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ABSTRACT

We provide a simpler proof of Gouweleeuw’s theorem about the convexity of the range of an
R”*-valued vector measure j in terms of . We also discuss possible extensions of Gouweleeuw’s re-
sults to vector measures with values in infinite-dimensional vector spaces and to unbounded vector
measures.

1. INTRODUCTION

Let L be a (real) topological vector space, let (2, F) be a measurable space
and let ji : F — L be a countably additive measure!. The range R(i) of i is the

set
{@(F): F € F}.

We say that /i is bounded provided that the closure of R(Z) in L is compact. If
A C 2 is measurable then 7 [ 4 denotes the restriction of the measure j to 4.
Let [ denote the closed unit interval [0, 1].

By Halmos [6, Lemma 11], if L is finite dimensional (hence L = R” for some
n) then the boundedness of i implies that R(i) is in fact a compact subset of L.
This is not trivial. This result cannot be generalized to infinite-dimensional
vector spaces, as was shown by Lyapounov [8]2. The counterexample of
Lyapounov is based on the existence of an orthogonal basis for L2([—,7])

! If L = R then i is not necessarily positive.
2 We are indebted to Henno Brandsma for translating Lyapounov’s article for us.
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consisting of functions that only assume the values +1 and —1. We will present
a simpler description of it in §3.

A fi-atom is an element F € F such that i(F) # 0 while moreover for every
measurable E C F either i(E) =0 or fi(E) = ji(F). The measure f is non-
atomic if F contains no ji-atoms.

Lyapounov’s famous convexity theorem in [7] asserts that if L = R"” then
R(fZ) is a convex subset of L provided that all the coordinate measures of ji
(self-explanatory) are nonatomic (this is not trivial as well; see also Dubins and
Spanier [3, Theorem 5], and Halmos [6, p. 421]). It was shown by Dubins and
Spanier {3, Lemma 4.1] that f is nonatomic if and only if all of its coordinate
measures are nonatomic. As a consequence Lyapounov’s theorem can also be
formulated as follows: if /i is nonatomic then R(i) is convex.

It is not clear at all how this result should be generalized. One would like to
obtain a characterization of the convexity of R({) in terms of /. A natural ap-
proach for solving this problem is the following one. Let 4 be the union of all
the f-atoms and let B = §2\ 4. Then [ | 4 is purely atomic and [ [ B is non-
atomic. It is easy to see that R(i) = R(Z [ 4) + R(i& I B). Since R(& [ B) is
convex by Lyapounov’s theorem, a sufficient condition for the convexity of
R(iZ) is that R(fi | 4) is convex. (It is easy to detect when R(ii [ 4) is convex,
see Rényi [9, p. 80 (exercise 48)].) But this sufficient condition is not necessary,
as the following (trivial) example shows. Let 2 = [ U {2} and let F be the col-
lection of Borel subsets of §2. Let the measure o on §2 be defined by ¢ 11 =
Lebesgue measure and o({2}) = 1. Then, adopting the above notation,
A=1{2}, B=1,R(0) =lis convex but R(s [ 4) = {0, 1} is not convex. So we
see that this natural approach does not work. Interestingly, a slightly different
approach does work under the additional assumption that i is R"-valued for
some # and is nonnegative in the sense that all of its coordinate measures are
nonnegative. Gouweleeuw [4] (see also [5]) decomposed {2 into measurable sets
Ag, A, ..., An, ... such that 7 [ 4y is nonatomic (hence R(ji | 4o) is convex)
and for every i > 1, i | 4; is in essence a 1-dimensional measure. For those
1-dimensional pieces it is easy to detect when their ranges are convex, and, in-
terestingly, R(iZ) is convex if and only if R(i [ 4;) is convex for every i > 1
{(Gouweleeuw [4] (see also [3])).

The aim of this paper is to present a simpler proof of Gouweleeuw’s theorem.
Our method, unlike Gouweleeuw’s, also applies to measures that are not
necessarily nonnegative. We will also discuss possible extensions of our results.
For example, to vector measures with values in infinite-dimensional vector
spaces and to unbounded vector measures. We will also discuss the convexity of
matrix-k-ranges.

It should be mentioned that in case L is an infinite-dimensional Banach space
an analytical condition is available describing the convexity and weak com-
pactness of the range of i (see Diestel and Uhl [2, §IX.1]). This description runs
as follows. If 7 is a countably additive bounded measure with values in a
Banach space L then there is a bounded nonnegative measure v such that
v(E) =0if and only if Z(ENF) = 0 for all F € F. (For the case L = R” and
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i = (p,...,un) one can take v(E) =Y ;_, |w|(E).) In terms of v convexity
and weak compactness of the range of [ can now be described as follows.
R(ii | A) is weakly compact and convex if and only if for each E € F with
v(E) > 0 the operator f — [ f djion Ly (v)is not one-to-one on the subspace
of functions in L, (v) vanishing off E. This result is due to Knowles (see [2,
Theorem 1X.1.4]). In [2] it is shown how Lyapounov’s theorem can be deduced
easily from this result. In addition, it is shown in [2, Theorem 1X.1.10] that if L
is a Banach space with the Radon-Nikodym property, and fi:F — L is a
nonatomic countably additive measure of bounded variation, then the norm
closure of R(i) is convex and norm compact.

