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Abstract

Baars, J., H. Gladdines and J. van Mill, Absorbing systems in infinite-dimensional manifolds,
Topology and its Applications 50 (1993) 147-182.

The aim of this paper is to define absorbing systems in infinite-dimensional manifolds and to
derive some basic properties of them along the lines of Chapman. As an application we prove
that for a countable nondiscrete Tychonov space X, if C,(X) is and F,; subset of RX then it is
an F_gz-absorber, and hence homeomorphic to the countable infinite product of copies of l}. This
generalizes a result of Dobrowolski, Marciszewski and Mogilski.
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1. Introduction
There are basically two types of absorbing systems in infinite-dimensional

topology. Absorbing systems of the first type are generalizations of the capsets of
Anderson and the skeletoids of Bessaga and Pelczynski [2]; they are of interest if
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one wishes to prove homeomorphy of pairs of spaces. Absorbing systems of the
second type are the ones of Bestvina and Mogilski {3]; they have proved to be
useful for obtaining internal topological characterizations of various interesting
spaces.

Dijkstra, van Mill and Mogilski [17] defined absorbing systems in the Hilbert
cube Q; their systems are of the first type. Similar definitions were given earlier by
various authors. We refer the reader to Bestvina and Mogilski [3], Cauty and
Dobrowolski [8], Dijkstra and Mogilski [16] and Dobrowolski and Mogilski [20]
for further details and references. The aim of this paper is to define similar absorbing
systems in infinite-dimensional manifolds and to derive some basic properties of
them along the lines of Chapman [9]. Some of our results may be known in a
different setting.

One of the reasons that we find the absorbing systems that we study interesting,
is that we are able to prove the existence of homeomorphisms that preserve the
“layers” of the systems under consideration. The following result, due to Dijkstra,
van Mill and Mogilski [17], explains this. Let 29 denote the hyperspace of Q.

Theorem 1.1. There exists a homeomorphism & :2° > [[..., Q;, where Q; = Q for every
i, such that for every keN,

a(Dim., )=Bx-+ XBXQXQXx---,
———

k times

where Dim., ={A€2°:dim A=k} and B={xec Q: (3i)[|x:|=11}.

In Section 12 we will show how our abstract theory can be applied in the concrete
situation of function spaces. If X is a Tychonov space then C,(X) (C#*(X)) denotes
the space of real-valued continuous functions (bounded real-valued continuous
functions) endowed with the topology of pointwise convergence, i.e., we regard
C,(X) and C¥(X) as subspaces of R*.

In [23], van Mill showed that for a nonlocally compact countable metric space
X, C#(X) is homeomorphic to o,,, where

o.,=(»)® and I;={xel’ x;=0 for all but finitely many i}

(I? denotes separable Hilbert space). Baars, de Groot, van Mill and Pelant obtained
in [1] the same result for C,(X): for a nonlocally compact countable metric space
X, C,(X) is homeomorphic to o,,. For a finite space X we have C,(X) = CHX)=
R*, and for an infinite countable discrete space X we have C,(X) =R* and
C¥(X)=U}_, [-n,n]*. The question remained whether for a nondiscrete count-
able metric space X, C,(X) and C}(X) are both homeomorphicto o,,. Dobrowolski,
Gul’ko and Mogilski [18] and Cauty [6] independently answered this question in
the affirmative. Their result was later generalized as follows: if X is a nondiscrete
countable Tychonov space, and if C,(X) is an F,;-subset of R* then C,(X) is
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homeomorphic to o, Dobrowolski, Marciszewski and Mogilski [19]. This result is
“best possible” because if X is a nondiscrete Tychonov space then C,(X) is not a
Gs-, an F,-, or a Gs,-subset of the R [13]. There are many examples for which
C,(X) is an F,;. For example, this is so for any countable metric space X, but there
are also nonmetric examples [13, 19].

When we talk about function spaces, it is convenient to represent the Hilbert
cube Q by R™, where R stands for the compactification [ —co, c0]. If X is a countable
space then C,(X) <R is a subspace of the Hilbert cube R®. In Dijkstra, van Mill
and Mogilski [17], it was shown that for countable metric nondiscrete X, C,(X) is
an F,_s-absorber in R*. This generalized the result of Dobrowolski, Gul’ko and
Mogilski, and Cauty, cited above. It is natural to ask whether the result of
Dobrowolski, Marciszewski and Mogilski, can be generalized in a similar way. We
will answer this question in the affirmative in Section 12. Independently, the same
result was obtained by Dijkstra and Mogilski [15]. Our results imply that for
nondiscrete Tychonov spaces X and Y such that both C,(X ) and C,(Y) are absolute
F_5’s, we have that there exists an arbitrarily close to the identity homeomorphism
from the Hilbert cube onto itself that maps C,(X) onto C,(Y).

2. Terminology

With the exception of Section 12, all spaces under discussion are separable and
metrizable.

If X is a set then the identity function on X will be denoted by 1x or, if confusion
is unlikely, simply by 1. If f and g are mappings from X into Y then their distance

sup{d(f(x), g(x)): xe X} [0, 0]

will be denoted by d(f, g). We say that a map f:X - Y can be approximated
arbitrarily closely by a map g: X - Y with property «, provided that for every ¢ >0
there exists a map g: X - Y having « such that ci(f, g) < e. The phrase “‘arbitrarily
closely” will be used in this paper only if the domain of the map under consideration
is compact. It is left as an exercise to the reader to verify that in this situation, the
choice of the admissible metric d on Y is irrelevant.

It is well known that if X is an ANR then for every open cover % of X there
exists an open refinement ¥ of U such that for every space Y, any two ¥ ’-close
maps f, g: Y > X are %-homotopic. It is also well known that if X is an ANR and
if U is an open cover of X then for every closed subset A of a space Y and for
every homotopy H:A X I - X which is limited by %, if H, can be extended to a
continuous function k,: Y - X then there exists a homotopy H: Y x I > X such that

(1) H is limited by %.

(2) Hy=hyand H|(AxI)=H.

In particular, if g: Y- X is a map, and f: A- X is a map such that f and g|A are
“close”, then f can be extended to a map f:Y - X which is “‘close” to g. For
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details, see [24, Chapter 5]. These results will be used without explicit reference
throughout the remaining part of this paper.

For basic facts on infinite-dimensional topology we refer the reader to Bessaga
and Pelczynski [2], Chapman [10] and van Mill [24].

As usual Q =]_[fc:1 [—1, 1]; and /* denote the Hilbert cube and separable Hilbert
space, respectively. In addition, s denotes the pseudo-interior of Q, i.e., s=
{xe Q: (VieN)[|x;| <1]}. The complement B of s in Q is called the pseudo-boundary
of Q. Finally, let 3 denote the linear span in I° of {x e I’: (VieN)[|x,|<1/i]}.

We sometimes identify s and R™ as well as Q and @m, where R stands for the
compactification [ —c0, o©0]. If we talk about a linear subspace of s, we mean a linear
subspace of R™.

Let A be a closed subset of a space X. We say that A is a Z-set provided that
every map f: Q> X can be approximated arbitrarily closely by a map g: Q- X\ A.
The collection of all Z-sets in X will be denoted by Z(X). A countable union of
Z-sets is called a oZ-set: the collection of all oZ-sets of X will be denoted by
Z.(X). It is known that a compact subset of an s-manifold M is a Z-set in M, see
Bessaga and Pelczynski [2] for details.

We will use the Z-set Unknotting Theorem: If E is a Q- or s-manifold and if
a:A- B is a homeomorphism between Z-sets A and B in E such that for some
open cover U of E, « and 1, are %-homotopic, then « can be extended to a
homeomorphism &: E - E which is %U-close to the identity. A space X has the
Z-approximation property if for every compact space B, every map f: B-> X that
restricts to a Z-embedding on some compact subset K of B, can be approximated
arbitrarily closely by a Z-embedding g: B- X such that g| K = f| K. Moreover X
is said to have the disjoint-cells property if for every neN, everymap f : I" x{0, 1} > X
can be approximated arbitrarily closely by a map g: I" x{0, 1} > X such that g(I" x
{0}) ng(I" x{1}) =@. Observe that every infinite product of nondegenerate spaces
has the disjoint-cells property. It is known that every topologically complete ANR
with the disjoint-cells property has the Z-approximation property [27, Theorem
7.3.5]. Tt is well known that every Q- or s-manifold M has the disjoint-cells property.
This follows for example easily from the fact that M x Q= M. See Bessaga and
Petczyniski [2] and Chapman [10] for details.

The following result is probably well known: its proof is included for the sake
of completeness.

Lemma 2.1. Let X be an ANR and let Z be an ANR with the Z-approximation
property. Then Y = Z x X has the Z-approximation property.

Proof. Let B be a compact space, and let f = (f7, f2): B~ Y be a map that restricts
to a Z-embedding on some compact subset K = B. Write B\K as U}, C;, where
Cy=@, each C; is compact, and C,< C;<---. Let ¢>0. Put f,=/f, and suppose
that we constructed a map f; = (f}, f3): B> Y such that

(1) fle vCi,= i~]]K u Gy,

(2) i(C)nf(K)=0,
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(3) ji; |C; is a Z-embedding,

(4) d(f, fi)<27" e
Since Y is an ANR, we can approximate f;|C;,, arbitrarily closely by a map
£=(&, &): Gy~ Y\f(K) such that ¢|C; =f;|C, [24, Lemma 7.2.1. and Corollary
7.2.6]. Since Z has the Z-approximation property, we can approximate ¢, arbitrarily
closely by a Z-embedding % such that »|C; = £,|C;. Observe that (n, £&)(Ciy) is a
Z-set in Y because it projects onto a Z-set in the Z-coordinate direction. We can
moreover assume that the range of (7, £,) misses f(K ), and that (n, &) is also close
to f;|Ci+, that it can be extended to a map f..,: B~ Y satisfying our inductive
hypotheses.

Now put g =lim,. f.. Then g is one-to-one, and hence an embedding, and its
range is contained in a oZ-set, hence it is a Z-embedding, Since ﬁ(f, g)<e and
g|K =f|K, we are done. [

For a space X, #(X) denotes the group of all homeomorphisms of X. If X is
complete, and if (f,), is an inductively constructed sequence of homeomorphisms
of X such that each f, can be chosen as close to the identity as we please then we
can choose them in such a way that L[], f;=lim,_, fo- - - o f, is a homeomorph-
ism of X (see e.g. Dijkstra [14, Lemma 1.1.2]). We call L]_[filf,» the infinite
left-product of the sequence (f;);.

