'-close to
Φ o / . Moreover, (f)-\X**)\K = X 7 \^ and f'{Xy\K) c ίΓ(Xy, * ) .
Hence, the map g = Φ " 1 of is a Z-embedding which is ε-close to /
and satisfies g-ι(Xγ)\K = Xγ\K.

Let Φ: RN —> (RN)N be any map that simply rearranges coordi-
nates. It is easily seen that with this map the system Σ satisfies the
conditions of Lemma 6.2. So we have:

THEOREM 6.3. The system Σ is ^-absorbing and CQ is an ^σs-
absorber in Q.

The space RΪ is defined as W(R> 0). This space is homeomor-

phic to ll and furthermore the pair (RN, ΈtS) is homeomorphic to

(J N , σ). This means, according to §3 that there exists a homeomor-

phism a: Q —• β N such that for every fceN,

k times

Consequently, Co is mapped by a onto (R^) N . In [9, Question 6.11]
the following problem is posed. Does there exist a homeomorphism
from RN onto (RN)N that maps c0 onto (R^)N? Such a homeo-
morphism cannot exist because CQ is contained in the σ-compactum
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consisting of bounded sequences where as (R^)N contains a copy of

RN that is closed in ( R N ) N .

LEMMA 6.4. If A is strongly Jί-universal in Q and X is locally
homotopy negligible in a compact absolute retract M then A x (M\X)
is strongly Jt-universal in QxM.

Proof. This is similar to the proof of Theorem 3.1. Let / = {f\, fi)
be a Z-embedding of Q in Q x M. Let K and C be subsets of Q
such that K is closed and C is an element of Jί. Select a map
ε: Q-+I such that e~l(0) = K and ε(x) < p(f(x), f(K)) for each
x G Q. Just as in the proof of Theorem 3.1 we can find a map
g\: Q —> Q such that f\ and g\ are ε-close, g{ι(A) \ K = C \ K,
g\\Q \ K is a one-to-one map whose range is a σZ-set. Since X
is locally homotopy negligible we can find a map gi: Q —• M such
that fι and g2 are ε-close and gι{Q \ K) c M \ X. The map g =
(#1 > S2) is a Z-embedding of β into QxM with |̂AΓ = /|AΓ and

THEOREM 6.5. If X is a countable, nondiscrete metric space then
CP(X) is an ^σ^-absorber in Rx.

This means that there exists a homeomoφhism β: Rx —• QN such

Proof It is well known (and easily verified) that CP(X) is an ele-
ment of ^σs. Let ^ b e a convergent sequence in X. Observe that
U£Li{/Ξ R z ' 1/(̂ )1 ^ Λ for every aeA} is a crZ-set that contains
Cp(X). It remains to be shown that CP(X) is strongly ^σδ-universal.

We first prove this for the convergent sequence N = NU{oo}. In
R and N we use the following arithmetic: 1/0 = 00 and 00 + a = 00
if a is finite. Define the following continuous function from R into
RN :

Ψ(r)(n) = sign(r)min{|r | ,n}.

Note that Ψ(r)(n) is finite if n Φ oo and l im^ooΨ^Xn) = Ψ(r)(oo)

= r. This means that Ψ(R) is a subset of Q ( N ) . If / G RN then /

is the extension of / over N that assigns 0 to oo. It is easily seen

that Φ ( / , r) = f + Ψ(r) is a well-defined map from RN x R onto

RN. Observing that Φ~ι(h) = (h - Ψ(/?(oo))|N, Λ(oo)) we find that

Φ is a homeomorphism. Note that Φ(CQ x R) = CP(N). According
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to Lemma 6.4 Co x R is strongly ^^-universal in Q x R and hence

CP(N) is strongly ^σδ -universal in R N .
We use a similar argument to reduce the problem for CP(X) to

Cp(N). Let d be a metric on X and let 4̂ be a convergent sequence
in X . We may assume that CP(A) is strongly ^σδ-universal in R^ .
Choose a retraction r from X onto ^4. The formula

defines a continuous selection that extends every g e RA to an element
of Rx. The map Ψ has the following properties: Ψ(g)\A = g,
Ψ{g)\X\A has its values in R and Ψ(CP(A)) c CP(X). If / G R 1 ^
then / is the extension of / over X with zeros. As above it is easily
seen that Φ ( / , g) = f + Ψ(g) is a well-defined map from Rχ\A x R̂ 4

onto R* and a homeomorphism. Let CP(X, A) stand for {f\X\A:
f e CP{X) 2inάf\A = 0} and note that Φ(CP(X, A) x CP{A)) =
Q ( X ) . It is easily seen that the complement of CP(X, A) in Rχ\A is
locally homotopy negligible and hence Lemma 6.4 implies that CP(X)
is strongly ^^-universal in Rx. This completes the proof of Theorem
6.5.
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