Our main theorem (Theorem 3.3 below) gives a necessary condition for
convexity of the range which is totally in terms of the measure f itself. This
condition is in general not sufficient; however, in the case of a finite dimen-
sional measure it is also sufficient.

2. ONE-DIMENSIONAL SETS

Our interest is in vector measures the ranges of which are bounded convex
subsets of arbitrary locally convex metrizable vector spaces. It follows by
Bessaga and Pelczynski [1, §§111.2 and I11.3] that for every bounded convex
subset C of such a vector space L there exists a linear function f : L — R™ such
that f[C] C ¢?and f | C: C — f|C] is a homeomorphism (here C denotes the
(compact) closure of C in L). This shows that in most interesting cases we can
assume without loss of generality that the ranges of the vector measures under
consideration are subsets of £2.

Let (£2, F) be a measurable space, let L be a vector space and let i : 7 — L
be a bounded countably additive measure. An arbitrary measurable set 4 C {2
is said to be a ji-negligible if for every measurable B C A we have ji(B) = 0.
(So if L = R then a ji-negligible set is precisely a nullset of the total variation
of ji.) An arbitrary measurable set 4 C (2 is said to be 1-dimensional provided
that fi(4) # 0 and there exists a 1-dimensional linear subspace L4 of L such
that

R(E 14) C Ly

In other words, for every measurable B C 4 we have ji(B) € L,. Observe that if
L, exists then it is unique and is equal to the linear span of the vector ji(4).

The concept of a 1-dimensional set is implicit in Gouweleeuw [5, Theorem
1.8].

A ji-atom E is 1-dimensional because R(ii [ E) = {0, i(E)}.

Let 4 C 2 be 1-dimensional. Then fi [ A4 can be identified with a single
R-valued measure. In case L = £2, the measure [ can also be identified with one
of its coordinate measures. (For every i > 1, the i-th coordinate measure y; of i
is defined as follows: if 4 C 2 is measurable and G(4) = (x1,...,xi_1, X,
Xi+1,...) then y;(4) = x;.) To see this, let X = (x;, x2,...) be an element of L,
different from 0. Let j > 1 be the minimal index for which x; # 0. It is easy to
see that for every measurable B C 4 and i € N we have
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1i(B) = ; 1(B),

i.e., the measure y; is a multiple of y;. This remark explains the terminology and
will also be used in the proof of Lemma 3.7.

A 1-dimensional set A4 is called maximal provided that for every measurable
set B C 2\ A with fi(B) # 0 the set AU Bis not 1-dimensional.

Lemma 2.1. If A and B are 1-dimensional and ji(ANB) #0 then AUB is
1-dimensionaland Ly = Lg = L4, 5.

Proof. Since i(ANB) # 0and (AN B) e LyN Lgitfollows that Ly = Lp. It
now easily follows that the range of the measure ji | (4 U B) is contained in L,
i.e. AU Bis l-dimensional. 0O

Lemma 2.2. Every 1-dimensional set is contained in a maximally 1-dimensional
set.

Proof. Let 4 be 1-dimensional. Let B be the collection of all 1-dimensional sets
B C 2\ A such that

(Jap > 0)(f(B) = apfi(4)).

By induction on # > 0 we will construct an increasing sequence of 1-dimen-
sional sets 4, C 2 with R(iZ [ 4,) C Ly, as follows. Put 4y = 4. Suppose that
A, has been defined. Put B, = {B€ B: BC 2\ 4,}. Lets, = 0if B, =@ and

(1) sp =sup{ag: B € B,}

otherwise. Observe that s, < co because 7 is bounded. If s, =0 then put
Any1=A, If s, #0 then pick an arbitrary element B, € B, with ap, >
sp —(1/n) and put 4, = A, U B,. Observe that 4, is 1-dimensional and
that R(@ [ 4,+1) C L4. This completes the inductive construction.

Let Ao = UJor o An- Then A, is measurable and we claim that it is
1-dimensional. Indeed, let § € A4, be measurable and let 4_; = 0. Then since
L, is closed in L (being 1-dimensional),

A(S) = lim 37 (SN (4x\ 4n-1)) € L4
m—o00

This implies that 4, is 1-dimensional and also that Ly, = Ly4.