Let X be a space, and let A< X be closed. Then there exists an open cover U
of X\ A such that for any homeomorphism h: X\ A - X\A that is %-close to the
identity the function h=hU1,4: X > X is a homeomorphism. Indeed, it is easily
seen that a so-called Dugundji cover U of X\ A is as desired. For details, see [24,
Lemma 1.4.12]. We will use this often without explicit reference throughout the
remaining part of this paper.

By a Borel class of spaces we mean a class of the form F,, Gs, F,5, Gs,, etc. If
M is a class of spaces then /s denotes the class of spaces that are homeomorphic
to a countable intersection of elements of . that are contained in Q.

If A, (neN) is a decreasing sequence of subsets of a set X, then ﬂfil A, will
sometimes be denoted by A...

Let X be a space and let x € X™. Define the weak product W(X, x) of X with
basepoint x to be the subspace

W(X, x)={pe X™: p,=x, for all but finitely many n}

of X~
If A< X then A° denotes the interior of A in X. The Cantor set {0, 1}™ will be
denoted by C.

3. Definitions

For every ordered set I', 4, stands for a system (.,),., of classes of spaces
which are all topological and closed hereditary. An #,-system in a space X is an
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order preserving (with respect to inclusion) indexed collection (A,),. of subsets
of X such that A, e #, for every v.

Let £=(X,),r be an order preserving indexed collection of subsets of a
space E.

Definition 3.1. The system & is called strongly Mp-universal in E if for every
Mp-system (A,),.r in Q, every map f: Q- E that restricts to a Z-embedding on
some compact subset K of Q, can be approximated arbitrarily closely by a Z-
embeddding g: Q - E such that g|K = f|K while moreover for every y e I" we have
g (X,\K = A\K.

This definition is not essentially different from the corresponding one in Dijkstra,
van Mill and Mogilski [17].

In case E is an ANR, Q can be “replaced” by any compact space B. In the
process of proving this, the following result will be helpful.

Lemma 3.2. Let E be an ANR, Z e Z(E), and let ¥ be strongly M,-universal in E.
Then for every Mp-system (A,),.r in Q, every map f: Q- E that restricts to a
Z-embedding on some compact subset K of Q such that f(K ) < Z, can be approximated
arbitrarily closely by a Z-embedding g: Q> E such that g|K =f|K, g(Q\K)n Z =,
and for every yeT, g7'(X,)\K = A \K.

Proof. Write Q\K as Uio C;, where Cy=0, each C; is compact,and Coc C, -« -.
Let £ > 0. Put f, = f, and suppose that we constructed a Z-embedding f;: Q> E such
that

(1) leKU Cia= i—llKU Ci,

(2) i(C)nZ =0,

(3) (VyeDIf7'(X,)n G =A,nC],

(4) d(fi, fir)<27- &
Since E is an ANR, we can approximate f;|C.., arbitrarily closely by a map
£:Cii1~» E\Z such that ¢|C,=f|C; [2, 4, Lemma 7.2.1 and Corollary 7.2.6].
Moreover, again since E is an ANR, we can assume that ¢ and f; | Ci+, are so close
that ¢ can be extended to a map n: Q> E that restricts to f; on K, and is as close
to f; as we please. Now observe that n(C,.,) and Z have positive distance. By the
strong ., -universality of &, we can consequently approximate n by a Z-embedding
fi+1: Q— E such that

e fu|KuC=n|KuC=f|KuC,

* fir(Ci)nZ =9,

* (Vye F)[fl_*-ll(Xy)\(K v C)=A\NKuUC)] so f:_ﬁLll(Xy) NCn=A,nCi,

e 1 and f;., are as close as we please.
Now put g=lim,,,f. Then g is one-to-one, and is therefore an embedding.
Moreover, g(Q) is a countable union of Z-sets, and therefore a Z-set itself. Clearly,
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d(f, g)<e and g(Q\K)< E\Z Since for every ye T,

g (X\K = C’J g'(X,)nC,

8

i

f:l(Xy) M Ci

1
C 8 I
>
<
D)
19!

-ﬂ.

1
S

<

we are done. [

Proposition 3.3. Let E be an ANR. The following statements are equivalent:

(1) & is strongly M -universal in E,

(2) for every compact space B and for every My-system (A,),.r in B, every map
f:B~->E that restricts to a Z-embedding on some compact subset K of B, can be
approximated arbitrarily closely by a Z-embedding g : B~ E such that g| K = f | K while
moreover for every y € I' we have g~ '(X, \K = A, \K.

Proof. (2)=>(1) is trivial. For (1)=>(2), let B be an arbitrary compact space, (A,),r
an [{-system in B, and f: B~ E a map that restricts to a Z-embedding on some
compact subset K of B. We may assume that B is a closed subset of Q. Let £>0.
Since E is an ANR, we can extend f to a map f: U~ E, where U is an open
neighborhood of B in Q. By compactness of B there exist finitely many infinite-
dimensional subcubes Q, , ..., Q, of Q,suchthat Bc Q=\J’_, Q;c U.Puth=f|Q,
Qo=@ and hy=h. For every 0<i=<n, put K,=Ku Qyu---uQ; Then é=K,,.
Assume that we constructed h;: QA—> E (0=<i<n) such that

(1) b I K, \=hi, l K,

(2) h;|K; is a Z-embedding,

(3) (Yye DA "(X,) AU\ Q\K = (A, Ui, Q\K],

(4) d(h_,, h)<e/n.
By Lemma 3.2, we can approximate h;| Q.,, arbitrarily closely by a Z-embedding
7 : Qi+~ E such that

* n|Kiin+1 ZhilKim Qit1,

* Qi \Ki)nhi(K;) =90,

s (YyeD)ln ' (X,\Ki=(Qui n A\K,].
(Observe that all classes under consideration are closed hereditary.) Now since E
is an ANR we may assume that n U (h;|K;): K;,,~ E is so close to h;| K, that it
can be extended to a map h;,: QA—> E satisfying our inductive requirements.

Now put g = h,. Then it easily follows that g|B is as required. [J
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Definition 3.4. The system & is called /#-absorbing in E if:
(1) & is an M -system,
2) Uyer X, _C.Ufi, A;, where each A; is a compact Z-set in E;
(3) & is strongly {;-universal in E.

In Example 10.6 we will make clear why we require the A; to be compact.

If I contains one element only then it is confusing to talk about systems. In that
case there is only one class of spaces under consideration, say #, and & contains
only one set. In this situation we use the terms strongly .-universal set and
A-absorber.

Let . be a Borel class of spaces, and let M be an strongly .#-universal in a space
X. Tt follows straight from the definition that X\ M is a strongly /-universal in X,
where & is the dual class of /4, i.e., if e.g. M = G5 then N = F,, etc. This triviality
will be used without explicit reference several times in the forthcoming.

Let I', and I', be two disjoint ordered sets. Denote by I" the ordered set I, LU T,
where both I'} and I', are endowed with their initial ordering and each element of
TI'y precedes every element of I',. In this situation we use (M, #r,) as an abbreviation
for . In addition, if &; =(X,),r, is an indexed collection of subsets of a space
E fori=1,2, then (%, &,) will sometimes be used as an abbreviation for the system

(X'y)yel‘, v (Xy)yel‘z'

Definition 3.5. A subset A of a space X is locally homotopy negligible in X if for
every map f: M > X, where M is any ANR, and for every open cover % of X there
exists a homotopy H: M x I » X such that {H({x}x I}},.n refines U, Hy=f and
H(M x(0,1]) = X\A.

By a result of Toruficzyk [22], if X is an ANR, for a set A< X to be locally
homotopy negligible it suffices to consider maps f:M->X, where M¢g
{pt}, LI?,...,I" ...}. Moreover, if X is an ANR and if Ac X is locally homotopy
negligible, then for every map f: B— X, where B is any space, and for every open
cover U of X there exists a homotopy H:Bx 11— X such that {H{({x}xI)},.p
refines U, Hy=f and H(B x (0, 1]) = X\ A. To see this, first observe that B can be
thought of as being a closed subset of an AR E [24, Lemma 1.2.3(1) and Theorem
1.5.1]. Since X is an ANR there is a neighborhood U of B in E such that f can
be extended to a continuous function f: U~ X. Since U is an ANR [24, Theorem
5.4.1], we can find a homotopy for U of which the restriction to B is as desired.

Observe that if X is an ANR and A< X then A is locally homotopy negligible
in X iff there exist small homotopies H : X X I » X such that H, is the identity and
H(X x(0,1]) = X\ A.

It is easy to see that if X is an ANR and A is a oZ-set in X then A is locally
homotopy negligible (Toruniczyk [22, Corollary 3.3]).

We let € denote the class of all compact spaces. Observe that all concepts that
were defined in this section are topological in the sense that if the system & in the
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space E has property 8 in E then for every homeomorphism h: E > F, the image
system h(sf) has property B in F.

4. Complements of strongly .#-universal sets

As stated in the introduction, our aim is to study J-absorbing sets in infinite-
dimensional manifolds. Since such spaces are ANR’s, in this section we will study
M-absorbing sets in ANR’s first.

We begin by deriving the somewhat surprising result that the complement of a
strongly é-universal set is again strongly €-universal.

Theorem 4.1. Let E be an ANR and M a class of spaces that contains the collection
of all compact spaces. Then for every strongly M-universal set A in E, E\A is strongly
%-universal in E.

Proof. Let B be compact, and let f: B— E be a continuous function that restricts
to a Z-embedding on some compact subset K. In addition, let C < B be compact.
Since A is strongly %-universal, we can approximate f arbitrarily closely by a
Z-embedding g: B~ E suchthat g| K = f | K while moreover g(B\K )< E\A (apply
the definition of strong %-universality with the closed subset of B that has to be
“absorbed” by A equal to the empty set). Now again since A is strongly €-universal
we may approximate g arbitrarily closely by a Z-embedding h: B~ E that restricts
to g on K u C, while moreover h™'(A)\(K U C) = B\(K u C). We conclude that h
is as required. (O

Remark 4.2. Theorem 4.1 is false when . only contains the class % of all
finite-dimensional compact spaces. This can be seen as follows. The Hilbert cube Q
contains a strongly #%-universal subset ¢ which is a countable union of finite-
dimensional compacta (see Bessaga and Pelczyiniski [2]). But its complement is not
strongly #%-universal. For if it were, then it could “‘absorb” the empty set, so that
the identity from Q to Q could be approximated by an embedding from Q into o.
But this is impossible because o is a countable union of finite-dimensional compacta,
but Q is not.