We now claim that 2\ 4, does not contain any element of B. Striving for a
contradiction, assume that there exists an element B € B with B C 2\ 4.
Pick n > 1 such that a3 > (1/n). Observe that B,UB € B, that (B,UB)NA4,=

and that
1

ap,up=0Qp, +Qp > Sy ——+— =S8y
n n
But this contradicts (1).
It follows similarly that there exists a 1-dimensional set A_,, 2 A with the
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property that 2\ A_,, contains no 1-dimensional set B having the following
property:
(3ap < 0)(i(B) = apji(4)).

We claim that A4 = A, UA_ is maximally 1-dimensional. Clearly, A is
l1-dimensional and L; = L4 (Lemma 2.1). Now let E C .Q\/i be measurable
such that 4 U E is 1-dimensional. There exists o € R such that ji(E) = aji(4).
Now a # 0 because ENA,.o, =@ and o £ 0 because ENA_,, = 0. We con-
clude that o = 0, as required. O

If 4 and B are maximally 1-dimensional sets and if ji(4 N B) # 0 then by
Lemma 2.1, 4 A B is ji-negligible. Such sets are considered to be the same
maximally 1-dimensional sets. As a consequence, different maximally
1-dimensional sets intersect in a ji-negligible set. This implies that there are at
most a countable number of maximally 1-dimensional sets, say 4;, 4,.... By
removing j-negligible sets if necessary, we may and will additionally assume
that 4;NA4; = 0if i # .

Put 49 = 2\ U,~, 4. The collection {Ao, 4, ...} partitions {2. Since every
f-atom is 1-dimensional and hence is contained in one of the A4,’s, it follows
that Ay contains no ji-atoms and hence is nonatomic. As a consequence,
R(fi | Ao) is convex by Lyapounov’s theorem.

The decomposition {4y, 4;,...} of 2 constructed here is similar to a de-
composition of {2 considered by Gouweleeuw [5]. There is an unimportant
difference however. Our Ay contains no 1-dimensional sets, in contrast to the
nonatomic part of Gouweleeuw’s partition that can contain 1-dimensional
sets.

3. CONVEXITY OF RANGES OF MEASURES

We are interested in the question: When is R(ji) convex? Let 4o, 4y, ... be the
partition of {2 constructed in §2.

We are interested in the following two statements:

(x) foreveryi >0, R(i [ 4;) is convex; and

(xx) foreveryi > 1, R(Z | 4;) is convex.
Clearly, (x) = (*x). A straightforward verification show that (x) implies that
R (i) is convex. So (x) is a sufficient condition for the convexity of R(iZ). But it
is in general not necessary. To show this, we first present a simpler description
of Lyapounov’s counterexample from [8].

Example 3.1. Lyapounov’s counterexample. Let (£2, F) be ([, Borel sets) and let
L = ¢2. As usual, ) denotes Lebesgue measure on [. Finally, let {R, : n € N} be
an enumeration of all finite unions of closed subintervals of | with rational
endpoints. Define i : F — £2 as follows:

g(B) = (27" -MBNRy),..., 27" -MBNRy,),...).

Then ji is clearly a countably additive £2-valued measure on the Borel subsets of
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I. In addition, i is bounded since R(ji) is contained in the compact Hilbert
cube

Q={xect? (Vn)(jx:) <27")}.
We show that R(fZ) is not convex. To this end, let

F=ag0) =27 ARy, 27" A(Ry), - - )

We claim that there is no Borel set E C [ such that f(E) = x. Striving for a
contradiction, assume that such E exists. Then

BE)=Q2 ' MR NE),...,27" AR, NE),...)
=272 AMRy),...,27@FD L A(R,),.. ).
We conclude that for every n,
(2) ’\(E N Rn) = % : ’\(Rn)'
This is impossible, as the following argument shows. There exists N € N such
that Ry =[. So by (2), A\(E) = % Since A is inner regular, there is a compact
K C E such that A(E\K) < }. Observe that A(K) > 1 — 1 = 3. Since K is
compact, there exists n € N such that K C R, and A(R,\ K) < §. Observe that
AENR,) > M(K) > 3. By (2) we therefore conclude that A(R,) >2- 3 = §.
On the other hand, A(R,) < % + A(K) < § + A(E) = . This s a contradiction.
We will now show that R(ji) is not compact. For every k € N let
2k-1_1 2 . 2 . 1
J 4+
Bk = I:_ 3 —] )
jL=Jo 2% 2Kk
so B = [0,4], B = [0, 11U[4, 3], By = [0, 4] U (3, FU[E, VIS, 3], ete. We
claim that fi(B,) — 1 x. It follows from this and from the above that R(j) is not
compact. Choose R;, and let R; = |Ji_; 4; with 4; = [, Bj], Ax N 4; = 0 for
k # j. For nlarge enough, in fact for n > Ny, where Ny is the first integer such
that 2™ < min; ¢j<4(8; — o), we have A(R; N B,) = 1 A(R;). More precisely
AMRiN B,) — LA(R;) as n — oo. But from this we have
A(By) = (271 - A(B.NR1),272-A(B2NRy),...)
= (277 MR1), 27 A(Ry), ) = §x,
as required.
We next use this example to show that (x) is not a necessary condition for the
convexity of R(i).

Example 3.2. Let 2 =[0,00) and F = Borel sets. We adopt the notation in
Example 3.1 and let )\ denote Lebesgue measure on R. Define & : F — £2 by the
following formula:

&M=,
¢ [nn+1=(0,0,...,0,27" - X [ [n,n+1],0,0,...) (neN).
N e’

n—1 times

It is clear that R(&) is the subspace {x € £2: (¥n)(0 < x, < 27} and hence is
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convex. We claim that for every n the interval [n,n# + 1] is maximally 1-dimen-
sional. Fix n € N. From the description of & it is clear that all we need to show is
that if £ C [ is Borel and A(E) > 0 then [n,n + 1] U E is not 1-dimensional. To
this end, fix an arbitrary Borel set E C [ with positive Lebesgue measure. There
clearly exist infinitely many m € N for which A(E N R,,) > 0. But this implies
that fi(E) is a vector with infinitely many nonzero coordinates, and therefore
does not belong to the linear span of {&([n,n + 1])}. So the sets 4o =1 and
A, = (n,n+ 1] for n > 1 correspond to the partition of {2 considered in §2.

From this we see that the compactness and/or the convexity of R(&) need not
imply the corresponding properties for R( | 4g). Notice however that the sets
R(c | A;) are convex for every i > 1. That this is no accident will be shown in
Theorem 3.3.

Put 4 = A; and B = 2\ A4;. For later use, observe that R(&') is compact, that
R( | A) is compact but that R(& [ B) is not compact (see Example 3.1). That
this can happen will complicate our life later on.

This example is nonatomic. It is easy however to modify the example so that
it has infinitely many atoms. Simply give {n} measure 27" for every n > 2.

Observe that from Diestel and Uhl [2, Theorem IX.1.10] it follows that the
norm closure of R(i) is convex and norm compact.

We now formulate our main result.

Theorem 3.3. Let (2, F) be a measurable space, let L be a metrizable locally
convex vector space and let i : F — L a countably additive bounded measure.
Finally,let Ay, Ay, . . . be the maximally 1-dimensional sets of 2. If R(Z) is convex
then R(fi | A;) is compact and convex for every i > 1.

Corollary 3.4. Let (12, F) be a measurable space and let ji : F — R" be a count-
ably additive bounded measure and let Ay, A3, . . . be the maximally 1-dimensional
sets of §2. Then the following statements are equivalent:

(@) R(R) is convex.

(b) R(Z) is compact and convex.

(c) Foreveryi> 1,R(ji | A;)is convex.

Proof. Since R(i) is compact by Halmos [6, Lemma 11], the equivalence
(@) < (b) is trivial. Put 4y = 2\J;2 4:. Then f [ A is nonatomic. Hence
R(ii I Ap) is convex by Lyapounov’s theorem. From this, the implication
(c) = (a) is trivial. Finally, that (a) = (c) follows from Theorem 3.3. [0

Remark 3.5. Corollary 3.4 was first proved by Gouweleeuw [5, 4] under the
additional assumption that [ is nonnegative (in the sense that its coordinate
measures are all nonnegative).

Remark 3.6. From Corollary 3.4 we see that (**) (and hence also (x)) is a nec-
essary and sufficient condition for the convexity of R(iZ) in the finite dimen-
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sional case. It was shown earlier in this section that () is not a necessary con-
dition for the convexity of R(iZ) in the infinite-dimensional case.

We now turn to the proof of Theorem 3.3. For symmetry reasons it suffices to
show that R(i [ 4;) is compact and convex. To simplify our notation, put
A = Ay and B = 02\ A, respectively. Then R(ii) = R( [ 4) + R(& | B).

Lemma 3.7. R(Z [ 4) is compact.

Proof. Since /i [ 4 is in fact a bounded 1-dimensional measure, this follows
from Rényi [9, p. 83 (exercise 50)]. O

We now turn to the more interesting part of the proof. To begin with, we first
prove a special case of our main result.

We prove Theorem 3.3 in the special case L = R".

Assume that for some n, R(fZ) is a bounded and convex subset of R”. We will
prove that S = R(ji | 4) is convex by applying the following lemma which is
Gouweleeuw [5, Lemma 1.31].