Proposition 4.3. Let E be an ANR and M a class of spaces that contains the collection
of all (finite-dimensional) compact spaces and let A be a strongly #-universal set in
E. In addition, let B be (finite-dimensional and) compact, K < B be closed and let
f: B E be continuous. Then for every £ > 0 there exist continuous functions g, h: B> E
such that

(1) d(fg), d(f h)<se,
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(2) g(B\K)< A and h(B\K)< E\A,
(3) g|K=f|K=h|K.

Proof. Write B\K as | J,_, C;, where C,=0, each C, is (finite-dimensional and)
compact, and Coc C, < - - . Put gy=f=h,, and assume that we constructed g;,
h;: B— E such that

(1) ‘i(gi, gi-1) <27'- ¢ and a(hi, hi_y) <27 £,

(2) g ’ Cioi=gia l Ci_, and h; | Ci_i1=h;_, | Ci,

(3) g(C))e Z(E) and is contained in A,

(4) h(C;)e Z(E) and is contained in E\A,

(5) g|C;: and h;|C; are embeddings,

(6) gi|K=f|K:hilK‘
Since A is strongly €-universal (¥%-universal), the function g;| C,,, can be approxi-
mated arbitrarily closely by a Z-embedding £:C,,,> A such that £|C,=g]|C;
(Proposition 3.3). Observe that C;., is being absorbed by A. Since E is an ANR,
we can moreover assume that £ and g; | C,y, areso close that £ U (g; | K):C.,,K->E
can be extended to a continuous function g;,,: B~ E such that cf(g,»ﬂ, g)<
2—(i+1) - .

Now h;,, can be constructed precisely such as g;,, by absorbing the empty set
instead of C;,;.

Put g=1im;.. g and h=1im;,. h;, respectively. Then g and h are clearly as
required. [J

Corollary 44. Let E be an ANR and M a class of spaces that contains the class of
all finite-dimensional compact spaces. Then for every strongly M-universal set A in E,
A and E\ A are locally homotopy negligible in E.

Proof. Fix neN for the rest of the proof. Let f: I" > E be continuous, and let £ > 0.
Define the homotopy H:I"xI->E by H(x, t)=f(x), xeI", te . Now apply
Proposition 4.3. [

Corollary 4.5. Let E be an A(N)R and A a class of spaces that contains the collection
of all compact spaces. Then for every strongly M-universal set A in E, the spaces A
and E\A are A(N)R’s. Moreover, A, E\A and E have the same homotopy type.

Proof. Since E\ A is locally homotopy negligible (Corollary 4.4) and E is an A(N)R,
Ais an A(N)R as well (Toruniczyk [22]). That A and E have the same homotopy
type follows easily from the existence of (small) homotopies “from E into A”. Since
E\A is strongly €-universal by Theorem 4.1, the statements for E\ A follow by the
same reasoning. [
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Corollary 4.6. Let E be an ANR and M a class of spaces that contains the collection
of all compact spaces and let 2 be a strongly M-universal set in E. Then every subset
of 2 which is closed in E is a Z-set in E and is a Z-set in ().

Proof. Let A be a subset of 2 which is closed in E. That Ae Z(E) is clear since
A is locally homotopy negligible (Corollary 4.4). We will now show that Ae Z(12).
To this end, let f: Q — {2 be continuous, and let £ > 0. Since, as we just observed,
Ae %(E), there is a map g: Q> E\A such that d(f, g) <le. Since d(A, g(Q))>0,
by Proposition 4.3, it now follows that there exists a map h: Q- 2\ A such that
d(h, g) <ke. Then h is clearly as required. []

5. F,-absorbers in infinite-dimensional manifolds

As stated in the introduction, we are interested in absorbing systems in infinite-
dimensional manifolds. To be specific, in absorbing systems in infinite-dimensional
manifolds modeled on the spaces Q, s and 2. Observe that manifolds modeled on
Q and s are topologically complete, whereas manifolds modeled on X are o-compact
and noncompact, and hence incomplete. So in some results to come, we will have
to distinguish between two cases: the “complete case” and the “incomplete case”.
From now on, by an infinite-dimensional manifold we mean a manifold modeled on
one of the spaces Q, s or 2.

In this section we are especially interested in F,-absorbing sets in manifolds
modeled on Q and s. Throughout this section, let M denote a Q- or s-manifold.

Definition 5.1. An element Ae %,(M) is called a capset for M provided that A can
be written as UZO:, A,, where each A, is compact, while moreover the following
absorption property holds: (Ve >0) (V compact K< M) (VneN) (3meN and an
embedding h: K - A,,) such that:

(1) d(h 1)<e,

(2) h|A,nK=1.

It is well known that M contains a capset (Chapman [9]). In addition, B= Q\s
is a capset for Q. Moreover, capsets have the following properties:
(I) If A and B are capsets for M then for every open cover U of M there
exists a U-close to the identity homeomorphism h: M > M such that h(A)=B.
(II) If Ais a capset for M and if Z is a Z-set in M then A\ Z is a capset for M.
(IIT) If Aisa capsetfor M and if Be #,(M) is o-compact, then AU B is a capset.
(IV) If U< M is open and if A is a capset for M then An U is a capset for U.
(V) If A is a capset for M then A is a X-manifold.
For proofs of these facts, we refer the reader to Chapman [9].
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Lemma 5.2. Let E be an ANR and let A< E be an F, which is a strongly €-universal
set in E. Then A is a oZ-set.

Proof. Since every closed subset of A which is closed in E is a Z-set in E (Corollary
4 £)Y thig ic ~laar m
T.U}, L1 1D vival i

We emphasize that in the following result we do not require the set {2 to be a o Z-set.

Theorem 5.3. Let M be a Q- or s-manifold, and let 2 be a o-compact subset of M.
Then the following statements are equivalent:

(1) M\Q is strongly 6-universal,

(2) £ is strongly €-universal,

(3) 0 is strongly F,-universal,

(4) N is an F,-absorber,

(5) 0 is a capset.

Proof. We first prove that (5)=>(4). Let A be an F,-subset of Q. In addition, let
£>0 and let f: Q> M be a map that restricts to a Z-embedding on some compact
subset K ¢ Q. Since M has the disjoint-cells property, by [24, Theorem 7.3.5] there
is a Z-embedding g: Q> M such that

(1) glK=r|K,

(2) d(f,8)<zs,

(3) g(Q\K)n2=9.
By the above, we know that 2\g(K) and (2 u g(A))\g(K) are capsets in M. By
choosing a Dugundji cover for M\ g(K) with mesh smaller than ¢, an application
of (IV) followed by (I) above yields the existence of a homeomorphism h e ¥ (M)
such that

(4) hlg(K)=1,

(5) d(h,1)<ie,

(6) h((£2u g(A)\g(K))=0\g(K).
Then hog: Q> M is the required approximation of f. For this, it suffices to verify
that

(hog) (D\K =g (20U g(A)\g(K))=A\K.

Next observe that (4)=>(3)=>(2) are trivialities. Moreover, (1)&(2) follows from
Corollary 4.1.

Finally, for (2)=(5) first observe that there exists a capset for M (Chapman [9])
and that we already proved that every capset is strongly ¥-universal. Since by
Lemma 5.2 every strongly €-universal o-compact set is a oZ-set, it suffices to prove
the following: for any two o-compact oZ-sets A and B in M such that both A and
B are strongly €-universal, there exists a homeomorphism h: M - M such that
h(A) = B. This follows from Theorem 8.2. [
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We finish this section with two rather technical results, that will be important
later in Section 12. The proof of the first lemma is implicit in Dijkstra, van Mill
and Mogilski [17, the proof of Proposition 6.1].

Lemma 54. Let AcB< Q and A,c A, < Q. Suppose (A,, A,) is an (F,, F,)-
absorbing pair, A is an F,-absorber and B is a oZ-set. Then for each £ >0 there is a
homeomorphism h: Q- Q such that d(h,1)<e and h(A)= A, and h(B)c A,.

Lemma 5.5. Let A be an F,-absorber and B a oZ-set with A< B< Q. Let C be a
o-compactum. Then for each f: Q- Q such that for some compact K< Q, f|K is a
Z-embedding and for each € >0 there is a Z-embedding g: Q -~ Q such that

(1) d(f,g)<e,

2) g '(A\K =C\K,

(3) g(Q\(CuUK))nB=0 and
4) glK=f|K

Proof. Let (A,, A,) be an (F,, F,)-absorbing pair in Q. That such a pair exists was
proved in Dijkstra, van Mill and Mogilski [17, the proof of Proposition 6.1]. See
also the proof of the first part of Proposition 10.2 in the present paper.

Let h: Q> Q be a homeomorphism such that h(A) = A,, h(B)< A, and 3(h, 1<
€/3. Let g: Q— Q be a Z-embedding such that

g (ANK =g '(A)\K = C\K,
glK=(hof)|K,
and
d(g, hof)<e/3.
Let p=h 'cg Then p|K =f|K. Furthermore
d(p.f)=d(h™'og, fi<d(h'eg g)+d(g hof)+d(hef f)
<d(h ', 1)+d(g hof)+d(h 1)
< g.

Finally one can easily verify that p"'(A)\K = C\K and p(Q\(CUK))nB=¢. O

6. Strongly .# -universal systems in certain subsets are strongly .# --universal in the
whole space

In this section we investigate the question when strongly r-universal systems
in certain subsets of an ANR E are in fact strongly #-universal in E.
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Proposition 6.1. Let E be an ANR and let F < E be such that E\ F is locally homotopy
negligible. In addition, let ¥ = (X,),.r be strongly M-universal in F. Finally, let B
be a compact space, (A,),.; an Mr-system in B, and f: B~ E a continuous function
that restricts to a Z-embedding on some compact subset K of B. Then for every € >0
there exists a Z-embedding g: B— E such that

1) d(f,g)<e,

(2) g(B\K)<F,

(3) (VyeD)lg (X,\K =A\K],

(4) g|K=f|K.

Proof. Let d be an admissible metric on E that is bounded by 1. Write B\K as
countable union of compact sets T; such that =T, T;<---. Put g,=/f, and
assume that we constructed g;: B— E such that

(1) d(g, & )<2 "¢

(2) g(T,)e %(E), &|T; is an embedding, and g(T;) = F\f(K),

3) &|K=f|K,

4) & | T, 1=8i I T,

(5) (VyeD)[g,(X,)nT,=A,nT)].
Since f(K)e Z(E) and g,(T;) nf(K) =0, we may approximate g;|T;,, arbitrarily
closely by a continuous function {: T;,, > E such that { restricts to g; on T; while
moreover {{(T;.,)nf(K)=0 [24, Lemma 7.2.1 and Corollary 7.2.6].

There is a “small” homotopy H : E X I » E such that Hy=1and H(E x(0,1])< F.
For every n, define {,,: T,,,» F by

L(x) = H(z(xx&f‘—)).

Then each {, restricts to g; on T;, and lim, . {, = {. There consequently exists neN
such that {,(T,,;) " f(K)=@. Since & = (X,), is strongly 4, -universal in F, we
can approximate ¢, arbitrarily closely by a Z-embedding 7n:T..,~ F such that
n|T;=g; and n(T,) nf(K) =0 while moreover, for every ye I,

n (X N\T = (A, n T\ T,
(Proposition 3.3). By (5) this clearly implies that for every ye I,
n7N(X,) = A, A Ty

Since n(T;;,) € Z(F) is compact and E\ F is locally homotopy negligible, it follows
that n(T;,,) is a Z-set in E. Since E is an ANR, we can choose 7 so close to g; | Tty
that the function (f | K)u n: K U Tix, > E can be extended to a continuous function
gi+1: B~ E such that d(g,,,, g) <2 V- e. Then g, is clearly as required.

Now put g =1lim;.. g;. Then by (1), g is continuous and ﬁ(f, g)<g, and by (3),
g|K =f| K. Moreover, by (2), g(B\K)uU g(K) is a countable union of Z-sets of
E, i.e., g(B)e Z(E) because g(B) is compact. Observe that g is one-to-one and
therefore an embedding and that moreover g(B\K ) < F. Now fix an arbitrary ye I
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Precisely such as in the proof of Lemma 3.2 it can now be shown that g~ '(X, \K =
ANK. O

Corollary 6.2. Let E be an ANR and let F < E be such that E\F is locally homotopy
negligible. If ¥ = (X)), r is strongly M-universal in F, then Z is strongly M -universal
in E.

Remark 6.3. Let F be a subspace of a space E. If & is a strongly .;--universal
system in E that is contained in F then it need not follow that & is strongly
AMr-universal in F. Even in case both F and F are AR’s and E\ F is locally homotopy
negligible in E there is a simple counterexample. For consider s and Q. Then
B =Q\s is a capset in Q and hence is an F,-absorber in Q (Theorem 5.3). Thus s
is strongly Gj-universal in Q. But s is of course not strongly G;-universal in s.

7. Local behaviour of universal systems

We will now present some simple results on the local behaviour of strongly
M r-universal systems.

Lemma 7.1. Let E be an ANR, U a nonempty open subset of E and (X,), ., a strongly
Mr-universal system in E. Then the system (X, n U}, is strongly #M,-universal in U.

Proof. We may assume that U # E. Let f: Q- U be a continuous function that
restricts to a Z-embedding on some closed set K. In addition, let £¢>0 and let
(A,),er be an A-system in Q. Since E is an ANR, f(K)e Z(U) and U is open
in E, it follows that f(K)e Z(E) [24, Theorem 7.2.5]. By compactness of f(Q),
5 =d(f(Q), EN\U)>0. We may approximate f by a Z-embedding g: Q- E such
that ﬁ(f, g) <min{e, 8} while moreover for every ye I, g~ '(X,)\K = A,\K. Then
g is clearly as required because g(Q)= U. O

Propesition 7.2. Let E be an ANR and let U be an open cover of E. If an M;-system
& =(X,),cr has the property that (X, n U),. is strongly M ;-universal in U for every
Ue U, then X is strongly M,-universal in E.

Proof. Let (A,),., be an M,-system in Q, and f: Q- E a map that restricts to a
Z-embedding on some compact subset K of Q. In addition, let £ > 0. By the fact
that E is Lindel6f we may assume that % is countable. Enumerate U as {U,, U,, ...},
where U,=@. There exists for every i an open set V,< V.c U, such that ¥ =
{V,, Vi,...} covers E [24, Proposition 4.3.3].

By compactness of f(Q) there exists n=0 such that f(Q)<J;_, V;. For every
0<i<n define C;=f"'(V,), and W, =f(C,), respectively. Then W, < V,< U,, so by
compactness of W, it follows that

E=min{d(W,, E\U;}:0=i<n}>0.
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Put f,=f and assume that for certain i <n we constructed f;: Q> E such that

(1) il KuCou-- UG =fi_ || KUCoU---UCpy,

(2) filKuCyu---UC;is a Z-embedding,

(3) (Vye LS (X, 0 UNK = (C.n A\K],

(4) d(fio1, f)<min{¢ e}/n.
Note that by construction, f;(C,,,) < U, and that f; restricts to a Z-embedding on
Ciiin(Ku Cyu---u G). Since (X, N Uiiy),er is strongly #,-universal in U,
and (A, N Cit\)yer is an Mp-system in Ciyy, it follows that we may approximate
£:| Ci4, arbitrarily closely by a Z-embedding g: C;,,~> U,,, such that for every ye I,
g (X, N U\K=(CyynANK and g|Ciyy n(KU Cou---U C)=f. Since E
is an ANR it follows that g(C,,,) is a Z-set in E [24, Theorem 7.2.5]. Again since
E is an ANR, we can choose g so close to f;|Ci;, that gu (| KU Cou - - - U C)
extends to a map f.,, such that {1)-(4) hold.

Now define h=f,. Then h is a Z-embedding, h|K =f|K, and for every ye I,
h7'(X,)\K = A,\K. Since clearly ﬁ(h, f) <&, we conclude that h is as required. [

8. Basic properties of absorbing systems: 1

In this section we derive some basic properties of absorbing systems in infinite-
dimensional manifolds. Observe that every infinite-dimensional manifold satisfies
the Z-approximation property: For details, see Bessaga and Pelczynski [2],
Chapman [10] and van Mill [24]. This property of infinite-dimensional manifolds
will be used without explicit reference in the remaining part of this paper.

To begin with, we prove a result on pairs of absorbing systems that will be used
later on in this section, but that is also interesting in its own right.

Theorem 8.1. Let E be an ANR and let (2 be a strongly 6-universal subset of E. Let
& =(X,),cr be an order preserving indexed collection of subsets of (2. Then for every
system My the following statements are equivalent:

(1) & is strongly Mr-universal in (2.

(2) (&, 2) is strongly (M, €)-universal in E.

Proof. For (1)=>(2), first observe that (%, 2) is order preserving (with respect to
the appropriate ordering, see Section 3). Next, observe that E\{2 is locally homotopy
negligible (Corollary 4.4). Finally, let A be a compact subset of Q, and (A,),cr an
M-system of subsets of A. Let f: Q— E be a continuous function that restricts to
a Z-embedding on some compact subset K of Q, and let £ > 0. Since & is strongly
Mr-universal in (2, we can approximate by Proposition 6.1 and Corollary 4.4 the
function f|A U K arbitrarily closely by a Z-embedding g: Au K - E such that
g(A\K)< 2, g|K =f| K, while moreover, for every yeI, g '(X,)\K = Ay\K.
Since E is an ANR we may assume that f|Au K and g are so close that g can be
extended to a continuous function g: Q- E such that 3(f, g) <3e. Since the empty
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set is compact and is contained in Q, and 2 is strongly %-universal, we can
approximate g by a Z-embedding h: Q - E such that cf(h, g)<is, h|AUK=g|Au
K and h "(2N\(AU K)=0\(AuU K)=0. Since h(A\K)=g(A\K)=g(A\K )<= {2,
this implies that h~'(2)\ K = A\ K. We conclude that h is as required.

For (2)=(1), let (A,),., be an Mr-system in Q, f: Q- {2 be continuous such
that f restricts to a Z-embedding on some compact subset K of Q, and let e >0.
Since f(K) is compact it follows from Corollary 4.6 that f(K)e %(E). There
consequently exists an approximation h: Q- E such that

(1) d(f,g)<e,

(2) h is a Z-embedding,

(3) (Yye DA '(X,\K = A\K],

(4) R (20K =Q\K,

(5) h|K=f|K.

Since h(Q) is a compact subset of {2, it follows from Corollary 4.6 that h(Q) € Z(£2).
So we are done. [

We now come to the main result in this section, that will be proved by a standard
back and forth technique, cf. Bessaga and Pelczyniski [2]. See also Dijkstra, van
Mill and Mogilski [17] where an easier case was proved for absorbing systems in Q.

Theorem 8.2. (a) Let E be an s- or Q-manifold. In addition, forj =1,2,letZ; = (X, ) yer
be an M-absorbing system in E and let K be a Z-set in E that misses U, X,V X3 -
Then for every open cover U of E there exists a U-close to the identity homeomorphism
h: E > E that restricts to the identity on K while moreover for every ye I, h(X, ,) =
X,
(b) If moreover Z; is contained in a o-compact set {}; < E satisfying

(i) (2, is a strongly €-universal set in E,

(ii) &, is strongly Mp-universal in {2,
then h can be chosen such that moreover h(2\K) = ,\K.

Proof. We first prove the theorem in the special case that K =@. Our plan is to
prove both statements in the theorem simultaneously. Pick for j=1,2 compact
Z-sets (A, in E such that | . X;, =\_, A}, while moreover =A< A{<

. In the case that we have to deal with the (2;, we pick the A/ in such a way
that Q, =|_J;_, A/ (here we use Lemma 5.2). In the remaining part of the proof, we
will mark statements concerning the (2, with an asterisk in the left margin. The
reader should ignore these statements in case he is only interested in the first part
of the theorem.