Lemma 3.8. Let E be a vector space. Let S,T,L C E, where L is a linear subspace
of Eand S C L. Suppose that there is a point p € T such that the hyperplane p + L
intersects T in the point p only. Then if S + T is convex, S is convex.

Proof. Pick arbitrary x;,x; € S and o € (0,1). Our aim is to show that the
vector ax; + (1 — a)x; belongs to S.
Since p+ x1,p+ x2 € S+ T and S + T is convex, the vector

u=a(p+x)+(1—-a)p+x)=pt+axi+(1 —a)x, e S+ T.
Pick s € S and t € T such that u = s + ¢ and observe that
t=u—s=p+(axi+(l —a)x —s)ep+ L.

Since p + L intersects T in the point p only, we conclude that ¢ = p which im-
plies that

s=ax;+ (1 —a)x,.

Since s € S, we are done. 0O

Let L% denote the orthogonal complement of Ly in R” and let : R* — LY
denote the orthogonal projection. (Then L4 is the kernel of 7.) For every p € R”
write p = w(p). Since T = R(fZ | B) is compact by Halmos [6, Lemma 11] (here
we use that j is R"-valued), there is a vector m € T with the property that for
every b € T we have ||| > |||

In the proofs of the following lemmas we will make use of the following
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triviality: if x,y € R", ||x —y|| < ||x|| and ||x + y|| < ||x|| then y = 0. Indeed,
simply observe that

2
20|x[1” > floe = ¥lI* + x4+ pI* = 2/lxl® + 21} yII>

Lemma 3.9. Let E C B be measurable such that i(E) e m+ L. If FC B\ E is
measurable and [i(F) € L, then i(F) = 0.

Proof. Striving for a contradiction, assume that {i(F) # 0. Since A is maxi-
mally 1-dimensional, 4 U F is not 1-dimensional. There consequently exists a
subset H C F such that a= i(H) ¢ L,. Since [i(F) € L, it follows that
b= [i(F\H) & Ly. Observe that @ # 0 and that b = —a because a+ b € Ly.
Since /m is maximal, Z(EUH)€e T and G(EUH)€a+m+ Ly, we get
I/ > ||/ + al|. It follows similarly that ||| > || + b| = ||/ — @||. We con-
clude that @ = 0, which is a contradiction. O

Lemma 3.10. Let E C B be measurable such that ji(E) = m. If F C B is measur-
ableand i(F) e m+ Ly then G(EAF) =0.

Proof. Write p = il(E\ F), ¢ = G(ENF) and r = i(F \ E), respectively. Ob-
serve that p + § = § + 7 from which it follows that p = 7. Since 7 is maximal
and Z(EUF) =p+q-+r € T it follows that

il = ||/ + 7.
It follows similarly that
Imll > llgll = |(7 + q) — 7l = lIm —l|.

This implies that 7 =0, i.e., r € L4. As a consequence, § =m. So r =0 by
Lemma 3.9. Since p = F we also have p € L. So another application of Lemma
39givesp=0. O

If m € Sthen R(ii [ B) C L4 and so ji(B) = 0 since 4 is maximal. As a con-
sequence, R(f [ 4) = R(ji) is convex. If m ¢ S then the hyperplane m + L
intersects 7 in the point m only (Lemma 3.10). So the convexity of R(i I 4)
then follows from Lemma 3.8.

Observe that the just proved special case of Theorem 3.3 is all we need for the
proof of Corollary 3.4.

At this point of the proof, let us explain why the above arguments do not
work in the infinite-dimensional case. The reason is that R(j | B) need not be
compact in general (Example 3.2). So it is not clear how to construct a vector
such as the vector m above. We overcome this difficulty by constructing suitable
approximations of ji by R"-valued measures. As we remarked at the beginning
of §2, we may assume without loss of generality that L = £2.

We now use the just proved special case of Theorem 3.3 to prove the general case.
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Let {€,: n € N} be the standard orthonormal basis for £2. By performing a
rotation if necessary, we may assume without loss of generality that L, corre-
sponds to the first coordinate axis of £2, i.e., the set

{x €£?: (Vn>2)(x, =0)}.
For every n let R, denote the linear span of
{81,...,8n}.

So L4 = Ry. Finally, for every nlet p, : £2 — R, denote the orthogonal projec-
tion; p, is defined as follows:

pu(X) = (X1, ., %, 0,0,...) (x €£2).
Define the measures &, : F — £2 by
Fn(B) = pu(fi(B)) (neN).

Observe that &, can be identified with an R”-valued measure.

Let n € N. Observe that 4 is a 1-dimensional ,-set since R(d, [ 4) is con-
tained in L 4. Butitis presumably not maximally 1-dimensional. By Lemma 2.2,
there is a maximally 1-dimensional &),-set that contains A4.