Let d be an admissible complete metric on E such that the family of all open
d-balls of radius 1 refines U (Bessaga and Petczyniski [2, Theorem I1.4.1]). We will
inductively define sequences of homeomorphisms f; and g; of E satisfying the
following conditions:

(1) LTI}, fie #(E),
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(2) d(f, <27,

(3) gi=fioficio o fo,

4) (VyeD)[Aing'(X,,)=AInX,,],

(5) (V'Yer)[Az?mgi(Xx,y)=A?ﬁX2,y],
(x) (6) g(A)<c,,
(*) (7) g '(AH <=,

(8) .f;lgi—l(Al!—l) o A?—n =1
Let fy=1 and assume that f; has been constructed. Put T=g,(A])uA? and T =
g:(Al,;) U A}, respectively. Then both T and T are compact Z-sets in E. We have
for every ve I, gi(X,,)n Te M., and

gi(Xl,-y) NnT= gi(Xl,y) M (gi(A:) () A.Z)
= gi(Xl,y M A:) v (gi(Xl,-y) M Auz)
=g:(g7 " (X2y) M AD U (X5, M AD)
= X5, N (g(AD U A}
= XZ,y M T
Let 6 >0 be such that (1) and (2) force f;.; to be S-close to the identity. If we
do not have to worry about the (); then we are about to use the fact that (X,.),,
is strongly J-universal in E. In the other case, (X, ), is strongly ./, -universal
in £2,, thus (X, ,, £2,),cp is strongly (M, €)-universal in E (Theorem 8.1). So in
either case we can approximate 1: T>E by a Z-embedding «: T > E such that
(remember our convention about the asterisks in the left margin)
e a and 1 are as close as we please,
(V‘yer)[ail(XZ 'y)\T (gl(Xl y)mT)\T (gl(Xl y)ngl(Ax+1))\T]’
a (‘(22)\T gx(A +1)\T thuS a° gl(Al+1) < 'QZ,
@ | T=1.
The Z-set Unknotting Theorem for E now implies that « can be extended to a
homeomorphism @: E > E which is 38-close to 1. Observe the following facts:
e @|T=1r,
(x)  a(g(Ai )< 2,,
s (Vye F)[C_‘il(Xz,y) M gi(An!+1) = gi(A}ﬂ N Xl,'y)]'
This is so because for every v,
a (X,,)=(a"(X5,) " T)u(a™(X3,)\T)
= (XZ,‘y NnTyu (gi(Xl,y) M gi(At!+l)\T)
= (gi(Xl,y) nT)u (gf(Xl,y M A:+1)\T),

(*)

so that
@ (Xa,) N gi(AL) = a7 (X,,) N gi(AlLy)
=(g&(X1, N A1) N TYu (g( X1, N A\ T)
=g(X1, 0 Al
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Now put P=a o g(Al,,)uA? and P=ao-g(A},,)uAL,. Then both P and P
are compact Z-sets in E. Since every /, is closed hereditary, (X, , N ﬁ),,ep is an
My-system in P. If we do not have to worry about the {2; then we are about to use
the fact that ((&° g }(X;,)),c; is strongly #,-universal in E. In the other case,
((@°g)(X,,))yer is strongly J-universal in &v°g;({2,), thus (&-°g(Xy,),
@-e g(£2,)),cr is strongly (M, €)-universal in E (Theorem 8.1). So in either case
we can approximate 1:P>E by a Z-embedding 8 : P - E such that
e B and 1 are as close as we please,
o B7N(@egd X, )\P=(Xa, " P)\P=(X,,nAL)\P,

(%) ﬂ’_’(& o g(2,))\P =A% \P, thus (B 'c@°g) ' (AL.) = 2,
s B|lP=1.

We now put f.,,=8""ca It is easily seen that f,,, satisfies our inductive require-
ments.
Let g = L[], f;- Then g has the following properties:
e ge H(E),
. a(g, 1) <1, so g is U-close to 1,
(¥) o g(0,)=12,,
o (VyeDg(X,,)=Xz,]

We conclude that g is as required.

We now turn to the case that K #@. Then we let ¥ be a Dugundji cover
of E\K. Observe that any homeomorphism of E\K that is ¥-close to the identity
can be extended to a homeomorphism of E that restricts to the identity on K. By
Lemma 7.1 we conclude that for j=1,2, &, is an #-universal system in the Q- or
s-manifold E\K. In addition, in case we have to worry about the {2;, observe that
by Lemma 7.1, %, is strongly . -universal in 2\K and Q\K is strongly
$-universal in E\K. [

Theorem 8.2. (¢) Let 2 be a 3-manifold. In addition, for j=1,2,let Z;= (X}, )yer
be an M -absorbing system in () and let K be a Z-set in (2 that missed Uyer Xi,wXs,.
Then for every open cover U of {2 there exists a U-close to the identity homeomorphism
h: 0 - Q that restricts to the identity on K while moreover for every ye I, h(X, )=
X .

Proof. As in the proof of Theorem 8.2(a), (b) it suffices to prove the corollary for
the special case K =@. By Chapman [9, Theorem 10.2] there exists an s-manifold
E and an embedding i: 2> E such that i(£2) is a capset for E. So without loss of
generality we may assume that (2 is a subset of E. Let U be an open cover of {2
There is a cover ¥ of 2 consisting of open subsets of E such that % = 7" (2. Put
F=J 7. Then F is an s-manifold and (2 is a capset for F, hence by Theorem 5.3,
£ is strongly €-universal in F. The desired result therefore follows by an application
of Theorem 8.2(b). O
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Corollary 8.3. Let E be an s- or a 2-manifold. Similarly for F. Let M be a class of
spaces containing the class of all compact spaces. Finally, let A and B be .#l-absorbers
in E and F, respectively. Then A and B are homeomorphic iff they have the same
homotopy type.

Proof. Assume that A and B have the same homotopy type. By using the same
technique as in the proof of Theorem 82(c) we may assume that A and B
are /I/l absorbers in the s-manifolds E and F respectlvely By Corollary 4.5, E
and F have the same homotopy type. Consequently, E and F are homeomorphic
(Bessaga and Petczyriski [2 Theorem 1X.7.3]). The desired result now follows from
Theorem 8.2(a). O

We do not know whether this result can also be proved for .-absorbers in
Q-manifolds. For a partial result, see Proposition 10.7.

9. Basic properties of absorbing systems: II

There are several results that guarantee that subsets or supersets of capsets are
again capsets. For details, see Chapman [9] and Section 5. In this section we shall
show that our absorbing systems share some of the nice properties that capsets have.
It is possible for example under certain natural conditions to add or to remove a
Z-set from the absorbing system without destroying its absorption properties. The
results in this section are not endresults, but they are useful tools in working with
absorbing systems. For capsets some known properties will follow from our general
theory about ./ -absorbing systems, by taking for /# the class of all o-compact spaces.

Proposition 9.1. Suppose that every M., € M, is open hereditary. In addition, let E be
an infinite-dimensional manifold, which contains an M -absorbing system in E. Then
JSor every open subset U of E and every M,-absorbing system (Y, ), in U there is an
Mr-absorbing system (Z.),.r in E such that for every ye I, Z, nU=Y,,.

Proof. Suppose that & =(X,),.r is an f{-absorbing system in E. By Lemma 7.1
the system (X, n U),.r is #r-universal in U. Since & is contained in a o-compact
oZ-set of E, say Z, the system (X, n U),. is contained in the o-compact oZ-set
Z n U of U. By Theorem 8.2 there consequently exists a homeomorphism h: U - U
such that for every ye I, h(X,n U)=Y,, while moreover h can be extended to a
homeomorphism h of E that restricts to the identity on E\U (pick a Dugundji
cover ¥ of U and let h be ¥-close to 1y). Then the system (h(X,)),.r is clearly
as desired. O

By the same method it is possible to derive the following proposition.

Proposition 9.2. Suppose that every M., M, is open hereditary and let E be an
infinite-dimensional manifold. Then for all M,-absorbing systems (X)) crand (Y,) er
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and for every open subset U of E,
((X‘y [ U) o ( Y-y\ U))'yel"

is an Mr-absorbing system in E.

We will now prove that under certain conditions one can remove a Z-set from
an absorbing system.

Theorem9.3. Let Ebean ANR, let Ac Z(E), andlet (X,),.r be strongly M universal
in E. Then (X, \A),r is strongly M -universal in E as well.

Proof. By Lemma 7.1, (X,\A),., is strongly 4, -universal in E\A. Since A is
locally homotopy negligible in E, by Corollary 6.2 it therefore follows that (X, \ A), .
is strongly #-universal in E. O

Corollary 9.4. Assume that each M., € M is open hereditary. Let E be an ANR, let
Ac#(E), and let =(X,),.r be an M-absorbing system in E. Then (X,\A),.r is
an M-absorbing system in E as well.

Our next goal is to show that we can always add a subset of a Z-set to a strongly
Mp-universal system.

Theorem9.5. Let Ebean ANR, let Ac Z(E), andlet (X.,}, . r be strongly M,-universal
in E. Then for every subset B< A, (X, U B), . is strongly M;-universal in E as well.

Proof. Let (A,),.r be an #-system in Q. In addition, let f: Q- E be continuous
such that f restricts to a Z-embedding on some closed set K = Q, and let £ > 0. By
Lemma 7.1, (X, \A),.r is strongly ./,-universal in E\ A. Since A is locally homotopy
negligible, there consequently is by Proposition 6.1 a Z-embedding g: Q - E such
that

(1) d(f,g)<s,

(2) g(Q\K)< E\A,

(3) (Vye DIg (X,\A\K = A,\K],

4) g|lK=F|K.
We claim that g is as required. To this end, pick an arbitrary y € I'. Then

g (X, UBN\K =(g (X,\K)u (g (B\K)
=(g (X, \NANK) U (g7 (X, nA\K)
=g (X,\ANK
=A\K.
We are done. [J
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Remark 9.6. Let A be a class of spaces. We define its dual class M in the following
way:

XeM & for some compact space B containing X: B\X € .
In addition, we call # dually absolute if it has the following property:
(V compact B)(VX < B)[X e M B\X € M].

Observe that every Borel class of spaces is dually absolute.

For dually absolute classes, there is an easier proof of an important special case
of Theorem 9.5. Indeed, assume that # is dually absolute and let I be I' with the
reverse ordering. Then if (X)), is strongly #-universal in a space E, (E\X,),r
is strongly /th-universal. So if Ac E is a Z-set, then by Theorem 9.3,

((E\X,)\A),.r is strongly /&Atf-universal.

We conclude that (X, U A),c, is strongly 4,-universal.