Lemma 3.11. Let n € N and let A, be a maximally 1-dimensional &,-set that
contains A. Then there is a maximally 1-dimensional &, 1-set A, with A C
An+1 - An-

Proof. By the above there exists a maximally 1-dimensional &), -set C that
contains 4. Observe that R(G,+1 [ C)UR(G, [4,) C Ly. Put F = C\ A4,
Assume first that F is not &,-negligible. Then there exists a measurable subset
G C F with 3,(G) # 0. Since A, is maximally 1-dimensional with respect to &,
A, UG is not 1-dimensional and there consequently exists a measurable set
H C G such that 6,(H) ¢ L. In other words, &,(H) is a vector having a non-
zero coordinate in one of the dimensions 2 through #. But the vector consisting
of the first n coordinates of &, .1 (H )} is &, (H ). As a consequence, &, 1(H) ¢ Ly
as well. But this is impossible since H C C and R(&,41 | C) C Ly. So F is G-
negligible. We claim that F is also &, +1-negligible. To this end, let G C F be an
arbitrary measurable set. Since &,4+1(G) € Ly it is a vector of the form
{p,0,...,0). But &,(G) is equal to the vector &,;:(G) with its n + 1-th co-
ordinate deleted. As a consequence, 3,(G) = 0 implies that &, 1(G) = 0. So
Ani1 = C\F = CnN A,is as required (recall that maximally 1-dimensional sets
are determined up to a negligible set). O

By Lemma 3.11 there exists for every n a maximally 1-dimensional &,-set 4,
such that

Ay DA D D A2 - D4
letBn=.Q\A,,.

236



Now put A4 = (>, 4. Then A is measurable and we claim that £ = 4\ 4
is a f-nullset. Assume the contrary. Then, since 4 is maximally 1-dimen-
sional, there is a measurable subset F C E such that p = ji(F) ¢ L4. Since
lim, _,  pn(P) = p, there exists n € N such that &,(F) = pn(ii(F)) & L4. This
contradicts the fact that A4, is a 1-dimensional &,-set. We next claim that
R(Z 1 4) ==, R(Gx | 4,), which is as required since for every n, R(G, | 4,)
is convex (here we use the just proved special case of Theorem 3.3), and the
intersection of an arbitrary family of convex sets is again convex. First ob-
serve that R(Z [ 4) CN,~; R(Gx [ An). Next, fix an arbitrary vector p €
Ny_| R(3» | Ayn). For every n, pick a measurable set E, C A, with &,(E,) = p.
For every n, put F, = E, N A4 and S, = E,\ 4, respectively. Since R(j [ 4) is
compact (Lemma 3.7), we may assume without loss of generality that the se-
quence (fi(F,)), converges, say to fi(F), where F C 4. Since

o0 -~
A1 24,224, 2---2 (]| 4, =42 4
n=1

and ji(4 \ 4) = 0 it follows that
lim Z(A,\ 4) = 0.
n— o0

Since S, C A4,\ 4 for every n, we conclude that lim, _, o, {i(S,) = 0. As a con-
sequence,

p=lim i(E,) = lim A(F,) + lim {i(S,) = i(F),

i.e.,p € R(@ I 4), as desired.

We finish this section by showing that the assumption of boundedness of the
measures under consideration is essential (in Theorem 3.3 as well as Corollary
3.4). This is shown by the following example.

Example 3.12. Consider on Z_ UR™" with the o-algebra of the Borel sets the
following two measures:

g1 is counting measure on Z_, Lebesgue measure on R;

p2 is counting measure on Z_, Cantor measure on R* (see below).

Construct u, [ R" as follows. Let K; be the standard Cantor middle third set on
[, and let Fy : | — [ be the standard Cantor function, defined by Fy(x) = % if
l <x< 3, F(x)=}if § <x <} etcetera, and by continuous extension on
the points in Kp. Now define F:R™ — R* by F(x) =i+ Fy(x—i) if x€
[i,i + 1]. Then F is continuous, and we define y, as the measure on the Borel
sets obtained by extension from u»((a,b]) = F(b) — F(a). Clearly j; [R* L
p2 [RY. Now put

ﬁ= (iu'lap’z)’

Then obviously, R(if) = R* x R*. We claim that Z_ is a maximally 1-dimen-
sional set. Clearly

R(E12-)={(n,n): ne N} C L:={(x,x): x> 0}.
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Arguing by contradiction, assume 4 D Z_ is a measurable set such that
j#(A\Z-) #0and R(& [ B) C L for every measurable B C 4. Let us denote the
Cantor set on R* by K. (I.e., K is the union of the standard Cantor middle third
sets on each interval [i,i 4+ 1],i = 0,1,2,....) The set R* \ K will be denoted by
K<. Now let I = (0, x) and consider

gANnI) =gANINK)+gANINK®).

As ANI, ANINK and ANINK€® are measurable subsets of 4, we should
have that

gAnye L, i@AnInK)elL and gANINK €L

However, Z(ANINK) = (0, u2(ANINK)), H(ANINKS) = (i (4ANINKF),0),
which are in L if and only if gp(ANINK)=0and ;uy(ANINK*) =0, and,
moreover,

AANT) = (AN, i(ANTD) = (m(ANT N K), (4NN K)).

So ji{ANI) = 0. This holds for each x > 0. So i(4 NR*) = 0, which is a con-
tradiction.

Note that R(iZ) is convex, while R(Z [ Z_) = {(n,n): n € N} is not convex.
As Z_ is a maximally 1-dimensional set we see that our main results fail if
and p; are not finite measures.

4. A CRITERION FOR CONVEXITY OF THE ONE-DIMENSIONAL PIECES

As we remarked in §2, the measure jI on one of the pieces {4, 4;,...} is in
essence R-valued.

For nonnegative measures it is easy to detect when their ranges are convex.
Let o be an arbitrary nonnegative countably additive finite measure on (2, F).
Then {2 contains at most a countable number of o-atoms, say Fi, F,.... We
choose the ordering of the atoms in such a way that o(F;) > o(F;) > .... Then
R (o) is convex if and only if for every n € N:

o) <5 (o) =S o(F).

This result is essentially Rényi [9, p. 80, exercise 48]. For a proof containing all
details, see Gouweleeuw [5, Theorem 1.25].

The case of an R-valued measure will be reduced to the case of a nonnegative
measure, as follows.

Lemma 4.1. If i1 is an R-valued measure then R(u) is convex if and only if R(|p|)
is convex.

Proof. Let ;1 = 1, — p_ be the Jordan decomposition of the measure u. Then
its total variation |u| satisfies |p| = p4 + p_. Let C, and C_ be measurable sets
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such that C, N C_ =0, CL UC_ = 2, C, is the support of ., and C_ is the
support of p_.

Suppose that R(|u|) is convex, and assume that R{y) is not convex. Then
there are numbers o ¢ R(u) and B € R(p) such that 0 <a < for f<a <.
Without loss of generality assume the former takes place. We can take for 8 the
number u,(C.), as u(4) < u+(C;) for any measurable 4. Consider v :=
a+p_(C.). As 0 < v < puy(Cq) + pu—(C-) = |p|(£2) and R(|u]) is convex we
have v € R(|u). So there are sets C C C, and D C C_ such that

v = p+(C) + p-(D) = a+p_(C-).
Therefore,
a=p(C)+p(D)—p(C-) = p(C) - p_(C-\D)
= p(CU(C-\D)) € R(u),

which is a contradiction. So R(u) is convex.

Conversely, assume R(u) is convex and R(|u}) is not convex. Then there is a
number o ¢ R(|p|) such that 0 < o < |u|(2) = p4+(Cy) + p_(C_). Consider
v:i=a— p_(C-). Obviously —p_(C_) < v < u(C:). As R(p) is convex, we
have R(p) = [—p_(C-), u+(C4)]. So there is a measurable set 4 such that
1(A) = . But then

Y=p(ANC) —p-(ANC)=a—p(C.).
So
a=p (AN CL) +p(C\4) = |p|((4NC)U(C-\ 4)).

This is a contradiction, so R(|y|) is convex. O
Next, we consider the relation between the atoms of i and |y

Lemma 4.2. A measurable set F C (2 is an atom of u if and only if it is an atom of
|it|. Moreover, in that case |p|(F) = |u(F)!.

Proof. Recall that for measurable sets 4

[o.¢]
|| (A4) = max{ Y |pu(4)]: {4:i}2, is a measurable partition of A}.
i=
Suppose F is an atom of p. As F is an atom of g, for any partition {4;};2, of F
we have 370 |u(4;)| = |u(F)|, as all but one of the numbers u(4;) are zero,
and the non-zero number is u(F). So, for an atom of y we have |u|(F) = |u(F)|.
Now the same argument shows that for any measurable set E C F we have
|| (E) = |u(E)|. As p(E) is either zero or u(F) we obtain that |u|(E) is either
zero or |u(F)|. So F is indeed an atom of |y

Conversely, suppose F is an atom of |u|, and again take E C F measurable.
Then without loss of generality we may take |u|(E) = [p|(F) and |p|(F\ E) =0.
As |u(F\E)| < |p|(F\ E) =0 we have u(F\ E) = 0. This gives u(E) = u(F),
so Fisanatomof u. 0O
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Combining the above results with the condition of Rényi mentioned earlier,
we obtain the following.