There is no natural analogue to Corollary 9.4 because instead of the natural
condition “each ., is open hereditary”, one has to assume something like the
“union of an element in ., and a compact set is again in .4,”, which is unnatural.
For several natural classes however, this unnatural condition is trivially satisfied,
as the next corollary shows.

Corollary 9.7. Let A be an M-absorber in an ANR E and suppose that M is a Borel
class of spaces. Then for every Z-set Z < E and subset B< Z such that Be M, BU A
is an M-absorber in E.

Proof. In view of Theorem 9.5, it remains to be shown that Bu Z € (. But this is
a triviality. O

Remark 9.8. Corollary 9.7 can also be formulated for /#--absorbing systems & such
that every ¢, is a Borel class of spaces. We leave this to the reader.

Remark 9.9. As we saw in Section 5, statement (III), the union of a capset and a
o-compact oZ-set is again a capset. In view of Corollary 9.7 it is naturally to ask
whether the same result holds for the other absorbing systems as well. The answer
to this question is in the negative. If A is an #(-absorber in an infinite-dimensional
manifold E, then A is contained in a o-compact oZ-set. Consequently, if it were
possible to add a o-compact oZ-set to A, then A would be o-compact itself. Simple
counterexamples show that this need not be the case.

It is also natural to ask whether for an .#-absorber A in an infinite-dimensional
manifold E, the union Au B is again an .(-absorber for an arbitrary B< E such
that B e /. The first obvious condition for B is that it is contained in a o-compact
oZ-set. For some classes the answer to this question is in the affirmative. Let for
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example E = Q and /4 = {all countable spaces}; it is easy to see that each countable
dense set in E is an J#{-absorber. For most interesting classes however the answer
is in the negative for the same reason as above. For example, let /# be a Borel class
other than the class F, and the class G;. Then F, < /#, from which it follows as
above that A must be o-compact, which is easily seen to be a contradiction.

Question 9.10. Is the union of two J(-absorbers in an infinite-dimensional manifold
again an J{-absorber, where ./ is a Borel class of spaces?

10. New absorbing systems from old

We shall now consider the special case that the system & is a decreasing sequence
X,2X,2- - (so I'=N with the inverted ordering) of absorbers, and we assume
that all the classes ., are equal to a fixed class . In this situation we shall use
the term #-absorbing sequence. Some results and proofs in this section are similar
to the corresponding ones in Dijkstra, van Mill and Mogilski [17].

Let /4 be a class of spaces. We say that #; is absolute provided that for every
element A € /s that is contained in Q there exists a sequence {A,}, of elements of
M in Q such that A=ﬂf:1 A,. Easy examples show that #; in general need not
be absolute. Observe that each Borel class is absolute.

Lemma 10.1. Let E be a space and let (X;); be an M-absorbing sequence, where M is
closed under finite intersections and My is absolute. Then Xm:ﬂ?o:l X; is an M-
absorber in E.

Proof. Let Ac M5 and f: Q- E a map that restricts to a Z-embedding on some
compact subset K of Q. There exist A, € # for every n such that A=ﬂf:1 A,.
Since 1 is closed under finite intersections, we may assume without loss of generality
that A|2 A,2---. We can approximate f arbitrarily closely by a Z-embedding
g: Q~ E that restricts to f on K, while moverover, for every n, f '(X,\K = A,\K.
We conclude that f 7'(A)\ K = X\ K. Since X, is clearly contained in a o-compact
oZ-set (because X, is), we are done. [

For spaces E, and subspaces X, < E,, neN, we define a decreasing sequence of
subsets of E=][_, E,:

S,=T1 X;x [l E (neN).
=1

i i=n+1

Proposition 10.2. For each neN let E, be a space such that E =[],_, E, is an ANR
with the Z-approximation property. If for every n, X,, < E,, is strongly M-universal, then
the sequence (S,), is strongly M-universal in E.
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If moreover E,, = Q for every n, M =F, and every X, is an F,-absorber which is
contained in a oZ-set C, < E,,, then every subset X < E such that

X, eXc

1

Gy

1

[f=F
=k

is strongly F,s-universal.

Proof. For every n let d, be an admissible metric on E, that is bounded by 1. Then
p(x, y)=max, d,(x,, y,) is an admissible metric on E. Denote the projection E > E,
by m, (neN).

We will first prove that (S,), is strongly #-universal.

Consider a map f: Q - E that restricts to a Z-embedding on some compact subset
K < Q, and let U be an open cover of E. In addition, let A, 2 A,> - - - be a sequence
of subsets of Q consisting of elements of #. We may assume without loss of
generality that f is a Z-embedding. There is an £ >0 such that every subset of E
that intersects f(Q) and has diameter less than ¢, is contained in an element of %
[24, Lemma 1.1.1]. Write Q\K as || F;, where F,=, each F, is compact, and
F,c Fic Fic F5c F,<---. For every i=0 put

e =min{27" - £, 3p(f(K), f(F))}
and observe that

=g = -rzg=-->0, limeg =0.
i>00

Now consider the nth component function f, : Q - E,.. Put a, o= f, and assume that
we constructed «,,;: Q~ E, such that

(1) a(an,ia @ iog) < Eit1,

(2) ®p i | Fi=an; | F_.,

(3) Wi | Q\F =/ | Q\F.i,

(4) a,;|F; is a Z-embedding,

(5) ari(X,)nF=A,F,.
For the construction of a,;., satisfying our inductive hypotheses, use the same
technique as in the proofs of several earlier results in this paper.

Now put g, =lim,_ . «,;. Then g, has the following properties:

(i) d(gn £)<e,

(ii) if x € Fi, \F; then d(g,(x), £.(x)) <d(f(K), f(F.r1)),

(iii) g.|K =/,

(iv) g.|F; is a Z-embedding for every i,

(v) g.'(X,)\K =A,\K.
Define g =(g,),: Q> E. It is easily seen that g is one-to-one, and therefore an
embedding. The compact set g(Q) is contained in the oZ-set f(K)u
U, (=7 '(g(F))) and is therefore a Z-set. Moreover, the maps f and g are clearly
U-close, because j(f, g) <&, and have the property that f | K = g| K.
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If x is an element of A,\ K, then xeﬂ;'zl A\K so gi(x})e X forj=1,...,n We
conclude that in that case, g(x) € S,. On the other hand, if g(x)e S, then xc A,,.

We next assume that E, = Q for every n, that # = F, and finally that every X,
is an F,-absorber which is contained in a oZ-set C, < E,.. Pick an arbitrary subset
X < E such that

X, e X¢c

1

C..

1

=3
1=

We will show how the above proof can be modified so that we can conclude that
X is strongly F,s-universal. By Lemma 5.5, we may assume that the function
a,;: Q> E, additionally satisfies the following property:

(6) ani(FAA,) A C,=0.
This has the effect that for the function g, we have

(vi) g.(Q\(A,LK))NC,=0.
We claim that the function g has the property that g "(X\K = A, \K. Let x¢€
g "(X)\K. Then g(x)e X =[], C.. So for every neN, g,(x)e C,, hence g,(x) £
2,(O\(A,, u K)). This gives x ¢ Q\(A, u K). Since x ¢ K we consequently obtain
x € A, and therefore, since n was arbitrary, x € A,,. Conversely, if xe A, \K then
for each n, x € A,\ K. Consequently, g,{(x) € B, which implies that g(x) e Hiil B, <
X, ie,xecg (X). O

Corollary 10.3. Let E be a topologically complete nondegenerate AR. If X c E is
strongly M-universal, then the sequence (S,), is strongly M-universal in E™.

Proof. By observing that E™ trivally satisfies the disjoint-cells property, it follows
that E has the Z-approximation property [24, Theorem 7.3.5]. So now we can apply
Proposition 10.2. [

The proof of the following proposition is analogous to that of Propositon 10.2
and is therefore left as an exercise to the reader.

Propositon 10.4. Let Ny, N e NuU {00} be such that Ny< N, and let M e N. Moreover,
forn< M, let E, be an ANR, and for n> M, let E, be an AR, such that E = H:':I E,
has the Z-approximation property. Finally, let for each n< N,, (X)), be a strongly
M~universal system in E,. Then the system
No N
(mxx 1 &)
i=1 i=Np+1 yel

is strongly M-universal in E.
The following result generalizes Dijkstra, van Mill and Mogilski [17, Lemma 6.4].

Corollary 10.5. Assume that Y is an ANR with the Z-approximation property. If A
is strongly M-universal in Y and X is locally homotopy negligible in an ANR M, then
Ax(M\X) is strongly M-universal in Y X M.
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Proof. Since X is locally homotopy negligible, M\ X is an ANR (Toruniczyk [22]).
Consequently, Lemma 2.1 implies that Y x(M\X) has the Z-approximation
property. So by Proposition 10.4, A x { M\ X) is strongly #-universal in Y x { M\ X).
But Y X X is clearly locally homotopy negligible in Y x M. So by Corollary 6.2 it
follows that Ax (M\X) is strongly #-universal in YxM. O

We are now in a position to present an example of two “different” strongly
F_s-universal sets in s.

Example 10.6. There exist subsets A and B in s such that
(1) A and B are strongly F,s-universal,
(2) A and B are homeomorphic,
(3) Ais an F_s;-absorber,
(4) B is not an F,s-absorber.

Proof. Let £2 < Q be the capset in van Mill [24, Proposition 6.5.4]. Then by Theorem
5.3(4), 2 is an F,-absorber in Q. From Corollary 10.3 and Lemma 10.1 we conclude
that E =0 is an F,s-absorber in Q7= Q.

By Corollary 10.3 it follows that E X {2 is a strongly %,s-universal in Q™ xs =3,
[24, Corollary 6.5.10]. Now observe that E x (2 is contained in a o-compact subset
of QX s = s and that all compact subsets of s are Z-sets. So we conclude that there
exists an F,;-absorber A in s, and that A is homeomorphic to 2%.

The set {2 is also a capset in s, and it is therefore also an F,-absorber in s. Now
observe that B= A" is strongly F,s-universal in s™=s (Corollary 10.3). Clearly B
and A are homeomorphic, but B is not contained in a o-compact subset of s~. For
take arbitrary compact sets A, < s™. Since A is not compact, we can pick for each
n a point x, € A\7,(A,) (here m, is the projection onto the nth factor of s*). Then

(x1,%3,...)e B\U A,.
n=1
So B is not an F,s;-absorber. [J

A similar example was constructed independently by Cauty [7]. He constructed
two G;s-absorbers (in the sense of Mogilski and Bestvina [3]) A and B in I such
that the pairs (/°, A) and (/°, B) are not homeomorphic.