Proposition 4.3. Let y be an R-valued measure on (12, F). Then §2 contains at
most a countable number of atoms F\, F, . . .. We choose the ordering of the atoms
in such a way that |u(Fy)| > |u(Fz)| > - - - . Then R(u) is convex if and only if for
everyn € N :

)] < 5 (@) =S ).

r=

So it is rather trivial to verify in concrete situations whether condition (%) is
met. One has to check whether countably many R-valued measures have convex
ranges and that can be done by looking at their atoms.

5. CONVEXITY OF MATRIX-k-RANGES

In this section we only consider R*-valued measures. Let V' C 2 be measur-
able and let k > 2. An ordered measurable k-partition of V is an ordered col-
lection V4,..., ¥ of measurable subsets of ¥ with V;NV; =@ if i #j and
Ule Vi=V. Let IIx(V) denote the collection of all ordered measurable
k-partitions of ¥ and let IT, = IT;(£2). In this section we are interested in the
question when the matrix-k-range

MR(E) = {(B(P1), ..., B(Pe)) € (R"): (P1,...,Py) € Ik}

is convex. (MR(j) is called the matrix-k-range of [i because each element of
(R")* can be identified with an n x k-matrix,) Our results provide simpler
proofs of results due to Gouweleeuw [5]. It is clear that without loss of gen-
erality we may assume that k > 2.

The results presented here generalize those in §3 (in the special case that
L = R") because MR;(fZ) is convex if and only if R({) is convex.

Our pattern of reasoning is similar to the one in §3. Let 4y, 4;,... be the
partition of {2 constructed in §2. Dubins and Spanier [3] proved that the com-
pactness and convexity of MR (ji) follow from Lyapounov’s theorem, pro-
vided that the measures y, . . ., un are nonatomic. So we have no problems with
MRy (i | Ap). That set is always compact and convex.

Assume that

(%) for every i > 1, MRy (fi | 4;) is convex.

A straightforward verification shows that MR, ([} is convex. So (%) is a suf-
ficient condition for the convexity of MR (jz). Interestingly, this condition is
also necessary.

As we remarked in §2, the measure Z on one of the pieces {4y, 43,...} is in
essence R-valued. For R-valued measures it is easy to detect when their matrix-
k-ranges are convex.

Let o be an arbitrary countably additive finite measure on (§2, F). Then 2
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contains at most a countable number of o-atoms, say Fi, F,.... Again we
choose the ordering of the atoms in such a way that |o(F})| > |o(F2)| > ---.
Then MRy (o) is convex if and only if for every n € N:

oED) < 7 (1ol =S 1ot1).

See Reényi [9, p. 80, exercise 48] and Gouweleeuw [S5, Theorem 1.25] for the case
that o is nonnegative. The general case is treated as in §4.

We now come to the interesting part of our considerations. Condition {x*) is
also necessary for the convexity of MRy(ii). So assume that MR, (fZ) is con-
vex. For symmetry reasons it suffices to show that MRy (fi [ 4,) is convex. We
again put 4 = 4, and B = 2\ 4, respectively. Then MR (i) = MRy (i | A) +
MR (i | B). We argue as in §3.

Observe that S, = MRy (ji [ A) is contained in the linear subspace

La={(xa1,..., %) € R)*: (Vi <k)(xi € La)}

of (R")*. Put Tx = MRy (ii | B). Then S; + Ty is convex and, as in §3, we prove
Sk convex by applying Lemma 3.8.
We adopt the notation of §3. Let b = i(B) and put

= (m,b—m,0,0,...,0) € (R")*.
p=(mb—m ) € (R")
k —2 times

We claim that the hyperplane p + L intersects Ty in the point p only. Observe
that p € MRy (i) because if E C Bis such that ji(E) = mthen E, B\ E,{,...,0
is in IT; and

(E(E), i(B\ E), (@), . .., i(0)) = p.
Assume that Fy,. .., Fy is in II;(B) and that
(B(FR),..., i(F)) € p+ La.
Pick an element (£;,...,&) € I.4 such that
(E(F), ..., fi(Fr)) = (m,b —m,0,...,0) + (&,..., &)
=m+&,b—m+6,8,...,&).

Then f(F;) = m+ & and hence [i(E A F1) = 0 by Lemma 3.10. So without loss
of generality we may assume that E = F;. Observe that the sets E, F;, . .., Fy are
pairwise disjoint and that fi(F;) € L4 for every i > 3. So Lemma 3.9 implies
that f(F;) = 0 for every i > 3. We conclude that ji(F;) = ji(B\ E) = b — m, be-
cause Fy,. .., Fy is in IT;. We conclude that the hyperplane p + L, intersects T
in the point p only. So we are done by another application of Lemma 3.8.
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