So despite the fact that A= B, there does not exist a homeomorphism f:s—>s
with f(A) = B. This example explains why in the definition of absorber we require
the set under consideration to be contained in a o-compact oZ-set.

We now partly generalize Corollary 8.3 for the case of Q-manifolds.

Proposition 10.7. Let E and F be Q-manifolds. In addition, let M be a class of spaces
containing the class of all compact spaces such that moreover for every Ac M, AX X € M.
Finally, let A and B be M-absorbers in E and F, respectively. Then A and B are
homeomorphic iff they have the same homotopy type.
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Proof. Let £2< Q be a capset [24, Proposition 6.5.4]. Since =23 (Section 5,
Statements (IV) and (V)), it follows that for every A e #, A X {2 € M. First observe
that by Lemma 2.1, E X {2 has the Z-approximation property.

Now by Proposition 10.4, AX (2 is an A -absorber in E x 2 and by Corollary
10.3, that Ax {2 is an A-absorber in E X Q. But E and E x Q are homeomorphic
(Chapman [10, Theorem 15.1]). So we conclude by Theorem 8.2 that A and A x £2
are homeomorphic. Similarly it follows that B and B x {2 are homeomorphic. Since
AXx( is an A -absorber in the 3-manifold E % £ (this is so because E X {2 is a
capset in the Q-manifold E x Q, Chapman [9, the proof of Lemma 5.6]; alternatively,
use Mogilski’s characterization of X-manifolds from [21]), and similarly B x {2 is
an J{-absorber in the X-manifold F X {2 we can apply Corollary 8.3 to conclude
that A and B are homeomorphicif and only if they have the same homotopy type. [

Piecing everything together for Borel classes of spaces other than the class Gs
yields the following satisfactory result. (Observe that there does not exist a G;-
absorber in an infinite-dimensional manifold (use the Baire Category Theorem), so
that the following corollary is ‘‘best possible”.)

Corollary 10.8. Let E and F be infinite-dimensional manifolds. In addition, let 4 be
a Borel class of spaces other than the class G;. Finally, let A and B be M-absorbers
in E and F, respectively. Then A and B are homeomorphic iff they have the same
homotopy type.

Proof. First observe that %, < #, which easily implies that for every M € # and
o-compact space T, the product M X T also belongs to M.

We will prove that A is homeomorphic to an #-absorber is an s-manifold. For
this, we only need to consider the case that E is a Q- or a 3-manifold. If E is a
Q-manifold, then by the proof of Proposition 10.7 it follows that A is homeomorphic
to an -absorber in a X-manifold. So in fact we only need to consider the case
that E is a X-manifold. By Chapman [9], there exists an s-manifold E such that
E is a capset in E. By Theorem 5.3 and Corollary 4.4 it follows that E\E is locally
homotopy negligible in E. This implies, by Corollary 6.2, that A is strongly /-
universal in E. Since compact sets in an s-manifold are Z-sets, it even follows that
A is an J-absorber in E.

By a similar argumentation it also follows that B is homeomorphic to an -
absorber in an s-manifold £ Now we are in a position to apply Corollary 8.3 to
conclude that A and B are homeomorphic iff they have the same homotopy type. [

Proposition 10.9. Let X be an AR, and let A be a strongly M-universal subset of X.
Assume that M contains all compact spaces. Then for every pe A the weak product
W(A, (p, p,...) is strongly M-universal in X~

Proof. We first observe that A is an AR because X is (Corollary 4.5). As a
consequence, A is path-connected. Let G: X x I~ X be a contraction. In addition,
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let F: X x I - X be a homotopy such that F,=1x and F(X x (0, 1]) < A (Corollary
4.4). For every te I, put H,= F, o G,. Then H is a homotopy having the following
properties:

* Hy=1x,

e H(X x(0,1]) < A,

* H, is constant.
Since A is path-connected, we may even assume that

¢ H, is the constant function with value p.
We can now follow the proof of the corresponding result in Bestvina and Mogilski
[3, Proposition 2.5] verbatim. [

The results in this section can be used to prove along the lines of Bestvina and
Mogilski [3, Proposition 6.4] that for every Borel class of spaces other than the
class G, there exist absorbers in every infinite-dimensional manifold.

11. More definitions

The concepts in this section are of importance if one wishes to prove in a concrete
situation that a certain subset of an ANR is an absorber of some sort. See Section
12 for details.

As before, let # =(X,),., be an order preserving indexed collection of subsets
of a space E.

Definition 11.1. The system & is called M -universal in E if for every #{;-system
(A,),crin Q, thereis an embedding f: Q > E such that forevery ye If (X,)=A,.

Observe that if & is strongly 4 ~universal in E, then it is #-universal in E.

Definition 11.2. The /(-system Z is called reflexively M,~universal in E if for every
€ >0 and every map f: E » E such that

(1) F(E) is compact,

(2) f restricts to a Z-embedding on some compact set K,
there exists an embedding g: E - E such that

(3) g| K =F|K and d(F, g)<e,

(4) g(E) is a Z-set,

(5) (VyeDlg (X,\K = X,\K1.

Proposition 11.3. Let E be an ANR. The following statements are equivalent:
(1) & is strongly M -universal in E,
(2) & is M,-universal and reflexively M -universal in E.
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Proof. We first prove that (2)=>(1). To this end, let (A,),.r be an 4 -system in
Q, and let f: Q> E be a continuous function that restricts to a Z-embedding on
some compact subset K of Q. Let £>0. Since & is /,-universal, there exists a
Z-embedding j: Q> E with j7'(X,) = A, for all v. Since Q is an AR, we can extend
j ' j(Q)> Q to amap 7: E~ Q. Since & is reflexively {,-universal, there is an
embedding g: E - E such that

(1) g(E) is a Z-set,

(2) d(g, for)<e,

(3) (YyeD)[g ' (X,\i(K)=X,\j(K)],

(4) g|j(K)=f°r|j(K).
Now put h=geoj: Q- E. Observe that

e>d(g, for)=d(gej, forej)=d(h, [).

It is clear that h is a Z-embedding since h(Q) < g(E), and that h| K = f | K. Finally,
for every yeI' we have

A (X N\K =/~ (g (XN ' ((K))
=j (g {X,\j(K))
=j (X\J(K))
= A\K.

We next prove (1)=>(2). We only need to prove that & is reflexively #,-universal.
To this end, let £ >0 and let f: E - E be a map such that

(1) f(E) is compact,

(2) f restricts to a Z-embedding on some compact set K.
Since f(E) is compact, there is a compactification bE of E such that f can be
extended to a continuous function f:bE - f(E). (We may assume that E is a
subspace of Q. Then the closure of the graph of f in the product Q x f(E) is the
desired compactification bE of E. The restriction to bE of the projection onto the
first factor of Q xf(E) extends f)) Now by Proposition 3.3 we can approximate f
arbitrarily closely by a Z-embedding, the restriction to E of which is easily seen to
be as required. O

Definition 11.4. Let M be a subspace of a space E. Then M is called reflexively
universal in E if for every € >0 and every map f: E > E such that

(1) f(E) is compact,

(2)f restricts to a Z-embedding on some compact set K,
there exists an embedding g: E -» E such that

(3) g|K=f|K and d(f,g)<e,

(4) g(E) is a Z-set,

(5) g '(MN\K =M\K.

Observe that if M € 4, and if M is reflexively universal in E, then it is reflexively
A -universal in E,



176 J. Baars et al.

We finish this section with the following rather technical result, that will be
important in the next section.

Proposition 11.5. Let Y be a dense linear subspace of s. Then sx Y is reflexively
universal in Q X Q.

Proof. Let f=(f\, f5): QX Q- Qx Q be a map that restricts to a Z-embedding on
some compact subset K of Qx Q. Without loss of generality we may assume that
fis a Z-embedding [24, Theorem 6.4.8]. Let £ > 0. As in the proof of Proposition
10.2 we can find a map g,: Q X Q» Q such that

(1) filK =gk

(2) d(f1,81)<e/2,

(3) for xg K, d(fi(x), g:(x)) <3d(f(x), f(K)),

(4) g, /(Qx Q)\K is one-to-one,

(5) 8((QxXQN\K)eZ,(Q), and

(6) g1'(s\K=(sx Q\K.
(We use that s is strongly Gs-universal in Q.)

Since Y is a dense linear subspace of s, by Curtis [11], Q\ Y is locally homotopy
negligible in Q. We can therefore find a homotopy H: Q x I - Q such that

(7) Ho=1,

(8) H(Q)c Yn[-1+11—¢]7if t>0, and

(9) d(H,,1)<2tforall reL
Define 2,: Qx Q- Q by

g2(%, y) = H(f(x, y), e - d(f(x, y), f(K))) +ge - d(f(x, y), (K)) - .

Then g, satisfies

(10) §2|K=f2|K,

(11) d(f, 82) <e/2,

(12) for x ¢ K, d(f>(x), g2(x)) <3d(f(x), f(K)),

(13) for (x, y) & K we have g-(x, y)e Y if and only if ye Y.
Put g =(g,,22):Qx Q> Qx Q. Then d(f, g)<e and f|K =g|K. By (1), (3), (4),
(10) and (12) we have that g is one-to-one and hence an embedding. By (1), (5)
and (10) we obtain that g is a Z-embedding. Finally by (6) and (13) it follows that
g 'sxYN\K=(sxY\K. O

12. Applications

Each subset A of N can be identified with a point in the Cantor set C, namely
with the point y, defined by (xy4); =1 if and only if i€ A (so A is in fact identified
with its characteristic function). In this way we associate to each %< ?(N) the
subset F={y.: Ae %} of C. In the sequel a subset of ?(N) will be denoted by a
script letter and the corresponding italic capital character denotes the corresponding
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subset of C. We are interested in free filters % on N. Let &, be the free filter on N
consisting of all cofinite subsets of N. It is easily seen that a filter & on N is free if
and only if ¥y %

Lemma 12.1 (Dobrowolski, Marciszewski and Mogilski [19]). Let & be a free filter
on N. Then the following conditions are equivalent:

(i) Fis an element of the o-algebra generated by the open subsets and first category
subsets of C,

(ii) F is a first category subset of C.

Lemma 12.2 (Dobrowolski, Marciszewski and Mogilski [19]). Let & be a free filter
on N such that F is a first category subset of C. Then there is a decomposition UTO:I N;
of N into infinite pairwise disjoint sets N; such that if F,={AnN;: Ae F}, then

(1) for every neN and for every A;e &, (i<=n), J_, A;ulU,._ N e,

(2) F; embeds as a closed subset of F, and

(3) %, is a free filter on N,.

For each filter on N we can topologize the set N=Nu {0} as follows: each element
of N is isolated and the collection {U u {c0}: U € ¥} is a neighborhood base at .
This topological space will be denoted by N. It is an easy exercise to verify that
Ng is Tychonov if and only if % is a free filter on N.

Lemma 12.3. Let A be a closed and nowhere dense subset of C. Then for every neN,
there is a € {0, 1} 2" such that ({0, 1} "'x{a})~A=4¢.

Proof. Suppose to the contrary that for each a € {0, 1}™"2" ({0, 1}{">" x {a}) ~
A#Q. For s€{0, 1}'">" let A, ={xe{0,1}"">": (5 x) € A}. Then by assump-
tion U, o 02 Ay ={0, JM3" We  claim that each A, is closed in
{0, M2 et x e {0, 132"\ A . Then (s, x) € A. Since A is closed in C we
can find a neighborhood V of x such that ({s} x V)~ A=@. This gives V.~ A, =0.
Since {0, 1}!">"} is finite, there is se {0, 1}'"*~" such that A, has nonempty
interior. Let U be a nonempty open subset of A;. Then {s}x U is open in C and
{s}x U < A. This contradicts the fact that A is nowhere dense. [

Let # be a free filter on N and let F be the corresponding subset of C. Define
cr={xeR™ (Ve>0)(IAc F)(Vic A)[|x]| < e]}.
Since & is a filter it is easily seen that
cr={xeR™ (Ve>0)[{i:|x;|<e}e F]}.

If =Wy, then cr will be denoted by ¢,. Note that for any free filter %, ¢, < cp. In
Calbrix [4, 5] it is proved that ¢y is an absolute Borel set if and only if F is an
absolute Borel set. Let Q be represented by R™. We use the following arithmetic:
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1/0=00 and 0o+ a =0, if a is finite. We define the continuous function v R>R"
by

W (r), =sign(r) min{|r|, n}.
For fe R letf be the extension of f over N that assigns 0 to co. Define a map
& :RVXxR->R™ by @(f, r)=f+ ¥(r). As in Dijkstra, van Mill and Mogilski [17]
one can show that @ is a homeomorphism. Moreover, a straightforward calculation
yields the following.

Lemma 12.4. &{c:) xR = C,(Ng).

Lemma 12.5. Let ¥ be a free filter on N such that F is a first category subset of C.
Then cg is contained in a oZ-set of Q.

Proof. Let 7A"=[IAQ\((—3, —1)u (1, 3)). Define g: T->R by
X, xe[-1,1],
glxy={x-2, x€[3,00],
x+2, xe[—o0,-3].

Let g™ TN > R be defined by g~((x,);) = (g(x;));. Then g~ is obviously continuous.
Find nowhere dense closed subsets A, (neN) of C such that F< Ule A,. For
neNlet B, ={xe T {i:|x]| <2} e o,}.

Claim 1. B, is closed in ™.

Letxe f"N\B,.. Then K = {i: |x;| <2} ¢ o, and consequently, yx £ A,. Hence there
are meN and U, < {0, 1} such that if

U=Ux---xU,x{0,1}x{0, 1} x- - -,

then xx € U and Un A, =@. For i<m such that |x]|<1 let V;=[~1,1] and for
i< m such that |x]=3 let V;=[3,0). Put V=V, x:--x V, xT". Then V is open
in T, xeVand VN B,=0.

Claim 2. g”(B,)e Z(Q).

Let ¢>0. Find ieN such that ¥}_,27/<g/2. By Lemma 12.3 there is a=
(@is1, @isa, . - ) € {0, 1YI2T such that ({0, 11177 x{a}) n A, = 0. Define f: Q>
Q by

X5

f(x)j= O’ aj=19.j>i,
10, a;=0,;j>i

i<

Then d(f, 1) < e. We claim that f(Q) ~ g™(B,) =0. Suppose f(y) = g*(x) for x€ B,.
We then have C ={i: |x,|<2}e ,. So xc £1{0,1}">"x{a}. This gives us a j>1i
such that ;=0 and |x;| <1 or a;=1 and |x;| = 3. If a;= 0 and |x;| <1, then |g(x;)| <1,
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hence | f(y);| < 1. This gives | f(y);]=0, so a; =1 which is a contradiction. Similarly
we arrive at a contradiction when ;=1 and |x;|=3.

Claim 3. cr <, _, g%(B,).

Let x € ¢r = R™. Define the point y = (y;);cn by
Xiy xie[_lv 1]’
yi=<x+2, x; € (1, 00),
xi_za xie(_w)_l)‘

Then ye T and g®(y)=x. Since x€cg, {i:|x|<1}e F Because {i:|x|<1}c
{i:|pl<2} and F is a filter, {i:|y|<2}e FclJ,_, o,. We conclude that ye
U, B.. O

Lemma 12.6. Let X be a countable nondiscrete Tychonov space such that C,(X) is
analytic. Then C,(X) is contained in a oZ-set of Q.

Proof. Let xe X be a nonisolated point. Identify X\{x} with N. Define ¥ =
{UcN: Uu{x} is a neighborhood of x}. Then C,(X)< C,(Ng). By the proof of
Corollary 3.6 from Dobrowolski, Marciszewski and Mogilski [19], ¥ is a free first
category filter on N. By Lemma 12.5, ¢ is contained in a oZ-set, hence by Lemma
12.4, the same holds for C,(Ng). O

It is easily seen that co={x €R": lim,, x; =0}. Define for each neN,
3, ={xeR" |x;]<27" for all but finitely many i}.

Observe that (), .y is a decreasing sequence of oZ-sets in Q the intersection of
which is ¢;.

Lemma 12.7. Let % be a free filter on N such that cx is analytic. Then cgis F,s-universal

in Q.

Proof. As in the proof of Corollary 3.6 of Dobrowolski, Marciszewski and Mogilski
[19], F is a first category subset of C (here we need that ¢, is analytic). Find a
decomposition |_J;_, N, of N into infinite pairwise disjoint sets N; as prescribed in
Lemma 12.2, it follows that cx, embeds as a closed subset of cg, hence cg, is analytic
as well. Again we conclude that F; is of the first category. Let B; be a nowhere
dense o-compactum in {0, 1}™ such that F,< B;. It is easily seen that ¢, ¢ <
17, ¢ Foreach ieN, let Q;=[—2"""", 271" Then [[;_, Q;< Q. As in the proof
of Lemma 12.5 it follows that cg, n Q; is contained in a oZ-set D, < Q.

Let A =ﬂ:°:1 A, where each A, is a o-compact subset of Q and A, € A, for
every neN. Define for every i

C, ={xe Q:: (Vj)[|x;|=2*" for some k]}.
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Note that for each x € C; we have lim;_, x; = 0. By Corollary 4.9 of Curtis [11], C;
is an ¥, -absorber in Q,. By Lemma 5.5, there is an embedding f;: Q > Q; such that
f7'(C)=A; and f(Q\A)) " D, =§. Define f=(f);: Q~>I[;Z, Q:= Q. Then f is an
embedding. We claim that f '(cz)=A. First, let x€ A and neN. If i>n, then
fi(x)€e Q,, so all components of f;(x) are in [-27",27"]. If i< n, then since x € A,
we have f;(x) € C;. In this case only finitely many components of f;(x) are outside
[-27",27"]. We conclude that only finitely many components of f(x) are outside
[-277",27"]. This implies that f(x) € X,,. Since n was arbitrary we get f(x) € ¢, < cg.
Second, let f(x)€ ¢y and fix neN. Then f,(x)ecg, N Q,< D,, hence xe A,. We
conclude that xe A. O

Lemma 12.8. Let F be a free filter on N. Then cg is reflexively universal in Q.

Proof. If &F=4,, it follows from Lemma 6.2 in Dijkstra, van Mill and Mogilski
[17]. So suppose there is U € F with infinite complement. Let §={UV: Ve %}.
Then ¥ is a free filter on U and ¢ = s X ¢5. By Lemma 11.5 we obtain the desired
result. [

Lemma 12.9 (Dobrowolski, Marciszewski and Mogilski [19]). Let X be a countable
nondiscrete Tychonov space. Then there exists a clopen subset Y of X with exactly one
accumulation point, or there exists a decomposition of X into infinitely many pairwise
disjoint nondiscrete clopen subsets of X.

We now come to the main result in this section.

Theorem 12.10. Let X be a countable nondiscrete Tychonov space such that C,(X) is
an F,s-subset of Q. Then C,(X) is an %,s-absorber in Q.

Proof. By Lemma 12.6, C,(X) is contained in a oZ-set of Q. By Lemma 12.9, there
are two cases to consider. First suppose that there exists a clopen subset Y of X
with exactly one nonisolated point. Then there is a free filter % on N such that Ng
is homeomorphic to Y. It easily follows that ¢ is an F,,, hence by Lemmas 12.7
and 12.8, ¢y is strongly F,s-universal. By Lemmas 10.5 and 12.4 we obtain that
C,(Ng) is strongly F,s-universal. Since Y is clopen in X we have by Lemma 10.5
and the fact that the complement in Q of a dense linear subspace of s is locally
homotopy negligible in Q (Curtis [11]) that C,(X) is strongly F,s-universal.
Second, suppose that X = Ule X, a disjoint union of nondiscrete clopen subsets
of X. Since for each neN, C,(X,) is a dense linear subspace of RrR™, C,(X,) contains
a copy of I}. This is so because the linear span of every countable dense subset of
R* is homeomorphic to /7 (Curtis, Dobrowolski and Mogilski [12]). Since we have
infinitely many C,(X,), we may assume that C,(X,) contains a copy of o,, or
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consequently that C,(X,) contains an F,-absorber B,. By Lemma 12.6, C,(X,,) is
contained in a oZ-set C,. We now have

By Proposition 10.2 we obtain that C,(X) is strongly F_s-universal. [
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